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Ageing: an example
The most classical example of a system that exhibits ageing are the trap models
introduced by Bouchaud in 1992,

o Consider the complete graph G, on vertices {1, ..., n}.

@ The traps are given by a collection 7 = {7; : i =1,...} of independent
random variables with polynomial tails.

o Let X(t) be the continuous-time random walk that is started uniformly on G,

and if in state / it jumps to one of its neighours with rate Ti_l.

Theorem 1 (Bouchaud,Dean 1995)

There exists a constant I(c) such that for almost every environment T,

lim fim Prob{X\” = x\") |7} = I(c)

t—00 n— 00 t(1+c)

The constant /(c) is given explicit by an arcsine law. This applies also to other
trap models [BEN ArROUS, CERNY]. These models were introduced as a toy
model of the dynamics of spin glasses. In some simple case this can be made
rigorous [BEN AROUS, BOVIER, CERNY].
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The parabolic Anderson model

The parabolic Anderson model is given by the heat equation on the lattice Z¢
with a random potential, i.e. we consider the solution u : [0,00) x Z¢ — [0, 00) of
the Cauchy problem

2u(t,2) = Abdu(t2)+E(EulE2),
u(0, 2) = 1o(2),

Here A is the discrete Laplacian
Af(x)= Y (fly)—f(x),
yEZd:y~x

where y ~ x means that y is a nearest-neighbour of site x. The potential

&€= (&(2) : z€ Z9) is a collection of independent, identically distributed random
variables. At time 0, all the mass of u is localized at the origin. We assume that
the potential is Pareto-distributed for some o > d, i.e.

Prob{{(z) < x} =1—-x"%, forx>1.
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Ageing in the parabolic Anderson model
Theorem 2 ([Mérters,0.,Sidorova 09] )

Let0<e < 3. Foranyc>0,

u(t, z) u(s,z)

erzd u(t,x) erzd u(s, x)

for a constant I(c) € (0,1) given explicitly by

lim Prob{ sup  sup
E=06 ze74 t<s<t(1+4c)

< s} =1I(c),
1

I(c) = m/o vo‘_d(l - v)d_lcpc(v)dv7

where the weight v.(v) is defined as

pe(v) = (1= B(v,a—d,d)+ (1+ c)a(é + 1)d_°‘B(‘1/::__Z,a— d, d))*l.

Here B is the Beta function and B the incomplete Beta function

B(x,a,b) = ﬁ/o V11— v)P-lde.
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The two cities theorem

For Pareto-distributed potentials, [KONIG, LACOIN,MORTERS,SIDOROVA’09]
show that almost surely for all large t, the total mass >, _,q u(t,z) is
asymptotically localized in (at most) two time-dependent points.

Theorem 3 (KLMS'09)

There exist two processes Xt(l) and Xt(2) taking values in Z9 such that as t — oo

u(t, X)

u(t, X)) + u(t, X))
ZZGZd U(t7 Z)

ZzeZd u( t, Z)

— 1 in probability, and

—1 as.,

Can define the (right-continuous) processes Xt(i) as

x® = argmax{u(t,z) : z € Z°}
x® = argmax{u(t,z) : z€ Z9\ {Xt(l)}} .

The process Xt(2) is only important for the relative short times, when the total
mass relocates from one point to another, so there is a certain freedom in
choosing it.
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The Feynman-Kac representation

By the Feynman-Kac representation,

u(t,z) = Eo[exp { /Otf(Ys)ds}l{y[_Z}] ,

where (Y5, s > 0) (under Py) is a continuous-time simple random walk on Z< with
generator A starting at 0. Therefore, the total mass can be written as

> u(t,2) = Eo|exn /Otﬁ(Ys)dsH :

zezd

Heuristically, for fixed t > 0, the paths (Y; : 0 < s < t) that have the biggest
influence are those that spend most of their time at a site z
@ that has a large potential £(z) and

@ which is not too far away from the origin.
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The variational problem

[KLMS’09] show that the total mass can be well-approximated by a variational
problem. Let A7”, p € (0,1) be the strategy for the random walk Y to wander to
z during [0, pt) and to stay there until time t. Then, for |z| >t
Po(AZ*) ~ exp{—|z|log 12+
o(A5) = exp{—zllog 2+ ()]
where |z| is the /!-norm on R9nd
1(z) = log #{paths of length |z| starting at 0 and ending at z} .

Hence, we can find a lower bound on the total mass of u

%Iog Z u(t,x) 1|ogE0[exp{/otf(Ys)ds}}

xezd
< sup su [1— Z—Bb ﬂ—|—M]:max<l>z7
< sup sup [(1=0)e(2) = Tlog oy 7] = max ()
where ] )
z z
0:(z) = [¢(2) - T log&(2) + L2
So it is plausible that u takes the largest values at the first and second maximizers

of ®.
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Ageing for the maximizer process
Since u is localized in Zt(l) (at most times), ageing for the solution u should be
detected also for Zt(l).

Proposition 4

For any c >0, as t — oo,

Prob{Z{" = Z{), )} — I(c).

The proof uses Poisson point processes. Namely, define scaling functions

t \aZa t \aZa
re = (—) and a; = (—) ,
log t log t

Then, in [v.D.HOFSTAD, MORTERS,SIDOROVA '08] it is shown (ignoring

technicalities) that My = > /0 5(£ a(z)) converges to a Poisson point process I1
e’ ap

with intensity measure

adxdy

dx,dy) = ——————.
I/( X }’) (y+ﬁ|x|)a+1
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Proof (1)

We want to compute

W _ 7
tIer;oProb{Z Zt(1+c)}
o (2
= Iim/ / Prob{ —ed ( OlZT) ¢ gy z0 = z{ o}
t=00 JxeRrd Jy>0 It

The conditions £— 6 dx %(i, ) € dy mean that My =3, . 5(1 o) should
have one point in (x,y) and no points in R? x (y,c0). Note that for t large
oz) €@ _d |

at at O[_drt.

Now, Z1 =z

t(14c) Means that for all z € Z¢

¢t(1+c)(z) < dJt(lJrc)(Zt(l))- (1)
But we know that
¢t(1+c)(2) - 6(2) B d |Z| _ ¢t(2) d C |Z|

ar T a—dr(l+c) ar a—dl+tcr
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Proof (2)

Hence, (1) is equivalent to the condition that all the points (X, ) of I satisfy

y"‘ﬁlicm SY+ﬁ1ic|X|'

The requirement that Z; = Zy(1,) is equivalent to the condition to all the points
(x,y) of N, satisfy

)7+ﬁ1frcl>_<| Sy—i_a;idlicbq'

Hence, let D(|x|,y) be the set of all points (X, ¥) such that either y > y or

X| > |x| and 7>y — 255X |x]).

a—d 1+c
%

=)

v+ garisllel -

(-
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Proof (3)

Then, W 1)
. z{! o.(2:) M _ )
tILn;O Prob{ Py € dx, a—t €dy, 4,7 = Zt(1+c)}

= Prob{M(dx x dy) = 1,M(Dc(|x|, )) = 0}
— e_V(DC(lx"y))l/(dX, dy) .

Integrating, over x € RY and y >0,

lim Prob{Z t(1+c)} / e V(X (dx, dy) = I(c),
e xeR? Jy>0
where the last equality follows by a simplification of the integral. O
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Ageing for u
In order to prove Theorem 1, for fixed 0 < & < % we have to show that

<e}

Idea of proof: for most times, the total mass ), ;4 u(t, z) is localised in only

u(t, z) B u(s, z)
erzd u(t,x) EXEZd u(s, x)

T 1 _ )
= tILn;o Prob{Zt = Zt(1+c)} ,

lim Prob{ sup  sup
t—oo z€74 t<s<t(1+c)

Zt(l). Moreover, one can show that Zt(l) does not return to the same point, so that

2 =7 = 20 =2 vselt o).

Finally, one only has to take care of the (relatively short) transition times when
Zt(l) relocates.
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Almost sure ageing

Recall that Xt(l) = argmax{u(t,z) : z € Z9}. Then, define the residual lifetime

function as
R(t) =sup{s>0: xM = Xt(i)s} :

Clearly, as t — oo,

Prob{@ > c} Prob{X t(1+c } —I(c).

Hence R(t)/t converges weakly to a random variable with law given by 1 — /.

What about almost sure asymptotics?

Theorem 5 (Morters,O.,Sidorova 09)

For any nondecreasing function h : (0,00) — (0,00) we have, almost surely,

o g
R(t) 3 0 if f th(:)d < 00

limsup =
t—oo th(t) ) iffooth((l—tt)dzoo
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Proof of the almost sure result [upper bound]

o Let h be such that [,_, th‘(i—tt),, < o0.
@ Fore >0,

R(e”) —d n\—d
Prob{ (e 2 5} = Prob{Ze = Zenseneny} ~ Ce~?h(e")

@ Recall for ¢ large

lim Prob{X; = Xy14c)} = I(c) ~ c .

t—oo

Replace by a moderate deviations result, for h increasing not too quickly,
lim_h(t)?Prob{X: = Xyw+n(en} = C

for some explicit constant C.
e But, by the integral condition, we find that > -, h(e")~? < oo, so that by

Borel-Cantelli,
limsu R(e")
n—>oop e"h(e") —

o Finally, use “linear” structure of the function t +— R(t) to show that the
same holds for any sequence t, — co.
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Proof of almost sure result [sharpness of upper bound]
@ Let h(t) be such that ft>1 th‘(i—lf)d = 00. Define the event, for k > 0,
R(e™)
= >
En {e"h(e”) - K}
Then, Prob(E,) ~ Ck~9h(e")~7, so

Z Prob(E,) = .

n>1

@ Need to replace Borel-Cantelli by Kochen-Stone lemma:

k 2
Prob(E,
Prob{E, i.o. } > limsup — (an:1 rob(E,)) '
k— 00 E 1 Zn:l PI‘Ob(En n Em)

m=

Therefore, have to control correlations and show
Prob(E, N Ey) ~ C?k 72 h(e")~h(e™) ™

It follows that
limsu R(t) > K
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A functional scaling limit theorem

Ageing only looks at temporal structure, but what can be said about the spatial
limit of the maximizer process?

[VAN DER HOFSTAD, MORTERS, SIDOROVA 2009] show that

(Iog t) g log Y ez u(t, z) N

Y
t

t )
where Y is a random variable with density on R*.

Theorem 6 (Morters, O., Sidorova 09)

As T — oo, we have the following

o _d log >, cz0 u(tT,x)
((Co55) 7 xer, (o) 0 ==mem=) s > 0)

=+ (M YP + L@ - DY) : ¢0),

in distribution on the space of cadlag functions f : (0,00) — R? x R with respect
to the Skorokhod topology on compact intervals.

W
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Definition of the limit process Y

Let M be a Poisson point process on H = {(x,y) : y > —=%—|x|} with intensity
measure
adxdy

(v + gLglx)ert
Consider a cone with tip in (0,z), z > 0, given by all (x,y) such that

v(dx,dy) =

d 1
>z— —(1—2)|x].
yzz- 1=l

Let Y; = (Yt(l), Yt(2)) be the first point of I that is hit by the cone as we decrease
z (take the one with largest second component if unclear).

PR
-5
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Interpretation of theorem

((Io%_T)a dX (IogT)a dlogzxef‘j’_u(tT X) te [{-:, M])

= (YO, v 4 1=y tele, M),

Note the second component corresponds to the second component of the tip of
the cone that defines Y;.
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Consequences of the construction

° ((Yt(l)7 Yt(2)) .t > 0) is a (time-inhomogeneous) Markov process and so is
the process (Y, Y® + —4_(1- %)|Yt(1)|) . t > 0) is Markov.
@ Projecting on the first component gives

X
( Tte [5,M]> = (YD te e, M),
but the latter is not Markov.
@ Similarly, the time-reversed version of (Yt(l), Yt(2)) is Markov.

@ Not surprisingly, convergence breaks down at t = 0 and limiting process
jumps faster and faster as t | 0.
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Proof of functional scaling limit result (1)

Aim: show for a; = (@)ﬁ re = (%)ﬁ

Zit b7 (Z
(5 er(Zer) fT)) 6>0) = (v VP -] >0,

rr art

Want to express

Prob{%T € A %ng) € B}.

in terms of the Point process Mt = {(z/rr, ®7(z)/ar) : z € Z9}.Fix t > 0, then
for large T we have

bur(z) €(2) g 12 ®7(2) g o 1yl2
~ a—d ~ + a—d (1 t) :
ar ar trr ar rr
Therefore, (Zir/rr, ®7(Zi7)/aT) = (x,y) if for all z € Z9,
o (z z
vt atg -z T8 Cag  ylL
ar rr

Define the cone

Celx,y) ={(Z%.7) 1 7 + 355 (1 = DRI >y + 2451 = P)Ix[}
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Proof of functional scaling limit result (2)

Then,

Prob{Zz € A; #1121 ¢ B} ~ / / Pfob{ ﬁiﬁ?f(xx’yy)%ilé }
XEA,
y+a d(l_’ ‘XlEB

=] e B
ytaty(1-1)ixleB

= Prob{Y\" e A, Y® + 41y e B}.
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Proof of scaling limit theorem (2)

@ To make it more rigorous, one has to look at finite-dimensional distributions

vy

—qlz| v
and show tightness.
e To transfer to the setting of X; = argmax{u(t, x)}, one has to use that
(a) X: and Z; jump at approximately the same time so that the differences cannot
be seen in the scaling limit.
(b) The value of the variational problem ®.(Z;) approximates total mass
2log Y, cpa u(t, x) well enough.
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Outlook

What about potentials with less heavy-tailed distribution?

o If potentials are less heavy-tailed, “relevant islands” are no longer points
(borderline: double exponential distributions). So need different techniques.

@ What is the right formulation for ageing?

e [DEMBO, DEUSCHEL 07] study the correlations (for (X:(i) : i € Z9) a
system of diffusion processes given by some stochastic differential system) for
some test functions f, g

corr(f(Xt), g(Xers)) -

and deduce ageing from the behaviour for different scalings for s, t — co.
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