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Approximate methods and bounds

Simulation

¢ requires (complete)
information about
distributions

¢ difficult to model
stochastic dependencies

Bounding the distribution function

# possible with incomplete
information

4 permits stochastic

dependencies

# combinatorial algorithms
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Chain minor

Let N, N’ be project networks.

N is a chain minor of N if

» every job of N is represented by (one or several) copies in N’

(tks gre 0{@3:%5 )

» every chain of N is contained in a chain of N’

L by taking an appropriate copy

N N-




Chain minors: an example
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extreme case:

parallel composition ——
of all chains

Bounds based on chain minors

M. & Miiller "99

» Let N be a chain minor of N’ 17,1 Theoruy

o Give copies of a job from N in N’ the same processing

time distribution as their original

0 Take all processing time distributions in N” as

stochastically independent

» Then the makespan of N is stochastically smaller than the
makespan of N’

QCmax(N) Sst QCmax{N;)
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Intuition for chain minor bounding principle

1 e . elementary
duplication
3 6 o —

copies have same processing time as original = same makespan

independent variation increases makespan stochastically, i.e.

Pr(Cmax(N) < t) > Pr(Cmax(N') < t) forall ¢
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Sketch of proof

Pr{C,. (N) =<1} > Pr{C.. (N') =1}
measure of a set in R® measure of a set in IR’
(u,v)-space
measure
shadow
ofu
integrate shadow
over u
Pr{C . «(N')=1}

(u,v)-space

u=(xy,..., Xg)

v=x, v=(x",x,?)
= G () sty ’ = {(x" N Cpp (5 x 2 u) < 8}
e o
1 7 | 7
36 ° 41 6 ®
3
2 o 8 2 g
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Sandwiching a network with minors

Given N, look for special networks N;, N, such that

N 1 gnu’}mr N gmhmr N 2
] e .
F,/ JF / F

special = easier to calculate the makespan distribution

Series-parallel networks

series reduction

(6] o] (6} —> o—0

!

indegree = outdegree = |

parallel reduction

Q — e

A network N is series-parallel if it can be reduced by a finite E—  Oune o‘:() LY,

sequence of series and parallel reductions to one job. cauivalent E:_\AL"']'(CM.S




Properties of series-parallel networks

Valdes, Tarjan & Lawler ‘82

# Series-parallel networks can be recognized in linear time
# A reduction sequence can be constructed in linear time

¢ Makespan and makespan distribution can be calculated
along a reduction sequence

Makespan computation along a reduction sequence

a c deterministic processing times

a max {b,c}
o

a +max{h,c}

parallel reduction ~ max d

series reduction ~ + Sy
max {a + max{b.c}, d }
° )




Makespan distribution of a series-parallel network

parallel reduction ~ product of distribution functions

@ ——> (s S—"
F:FI'F2

series reduction ~ convolution of distribution functions

o—O0—0 > o————@
Fy F, F=F, *F,

t
Fy % Fy(t) = / Fy(t — 2)fo(z)dz  fs = density of F,
0
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Complexity of evaluating series-parallel networks

M. & Muller 99

(9! » DFis NP-hard (in the weak sense) for series-parallel 1.2 TkEoREM

networks with 2-point processing time distributions

But:

(@) » The reduction sequence algorithm computes the

makespan distribution function in a number of steps

polynomial in Job procassiug fuces )

M = max #(values of the seaikespan)

along the sequence  fer disciele olistibctiens
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(A) The bound of Dodin ‘85

Input:  Stochastic project network N
Output:  An upper bound on the makespan distribution of N

while N has more than one arc do
if a series reduction is possible then apply one

else if a parallel reduction is possible then apply one

else find OF—/: or :\.F—.
® °

4 4

F F
duplicate OFA_: :_:}o
° °
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An example of Dodin’s algorithm
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1+4 ; 1+4 ;
143 6 ® —) 6 ®
2 5 g 2(143) 5 8
o] @
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4 P 4 144 7
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(2:(1+3)+5)+8 (2+(143)+5)+8
1+4 7 1+4 (6+8) -7
o 6+8 —
(2(143)+5)+8 (2:(1+3)+5)+8

(144)+(6+8) -7

= © = e o
((2:(143)+5)+8) - ((1+4)+H(6+8) -7)

(2:(143)+5)+8

resulting distribution function:

(B (F * B)xF)* B)-(F «F,)*(F + K)- F)




Structure of Dodin’s bound

Dodin’s bound for network N is

» exact if N is series-parallel

» the distribution function of a series-parallel network N’

that contains N as a chain-minor

(7 (F+*F)«F)*R)-((F+F)*(F*K) F)
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() The bounds of Spelde ‘76
b uses special series-parallel networks (parallel chains)
» yields upper and lower bounds < cloar frowwivor
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o 1 6 o all chains
_— : = upper bound
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Distribution-free evaluation of Spelde’s bounds

Large networks =

» chain length = normally distributed

o = u=y ujand o=y o7 alonga chain M S weow (B

. : 2. .
» = perjobonly uj and o7 required B = Vnaauc

Problem: #chains may be exponential

Remedie: Consider only relevant chains

Relevant chains

| AN

lu'k - max -u'2 - max -u'rnm-‘.

Pr(Y, > Y,) <e Y, =length of i-longest chain
w.r.t. mean processing times [i;

Apply k-longest path algorithms to determine k &~ see (%) (¥¥) Geloc

Return the product of the k—1 normal distribution functions F,

Excellent and fast bounds in practice

Special case: PERT, considers only Y;
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Measuring the distance to series-parallel networks

Ok L

Doolin>s a%w;"hu«

° e (144+7) ((143) 245+(6+7) -8)

Measure 2:# duplicated subexpressions

Which measure is better?

» [Bein, Kamburowski & Stallman ’92]

© Measure 1 = Measure 2

© Measure 1 can be determined in polynomial time

» [Naumann ’94]

0 Measure 1 = Measure 2
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