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This article aims to give an intuitive introduction to operator semi-groups
and their generators from a probabilistic perspective. By ‘intuitive’ it is meant
that the article relies mainly on heuristics and analogies to make its points.
For example the definition of the generator is motivated from an analogy to
the Cauchy functional equation g(t + s) = ¢(¢)g(s) for real-valued functions.
No proofs are given throughout the text. They can be found in either Kallen-
berg [1997], Yosida [1980] or Butzer and Berens [1967]. Other recommended
literature is the article Jacob and Schilling [2001], on which section 5 is based.

1 Operator semi-groups and their generator
The theory of operator semi-groups originates from the study of the equation
T(t+s)=T(t)T(s) T0)=1 (1.1)

where T'(t) is an operator-valued function taking values in the set of bounded
linear operators acting on a suitable function space. This problem was indepen-
dently studied by Hille and Yosida around 1948. They introduced the notion of
a operator semi-group, which is defined as follows:

Let X be a Banach-space. Then a family {T}},-, of bounded linear
operators € L(X,X) is called an operator semi-group if it satisfies

n+s:TtT§ TO:I

A semi-group is called equi-bounded if ||T;|| < M for some constant M and all
t > 0 and is called a contraction semi-group if || T3|| < 1 for all ¢ > 0.

From a stochastic point of view operator semi-groups originate from the
study of Markov processes. Recall the following definition:

Given a stochastic base (2, F,F, P) a process X is called a Markov
process with respect to F if F; and o {X,;s >t} are conditionally
independent given X; for all ¢ > 0.

Operator Semi-
group

Markov process



Informally one can say that ‘given the present state of a Markov process its
future is independent of the past’.

For a Markov process taking values in R? we can define its transition operator
T, on a suitable space of measurable functions from R? to R by

Toof(z) = E[f(X¢)| Xs = 2]

If the process X is time-homogenous — which will be assumed from now on —
we can write

/ths = 1Lsit

and the transition operators {73}, form a semi-group due to the Markov prop-
erty. The corresponding semi-group satisfies 731 = 1; this property is called
conservative. If X is equipped with the supremum-norm this also implies that
{T}},> is a contraction semi-group.

Going back to equation (1.1) it is apparent that it bears a resemblance to
the (exponential) Cauchy functional equation

gls+1t) =g(s)g(t)  ¢(0)=1 (1.2)

where ¢(.) is a non-negative function from R to R. The solution to the exponen-
tial Cauchy functional equation is well known: It is the family of exponential
functions g(t) = e ; & € R. However this family represents all possible solutions
only if an additional assumption of continuity is made. In fact the assumption
that g(t) is continuous from the right in the origin is already sufficient to make
the functions g(t) = e®';a € R the only solutions of (1.2) (cf. Aczél [1966]).
We now introduce a similar assumption for the operator semi-group defined by
(1.1):

An operator semi-group is continuous at the origin or of class
Cy if
tlin%th:f Vfek

One would now hope that in analogy to the Cauchy equation an operator semi-
group of class Cy can be represented in the form 7T, = e*4 for a suitable operator
A. Let us for a moment assume that this is possible! and we have a represen-
tation of the form T, = e'*. How can the operator A be derived from the
semigroup T;? Again looking at the Cauchy functional equation proofs worth-
while. We know the solution is of type g(t) = ¢* and to retrieve the parameter
« without resorting to the logarithm we can use differentiation:

a = lim M
t10 t

The analogous approach for the operator semi-group yields

1We will see in section 3 in how far this assumption is justified.
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(Af)(z) = tim L =D @)

i ; (1.3)

Without checking the validity of the assumption T; = ¢4 and the formal deriva-
tion of (1.3) we proclaim (1.3) as the definition of the infinitesimal generator
of a semi-group. The domain D(A) of the operator A is the set of f where the
limit in (1.3) exists for all x. It can be shown that the domain D(A) is always
dense in X.

To do a first ‘reality check’ of our construction so far we calculate the gen-
erator of a compound Poisson process:

Let (X, )nen be a sequence of i.i.d random variables with distribution
function F'(z) and N; a Poisson process with intensity A. Denote
by S, := X1 + -+ 4+ X,, the partial sums over the X;. Now the
compound Poisson process Y is defined by

Y = Z Sn ]-{Nt:n}

n>1

The transition operator T3 of Y is given by E.[f(Y;)] where we as-
sume that f € Cy(R). To simplify further calculations define an
operator L by

Li(e) = Blf(w + X0)] = [ fle+y) F(dy)
R
and note that
L"f(x) = E[f(z + X1+ -+ 4+ X,,)] = E[f(z + Sn)]

Now it holds that

(Tof) (@) = E*[f(Y)] = Y _E[f(z+5.)]- P(N, = n) =

n>0

~ Y e M o 5,0 = Y e A )

= (MEDF) (@) (1)

and indeed the transition semi-group can be written as e4 where A
is given by

Af(2) = ML= D) f(x) = A / (Fx+y) - f(x)) Fldy)

R
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2 Kolmogorov’s forward and backward equation
and the resolvent

While in (1.3) A was defined essentially as the derivative of T; at 0 also the
derivative of T; at any point can be calculated by

o (Ten — T (@)
(Dy Tif) () = lim == —

This derivative is well defined on A’s domain D(A) and it can be shown that
DTif = ATif =T Af  VfeD(A),t>0 (2.1)

which again parallels the case of g(t) = e'®, the solution of the scalar Cauchy
equation g(t+ s) = g(t)g(s). In particular (2.1) shows that A and T; commute.
The equation DT, f = AT, f is called Kolmogorov’s backward equation and
DT, f = Ty Af is called Kolmogorov’s forward equation. Both will be familiar
to the probabilist (for example from Qksendal [2003]) in the following form:

Let f be sufficiently regular function (e.g. twice differentiable with
compact support) and let X; be an Ito diffusion with infinitesimal
generator A. Define

u(t,x) = By [f(Xy)]

then u(t, z) is differentiable with respect to ¢ and

ou
o E,[Af(Xy)] = Au

which is nothing else than (2.1).

In the definition of the infinitesimal generator in (1.3) we have pointed out
the analogy to the exponential function g(t) = e* where the parameter « can
be retrieved by calculating the derivative at 0. We now present another method
to calculate a from g¢(t), which has a useful analogue for linear operators. The
Laplace transform of g(¢) is given by

L(g)(\) = /OOO e Mg(t) dt = 5 i — A>0 (2.2)

For the expression (2.2) to make sense when « is replaced by A, the operator
(M — A) has to be invertible for A > 0. Recall that a complex number A € C
is said to be in the spectrum of a bounded linear operator L if (A — L) has no
(bounded linear) inverse and is said to be in the resolvent set if (A\I— L) does have
a bounded linear inverse. The corresponding inverse operator Ry := (A — L)~*
is then called resolvent. For a semi-group generator A it can be shown that the
resolvent set always contains the positive real halfline and the resolvent R) is
indeed given by
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Ryf = /OOO e MTf)dt =AM = A7 f A>0 (2.3)

Given an arbitrary operator its resolvent can be used to answer the question
whether this operator is the generator of a semigroup. The following theorem
is a version of the Hille-Yosida theorem for contraction semi-groups:

A closed linear operator A € L(X,X) with dense domain is the
generator of a contraction semi-group of class Cy if and only if its
resolvent set contains the positive real halfline and ||AR,|| < 1 for
all A > 0.

3 Approximation by Pseudo-Poisson processes

At the end of section 1 we calculated the transition operator semi-group of a
compound Poisson process and saw that it could be represented in the form
T, = et4. In fact a good part of the heuristic argumentation in section 1 has
revolved around the assumption that it makes sense to think of any semi-group
in terms of such an exponential representation. We explore this assumption
now more thoroughly. First we define the Feller process, a type of process that
is essentially a Markov process satisfying some additional mild regularity as-
sumptions. Then we consider the class of pseudo-Poisson processes, which are a
generalization of compound Poisson processes and have the property that their
transition semi-group can still be represented in exponential form. Finally we
show that any Feller process can be approximated by a pseudo-Poisson process.

Let X be a Markov process, and {T}},., its transition semi-group acting
on X = Cy(RY), the space of all functions from R? to R vanishing at infin-
ity2. Equipped with the supremum-norm Cy(R?) is a Banach space and the
semi-group is a contraction semi-group. If the semi-group fulfills the regularity
conditions

T,Co(RY) C Cp(RY) (3.1)
}ii% T.f(x) = f(x) Vf € Co(RY), z € R? (3.2)

it is called Feller semi-group and X a Feller process. The regularity condi-
tions also imply continuity at the origin.

Pseudo-Poisson processes can be derived from compound Poisson processes
in the following way: A compound Poisson process Y; can be defined, as in
section 1, by

Y= Sul{n,—n} (3.3)

n>1

2The reason why the space Co(R?) is convenient to work with here is that its functions are
continuous on a one-point compactification of R9.
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where N, is a Poisson process with intensity A and S, the partial sums of i.i.d
random variables. A Pseudo-Poisson process is given by the same defining
equation (3.3) but now S, are the successive states of a (time-homogenous)
Markov chain. We denote the transition operator of the Markov chain by L:

(Lf)(@) = E[f(Sn+1)|Sn = 7]
and note that
(L* f)(@) = E[f (Sntx)[Sn = 2]
We also define a probability kernel F' by
F(A,z) = (L1gay)(x) = P(f(Snt1) € AlS, = ) vV A € B(R)

Now the same calculation as in (1.4) yields a representation of the transition
semigroup of Y:

(Tif)(@) = (XD ) (@)
The generator A is given by

(Af) (@) = ML — D) f(z) = / (Fx+y) - f@) F(dy,x)

R

Now let A be the generator of a Feller semi-group. As we have seen in section
2 the resolvent Ry of A is well-defined for all A > 0. Define an operator A* by

A =XARy =XARx—1)) A>0

where the second equality is due to the fact that Ry = (A — A)~!. Clearly A*
is the generator of a Pseudo-Poisson process with L = AR being the transition
operator of the implied Markov chain. The following theorem is due to Yosida
and justifies the statement that Pseudo-Poisson processes are approximators of
Feller processes:

Let A be the generator of a Feller semi-group. Then for any f €
D(A) it holds that

Jim ANf = Af (3.4)
Jim A =T, f V>0 (3.5)
|7r = e ]| < tl|ar - a2 VEA>0  (3.6)

We can now answer the question if Feller semi-groups can be represented in
the form T, = e'4. The answer is in general no, because the generator A may
be an unbounded operator for which the exponential is not defined. But we
can approximate the semi-group by the semi-group of a Pseudo-Poisson process
which has an exponential representation. This shows that while the motivation
used in section 1 is not correct in a formal sense, it makes sense at least under
the regularity assumptions of a Feller process.
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4 Maximum principles and elliptic operators

It is known from elementary calculus that a function f € C2([a,b]) taking a
local maximum at z¢ satisfies f'(x¢) = 0 and f”(x¢) < 0. When this statement
is inverted we get the following theorem:

Let f € C?%([a,b]) satisfy f” > 0in (a,b). If f attains a maximum
in (a,b) then f is constant.

Such a statement is called a maximum principle. Note that it still holds
true when ‘f” > 0’ is replaced by ‘c(x)f” + g(x)f’ > 0’ where g is a bounded
function and c¢ is positive and bounded away from 0. Extending this idea to
R? yields the maximum principle for elliptic operators. Recall that a second
order differential operator

d &%u ou
L(u) = .Zﬂ aij(x)@a:iaxj + Z - —c(z)u (4.1)

is called elliptic at a point  if the matrix A(z) = (a; ;(x)) is positive semidefinite
or equivalently
2L A(x)z > p(z)|2? VzeR? (4.2)

and is called uniformly elliptic if in (4.2) u is independent of x.
Many variations of a ‘maximum principle for elliptic operators’ can be found in
the literature. The following version is due to Hopf (1927):

Let L be an elliptic operator (as in (4.1)) with ¢ > 0 and Lu > 0 in
Q. If u takes a nonnegative maximum in € then u is constant.

The connection to transition semi-groups is made by fact that generators of
Feller processes satisfy the same maximum principle. For a Feller semi-group
the positive maximum principle holds:

Let A be the generator of a Feller semi-group with Af > 0in S C R%.
If f takes a non-negative maximum at in S then f is constant.

The fact that generators of Feller semi-groups and elliptic operators satisfy the
same maximum principle suggests a deeper connection between these objects.
Denote by C2° the class of functions on RY that are differentiable infinitely often
and have compact support. It holds that

If X is a continuous Feller-process on [0,7] with generator A and
C%® C D(A) then A is elliptic.

5 Pseudo-Differential Operators and Levy pro-
cesses

In the preceding section we have seen that if X is a continuous Feller process
its generator is a second order elliptic differential operator. Consider a simple
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operator of this kind:
L:C*®[R)— C R), f—af' +bf'—c a>0

Under the Fourier transform the action of the operator is mapped to multipli-
cation with a polynomial of degree 2:

Lf(u) = (~au® + ibu — ¢) f(u) = p(u) f(w)
Using the inverse Fourier transform L can be written as

o~

Lf(x) “Tp(u) f(u) du (5.1)

~ Ver /
Similarly for a general k-th order differential operator, p(u) is a polynomial
in u of degree k, where the coefficients of the polynomial might well depend
on z. The point of equation (5.1) is that even for non-differential operators a
similar representation can be obtained. As an example take a R-valued Levy
process X and its transition operator T;. Due to independence and stationarity
of increments T; can be written as a convolution integral:

T, f(x) = Ef(X,)|Xo = 2] = / Fl + y)e(dy)

where p; is a probability measure on the real line. We can calculate the Fourier
transformation of u; as

//[t(u) = / eiru ,Ut(dx) = ]E[ei'“X‘\XO — 0] _ et'z/)(u)
R

where 1 is the characteristic exponent of the Levy process X, given by the
Levy-Khintchine formula. Using the convolution theorem we get

~ ~

Tof(u) = Fx () = Flu) - ji(u) = flu)e™

and Fourier inversion yields

Tf(e) = o= / —u 9 ) du (5.2)

This means we have just represented T} in the form of (5.1) with the polynomial
p(u) replaced by e'¥(*). But it gets even better: The generator A of X is given

Af(@) =t @@ L e LR g

lim [ e —f(u)

t—0 t - V2r t—0 Jp t
e (u) fu) du (5.3)

e

and again we have a representation of type (5.1). In general operators with such
a representation are called pseudo-differential operators. We give a formal
definition:

Levy process



Pseudo-
differential

Let S(R?) be the space of rapidly decreasing functions and ¢ : R x
operator

R? — C a measurable function such that u — ¢(z,u) is continuous
and polynomially bounded. Then the operator L given by

~

Lie) = (2n) 2 [ e imtqnfw dy)  f e S@Y

R4
is called a pseudo-differential operator with symbol ¢(z,u).

The conclusions of (5.2) and (5.3) can be summarized in this new terminology
as follows:

Let X be a Levy process with characteristic exponent 1 (u). Then
its transition operator is a pseudo-differential operator with symbol
Me(z,u) = et and its generator is a pseudo-differential operator
with symbol ¥(z,u) = ¥(u).

Note that in this case the symbols do not depend on z. Writing (5.2) and (5.3)
in a probabilistic way gives:

No(w, u) = B[] (5.4)
d . E* ei(Xt—x)u -1
Vlr,u) = Ao = fim T (55)

Both expressions can be calculated not only for Levy processes, but for arbitrary
Markov processes. And indeed it can be shown that for a Markov process X

e The transition operator 7} acting on S(R?) is a pseudo-differential oper-
ator with symbol A\;(x,u) given by (5.4)

e Under mild additional conditions also the generator A is a pseudo-differential
operator with symbol ¢ (x,u) given by (5.5)
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