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ABSTRACT. Let (St)¢>0 be the discounted price process in a stochastic volatil-
ity model. A moment explosion takes place, if the moment E[S}| of some given
order u € R becomes infinite (‘explodes’) after some finite time Ti(u). Mo-
ment explosions are closely related to the shape of the implied volatility sur-
face, where they can be used to obtain approximations for deep in-the-money
and out-of-the-money strikes. Furthermore moment explosions may lead to
infinite prices of derivatives with super-linear payoff, and to the breakdown
of error estimates for numerical approximation schemes. Comparison results
for parabolic PDEs combined with an exponentially-affine ansatz for the solu-
tion, allow to link explosion times to the blow-up time of ordinary differential
equations of the (generalized) Riccati type.

Let (S, Vi)i>0 be a Markov process, representing a (not necessarily purely con-
tinuous) stochastic volatility model. (S;):>0 is the (discounted) price of a traded
asset, such as a stock, and (V;)¢>o represents a latent factor, such as stochastic
volatility, stochastic variance, or the stochastic arrival rate of jumps. A moment
explosion takes place, if the moment E[S}'] of some given order u € R becomes
infinite (‘explodes’) after some finite time T (u). This time is called time of moment

explosion, and formally defined by
T.(u) =sup {t > 0: E[S}] < oo} .

We say that no moment explosion takes place for some given order w, if T (u) = co.

Moment explosions can be considered both under the physical and the pricing
measure, with most applications belonging to the latter. If (S;);>¢ is a martingale,
then Jensen’s inequality implies that moment explosions can only occur for moments

of order w € R\ [0, 1].
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Conceptually, the notion of a moment explosion has to be distinguished from an
explosion of the process itself, which refers to the situation that the process (S¢)i>0,

not one of its moments, becomes infinite with some positive probability.

Applications. In equity and foreign exchange models, where (S;):>o represents a
stock price or an exchange rate, moment explosions are closely related to the shape
of the implied volatility surface, and can be used to obtain approximations for the
implied volatility of deep in-the-money and out-of-the-money options (cf. [eqf08-
013, large strike asymptotics] and the references therein). According to Lee [2004],
Benaim and Friz [2008], the asymptotic shape of the implied volatility surface for
some fixed maturity T is determined by the smallest and largest moment of S that
is still finite. These critical moments u_(T") and u(T') are the piecewise inverse
functions' of the moment explosion time. Often the explosion time is easier to
calculate, such that a feasible approach is to first calculate explosion times, and then
to invert to obtain the critical moments. Let us note that finite critical moments of
the underlying St correspond, in essence, to exponential tails of log (S7). There is
evidence that refined knowledge of how moment explosion occurs (or the asymptotic
behaviour of v — E[S%] in the case of non-explosion) can lead to refined results
about implied volatility, see Benaim, Friz, and Lee [2008], Gulisashvili and Stein
[2009] for some examples of SABR type.

In fized income markets (S;);>0 might represent a forward LIBOR rate or swap
rate. Andersen and Piterbarg [2007] give examples of derivatives with super-linear
payoff, whose pricing involves calculation of the second moment of Sp. It is clear
that an explosion of the second moment will lead to infinite prices of such deriva-
tives.

For numerical procedures, such as discretization schemes for SDEs, error esti-
mates that depend on higher-order moments of the approximated process, may
break down if moment explosions occur (see e.g. Alfonsi [2008]). Moment explo-

sions may also lead to infinite expected utility in utility maximization problems,

Lon the intervals (—oo,0) and (1,00) respectively
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for a discussion in the context of affine stochastic volatility models see Kallsen and

Muhle-Karbe [2008]).

Moment Explosions in the Black-Scholes and exponential Lévy model.
In the Black-Scholes model, moment explosions never occur, since moments of all
orders exist for all times. In an exponential-Lévy model [eqf08-031, exponential
Levy model], S; is given by S; = Sy exp(X;), where X; is a Lévy process. It holds
that E[S}] = e*(*), where s(u) is the cumulant generating function of X;. Thus

in an exponential-Lévy model the time of moment explosion is given by

Let us remark that, from Theorem 25.3 in Sato [1999], s(u) < ooiff [ €**1 s v(dx) <

oo where v(dx) denotes the Lévy measure of X.

Moment Explosions in the Heston model. The situation becomes more in-
teresting in a true stochastic volatility model, like the Heston model cf. [eqf08-018,
Heston-model],

dS; = Se\/VidW}, Sp=s,

AV, = =NVy = 0) dt +n/VedW? | Vo=w, (dW},dW?) = pat.
We now discuss how to compute the moments of S; (equivalently: the moment

generating function of X; = log S;/Sp). The joint process (X, Vi)i>o is a (time-

homogenous) diffusion, started at (0, v), with generator

v O\ v 0 9
£=3 (axz ax) T g PO VG s
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Note that (X, V;)i>0 has affine structure in the sense that the coefficients of £ are

affine-linear in the state-variables?. Now
(1) E [eUXT\Xt =x, W = U] ="'k I:euXT|Xt = 0, ‘/t = ’U]

satisfies, as function of (¢,z,v) the backward equation 9, + £ = 0 with terminal
data e"” and after replacing T'—t with ¢ we can rewrite this as initial value problem.
Indeed, setting f = f(t,v;u) := E [¢"¥*| Xy = 0,V = v, and noting that

2
Oxdv

) =l g

(22 ) e =e (=) and

we see that f satisfies a parabolic partial differential equation

2
v 50

Of=Af = (277 W—F[A(@—v)—&-pnuv];}—&-;(u2—u)>f

with initial condition f(0,-;u) = 1, in which (again) all coefficients depend in an
affine-linear way on v. The exponentially-affine ansatz f(t,v;u) = exp (¢(t, u) + vb(¢,u))

then immediately reduces this PDE to a system of ODEs for ¢(t,u) and (¢, u),

(20) Do) = Fv(tu)), 60,0 =0,
(20) O pltu) = Rl (), 90w =0,

where F(u,w) = Mw and R(u,w) = %2772 + (pnu — Mw + 3(u* — u). Equation
(2b) is a Riccati differential equation, whose solution blows up at finite time, cor-
responding to the moment explosion of S;. Explicit calculations (see Andersen and

Piterbarg [2007] for instance) yield®

(3)

oo Au) > 0,x(u) <0
Tfeston(u) = ﬁ log (%) Au) >0,x(u) >0
—A(u)
,Z(u) (arctan q + 7T1{x<u><0}> A(u) <0,

°In fact, it does not even depend on x which implies the homogeneity properties (1).
30nly u ¢ [0, 1] needs to be discussed; in this case x (u) =0 = A (u) < 0.



MOMENT EXPLOSIONS 5

where x(u) = pnu — X and A(u) = x(u)? — n?(u? — u). A simple analysis of
this condition (cf. Andersen and Piterbarg [2007]) then allows the express the no
explosion condition in terms of the correlation parameter p. With focus on positive

moments of the underlying, u > 1, we have

u—1 A

U nu

(4) THeSO () = o0 = p< —

Similar results for a class of non-affine stochastic volatility models will be discussed

below.

Moment Explosions in time-changed exponential Lévy models. Stochas-
tic volatility can also be introduced in the sense of running time at a stochastic
“business” clock. For instance, when p = 0 the (log-price) in Heston model is a
Brownian motion with drift, W; — ¢/2, run at an Cox-Ingersoll-Ross® (CIR) clock

7 (t,w) = 7 where

dvi

(Vi = 0)dt +n\/V, dWy, Vo =,

th

th, To = 0.

Since (V,7) has affine structure, there is a tractable moment generating / charac-

teristic function in the form
T
(5) E(exp(urr)) =E <exp (u/ V(t,w) dt)) =exp(A(u,T) +vB (u,T)).
0

where®

Alut) = N0t/ — 2% log [sinh(vt/Q) . (coth(yt/2) + i)} ,

B(u,t) = 2u/(A+ycoth(yt/2)), v =1/ ? — 2n%u.

We can replace W; — t/2 above by a general Lévy-process L = L; and run it

again at some independent clock 7 = 7 (¢,w), assuming only knowledge of the

4When u = 1, (5) is precisely the Cox-Ingersoll-Ross bond pricing formula.
SFor u < w* since (5) explodes as u | u*, where u* > 0 is determined by I(u*) = X +
~(u) coth(y(u)t/2) = 0.
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cumulant generating function (cgf) kr (u) = logE (exp (urr)). If we also set
k1 (u) =logE[exp (uL1)], a simple conditioning argument shows that the moment

generating function of L o 7 is given by
M(u) =E[E (e“LT )] =E [e“L(“)T} = exp [k, (kL (u))].

From here on, moment explosions of L o7 can be investigated analytically, provided
K-,k are known in sufficiently explicit form. For some computations in this con-
text, also with regard to the asymptotic behaviour of the implied volatility smile,

see Benaim and Friz [2008].

Moment Explosions in non-affine diffusion models. Both Andersen and
Piterbarg [2007] and Lions and Musiela [2007] study existence of u!* moments,

u > 1, for (not necessarily affine) diffusion models of the type

dS, =V2SPdw},  Sy=s

AV = V) dW? +b(Vi)dt, Vo =wv, (dW},dW}?) = pdt.

where §,7 > 0, 8 € [0,1] and the function b(v) are subject to suitable conditions
that ensure a unique solution. For instance, the SABR-model [eqf08-025, SABR
model] falls into this class. Lions and Musiela first show that if 8 < 1, no moment
explosions occur. For § = 1 the same reasoning as in the Heston model shows that
f(t,v;u) = E[(S;/s)"] satisfies the PDES

25

2y 2
% =Af:= U—?fﬂ + [b(v) + npun®] == + % (uw* =) f

2 ' Ov?

eI

(6)

with initial condition f(0,-;u) = 1. Note that the Heston model is recovered as the
special case f =1, =~v=1/2, b(v) = —A(v —0). Using the (exponentially-affine
in v9) ansatz f(t,v;u) = exp (P(t,u) + v¥)(t, u)), with suitably chosen ¢, ¢ and

¥, Lions and Musiela construct supersolutions of (6), leading to lower bounds for

6Care is necessary since f can be 4o0; cf. Lions and Musiela [2007] for a proper discussion via
localization.
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T.(u), and then subsolutions, leading to matching upper bounds’. We report the

following results from Lions and Musiela [2007]:

(i)
(i)
(i)

3 < 1: no moment explosion occurs, i.e. E (S}') < oo for all u > 1,t > 0;
B=1,7+0d < 1: as in (i), no moment explosion occurs;
B=1y+6d=1Ity=0= %, then this choice of parameters yields a
Heston-type model, where the mean-reversion term —\(V; — @) dt has been
replaced by the more general b(V;) dt. With X replaced by lim, o, —b(v) /v
the formula (3) remains valid. If  # 6, then the model can be transformed
into a Heston-like model by the change of variables ‘7} := V2%, The time of

moment explosion T (u) can be related to the expression in (3), by

1 eston
T.(u) = %Tf Lo (3).

B=1,7+6 > 1: Let boo = lim, o0 b(v)/v0+7, and p(u)* = —/(u — 1) Ju—
b/ (nu), . Then

+o0 p < p*(u)
0 p>p*(u) .

The borderline case p = p*(u) is delicate and we refer to [Lions and Musiela,
2007, page 13]. Observe that, the condition on p < p*(u) is consistent with
the Heston model (4), upon setting v = 6 = 1/2,b,, = —A, while the
behaviour of p > p*(u) is different in the sense that there is no immediate

moment explosion in the Heston model.

Moment Explosions in affine models with jumps. Recall that in the Heston

model

(7)

A supersolution f of (6) satisfies Af — % < 0, a subsolution f satisfies Af

E [e“X‘ ‘XO =z, V= ’U] =" exp (¢(t7u) + vw(m“))

_ af
-3 20
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and it was this form of exponentially-affine dependence on z,v that allowed an
analytical treatment via Riccati equations. Assuming only validity of (7), for all
u € C for which the expectation exists, and that (X, V;);>0 is a (stochastically
continuous, time-homogenous) Markov process on R xRx( puts us in the framework
of affine processes (cf. Duffie, Filipovic, and Schachermayer [2003]), which in fact
includes the bulk of analytically tractable stochastic volatility models with and
without jumps.

The infinitesimal generator £ of the process (X, V;);>o now includes integral
terms corresponding to the jump effects and thus is a partial integro-differential op-
erator. Nevertheless, the exponentially-affine ansatz f(t,v;u) = exp (¢(t, u) + vp (¢, u))
still reduces the Kolmogorov equation to ordinary differential equations of the type
(2). The functions F(u,w) and R(u,w) are no longer quadratic polynomials, but
of Lévy-Khintchine form (cf. [eqf02-001, infinite divisibility]). The time of moment
explosion can be determined by calculating the blow-up time for the solutions of
these generalized Riccati equations. This approach can be applied to a Heston

model with an additional jump term:

MFGM%?NHJMM+me%=o

AV, = =NV, = 0) dt +n\/VedW?, Vo=v, (dW},dW}?) = pdt .
The process J;(V;) is a pure-jump process based on a fixed Lévy measure v(dz).
More precisely, writing i for the compensated Poisson random measure, indepen-
dent of (W}, W?), with intensity v (dx) ® dt, we assume that

Jipicq i (de,dt) + [ o) xp(de, dt) ... case (a)
th (‘/t) — ‘ |<1 | Izl

Jiwjcr Vew i (da, dt) + [, 5, Viap (da, dt) ... case (b).
In case (a), the process J; is a genuine (pure-jump) Lévy process; in case (b) jumps
are amplified linearly with the variance level, as proposed by Bates [2000]. We focus

first on case (a). Assuming E [e’t] < oo, or equivalently [ "1, >1v (dz) < oo, so
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that e/t 1= e/t+et is a martingale for suitable drift, ¢ = —logE [e‘h], we have®

E [euXt] —E |:euXtHeston:| E |:€ujt:| —E |:euXtHeston:| 6m(u).
Here, #(u) = [ (e"" — 1 —u(e” — 1)) v(dx) is well-defined with values in (—oo, 00
and finiteness of #(u) < oo is tantamount to [ €“*1j,>1v (dx) < co. Hence in case
(a) we can link the time of moment explosion T} (u) to TH®*"(u), given by (3),

and have

THSON (W) () < oo,
T.(u) =

0 F(u) = oo .

In the case (b) the jump process J;(V;) depends on V; and the above argument
cannot be used. A direct analysis of the (generalized) Riccati equations (cf. Keller-
Ressel [2009]) shows that in the case &(u) < oo the time of moment explosion is
given by formula (3), only now A(u) = x(u)? —n? (2&(u) + u* — u), and immediate
moment explosion happens in the case &(u) = oo.

Also the model introduced by Barndorff-Nielsen and Shephard [2001] (cf. [eqf08-
017, BNS model]), which features simultaneous jumps in price and variance, falls

into the class of affine models. It is given by

dX; = (c— ‘;) dt +/ Vi dWy + pdJy, Xo=0

dVy = =AVpdt + dJxe, Vo =,

where A > 0, p < 0 and (J;)¢>0 is a pure jump Lévy process with positive jumps
only, and with Lévy measure v(dx). The drift parameter ¢ is determined by the
martingale condition for (S;);>0. The time of moment explosion can be calculated

(cf. Keller-Ressel [2009]) and is given by

Ti(u) = —i log max (07 (1 _2A max (0, k4 — pu))) 7

u(u—1)

8XtHCSton denotes the usual log-price process in the classical Heston model, i.e. with J = 0.
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where £ = sup {u > 0: r(u) < oo} and k(u) = [;° (e** — 1) v(dz) € [0, cc].

Moment Explosions in affine diffusion models of Dai-Singleton type. For
affine diffusion models with an arbitrary number of stochastic factors, the analysis of
moment explosions through the Riccati equations has been studied by Glasserman
and Kim [2009]. Without structural restrictions this approach will lead to multiple
coupled Riccati differential equations, whose blow-up behavior is tedious to analyze
in full generality. However, for concrete specifications this approach can still lead
to explicit results. Glasserman and Kim [2009] consider affine models [eqf11-029,
affine models] of Dai-Singleton type (cf. Dai and Singleton [2000]), which are given

by a diffusion process

(8) dY; = —AT(0 - Y;)dt + y/diag(b + BTY;) dW;,

evolving on the state space R, x R"™"™. The state vector Y is partitioned corre-
spondingly, into components (Y, Y %), called wolatility factors and dependent fac-
tors. The vector b € R™, and matrices A, B € R"*" are subject to the following

structural constraints:

AV AC
(C1) A= , with real and strictly negative eigenvalues.
0 A

(C2) The off-diagonal entries of AV are nonnegative.

(C3) The vector © = (6Y,0%) has ©¢ =0, @V >0, and (—ATO)" > 0.9
I B¢

(C4) B = ,and b= (b, b%) with b* = 0 and b¢ = (1,...,1).
0 0

Note that condition (C1) assumes strict mean reversion in all components, which is
a typical assumption for interest rate models. Most equity pricing models, however,
will not satisfy this condition in the strict sense: The Heston model, for example,
is of the form (8), but has an eigenvalue of 0 in the matrix A, and thus does not

satisfy (C1). Nevertheless, relaxing this condition is in general not a problem, see

9following the notation of Dai and Singleton [2000], >’ denotes strict inequality, simultaneously
in all components of the vectors.
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e.g. Filipovi¢ and Mayerhofer [2009]
Glasserman and Kim [2009] show that the moments of Y; are represented by the

transform formula

t t

(9) Elexp(2u-Y;)] = exp (—2/ 07 Ax(s) ds + 2/ |2¢(s)|* ds + 2x(t) - Y0> )
0 0

where z(t) is a solution to the coupled system of Riccati equations, given by

a1 (1) 1(t) ri(t)
. A AC ) I B¢ )
(10) . = . : + . : s
0 Al 0 0

an(t) n(t) 27 ()
with initial condition z(0) = u. Equation (9) holds in the sense that if either side
is well-defined and finite, also the other one is finite, and equality holds. Thus,
moment explosions can again be linked to the blow-up time of the ODE (10).
Glasserman and Kim [2009] consider two concrete specifications of the above model,
with one volatility factor and one dependent factor in each case. Due to conditions

(C1)—(C4), the model parameters are of the form A = (§?), B = (}§), and

0 = (01,0), withp<0,¢>0,r<0,s>0,and 6; > 0.

e ¢ = s = 0: This specification fully decouples the system (10), which can
then easily be solved explicitly. In this case the moment explosion time is
given by

—+00, up < —p
To(uy,uz) =

%log(l—l—%), up > —p.
Note that the moment explosion time does not depend on us.

e s>0,¢g=0,r=p<0: In this case the system (10) decouples only par-
tially: The equation for the second component becomes &5 = pxs, with the
solution z(t) = ugePt. Substituting into the equation for the first compo-

2pt.

nent yields i5(t) = pz1 + 22 + su3e?l?; a non-autonomous Riccati equation.

After the transformation £(t) = e Ptz (t) it can be solved explicitly, and the
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moment explosion time is determined as

1 p 7))
Tie(u1,us) = —logmax 4 0, arccot, +1 .
) = togmas o, (b et (202
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