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Abstract

We discuss matrix pencils with a double symmetry structure that arise in the
Hartree-Fock model in quantum chemistry. We derive anti-triangular condensed
forms from which the eigenvalues can be read off. Ideally these would be con-
densed forms under unitary equivalence transformations that can be turned into
stable (structure preserving) numerical methods. For the pencils under consider-
ation this is a difficult task and not always possible. We present necessary and
sufficient conditions when this is possible. If this is not possible then we show how
we can include other transformations that allow to reduce the pencil to an almost
anti-triangular form.
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1 Introduction

In this paper we discuss condensed forms for matrices and pencils with a double symmetry
structure that arise in quantum chemistry. The most general formulation of the linear
response eigenvalue equation has the form \&yx = Agx, where x € C™ and
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with 4, B,C,Z € C™" A= A*, B= B*, C = C*, Z = —Z*, see 9, 18].
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There are important special cases in which the pencil has extra properties. The simplest
response function model is the time-dependent Hartree-Fock model, also called the random
phase approximation (RPA). In this special case C'is the identity and Z is the zero matrix,
see [9, 18]. Then the generalized eigenvalue problem (1) reduces to the problem of finding
the eigenvalues of the matrix

P [ 4 B ] | o)

where A, B are as in (1).

For stable Hartree-Fock ground state wave functions, it is furthermore known that
A — B and A + B are positive definite and all eigenvalues of £, are real [9, 21]. However,
also the general case is of interest. In multiconfigurational RPA the matrix & in (1) may
be singular, see [9].

The double symmetry structure of the special matrices & and Ay in (1) and Ly in
(2) can be understood as symmetry with respect to indefinite scalar products. Recall the
following well-known definitions, see, e.g., [7, 13].

Definition 1.1 Let H € C™*" be nonsingular and Hermitian or skew-Hermitian.
1. A matriz A € C"" is called H-selfadjoint if A*H = HA.
2. A matriz S € C"" is called H-skew-adjoint if S*H = —HS.
3. A matriz U € C™" is called H-unitary if U"HU = H.

Defining the matrices

I, O 0 I, 0 I,
S KA B P B |
(we drop the index n if the size of the matrices is clear from the context), we immediately
see that in (1) & is Hermitian and I'-skew-adjoint, A is Hermitian and I'-selfadjoint, and
Ly is J-skew-adjoint and Y-selfadjoint.

In the following, we will rather use the terminology Hamiltonian, skew-Hamiltonian,
and symplectic instead of J-skew-adjoint, J-selfadjoint, and J-unitary, respectively, since
this is the notation used in much of the literature [17].

It is well known that the set of H-unitary matrices is a Lie group whose corresponding
Lie algebra is given by the set of H-skew-adjoint matrices, whereas the set of H-selfadjoint
matrices is a Jordan algebra. Furthermore, it is known that the spectrum of H-unitary,
‘H-skew-adjoint, or H-selfadjoint matrices is symmetric with respect to the unit circle,
imaginary axis, or real axis, respectively, see, e.g., [7, 13].

In this paper we develop the algebraic background for numerical algorithms that com-
pute the eigenvalues of matrices and pencils of the forms (2) or (1), respectively, continuing
the work of [1, 4, 5, 16]. We are interested in obtaining condensed forms from which the
eigenvalues can be easily read off. The transformations for the computation of these forms
should satisfy two conditions.



On the one hand, we want to preserve the given structures, because numerical meth-
ods that use structure preserving transformations will, in particular, preserve the spectral
symmetries that are induced by these structures. This guarantees that in finite precision
arithmetic rounding errors will not cause the eigenvalues to lose their symmetries. For the
matrices and pencils from linear response theory, the two different structures causes differ-
ent symmetries, namely symmetry with respect to the imaginary axis and simultaneously
symmetry with respect to the real axis. Thus, both structures have to be preserved to
maintain the full symmetry of the spectrum.

On the other hand, to achieve numerical stability of the method, we are interested in
using unitary transformations, i.e., we like to obtain structured versions of the classical
Schur or generalized Schur form, see [8].

In [4, 5], a difficulty in computing the eigenvalues of matrices and pencils of the forms (2)
or (1) was observed. In [1] this difficulty was explained by the fact that a reduction to a
structured Schur form is not always possible, and a reduction method to a condensed form
was presented that uses unitary transformations as well as hyperbolic rotations.

However, the method in [1] was only designed for matrices of the form (2) and not for
pencils of the form (1). Moreover, this did not answer the question when a structured
Schur form exists, since a complete algebraic analysis of doubly structured matrices was
not available at that time. This question was recently analyzed in [16], where canonical
forms for doubly structured matrices and pencils have been developed in a very general
form. With the help of these results, we are now able to complete the theory of condensed
forms for the doubly structured matrices and pencils from linear response theory.

The paper is organized as follows. After some preliminary results in Section 2, in
Section 3, and Section 4, we will adapt the forms derived in [16] for the doubly structured
matrices and pencils in (2) and (1), respectively. In Section 5 we will use these results to
develop necessary and sufficient conditions for the existence of structured Schur forms for
both the matrix and the pencil case.

Finally, in Section 6 we generalize the constructive reduction method in [1] to the pencil
case, by obtaining a condensed form with the help of unitary transformations whenever
possible, but also with the help of non-unitary transformations when this is unavoidable.

We use the following notation. |z| stands for the largest integer m that satisfies
m < x. C™" is the set of m x n complex matrices. diag(Ay,...,A,) is the block diagonal
matrix with diagonal blocks Ay, ..., A, in that order. A= := (A*)~!. A signature matrix
is a diagonal matrix having only the eigenvalue £1. By (AM — N) € C** we mean
that AM — N is a matrix pencil with both M, N € C***. The eigenvalue oo of a pencil is
considered to be an eigenvalue that is both real and purely imaginary, using the convention
—00 1= 00, 50 := 00, and 0o0? := 0o. Moreover, a matrix U € C"*¥, k < n, will be called
orthonormal if its columns form an orthonormal set of vectors.



2 Preliminaries

To construct the desired condensed forms we can work directly with the pencil (1) and the
matrix (2), but it is more convenient to work on slightly transformed pencils or matrices,
respectively, that are still doubly structured. This simplifies the discussion and makes the
theory more transparent.

Defining the unitary matrices

ﬂ[[n I,

Xy = (3)

7 _[n [n

NCE
| o dma = [

we obtain that

E 0 0 @G
where F=C -7, G=A+ B, H=A—- B € C"" and, furthermore, G = G*, H = H*.
In the matrix case we use the transformed matrix

A:X‘lﬁoX:{O G}.

H 0 ()

It it easy to check that & is I'-selfadjoint and skew-Hamiltonian, whereas A is I'-
selfadjoint and Hamiltonian.

Definition 2.1 A pencil A\ M — N € C*™ 2" s called
1. T-selfadjoint, if M and N are I'-selfadjoint.

2. skew-Hamiltonian/Hamiltonian, if M is skew-Hamiltonian and N is Hamiltonian.

Thus, the pencil A — A is both T'-selfadjoint and skew-Hamiltonian/Hamiltonian.

In general, to use a similarity transformation that preserves both structures in a matrix
that is doubly structured with respect to J and I', we have to restrict the transformation
matrices to be in

ng:{UECQ”X2"|U*FU:F, U*Ju:(]}:{|:g UO_*]detU%O},

i.e., in the intersection of the Lie groups of I'-unitary and symplectic matrices.

For the pencil case it was shown in [14] that the so-called J-congruence transformations
preserve the structure of skew-Hamiltonian/Hamiltonian pencils. Analogously, we define
I'-congruence transformations that preserve the structure of I'-selfadjoint pencils.

Definition 2.2 Let NMA — B,A\C — D € C*>2" be two matriz pencils and let H be a
nonsingular, skew-Hermitian or Hermitian matrixz. Then NA — B and A\C' — D are called
H-congruent if there exists a nonsingular matriz P € C*?" such that

MC — D =H'P*H(A\A — B)P.



It is easy to verify that if P is in the set
GPy, = {UeCM™ | J'u*J =T""UT, detU # 0}

= Uy 0 : Ul,UQ S Cnxn,det(Ule) 7é 0p,
0 U,

then the J-congruence transformation
(M = B) — J 'P*J(A — B)P

is also a I'-congruence transformation and preserves the structure of pencils that are doubly
structured with respect to J and I'. For the computation of structured Schur forms,
the similarity transformation matrices and the equivalence transformation matrices are
restricted to be in the intersections of the group U,,, of unitary matrices and G, or GPy,,

respectively.
Next, for A € C and r € N we introduce the following matrices in C"™*",

A1 0 _
0 (—1)°
Tr(A) = , F o= ,
1 (—1)t 0
0 A B
0 1 (—1)° 0 ]
7, = ., D, = (6)
1 0 0 (_1)r—1

Proposition 2.3 The matrices in (6) satisfy the following basic relations.
1. F'=fr1'=(-1)"'F, ZI'=2'=Z7, DI=D1'=D,;
2. D,=FZ,=(-1)"'Z.F,;
5. GNTE = —FJ(-X), TNZ =230, F(\D, = —D,Ju(~N).

Proof. The proof is straightforward. 0O

3 A canonical form for the matrix case

In this section we will present a canonical form for matrices of the form (5). The invariants
of matrices that are structured with respect to an indefinite inner product induced by
the nonsingular Hermitian matrix H are well known, see, e.g., [3, 7, 13]. Those invariants
clearly include the eigenvalues and their partial multiplicities (i.e., the sizes of Jordan blocks
in the Jordan canonical form of the corresponding matrix). In addition, also parameters
e € {1,—1} that are associated with real eigenvalues of selfadjoint matrices or with purely
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imaginary eigenvalues of skew-adjoint matrices, respectively, are invariants. The collection
of these parameters is sometimes referred to as the sign characteristic, see, e.g., [7, 13].
To highlight that these parameters are related to the matrix H, we will use the term H-
structure indices instead. A general canonical form for doubly structured matrices was
recently obtained in [16]. For our particular problem, we obtain the following result.

Theorem 3.1 Let A € C*?" pe I'-selfadjoint and Hamiltonian. Then there exists a
nonsingular matriz W € C*?" sych that

W_lAW = diag(Al, . ,Ak),
WTW = diag(Sy,...,Sk), (7)
W IW = diag(Ty,...,Ty),

where the blocks A;, S;, and T; have corresponding sizes and are of one and only one of
the following forms:
Type 3.1.1 Fven sized blocks associated with the eigenvalue zero:

Aj = j2p(0>, Sj = €ng, and CTJ = 5F2p,

where p € N and ¢,0 € {1,—1}. The I'-structure index of A; is ¢ and the J-structure index
is (—=1)Po;
Type 3.1.2 Paired odd sized blocks associated with the eigenvalue zero:

A — Jop+1(0) 0 S — 0 Zop i1 T 0 Fopin
! 0 L7219+1(0) T Z2p+1 0 T _F2p+1 0 ’

where p € N. The I'-structure indices of the two blocks of A; are 1, —1 and the J-structure
indices are 1, —1;
Type 3.1.3 Blocks associated with a pair A\, —\ of non-zero real eigenvalues:

ARy 0 - Z 0 B 0 Z
Aj_{ PO _jp()\)}, Sj—g[op —Zp}’ and Tj_{_Zp Op}’

where A > 0, p € N, and ¢ € {1,—1}. The I'-structure index of J,(\) is € and the
I'-structure indezx of —J,(A\) is (—1)Pe;

Type 3.1.4 Blocks associated with a pair i, —ice of non-zero, purely imaginary eigen-
values:

C[idla) 0 [0 z - [-2 0
Aj—[ pO —Z’jp(a)}’ Sj_{Zp Op}’ and TJ—M{ Op Z}’

p

where a > 0, p € N, and 6 € {—1,1}. The J-structure index of iJ,(a) is 0 and the
J-structure index of —iJ,(a) is (—1)P6;



Type 3.1.5 Blocks associated with a quadruple X\, X, —\, =\ of non-real, non-purely
imaginary eigenvalues:

J,(A) 0 0 0
Y A A0V R
=1 0 o N o0 |
0 0 Z, 0 0 0 0 Z
o 0 0 z o 0 Zz o
5=z 0 0 0| ™ L=\ g _z o ol
0 Z, 0 0 ~Z, 0 0 0

where p € N and A € C such that Re(\), Im(X\) > 0.

Moreover, the form (7) is uniquely determined up to the permutation of blocks.

Proof. The proof follows directly from Theorem 4.10 in [16], considering A as a doubly
structured matrix with respect to the Hermitian matrices I' and ¢.J. O

Theorem 3.1 displays all the invariants of a matrix A4 that is structured with respect
to the indefinite inner products induced by J and I'. However, the canonical form is now
structured with respect to W*JW and W*I'VW. But for the development of structured
numerical algorithms, we will need a canonical form that displays all the invariants and
that is still structured with respect to I' and J. This canonical form is as follows.

Theorem 3.2 Let A € C?*** pe I'-selfadjoint and Hamiltonian. Then there exists a
matrizc U € G, such that

H 0 (8)

U AU = { 0 G ] ,
with

G = diag(Gl, c. ,Gk), H = diag(Hl, ey Hk),
where G and H; have corresponding sizes and are of one and only one of the following
forms:

Type 3.2.1 Fven sized blocks associated with the eigenvalue zero:

(a) Gj =¢eZy, H; =¢J,(0)Z,, or
(b) G;=¢Z,7,(0), H;=¢Z,

where p € N and € € {1, —1};
Type 3.2.2 Paired odd sized blocks associated with the eigenvalue zero:

G = Zopi1T2p+1(0)  and  H; = Jopy1(0) Zopt,

where p € N;



Type 3.2.3 Blocks associated with a pair A, —\ of non-zero real eigenvalues:
G;=¢Z,Jp(N) and H; =cT,(\)Z,,

where A >0, p € N and e € {1,—1};
Type 3.2.4 Blocks associated with a pair ic, —ice of non-zero purely imaginary eigen-
values:
Gy = 02,0\ and H,; = 67,(NZ,
where a >0, pe N, § € {1,—1};
Type 3.2.5 Blocks associated with a quadruple A, —\, X\, =\ of non-real, non-purely
mmaginary eigenvalues:

0 ijp<X>] ,_[ (RVANYA
2,7,00) 0 ad M=\ 7™z, o |

where Re(A), Im(\) > 0, and p € N.
Moreover, the form (8) is uniquely determined up to the permutation of blocks.

G; =

Proof. By Theorem 3.1, we know that there exists a nonsingular matrix W € C?"x?»
such that

WAW = diag(A, ..., Ap),
WTW = diag(Sy,...,Sk),
W IW = diag(1y,...,Ty),

where A;, S; and T} are of one of the types of blocks listed in Theorem 3.1.
To these types of blocks we apply simple transformations with matrices P; that bring
A;, S;, and T} to the forms

er

-1 o
by AJ‘PJ'_{HJ» 0

|t =psp ad g, = TE

where 2¢; is the size of A; and G, H; are as asserted. Then, taking the product W -
diag(P,. .., Pr) and multiplying from the right with an appropriate block permutation
matrix produces a matrix ¢ satisfying

UTU =T and U"JU=J,

i.e. U € Gy,, such that &' AU has the desired form.

In the following, we explicitely give the transformation matrix P; that transforms the
blocks of type 3.1.x in Theorem 3.1 to the corresponding blocks of type 3.2.x in Theo-
rem 3.2, where we use the same symbols for the parameters as in Theorem 3.1.

Type 3.2.1 If the triple (A;,S;,T;) is of Type 3.1.1 of Theorem 3.1, then we have to
distinguish two cases. In the case €6 = 1, the transformation matrix P; is of the form

.Pj = [56217—17 E€op—3,...,E€1,€2,€4,... ,egp],



where e; denotes the j-th unit vector of dimension 2n. In the case ed = —1, the transfor-
mation matrix P; is of the form

‘F)j = [862177 €€op—2,...,E€2,€1,€3,... 7621)—1]-

Then G; and H; are as in Type 3.2.1 (a) if ¢ = 1, or as in Type 3.2.1 (b) if € = —1;
Zopt1 + Fopi1r Iopr1 — Dapia 1 .

—_

Type 3.2.2 P; = ~ [

2 Z2p+1 - F2p+1 IQp—i-l + D2p+1
V2 [ Z, el
Type 3.2.3 Pj = 7 i —SZp ]p :| 3
V2 [ Z, idl,
Type 3.24 PJ_T_Z(SZP ]p :|,
[ 0 Z, I, O
V2| 0 Z, —I, 0
Type 3.2.5 Pj = 7 Zp 0 0 Ip 0
| —-Z, 0 0 1,
. e /]
Remark 3.3 Note that all submatrices oo of (8) have the pattern v .
J

We have seen in this section that matrices that are I'-selfadjoint and Hamiltonian can
be transformed to a structured canonical form that is the analogue of the classical Jordan
canonical form. In the next section we derive similar canonical forms for the corresponding
doubly structured pencils.

4 Canonical forms for the pencil case

In this section, we discuss canonical forms for regular pencils A — A in the form (4).
Recall that a pencil A — A is called regular if and only if det(A€ — A) is not identically
zero. To do this, we first split the pencil into two parts corresponding to finite and infinite
eigenvalues, respectively.

Theorem 4.1 Let \é — A € C?*™ 2" be a regular, T-selfadjoint, and skew-Hamiltonian,/-
Hamiltonian pencil. Then there exist nonsingular matrices Wi, Wo € C**®" such that

W;l(Ae—A)leAV% 0 }—[Af 0 }

O goo O I2m

where Ay € C?***%k s Ty -selfadjoint and Hamiltonian and E, is Sao-selfadjoint and Tw-
skew-adjoint. Furthermore, we have

S = diag(Er, ..., E), Sw=diag(S1,...,8), T =diag(Th,...,T)), 9)

9



where the blocks Ej, S;, and T have corresponding sizes and are of one and only one of
the following forms:
Type 4.1.1 Paired even sized blocks associated with the eigenvalue oo:

[ Jp0) 0 [0 Zy, [0 By
EJ‘{ 0 g0 |0 YTz, 0 |0 ™ L=\ _g o |

where p € N;
Type 4.1.2 Odd sized blocks associated with the eigenvalue oco:

E; = Jop+1(0), S =¢eZopy1, and T; = 0Fpq,

where €,6 € {1, -1}, p € N. The I'-structure index of E; is € and the J-structure index is
(—=1)0.

Proof. By Theorem 5.1 in [16], there exist nonsingular matrices Z;, Z, € C*"*?" such
that

e [, o] [M o
* o Ql 0 * o Rl 0
Z2 FZl == |: 0 Q2 5 ZQ JZl - 0 R2 ’

where N is nilpotent, ()1, (2, Rs are Hermitian, R; is skew-Hermitian, and the following
identities hold:

M*Ry = —RiM, M'Q1=Q:iM,
N*RQ == —RQN, N*QQ == QQN (10)

(Note that although J is skew-Hermitian and £ was skew-Hamiltonian, i.e., J-selfadjoint,
Ry is now Hermitian and N is Ry-skew-adjoint.) Since the pencil A\I' — J only has the
eigenvalues 1, —1 with partial multiplicities equal to one, the same holds for the pencil
AQ1 — R;. Equivalently, the Hermitian pencil A(); —iR; has only the eigenvalues 7, —i with
partial multiplicities equal to one. But, since non-real eigenvalues of Hermitian pencils
always occur in pairs, see [20], it follows that the algebraic multiplicities of i and —i
are equal, say k. But then it follows from the well-known results on canonical forms of
Hermitian pencils [20], that there exists a nonsingular matrix V such that

Moreover, since N is nilpotent and by (10) it is also Ry-skew-adjoint and Qo-selfadjoint, and
since the Hermitian pencil ARy — ()5 only has eigenvalues 1, —1 with partial multiplicities
equal to one, it follows from Theorem 4.10 in [16] that there exists a nonsingular matrix
U such that U'NU = E, U QU = S, and U Rold = T, where E, S, and T, are
as in (9). Setting

0 U 0 U
then gives the desired result, since Ay := V"!MV is I'y-selfadjoint and Hamiltonian. O

lezz{vo vo]

| e

We immediately obtain the following corollary of Theorem 4.1 and Theorem 3.1.

10



Corollary 4.2 Let A\ — A € C*™*" be a regular, T-selfadjoint, and skew-Hamiltonian/-
Hamiltonian pencil. Then there exist nonsingular matrices Wy, Wy such that

_ Iy 0 A; 0
WQI(/\E—A)le)\{ 8’“ 500}—[ of Izm}, (11)
0 Sk 0 Tw

where Ag, Sy, Ty € C**% qre in the canonical form (8), and Exy, Soo, Too € C2n—2k)x(2n=2k)
are as in (9).

W{TWgz[Sf O}, W{‘JV\/Q:[Tf 0},

As in the matrix case, we would prefer a simple form that displays the eigenvalues and
that still is I'-selfadjoint and skew-Hamiltonian/Hamiltonian. However, this task is not as
easy as in the matrix case. The problem in the pencil case is that in the canonical form (11)
odd-sized blocks associated with the eigenvalue co need not occur in pairs. Consider the
following example.

Example 4.3 The pencil A — A, where

is regular, I'-selfadjoint, and skew-Hamiltonian/Hamiltonian. Setting

0010 0100
1000 0001
W1_01007W2_1000’
|00 0 1| 0010
we obtain the canonical form
0100 1000
0010 0100
—1 _ -1 _
WolWi=tg o000l WeM=1401 0|
0000 0001
0010 0 0 1 0
i} o100 i 0 =10 0
WIIWe=1 1 g 00 M= ¢ o o
0001 0 0 0 —1

Thus, the pencil A — A has two Jordan blocks associated with co. The first one is of size
three with parameters e; = 1 and 6; = 1 as in Theorem 4.1 (hence, the I'-structure index is
1 and the J-structure index is —1) and the second one is of size one with parameters €5 = 1
and dy = —1 as in Theorem 4.1 (hence, the I'-structure index is 1 and the J-structure index
is —1).

11



Example 4.3 shows the difficulties that are caused by the lack of pairing of odd-sized
blocks associated with the eigenvalue co. It is difficult to find a simple form that nicely
displays the Kronecker structure of A\ — A if we want to keep the two-by-two block
structure of £. In Appendix 1, for completeness, we present such a form without the
technical proof. Here, we restrict ourselves to the case that the odd-sized blocks associated
with the eigenvalue oo occur in pairs in the following sense.

Definition 4.4 Let A\ — A € C*™*2" be a regular, T'-selfadjoint, and skew-Hamiltonian,/-
Hamiltonian pencil, and let n(oo, k,n) denote the number of Jordan blocks associated with
oo in the canonical form (11) that have size k, and for that the corresponding structure
indices 6 and € in (11) satisfy 6e = n. Then N — A is called oo-regular if for any odd
k € N we have that

n(oo, k,1) = n(oo, k,—1).

Thus, for an oo-regular pencil, the odd-sized blocks associated with oo have to be
paired with respect to the sign of the product of their structure indices. At first glance, this
condition sounds rather special and hard to check. However, it turns out that this condition
is satisfied if the pencil is of differential-index at most one, i.e., all partial multiplicities
associated with the eigenvalue oo are less or equal to one. This is an important case in
many applications that can be achieved via an index reduction process [2, 10, 11, 12].

Proposition 4.5 Let \é — A € C?*2" be a regqular, T-selfadjoint, skew-Hamiltonian,/-
Hamiltonian pencil of differential index at most one. Then \E — A is oo-reqular.

Proof. Since all partial multiplicities of the eigenvalue co are at most one, it follows
from (11) that there exists nonsingular matrices W;, W, such that

W, tEW, = diag(Is,0,0,0,0), Wy AW, = diag(A, 1, 1,, I, I,),

WTFWQ = dlag(rka Ipa ]q7 _]T’7 _‘[8)7 WTJWQ = dlag(‘]ka ]pa _]q7 -[7“7 _-[S)a

for some p,q,r,s € N. Since the pencil \I' — J has the eigenvalues 1,—1 each with
multiplicity n, the same still holds for Wy (AI' — J)W,. This implies p + s = r + ¢. But
noting that p + s (r + ¢, respectively) is the number of blocks for that the product of
structure-indices is 1 (—1, respectively), it follows that the pencil is co-regular. 0O

For the case of co-regular pencils we then have the following structured canonical form.

Theorem 4.6 Let A — A € C* 2" be q oo-reqular, T-selfadjoint, and skew-Hamilton-
ian/Hamiltonian pencil. Then there exists a nonsingular matric W € GPs, such that

CTWT)AE — AW = (JTIWI)(AE — AW
L, 0 0 0 0 0 Gy 0
|0 Ec 0 0 |_ |0 0 0 Gu
- 0 0 I, 0 H 0 0 0 |’
0 0 0 B 0 Ho 0 0

12



where Gy and Hy are in the canonical form (8) of Theorem 3.2. Furthermore, we have
Eoo:diag(El,...,Ek), Goo:diag(Gl,...,Gk), Hoo:diag(Hl,...,Hk),

where the blocks E;, G;, and H; have corresponding sizes and are of one and only one of
the following forms:
Type 4.6.1 Paired even sized blocks associated with the eigenvalue oo:

Ej = ng‘72p(0) and Gj = Hj = ng,

where p € N;
Type 4.6.2 Two odd sized blocks associated with the eigenvalue co:

Ej = €Z2p+1.72p+1(0) and Gj = Hj = €Z2p+1a
where p € N and € € {1, —1}.

Proof. In view of Theorems 4.1 and 3.2, it is sufficient to consider the case that £ is
nilpotent. But then, by Theorem 4.1, there exist nonsingular matrices W, and W, such

that
Wy tEW, = diag(Ey, ..., E), WiTW, = diag(Sy,...,95),

Wyt AW, = Iy, WiIW, = diag(Th,...,T)),
where £}, S;,T; are of one of the types of Theorem 4.1. We consider these types separately:
Type 4.6.1 If (E;,5;,T}) is of Type 4.1.1 with parameter p as in Theorem 4.1, then
setting

p:l Iop + Dy Iy — Dy and Q.:l Zop = Fop  Zop + Iy
J 2 IZp_DQp [2p+D2p I 2 Z2p+F2p Z2p_F2p 7

we obtain that

) Zoy T (0) 0 ) 0 Zy
lp p = 2p2p LA P — P
Q] E]P] |: 0 ‘72]3(0)*2217 ‘| 9 Qj A]P] |: Z2p 0 :| 9
P;S]'Qj = ng, and P]*T‘]Q] = Jgp.

Type 4.6.2 Let (£}, S;,T}) be of Type 4.1.2 with parameters p, ¢, 0 as in Theorem 4.1.
Since the pencil is oo-regular, we know that there exists a second triple (E,,, Sy, Tp,) with
parameters p, £, 8, where £§ = —&5. Without loss of generality, we may assume that
g6 =1,1ie.,d=cand § = —2. Setting

1 ]2p+1 + D2p+1 ]2p+1 - D2p+1 o 1 ZQp—i—l - F2p+1 Z2p+1 + F2p+1
P; = 62 Q; = 3 )

Ipy1 — Dopiq Iopi1 + Dopp Zopt1 + Fopp1r Zopr1 — Foppn

with D;, F;, Z; as in (6), we obtain that

4| B 0 } { Zop+1T2p+1(0) 0 }
: j .
QJ { 0 £, iTE 0 Top+1(0)* Zopiq |’
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I 0 0 Z.
—1 | Lopi1 P 2p+1
@; [ 0 Iy } ! [ Zopt1 0 } ’

1S 0 LT 0
Pj{oj Sm:|Qj:F2p+17 P]|:Oj Tm}Qj:J%—H-

Taking the products Wy - diag(Py, ..., Py) and W, - diag(Q, ...,Qx) and applying
an appropriate block permutation, yields matrices &4 and W satisfying W*T'UY = T and
W*JU = J, or equivalently,

UT=T"WT and U '=J'WJ

such that U~ (A€ — A)W has the desired form. In particular, we have W € GPy,. 0O

In this section we have extended the structured canonical form for doubly structured
matrices to the case of doubly structured pencils under the assumption that the pencil is
oo-regular. For the statement of the general case see Appendix 1.

The presented canonical forms are the algebraic basis for the construction of numerical
methods. However, as is well known [8], in general it is not possible to compute such
canonical forms via numerical algorithms. For this reason we are interested in condensed
forms under unitary transformations. But such forms do not always exist. In the next
section we derive necessary and sufficient conditions, when this is the case.

5 Existence of structured Schur forms

In this section, we study structured Schur forms for the doubly structured matrices and
pencils under consideration. We begin with the matrix case, i.e.,

o (12)

A { 0 G ] |
where G, H € C™" are Hermitian. Since the unitary matrices i in G, have the block
form diag(U, U) with U unitary, one has to determine a unitary matrix U such that U*GU
and U*HU are both in a condensed form from which the eigenvalues of A can be read
off in a simple way. A possible candidate for such a condensed form is that U*GU and
U*HU are both diagonal. However, it is well known that such a U exists if and only
if G and H commute. Hence, such a form exists only for a small set of matrices of the
form (12). Another possible candidate is that U*GU is lower anti-triangular and U*HU is

upper anti-triangular in the following sense.

Definition 5.1 Let X = [z;;] € C™™. We say that X is lower anti-triangular, if x;; = 0

for 7+ k <mn, i.e., X has the pattern

14



Analogously, we say that X is upper anti-triangular if z,, = 0 for j+k > n+1. Moreover,
we say that a matriz A of the form (12) is in anti-triangular form, if G is lower anti-
triangular and H s upper anti-triangular.

Anti-triangular Hermitian pencils have been studied in [15], where it was shown that
these forms are the natural generalization of the Hamiltonian Schur form, see [17, 19] to
the case of Hermitian pencils. Note that Hermitian pencils are related to Hamiltonian
matrices by the fact that A\iJ — JM is a Hermitian pencil, if M is a Hamiltonian matrix.

Note that if A is in anti-triangular form, then the eigenvalues of A are displayed by
the entries on the main antidiagonal of G and H. This can be easily verified by applying
a row and column permutation to A. For example, if G = [g;;] and H = [h; ;] then for
I1<k<gandl=mn—Fk+1every 4 x 4 submatrix

0 0 0 9k,
. 0 0 Grs G
Ao = hgp heg 0 0 |7
hee 0 0 0

displays a quadruple {\g, — Ao, Ao, —Ao} of eigenvalues of Ay, where \g = 1/ gx1hx,. In the
case that n is odd, we find a distinguished pair of eigenvalues A\, —\g that is displayed by
the entries in the middle of the anti-diagonals of G and H, i.e., by the submatrix

0 grr
hey 0 |7

where r = "7“ and \g = /¢, ,hyr. Since g,,h,, is real, \¢ is necessarily real or purely
imaginary.
The corresponding anti-triangular form for the case of a regular pencil

/\E—A:)\{gg*}—{gg}, (13)

where F,G,H € C™" (G, H Hermitian, is such that F, G, and H are all lower anti-
triangular. If this is the case and for n even, if £ = [e;;], G = [g;x] and H = [h; ], then

for 1<k <5 andl=n—Fk+1every 4 X 4 subpencil

0 €kl 0 0 0 0 0 9k,
e en 00 | 0 0 Gry g
Mo oo 0 e | Mo e 0 0| (14)
0 0 ey ey hig hyy 0 0
displays a quadruple {\g, —Ao, Ao, —Ao} of eigenvalues, where \g = % if e ek # 0
n+1 o

and \g = oo, otherwise. In n is odd and r = analogous to the matrix case, there is

2

15



a distinguished pair of real or purely imaginary eigenvalues (Ag, —\g), where \g = oo if

h )
€. =0o0r \g = /L2 otherwise.
T 0 Er,rrr )

It remains to discuss the question when the doubly structured matrix or matrix pencil
can be transformed to anti-triangular form. To derive necessary and sufficient conditions
for the existence of anti-triangular forms it is sufficient to discuss the pencil case, because
if A asin (12) is J,-congruent to a pencil in anti-triangular form, i.e.,

. [E o0 0 G
J PJ()\I—A)P_A[O E}—[H 0],

where P € GP,,, F,G, H are lower anti-triangular and FE is invertible, then setting ) =
diag(E~', I) implies that

eIt - AP =] ¢ 7 || g

and we find that J~1(PQ)JAPQ is a matrix in anti-triangular form and, since P € GPy,
and J~Y(PQ)*JPQ = I, we obtain PQ € Gs,. Note that if P is unitary, then also F and
() are unitary and hence P() is also unitary.

To generate the structured anti-triangular forms we derive first an eigenvalue reordering
method as well as an off anti-diagonal block elimination technique. Consider an (8 x

8)—subpencil ) )
JE 0] Jo @
0 B H 0

of (13) given by the submatrices

0 0 0 ek 0 0 0 gk
E _ 0 0 ej,m ej,l é _ 0 0 gj,m gj,l
0 em; emm €my |’ 0 Gjm Ymm Gmi
€Lk € C€m €l Ik 950 Gmg  Gii
and
0 0 0 Iy
~ 0 0 Rjm — hjg
H= 0 Ej}m hm,m hm,l ’
Py hjp o hmg iy

where § > j >k, l=n—k+1, and m =n — j+ 1, such that

Ik ibri€jmemj # GimhjmeriCirs  Grihei€imemj 7 GimMjmeriCiks (15)
i.e., the (8 x 8)-subpencil displays two disjoint quadruples of eigenvalues {\g, —Xg, Ao, — o}
and { o, —fto, flo, —flo }, where A\g = @/% and g = ‘ijm#, and \g # %o, £, We

mE€m,j
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want to eliminate the elements e;;, € ;, g;1, and h;; via a transformation with matrices

010 01 00

P=loo1y| ™ 91001 2

00 01 00 0 1

Forming the product
0 0 0 €kl
*EP — 0 0 €jm €1+ Weg + Yejm
P = 0 €m,j * * !

€Lk €t Zemj +re X *

to eliminate the elements e;; and ¢; ;, we have to choose w, x,y, z such that the equations
eji +wery +yej,m =0 and e+ Zep; + e =0

hold. The analogous argument for Q*GQ and P*H P vyields the two additional equations
9j1 +Woky + 29jm =0 and  hj; +Thy +yhj, = 0.

Altogether, we obtain a linear system in the variables w, Z,y and z given by

€k Em, 0 0 T €
th 0 hj,m 0 z . th
0 gim 0 g Yy gji
0 0 €im €kl w €1

Since the determinant of the system matrix is —€; xR m7jmer + €m,jgrkilk1€5m, and this
term is non-zero by the first condition of (15), we have a unique solution.

In a similar way the second condition of (15) implies that the elements e, , € m, Gm,
and h,,; can be eliminated.

Similarly, in the case that n is odd, r = ”TH, k<j,l=n—k+1, and

) 0 0 ey ] 0 0 g . 0 0 Ty
E = 0 Err €Erl ) G = 0 Grr  Grl and H = 0 hr,r hr,l 5
ek €Ly € ki Gy il Py hep hayy

the condition

GrahrreriCir # grihiilers]?, (16)
implies that the eigenvalue quadruple {\g, —Ao, Ao, —Ao} and the pair {uo, —puo, } are dis-
joint, where \g = % and pg = % In this case one can eliminate the elements

€rls €Ly, grl, and hr,l-

Using this elimination technique and applying some permutations to combine blocks
that display the same quadruple of eigenvalues to a larger block, we obtain the following
proposition.
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Proposition 5.2 Let (A6 — A) € C**?" be an oo-regular, T-selfadjoint, and skew-Hamil-
tonian/Hamiltonian pencil such that E, G and H in (13) are lower anti-triangular. Then
A — A is T, J-congruent to a pencil

. E 0 0 G
AR

where all three matrices E, G, H are block anti-triangular of the form

0 o 0 X ]
: 0 Xog1 0
%= 0
: . . . 0 :
0 Xio1p Xp—1p—1 O
_Xk71 0 0 th_

Forl=Fk—j+1>j the spectrum of every subpencil

0 By, 0 0 0 0 0 Gy
W B Euo 00| |00 Gy Gy
0 0 0 E 0 Hy 0 0 |’

is equal to {\;, —)\j,xj, —Xj} and for different indices j the spectra of the corresponding
subpencils are disjoint. Here we allow real and purely imaginary eigenvalues.
Furthermore, if n is odd, then k must be odd and for r = % the spectrum of the

subpencil
by Er,r 0 . 0 Gr,r
0 Er, H,.,, 0

is {\., =Ar} and it is disjoint from the spectra of the other subpencils. In particular, X, is
real or purely itmaginary or equal to co.

Before formulating and proving the main result of this section we will give some tech-
nical lemmas and introduce some further notation.

Definition 5.3 Let H € C™™ be an Hermitian matrix that has v, positive, v_ negative
and vy zero eigenvalues. We call the triple Ind(H) = (vy,v_, 1) the inertia index of H.

Lemma 5.4 (Lemma 3in [15].) Let H € C"*" be Hermitian with inertia index Ind(H) =
(vi,v_,vp). Then H is congruent to a lower anti-triangular matriz if and only if v, —v_| <
vy when n is even or |vy —v_| < vy + 1 when n is odd.

Definition 5.5 Let H € C"*" be Hermitian with Ind(H) = (vy,v_,1y). We say that H
satisfies the index condition if |V, — v_| < vy when n is even or |vy —v_| < vy + 1 when
n is odd.

18



Thus, H satisfies the index condition if and only if it is congruent to an anti-triangular
matrix.

Remark 5.6 Let A € C*"*?" be I'selfadjoint and Hamiltonian as in (12). If A is in
anti-triangular form, then the pencil AT — A is J, I'-congruent to a pencil in anti-triangular

form via
I, O Zn 0 | Z 0 0 G
[0 Zn}(ﬂ%_m{ 0 Jn}A[o Z]_[ZHZ 0}'
The canonical forms in Theorems 3.2, 4.6 and Remark 5.6 lead to a characterization of
all possible subpencils that represent structured Kronecker blocks of the structured pencil
A — A. With every type of block we will also list the inertia indices. In all cases in the

following proposition, d,e € {1, —1}. We use different letters to indicate from which case
in Theorems 3.2, 4.6 the structure index comes.

Corollary 5.7 Let A\ — A € C*™ 2" be an oo-reqular, I'-selfadjoint, and skew-Hamiltoni-
an/Hamiltonian pencil. Then there exists W € GPy,, such that

§ = diag(Ey, ..., E), G=diag(Gy,...,Gy), H=diag(H,..., Hy),

o Qe

CTWT)OE = AW = (JTWI)(AE = AW = A { i ¢ ] ) { "

where

are all Hermitian, and for every j, the pencil A { E; EO } — l }(} %j } has one and only
J J
one of the following forms.

a. Fven sized blocks associated with the eigenvalue 0: The form is either

JE O _[o 6]y [% 0]_ 0 ez,
0 E H o] 0 Z, eZ,J,(0) 0 |
with inertia indices Ind(G) = (q,¢,0) and Ind(eH) = (q,q—1,1) if p = 2q, and Ind(¢G) =
(¢+1,¢,0) and Ind(H) = (g,q,1) if p=2q + 1, or

58115 €[ 214 2]

with inertia indices Ind(eG) = (¢,q — 1,1) and Ind(H) = (q,4,0) if p = 2q, and Ind(G) =
(¢:¢,1) and Ind(eH) = (¢ + 1,¢,0) if p=2q + 1.

b. Paired odd sized blocks associated with the eigenvalue O:

)\{E 0}_{0 G}::/\{Z%H 0 }_[ 0 zququH(c))]
0 E H 0 0 Zogn Zgs1T2q:1(0) 0 ’
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with inertia indices Ind(G) = Ind(H) = (q, ¢, 1).
c. Blocks associated with a real eigenvalue pair o, —c, where o > 0:

SRR E R R KA P e ]

with inertia indices Ind(G) = Ind(H) = (q,¢,0) if p = 2q or Ind(eG) = Ind(eH) =
(¢+1,4,0) if p=2¢+1.
d. Blocks associated with a purely imaginary eigenvalue pair ic, —ic, where o > 0:

8 8115 €[5 2] ok )

with inertia indices Ind(G) = Ind(H) = (q,¢,0) if p = 2q, or Ind(6G) = (¢,q + 1,0) and
Ind(6H) = (¢ +1,4,0) if p=2q+ 1.

e. Blocks associated with a quadruple of finite eigenvalues o, @, —«, —a, where o ¢ R:

0 0 0 Z,Jy(@)
)\[E o}_{o G}'_A[ZQ(] 0]_ 0 0 |quq(a) 0
0 F H 0| 0 Zoy 0 Z,J,(@) 0 0 ’
Z,Ty(@) 0 0 0

with inertia indices Ind(G) = Ind(H) = (q, ¢, 0).
f. Paired even sized blocks associated with the eigenvalue co:

A[]g H_HI g]::A{ZQq%q(m qu%q(())]_{zzq Zoﬂ

with inertia indices Ind(G) = Ind(H) = (g, ¢,0).
g. Paired odd sized blocks associated with the eigenvalue oco:

A E 0 . 0 G — )\ EZQq+1j2q+1(0) 0 . 0 €qu+1
0 F H 0 ' 0 €ZQq+1j2q+1(0) 5Z2q+1 0 ’

with inertia indices Ind(¢G) = Ind(eH) = (¢ + 1,4,0).

Proof. These block forms follow directly from Theorems 4.6, 3.2 and Remark 5.6. The
assertion on the inertia indices of the blocks G and H follows easily from Lemma 6 in [15]
O

Note that the matrices Z;J(«); are lower anti-bidiagonal and matrices Z; are lower
anti-diagonal. So in all cases F/, H, GG are either lower anti-bidiagonal or lower anti-diagonal.

In order to derive necessary and sufficient conditions so that A — A is J, ['-congruent
to a anti-triangular form, we assemble these subpencils together and we frequently use the
following transformation.
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Remark 5.8 Let F, M be both lower anti-triangular and partitioned as

0 0 F173 0 0 M1,3
F= 0 f2,2 f2,3 , M= 0 Moo Ma3 )
F3,1 f3,2 F3,3 M3,1 ms3o M3,3

where F 3 and F3q (M;3 and M;s;) are square and have the same size, respectively and
furthermore fo5 (mo2) is either a scalar if the size of F' (M) is odd or is void if the size is
even. Then there exists a permutation matrix P such that

0 00 0] 0 Ryl
0 0|0 0 |Ms 0
| F 0 L. 0 0 |fo2 O 0 fos
H_[O M:|_P 0 0 0 Moo | M23 0
0 Ms;| 0 mgo|Msz O
| 31 0 | fs2 O 0 F33 |

P (17)

Obviously, if H is Hermitian then this block lower anti-triangular form is still Hermitian.

Then H is congruent to a lower anti-triangular form if f5 5, Mmoo are as in the following
cases.

Case 1: If fy5 = 0 this is obvious and if mys = 0, then by a block permutation we
switch the roles of F' and M in H. In this case F' or M, respectively, has odd size.

Case 2: If fo9 or may is void, then fa3, f39 or mg3, mso, respectively, are void and

this is also obvious. In this case F' or M, respectively, has even size.
1 0

_ fop2
ma,2

[ fa2

m — e

O 2,2 ma.2

X =
f2,2
Mooy =57 ma 2

Case 3: If foomoo <0, then let X = [ . Then it is easy to see that

X* |: f2,2 0
0 ma o

Applying this transformation to the matrix in (17), we can reduce H to a anti-triangular
form.

(18)

It should be noted, that when F} 3, F5 1, M; 3, M3 ; are all nonsingular, then these three
cases give necessary conditions for H to be congruent to a lower anti-triangular matrix.

Another useful permutation is

0 0 0 Fu
A . 0 0 0 fa3
H‘{o M}_P o o M o |P (19)
Fs1 fs0 0 F33
if fQ,Q =0 and
0 0 Fg
H:{}O?]&}:P* 0O M O P, (20)
Fs51 0 F33



if fyo is void. When M is already lower anti-triangular, in both cases H is congruent to a
lower anti-triangular form.

Remark 5.9 In order to compute a lower anti-triangular form we perform J, I'-congruent
transformations to the pencil
A\ E 0| |0 G
0 FE* H 0

with block diagonal matrices diag(U, V). This is equivalent to performing transformations
UEV, U'GU, V*HV

on the matrix triple £, G, H. We will often use the following special transformations.
1. If
E = diag(Ey, Ep), G =diag(G1,Ga), H = diag(H:, Ha),

then by taking U = I and V' = diag(/, —I), we can transform the matrix triple to
E = diag(El, —E2)7 G = diag(Gl, Gg), H = diag(Hl, HQ)

This means that we can freely change the sign of F5, and analogously, we can also freely
change the sign of Fj.

2. If
[0 [0 o0 [ho
E_[O 72}’ G_{O 9}’ H_{O 0]

where vy, 72,9, h € C, then taking X = {? é],we obtain that
_ |0 (oo v |00
EX_[% 0}, G_{O g], XHX_[O h]
are all in lower anti-triangular form.
3. If
001 00 O 0 0 h
E=1010|, G=|0¢ 0 |, H=]00 0|,
100 00 —e h 0 0
100 1 00
where e =1ore=—1and h € C, then taking X = 0 1 0 |andY =| -1 1 0
011 0 01
it follows that
001 0 0 O 0 0 h
XEY=|1010]|, X'GX=|0 0 —|, Y'HY=[0 00 (21)
100 0 — —¢ h 0 0

are all in anti-triangular form. Moreover, the middle anti-diagonal (also diagonal) element
of the transformed matrices X*GX and Y*HY is 0.
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By Proposition 5.2, Theorem 4.6, and Remark 5.8, it follows that A — A is J, '-congruent
to a lower anti-triangular form if and only if every subpencil from the structured canonical
form that combines the whole multiplicity of a quadruple {a, —a, @, —@} of non-real or
non-purely imaginary eigenvalues or a pair of eigenvalues {a, —a} with a? € RU {co} is
J, I'-congruent to a lower anti-triangular form. Based on this fact we can use the subpencils
in Corollary 5.7 to find the conditions for the existence of a lower anti-triangular form.

Lemma 5.10 Let A — A € C?*2" be an oo-reqular, I'-selfadjoint, and skew-Hamilto-
nian/Hamiltonian pencil that has only a single eigenvalue quadruple {a, —a, @, —a} with
Realma # 0, or a single pair of eigenvalues {«, —a}, or {ia, —ia} with o > 0 or a single
eigenvalue 0 or oo. Suppose that the pencil is J,I'-congruent to the structured canonical

form
5 % E 0 0 G
AE—A—)\[O E}_{H O},
with
E =diag(Es, ..., Ey), G=diag(G,...,Gx), H =diag(Hi,...,H)
and every

3 E; 0 | 0 Gy
0 £ H; 0|’
has one of the forms as in Corollary 5.7. Then N\ — A is J,I'-congruent to a lower
triangular form if and only if both G and H satisfy the index condition.

Proof. The necessity is clear, so we only prove the sufficiency.

We consider five different cases, based on the types of eigenvalues.

1. For blocks as in Corollary 5.7 e., every E;, G}, H; is are already lower anti-triangular
and has even size. Applying the permutation (20) simultaneously to the triple several
times, we obtain the lower anti-triangular forms for £, G, H. Obviously G and H satisfy
the index condition.

2. For an eigenvalue pair {o, —a} and a > 0, by Corollary 5.7 c. it follows that

Ej - ij’ Gj = Hj = ngijpj(a)'

Let pj =2¢;+1for j =1,...,l and p; = 2¢; for j =1+ 1,..., k. For A\é — A in lower
anti-triangular form it is necessary that G; H must satisfy the index condition. Since G
and H are nonsingular this means that

vi(G) = v-(G) = vy (H) = v_(H) = 0

if n is even and

V4(G) = v (@) = v (H) — v (H)| =1
if n is odd. On the other hand by Corollary 5.7 c.

vi(G) —v-(G) =vy(H) —v_(H) = Zgj-



Hence if n is even, then 25:1 ej = 0, which implies that {, the number of the odd sized

Jordan blocks must be even and the numbers of the structure indices with ¢; = 1 and
¢; = —1 must be equal. If n is odd then [ is odd and all but one of the £; must occur in
1, —1 pairs.
To show that this is also sufficient, we consider the cases that n is odd or even separately.
If n is even, then [ is even and we can permute the blocks in the original pencil N —A
such that the canonical blocks of odd size are paired into [/2 subpencils as in

E, 0 0 0 0 0 G; O
\ O E; 0 0 [0 0 0 Gj
0 0 E; 0 H, 0 0 0 |’
0 0 0 E 0 H; 0 0
where ¢; = 1, ¢; = —1. By Remark 5.9 we now consider a transformation on this matrix

triple. Applying (17) and (18), the triple can be transformed to lower anti-triangular form.

In this way we can get /2 even sized matrix triples which are all lower anti-triangular.
Joining these and the matrix triples associated with even sized canonical blocks, using (20)
again we get the lower anti-triangular form.

The case n is odd is similar to the even case. The only difference is that after pairing
there is still one odd sized matrix triple left. But applying (20) to assemble the whole
lower anti-triangular form, the only difference is that the odd sized blocks should be put
in the bottom as block M in (20).

3. The proof for pairs of purely imaginary eigenvalues is the same as that for 2.

4. For zero eigenvalues by Corollary 5.7 a. and b., the matrix triple £}, G;, H; has
three possible forms

\) By = 2y, Gj=¢jZy, H;=¢e;2,,7,,/(0)

i) Bj = Zp,, Gj=eiZp,Tp;(0), Hj=e;Zy;

iii) Ej = ZQqJ‘Jrlv Gj = Hj = Z2f1j+1‘-72qJ‘+1<0)'

Forms i) and ii) are associated with even sized canonical blocks and form iii) is associ-
ated with odd sized canonical blocks. Assume that A — A has k; and k, canonical blocks
of even size with respect to form i) and ii), respectively and k3 blocks of odd size and form
iii). Without loss of generality assume that the matrix triples E;, G;, H; have form i), ii),
and iii) for j = 1,...k, =k +1,... k1 + ko, and j = k1 + ko, ..., k(= k1 + ko + k3),
respectively. Moreover, assume that p; = 2¢g; for j =1,...  kjyand j =k +1,... ki +ka
and p; =2q; +1for j =k +1,...,kiand j = ki + kot +1,..., k1 + kg, i.e., there are ky
matrix triples of form i) with even size and k; — kj; of this form with odd size, and there
are ko; matrix triples of form ii) with even size and ks — ko; of this form with odd size.

From these block forms we get the following relations for the inertia indices of G and
H.

1—k11 ka1

k
vi(G) —v_(G) = (v (Gy) —v-(Gy)) = Z Ekitj T ZEklﬂ‘a

M-

1

J
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w(G) = Y w(Gy) = ky + ks,

j=1
k k11 kao—ka1
vi(H)—v_(H) = Y (v (H) =vo(H) =D &+ D Ehathntis
j=1 j=1 j=1
k
Vo(H) = ZUO(Gj) = k?l + ]{?3.
j=1

If H and G satisfy the index condition and if n is even, then

k1—k11 ko1 k11 ko—ka1
D kit k| Skat ks D gt D Ehisknag| < o+ ks (22)
Jj=1 Jj=1 j=1 j=1
and if n is odd, then
k1—k11 k21 k11 ko—k21
D kit k| Shat ksl D g+ D k| Skt ks L
Jj=1 Jj=1 j=1 j=1

We now show that these conditions are sufficient to construct the lower anti-triangular
form for A\ — A. We just consider the case that n is even. If n is odd, then we can use
the construction used in 2.

Our main task is to find the pairing technique to transform the odd sized matrix triples
into even sized lower anti-triangular matrix triples. Once this is done we can assemble
these triples and the remaining even sized triples for even sized canonical forms to get the
final lower anti-triangular form.

The odd sized matrix triples are distributed as follows. kj—ky; triples of form i), ko —koy
triples of form ii) and ks triples of form iii). For the odd sized matrix triples of form i)

the difference between the number of index e; =1 and —11is ; = ‘Z?;k” €ki1+5|- For the

odd sized matrix triples of form ii) the difference is Iy = ‘Zf’gkm 5k1+k21+j‘. Without loss

of generality we assume that [; > l5. We now use the following steps to pair and transform
the odd sized matrix triples.

(a) Let E;, H;,G; and E;, H;, G; be of form i) and the corresponding structure indices
satisfy e, = —¢; (if there is any such pair). Recall that by Remark 5.9 we can freely change
the signs of the diagonal blocks of the block diagonal matrix £. Thus, we may consider a
triple of the form

ZQ%-H 0 5iZQQi+1 0 8iZ2Qi+1‘7QQi+1(O) 0
0 —Zog;41 | 0 €jlog;+1 | 0 €5 Z2¢;41024;41(0)

By using 17) and (18) it is obviouly possible to transform this triple to a triple of even
sized blocks in anti-triangular form. Having used this technique for all possible such pairs
we now still have [; odd sized matrix triples of form 1i).
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(B) If [y = 0, then by assumption /o = 0. Then the odd sized matrix triple of form ii)
can be also paired such that the signs of the structure indices is opposite. We can use the
same method as in step («) to transform all such pairs to even sized matrix triples in lower
anti-triangular form. Now the only odd sized triples are of form iii). Since n is even the
number of such triples must be even. So we can pair them and for each pair we can apply
(17) and the transformation in case 2 of Remark 5.9 to the triple

ZQ%+1 0 Zqu‘Jrlj?qz'Jrl (0> 0
0 Zog1 |’ 0 Z2g;41T24;41(0) |
Z2‘1i+1j2¢]i+1<0) 0

0 ZQQj-I—lj?qg'-H (0)

to obtain an even sized lower anti-triangular matrix triple as
0 0 0| Zy+q 00 0|F 010 0| M
0 0 1 0 0 [0 O] 0 |0 Of =

0 10 0 ' 010 Of=x* |’ 010 Of % |~

Zgirq; |00 0 F* | x x| x M* | % % | %

where F, M are lower anti-triangular. Finally, we apply (20) to all these even sized matrix
triples to get the lower anti-triangular form for A\ — A.

(v) If I > Iy > 0, we can pair an odd sized matrix triple of form i) and an odd sized
matrix triple of form ii). In this way we form I, pairs. For each pair with E;, G;, H; of
form i) and E;, G;, H; of form ii) we consider a simultaneous permutation on

ZQ!IH-l 0 5iZ2qz‘+1\72qz'+1(0) 0 EiZQQH-l 0
0 Zogy1 |’ 0 €424, +1 0 €5 Z2q;4102q;+1(0)

Using (17) and the transformation in case 2 of Remark 5.9 again, we get a matrix triple

0 0 0| Zy+q 010 0|F 010 0 M

0 01 0 010 0= 010 0

0 1 0 0 010 g =* 0 10 ¢
Zgitq; |00 0 F* | x x| % M* | % x

where F, M are lower anti-triangular. Now we still have [; — l3 odd sized matrix triples of
form 1), ko — k91 — I triples of form ii), and k3 triples of form iii).

(0) If I; = Iy then we can pair the remaining ko — ko1 — I odd sized matrix triples of
form ii) with structure indices in +1 pattern. Also, k3 is even and we can pair the triples
of form iii). Using the method in step () we can get the lower anti-triangular form.

(€) If I, > Iy we pair a remaining odd sized matrix triple of form i) with a matrix triple
of form iii) (if there is any). Let E;, G;, H; be a remaining triple of form i) and E;, G;, H;
of form iii). As in step () the paired triple can be transformed to an even sized matrix
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triple in lower anti-triangular form:

0 0 0| Zy+q 010 0]F 010 0| M
0 01 0 00 Of= 010 Of =
0 1 0 0 ’ 010 g|=* 010 Of =
Zgitq; |00 0 F* | x x| % M* | % x| %

We can get a total number of min{ks,l; — I} of such triples.

(e) If Iy — Iy < k3, we still have ky — ko; — I3 odd sized matrix triples of form ii) which
can be paired and remaining k3 — (I; — l) matrix triples of form iii). Since n is even, based
on the block sizes it is obvious that k3 — (I; — l) is even. So again we can apply step ()
to get the lower anti-triangular form.

(¢) If Iy — Iy > k3 then there are still [y — Iy — k3 odd sized matrix triples of form i)
and ky — koy — I (which is even) odd sized matrix triples of form ii). Similarly I; — I — k3
must be even. We now use two of such triples and one even sized matrix triple of form
ii) with opposite structure index to construct an even sized anti-triangular form. First, let
E;,Gj, H; be a remaining triple of form i) and E;, G;, H; of form iii) with ¢; = —¢;. We
consider permutations on

Zqu‘ 0 giZQQijz‘h(O) 0
0 Zog+1 |’ 0 €224, +1

EZ'ZQ%. 0
’ 0 €jZ2g;41T245+1(0)

Using (20) we get

0 0 Zqi 0 0 EiZqz'jqz'(O)

0 Zog+1 0 |, 0 €j42q;+1 0 ;
L Zqz' 0 0 &Tzququ(O) 0 6@6?61
[0 0 €ilg,

0 ng2qj+1\72qj+1(O) 0 )
L EiZqi 0 0

where e; is the first unit vector. Partitioning Zay, 41, €; 22,41, and €;Zq,+1J2¢;+1(0) into
3 x 3 block forms with middle anti-diagonal block 1 x 1, the matrices in the above triple
turn out in 5 x 5 block forms. Permuting the last 2 block rows and columns and the first
2 block rows and columns simultaneously, then with the structures of Z and J(0) we get
a new triple of the form

00 0 0|~Z 00 0 0| F 0j0 0 0| M
00 0 1]0 01 0 0 0]egel 010 0 €| O
010 1 0]0 0] 0 ¢ 00 0 (0 0 O0]egeq |,
01 0 0]0 0] 0 0 & O 0 |eg O 0] O
Z10 0 0]0 F gie1 0 O 0 M*|0 €jé1 0 0
where F, M are lower anti-triangular. Since €;6; = —1, applying transformation (21) to

the middle blocks, we have an odd sized matrix triple F,G, H in lower anti-triangular
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form. Moreover the entries on the middle of the anti-diagonals of G, H are zero. Using
this fact we can pair another remaining odd sized matrix triple of form i) with E,G H,
and apply (17) and case 2 of Remark 5.9 as in () to get an even sized matrix triple in
anti-triangular form. Note that all remaining odd sized matrix triples of form i) must have
the same structure index. Let m be the number of even sized matrix triples of form ii) with
structure index opposite to that of the remaining triples of form i). Then the procedure
above can be applied min{m, (I — lo — k3)/2} times.

(n) If Iy — Iy — k3 < 2m, then we only have ko — ko — {1 odd sized matrix triples of form
ii) left. These can be paired as in («).

(0) If s :== 1y —ly — ks —2m > 0, we still have s (which is even) odd sized matrix triples
of form i) and ks — ko1 — I3 (which is also even) odd sized matrix triples of form ii) such that
half of their structure indices are 1 and half of them are —1. Without loss of generality
we assume [, = Zf;k” k144, 1-€., the structure indices of all remaining odd sized matrix
triples of form i) are 1. Then m is the number of even sized matrix triples of form ii) with
structure indices —1. The index condition (22) now implies that

k1—k11
(kgl—m)—m—i— Z 5k11+j =l1+k21—2m§ k?2+k'3
j=1

or s < kg —kop —ly. We can choose kg — kgy — Iy — s (which is even) odd sized matrix triples
of form ii) paired with index pattern +1. Applying the method in step («) to each pair,
we can get an even sized lower anti-triangular matrix triple. We are then left with s odd
sized triples of form ii). Each of the remaining s odd sized matrix triples of form i) can
now be paired with one of the remaining s odd sized matrix triples of form ii). Applying
the method in step () we can also get an even sized lower anti-triangular matrix triple.
Finally, we only have even sized matrix triples all of them in lower anti-triangular form.
Applying (20) to these even sized matrix triples we can get the lower anti-triangular form
for A — A. the method

5. For the eigenvalue oo, by Corollary 5.7, ) and g), the matrix triple £;, G;, H; has
one of the two forms

Ej = Z3q,J2,(0),  Gj = Hj = Zyy,,
or
Ej = €jZ2g;01J24;11(0), G = Hj = ;25,11

For n even, if G, H satisfy the index condition, we immediately have that the number of
indices 1 and —1 are the same. Hence, we can pair the odd sized matrix triples in +1
pattern and apply (17) and (18) simultaneously to the matrices of each triple to transform
it to an even sized matrix triple in anti-triangular form. Applying (20) to these triples and
the even sized matrix triples for even sized canonical forms we get the lower anti-triangular
form of A\ — A. For n odd, the anti-triangular form is constructed analogously. O

We now have all the ingrediences to prove the main result of this section.

Theorem 5.11 Let A\ — A € C?*™ 2" be an oo-reqular, I'-selfadjoint, and skew-Hamilton-
ian/Hamiltonian pencil as in (13). Then the following are equivalent:
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1. There exists a matriz P € GPy,, such that J-'P*J(\E — A)P is in anti-triangular
form.

2. There exists a unitary matriz Q € GPy,, such that J'Q*J(NE — A)Q is in anti-
triangular form.

3. If n is even, then the dimension of the deflating subspace associated with any set
{Xo, —Ao| M2 € RU{o0}} of eigenvalues of N — A is a multiple of 4.

If n is odd, then the dimension of the deflating subspace associated with any, but
ezactly one set {\g, —Ao| \e € RU{o0}} of eigenvalues of N\ — A is a multiple of 4.

Moreover, in both cases for any Ao with \2 € RU {oo}, if r is the dimension of the
deflating subspace associated with {\o, —Ao} and if the columns of

V 0 nr
V:[Ol ‘/2] Vi, Vp € C2*2 (23)

form a basis of this deflating subspace, then VyGVy and Vi*HVy satisfy the index
condition.

Proof. We only consider the case that n is even. The case that n is odd can be shown
in an analogous way.

(1. & 2.): Let P = diag(Py, ) € GPy,, such that J'P*J(A\E — A)P is in anti-
triangular form and let P, = Q1R and P, = ()2 Ry be QR-decompositions of P, and Ps.
Setting @ = diag(Q1, Q2), it is easy to see that

RT* 0

JQ IN —A)Q =J! [ 0 R

}P*J(AS—A)P{R# 0 ]

0 Ry

is still in anti-triangular form. The converse is obvious.
By Proposition 5.2, we may assume that the spectrum of the pencil is {«o, @, —a, —a}
for some o € CU{o0}. (1. < 3.) then follows from Lemma 5.10. 0O

In this section we have derived necessary and sufficient conditions for the existence of
transformations to anti-triangular form. It should be noted, that if the transformation
exists, then it can be done with unitary transformations and this is good news, since it
opens the perspective for numerically stable algorithms.

On the other hand, we have seen that difficulties may arise from blocks associated
with real, purely imaginary, or infinite eigenvalues. But if no reduction to anti-triangular
condensed form exists, then either we may weaken the restriction to anti-triangular form
or we may allow non-unitary transformations. We study these possibilities in the next
section.
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6 Reduction to almost anti-triangular form

As shown in Section 5, a reduction to structured Schur form is not always possible for the
matrices of the form (12) and the pencils of the form (13). Therefore, one has to allow also
non-unitary transformations in a reduction to a condensed form if one wants to preserve
both structures. In [1] such a reduction method was introduced for the case of matrices
from linear response theory. This method results in a form that displays the eigenvalues
and that is obtained by using unitary transformations as well as hyperbolic rotations. In
this section, we will generalize this method to the pencil case. Let us start with some
technical lemmas that can be easily verified.

Lemma 6.1 Let A\ — A € C**?" be a reqular pencil that is I'-selfadjoint and skew-Hamil-
tonian/Hamiltonian. If \o is an eigenvalue of \e — A and if U = [UF, UF|T # 0, with
Uy, Uy € C™ ", forms a basis of the right deflating subspace of N\ — A associated with the
eigenvalue Ny, then
1. [UL, —=UINT = XU is a basis of the right deflating subspace of A\ — A associated with
the eigenvalue —\g.

2. Uy, Uf] = (LU)* is a basis of the left deflating subspace of \é — A associated with

the eigenvalue \.

3. Uy, =Uf] = (JU)* is a basis of the left deflating subspace of A\ — A associated with

the eigenvalue —\g.

Lemma 6.2 Let \é — A € C*™2" be a reqular, T-selfadjoint, and skew-Hamiltonian,/-
Hamiltonian pencil determined by matriz triple E,G, H, and let U = [UL, UIT, with
Uy, Uy € C™" be a basis of the right deflating subspace of N\ — A associated with the
eigenvalue \g such that there exist matrices A, B € C™", with

EUA = AUB.
Then one of the following cases hold:
1. If A\ = o0, then U satisfies
EU =AUB, €&(XU)=A(XU)(-B),
det U*(TA)U #0, detU*(JA)U # 0,
U (rE&)U = B U (TAU =U*(TA)UB,
U (JEYU = (=B)U*(JA)U =U*(JA)UB.
2. If \g =0, then U satisfies
EUA =AU, E(XU)(—A)=AXU),
det U*(TEYU #0, detU*(JE)U # 0,
U (TAU = AU (TEU =U*(TE)UA,
U (JAU = (=AU (JEYU = U*(JE)U A.
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3. If Ao 1s non-zero real, then U satisfies

EUA = AU, E(SU)(—A) = A(XU),
det U(TEYU £ 0, UJE)U = U*(JAU =0,
U*(TAU = A*UXTE)U = UH(TE)UA.

4. If \o is non-zero purely imaginary, then U satisfies

EUA= AU, E(SU)(—A) = A(ZU),
det U*(JEYU #0, UHTEU = UTAU =0,
U*(JAU = (—A)U*(JE)U = U*(JE)UA.

5. If Ao 1s non-real and non-purely imaginary, then U satisfies

EUA =AU, E(XU)(—A) = ASU),
US(TE)U = U*(TAU =0, U*(JE)U = U*(JA)U = 0.

Proof. For any regular pencil A\ — A, if U, W are bases of the right and left deflating
subspaces associated with a single eigenvalue \g then

EUA = AU, A(A) = { o}, det WEU # 0,
if \g is finite, and
EU = AUB, A(B) = {0}, det WAU # 0,

if \g = oo. Here, A(M) denotes the spectrum of the matrix M.
Furthermore, if U, W are bases of the right and left deflating subspaces of \é — A

associated with two different finite eigenvalues \g, g, respectively, then WEU = W AU =
0, see [6].
With these facts and Lemma 6.1, the relations in Lemma 6.2 are easy to verify. 0O

Lemma 6.3 Let \é — A € C?*™ 2" be a reqular, T-selfadjoint, and skew-Hamiltonian,/-
Hamiltonian pencil. Furthermore, let X form a basis of the eigenspace associated with the
eigenvalue Ao € RU (iR) U {00}, i.e., NgEX = AX if Ay is finite or EX =0 and AX is of
full column rank if A\g = co. Then \g is semi-simple, i.e., the sizes of Kronecker blocks are
all 1 x 1, if and only if the following conditions hold:

1. If Ao # 0 is real, then X*(I'A)X = X\ X*(I'E)X is nonsingular.
2. If Ao # 0 is purely imaginary, then X*(JA)X = M\ X*(JE)X is nonsingular.
3. If \g =0, then X*(I'E)X and X*(JE)X are nonsingular.
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4. If \g = 00, then X*(I'A)X and X*(JA)X are nonsingular.

Proof. We only consider 2). The rest can be shown in a similar way.

‘Only if”: Assume that Ay is not semi-simple. Then by Lemma 10 in [14], there exists
an eigenvector x(= Xwv for some v) such that y*JEx = y*JAx = 0 for all eigenvectors y
associated with A\g. But then X*(J€)X and X*(J.A)X are singular which is a contradiction.
Hence, )\g is semi-simple.

‘If’: Let Ao be semi-simple. Then taking U = X and A = \gI, B = I in Lemma 6.2,
it follows by case 4 of Lemma 6.2 that det(X*(JE)X) # 0, and hence, X*(JA)X =
Ao X*(JE)X is also nonsingular. [

In the following we will reduce the pencil A\ — A to an almost anti-triangular form by
using unitary transformations as much as possible.

Definition 6.4 Let A\l — A € C* 2" be a reqular, T-selfadjoint and skew-Hamiltonian,/-
Hamiltonian pencil. We say that A — A is in almost anti-triangular form, if it has the
form

0 0 Es|l0 0 0 0 0 0|0 0 G
0 Ep Ey| 0 0 0 0 0 0|0 Gy Gy
W[ o Bp Ew| 0 0 0 | | 0 0 0 |G Gy Gy (24)
0 0 0|0 0 E 0 0 Hs| 0 0 0 |’
0O 0 0|0 E, E 0 Hyp Hy| 0 0 0
0 0 0 |Ey Ey By | | Hy Hj Hs| 0 0 0 |

where Fay, Gog, Hyy € C=m™X(=m) e diagonal, Eis, Esi, Gz, His3 € C™™ are lower
anti-triangular, and m is chosen maximal.

In the following we describe a reduction method for the computation of an almost anti-
triangular form. Each step of this method requires the knowledge of a single eigenvalue,
an eigenvalue pair {\g, —Ao}, or an eigenvalue quadruple, together with the associated
deflating subspaces of a doubly structured pencil in the form (13).

Theorem 6.5 Let A — A € C?*™*2" be an oo-reqular, I'-selfadjoint and skew-Hamilton-
ian/Hamiltonian pencil.

1. If A\ is an eigenvalue that is non-real and not purely imaginary and has algebraic
multiplicity r, then there exists a unitary matriz P = diag( Py, Py) € GPsy, such that

E 0 0 G
—1y* A— :A N o i
JTPTINE — AP [OE*} {HO]’

where all three matrices E, @, H have the form

0 0 X3
X = 0 Xoo Xog |,
X1 X3 X3
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with X3, X31 € C™" lower anti-triangular. Moreover, the spectrum of A\ — A is equal to
the union of {\o, —Ao, Ao, — Ao}, determined (as a spectrum) by the pencil

0 Ey 0 0 0 0 0 G
W B Em 00 | | 0 0 G Gu

0 0 0 B 0 Hy 0 0 |

0 0 Ef Ej Hiy Hy 0 0

and the spectrum of the subpencil

A\ Eyp 0 | | 0 Gx
0 E Hy 0 |7
Moreover, the spectra of the two subpencils are disjoint.

2. If Ny is such that \3 € R U {oo}, then there exists a nonsingular matriz P =
diag( Py, P») € GPsy, such that

E 0 0 G
“1p* J(NE — — A b I
TP — AP {OE} [HO}

where all three matrices E, @, H have the form

00 0 |Xyu
v | 0T X 0 X
X41 X42 X43 X44

with X14, X41 € CP*P Jower anti-triangular, and where Xo9 € C*? is a diagonal matriz,
and 2p+q = r. Moreover, the spectrum of A\ — A is equal to the union of {\o, —Ao} which
is determined (as a spectrum) by the subpencil

0 0 Ey 0 0 0 0 0 0 0 0 Gy

0 Ep Ey 0 0 0 0 0 0 0 Gy Gy

W Ba Ee Ew 0 0 0 | | 0 0 0 Gi Gy Gu
o 0 0 0 0 £ 0 0 Hy 0 0 0 |

0O 0 0 0 E EL 0 Hyp Hy 0 0 0
0 0 0 E Ej; EL| | Hy Hj Hau 0 0 0 |

and the spectrum of the pencil
A\ Esz 0 | | 0 Gss

Moreover, the spectra of the two subpencils are disjoint.
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Proof. In the following let the columns of U = [U{, UZ]* form the basis of the deflating
subspace associated with an eigenvalue A\g € CU {oo} of the pencil A\ — A.

1. If )y is neither real nor purely imaginary, then there exists a matrix A € C™*" that
only has the single eigenvalue \y and that satisfies EUA = AU. Without loss of generality,
we may assume that A is upper triangular. By part 5. of Lemma 6.2 we have that

EUlA - GUQ,
E*Us A = HUy,
U;EU, = U;HU, = U;GU, = 0. (25)

We first show that Uy, Uy, HU; and GU, are all of full column rank. Note that ) is
another eigenvalue of the pencil with algebraic multiplicity r. Let V = [V, V,I]T be a
basis of the corresponding right deflating subspace, i.e., there is a matrix C' only having
the eigenvalue g such that EVC = AV. By Lemma 6.1 (I'V)* and (JV)* are bases of the
left deflating subspaces associated with Ay and —\g, respectively, i.e., we have

CHIVYE = (DV)' A, (—C)(JV)E = (JV) A.
Hence we have
det <(FV)*8U> £0, det ((PV)*AU) £0,  (JV)EU = (JV)"AU = 0.

Noting that (I'V)*EU = Vi*E*Us + V5 EU; and (JV)*EU = —V*E*U,y + V; EU;, we obtain
that the matrices

1 1
VI E*U, = V;BU, = S(TV)'€U,  VfHU, = V5GUy = 5(TV)" AU

are all nonsingular. Therefore, Uy, Uy and HU;, GU, must be of full column rank.

Let L1L; = UfH?*U,, LyL} = U;G*U, be Cholesky factorizations, see [8]. Then L,
Ly are lower triangular and nonsingular. Without loss of generality we may assume that
both Uy, U, are orthonormal. By the third equation in (25), then [Uy, HU,L{*Z,] and
Uy, GUyL,*Z,] are orthonormal. Let Py, P, € C"*(=2) he orthonormal such that the
columns of [PL, P]]T form a basis of the deflating subspace associated with all eigenvalues
of A\é — A that are distinct from \g. Then

7)l = [Uh P17 HUlLl_*ZT]a PQ = [UQa P27 GUQLQ_*ZT]a

are unitary. Introducing P = diag(Py,P2) € GPy, and using the relations in (25) one can
easily verify that

. e 4 W [E 0] [0 G
(J7IPIYAE — AP =1 A& Al._/\{o Ei*] [Hl o]’
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where

0 0 A_*ler
E = 0 PsEP, PsEHU\L;*Z, :
| Z,L;A™' Z,Ly'U3;GEP, Z,Ly;'U;GEHU,L{*Z,
[0 0 LyZ,
G, = 0 PyGP; PyG*Uy L Z, ,
| Z.Ly Z,Ly'U;GPP, Z,Ly'U;G3UsLy*Z,
[ O O LIZT
H, = 0 PrHP, PrH?*U\L{*Z,
| Z.L} Z,L{'UfH?Py Z,L7'UfH3U L7 Z,

For example, (UsEYHU,L{*Z, = (A*U{H)HU\L{*Z, = A~*L1Z, gives the (1,3)-block
of F;. Note that the matrices A~*L1Z,, LoZ, and L7, are all lower anti-triangular. The
assertion about the spectrum is then easy to verify.

2. Assume that )\ is such that A2 € RU {oo}. In this case we have to consider four
different situations for an eigenvalue g, namely, non-zero real, purely imaginary, zero and
infinity.

2.1 If )\ is real non-zero, then there exists a matrix A € C"™" having the only eigenvalue
Ao such that EUA = AU. By part 3. of Lemma 6.2 we have
EU A = GUs, E*U; A= HUy, U(JEWU =UE*Uy — Uy E*U; =0

and thus, the matrices

1
T = U;EU, = (UsEU,)" = SU(TE)U,
UrHU, = U;GUy = A*T =TA

are nonsingular. Clearly then U;,U,, HU;,GU, are of full column rank. Let V =
VL, VT € €2 form the basis of the right eigenspace of A6 — A associated with
Ao, 1.e., AgEV = AV. Since range V is a subspace of range U, we still have Vi, HV}, V5, GV,

of full column rank. Similarly, we have

AOE‘/IZG‘/Qa )‘OE*‘/Q:H‘/la
1
VEHV = VEGVa = (Vi EV:) = M(VEEV)" = MV TEV =Y, (26)

where Y is Hermitian, but possibly singular.

If Y is definite, then V*(I'E)V is definite. By Lemma 6.3, in this case Ag is semi-simple,
V=U,A= NI, and T = Uy EU, = (U;EU,)* and UfHU, = U;GUy = AT are both
definite. Let Py, P, € C"*(»") be orthonormal such that P/E*Uy = P;EU; = 0. Then
we also have PFHU, = P;GUy; = 0. Let LL* = 6T be the Cholesky factorization of
0T > 0 (0 = +1). Introducing Py = [U;L™*, Pi] and Py = [UyL™*, P,] then Py, P, must
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be nonsingular (but in general not unitary). Indeed, if P; is singular, then there exists
= [T 21T #£ 0, 21,29 € C" such that UL *x; + Pyzy = 0. Pre-multiplying U H we
have Uy HU, L *zy = 0. Then z; = 0 and therefore o = 0, which is a contradiction. The
invertibility of Py is proved in the same way. Let P = diag(Py, Py) € GPs,. Then we have

L B (B 0] [0 &
(J PJ)(AE—A)P—.ASl—Al.—)\{O ET] [Hl o]’

where

(e, 0 [ xdl 0 [ Aedl
El_{o PQ*EPl}’ Gl_{ 0 PQ*GPQ}’ Hl_{ 0 PI*HPJ

and we have obtained the condensed form. Note that no more eigenvalues \g, —Ag are in
the spectrum of the reduced pencil

\[ BEP: 0 B 0 PGP,
0 (PEP)* PrHP, 0 |

If Y is not definite with inertia index (p1,q1,s — p1 — ¢1), then assume without loss of
generality p; —¢; > 0. Then Y is orthogonally similar to diag(D;, —Ds, D3) where Dj is
void or scalar zero if 2p; < s or positive diagonal of size 2p; — s if 2p; > s, and Dy, Do
are nonnegative diagonal with size py = min{|3], s — p1}. Using the simple fact that any

. o0 O ) . . 0 V0109
>
2 X 2 matrix 0 —d, } with 01,05 > 0 is orthogonally similar to [ 5.5, . , wWe
may assume without loss of generality that V' = [V}, V5] is chosen such that Vi, V5 are

orthonormal (which will not affect the properties in (26)), and

0 Dy 0
Y=|Dj, Dy 0 |, (27)
0 0 Ds

where Dj is as above, Dy € CP2*P2 are nonnegative diagonal. Now partition
‘/1 = [‘/lla ‘/127 ‘/13]7 ‘/2 = [‘/217 ‘/227 ‘/23]7

conformably. Obviously Viy, V5, are orthonormal and HVj; and GVs; are of full column
rank. By (26) and (27) we have

MEVI = GV, MNE Vo = HVAy,
Vot EVi = Vi HV = V3GV = 0,

which is the same as (25).
Similarly as in 1. we define a unitary matrix P € GP,, such that

. e 4 W [B0] T G
(JTIPIYAE — AP =: A& Al.—)\{o Ef} {HI O],
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where in

0 0 FEis 0 0 Gis 0 0 His
E, = 0 Ey LBy |, Gi= 0 Gy G |, Hi= 0 Hy Hy |,
Es1 Esy Ess Gis G5 Giag HY; Hj; Hsg

the matrices E13, Fi3, G13, Hi3 € CP2*P2 are all lower anti-triangular, and the matrix triple
[0 E13:| [0 G13:| [O ng}
E3 Esz |’ Gis Gsz |’ Hi; Hss
is associated with a pair of eigenvalues \g, — .

If the pencil
A\ Eyp 0 | | 0 Go
0 E3 Hyy, 0

still has an eigenvalue )\g, we can repeat the above procedure for this pencil to get a
condensed form with larger anti-triangular part as before. Obviously, this procedure will
finish after finitely many steps and we then have the required form.

2.2 If Ay = i« is purely imaginary, then there exists a matrix A € C™" having the only
eigenvalue \g such that EUA = AU. By 4. of Lemma 6.2 we have

EUlA:GU27 E*UQA:HUl

and the matrices

1
T := UsBEU, = —(UsEU\)" = SU"(JE)U,
UrHU, = -U}GU,=—A"T=TA

are nonsingular. Replacing T by ¢T" which is Hermitian, and A by —iA which has the real
eigenvalue o we can use the same proof as in 2.1.

2.3 For )y = 0, there exists a matrix A € C?**?" having the only eigenvalue zero such
that EUA = AU. Here the number of columns of U must be even by the canonical form.
By 2. of Lemma 6.2 we have

EUlA:GUQ, E*UQA:HUl,
T:=U;EU,, detU*(TE)U =det(T +T*)#0, detU*(JE)U = det(T — T*) # 0,
UHU, = A"T =T"A, U ;GUy = A"T* =TA.

As before, let V = [ViT VT be a basis of the right eigenspace of A — A, i.e., EV is of full
column rank and AV = 0. Without loss of generality we assume that V; = [Vi;, 0] and
Vi1 is of full column rank, which can be obtained by performing an L) decomposition of
V1. Partition Vo = [Va1, Vas] conformably. Then V5 must be of full column rank, since ¥V
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is another basis of the right eigenspace. From the uniqueness of the eigenspace it follows
that there exists a nonsingular matrix F' such that

RETIREEAL

Var Vo —Var —Va
and one has
F= ! 0 Vor = Vo
- —2F1 _J ) 21 — V221471.
So we may assume further that V' is already in the form
(Vi o
=15l

where V; € C™"*Pt nd V5 € C"*P2. Moreover, we have that EV; and E*V; are of full column
rank and GV, =0, HV; = 0.

We then consider one step of reduction in the following subcases.

Subcase 1. p1,p2 > 0 and at least one, say pi, is larger than 1. (The case py > 1 can
be treated analogously.) Then V;*EV; is not void and the number of columns is p; > 1.

0
R } when

pa > pp or [0, R] when ps < p;, where R is square and lower anti-triangular. From this
condensed form we obtain full rank matrices X7, X5 with the same number of columns such
that

By applying a permuted @) R-factorization, V;"EV; can be reduced to a form [

X:V3EViX; = 0. (28)

We still have
HVI X, =GV3X, =0 (29)

and EV1 X, E*V5 X5 are of full column rank. Let
P =[ViXy, P, E"Va X, Py = Vo Xy, Py EV1X]
be square, where P, P, are chosen such that
PiViXy, EVaXo] =0, Py[VaXs, EViXy] = 0. (30)
Then (28) implies that P;, P, are nonsingular and we have P = diag(P;,P2) € GPy,.
Then

L e 4o [B0T] o G
(JYPIYAE — AP = A& Al._A[O Ei‘] [Hl O],

where by (28)—(30) we have

0 0 FEis
E, = PEP = 0  FEyn Ey |,
| E31 FE3p Ess
[0 0 0 0 O 0
Gy = P,GPy= |0 Gay Gog |, H =P{HP,=| 0 Hy Hy |,
| 0 G3s Gas 0 Hj; Hag
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with Fy3 = Xg Vi EE*Vo X, Fg1 = XV E*EV X, Applying an additional transformation
we can reduce Fq3 and F3; to lower anti-triangular form. From the process, we see that
the transformation matrix can be chosen unitary.

0 VIFE*V,

Subcase 2. If p; = ps = 1, then V*T'EV = [ Vi EV; 0 is2x2 I VyEV, =0,

then one can apply the reduction of Subcase 1. If Vi EV; # 0 then det(V*T'EV) # 0. Since
V*I' is a basis of the left eigenspace, by Lemma 6.3 the eigenvalue 0 is semi-simple and the
algebraic multiplicity is 2, and hence V' is just a basis of the right deflating subspace. Let

7)1:[‘/1, P1]7 732:[‘/27 PQL

be square, where P;, P, satisfy V;EP; = 0 and PyEV; = 0. Then P; and P, are non-
singular. Indeed, if there exists a scalar o and a vector x such that Via + Piz = 0, then
pre-multiplying by V;'E one gets Vy'EVia = 0, which implies o = 0 and hence z = 0. So
det P; # 0. In the same way one obtains det Py # 0. With P = diag(P;, Pa) € GPy,, we
obtain

(J—lm)(Ag—A)P:A&—Al‘:A[El : ]_[ O G1]7

0 E; H, 0
where
o | VFEVE 0
El — PzEPl - |i 0 E22 :| )
ey [0 0 e [0 0
Gl — PQGPQ —_— |: O GQQ :| 3 H]_ — PlHP]_ — |: O H22 :| .

Again here P can be chosen unitary. Note that Hyy and Gog cannot be singular in this
case and no more zero eigenvalue occurs in the reduced pencil

\ Eyp 0 | | 0 Gx
0 E3 Hyy 0 |
Subcase 3. If po = 0 (or p; = 0 which can be treated analogously), then we have
V = [V, 0|7, EV; is of full column rank and HV; = 0. Moreover, G must be nonsingular,

since otherwise there would be additional eigenvectors as [0, xT]7 with 25 # 0 associated
with a zero eigenvalue of G and py > 0. Let V5 satisfy

GV, = EVA. (31)

Then V, € C™*P1 is of full column rank. If V;*G'V; is not definite, then one can determine
a full rank matrix X such that X*V;GV2X = 0. Then

X'VyEVX = X*VFGVLX = 0.
Clearly HV} X = 0 and V} X, VL X, EV1 X = GV,X are of full column rank. With these

properties one can determine nonsingular matrices

7Dl = [‘/IX7 P17 E*‘/?X]a PQ = [‘/QXa P27 E‘/IX])
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where Pf[ViX, E*V,X] = Py[VoX, EV1X] = 0 and Py, Py can be chosen to be unitary.
Then P = diag(P1, P2) € GPy,

(J‘lPJ)(/\E—A)P::A&—Al::)\[EI 0 }—{ ’ Gl},

0 E H 0
where

[0 0 FEis

E1 - P;Eplz 0 E22 E23 ;
| E31 FE3p Esg
[0 0 Gis 0 O 0

G1 = PGPy = 0 G Gog |, Hy=P{HP, = | 0 Hyp Hy |,
| Giz Ga3 Gis 0 Hyy Hs

and Eij3 = X*V;EE* Vo X, FEy = X*VFE*EVI X, Gi3 = X*VoG?VaX. Let Q, Qo,Q3 be
unitary such that Q7 E13, Q7G13Q2, 3E51Qs are all lower anti-triangular, which can
be done by performing QR-like factorizations to E43 first to determine ()1 such that Q] Fi3
is lower anti-triangular, then to Q7G13 to determine ()2 and finally to Q5 E3; to determine

Q3. Set Q) = diag(Qs, I, 1), Qp = diag(Q1,1,Q2) and Q = diag(Q;, Qs) € GPy,. Then
(J71QJ) (A& — A1) Q has the desired form.
If V;GV; is definite then V' EV) = VGV, is also definite. Set

P =[Vi(BVyGVa)"2, Pi], Py = [ValdVyGVa) 2, Py,

where ¢ € {1, —1} is such that §V;;GV, > 0 and Py, P, satisfy Vi’ EP, = 0 and PyEV; = 0.
Similarly as before we see that P; and P, are nonsingular. With P = diag(P;, Pa) € GPs,,
then

. B [ E o0 0 G
(J PJ)(Ag—A)P_.Ael—Al._A[ . E;]_[Hl : }

where

[é1, O [er1, o0 [0, ©
El_{ 0 EQJ’ Gl_{ 0 GQQ}’ Hl_{o HQQ]'

Since Hyy and Ggo must be nonsingular (V7 is also a basis of the null space of H with
dimension p;), no more zero eigenvalue is in the reduced pencil

A\ Eyp 0 | | 0 Go
0 E3 Hy 0 |7
If after one step of this reduction the pencil
A\ Eyp 0 | | 0 Gx
0 E Hy 0
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still has a zero eigenvalue, we repeat the procedure and obtain the desired form after finitely
many steps.

2.4 If \y = oo, then there exists a matrix B € C?***" having the only eigenvalue zero
such that EU = AUB. Here the number of columns of U must be even, since we have
assumed that the pencil is co-regular. By 1. of Lemma 6.2 we have

EU1 = GUQB, E*UQ = HUlB,
T1 = UI*HUl, T2 = U;GUQ, det(T1 + Tz) 7é O,
U;EU, = BTy = T, B.

Again let V = [VI V,I'1T be a basis of the right eigenspace of A — A, ie., EV = 0 and
AV is of full column rank. Using the fact that ¥V is also a basis of the right eigenvector

‘61 ‘(/) ], where Vi, Vo € C™*Pt are of full column
2

rank. It is clear that V; and V5 have the same number of columns, since V; and V5 span
the null space of E and E* respectively. We have that EV; = E*V, = 0 and GV; and HV;
are of full column rank. Consider the matrices V;’ GV, and V;*HV; and the following two
subcases.

Subcase 1. If both matrices are indefinite, then there exits matrices Z;, Z5 such that
23VyGVaidy =0, Z7VPHV 1 Z1 = 0. Obviously we can choose Z;, Z, such that they have
the same number of columns. If originally Z5 has more columns than Z;, then we just
choose a submatrix of Z, to be a new Z; which has the same number of columns as 7.
We then can determine two nonsingular matrices

subspace as in 2.3 we assume V = [

Pi1=[ViZy, PLLHVAZ:|, P2 = [VaZa, Po GV2Z)]

such that Pf[ViZy, HViZ1] = P;[VaZy, GVaZo] = 0. With P = diag(P1, P2) € GPy,, then

(J177J)(>\5—A)73::)\81_A1::/\[El 0 ]_[ 0 G1}7

0 E H 0

where
O 0 0 0 0 Glg 0 0 H13
Ei=10 Ey Eyg |, G = 0 G G |, H = 0 Hy Hy

Again, in this subcase P can be chosen unitary.

Subcase 2. Suppose that one of the matrices V" HV;, VGV, is definite, say, without
loss of generality, V;*HV;. If VGV, is nonsingular then there exist nonsingular matrices
Xi, X5 such that X;Vi*HV1 X; = 61 and X3V GVoXs = O, where § € {1, —1} and O is a
signature matrix. Defining square matrices

Pl - [‘/th P1]7 7)2 - [%X27 PQ]
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such that P, and P» have full rank and satisty P HV; X; = 0 and Py GV, X5 = 0 and setting
P = diag(Py, Py) € GPy,, it is easy to verify that P is nonsingular. We obtain

1 . - L El 0 . 0 G1
(JIPI)AE — AP = A& Al._A[ . E’f} {Hl : }

0 0 ®© 0 ol 0
El:{o EQJ’ Gl:[o ng]’ Hl:{o Hgg}‘

Since F9 must be nonsingular, no more infinite eigenvalue is in the reduced pencil

A\ Ey 0 B 0 Go
If V)GV, were singular, then as above there would exist X7, X, nonsingular such that

XiVIFHV X, = 61 and X;VyGVL Xy = diag(0,0). Let Xy = [Xi2, Xoo] be such that
X1, VeGVaXqo =0 and let

where

7Dl = [‘/lev Pl]a P? = [‘/2X27 PQ]

be square, where P;, P, are of full rank and satisfy P HV1 X; = 0 and Py[Va X9, GV5X9| =
0. Then one can verify that P;, Py are nonsingular. With P = diag(P;, P2) € GPs,, then

1 . - L El 0 . 0 G1
(JT'PIYAE — AP =1 A& Al._A[ . E’f} {Hl : }

0 0 © 0 5I 0
E = — H _
1 [0 E22}> Gy |:OG22:|’ 1 [0 HQQ]’
with © = diag(0,©). Then it is obvious that A5 — A; would be a singular pencil. Hence
V"GV, must be invertible.
A\ Eyp 0 | | 0 Gx
0 K3 Hy, 0O

still has infinite eigenvalues, then we repeat the procedure, so that after finitely many steps
we obtain the desired form. O

where

If the subpencil

Remark 6.6 Theorem 6.5 gives rise to a step-by-step reduction procedure in which we
continue for every eigenvalue with the pencil

W[ B2 0] [ 0 Gn]

0 E3 | | H 0

after case 1 or 3 i} _ i
A E33 0 . 0 G33

0 B3| | Hzz 0
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after each subcase of case 2. In this way we can get the almost anti-triangular form. This is
because in each subcase of case 2 we do not get the anti-triangular form except for the last
step, where the corresponding block associated with either H or G (or both) is definite.

Note that the non-unitary transformations may have to be performed in the final step
of four subcases of case 2 only. These transformations can be carried out even after all
possible unitary transformations for all eigenvalues having been performed. Moreover, the
non-unitary transformations can be performed in a robust way because of the definiteness
of one or both of the blocks related to H and G.

Note that the eigenvector reduction procedure used in case 2 can also be used in case 1.
Then in each step of the reduction one only has to determine the eigenspaces.

7 Conclusion

We have presented canonical forms for double structured matrices and pencils and then
given necessary and sufficient conditions when analogous condensed forms can be deter-
mined via unitary transformations. In these cases we expect to be able to construct these
forms via numerically stable structure preserving algorithms. If this is not possible, then
we can construct almost anti-triangular forms also using non-unitary transformations
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Appendix

For the case of matrix pencils that are not co-regular we can also design a canonical form.
We state this result here for completeness.

Theorem 7.1 Let \é — A € C*™ 2" be a regular, T-selfadjoint, and skew-Hamiltonian,/-
Hamiltonian pencil. Then there exists a nonsingular matriz W € GIPs,, such that

W TYAE — AW = (JTWT)(AE — AW

L, 0 0 0 0 0 Gy 0
| 0 Ec 0 0 | |0 0 0 Gu

0 0 I, 0 H 0 0 0 |’

0 0 0 B 0 Hw 0 0

where Gy and Hy in the canonical form (8) of Theorem 3.2 and
EOO = diag(El, e ,Ek), GOO = diag(Gl, ceey Gk), Hoo = diag(Hl, ceey Hk)7

and the blocks E;, G;, and H; have corresponding sizes and are of one and only one of the
following forms:

1. blocks corresponding to paired even sized blocks in type 4.1.1 of Theorem 4.1 with
sizes 2p, associated with the eigenvalue oo:

Ej = ng\%p(O) and Gj = Hj = ng;

2. blocks corresponding to two odd sized blocks in type 4.1.2 of Theorem 4.1 associated
with the eigenvalue oo with sizes 2p + 1, 2g+ 1 and p > q, and the structure indices

€1,01 and €9, 09 chosen such that €161 = —e905:
0 el
o i ’ 14p - €1Zps1 0 . €9lgr1 0
! ol ‘ o (> 0 ez, | 7 0 &2,
q
when €161 = 1, or
0 ‘ 0 €97, 0 €12 0
e o 24q+1 _ 14p+1
& €11, ‘ SQIq  H [ 0 €12y } G [ 0 €224 }
p
when €107 = —1.

Proof. The proof is extremely technical and not presented here. 0O
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