STABILITY RADII FOR LINEAR HAMILTONIAN SYSTEMS WITH
DISSIPATION UNDER STRUCTURE-PRESERVING PERTURBATIONS
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Abstract. Dissipative Hamiltonian (DH) systems are an important concept in energy based modeling of
dynamical systems. One of the major advantages of the DH formulation is that system properties are encoded in
an algebraic way. For instance, the algebraic structure of DH systems guarantees that the system is automatically
stable. In this paper the question is discussed when a linear constant coefficient DH system is on the boundary of
the region of asymptotic stability, i.e., when it has purely imaginary eigenvalues, or how much it has to be perturbed
to be on this boundary. For unstructured systems this distance to instability (stability radius) is well-understood.
In this paper, explicit formulas for this distance under structure-preserving perturbations are determined. It is also
shown (via numerical examples) that under structure-preserving perturbations the asymptotical stability of a DH
system is much more robust than under general perturbations, since the distance to instability can be much larger
when structure-preserving perturbations are considered.
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1. Introduction. In recent years energy based modeling approaches have gained great at-
tention. When a model arises from variational principles, then it is often characterized by a
port-Hamiltonian (PH) system, see [5, 9, 26, 28, 29, 32, 31, 34, 35, 36] for some major references.

Linear constant coefficient input-state-output PH systems have the form

= (J—R)Qz+ (B — P)u, (1.1)
y= (B+P)1Qxz+ (S+ N)u,

where z is the state, u the input, and y the output. The Hamiltonian, i.e., the function z — z7Qx
with Q@ = QF € C™™ being positive definite, describes the energy of the system; J = —J7 € C™"
is the structure matriz describing the energy flux among energy storage elements within the
system; R = RH € C™" is the dissipation matriz describing energy dissipation/loss in the system;
B+ P € C™™ are the port matrices, describing the manner in which energy enters and exits the
system, and the matrix S + N, with S = S € C™™ and N = —N# € C™™, describes direct
feed-through from input to output. In a PH system the matrices R, P, and S must satisfy

R P

K =
P g

> 0; (1.2)

i.e., K is symmetric positive semidefinite. In particular, R must also be positive semidefinite.

PH systems have many important geometric and algebraic properties that are nicely encoded
in the way the system is represented, see [5, 18, 29]. In this paper, we focus on the property that
PH systems are stable, i.e., all eigenvalues of the system matrix A = (J — R)@ are contained in
the closed left half complex plane and all eigenvalues on the imaginary axis are semisimple. To
study stability, the port matrices can be ignored, and so one is left with a dissipative Hamiltonian
(DH) system of the form

&= (J - R)Qu. (1.3)

The stability of the system is then due to the fact that @ is Hermitian positive definite. Indeed,
for any nonzero vector z one has

Re (ZH(Ql/QAQ—l/Z)Z) — Re (ZH(Q1/2JQ1/2 _ Q1/2RQ1/2)2) — _zHQl/QRQl/QZ <0

*Institut fiir Mathematik, MA 4-5, TU Berlin, Strafle des 17. Juni 136, D-10623 Berlin, Germany. Email:
{mehl,mehrmann, sharma}@math.tu-berlin.de.
Supported by Einstein Stiftung Berlin through the Research Center MATHEON Mathematics for key technolo-
gies in Berlin and by ERC advanced grant MODSIMCONMP.

1



since R is positive semidefinite. (Concerning semisimplicity of the eigenvalues on the imaginary
axis, we refer to Lemma 3.1.)

If one would multiply out the product to form the matrix A and forget about the DH-structure
of the system, then stability would not be obvious anymore. To check whether the system is stable,
one can compute the eigenvalues or use Lyapunov’s theorem [21]. If A has purely imaginary eigen-
values then arbitrarily small perturbations (such as data or roundoff errors) may move eigenvalues
into the right half plane. This is particularly the case for linear systems which arise as linearization
of nonlinear systems around stationary reference solutions [4], from data driven realizations, see,
e.g., [1, 27], or from classical finite element modeling [11]. In all these and many other cases the
system model is subject to perturbations and the stability of the systems can only be guaranteed
when the system has a reasonable distance to instability, see [14, 16]. Computing the distance to
instability [3, 7, 13, 40] is an optimization problem and again subject to perturbations.

The situation is different for DH systems which are automatically stable, whatever the pertur-
bations are, as long as they preserve the DH structure. However, DH systems are not necessarily
asymptotically stable, i.e., they may have purely imaginary eigenvalues. So for a DH system it is
important to know whether the system is just stable or even asymptotically stable, and even more
whether it is robustly asymptotically stable, i.e., small (structured) perturbations keep it asymptot-
ically stable. The latter requires that the system has a reasonable distance to a DH system with
purely imaginary eigenvalues. To study this question is an important topic in many applications,
in particular, in power system and circuit simulation, see, e.g. [24, 25, 23, 30], and multi-body
systems, see, e.g. [11, 37, 41].

EXAMPLE 1.1. In the finite element analysis of disk brake squeal [11], large scale second order
differential equations arise that have the form

Mi+ (D+G)¢+ (K+ N)g=f,

where M = MH > 0 is the mass matrix, D = DH > 0 models material and friction induced
damping, G = —G* models gyroscopic effects, K = K > 0 models the stiffness and N, is
a nonsymmetric matrix modeling circulatory effects. An appropriate first order formulation is
associated with the linear pencil AI 4+ (J — R)Q, where

G K+ 1IN D 1IN 01"
J = (K + INH) 02 ],Rzz[ 20 ],Q;:{O K} ) (1.4)

where I denotes the identity matrix.

Break squeal is associated with eigenvalues in the right half plane. If the matrix N vanishes,
then the system is automatically stable, since it is a DH system. One can view the matrix IV as a
(small-rank) perturbation of a DH system since in the industrial examples considered in [11], the
matrix N has a rank of order 2000 and the size of the system is of order 1 million. It is obvious
that for N # 0 the pencil A + (J — R)@ is missing one of the essential properties of a DH system,
because the matrix R is then indefinite and thus the system may be unstable which is the reason
for squeal. To analyze properties of the system (1.1) when this happens is one of the motivations
for our work.

ExaMPLE 1.2. A different and more general class of DH descriptor systems of the form

Mi = (J — R)Qu (1.5)

arises in circuit simulation as well as power system modeling. Consider e.g. a simple example of
an RLC network, see [8], given by a differential-algebraic equation

G.LCGT 0 0 o(t) -G, R7'GT -G, -G, v(t)
0 L 0 qwWt) | = GT 0 0 i) |, (1.6)
0 0 0 iy(t) GT 0 0 i (1)
=M =J—R



with real symmetric matrices £ > 0, C > 0, R > 0 incorporating the resistances of the resistors,
capacitances of the capacitors, and inductances between the inductors, respectively.

Here, (J — R) is the graph incidence matrix, G, is of full rank, and the subscripts r, ¢, [, v
and 7 refer to edge quantities corresponding to the resistors, capacitors, inductors, voltage sources
and current sources, respectively, of the given RLC network. In this case we have

0o -G -G, G,R'GT 0 0
J=|GI o0 0 |, R= 0 00|, Q:=1I
G o 0 0 0 0

Since M is singular, this system has algebraic constraints (arising from Kirchhoff’s laws), i.e.,
eigenvalues at co and since G, has full row rank, it is is of index two, i.e., the system has Jordan
blocks at oo of size two, [6]. Applying an index reduction procedure [20, 33] and solving the
algebraic constraint equations (which one would not do in practice) leads to a DH system for the
dynamic variables

Mz = (J - R)z, (1.7)

where M is invertible. Setting @ = M~! and ¥ = Mz then gives a DH system as in (1.3).

In this paper, we focus on perturbations of DH systems that affect only one of the coefficient
matrices R, J, or Q. We also allow perturbations of the form BAC, where B € C™" and C € Ct»
are of full column rank or full row rank, respectively. This allows the consideration of perturbations
that only affect restricted parts of matrices. For example, if

D 0
0 0

I,

DeCr, R:{ 0

:| c (Cn,n) B = CH _ |: :| c (C"’T7

then perturbations of the form BAC will only affect the block D, but will leave the zero blocks in
R unchanged. While perturbations of the form BAC were called structured perturbations in [15],
we will call them restricted perturbations instead, because “structured” could be misinterpreted as
referring to the additional port-Hamiltonian structure of the system.

The paper is organized as follows. In Section 2 we study some mapping theorems that will
be needed to characterize the stability distances under consideration. In Section 3 we define the
various stability distances that we will discuss in this paper and give explicit formulas when only
one of the matrices R, J, or @) is perturbed and structure is ignored. Then we develop explicit
formulas or bounds for stability distances while focussing on structure-preserving perturbations
that individually perturb only R, J, or @ in Sections 4, 5, and 6, respectively. In Section 7
we provide some numerical experiments to illustrate our results and, in particular, to show that
the stability distances under structure-reserving perturbations may differ significantly from the
corresponding ones under general perturbations.

In the following || - || denotes the spectral norm of a vector or a matrix while || - || denotes
the Frobenius norm of a matrix. By A(A) we denote the spectrum of a matrix A € C™", where
C™" is the set of complex n x r matrices, with the special case C* = C™!. The sets Herm(n)
and SHerm(n), respectively, denote the set of complex Hermitian and skew-Hermitian matrices
in C™™. We use the notation A > 0 and A < 0 if A € C™" is positive or negative semidefinite,
respectively, and A > 0 if A is positive definite.

For a matrix A € C™" we denote by AT € C™" the Moore-Penrose inverse of A, see e.g., [10].
We denote the identity matrix of size n by I,,. Finally, 0,,:,(A) denotes the smallest singular value
of A, and if A is Hermitian, then Apax(A) and A\pin(A) denote its largest or smallest eigenvalue,
respectively.

2. Mapping theorems. An important tool in the theory of distance problems are so-called
structured mapping problems, i.e., finding necessary and sufficient conditions on vectors x,y € C™
for the existence of matrices A with a given symmetry structure that map x to y, and characterizing
all such matrices that are of minimal norm. In this section we discuss some mapping results that
will be necessary to compute the stability distances.
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The minimal norm solutions for the Hermitian mapping problem with respect to both the
spectral norm and the Frobenius norm are well known, see [22]. In order to allow a direct applica-
tion in later sections of this paper, we restate the result concerning the spectral norm in the form
given in [2] which is a slightly different form than the one in [22].

THEOREM 2.1. Let x,y € C"\ {0}. Then there exists a matriv H € Herm(n) such that
Hz =y if and only if ™y € R. If the latter condition is satisfied then we have

win { | H| | H e C™" HY = H, He =y} = 1]

[l

and the minimum is attained for the matrix

H
TR Ul R | o B PR L
H'_W[”y” ”f”} 1 ey [uyn \zu] (2.1)

if © and y are linearly independent and for H:= % otherwise.

As the minimal norm matrices presented in Theorem 2.1 typically have rank 2 unless x and
y are linearly dependent, one may ask whether there exists also matrices solving the Hermitian
mapping problem that have rank one, and indeed it is well known that such matrices exists, see,
e.g., [22, Theorem 5.1]. Interestingly, as we will show below, these matrices are not only minimal
in rank, but they are also minimal norm solutions to the slightly different mapping problem, where
the matrices are not only required to be Hermitian, but also to be semidefinite. For the proof
of the following theorem, where we will characterize all Hermitian semidefinite solutions to our
mapping problem, we will need the following lemma.

LEMMA 2.2 ([38, Lemma 1.3]). Let A € CP™ B e C™?, C € CP, and

T={EecC™|AEB=C}.
Then Y # 0 if and only if A, B,C satisfy AATCBTB = C'. If the latter condition is satisfied then
T ={A'CB"+ 7 - A'AZBB"|Z e C*"}.

Using this Lemma, we have the following mapping theorem with Hermitian positive semidefinite
solutions.
THEOREM 2.3. Let z, y € C™\ {0} and let

S = {HEC"’”|HH=H7HZO7 Hx:y}. (2.2)

Then there exists a positive semidefinite Hermitian matricx H € Herm(n) such that Hx =y (i.e.,
we have S # ) if and only if vy > 0. If the latter condition is satisfied then

yll®

: [
min { || H | ‘HGS}:T (2.3)
zHy
and the minimum is attained for the rank one matriz
[ (2.4)
= xHyyy . .

Furthermore, we have

~ H H
S=dH+ |1, -2 VxkfK(1,- 2 _ || Kec), (2.5)
[Es [Es

where H is as in (2.4).



Proof. If H € S, then H” = H > 0 and Hx = y. This implies that 2y = 2f Hx > 0. If
2y =0 then " Hx = 0 and hence y=Hzx =0 (as H > 0) in contradiction to the assumption
that y is nonzero. Thus we have 2 y > 0.

Conversely, let 7y > 0. Then H as in (2.4) is well defined. Furthermore, it is easy to see
that H¥ = H and Hz = y. Also, H is of rank one with a positive eigenvalue ||y||2/(zfy) and
hence H is positive semidefinite.

To show (2.5), note that any matrix H of the form as in the right hand side of (2.5) satisfies
HY = H and Hzx = 3, and also H > 0, because it is the sum of two positive semidefinite matrices.
This proves the inclusion “2”. For the other inclusion, let H € S. Then we have H¥ = H > 0
and Hx = y. Since H is positive semidefinite, we can write H = AH A for some A € C™". Setting
z = Az, we have Az = 2z, Az =y, and ||z||2 = 2y, and by Lemma 2.2, the matrix A has the

form
2t ( :cxH)
A= 4z, -2
(|2 (|2

for some Z € C™". Let U := [ﬁ Ug] € C™" be a unitary matrix, then UyU = I, ~ e H};’ and
we can write A as
zaH

A= o + ZUUE. (2.6)

Multiplying A¥ by z from the right, we obtain
H
Yy = AHZ = l|‘|Z H2Z + UQUHZH
which implies y# Uy = 2 ZU,, since the columns of Uy are orthogonal to  and U Uy = I,,_;.
By applying Lemma 2.2 to z¥ ZU,, we obtain that Z has the form
7 zyHngUQH LI ZZHLUEUQH
1]l 1]l

for some L € C™". Inserting this Z into (2.6) and that Uy has orthonormal columns, we get

H H H Hp UH
_ i 2y U22U2 + LU UL — zZ U;UQ
]| Bl 1]
zzf yHUUH ( 2z H)
_m v (1, - LULUH.
]| =2 1212 ?
Then, using A¥z =y and 27 (I,, — %) =0 as well as ||z]|> = 'y and the orthonormality of U,
we obtain that
H H SH
yy" UsUs H
H=A"A= + + A" (I, LUUy
||$||2 [12]12 || 12 ?
H H H H H
yyHax yyt UsUy HoH < 2z > < 2z )
- + + U Uy L n——5 | | In — LU,U3!
(@)l afly [12]12 [12]1? ’
H H
oy xx i xx
+\(,—-—— | K"K |I],-—— |, 2.7
~afly ( ||5U2> ( ||35|2> 27

where K = (I, — B HQ)L thus (2.5) holds.

To show (2.3), let H € S be in the form (2.7) for some K €
UyUF KH KU,UH are Hermitian positive semidefinite, we have that

H
yy Tx H
afly el IIwII
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for all K € C™™, which implies that

H H H H
yi” < inf (P45 -5 ) KK (1, - 2 H = inf |H|. (28
xHy KeCnn || (xHy) ||| [l]| HES
A possible choice for obtaining equality in (2.8) is K = 0. This gives H= % such that H € S
2 I ] '
and [|H|| = 7y = min [H|. O

REMARK 2.4. Although we concentrate on the spectral norm in this paper, we note that the
matrix H from Theorem 2.3 is not only the solution of the semidefinite mapping problem that
has minimal spectral norm, but it is also minimal in Frobenius norm. Indeed, let H € S be in

the form (2.7) for some K € C™". Then for B = —%— and C = KUyU#| using that Uy has

orthonormal columns, it follows that

|BBY + CHC|% = |BB¥||% + 2Re (trace(BBCHC)) + |CHC|3
= |BBH|% +2|CB|[% + |7 Ol %,

where we have used that trace(BB¥ CH () = trace(BHCH”CB) = |CB||%. Thus, we obtain

2 lyl* 2 H, 2 H 1 -H H||2
|H|7 = iy T ITyHKUQUQ Yl + |00 KT KUSUST |,
since ||yy||r = ||ly||%. Hence setting K = 0, we obtain
7o w"
T pHy,
7y

as the unique matrix in S of minimal Frobenius norm, i.e.,

1 = WL _ iy .
B gHy — ges'

REMARK 2.5. Although Theorem 2.3 has been stated for Hermitian positive semidefinite
mappings only, there is a corresponding result for the Hermitian negative semidefinite case. Indeed,
for x,y € C\ {0} there exists a negative semidefinite matrix H € C™" such that Hx = y if and
only if 27y < 0. Furthermore, it follows immediately from Theorem 2.3 by replacing y with —y
and H with —H that a minimal solution in spectral norm is given by

’ lzHy|
Therefore, we will refer to Theorem 2.3 also in the case that we are seeking solutions for the
negative semidefinite mapping problem.

When considering perturbations, it is often useful to consider perturbations that only perturb
a particular part of a matrix. As mentioned in the introduction, we will describe such perturbations
with the help of a so-called restriction matric B € C™". The following simple lemmas will be
useful when applying the mapping results in the case of restricted perturbations.

LEMMA 2.6. Let B € C™" with rank(B) = r, let y € C" \ {0}, and let z € C™\ {0}. Then
there exists a positive semidefinite A = AH € C™" satisfying BAy = z if and only if y" BTz > 0
and BBtz = z.

Proof. If A = AH € C™" is positive semidefinite and satisfies BAy = z, then, since B'B = I,
we have

yHEBTz = y" BT BAy =y Ay > 0,
6



because A is positive semidefinite. If ¥ Ay = 0, then we would have Ay = 0 in contradiction to
0 # z = BB'z = BAy. Thus, we have that y” Btz > 0. For the converse, consider

(Bt2)(BT2)H
yH Btz

which is Hermitian and, since y Btz > 0, also positive semidefinite. Furthermore, we have that

B(B'z)(Btz)H
BAy:(yI;(BTZ)yzBBTZ:Z. 0
We also have a version of the lemma without semidefiniteness.

LEMMA 2.7. Let B € C™" with rank(B) = r, let y € C" \ {0}, and let z € C™\ {0}. Then
there exist A € C™" such that A" = A and BAy = z if and only if y" Bz € R and BBz = 2.

Proof. The proof is similar to the one of Lemma 2.6. 0O

Finally, the next lemma reveals under which conditions the “B” in the identity BAy = z can
be “moved” to the other side of the identity.

LEMMA 2.8. Let B € C™" with rank(B) =r, lety € C"\ {0}, and let z € C™\ {0}. Then for
all A € C™" we have that BAy = z if and only if Ay = BTz and BBz = 2.

Proof. If BAy = z, then BB'2 = BBTBAy = BAy = 2. Since B has full column rank,
we have BfB = I,, and thus BAy = z implies that Ay = Bfz. Conversely, if Ay = Bfz and
BBz =2z, then BAy=BB'z=2 10O

The theorem on Hermitian semidefinite mappings that we have proved in this section will
now be employed in several ways to compute the smallest distance of an asymptotically stable DH
system to one which is only stable.

3. Stability radii for DH systems. In this section we discuss smallest perturbations to the
individual factors J, R, Q that make a DH system of the form (1.3) lose its asymptotic stability.
Our first step in this direction is the following characterization when a DH system has purely
imaginary eigenvalues.

LEMMA 3.1. Let J, Q, R € C™" be such that J& = —J, Q" = @Q >0, and R = R > 0.
Furthermore, let V€ C™* be such that VEV = I, and w € R. Then the following statements are
equivalent.

1) The columns of V' form an orthonormal basis for an invariant subspace for (J — R)Q
associated with the eigenvalue iw.
2) The columns of V' form an orthonormal basis for an invariant subspace for J@Q associated
with the eigenvalue iw and RQV = 0.
In particular (J — R)Q has an eigenvalue on the imaginary azis if and only if RQx = 0 for some
eigenvector x of JQ, and all purely imaginary eigenvalues of (J — R)Q are semisimple.

Proof. The proof of “2) = 1)” is obvious. For the converse, let W € C¥* be such that
A(W) = {iw} and (J — R)QV = VW. Furthermore, let L be the Cholesky factor of the positive
definite matrix VZQV. Then

LYWHQIJ - R)QVL ™ =L 'VEQvwLH =LAWL .

Let U € C** be unitary such that UFLEW L=HU = iwI;, + N is in Schur form, where N € Ck¥
is strictly upper triangular and set S = QVL HU. Then

SH(J — R)S =iwl;, + N. (3.1)
Comparing the Hermitian and skew-Hermitian parts on both sides of (3.1) yields
1
—SHRS = 5V + N

and thus N = 0, because on the left hand side of this identity we have a negative semidefinite
matrix and the diagonal of the matrix on the right hand side is zero. But then it follows that
0= RS =RQVL YU, and hence RQV = 0.



Finally observe that JQ = Q~Y2Q'Y2JQ'Y?2Q/?, i.e., JQ is similar to a skew-Hermitian
matrix. Therefore, all eigenvalues of J@Q and thus also of (J — R)Q are purely imaginary and
semisimple. 0O

In the following we consider perturbations in the individual matrices F € {J, R, @} of a DH
system, and we also consider restrictions to the perturbations of the form F'+ BArC', where B,C
are given restriction matrices. Thus, we consider the three individual types of perturbed systems
Ap, given by

Ay=((J+BA;C)—R)Q, Ar = (J—(R+BARr(C))Q, and Ag = (J—R)(Q+BAgC). (3.2)
For complex unstructured linear systems that are asymptotically stable, the smallest norm of
a perturbation that moves an eigenvalue to the imaginary axis is called the (complex) stability
radius, since arbitrary small perturbations can then move an eigenvalue to the right half plane
and thus make the system unstable. For real systems, there is also the real stability radius which
refers to perturbations that are constrained to be real. This is subject to future research.

In the case of DH systems, if we use perturbations that preserve the DH structure, then we
may lose asymptotic stability, but the systems stays stable. Despite this property we keep the
terminology stability radius as in the following definition.

DEFINITION 3.2. Consider a DH system of the form (1.3) and let B € C™" and C € C?™ be
given restriction matrices.

For F € {J,R,Q} the stability radius r(F; B,C) of the matriz triple (J, R, Q) with respect to
individual perturbations to F under the restriction (B, C) is defined by

r(F; B,C) =it {|A | A € €™, A(Ap) iR £ 0},
where Ap is as in (3.2), and the distance to singularity with respect to perturbations to Q is
defined by
d(Q; B,C) = inf {||A|| | A e Cr) det(Q + BAC) = 0} .

For structure-preserving, restricted perturbations of the individual F € {J, R,Q} we consider the
following cases.
1) The stability radius rS¢(R; B) with respect to Hermitian negative semidefinite perturba-
tions to R from the perturbation set

Sa(R,B) :=={AeC"|A" =A <0 and (R+BAB")>0} (3.3)
is defined by
rSi(R; B) = inf {||A|| } A € 84(R, B), A((J — R)Q — (BAB™)Q) NiR # @}.

2) The stability radius r (R; B) with respect to Hermitian, but possibly indefinite, pertur-
bations to R from the perturbation set

Si(R,B):={AeC"|A" =A and (R+BAB")>0} (3.4)
is defined by
rS(R; B) = inf { A ‘ A€ Si(R,B), M(J - R)Q — (BAB™)Q) NiR # 0},

3) The eigenvalue backward error ™ (R; B, \), A € C and the stability radius 7" (R; B)
with respect to Hermitian indefinite perturbations to R are, respectively, defined as

e (R: B, X) = inf {||A|\ ] A € Herm(r), A€ A(JQ — (R+ BABH)Q)},
and
Herm . I Herm . .
r (R; B) := :}Ié%n (R; B, iw)

= inf { ] ‘ A € Herm(r), A(JQ — (R+ BAB™)Q) NiR # 0}.
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4) The stability radius rS(J; B) with respect to structure-preserving perturbations to J is
defined by

rS(J;B) = inf {|A] ‘ A € SHerm(r), A((J + BAB™)Q — RQ) NiR # 0 }.

5) The stability radius r°¢(Q; B) with respect to Hermitian negative semidefinite perturba-
tions to @ from the perturbation set

Sa(@,B):={AeC"|A" =A <0 and (Q+ BAB") >0} (3.5)

is defined by
rS4(Q; B) := inf {||A\| ‘ A € 84(Q,B), A((J — R)(Q+ BAB™)) iR # @}.

6) The stability radius 75 (Q; B) with respect to Hermitian, but possibly indefinite, structured
perturbations to QQ from the perturbation set

Si(Q,B):={AeC"|A" =A and (Q+ BAB") >0} (3.6)

is defined by
S (Q; B) = inf{||A|| \ A € 8(Q,B), A((J — R)(Q + BABH)) iR # (2)}

7) Finally we introduce the distances to singularity with respect to structure-preserving per-
turbations to Q by

d%(Q; B) == inf {||A]|| A € S4(Q, B), det(Q + BAB™) =0}
and
d%(Q; B) := inf {|A|l| A € 8;(Q, B), det(Q + BAB") =0},

respectively.
If the perturbation is restricted to be of rank one, then we denote this by adding an index 1, i.e.,
we write r1 for the corresponding radius.
The characterization of the stability radii »(F, B,C), F € {J, R,Q} can be easily obtained by
slightly modifying the general approach of [14, Proposition 2.1].
THEOREM 3.3. Consider an asymptotically stable DH system of the form (1.3). Furthermore,
let Be C™" and C' € C9™ be given restriction matrices. Then:
1) r(Q; B,C) is finite if and only if Go(w) = C(iwl, — (J — R)Q)_l(J — R)B is not
identically zero for w € R. In the latter case, we have
1

r(Q; B,C) = ul}é%m (3.7

2) r(R; B,C) is finite if and only if Gr(w) := CQ(iwl, — (J — R)Q)_lB is not identically
zero if and only if r(J; B, C) is finite. In that case, we have

. 1
r(R;B,C) =r(J;B,C) 52% Gl (3.8)
In the following sections we discuss formulae for stability radii when we consider structure-
preserving, restricted perturbations for the three different cases of individually perturbing the
matrices F' € {J, R, Q}. Tt is clear that the stability radius r(F'; B, C) gives a lower bound for the
radii obtained under structure-preserving perturbations, but as we will show, the latter stability
radii may be much larger than this lower bound.
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4. Stability radii under structure-preserving perturbations of the dissipation ma-
trix R. In this section we discuss stability radii for perturbations to the dissipation matrix R. We
consider three cases of perturbation matrices Ag: negative semidefinite perturbations that keep
R+ Agr > 0, indefinite perturbations that keep R+ Agr > 0 and perturbations that possibly make
R + Ag indefinite.

4.1. The structured restricted stability radius r°¢(R; B). We first give explicit formulas
for the stability radius in the case that R is perturbed by a restricted perturbation from Sy(R; B),
i.e., the perturbation matrix Apg is negative semidefinite. In this case we also show that the
perturbation matrix A of minimal norm that perturbs the triple (J, R, Q) in such a way that the
matrix (J — (R+ Ag))Q has an eigenvalue on the imaginary axis can be chosen to have rank one,
so that we actually have r54(R; B) = r$?(R; B) = " (R; B). We need the following Lemma.

LEMMA 4.1. Let R, W € C™" be such that R = R >0 and W is nonsingular. Suppose that
x € C"\ {0} is such that RWx # 0 and set

(RWaz)(RWz)H
THWHRWx
then R+ Ag is Hermitian positive semidefinite.
Proof. Obviously, Ar is a Hermitian matrix of rank one and negative semidefinite. Thus,

R+ Ap is clearly Hermitian. We will now show that R + Apg is positive semidefinite by showing
that all its eigenvalues are nonnegative. Since W is nonsingular, we have Wx # 0 and

ARZ:—

(RWz) (B WHRW x)
xHWHRW x

(R+Ar)Wz =RWzx — =0, (4.1)
and hence Wz is an eigenvector of R 4+ Ap corresponding to the eigenvalue zero.

Let A1, ..., A\, be the eigenvalues of R and let p1, ..., u, be the eigenvalues of R+ Ag, where
both lists are arranged in nondecreasing order, i.e.,

OS)\].SAQSS)\TL and MlSMQSSMn
Since Ap is of rank one, by the Cauchy interlacing theorem [17, Theorem 4.3.4], we have that
)\k S Mk+1 and M S )\k:+1 (42)

for k=1,...,n—1. This implies that 0 < pus < ps < --- <y, and thus the proof is finished once
we show that p; = 0.

If R is positive definite, then A1,...; A, satisfy 0 < Ay < Ay < --- < A, and therefore
0 < po < -+ < py. Therefore, we have pu; = 0 by (4.1).

If R is positive semidefinite but singular, then let k be the dimension of the kernel of R. We
then have k < n, because R # 0. Letting ¢ be the dimension of the kernel of R + Ap, together
with (4.2), this implies that

E—1<{¢<k+1

Note that we have uy = 0 if we can show that £ = k 4+ 1. Since W is nonsingular, the kernels of
R and RW have the same dimension k. Let x1, 22, ..., xx be linearly independent eigenvectors
of RW associated with the eigenvalue zero, i.e., we have RWx; =0 for i =1,..., k. Then

(RWz)(2HFWHR)
2HWHRW z

ApWa,; = Wzx; =0 for i=1,....k

and hence, (R+Agr)Waz; =0fori=1,...,k. The linear independence of z1, ...,z together with
the nonsingularity of W implies that Wx4,..., Waxy are linearly independent. By (4.1) we have
that (R + Ag)Wz = 0, and moreover, the vectors Wa, Wz, ..., Way are linearly independent,
because RWz; =0 fori=1,...,k, but RWx # 0. Thus, the dimension of the kernel of R + AR
is at least k + 1 and hence we must have y; =0. 0O
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As a consequence of Lemma 4.1 we obtain the formula for the stability radius r5¢(R, B) for
perturbations in R that preserve positive semidefiniteness.

THEOREM 4.2. Consider an asymptotically stable DH system of the form (1.3) and let the
matriz B € C™" have full rank r. Then r5¢(R, B) is finite if and only if BB'RQx = RQz for
some eigenvector x of JQ. If this is case, then we have

(BTRQ:E) (BTRQ.%)H
2HQRQx

where Q) is the set of eigenvectors of JQ with the property BBTRQx = RQx.
Proof. By definition we have

754(R; B) = min
z€EQ

1, »

Si(R; B) := inf {||AR|| ‘ A € So(R,B), A((J - R)Q — (BARB™)Q) NiR # @}.

Since for Ar € Sq(R, B) the perturbed matrix R+ BABH is, by definition of S;(R, B), Hermitian
positive semidefinite, we obtain by using Lemma 3.1 that

r5¢(R; B)
= inf {||AR|| ‘ Ag € S4(R,B), (R+ BAgB™)Qz = 0 for some eigenvector = of JQ}
{||AR|| ‘ Ap € S4(R, B), BARB”Qx = —RQu for some eigenvector x of JQ}
= inf {||AR|| ‘ Ap € S4(R,B), ArB"Qxz = —BTRQu for some z € Q} , (4.4)

because by Lemma 2.8 we have BARBHQx = —RQ if and only if AgkBYQx = —BTRQx and
BBTRQz = RQx. From (4.4) and S4(R,B) C {A € C"" | A = A <0} we obtain

Si(R; B) > inf{||A|| \ AeC™, A" = A <0, A(BHQz) = —B'RQz for some z € Q} (4.5)

The infimum on the right hand side of (4.5) is finite. Indeed, in view of Remark 2.5 this follows
from Theorem 2.3, because for x satisfying BBT(RQr) = RQz there exist A < 0 such that
A(BHQz) = —BTRQu if and only if 27 Q¥ BBTRQx > 0. Clearly, we have

Q¥ BBTRQxz = 2 Q¥ RQx > 0,

because R is positive semidefinite. Now if 0 = 27 Q" RQz for some = € Q then the positive
semidefiniteness of R implies RQx = 0 and thus we have (J — R)Qz = JQx. This implies that
x is an eigenvector of (J — R)Q associated with an eigenvalue on the imaginary axis which is a
contradiction to the assumption that (1.3) is asymptotically stable.

Our next step is to show that we have equality in (4.5). Using mappings of minimal norm
from Theorem 2.3 in (4.5) and the fact that = € 2 implies BBT(RQz) = RQx, we obtain

Si(RyB) > inf {||A]| | AeC™", A" = A <0, A(BYQxz) = —B'RQu for some z € Q}

(B'RQz)(BRQxz)H Q
H QA BBIRQx H e
_ (B'RQz)(BTRQz)#
=i 27 QRQx H (4.6)

Since we can scale vectors € {2 to norm one without changing the quotient of norms in (4.6),
a compactness argument shows that the infimum is actually a minimum and attained for some
x = Z. Then setting

(BTRQz)(BTRQ%)H

FHQRQ% ’
11

>)
=




we can show that equality holds in (4.5) if we prove that (R + BARBH ) is positive semidefinite,

because in that case we have Ag € Sy(R, B). But this follows from Lemma 4.1 by noting that
BB'RQ# = RQ# and

R+ BAzB" =R—-B <(BTRQ"%)(BTRQ@H> BH

FHQRQ#H
(BBTRQ#)(BBTRQ#)H
FHQRQLH
(RQz)(RQz)™

FHQRQIH

:R—

REMARK 4.3. It follows from the proof of Theorem 4.2 that the desired perturbation A R
of minimal norm can be chosen to be of rank one. Since on the other hand any Hermitian
matrix of rank one is necessarily semi-definite and as discussed in the introduction only a negative
semidefinite Hermitian matrix Ag in (J—(R+BArB™)Q can move eigenvalues of (J —R)Q to the
right, we see that any Hermitian rank one perturbation Ag of (J — R)Q such that (J— (R+ AR)) Q
has an eigenvalue on the imaginary axis is necessarily negative semidefinite and thus has a norm
of at least r°¢(R; B). Consequently, we have

r5¢(R; B) = 1$*(R; B) = 1$(R; B).

In this subsection we have discussed negative semidefinite perturbation matrices Ar and shown
that the minimal perturbation that moves an eigenvalue to the imaginary axis is achieved by a
rank one perturbation. In the next section we discuss indefinite perturbation matrices Ag.

4.2. The stability radius r(R; B). This subsection is devoted to the computation of the
stability radius 75 (R; B), where the perturbation matrix A is now assumed to be only Hermitian,
but not necessarily negative semidefinite. We still require that the system stays DH though, i.e.,
that R+ BARrBH > 0. To derive the formula for ¥ (R; B), we employ the Hermitian mapping
problem from Theorem 2.1 and we will use the following lemma.

LEMMA 4.4. Let R, Ar € Herm(n) be such that R > 0 and such that Ar has at most one
negative eigenvalue. If R+ AR is singular then R+ Agr > 0.

Proof. Let Ai,..., A\, be the eigenvalues of Ar. As Ag has at most one negative eigenvalue,
we may assume that As,..., A, > 0, and we have the spectral decomposition

n
AR = Z )\ZululH
j=1
with unit norm vectors ug, ..., u,. Clearly, then

R:=R+ Z)\iuiuiH > 0.

j=2

Since Ajujufl is of rank one, we can apply the Cauchy interlacing theorem [17, Theorem 4.3.4],
and obtain that R + Agr = R + Alulu{{ has at least n — 1 positive eigenvalues, and hence the
singularity of R+ Ag implies that R+ Ar > 0. 0O
THEOREM 4.5. Consider an asymptotically stable DH system of the form (1.3), let B € C™"
have full rank v, and let Q be the set of eigenvectors x of JQ such that BBTRQx = RQu.
1) If R > 0, then rSi(R; B) is finite if and only if Q # 0. In that case we have

S5 _|[(BTRQx)|
‘(R;B) = . 4.
r>(R; B) = min B0 (4.7)
2) If R >0 is singular and if 5 (R; B) is finite, then we have 2 # () and
S5 _|[(BTRQx)|
‘(R;B) > _ 4.
PEE) = T B Qa 4
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Proof. By definition, we have
% (R; B) := inf {||AR|| ‘ Ag € Si(R,B), A((J - R)Q — (BARB™)Q) NiR # @}.
Using Lemma 3.1 and Lemma 2.8, following the lines of the proof of Theorem 4.2 we get
ri(R; B) = inf{HARH ‘ Ag € Si(R, B), Ar(B"Qx) = —BTRQz for some z € Q} .
Since S;(R, B) C Herm(r), we obtain

rSi(R; B) > int {||AR|| ‘ Ap € C™ A = Ap, Ap(BTQz) = —B'RQu for some « € Q} .
(4.9)
If Q # 0, then the finiteness of the right hand side in (4.9) follows from Theorem 2.1 as there exist
A € Herm(r) such that ABYQx = —BYRQu if and only if 27 QY BBt RQx € R. This condition
is satisfied, because of the fact that BBTRQx = RQx and because R is Hermitian.
If 75:(R; B) is finite, then Q # (), because otherwise the right hand side of (4.9) would be
infinite. Then, using mappings of minimal spectral norm from Theorem 2.1, we obtain

r5i(R; B) > inf {||A|| ’ A € Herm(r), A(BQz) = —BYRQz for some z € Q}

o [ IBTRQu]| } |BTRQZ||
=inf] =7 |2€ Q= T, 4.10
{ o B 0
for some Z € Q) (again using a compactness argument as in the proof of Theorem 4.2). This proves
2) and the inequality > in (4.7). It remains to show that equality holds in (4.10) when R > 0.
This would prove (4.7), and also that the non-emptyness of ) implies that 75 (R; B) is finite.

Thus, assume that R > 0 and let Az € Herm(r) be such that

|BTRQZ||

Ar(B7Q%) = —B'RQ% with ||Ag| = o2

(4.11)

We show that (R+ BAzBH) > 0, because this implies that A is an element of the set S;(R, B).

The matrix H in (2.1) from Theorem 2.1 has at most one negative eigenvalue, since it either
is a matrix of rank one or two, and if it has rank two, then it is easy to check that y £ (||y||/||=|)x
are eigenvectors of H associated with the eigenvalues +||y||/||z||, respectively. This implies that
also BA rBH has at most one negative eigenvalue. By using (4.11), we furthermore obtain

(R+ BARB")Qi = RQZ — BB'RQF = RQ% — RQ% = 0,

because 7 satisfies BBTRQZ = RQz. This implies that R + BARBH is singular and thus
Lemma 4.4 yields that (R + BAgB®) > 0 as desired. [

Numerical experiments suggest that the lower bound in (4.8) is actually equal to the structured
stability radius 75 (R; B). We make the following conjecture.

CONJECTURE 4.6. Consider an asymptotically stable DH system of the form (1.3), let B €
C™" have full rank r, and let z € C™ \ {0} be an eigenvector of JQ such that RQz # 0 and

BBTRQz = RQz. Define x := ”52178;' and y = —&% and for this choice of © and y let H

be defined by (2.1). Then R+ BHBH is a Hermitian positive semidefinite matriz.

So far we considered Hermitian perturbations to R, but we required that R + BArB¥ > 0,
to preserve the property that we have a DH system. In Example 1.1, the perturbation that leads
to disk brake squeal, however, is such that R + BArB¥ is indefinite. Thus, while the symmetry
structures are retained, the system is not DH anymore. It would be conceivable that in this case
the stability radius r(R; B, C') for general perturbations is the relevant quantity. However, as we
will show in the next section, we may still get a larger distance.

13



4.3. The stability radius 7™ (R; B). To derive an explicit formula for the distance

THerm(R;B) — in%?’]Herm(R;B,Z’W),
we

we use the backward error "™ (R; B, iw) which can be derived from [19, Theorem 6.2]. We only
state the parts of that result that are necessary for this paper and remind the reader, that Apin(H)
stands for the smallest (possibly negative) eigenvalue of a Hermitian matrix H.

THEOREM 4.7 ([19]). Let Hy, H; € Herm(n). Then

inf {y" Hoy| y € C", |ly| =1, y"Hiy =0} = sup Amin(Ho + tHy).
te

In particular, this value is finite if and only if Hy is not (positive or negative) definite.

We first employ this result to compute the eigenvalue backward error n%¢"™(R; B, \) under
Hermitian perturbations to R. The following easy observation will be important when doing so.

REMARK 4.8. Let W € C™" be nonsingular and let B € C™" have full rank r. Then it follows
easily by considering the singular value decomposition of B that the dimension of the kernel of
(I, — BBNYW is r.

THEOREM 4.9. Consider a DH system of the form (1.3), let B € C™" have full rank r, and
let X € C be such that W := (J — R)Q — A\, is nonsingular. Furthermore, let the columns of
U € C™" form an orthonormal basis of the kernel of (I,, — BBNYW. Then BHQU is invertible.
Furthermore, let L be the Cholesky factor of URQBBYQU and define the matrices

Hy:= B'wuL=", Hy, .= L7 'UPQwuUL ",
as well as
Hé)\) = ﬁé{ﬁo, H{)\) = ’L(f[l - Erfl)

Then we have

"N (R; B, A) = \/ sup Amin (H + tHV). (4.12)
teR

In particular, n*™(R; B, \) is finite if and only if Hf)‘) is not (positive or negative) definite.

Proof. The dependence on A in the matrices Hé)‘) and Hl()‘) has been highlighted for the ease
of future reference only, so in the proof, we will use the abbreviations Hy and H;, respectively.
By definition, we have

77Herrn(‘R;‘B7A)
— inf {||A|| A € Herm(r), A€ A(JQ — (R + BABH)Q)}

= inf {||A|| A € Herm(r), z € C"\ {0}, (JQ — (R+ BAB")Q)z = )\x}

inf{||A|| A € Herm(r), z € C"\ {0}, BABHQz = W:z:}

inf {||A|| A € Herm(r), = € C*\ {0}, (I, — BBYWaz =0, ABHQz = B*Wx}

inf {||A|| A € Herm(r), a € C"\ {0}, ABTQUa = BTWUa} )

where we have used Lemma 2.8 in the second last equality.

By using the minimal spectral norm Hermitian mapping from Theorem 2.1 and the fact that
for any z, y € C™\ {0} there exist A € Herm(r) such that Az = y if and only if 2"y € R, it
follows that

IBTWUa|

Herm(p. B A))? = inf
(77 ( )) HBHQU(XHQ

acC\ {0}, TUHQHWU € R} . (4.13)
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Note that B¥QU is invertible. Indeed, if we would have B QUa = 0 for some a € C" \ {0},
then BfWUa = ABYQUa = 0 which, together with (I,, — BBHWUa = 0, implies WUa = 0 in
contradiction to the fact that W is nonsingular. Setting y = L7« in (4.13), we get

HEHE, ~
(n"e™ (R; B, \))” = inf {yygyoy yeC\{0}, y?Hiye R} : (4.14)
where Hy = BIWUL™H and H; = L-'UPQWULH. Observe that in (4.14) we have y Hyy € R

if and only if y Hyy = 0. Thus, we have

2
(nHerm(R;Bj)\))2 = lnf{ yyH;y ‘ yeCr\ {0}, yHH1y = 0}
= SUp Amin (Ho + tH1),
teR

where the last equality follows from Theorem 4.7. O

Theorem 4.9 gives us the possibility to characterize the distance r#e™™(R; B) for the case that
iJ is indefinite. (Note that this is the case when J is assumed to be real).

COROLLARY 4.10. Consider an asymptotically stable DH system of the form (1.3), where in
addition i.J is indefinite. Let B € C" have full rank r. Then r°™(R; B) is finite and we have

pHerm (R B) = inf \/ SUP Amin (ng +tH1(i“)>, (4.15)
weR teR

with Hé’\), Hlo‘) as introduced in Theorem 4.9 for a given value A € C.
Proof. The formula follows immediately from Theorem 4.9. Thus, it remains to show that
rHerm(R: B) is finite, which is the case if the supremum in (4.15) is finite for at least one value

of w. For this, we have to check that H {iw) is not definite for at least one value of w. But this
follows, because by Theorem 4.9, we have

Hl(iw) —iLUH (QW B (QW)H)UI;H — -lyH (QQ(Z'J)Q + 2wQ)UL*H.

Since ¢J is assumed to be indefinite, it is clear that H lm) is indefinite for w = 0. O
Having characterized the relevant distances under structured perturbations to R, in the next
section we discuss perturbations to J.

5. Stability radii under structure-preserving perturbations of J. The analysis for the
case that structure-preserving perturbations are carried out to the structure matrix J is somewhat
simpler than in the case of the dissipation matrix R. We have the following theorem.

THEOREM 5.1. Consider an asymptotically stable DH system of the form (1.3), let B € C™"
have full rank r. Then vS(J; B) is finite if and only if there exists a nontrivial intersection Q of
the kernel of (I,, — BB)(iwl,, — JQ) and the kernel of RQ for some w € R. If this is the case,
then BEQU has full rank and we have

S(71. o . S
r°(J;B) = ul}rgl%amm(GJ(w)),

with G§(w) = BT (iwl, — JQ)UL ™ where the columns of U form an orthonormal basis for Q
and L is the Cholesky factor of URQBBYQU.
Proof. By definition we have

rS(J; B) = inf {||AH ‘ A € SHerm(r), A((J + BAB¥)Q — RQ) NiR # (2)}.
Applying Lemma 3.1 it follows that
rS(J; B)
= inf{||A| |A € SHerm(r), (J + BAB")Qz = Az, RQz =0, A € iR, z € C"\ {0} }

= inf{||A| |A € SHerm(r), BAB"Qz = (A, — JQ)z, A € iR, RQz =0, z # 0.}. (5.1)
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Clearly, if R > 0 then the kernel of RQ is {0}, and by Lemma 3.1 there does not exist A € SHerm(r)
such that ((JJr BABT) — R)Q has an eigenvalue on the imaginary axis and hence r°(.J; B) = co.
Thus, for the remainder of the proof we assume that R is singular. For a fixed w € R define the
etgenvalue backward error under perturbations in J by

n°(J; B,iw) = inf {||A[|| A € SHerm(r), BAB" Qz = (iwl, — JQ)z,
for some © #0 with RQx =0}. (5.2)

Inserting (5.2) into (5.1), we obtain
rS(J;B) = in%nS(J;B,iw), (5.3)
we

Note that A € Herm(r) if and only if ¢A € SHerm(r). Hence, in view of Lemma 2.7 and 2.8, for
any x # 0 and w € R there exist A € SHerm(r) such that (BAB*)Qz = (iwl,, — JQ)z if and
only if

AB”Qux = B'(iwl, — JQ)z and (I,, — BB")(iwl, — JQ)x = 0.
Indeed, the condition 7 Q¥ BB (iwl,, — JQ)x € iR from Lemma 2.7 is satisfied, because
" QBB (iwl, — JQ)x = 27 Q" (iwl,, — JQ)x
and Q (iwl,, — JQ) is skew-Hermitian. Using this in (5.2) we obtain
n°(J; B,iw) = inf {||A| | A € SHerm(r), z € 2\ {0}, AB"Qz = Bl (iwl, — JQ)z }

Bt — Q] |
- { I <o\ (0. o4

where the last equality follows by using the minimal norm mappings from Theorem 2.1 which can
be done since A € Herm(r) if and only if iA € SHerm(r). Thus, by (5.3) and (5.4), r°(J; B) is
finite if and only if 7°(J; B, iw) is finite for some w € R, i.e., Q # {0} for some w € R.

If n°(J; B, iw) is finite for some w € R, then let dim () = k and let the columns of U € C™*
form an orthonormal basis for Q. Then z € Q\ {0} implies that x = U« for some a € C*¥\ {0}.
Using this in (5.4), we obtain

t(s _
ns(J;B,z'w):inf{HB (T"ggQéffﬁU‘l” aE(Ck\{O}}. (5.5)

Note that BZQU is a full rank matrix, because (J — R)Q has no eigenvalues on the imaginary
axis. Indeed, if we would have B#¥QUa = 0 for some a € C*\ {0} then from (5.2) we have
0 = BABHQUa = (iwl, — JQ)Ua and this implies (J — R)QUa = iwUa, because Ua € (,
which is a contradiction. Thus let L be the unique Cholesky factor of U¥ Q" BBYQU, then by
inserting y = L« in (5.5) we have

= Omin (BT (iwl, — JQ)UL™ ),

n°(J; B,iw) = inf{

and the assertion follows from (5.3). 0O
Having obtained the stability radii for structure-preserving perturbations in R and J, in the
next section we finally consider perturbations in Q.

6. Stability radii under structure-preserving perturbations of Q. The case of per-
turbations in () needs somewhat more discussions than the other cases. Considering Example 1.2
which has the form Mi = (J — R)x with Q) =1, if M was positive definite, then we could make
a change of basis and consider the system & = (J — R)Q¢, with Q = M 1. However, since M is
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singular, this formulation can be made only in the restricted system of dynamical equations, i.e.,
the part of the system that corresponds to the variables v and i7,. The full system of Example 1.2
is automatically on the boundary of the stability region, since we can make M invertible and
indefinite by an arbitrarily small perturbation, and then also Q~' = M would be indefinite. In
the following, however, we do not consider this more general situation of descriptor systems, but
defer this to a subsequent paper.

By definition we have the following relationships between the stability radii and the distances
to singularity for Q:

r(@Q;B) <d(Q;B), r%(Q;B)<d%(Q;B) and r%(Q;B)<d%(Q;B).  (6.1)

So let us first consider the singularity distances.

6.1. The distances to singularity. The following easy observation will be important in
the following.

REMARK 6.1. Let W € C™™ be Hermitian positive definite and let B € C™" have full rank
r. Recall that by Remark 4.8 the dimension of the kernel of (I, — BBY)W is r. If the columns
of U € C™" form a basis of the kernel of (I,, — BB")W, then BH U is invertible. Indeed, suppose
that BfUqa = 0 for some a € C". Since Bf = (B¥B)~!B# we obtain BfU«a = 0 which in turn
implies that

HUHEWUa = HUH(BBYWUa = o UH(BBYEWU« = (BBTU) WU = 0,

where we have used that Ua is in the kernel of (I, — BBT)W. Since W is positive definite, this
implies that Ua = 0 and thus a = 0.

THEOREM 6.2. Let ) € Herm(n) with @ > 0, and let B € C™" be such that rank(B) = r. Let
the columns of U € C™" form an orthonormal basis of the kernel of (I,, — BB)Q. Then we have

d54(Q; B) = (omin(BIQUL™))?,
where L is the Cholesky factor of URQU, and
d(Q; B, B") = d%(Q; B) = ouin(B'QUL™),

where L is the Cholesky factor of UR BBHU.
Proof. In the following we will denote the kernel of (I — BB")Q by Q.
Concerning the first part of the theorem, we have by definition that

d%(Q; B) = inf {||A||| A € 84(Q, B), det(Q + BAB™) =0}

=inf {||A| | A € S4(Q, B), x € C"\ {0}, (Q+ BAB")z =0}

=inf {|A| | A € S4(Q, B), x € C"\ {0}, BAB"2 = —Qu}

> inf {||A||| A € Herm(r), A <0, z € C*\ {0}, BAB"z = —Qz}, (6.2)
where the last inequality holds, because Sg(Q, B) C {A € Herm(r)| A < 0}. By Lemma 2.8 we
have BAB"z = —Qu if and only if AB"2 = —BTQz and BBTQxz = Qz. Note that the latter
condition is already sufficient for the existence of a matrix A7 = A < 0 such that AB"x =
—BTQz. Indeed, the necessary condition —2 BBTQz < 0 in Lemma 2.6 is automatically satisfied

because BBTQx = Quz and because @ is Hermitian positive definite. Using this observation
in (6.2), we obtain

45(Q:B) > inf {||Al|| A € Horm(r), A <0, v € C*\ {0},

ABz = —B'Qu, BBTQx:Qx} (6.3)
1B @ent | |
— e ’ <2\ (0], (64)
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where the last equality follows by using minimal spectral norm mappings from Theorem 2.3.

We aim to show that equality holds in (6.3). To this end, note again that x can be scaled
to norm one, and thus a compactness argument shows that the infimum in (6.4) is actually a
minimum. Thus, let T € Q be such that

UB'ODBI0D" _, {UB'0e) 5100

[z Q| [ Q|

meQ\{O}}

and define

A (BleR)BRHT
a THQ7 ’

so that we have ABHZ = —B'Q2z. Equality holds in (6.3) if we show that (Q + BABH) >0,
because this will imply that A € S4(Q, B). Since BAB is of rank one, it has at most one
negative eigenvalue. Furthermore, we have

(Q+ BAB"z = Q% — BB'Qz = Qz — Qi =0,
and thus, (Q + BEBH) > 0 by Lemma 4.4. Therefore we have equality in (6.3), i.e.,

. BTQU«||?
:CGQ\{O}} mf{w

where the columns of U € C™" form an orthonormal basis for Q. Let L be the unique Cholesky
factor of UM QU > 0, then inserting y = L7 a in (6.5), we get

| BT Q||
2HQzx

d%(Q; B) = inf{

aeCr\ {0}} , (6.5)

|BTQUL"y]|?
lly[I2

which proves the first part of the assertion.
For the second part, again by definition, we have

d%(Q; B) = inf{

v OO0} = (mn(BTQUE)"

d%(Q; B) := inf {|A|l| A € Si(Q, B), det(Q + BAB¥) =0} .
Following the steps of the first part, we have
d%(Q; B) > inf {||A||| A € Herm(r), z € C"\ {0}, AB"z = —B'Qz, BB'Qz = Qz}

L fIBrea |
- f{ B EQ\{O}}, (6.6)

where the last equality follows by using the minimal spectral norm mappings of Theorem 2.1. Let
Z € Q\ {0} be such that

1B1Qal _ . [ IB'Qa
[Era] — | 0F 0

(again the infimum is a minimum and thus attained) and let A € Herm(r) be the corresponding

~ f ~ ~ - -~ .
minimal norm mapping such that |A|| := HI\%*?;H” and ABHZ = —BTQZ. Then we have equality

in (6.6) if we show that (Q + BABH) > 0, because this will imply that A € S;(Q, B). But this
follows from Lemma 4.4, because A is either a matrix of rank one or an indefinite matrix of rank
two. Thus,

Si(Q; =in HBTiQxH T =in w o T
d5(Q; B) = f{”BHxH EQ\{O}} f{”BHUa eC \{0}}, (6.7)
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where columns of U € C™" form an orthonormal basis for 2. By Remark 6.1 the matrix BHU is
invertible. Thus, let L be the Cholesky factor of U BBHU. By inserting y = L« in (6.7), we
obtain

|BIQUL-

H ~
dsi(Q;B)=inf{ o y"ye@k\{o}}:amin(BTQUL‘H).

It remains to show that d(Q; B, BH) = d%(Q; B). By definition, we have

d(Q; B,B") =inf {|A| | A € C"", det(Q + BAB") =0}
=inf{|A| | A€ C"", zeC"\ {0}, (Q+ BAB")z =0}
=inf {|A| |AeC™,z e\ {0}, AB¥z = —B'Qa}, (6.8)

where the last equality holds due to Lemma 2.8. Note that by [39], for any z, y € C", z # 0 we
have

Using this in (6.8), we obtain

IBfQz||

d(Q;B,B") = inf{
( ) 1B7a]

reQ\{0}f =% (@:B),
where the last equality follows from (6.7). Therefore we have
d(Q: B, B") = d%(Q; B) = omin(B'QUL™). O

After characterizing the distances to singularity, in the next subsections we characterize the
stability radii.

6.2. The stability radius r°(Q; B). For the characterization of 5 (Q; B) we have the
following theorem.

THEOREM 6.3. Consider an asymptotically stable DH system of the form (1.3), let B € C™"
have full rank v, and let d5(Q; B) be as in Theorem 6.2. If R > 0, then

r(Q; B) = d°(Q; B).

Furthermore, if R > 0 is singular, let R be the set of all w € R\ {0} such that the intersection
of the kernel Qp of R and the kernel Q,, of (I — BB)(iwl,, — JQ) is not the zero space, and for
each w € R let the columns of V,, form an orthonormal basis for Qr N Q. Then BH JV,, has full
column rank for allw € R. If

inf Tinin (BT (iwl, — QJ)V.,L,™),

we

is attained for some & € R, where Ly, is the Cholesky factor of VIJEBBH JV,,, then

r(Qs B) = min {d (Qs B), inf o (B (il — QNVLLL™) . (6.9)

Proof. If R > 0, then by definition
S (Q; B) = inf{||A|| ‘ A € 8:(Q, B), A((J — R)(Q + BAB™)) NiR # @}.

Observe that in this case zero is the only choice to move an eigenvalue of (J— R)Q to the imaginary
axis, and the way to achieve this is to make @ singular, because for any W € Herm(r) if Q + W

19



is nonsingular, then R(Q + W)z # 0 for any z € C™ \ {0}. Thus by Lemma 3.1, (J — R)(Q + W)
cannot have any nonzero eigenvalues on the imaginary axis. With this observation we obtain

r(Q; B) = inf {HAH ‘ A € 8i(Q,B), A((J - R)(Q + BAB™)) n {0} # (Z)}
:inf{HAH‘ A € 8;(Q,B), det(Q + BABH) :o}, (6.10)

where the last equality holds, because J — R is invertible, since (J — R)@ is nonsingular, because
it has no eigenvalues on the imaginary axis. Therefore, from (6.10) we have

r9(Q: B) = d%(Q; B).
Next, we consider the case that R > 0 is singular. By definition of S;(Q, B) we have
Si(@,B) = {A € Herm(r) | Q@+ BABH) > O},

and (Q + BAB*) > 0 if and only if either (Q + BAB®) > 0 and det(Q + BABHY) = 0, or
(Q + BABf) > 0. Thus, we can write

51(Q; B) = min { inf {|A|l| A € Herm(r), (Q + BAB™) >0, det(Q + BAB™) =0,
A((J = R)(@Q+ BAB™)) Mk # 0},
inf {|Al| A € Herm(r), (Q + BAB™) >0,
A((7 - R)(@Q+ BAB™)) iR # 0} }. (6.11)

For the first of the two infima in (6.11), we have

inf {|A]| A € Herm(r), (Q + BAB") >0, det(Q + BAB™) =0,
A((J = R)(Q + BAB™)) niR # 0}
= inf {||A|| ‘ A € Herm(r), (Q + BABH) >0, det(Q + BAB!) = o}
= dS'L(Q;B)ﬂ
because A((J — R)(Q + BAB™)) NiR # 0 is automatically satisfied if det(Q + BAB*) = 0. For

the second of the two infima in (6.11), using Lemma 3.1 we obtain that

inf{HAH ‘ A € Herm(r), (Q + BAB") >0, A((J — R)(Q + BAB")) NiR # (/J}

inf {||A|\ A € Herm(r), (Q + BABH) >0, w e R\ {0}, = € C"\ {0},
J(Q + BAB™)z = iwx and R(Q + BAB")z =0}
inf {|A]l| A € Herm(r), (@ + BAB) >0, w € R\ {0}, y € C"\ {0},

(Q + BAB")Jy =iwy and Ry = 0}

inf {||A|\ A € Herm(r), (Q + BAB?) >0, we R\ {0}, y € C"\ {0},

BABH Jy = (iwl, — QJ)y and Ry = 0}

inf inf {||A|| ] A € Herm(r), (Q + BABT) >0, y e C"\ {0},

BAB" Jy = (iwl, — QJ)y and Ry = 0}

IV

inf inf {||A|| ‘ A € Herm(r), y € Qp \ {0}, BABH Jy = (iwl, — QJ)y}, (6.12)
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where in the second equality, we replaced (Q + BABH)z with y using the nonsingularity of
Q + BABH | and for the last step we used {A € Herm(r)| (Q + BABH) > 0} C Herm(r). By
Lemma 2.7, for any y € C" \ {0} there exist A € Herm(r) such that BABH Jy = (iwl,, — QJ)y if
and only if BBT(iwl, — QJ)y = (iwl, — QJ)y. Indeed, note that the condition

yEJE BB (iwl, — QJ)y € R (6.13)

in Lemma 2.7 is automatically satisfied due to the fact that BBT(iwl, — QJ)y = (iwl, — QJ)y
and that JH (iwl,, — @Q.J) is Hermitian. Using this in (6.12) and applying Lemma 2.8, we get

inf {||A|| } A € Herm(r), (Q + BAB") >0, A((J — R)(Q + BAB™)) NiR # @}

> ig%inf{HAH ‘ A € Herm(r), y € Qg \ {0}, AB"Jy = Bi(iwl,, — QJ)y,

BB (iwl, — QJ)y = (iwl, — QJ)y} (6.14)
= U}IEl%lnf{ ” (Z||WBHJy|| Jull y e (QrNQ)\ {0}}
[ IBi(iwl, - QI)Veal .
= cjlel?f?mf{ BT IV,0] aeC \{0}} , (6.15)

where for w € R, i.e., w # 0 and Qg N Q, # {0}, the columns of V, € C™*~ form an orthonormal
basis of Q5 N Q,,, and we have set y = V,a for some a € C*~ \ {0}. Note that for the second last
equality we have used the minimal spectral norm mappings from Theorem 2.1.

Furthermore, we have B .Jy # 0 for all y € (2zN€,)\{0} and therefore also B JV,,« # 0 for
all a € CF«\ {0}, and thus B¥ JV,, has full rank. Indeed, if BH Jy = 0 for some y € Qr N, then
by (6.14) we have BT (iwl,, — QJ)y = 0 and thus also BB (iwl, — QJ)y = 0. Since y € Q, i.e., y
is in the kernel of (I — BBY)(iwl, — JQ), it follows that 0 = (iwl, — QJ)y = (iw[n —Q(J— R))y,
which is a contradiction to the fact that (J — R)Q has no eigenvalues on the imaginary axis.
Therefore, V.2 J7? BBH JV,, has a unique Cholesky factor L,,, and setting 3 = LZ« in (6.15), we
obtain

inf{HAH ‘ A € Herm(r), (Q +BAB") >0, A((J — R)(Q + BAB")) NiR # (b}

S IB(iwT, = QNVLLGH B K
> it Bl ‘ pech 0}
= jnf Omin (BT (iwl, — QJ)V,L, ™). (6.16)

By assumption, the infimum in (6.16) is attained for some &w € R. Thus, writing V = V5 and
L = Lz we have that

G = Tmin (Bf(iafn - QJ)?E—H) = inf o (B (wl, — QI)VLLZ").

Let u be a right singular vector of Bf(i&I, — QJ)‘A/E*H corresponding to the minimal singular
value & and set z := VL~ Hu. Furthermore, applying Theorem 2.1 let A € Herm(r) be such that
ABH Jz = BI(io I, — QJ)z and ||A|| = owmin (BT (i@, — QJ)VL™H). Inserting this in (6.16) we
have

inf{HAH ‘ A € Herm(r), (Q+ BABH) >0, A((J — R)(Q + BABH)) niR # @} > A

Then to show (6.9), we consider two cases depending on further properties of the matrix A.
If (Q + BAB) > 0 then we have equality in (6.16) and therefore

rS(Q: B) = |l = owin (B (@1, - QNVI ™).
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If (Q + BABH) has some nonpositive eigenvalues, then

inf{HAH ‘ A € Herm(r), (Q +BAB") >0, A((J — R)(Q + BABY)) NiR # @}
> inf {HAH ‘ A € Herm(r), (Q + BABH) > 0, det(Q + BABH) =0,
A((J = R)(Q + BAB™)) niR # 0} .

This follows by using the fact that eigenvalues depend continuously on the entries of a matrix and
therefore there exist t € (0, 1] such that (Q + tBAB) > 0 and (Q + tBAB) is singular. But
this implies that |A| > |[tA| > d5(Q; B). Thus, we have 5:(Q; B) = d5(Q; B) in that case
which finishes the proof. 0O

6.3. The stability radius r°¢(Q; B). As final case we obtain the following formula for the
structured restricted stability radius r9¢(Q; B).

THEOREM 6.4. Consider an asymptotically stable DH system of the form (1.3), let B € C™"
have full rank v, and let d5¢(Q; B) be as in Theorem 6.2.

If R > 0, then

r54(Q; B) = d*(Q; B).

If, however, R > 0 is singular, then let R be the set of allw € ﬁ\{O} such that the intersection
of the kernel Qg of R and the kernel Q, of (I — BBY)(iwl,, — Q.J) is not the zero space. Assume
that for every w € R we have y2 JH (iwl, — QJ)y < 0 for all vectors y € (x U Q) \ {0}.
Moreover, for each w € R let the columns of V., form an orthonormal basis for Qr N Q. If

inf (ormin (B (1w, — QIVLL™))”,
wER

is attained for some @ € R, where L, is the Cholesky factor of VHEJH(QJ —iwl,)V,, then

rS(Q; B) = min {dS4(Q; B), inf. (oyin (B (il — QIVLLZ™))* }.
wER

Proof. The proof is analogous to the proof of Theorem 6.3, by using Theorem 2.3 instead of
Theorem 2.1. The difference is that condition (6.13) becomes y JH (iwl, — QJ)y < 0 which is no
longer automatically satisfied and thus, leads to a further assumption in the definition of the set
R. O

7. Numerical experiments. In this section, we present some numerical experiments to
illustrate the results of this paper and to show that the stability radii are indeed larger when
structure-preserving perturbations are considered instead of general ones, and this difference can
be significant. To compute the distances, in all cases we used the function fminsearch in Matlab
Version No. 7.8.0 (R2009a) to solve the associated optimization problems, except for the compu-
tation of re™(R; B), where we first used the software package CVX [12] for the inner supremum
and then the function fminsearch for the outer infimum.

In all our numerical experiments, we chose random matrices J, R, @, B € C™" for different
values of n < 9 with J¥ = —J, R" = R > 0 and Q¥ = @ > 0 and B of full rank, such that all
restricted stability radii were finite.

The computed stability radii »°¢(R; B) and r% (R; B) with respect to structured restricted
perturbations to R are as obtained in Theorem 4.2 and 4.5, respectively, r°(J; B) with respect
to structured restricted perturbations to J is as obtained in Theorem 5.1, and r5(Q; B) and
r54¢(Q; B) with respect to structured restricted perturbations to @ are as obtained in Theorem 6.3
and 6.4, respectively. The structured distances to singularity d (Q; B), d5¢(Q; B) are as obtained
in Theorem 6.2.
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size n | r(R; B, B®) | rHer™(R; B) | r%i(R; B) | r5¢(R; B)
3 0.2985 0.2985 2.7154 11.3693
4 0.0826 0.4704 1.1527 1.9571
) 3.3358 3.4302 4.0866 6.0652
6 0.5919 0.6020 2.6858 6.4674
7 0.0675 0.1048 0.9606 6.0310
8 1.5933 1.6193 14.7738 20.5105
9 1.4520 1.4524 16.4666 29.0445
TABLE 7.1

Unstructured and various structured stability radii when perturbing only R.

The unstructured and various structured stability radii with respect to structure-preserving
restricted perturbations to R are depicted in Table 7.1. As mentioned in Section 4 earlier, Conjec-
ture 4.6 holds in all our numerical experiments, so the lower bounds in Theorem 4.5 indeed gave
the values of 75 (R; B).

In Table 7.2, we compare various stability radii. The results illustrate that stability radii with
respect to perturbations to only @ are much smaller than the other stability radii. In some cases
the stability radius 75/ (Q; B) is even smaller than the stability radius »(.J; B, Bf). Table 7.2 also
exhibits the difference between the stability radii (J; B) and 75 (R; B).

size n | 7(Q; B, B) rSi(Q; B) r(J; B, BH) rS(J; B) | r°(R; B)
= d5(Q:B) | = r(R: B, B")
3 0.1608 0.1751 0.3427 2.5123 0.9028
4 0.0101 0.0119 0.2054 2.2756 1.6206
5 0.0485 0.1191 0.1391 2.2292 1.2025
6 0.0129 0.0132 0.1763 2.2127 5.1237
7 0.0736 0.0813 0.0747 1.8043 4.1788
8 0.0021 0.0025 0.1154 2.2579 1.6838
9 0.0074 0.0076 0.0913 3.0741 2.8177
TABLE 7.2

Comparison of various structured stability radii.

In our numerical experiments we found several instances of randomly generated matrices
J, R, @ and B for which structured stability radii with respect to restricted perturbations to @
are significantly smaller than the structured restricted distances to singularity for Q. The values
for a few such cases are reported in Table 7.3.

size n | 7(Q; B, BY) | r%1(Q; B) | d%(Q;B) | r%(Q; B) | d(Q; B)
3 0.0031 0.1310 0.2079 0.1988 0.2079
4 0.0776 0.2308 0.2571 0.2404 0.2571
5 0.0014 0.0649 0.1287 0.1104 0.1287
6 0.0262 0.0731 0.1068 0.0923 0.1068
7 0.0071 0.0276 0.0355 0.0290 0.0355
8 0.0022 0.0163 0.0257 0.0224 0.0257
9 0.0055 0.0263 0.0424 0.0371 0.0424
TABLE 7.3

Unstructured and various structured stability radii while perturbing only Q.

ExaMpPLE 7.1. To illustrate the distance to instability in the case that R is perturbed to be
indefinite, consider again Example 1.1 and the first order formulation (1.4) and write R = Ry + Ra,
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where

[ D o . 0 iN
o[58 m [y 8]

Note that R; moves the spectrum of the pencil to the left half of the complex plane, so Ry is
solely responsible for making the system unstable. To illustrate this, we constructed a small scale
complex example with

G- —0.3782: —0.0681 + 1.3361% M- 0.4822 —0.9341 — 0.35211

~ ] 0.0681 + 1.336¢ 1.9397¢ 77T | —0.9341 4 0.3521¢ 6.0622 ’
K- 1.7419 1.1228 4- 0.4116¢ D 3.8881 —4.1385 + 0.2047¢

T ] 1.1228 — 0.4116¢ 2.9265 77| —4.1385 — 0.2047¢ 7.2071 ’

N — 0.7164 4+ 0.695:  —0.4012 — 0.2008:
~ | —0.4281 +0.1007¢  0.2716 + 0.0373¢ |’

so that the matrix (J — R)@ has an eigenvalue 0.0130: on the imaginary axis, but (J — R1)Q has no
eigenvalues on the imaginary axis. By using the various stability radii formulae from Section 4.1,
we obtain the following results for the restriction matrices B = I, and C' = Iy:

r(Ry; B,C) | PHe™(Ry; B) | r5(Ry; B) | r%4(Ry; B)
0.0308 0.0308 3.0389 5.6149

This implies that the stability radius of the matrix triple (J, R, @), while perturbing only R; with
a symmetric indefinite perturbation of the form
0 A
AR1 - |: AH 0 :l

is bounded below by 0.0308 and bounded above by || Rs|| = 0.4970. The structured stability radii
rSi(Ry; B) and 75¢(Ry; B) preserving the semidefiniteness of R are significantly larger than the
upper bound 0.4970 of the stability radius with respect to symmetric indefinite perturbations of
the form Agr, to Ry. Again, by setting B = [ er e } and C = B | where ¢; is the i*" standard
unit vector of C*, we can perturb only the damping matrix D. For this choice of B and C the
corresponding stability radii are given as follows:

r(Ry; B,C) | rH™(Ry; B) | r%i(Ry; B) | 75¢(Ry; B)
1.5041 1.5970 3.3346 5.6149

One can see that in this case the smallest Hermitian perturbation to R; is larger than the stability
radius r(Ry; B, C), thus it makes sense to study this distance separately.

8. Conclusions and outlook. We have derived explicit formulas for stability radii of dis-
sipative Hamiltonian systems under structure-preserving perturbations, when the three factors
J, R, @Q are perturbed individually. The results show that the restriction to structure-preserving
perturbations leads to much more robustness in the sense that much larger perturbations have
to be applied to move an eigenvalue to the imaginary axis. The stability radii are in the form
of minima that still require optimization techniques to compute the radii. To construct efficient
optimization techniques is a topic of our current research. It should be noted that the situation
may change if we perturb all three terms J,Q, R at the same time. It is an open problem to
derive stability radii for this case. Also, if all coefficient matrices are real than it is natural to also
restrict the perturbation matrices to be real. Another important topic is the extension of these
results to descriptor systems such as models for electrical circuits and power grids, where as an
extra difficulty we have eigenvalues at infinity and the perturbations are restricted even further.
All these questions are currently under investigation or subject to future research.
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