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Introduction

“The true mystery of the world is the visible, not the invieib
Oscar Wilde

How can geometric settings be encoded combinatorially? ctWtiscrete struc-
tures extract the essential information from continuowaragements? How can
the combinatorial properties of visibility arrangememtgshe plane be captured?
Questions such as these are studied in computational ggoared geometric
graph theory, two fundamental areas of modern discreteenatics.

Although visibility in the plane is a very natural conceptamy fundamental
problems remain unsolved. Visibility graphs are a muchistlidpproach to these
problems. Generally speaking, a visibility graph considta set of shapes in the
plane, the vertices, and a concept of visibility that defilesedges of the graph.

The presented diploma thesis provides answers to theligiiigstions posed
for the class of bak-visibility graphs. These graphs are a structure modelimges
of the essential properties of visibility configurationse Will see that they carry a
lot of structure, but their combinatorics can still be quitenplex.

Bar visibility graphs are among the best understood classésibility graphs.
Here the vertices correspond to horizontal line segmenlisdchars, and visibil-
ity runs vertically alondines of sightwhich connect two bars while being disjoint
from all others. These graphs have been completely chaizedeby Tamassia
and Tollis [30] and independently by Wismath [33]. The cqutaaf bar visibility
graphs came up in the early 1980s when many new problems ilviliysthe-
ory arised, originally inspired by applications dealingiwietermining visibilities
between different electrical components (codeword ‘Vd8&ign’). Other appli-
cations arise when large graphs are to be displayed in gesst way, and in the
rapidly developing field of computer graphics.

Several variations and generalizations of bar visibilitgghs have been con-
sidered, using different definitions for the type of barshe kind of visibility or
often both. For example, Bose, Dean, Hutchinson and Shej3héntroduced
rectangle visibility graphs, considering rectangles vithizontal and vertical vis-
ibility. Hutchinson [21] investigates arc- and circle-bigity graphs, where the
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2 INTRODUCTION

vertices correspond to arcs of concentric circles and Nityilean go through the

origin. Recently, new classes of bar visibility have bedmiduced by restricting

the vertex representations to unit bars [10] or generaigiem to sets of several
bars [4].

Bar k-visibility graphs are another recent generalization ofisibility graphs.
They have been introduced by Dean, Evans, Gethner, Laisdarj &nd Trotter [8]
on the Graph Drawing Symposium 2005 in Limerick. The new idethat lines
of sight are allowed to intersect at mdsbther bars. This variation results in a
much more complex class of graphs: While it is easy to seeathbar visibility
graphs are planar, this is not true for Bavisibility graphs, and no other immediate
property provides an approach to their structure. To gainennasight into this
graph class, Dean et al. are mostly interested in measusinddr a bark-visibility
G is from being planar. One method is to ask for a collectionlahar subgraphs
whose union ig7. This is where the graph parametiicknessomes into play.

The (graph-theoretic) thickness of a graghdenoted by (G), is the minimum
number of planar subgraphs whose uniotrisThickness has been introduced by
Tutte [31] in 1963. Mansfield [24] showed that determiningtihickness of a graph
is N'P-hard in general. Exact values are known for the completetyfl, 2], but
only for very few other classes of graphs. For a survey onrtiaal and practical
aspects of thickness see [25].

Back to bark-visibility graphs: For the cask = 1, Dean et al. [8] used the
Four Color Theorem to show that their thickness is boundet Byrey conjectured
that no barl-visibility graph has thickness larger than The main new result of
this diploma thesis is the construction of a bavisibility graph with thickness,
disproving the conjecture of Dean et al. from [8]. We conjeetthat3 is the tight
upper bound on the thickness of Havisibility graphs.

Having shown that there are bewisibility graphs with thickness8, we attack
the problem from the other side by askingifis the correct upper bound for a
subclass of bat-visibility graphs. We consider bars extending from fhaxis to
the right, such bars are calledmi bars Semi bar -visibility graphs have thickness
at most2. We prove this by presenting an algorithm that partitioressellges of a
given such graph into two planar subgraphs.

Semi bark-visibility graphs are a graph class worth studying beydreldase
k = 1. We will see that they provide a setting in which our initialegtions can be
answered effectively, as they can be encoded by a uniqueupetion of[n]. We
use this encoding to solve a number of graph problems posdddaase of semi
bar k-visibility graphs.

The two main new results of this diploma thesis are the coostn of a
bar 1-visibility graph with thickness3 and the algorithm showing that semi bar
1-visibility graphs have thickness at mast They will be presented on the Graph



INTRODUCTION 3

Drawing Symposium 2006 in Karlsruhe. The correspondingepéiied “Thick-
ness of Bar -Visibility Graphs” [19] is to appear in the conference peedings.

For the remainder of this introduction we turn to preredqasand structure of
this diploma thesis. The graphs we are dealing with are sirapd undirected,
unless explicitly stated otherwise. We assume basic gitagbry concepts to be
known. For terminology not defined here we refer to [12].

In Chapter 1, bar visibility graphs are introduced with thaimearlier results
and methods. In particular, we investigate different cpteef visibility and bar
representations that have been considered in the literatbhapter 2 introduces
semi bar visibility graphs. We characterize these grapkissaow how to recon-
struct and count the semi bar visibility representationa gfven abstract graph.
Chapter 3 deals with bak-visibility graphs. We present all previously known
results and give a construction of a biawisibility graph with thickness3. In
Chapter 4, semi bar-visibility graphs are introduced. We show tight resultsdo
number of graph parameters, and present the algorithm omeatiabove dividing
the edges of a semi barvisibility graph into two planar graphs. Finally, stimuli
for further research are given in the Conclusion.
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Chapter 1

Bar Visibility Graphs

“Zieh den Balken aus Deinem Auge,
dann wirst Du klar sehen..”

Jesus von Nazareth

The first chapter of this diploma thesis provides an overwéthe results on bar
visibility graphs. In Section 1.1 we define bar visibilityagths and introduce the
basic notations we need. We will consider several concdpisibility in the fol-
lowing sections, starting with weak visibility in Sectior21 The main result of the
theory on bar visibility graphs, their complete charact&tion, is presented in Sec-
tion 1.3. Finally in Section 1.4 we investigate a speciakaafdar representations.

1.1 Definition

Here is the basic definition of bar visibility graphs, whiclillwe subject to varia-
tions and generalizations later on:

Definition 1.1. A graph G is a bar visibility graphif it admits abar visibility
representatiomas follows: The vertices d@F are represented by pairwise disjoint
horizontal line segments, henceforth calleats in the Euclidean plane. Two ver-
tices are joined by an edge if and only if the two correspogdiars can be joined
by a vertical line segment, calldithe of sight which is disjoint from all other bars.
In this case the two bars angsible to each other.

Figure 1.1 shows an example of a bar visibility represenetigether with the
graph it induces. This model was first introduced by Luccialef22] in 1983.
As mentioned before, several modifications of bar visipijtaphs have been con-
sidered in the literature. Different concepts of visilyilliave been defined (see
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6 CHAPTER1. BAR VISIBILITY GRAPHS

Figure 1.1: Example of a bar visibility representation, whawith the induced
graph.

Section 1.3 and Section 1.2); the one introduced abovedscaltedstrong visibil-

ity if it needs to be distinguished from other models. Anothey whvarying the
definition is to consider arbitrary intervals instead ofrsegts, which are intervals
closed at both endpoints. An overview of the different cqusef visibility graphs
has been given by Tamassia and Tollis in thénified Approach to Visibility Rep-
resentations of Planar Graph80], with extensive references to the primal authors
of each variant.

A firstimportant property of bar visibility graphs can be ebged immediately.
Recall that a graph iglanarif it can be drawn in the plane such that no two edges
meet in a point other than a common vertex. A graph drawn sy isplane
and the drawing is called planar embedding It is easy to construct a planar
embedding of a bar visibility graph from a corresponding llegaresentation: We
choose a line of sight for each visible pair of bars, shrinkhelaar to a point and
bend lines of sight (which become edges) while maintaindjg@ncies. Thus, all
bar visibility graphs are planar.

In the remainder of this section, we introduce more notiard r@otations that
we need to talk about bar visibility graphs. We denote vestiof the considered
graphs withu, v, w, ... as usual. Referring to the corresponding bars we write
B(u), B(v), B(w). The set of bars representing a $ebf vertices is denoted by
B(V'). Whenever it is clear which kind of visibility (and, later owhich kind of
bars) we are considering, we will séar representationinstead of bar visibility
representation. Most of the time we carefully distinguistween vertices and the
bars representing them; however, we will often adopt gragifons to bars, e.g.,
we say that two bars aealjacentor neighborsf the corresponding vertices are. In
labelings of figures we will be a bit sloppy and denote a Bar) with v. On the
other hand we will use notions inspired by visibility: We ghgt two bars that can
be joined by a line of sight in the considered moske¢ each other

Given a configuration ofi bars, each bar is identified by three parameters:
Its y-coordinate, ther-coordinate of its left endpoint, and thecoordinate of
its right endpoint. Thus we obtain three canonical ways belldahe bars: Re-
ferring to the order of their left endpoints from left to righve label them
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B(ty),B(¢2),...B(¢,). Referring to the order of their right endpoints we label
themB(ry), B(rs), ... B(ry), this time enumerating from right to left. Thus, the
vertex/; corresponds to the bar with the leftmost left endpoint, anctbrresponds
to the bar with the rightmost right endpoint. Finally, if weednterested in the
order of they-coordinates of the bars, we start with the topmost one del the
barsB(t1), B(t2), ... B(ty).

In the following sections, we will consider different copte of bar visibility
graphs and their characterization.

1.2 Weak Visibility

When investigating the different variations of visibilgyaphs that have been intro-
duced in earlier literature, we first encounter a concept \itile demands on the
graphs admitting a suitable bar representation; this ntisecalledweak visibility

Definition 1.2. A graph has aveak bar visibility representatiahits vertices can
be represented by bars such that bars corresponding to adjagertices can be
joined by a vertical line segment disjoint from all other bar

Now aweak bar visibility graphis a graph admitting a weak bar visibility
representation. Henceforth we will assume this relatioewaver we define a new
kind of bar visibility representation.

Weak visibility has been first considered in 1978 by Otten zand Wijk [26]
who gave an algorithm for constructing a weak bar visibitgpresentation of-
connected planar graphs. Unaware of their result, a codplears later Duchet
et al. [14] showed by a simple and straightforward argumeeitany planar graph
admits such a representation. Note that the converse israksahat is, any weak
bar visibility graph is planar. This can again be seen by imple argconstruction
used in the previous section for bar visibility graphs. Thbs following theorem
implies that the two graph classes, planar graphs and weakisihility graphs,
coincide. We present the proof of Duchet et al. [14].

Theorem 1.3. Every planar graph admits a weak bar visibility represeitat

Proof. Let G = (V, E) be a planar graph with a corresponding straight-line em-
bedding in the plane. Such an embedding exists by Fary'sréhe¢l7]. Now
choose a direction different from the directions of all esige be the horizon-
tal direction. Replace each vertex by a horizontal line sagndisjoint from all
edges and all other vertices; this is clearly possible if thgments are chosen
short enough (cf. Figure 1.2). Let us call the resulting espntation of our graph
F, consisting ofvertex-segmentndedge-segments
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If all edge-segments ift are vertical, we are done. Otherwise choose an edge
e that is not represented vertically. Then we observe (witlyming into details
here) that there exists a pseudo-lihe& R? with the following properties:

e [, meets any horizontal line of the plane in exactly one point.
e [, contains the ends of the segment represerating

e [ does not meeF outside of vertex-segments.

,':: L

Figure 1.2: Constructing a weak visibility representatifra given plane graph
with straight-line edges.

The pseudo-lind. splits the plane into two parts which can be shifted apart
horizontally without overlapping. A horizontal shiftin@pautd extends the vertex-
segments cut by, by the distancel. Now choosel large enough, thea can be
replaced by a vertical line segment joining the two incidesmtex-segments.

By repeating this procedure until all edge-segments aricaékve obtain the
desired result. 0

During the transformation of a graph into a weak bar visipilepresentation,
some information gets lost: If we are only given the bars splane, they do not
uniquely determine a graph with this bar representatiore. ddncepts of visibility
that we will consider in the following section (and in thetrekthis diploma thesis)
always require two bars to see each othemifl only if the corresponding vertices
are adjacent.

1.3 Characterization

The characterization of bar visibility graphs certainlyamong the most satisfying
results in the theory of visibility achieved so far. The mesults of this section
have been obtained independently by Tamassia and TolljafgDWismath [33].
Here we sketch the ideas of Tamassia and Tollis; Wismatbsfmf the character-
ization runs along similar lines.
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As mentioned in Section 1.1, Tamassia and Tollis consideéicampare differ-
ent concepts of visibility in their paper [30]. The third iart besides strong and
weak visibility ise-visibility. The reconstruction of a barvisibility representation
of a given graph known to have one is easier than the correamptask for strong
visibility. Thus, Tamassia and Tollis first state a charazégion of bare-visibility
graphs. We will follow their path and then briefly sketch hdwstcharacterization
can be extended to strong bar visibility graphs.

Definition 1.4. A graph has abar ¢-visibility representatiorif its vertices can
be represented by bars such that two vertices are adjacemtdfonly if the two
corresponding bars can be joined by a vertical strip of nemzwidth which is
disjoint from all other bars.

It is clear that given a configuration of bars, tw«visible bars also see each
other if strong visibility is considered. On the other haiidhere are bar$3(u)
and B(v) such that the right endpoint of the former has the samm®ordinate
as the left endpoint of the latter, then they are neighbaurg strong visibility
representation, but not in anvisibility representation (see Figure 1.3).

— ¢ $

Figure 1.3: A bae-visibility representation oz = K5 3. Strong visibility yields
additional lines of sight between the red bars, inducingtiaghH .

The following proposition forms the basis of the characiion of bar
e-visibility graphs. The proof is based on properties-gfnumberings and bipolar
orientations of graphs. We do not want to address these &il tiere, and present
only the ideas of the proof from [30].

Proposition 1.5. Any2-connected planar graph admits a barrepresentation.

Sketch of the proofTamassia and Tollis construct a barepresentation of a
2-connected planar gragh = (V, E). As main tool making this possible they use
s-t-numberingsAn s-t-numbering ofG, wheres andt are distinct vertices i, is
a labelinge of the vertices with, 2, ..., |V, such that (s) = 1, o(t) = |V, and
each vertex # s, t has two neighbors, w with o(u) < o(v) < o(w). Even and
Tarjan [16] showed that for ar§-connected planar graph and every edgée),
an s-t-numbering can be found in linear time. Now, for a gienonnected plane
graphG, Tamassia and Tollis’ idea is to compute &frnumberings of G and a
corresponding numbering* of its plane dualG*. Directing the edges aff and
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G* from smaller to larger-numbers, we obtain kipolar orientationof G and
its dual counterpart, that is, we obtain acyclic orientagiavith unique source and
sink. Properties of a bipolar orientation are e.g. thatyefare has a unique source
and sink on its boundary, and the incoming and outgoing edfjesery vertex
appear consecutively in a cyclic order. We can use this lagigty to assign a
unique left and right face to every vertex @f This is all we need to compute
the coordinates of the bar corresponding to a vertex G: The y-coordinate of
the bar is given by the-number ofv, and asz-coordinates for its left and right
endpoint we use the*-numbers of the left and right face of Tamassia and
Tollis then show that this bar representation induces éx#dwt edges o7 by fur-
ther investigating properties and relations of the bipoléntations ofz andG*.

O

Tamassia and Tollis [30] now give a necessary condition faplgs with cut-
vertices to have a barvisibility representation. They can extend the constaunct
of the previous proposition to all graphs fulfilling this abtion, thereby complet-
ing the characterization of barvisibility graphs.

Theorem 1.6. A graph admits a bat-visibility representation if and only if it has
a planar embedding such that all cutpoints are incident ®diter face.

Proof. The necessity can be seen as follows: Bdte a bae-visibility representa-
tion of a graphz, and draw a vertical line-segment, i.e.,edge-segmenbetween
bars that are-visible to each other. Construct a planar embeddingf G by
shrinking each bar into a point and bending edge-segmenlsthat adjacencies
of vertices are maintained. Suppose for the sake of cowtiadithat in the re-
sulting embedding there is a cut-vertexf G which is not incident to the outer
face. Then there are blocksy, B, ..., B; such that inG all blocks exceptB,
lie entirely inside of an inner face dBy, and any path from a vertex if8; with

1 <i < jtoavertexinG = G\ |J_, B; passes through Consider the bars
representing the blockB, ..., B;, and choose one of them (say(v)) that is
topmost or bottommost among them&nbut distinct fromB(c). The vertex lies
inside of an internal face af, hence it follows thaf3(v) can be seen from a bar
representing a vertex ¢f. But thenw is incident to a vertex of;! This contradicts
the fact that is a cut-vertex.

To see that every graph with a planar embedding such thatigdbmts lie at
the boundary of the outer face admits a baisibility representation, suppose that
such a graplt and embedding are given. Then select the leaves from th&-bloc
cutpoint tree ofGG, that is, select all blocks aff that have only one cut-vertex in
common with the rest ofs. In any such block choose a vertex different from the
cut-vertex. Now add a new vertex to the outer face and contiecall the chosen
vertices. The resulting graph2sconnected and still planar. Thus, a barisibility
representation of it can be computed by the previous prtposiThe construction
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&
b )
C

Figure 1.4: Arrangement of blocks in the proof of Theorem 1.6

of the proof allows us to choose the topmost bar to reprebernidw vertex. Then
by removing this segment we get atvisibility representation of-. 0

We now have a complete characterization of basisibility graphs, but as
e-visibility is a restricted form of visibility, we are natally interested in a sim-
ilar result for strong visibility. First, it is easy to seeattithe necessary condition
of Theorem 1.6 still holds, as an analogous proof to the oesgmted above can
be used for strong visibility. Thus, any graph admittingrarsg bar visibility rep-
resentation has an embedding with all cut-vertices on therdace. However, the
converse is not true, and in fact there are eX@onnected planar graphs without
strong bar visibility representation. The reason is thdahwivisibility, two bars
can block the sight between a bar above them and a bar belowhigout be-
ing adjacent themselves (cf. Figure 1.3). Tamassia antsT80] showed that if a
2-connected graph contains a vertex pair such that its relnseparates the graph
into more than three components, then this graph does nat adittong bar visi-
bility representation. Henck> 4 is an example of a barvisibility graph which is
not a strong bar visibility graph.

How can we see that in a strong bar visibility representatioopair of bars
can separate three components, but not four? Recall thatg=ig3 showed a bar
e-visibility representation ok, 3 which is not a strong bar visibility representation
of this graph. HoweverK 3 does have a strong bar visibility representation, as
shown Figure 1.5. This figure illustrates how three comptsean be separated
in a strong bar visibility representation, and it providesdea of what goes wrong
for four. The proof of Tamassia and Tollis in [30] formalizéss idea.

Tamassia and Tollis also prove sufficient conditions foorggr bar visibility
graphs in [30]. They introducstrong s-t-numberingsgn which every inner face
of the corresponding directed graph has to have an arc betitgeanique source
and sink. Then they show that2aconnected graph admits a strong bar visibility
representation if and only if it has a strogg-numbering. For a general gragh
they define &2-connecteds-t-extensionof G by adding two vertices andt to
G as well as edges connecting these two vertices to each otddpahe rest of
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—re H

Figure 1.5: A strong bar visibility representationfdf= K 3.

the graph. Now Tamassia and Tollis prove that strong babiitsi graphs are
characterized as follows: A grapgh has a strong bar visibility representation if
and only if there is ar-t-extension ofZ admitting a strong-¢-numbering.

Given a strong bar visibility representation of a graph, ae easily turn it into
a bare-visibility representation of the same graph by perturltimg endpoints of
the bars a little bit. On the other hand, we know from the itesfulamassia and
Tollis stated above that there are graphs admitting a-asibility representation
but no strong bar visibility representation. We concluds the class of strong bar
visibility graphs is a proper subset of the class of barsibility graphs.

1.4 A Special Casex-Different Bar Representations

In Section 1.1, we have noticed that in a bar visibility reygrgtation, each bar is
identified by three parameters, and these parameters inldieze natural ways to
label the vertices of a bar visibility graph. We would likeele labelings to be
unique. Therefore, we try to perturb theandy-coordinates of the bars a little bit
in the case that the, ¢- andr-order are not unique.

As for they-coordinates, this does not create a problem: Bars withdhges
y-coordinate form an independent set, and slightly permiltfie y-coordinates —
without otherwise altering the vertical order of the barsntiluhey are pairwise
different will neither create nor delete any lines of sigrus in the following we
can assume the bars to have pairwise differecbordinates.

The matter is more delicate when it comes to theoordinates of endpoints
of bars. Perturbing the endpoints can create new lines dit;sthis holds for
e-visibility as well as for strong visibility. Consider theabrepresentation af’s
in Figure 1.6: No matter how we break the tie of equal abseis$she right end-
points, we will necessarily introduce a chord and thus obgadifferent graph.

Definition 1.7. A bar visibility representation ig-differentif the endpoints of its
bars have pairwise different-coordinates.
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Figure 1.6: A bar visibility representation 6f

Let us consider the class of graphs admittingradifferent bar visibility rep-
resentation. First we can observe that the distinction éeitvstrong visibility and
e-visibility is obsolete here: If two bars see each other amtiro of their endpoints
have the same abscissa, then automatically they can beljoyne vertical strip of
non-zero width disjoint from all other bars, thus, they angsible. Since any two
bars that are-visible already are strongly visible by definition, we skeattthe two
concepts of visibility coincide for our restricted classafr representations. Thus,
we can safely speak of the classwailifferent bar visibility graphs, without further
specifying the kind of visibility.

The class ofc-different bar visibility graphs has been studied by Lucbilaz-
zone and Wong [23]. They obtained a characterization ofdiaiss, unaware that
Tamassia and Tollis (cf. [30]) studied visibility graphssach a similar setting.
However, the results turn out to have a quite different flaewr reconstructing
a bar representation of a given graph, Luccio et al. use aidgta multigraphs:
They define a planar multigraph to ts&angular if it has an embedding in the plane
such that all inner faces are bounded¥gycles. They call a simple grappo-
triangular if it can be transformed into a triangular planar multigrégtsuccessive
duplication of existing edges. The main result of [23] nowhis following:

Theorem 1.8. A graph is ane-different bar visibility graph iff it is ipo-triangular.

The necessity of the ipo-triangularity is not hard to seecdioi et al. consider
rectangular visibility zones defined by lines of sight. Foy auch visibility zone
between two bars, they add an edge between the correspaatiings. The result-
ing graph is a multigraph as there can be several visibibtyes between two bars.
Then if a vertical line is swept over andifferent bar representation one observes
that any newly encountered bar forms a triangle with the tews lolirectly above
and below (if they exist), see Figure 1.7. Similarly, if thght endpoint of a bar
constitutes the ends of visibility zones to two bars digeathiove and directly be-
low, a new visibility zone between these two bars beginsijagducing a3-cycle.
With this idea it can be seen that any inner face of the consitimultigraph is
bounded by &-cycle. For the other direction, Luccio et al. use a triaagembed-
ding of a multigraph to construct andifferent bar representation. This is done by
successively realizing thefaces. For the complete proof and the technical details
of the construction see [23].
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Figure 1.7: Anyz-different bar representation induces an ipo-triangutaph.

Consider again the bar representation of Figure 1.6. Wereéd@bove that by
slightly disturbing the endpoints we cannot turn it intozadifferent bar visibility
representation of’s. Theorem 1.8 proves that there actually is no way of repre-
sentingC,, for n > 4 with z-different bars, since clearly these graphs cannot be
turned into triangular multigraphs by duplication of ekigtedges.

It follows that there are graphs having a strong bar vigipikpresentation, but
no x-different bar visibility representation. Thus we can dode that the class
of z-different bar visibility graphs is a proper subset of thassl of strong bar
visibility graphs. Recall that by the results of Section, & latter is in turn a
proper subset of the class of bavisibility graphs.

Note that considering only-different bar representations is not a restriction if
we are interested in the maximum number of edges of a baiilitisigraph, or if
we consider problems that only get harder with more edgesxmmple finding the
chromatic number of a graph. This is justified by the fact geaturbing endpoints
of bars that previously had the same abscissa may only y@sidines of sight, but
can never block existing ones. We will need this in Secti@wvéere we make use
of a unique/- andr-order of the vertices.

In the next chapter we consider bar representations in wigbl endpoints of
bars arec-different, whereas the left endpoints all have the sameisdes.



Chapter 2

Semi Bar Visibility Graphs

“Let’s pick a graph out of a hat and see if we're lucky.”
Graham Brightwell

We have seen in the last chapter that all bar visibility gsagte planar. In this
chapter, we introduce a special case of bar visibility repnéations which restricts
the class of the corresponding graphs to outerplanar graplesdefine this sub-
class of bar visibility graphs in Section 2.1. For a given it outerplanar graph
with labeled Hamilton cycle, a bar representation indugtrgan be constructed
efficiently, as we will see in Section 2.2. There we also sh@eraplete character-
ization of the considered subclass of bar visibility grapimsSection 2.3 we will
see how to explicitly count the number of different bar reggrgations inducing the
same maximal outerplanar graph with the fixed labeling aflasnilton cycle.

2.1 Definition

In this section we define semi bar visibility graphs and seethey can be encoded
by permutations.

Definition 2.1. Semi barsare horizontal segments in the plane extending from the
y-axis to the right.

A graph is asemi bar visibility graphf it has an x-different semi bar visibility
representation, i.e., a bar visibility representation Bubat all left endpoints are
atx = 0 and all right endpoints have pairwise different abscissae.

We rotate semi bar visibility representations countellchase as shown in Fig-
ure 2.1; in the following we will always think of them in thisay. If we talk about
bar representationsn this chapter, it is an abbreviation efdifferent semi bar
visibility representation.

15
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] 71
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Figure 2.1: Example of a semi bar visibility graph with a esponding bar repre-
sentation.

In the previous chapter we considered strong visibility avisibility between
bars. Note that these two notions coincide here, as any traitiat see each other
in the bar representations of this chapter do so over a lisgbf of positive width.
Now let a fixed bar representation be given. We define two wnayderings of the
bars: Label the bar®(r1), B(rz2), ..., B(r,) by decreasing-coordinate of the
upper endpoint. Thus, theorder lists the semi bars by decreasing height. For the
second permutation label the bds$t, ), B(t2),. .., B(t,) from left to right. The
index of a vertex in theé-order (respectively-order) is also called its-position
(respectivelyr-position). Note the different view on the- and¢-order compared
to the last chapter, due to the rotation of the bar represental he ¢-order of the
last chapter is useless in this setting.

With the above correspondence, two given permutationgnoftogether
uniquely define a bar representation, and thus the graptcéaday it. Now if
we assume without restriction that therder is the natural order of the numbers
1 to n, then the graph is encoded by just one permutatiomjofTo get this per-
mutation, we just have to read thrdabels of our bar representation from left to
right. For example, the semi bar visibility graph of Figuré& & encoded by the
permutation(4, 2, 6, 3,5, 1). This permutation fixes the order of the height of the
bars from left to right and thus completely determines therdpresentation.

Without the assumption that the bar representation has tedifferent, semi
bar visibility graphs have been defined by Cobos, Dana, idartdMarquez and
Mateos on the Graph Drawing Symposium 1995, see [6]. Thessiiyate a clas-
sification of graphs (thespresentation indéxwith respect to the kind of visibility
representation they admit, and introduce semi bar vigiiépresentations as in-
ducing the graphs of representation index 1/2.

2.2 Characterization

In this section we characterize semi bar visibility grapsgeaphs with an outer-
hamiltonian embedding in which all inner faces are triasgl€his is defined in
detail below.
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We start with showing that any semi bar visibility graph igeyplanar. After
that we reconstruct a bar representation for a maximal platear graphG given
with a labeling of its Hamilton cycle. Then we formulate ungéiich conditions
this construction can be extended to general outerplamghgt For constructing
the bar representation, we make use of the dual tree of andeltebbemaximal
outerplanar graph; a tool which will also help us in the neadt®n to count the
number of bar representations inducifig

The first lemma also tells us how to obtain a planar straigtet-drawing of a
semi bar visibility graph given by a bar representation:

Lemma 2.2. Every semi bar visibility graph is outerplanar.

Proof. Let a semi bar visibility graplix be given by a corresponding bar represen-
tation. We will use this bar representation to define an plaear embedding df.
This can easily be done: Embed each vettex the upper endpoint d¢(v). Con-
nect vertices corresponding to visible pairs of bars by aigtt line. Figure 2.2
illustrates the embedding. This embedding is planar: If eslgest;t; andt;t,
would cross, then necessarily we would have j < k < [. But the shortest of
the four corresponding bars cannot see beyond any of thetdrags, thus it can-
not have an incident edge contributing to the crossing — &radiction. In addition
we observe that all bars extend into the outer face of the ddibg, and thus all
vertices are incident to this face. Therefore the embeddingterplanar. 0

Figure 2.2: An outerplanar embedding of a semi bar visibiitaph can easily be
extracted from a bar representation.

Now instead of embedding a graph given by a semi bar vigib#ipresentation,
we want to construct a bar representation of a given outegplgraph. The main
work is to achieve this for maximal outerplanar graphs. Gebe such a graph
onn vertices, Figure 2.3 shows an example. For the construet®will use an
outerplanar embedding 6f. Let us briefly review some basic properties of such an
embedding: It consists of an outercycle and only triangular inner faces. Thas,
has a unique Hamilton cycle which contains exactly the edgsdent to the outer
face. Every suclouter edgds contained in exactly one triangle (fer> 4), and
everyinner edgein exactly two. We haven outer edges, and — 3 inner edges,
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which can be seen by triangulating the inner face ofitheycle by a zig-zag path.
It follows that there are — 2 inner triangles of~. Since the unique Hamilton cycle
forms the boundary of the outer face in any outerplanar enlibgdf GG, such an
embedding is essentially unique.

As announced above, we will use the dual tre€'afhich is defined as follows:

Definition 2.3. Let a maximal outerplanar grap&’ with outerplanar embedding
be given. Let” = tyts .. .t, be alabeling of the Hamilton cycle 6f in counter-
clockwise order. Thdual tre€l” of GG is defined as follows: For every inner triangle
f of G, the treeT contains an inner vertex*. Two such vertices are adjacent if
and only if the corresponding triangles share an edge. Thiexeorresponding
to the triangle containingt,, is chosen as theootof 7. Now, every other inner
vertexf* of T gets connected to a new leafBffor every outer edge incident tt

Note that ag is outerplanar’ cannot contain a cycle. Furthermore, since
every triangle has exactly three incident eddéss arooted binary tree Figure
2.3 illustrates the definition.

tn
ty
G

Figure 2.3: A maximal outerplanar graghand its dual treq’".

Proposition 2.4. For any maximal outerplanar grapld: given with a labeled
Hamilton cycleC' = ¢4t . .. t,, One can compute a semi bar visibility representa-
tion of G with thet-order prescribed by

Proof. Forn < 2, the assertion is trivial, thus |&f haven > 3 vertices. Fix the
outerplanar embedding 6f in which C' bounds the outer face in counterclockwise
order. We will use properties of this embedding and the dealT of G to find a
semi bar visibility representation 6f.

Thet-order of the bars is fixed bg'. What remains to find out is the length of
the bars, i.e., which-position corresponds to whiehposition. Since”' is a closed
cycle, B(t;) and B(t,,) have to see each other and thus be the two longest bars,
B(ry) andB(r2). Letus set; = t; andry = t,,. In each of the following steps we
will determine the next longest bar while at the same tieadizing a triangle that
is, fixing ther-position of its vertices and making sure that the bar reprizdion
we are constructing induces the edges of this triangle.eSimere arex» — 2 bars
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left whose length we still have to specify, and there are also2 inner triangles
of GG, we will have realized every edge 6fin the end.

First, choose ag, the unique triangle containing the outer edgs,, thenf; is
the root ofT'. There is a unique vertex i adjacent to both; andt,,, say,t;. On
the other hand, there is a unique bar in any bar represemtsgi@ing bothB(¢;)
and B(t,). Thus, we letB(t;) be the third longest bar iB, i.e., we set3 = ;.
Now we have realized), and to keep this in mind, wmark the corresponding
vertex f; of T'.

Suppose that we have specified whigbosition corresponds tq, o, ..., 7,
with p > 3. In each of the following steps, choose an unmarked inneexer
f* of T which is adjacent to a marked one. SiriEes a tree and the marked
vertices always form a connected subgraph, it follows ftias adjacent to exactly
one marked vertex ifi’. Choosingf* corresponds to choosing a new triangle
adjacent to a trianglg’ that is already realized. Let the three verticesfdbe
tj, tx, te. By the choice off* we know that exactly one of the three edges o$
already realized, say,t,. Assume without restriction thagt < ¢. We claim that
J < k < l. To see this, note that there are tyet,-paths onC', one of them (let us
call it P) containst,t,,. Since there must be a path of realized triangles fféno
fo, the third vertex off’ must lie onP. But then the third vertex of, which isty,
must lie on the other path — and this is the path containing,alith j < m <.
Thus we havg < k < [ as claimed.

As t; andt, belong tof’ which has been realized before, the lengtBgt ;)
and B(t,) is already fixed. Furthermore, the edge, is realized, i.e., there is a
line of sight betweerB(t;) and B(t;), which means that no bar withtaposition
inbetween them is longer. Now it is clear tha{t;) needs to be the longest bar
between them, because then (and only then) the edgeandt,t;, are realized.
Therefore we set,; = ;. Then we have realizefland can mark™ (see Figure
2.4 for an example).

144

t1 te

............. Lo

t1 'ty sty s et
t3 ty

G

Figure 2.4: Constructing a bar representation: The lorggsbetweerB(¢;) and
B(t4) has to beB(t2).

The bar representatioB defined by the giveri-order and the constructed
r-order realizes the edge of every inner triangle, and thesyexdge of the max-
imal outerplanar grapl’. Furthermore, we have seen in Lemma 2.2 that every
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semi bar visibility representation induces an outerplamaph. Therefords can-
not induce additional edges not containedsinWe conclude thaB is a semi bar
visibility representation of-. O

In the example of Figure 2.4, the longest four bars have beggrmined so
far. Accordingly, two dual vertices are marked, and tworigies ofG are already
realized. The other bars do not yet have a determined length.

Now we can specify in which cases we can reconstruct a senmvibiility
representation of a general outerplanar graph, and thwe phe characterization
of semi bar visibility graphs.

Definition 2.5. A graph isouterhamiltonianf it has a Hamilton pathP and a
planar embedding such that all edgesfre incident to the outer face. Such an
embedding is called aouterhamiltonian embeddingith respect taP.

Figure 2.5 shows an example of a graplwith an outerhamiltonian embedding
with respect to a Hamilton patR. Note that this graph is not maximal outerplanar.
The figure also shows the smallest example of an outerplaaphgvhich is not
outerhamiltonian.

G H
P I
Figure 2.5: Examples: An outerhamiltonian gra@hwith Hamilton pathP, and
an outerplanar grapH which is not outerhamiltonian.

Theorem 2.6. A graph GG is a semi bar visibility graph if and only if it has an
outerhamiltonian embedding in which all inner faces araiigles.

Proof. Let us first take care of the necessity. We will show that foemisbar
visibility graph G given by a bar representatidh the embedding described in the
proof of Lemma 2.2 has the desired properties. Let us calh#@meeding obtained
from B as specified in that proaxtracted fromB. First it is clear that such an
embedding is outerhamiltonian with respect to the HamifiathP = ¢t, ... t,
(cf. Figure 2.2). Now we show by induction on the number osl{ar vertices) that
all inner faces of an extracted embedding are triangles.Has at most three bars,
this is obvious. Suppose th&thasn > 4 bars and that any embedding extracted
from a bar representation on lesser bars has only trianguiar faces. Choose
the vertexr,, corresponding to the shortest barfnand delete it. The resulting
embedding is extracted frof \ B(r,), and by the induction hypothesis all its
inner faces are triangles. B(r,) is the leftmost or the rightmost bar &, then
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the only edge incident tg, is the one inP. Addingr,, with its incident edge to the
outer face of the embedding extracted fré8\ B(r,,) corresponds to reinserting
B(ry,) into B and then considering the embedding extracted fnmHereby no
new inner faces are created. Nowrjf = ¢; with 2 < 7 < n — 1, thenr,, has
exactly two neighborg,;,_; andt; ;. In the embedding of; \ r,, extracted from
B\ B(r,), the edge;_1t;+1 is incident to the outer face. Thus we can insgrt ¢;
into the outer face and connect it with its two neighborsatirg one new inner
face, which is a triangle. The resulting embedding-oifs exactly the embedding
extracted from3. We conclude that this embedding is outerhamiltonian witly o
triangular inner faces.

Now suppose that a plane gragh is given with a Hamiltonian path
P =tyty...t, incident to the outer face, such that all inner faces aregies.
Add two verticesty andt,,1 to the outer face, and close the Hamilton cycle
C = toty...tytns1 Such thatC is the boundary of the outer face. Triangulate
the inner face incident teyt, 1. The resulting grapld:’ clearly is maximal out-
erplanar. Note that the only edges@f not contained inG are incident taty or
t,. Figure 2.6 shows how the gragh from the previous figure is turned into a
maximal outerplanar grapf’.

G, tO tn+1

Figure 2.6: Making an outerhamiltonian graph maximal quigerar by closing a
Hamilton cycle with two new vertices and triangulating tlewinner face.

Now construct a semi bar visibility representatiBhof G’ with the t-order
of C' as described in the proof of Proposition 2.4. All edges-cdre realized in
B’, and a7’ is maximal outerplanar, no additional edges between tws Bét;)
with 1 < ¢ < n can be induced bys’. Let B be obtained fron3’ by deleting
B(tg) and B(t,+1). SinceB(ty) andB(t,+1) are the leftmost and rightmost bar
of B’, deleting them does not yield any new lines of sight. The sadgé&; are still
realized inB. Thus,B is a semi bar visibility representation 6f 0

In [6], Cobos et al. characterize graphs admitting a semiisbility repre-
sentation (not necessarilydifferent) as outerhamiltonian graphs. Their proof is
different from ours, but we can observe that bars with thesskemgth yield larger
faces with four or more boundary vertices in the embeddirigaeted from a semi
bar visibility representation.
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2.3 Counting Bar Representations

We have seen above how we can construct a bar representaéigiven maximal
outerplanar graph, using its dual tree. Now even with the iHHamcycle and the
t-order of the vertices fixed, there are multiple bar repredems inducing the
same graph. The aim of this section is to find out explicitiwhmnany.

In general, given a fixed-order ofn vertices, one can fina! different bar
representations by choosing a permutation of the lengthef.tbars, i.e., their
r-order. We also know how many different maximal outerplagraphs om ver-
tices with a fixed labeled Hamilton cycle there are: It is thienber of triangula-
tions of a convex.-gon, which is known to be th€atalan number’,,_5, where

. — 1 <2n>
n+1l\n

For a comprehensive collection of results and referenceseraing Catalan num-
bers see Stanley’s bodknumerative Combinatorid29]. Let us fix a particular
maximal outerplanar grapi with a labeled Hamilton cyclé’. The set of bar rep-
resentations inducing forms the clasg§. Note that the cardinality af varies,
depending on the structure Gf If the inner vertices of the dual tréeof G build a
path with the root as end-vertex, the bar representatiarcind GG is almost unique
(the only freedom we have is reversing the order of the twgédshbars). On the
other hand, if these inner vertices form a more ramified treecardinality ofCq
can get much larger. The construction in the proof of PramosR.4 tells us that
the exact number depends on the number of choices we havaliperthe next
triangle. The following theorem will make this more precise

Recall that the dual tre#@' is a binary tree with a specified root. There is a
canonical way of embedding, placing the root as topmost vertex and the other
vertices in levels below it. Since we have a fixed embedding @fith C' bounding
the outer face in counterclockwise order), we can orienirther triangles o€y and
thus uniquely define a left and a right child of each inneresedfT". Thus we can
speak of the left and the right branch below an inner vertek.of

Theorem 2.7. Let G be a maximal outerplanar graph given with a labeled Hamil-
ton cycleC = tity...t, forn > 3. LetT be the dual tree of7, and let/(7T") be
the set of its inner nodes. For eache I(T), let ¢, be the number of inner nodes
in the left branch below:, andr,, the number of inner nodes in the right branch.
We assign ta: the weight

w(z) = (fmézrm> _ <£x;;rx>.

Then the number of semi bar representations withttbeder fixed byC' is

2-w(T):=2- H w(x).

z€I(T)
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Proof. We prove the assertion by induction on the number of vertid&s, with

the additional claim that the fact@ in the formula accounts for the choice of
B(ty) or B(t,) as longest bar. Ik = 3, then the dual tre& has the root as only
inner vertex, and it follow2 - w(7T") = 2. In this case( is a triangle, thus we
know thatB(t2) has to be the shortest bar in any bar representatich d/e can
chooseB(t1) or B(ts) to be the longest bar. Therefore there are two possible bar
representations af, and we obtain the desired result.

Now let a graphG onn > 4 vertices as in the statement be given, and sup-
pose that the theorem holds for any graph of smaller ordemnsider the proof of
Proposition 2.4: A bar representation is constructed bysimy an--order of the
vertices. Recall that there is a unique way of choosingttpesition of the third
longest bar. This baB(r3) = B(t;) defines two ranges for theposition of the
shorter bars: They can be placed betwéxn,) and B(t;) or betweenB(t;) and
B(t,). There are no lines of sight between bars on different siflés(t). Thus,
once we have fixed an “internat-order for the bars in the left range and respec-
tively for the bars in the right range, we can choose the sefindices for the — 2
bars in the left range arbitrarily frofry, ..., r,}.

After determining the-position of the third longest bar, there are- 3 shorter
bars left for which the-position is still open. In the dual treg, these correspond
to n — 3 unmarked inner nodes. It follows that we haye+ r, = n — 3 for the
rootz of 7. Now let7” be the left branch below, and letT” be the right branch
(cf. Figure 2.7).

Figure 2.7: The roat contributes a weight of};)) to the weight of the tree.

By the induction hypothesis, the number of permutations@nyG|t1, . . . , t;]
with longest baB(t1) is w(7T"). Analogously, the number of permutations induc-
ing G[ti, ..., ty] with B(t,) as longest bar i&(7"). Thus for any choice of,
shorter bars which are to be placed lefti®ft;), we can calculate the number of
‘legal’ permutations of their length, in the sense that tbegstitute a part of a bar
representation af with the givent-order. Then the number of permutations of the
n — 3 bars shorter tha®(¢;) realizing all edges ofr is

(%Zﬁrx> cw(T') - w(T") = w(z) - w(T’) - wT") = w(T).
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To get the total number of bar representation& @fvith the fixedt-order), we have
to multiply the result by2 again since we can choog#&t;) or B(t,) as longest
bar. 0

We get back to representations formed by semi bars in Chdptehere we
consider a generalized form of visibility callddvisibility. The results of that
chapter will also imply results on semi bar visibility graphFor example, we
will see a different way of reconstructing bar represeatetifrom a given abstract
graph. We will also see results on the chromatic number, @#vdémmum number of
edges and the connectivity of bar visibility graphs.



Chapter 3

Bar k-Visibility Graphs

“That'’s the problem of finding hay in a haystack:
Each time you search it's another needle coming out”
Nati Linial

In this chapter we present the class of visibility graphsohhs in the focus of
this diploma thesis. Bak-visibility graphs (B:Vs) generalize the notion of bar
visibility graphs, and they provide a concept interpolgtbetween bar visibility
graphs and interval graphs, as we will see. The followindises provide a state-
of-the-art overview of bak-visibility graphs: All results on BVs that | am aware
of are stated and proved here. Most of these results sprimg fivo papers: Al-
ice M. Dean, William Evans, Ellen Gethner, Joshua D. Laiddohammad Ali
Safari and William T. Trotter introduced barvisibility graphs in [8] and on the
Graph Drawing Symposium 2005 in Limericks. A short versiérheir paper is
published in the Graph Drawing Proceedings, see [9]. Steghdlartke, Jennifer
Vandenbussche and Paul Wenger proved further results ok-tiaibility graphs
which can be found in [20].

Each section in this chapter deals with one aspect ofcbasibility graphs.
We start with defining bak-visibility graphs in Section 3.1. In Section 3.2 we
show a tight bound for their maximum number of edges. Thisndowill yield
an upper bound for the chromatic number in the third sectfahie chapter. In
Section 3.4, we will see that the classes of bavisibility graphs for different:
are not comparable under inclusion. The next two sectioabwi¢h constellations
impossible for B:Vs: We will see in Section 3.5 that for smadllthe onlyd-regular
BkVs are the complete graphs; and we will examine forbiddegsaghs of BVs.

In Section 3.7 we present an upper bound on the thicknesk\é$ Birst for general
k and, improving on this, for the special cdse- 1. The last section of this chapter
contains the main new result of this diploma thesis: Imprguihe lower bound
on the maximal thickness of barvisibility graphs we show that there is a bar
1-visibility graph with thickness. This disproves a conjecture of Dean et al. [8].

25
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3.1 Definition

Recall the definition of bar visibility representationsrfraChapter 1. Imagining
the bars of a this model as material bars in space, equippidsame kind of
visibility sense, they are completely opaque: Each bar seés the next one below
(or above) it, and all lines of sight to even lower (or higheajs are blocked. Now,
thinking of the bars as being more and more transparent, ‘& rothe notion of
bar k-visibility graphs.

Definition 3.1. A graph is abar k-visibility graphif it admits abar k-visibility
representatioas follows: Each vertex is represented by a horizontal segbar)
in the Euclidean plane. Two vertices are joined by an edgadf enly if the two
corresponding bars can be joined by a vertical line segmieme ©f sigh), which
intersects at most other bars.

Lines of sight that do not intersect any bar are caltétect all others areindirect
lines of sight Inspired by this, the corresponding edges are divided ditect and
indirect edges

Figure 3.1 shows an example of a Havisibility representation with the in-
duced BV. The special cask = 1 will receive more attention later.

4
T 7]
o T T
S —— |
1o o 6y
r—_— | ——
R A
5; i ; §

Figure 3.1: Example of a bar 1-visibility graph

In the following we will again sayar representatioinstead obar k-visibility
representationf it is clear whichk-visibility is meant. Note that in our definition
of BkVs, we allow lines of sight to have zero width.

When considering BVs for the casek = 0, we are back in the setting of
Chapter 1: BVs are exactly bar visibility graphs. The other extrerhe= oo,
yields another known class of graphs, namely, the intemaglgs. Interval graphs
are graphs that admit a representation of their verticesosed intervals on the
real line, such that two vertices are adjacent iff the cqoesling intervals have a
non-empty intersection. Projecting all bars on the rea e see that any graph
admitting a barc-visibility representation is an interval graph, and viegsa. In
this way BkVs interpolate between bar visibility graphs and intervalgns. This
correspondence will motivate results later in this chapter
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3.2 Maximum Number of Edges

As a first result on bak-visibility graphs, we show a tight upper bound on the
number of edges in this section. Some arguments in the phaafdy give a taste
of what can or cannot happen in &8 — and the result will prove to be useful
often later on.

The following edge bound was shown in [20] by Hartke et altermhaving
been conjectured by Dean et al. who also proved several weaddts in [8]. The
proof used by Hartke et al. and presented here refines an edgérg technique
introduced by Dean et al. in a proof of their conjecture fa thse: = 1.

Note that in this section we consider onhydifferent bar representations, i.e.,
we assume that endpoints of bars in a given bar represantaie pairwise dif-
ferentz-coordinates. Recall that we observed in Section 1.1 thetghmot a re-
striction since we are interested in the maximum number géedThe advantage
is that in the setting af-different bar representations, the r- and¢-order of the
bars and the corresponding vertices are unique.

Theorem 3.2.If G = (V, E) is a bar k-visibility graph onn > 2k + 2 vertices
with £ > 0, thenG has at mostk + 1)(3n — 4k — 6) edges.

Proof. Consider a fixed bak-visibility representation of~, this induces ar-, r-
andt-order of the vertices. We count the edges by sweeping aatlitie over the
representation, from left to right; each edge is countedresnaedget the earliest
appearance of the corresponding line of sight. Figure Rigtiates the situation.

Figure 3.2: Passing a left endpoint, the sweep line can nieebost2(k + 1) new
lines of sight. At a right endpoint there are at mbst 1.

When the left endpoint of a baB(¢;) is encountered, at mo8tk + 1) new
lines of sight can be created: Clearly every new edge is émtitb¢;, and B(¢;)
can see at mogt+ 1 bars above and + 1 bars below. But the full number of new
edges can only be created for 2k + 2; at the firs2k + 2 left endpoints, we have
at most; — 1 new lines of sight.

When sweeping the right endpoint of a kafr;), new lines of sight between
bars above and below may appear: At most 1 bars above3(r;) now have the
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possibility to each see one new bar belB\;). Thus, ifj > 2k + 2, we can have

k + 1 new bars. Forj betweem2k + 2 andk + 3, the potential number of new
edges at a right endpoint goes down fréno 1, decreasing by in each step. The
barsB(rii2), B(rk+1), ..., B(r1) all see each other, so no new lines of sight are
created wherk + 2 > j > 1.

In total, the sweep argument yields an upper bound of

2k+2 n n k
Y-+ > @k+2)+ > (k+1)+ > 5,
=1 i=2k+3 j=2k+3 7j=1

which simplifies already quite nicely to

(k+1)2k+1)+2(k+1)(n—2k—2)+ (k+1)(n—2k —2) + 2k(k + 1)
= (k+1)(3n—Ik—5).

This upper bound was shown in [8] already. By examining threrdaresenta-
tion more carefully, we detect that we have overcounted ssuiges and hence can
refine the bound. The upper bound above can only be obtaireeldf starts with
k + 1 other bars above and below as soon as possible, and a bar ghds-w1
bars above and below as long as this is possible. In othersyarel would need to
have equality for the following sets:

{tla t?v cee 7tk‘+1} U {tn—k‘u tn—k-}-la o 7tn}
- {El, ZQ, PPN ,£2k+2}
— {Tn—Qk—h Tn—2ks -« Tn}

But then we would have double-counted tle-1)? edges between the topmost
k + 1 bars (thetop-barg and the bottommost + 1 bars (thebottom-bar$. We
first counted them at their left endpoint and for a second tivhen enough bars
between them ended.

Let us investigate in detail what happens if the sets abavaatrequal. If we
have a top-baB(t;) which is not among the firstk + 2 bars of the/-order, then
it does not contribut@k + 2 new edges but only at mokt+ 1 + ¢ — 1. Similarly,
if t; = r; for j < n — 2k — 2, then at most — 1 bars above it can gain visibility
when it ends. The same holdsH(t;) is a bottom-bar. We will use these facts for
refining our edge count.

Let p be the number of top-bars which belong to both of the sets
{l1,0a, ... logro}t and {ri,ro, ..., moks2}. Similarly, let ¢ be the number of
bottom-bars belonging to the same two sets. We have obsahek that we
double-counted theg edges between these bars.

The remaining: + 1 — p top-bars begin among the last- (2% + 2) bars or
end among the first — (2k + 2) ones (or both), therefore, their left or their right
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endpoint does not contribute the maximum number of edgeB(4f) begins late

or ends early, we overcountéd+ 2 — i edges, and thus lose the least possible
edges if thesé& + 1 — p bars represent, i, tx,...,t,+1. In this case, our first
edge bound counted atledst 2 +...+ (k+1—p) =(k+1—p)(k+2—p)

too many edges. In the same way we counted at yds& 1—gq)(k+2—q)too
many edges at the bottom-bars.

Thus, our improved bound on the number of edges is
7 1 1
(k+1) <3n—§k—5)—pq—§(k’—|—l—p)(k‘—|—2—p)+§(k‘—|—1—q)(k‘—|—2—q) .
Therefore we want to minimize the following function:

Fp.0)=pat g (k4 1=p) (-2 -p) + 5 (k4 1) (k+2—0)

Note thatf is symmetric inp andg. The partial derivatives of both are
p+q—k— 3, thus, local extrema occur when= k + 2 — q. Checking the
second patrtial derivatives tells us that the function isveantherefore it suffices
to calculatef (a, k + 2 — a) to find the minimum objective value ¢f. This yields
f(p,q) > $k* + 2k + I, and our upper bound becomes

7 1, 3 7\ ) A7
(k:+1)(3n ok 5> (21<: +2k+8>—3nk+3n 4K — 10k — .

Since the number of edges is an integer, we deduce thatwiaibility graphs
have at mossnk + 3n — 2k? — 10k — 6 = (k + 1)(3n — 4k — 6) edges. O

We will see in an instant that the edge bound of the theorenbeaattained.
First let us harvest some fruits of our effort. Figure 3.3veh@ bark-visibility
representation oy, 4. With our edge bound it is now just a matter of counting
to show that this is the largest complet&\B

]k+1
}k:+1

]k:+1

)k+1

Figure 3.3: A bar representation &f,;. 4. This is an example of aB/ with the
maximum number of edges.
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Corollary 3.3. If K,, is a bark-visibility graph fork > 0, thenn < 4k + 4.

Proof. Let us seth = 4k + 4 + c¢. Then the number of edges &f, is

1
(4k+4+c)(4k+4+c—1):8k2+14k:+4ck:+gc+—c2+6.

1
2 2

From Theorem 3.2 we know that &B on 4% + 4 + ¢ vertices has at most
(k4 1)(3(4k +4 4 ¢) — 4k — 6) = 8k? + 14k + 3ck + 3¢+ 6
edges. Thus if<,, has a bar representation, we must have

3ck + 3¢
0,

dck + %c + %02

<
= ck+3(ct+c?) <

which yieldsc < 0. Hencen < 4k + 4.

Consider once again Figure 3.3. This complete graph has

<4’“2+ 4) = (4 + 4)(4k 4 3) = (k -+ 1)(8k +6) = (k + 1)(3n — 4k —6)
edges. Thus, the upper bound of Theorem 3.2 is tight fer4k + 4. To see that it

is also tight for all larger,, insert arbitrarily many new bars between the two upper
and the two lower packages of bars in Figure 3.3. This can be dach that the
new bars each hawk + 1) neighbors, and the number of neighbors of each old
bar stays the same. Hence for every 4k + 4 there is a BV on n vertices with
(k+1)(3n —4k —6) =3(k+ 1)n — (k + 1)(4k + 6) edges. For all smaller,

the complete graph is ak®: Just leave out an arbitrary set of bars in Figure 3.3 to
get a bar representation é&f,,. Therefore, the tight upper bound on the number of
edgesina BV onn < 4k + 4 vertices is given by(}) = in(n — 1).

3.3 Chromatic Number

Recall that the chromatic number of a graghs the smallest numbér such that
the vertices of7 can be colored witlk colors, assigning different colors to adjacent
vertices. The chromatic number of a clique is obviously étuthe number of its
vertices. We have seen in the previous sectionfhgt, 4 is a bark-visibility graph
foranyk > 0. Thus,4k + 4 is a lower bound on the largest chromatic number
of BkVs. The next proposition, taken from [8], provides an uppeurid which
follows from the maximum number of edges in &\B
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Proposition 3.4. Any bark-visibility graph has chromatic number at mast + 6.

Proof. The proof is done by induction on the number of vertices.&et (V, E)
be a B:V onn vertices and withn edges. The statement is trivial for< 6k + 6.
Let us assume that > 6k + 6 and that the assertion holds for all smaller
Theorem 3.2 now tells us thét has at mostk + 1)(3n — 4k — 6) edges, and for
its average degree it follows

> vey d(v) _ 2m - 6n(k+1) —2(4k +6)(k + 1)

n n n

d(G) = < 6k +6.

Thus,G has a vertex of degree at mostk + 5. Consider the grap&y' \ v. It might
not be a BV, but it is a subgraph of theB/ G’ induced by a bar representation
of G in which we have delete@(v). We can apply the induction hypothesis to
see thaty(G’) < 6k + 6. SinceG’ only differs fromG \ v by (possibly) some
additional edges, we also know thatG \ v) < 6k + 6. Now it is easy to reinsert
v and color it with a color not used by its neighbors. 0

3.4 Comparing classes of bak-visibility graphs

Now we are aiming to compare the classes offaisibility graphs for different.

Let F;,. denote the class of all/B/s. How does it differ fromF,._;? We know
from Section 3.2 thak(y; 4 is a bark-visibility graph, but no batk — 1)-visibility
graph, thusF, ¢ Fi,_1. Theorem 3.7 states that the reverse inclusion does not
hold either. ThusF, andF,_; are incomparable under inclusion. The results of
this section are among the further results drnv/B from [20].

The following simple lemma (simple to prove, that is — it takaore work to
state it) will be useful for the proof of the main result ofglsiection:

Lemma 3.5. Suppose that fok > 0 in a bar representation of aB/ G = (V, E)
there are two vertices, w such thatvw ¢ E, but there is a vertical lin€ inter-
secting the two corresponding baByv) and B(w). Then any bar crossed lis
contained in &k + 2)-clique consisting of bars intersected bgs well.

Proof. BecauseB(v) and B(w) do not see each other, there mustibe 1 bars
blocking the sight, thus, any vertical lifeintersecting our two bars intersects at
leastk + 3 bars in total. Furthermore, any set/oft 2 vertically consecutive bars
on/ forms a clique. 0

Define ann-wheel W} for & > 0 to be the graph formed by joining every
vertex of ak-clique to every vertex of an-cycle. Figure 3.4 shows a schematic
drawing of thes-wheel W}
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Figure 3.4: Scheme of tiewheel W}.

Proposition 3.6. W} is not a bark-visibility graph, forn > 3 andk > 0.

Proof. Assume that there is a barvisibility representation oV} = (V, E) for
some fixedk andn > 3. Let K denote thek-clique contained irW,’f, andC

the cycle. AsIW’ contains an induced (chordless) cycle of length greater tha
3, it is not an interval graph. Thus, there are two b&) and B(w) in our

bar representation which intersect the same vertical litelb not see each other.
From the lemma above it follows thatindw each are contained in(&+-2)-clique
which necessarily also contaifsS. But thek bars inB(K) do not suffice to block
the sight betwee®(v) and B(w) — thus, there has to be at least one more bar of
B(C') between our two bars. L& () be such a bar and assume by symmetry that
there are at most/2 bars betweerB(z) and B(v). Then we haver,v,w € C.
Sincevw € E we know thatv andz appear consecutively on the cycle.

Let v’ be the other neighbor efonC'. Thenv’ # w (asvw ¢ E) andv’z ¢ E.
There can be né + 1 bars blocking the sight betweé#(v') and B(z), thus, there
is a vertical band separating these two bars. Note/a) traverses this vertical
band. But sincéV} \ K \ v still leaves a connected graph, there has to be at least
one more bar fron€’ traversing this vertical band. Then necessarily thereds su
a bar visible fromB(v) — which is a contradiction sincehas no more neighbors
onC. O

The above proof closely follows the lines of the originalg@irpresented in [20];
note, however, that Hartke et al. assumed 5 in the statement.

Figure 3.5 shows a construction of a bar{1)-visibility representation of/*
for largen and positivek. We have thus shown the following theorem:

Theorem 3.7. For all k& > 0, F;, and F,_, are incomparable under inclusion.
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Figure 3.5: A bar k — 1)-visibility representation ofV’%.

3.5 Regular Bark-Visibility Graphs

Many of the results of Hartke et al. [20] are motivated by thesiion how the
structure of interval graphs (which we observed to bechagraphs) can be trans-
ferred to bark-visibility graphs. Since the only regular connected iméigraphs
are complete, they wondered if this remains true for baisibility graphs. For
small k£, the answer is affirmative, as the following propositionvgbo The proof
presented here uses the same idea but a slightly differgnbfasrgumenting than
the original one in [20]

Proposition 3.8. If G is a connectedd-regular bar k-visibility graph with
d <2k + 1, thenG is complete.

Proof. Let G be a B:V as in the statement of the proposition, and fix a corre-
sponding bar representation. LBfv) be a bar among those having the rightmost
left endpoint. Leta be a vertical line containing the left endpoint Bfv), and

let B(V,) = {B(ai1),B(a2),...,B(as)} be the bars intersected lay(see Fig-
ure 3.6). Note that = a; for somei. Then it holdss < 2k + 2, for otherwise,
a1 o could see at leagt+ 1 bars above ané + 1 bars below and we would have
d = deg(agy2) > 2k + 2, a contradiction. But nowdeg(a|s/2) > s — 1 and
deg(v) < s — 1, therefored = s — 1.

If G is not complete, then there are two barsifi/; ) not seeing each other, and
therefore, there is at least one bar ending left.dfetb be the vertical line contain-
ing the last right endpoint left af, and letB(V,) = {B(b1), B(ba),...,B(b)}
contain the bars with right endpoint énNote that there is no bar ending between
b anda, and therefore, only bars iB(V,) can start in this (closed) vertical band.

G is connected, thus, there is at least one baB(i,) extending left such as
to traverse. Let B(V/) C B(V,) be the set of such bars. Choose a bar which is
‘central’ in B(V,)), more precisely, choosg in V, such thats/2—j| is minimized.
Then inB(V,) and hence also i3 (V) there are at mosgt + 1 bars above as well
as belowB(a;). We claim thatleg(a;) > s.

We know already thaB(a;) can see all bars iB(V}), thus, that; is adjacent
to all vertices ofV/. Furthermore, as the vertices¥) \ V only have neighbors
in V, — their corresponding bars do not travebsewe necessarily have that these
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b a

ay
by v

—_— b2 CLj

by as

Figure 3.6: lllustration of the proof of Proposition 3.8.

vertices need to be adjacentdt a; € V, in order to have degree — 1. Now
it follows thata; is adjacent to these vertices, too, and hence te alll vertices
in V4, and in addition to some vertex &. Thereforedeg(a;) > s, which is a
contradiction ta& being (s — 1)-regular. We conclude that is complete. 0

The natural question posed next is whether there daregular B:Vs for
d > 2k + 2 which are connected but not complete. Hartke, Vandenbesant
Wenger started to answer this question in [20] by finding lepresentations of
connectedl-regular non-cliques fot € {0, 1,2, 3,4} andd = 2k + 2.

Figure 3.7: A bar-visibility representation of &-regular graph.

Figure 3.7 shows a bar representation of-eegular bar2-visibility graph,
which is formed by removing a perfect matching frdi. It is not difficult to
find bar representations of a similar type fot-eegular BV (K without a match-
ing) and &-regular BV (K, without a matching, i.e(4). Fork = 4 andd = 10,
the bar representation in Figure 3.8 shows an example wiaictbe used to con-
struct an infinite class of0-regular BtVs: Just copy the middle section and insert
it an arbitrary number of times.

The question whether connectédegular batk-visibility graphs which are not
cliques exist remains open for larger valuesi@ndk.

3.6 Forbidden Subgraphs

From the famous graph minor theorem of Robertson and Seyinfmiiows that
if P is a graph property closed under taking minors, then thehgréfilling P
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Figure 3.8: A bar-visibility representation of a0-regular graph.

can be a characterized by a finite set of forbidden minorsaRantroduction into

the graph minor theorem, including a (naturalgryrough, but at least providing
the taste of an idea) sketch of the proof, see Chapter 12 até&ienewly edited

book on Graph Theory [12]. The best known example is probtdayorbidden set
{K5, K3 3} which by Kuratowski’'s Theorem (see Chapteof [12]) characterizes
the planar graphs.

Now the property of having a barvisibility representation is not closed under
taking minors. This can be seen easily by adding a chain at $laos into a bar
representation of{,;4 (cf. Figure 3.3) such that the short bars together see all
other bars, but do not block any line of sight. Then by coringcthe chain to
a single vertex we obtai# 4.5 which by Corollary 3.3 is not a BV. However,
forbidden substructures are still a promising approachnbetstand more about
the structure of our graphs.

Hartke, Vandenbussche and Wenger found some forbiddemaptmgof B:Vs
in [20]. We present their results in this section.

Proposition 3.9. Let H be a triangle-free graph which has no bauvisibility rep-
resentation. Then no barvisibility graph containsd as an induced subgraph.

Proof. Suppose a BV G = (V, E) contains an induced subgraph = (W, F')

which is not a bad-visibility graph. Consider a fixed bar representatior:oand
the set of bard3 (W) representing?. SinceH is not a ba-visibility graph, any
bar representation of it contains an indirect edge.

Letu,v € W such thatry is an indirect edge off andB(w) is a bar traversed
by the corresponding line of sight. Then necessauvilg W for at least one such
w, else B(W) would be a ban-visibility representation off. But now B(u)
and B(v) can both sed3(w) directly, and together with the edge this yields a
triangle inH. 0

Since all bar0-visibility graphs are planar (see Chapter 1.3), we immetira
have the following corollary:
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Corollary 3.10. A bar k-visibility graph does not contain a triangle-free non-
planar induced subgraph.

Another approach to the question posed in this section isd& &t forbid-
den subgraphs of interval graphs. It is known that intervapgs do not contain
the complete bipartite grapi; 3 with each edge subdivided once as an induced
subgraph. One may wonder whether similar structures acefatbidden in bar
k-visibility graphs.

However, a simple construction shows that every ffe@nd thus in partic-
ular the subdividedy 3) is an induced subgraph of a bsvisibility graph for
any k > 0. The idea is to choose a vertexof T" as root and partition the other
vertices of 1" into levels according to their distance fram Then one can build
a bar representation @f inductively by first placingB(r) on top. Having placed
bars corresponding to the vertices of leyjgne subdivides any such bar regarding
the number of its children, and places shorter bars corraipg to those children
below the bar. A:-clique between any two level of bars ensures that visyhilitly
occurs between adjacent levels. See Figure 3.9 for anrdltish of this construc-
tion.

] k

]k:

Figure 3.9: A B:V containing the subdivide&; 3 as subgraph.

We have seen in this section that triangle-free non-planaplts are not in-
duced subgraphs ofi®/s, but arbitrary trees are. Hartke et al. [20] ask for furthe
characterization of BVs by forbidden subgraphs — but so far, this is all we know.

3.7 Upper Bounds on the Thickness

We have seen in Section 3.3 thal 4 is a bark-visibility graph, thus, for any
k > 0, non-planar BVs exist. We would like to know how nasty their non-
planarity can get; therefore we seek to measure the closémetanarity of &Vs.
One parameter expressing this is thizknesscounting the minimum number of
planar subgraphs of a graph. For the precise definition vez tethe Introduction
chapter.

In this section, we present upper bounds on the thicknessk¥sB These
results were shown by Dean et al. in the first paper orkbasibility graphs [8].
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The casé: = 1 will receive special attention as the Four Color Theorendgi¢he
quite pleasing upper bound éfon the thickness of Bvs.

Before looking more closely at the thickness of our graphespresent a draw-
ing induced by the bar representation of a givetVBThis drawing is not planar
in general, but it will assist us with defining a coloring oétadges with not too
many colors, such that every color class forms a plane graph.

3.7.1 2-Bend Drawing

Let G be a bark-visibility graph given with a corresponding bar represgioin 5.
We will useBB to define a drawing aff in which each edge is a polyline with exactly
two bends, a so-calleztbend drawing Figure 3.10 shows 2-bend drawing of a
BLV, extracted from a given bar representation.

|
(||/
e

Figure 3.10: The-bend drawing of a graph extracted from a bar representation

One can construct such2abend drawing as follows: In a first step, enlarge
each barB(v) € B until it is a rectangle with positive area. Choose a point in
the interior of B(v) to embed the vertey, e.g., its center. If there is a (direct or
indirect) line of sight between two bars, choose a vertica& segment connecting
the two rectangles, not crossing other rectangles if the dihsight was direct.
Each chosen line segment will constitute thextical part of the corresponding
edge. We choose the vertical line segments such that no twveeof overlap. To
make things easier, we also assume thatteeordinate of any vertex differs from
thex-coordinates of the vertical line segments correspondintg incident edges.
Clearly, such a choice of line segments is always possilde: ISt an edge = uv
consist of the vertical line segment representing the spording line of sight and
the two non-vertical line segments joining its endsitandv. Thene is drawn by
a polyline with two bends.

Note that by our choice of the vertical line segments, cragsscan only appear
inside of a barB(v). Since edges incident todo not cross, all crossings involve
the vertical part of an edge traversiigfv) and the non-vertical part of an edge
incident tow.
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3.7.2 A Bound for Generalk

With the above preparation, we can state the upper boundeathittknes® of bar
k-visibility graphs without further ado:

Theorem 3.11.1If G is a bar k-visibility graph, ther)(G) < 3k(6k + 1).

Proof. Consider a bar representatinof G = (V, E') and a2-bend drawing ex-
tracted from5. Recall thatB induces a baf-visibility graph for any/ > 0; for
¢ =k — 1 let the corresponding graph be denotedhy ;.

The vertices it/ = V(Gj_1) can be colored witly (G—1) colors such that no
two vertices adjacent i&';,_; obtain the same color. We will use such a colorihg
to define a coloring oF with the property that monochromatic edges do not cross
in our 2-bend drawing of.

In the 2-bend drawing, the vertical part of an edge- uv traverses at mogt
bars. The vertices corresponding to the traversed barsameige adjacent also in
G_1, thus, they all have different colors @. If any line of sight corresponding
to e traverses exactly bars, then, andv are not adjacent ity _1, therefore these
two vertices might have received the same color. We definedga eoloring as
follows: If © andv have the colorg; ande; in C, thene = uwv receives the color
{c1,c2} (possibly consisting of just one element).

Suppose crosses an edgéwhich has the colofd;, ds }; we need to show that
{dy,d2} # {c1,c2}. Without loss of generality we may assume thatcounts for
the vertical part of the crossing, thustraverses a bar corresponding to one of the
end-vertices off. This end-vertex is adjacent toandv and therefore has a color
different frome; andce. Hence{d;,d>} # {c1,c2} and each color class of our
edge coloring induces a plane graph in 2Aeend drawing.

Now #(G) is bounded by the number of colors we used:

06 < x(Gu) + (M) =161 + x(Gr) (G - 1)

From Proposition 3.4 we deduce thatGy_1) < 6k, whence we conclude
X(G) < 6k + 3k(6k — 1) = 3k(6k + 1). O

The edge bound given in the theorem above corrects a mindakeisn the
original proof of [8], where the slightly lower upper boundl 2k(9% — 1) was
stated.
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3.7.3 AnImproved Bound fork =1

For the special case of bavisibility graphs, Theorem 3.11 shows that their thick-
ness is bounded 1. This bound can be considerably improved using the fact that
bar 0-visibility graphs are planar. The powerful tool used her¢hie Four Color
Theorem, which states that any planar graph has chromatibeuat most. It has
been first proven by Appel and Haken in 1977. The interestaderemight prefer
consulting the shorter proof given by Robertson, Sandegm8ur and Thomas

in [27].

Theorem 3.12. Bar 1-visibility graphs have thickness at mast

Proof. Given a BV G with bar representatios, we consider 2-bend drawing
of G as in the last proof. The bar visibility graghy induced byB is planar.
Let a properd-coloring of its vertices (and thus &) be given, the existence is
guaranteed by the Four Color Theorem. With its help we wifirdea4-edge-
coloring of G such that each color class induces a plane graph.

The coloring rule is very simple: Any indirect edge receitles color of the
bar it traverses; any direct edge receives a color diffefrem the color(s) of its
end-vertices. In this way we can obtain an edge-coloringgueb more than the
four colors of our vertex-coloring.

Consider an indirect edge= uv, which corresponds to a line of sight travers-
ing B(w). The two barsB(u) and B(v) both have a direct line of sight t8(w),
thus, in the vertex-coloring d@f the vertexw is colored differently from the, and
v. It follows that indirect edges as well never have the sanhar s their incident
vertices.

Let e and f be two crossing edges such that the vertical par ofosses a
non-vertical part off, i.e.,e = uv traverses a bar representing an end-veuntex
f. Supposev is colored mauve, then by our coloring ruéewill be mauve, too —
but sincef is incident tow, it has a different color. Thus, monochromatic edges do
not cross and- is the union of at most four planar graphs. 0

We know that there are bdrvisibility graphs with thickness greater than
and we just proved that it cannot be larger tdarWhat, then, is the tight upper
bound for the thickness of B/s: 2, 3 or 4?

We still do not have a final answer to this question. Dean ¢8htonjectured
that it is2. We can say a little more now. We disprove their conjecturthe
following section by constructing an 3B with thickness3.
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3.8 A Bar 1-Visibility Graph with Thickness 3

In the previous section we investigated upper bounds fottlokness of bak-
visibility graphs. Now to estimate the quality of these ugpeunds, we are looking
for lower bounds on the maximal thickness df\Bs: What is the largest thickness
we know that B:Vs actually attain? So far we cannot say more than what fallow
from the existence of non-planariBs: There are BVs with thickness at least
k 4 1. Dean et al. asked if this is already the correct upper boanthg thickness
of BkVs. In particular, they conjectured that bBawisibility graphs have thickness
at most2. In this section we construct alB with thickness3, disproving their
conjecture. Note that this construction yields:adifferent bar representation.

We will often talk about a&-coloring of a graphG = (V, E), meaning a
2-coloring of the edges such that each color class is the ezigd a planar graph
onV. Given a2-coloring with blue and red we defir&,;,. andG,.q as the graphs
onV with all blue and all red edges, respectively.

Here is a brief outline of the construction: First we analgzgquite simple
type of graph which has thickness 2 but with the property évatry 2-coloring
has uniform substructures, so called lampions. Assumiagttie original graph
is large enough we can assume arbitrarily large lampionsa $econd step we
introduce a series of slight perturbations into the origgraph. It is shown that
most of these perturbations have to be incorporated intpilams and the number
of perturbations in one lampion is proportional to its sidewever a lampion can
only absorb a constant number of the perturbations. Thldy# contradiction to
the assumption that a 2-coloring exists.

Imagine an Autobahn where someone has heaped up the medparttstn
consider the bar representation of the graphshown in Figure 3.11. This graph
has four special verticed, B, C, D and a seViu..r Of n inner vertices.

A
B
U1
V2
U3
V4
‘/inner
Un
C
D

Figure 3.11: The Autobahn-graph,.

SinceA,, contains ak 4, as subgraph we know thal, is non-planar (assum-
ingn > 3), hencep(A,) > 2. To show that(A4,,) = 2 we letGy,e consist of all
direct edges and',.q consist of all indirect edges. Figure 3.12 shows the partiti
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Be ;|

B A
G blue /A \ Gmd
“ / o 06" - 9% 19"
C

D ce ®D

Figure 3.12: A partition of4,, into two planar graphs.

Let Vinner = {v1,v2,...,v,}, such that the indices represent the order of
the right endpoints of the bars from left to right. The inneighbors ofv; are
Vi—2,Vi—1, Vi1 andv;ra. The graphG[Viner| induced by the inner vertices is
maximal outerplanar with an interior zig-zag.

A lampionin a 2-coloring of A,, consists of a setV = {v;, vj41,...v;} of
consecutive inner vertices and a partitip, So}, {53, 54} of the four special
verticesA, B, C, D such thatGy,,. consists of all zig-zag edges 6fiW] and all
edges connecting vertices froii with S; andSy, while G,.q consist of the two
outer paths of7[WW] and all edges connecting vertices fréhwith S; andS, (of
course exchanging red and blue again yields a lampion). &tié’ds thecore of
the lampion Thus, Figure 3.12 shows a lampion with cdfg,., together with the
additional edges between the four special vertices.

GIW]

Figure 3.13: A lampion coloring of/[IV].

Lemma 3.13. For everyk € N there is amn € N such that in everg-coloring of
A, there is aWW C Vigner With |IW| > k whereWV is the core of a lampion.

Proof. Each inner vertex has four outer neighbors. Let us call ae edgnecting
an inner and an outer vertextensversal edge Consider the blue transversal
edges; at each vertex there canObe, 2, 3 or 4 of them. ButGy, is planar and
therefore does not containfgiz 3. Thus, at most two inner vertices can have the
same three outer neighbors@#, ... There are(g) = 4 different triples of outer
neighbors inGy, .., SO there can be at most eight inner vertices with more than tw
outer neighbors irG,.. We might find another eight ir,.q. These irregular
vertices break the sequencg vo, vs, . .., v, Of inner vertices of4,, into at most

17 pieces, we remain with z=coloring of A,,; with n’ > (n — 16)/17 such that alll
inner vertices are incident to exactly two blue and two redsrersal edges.
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Considering only the blue transversal edgesAqf, the resulting subgraph
blue 1S @ subgraph of a blown-uf, as illustrated in Figure 3.14. This sub-
graph is not arbitrary but has the property that every ineetex has exactly two
incident edges.

Figure 3.14: Blown-up«},.

Now it remains to planarly embed thaner edgesof A,, i.e. those of
G[Viner)- TO our disposition we have the 4 ‘large faces’ of the blown-ugy,
which makes eight faces in total for the two planar graphealh of these faces we
can embed at most three inner edges. There are other cabdswat large faces
which have in turn more inner vertices at the boundary. leadkes it is impossible
to embed more that2 edges between inner vertices with different outer neighbor
in G1,,.- The red subgraph may contain anoth2irregular edges. These at most
24 irregularities break the sequence of inner verticed pfinto at mos5 pieces,
we remain with &-coloring of A,,» with n” > (n’ — 24)/25 such that all inner
vertices are incident to the same two special vertic&sijp), and to the other two

: N
special vertices i, ;.

We now havek, ,,» as a subgraph in botfi}, . and inG’. ;. The good thing
about this is that, ,,» has an (essentially) unique planar embedding. Conse-
quences for the inner edges Af, are exploited in the following facts.

Fact 1. Every inner vertex ofd,,» has at most two incident inner edges of each
color.

It follows that the2-coloring of A,,» induces &-coloring of G[V.”

o er) SUCH that
each color consists of a set of paths and cycles.

Fact 2. The set of blue inner edges df,,» contains at most one cycle. The
same holds for the red inner edges. If there is a monochrorogtie, then itis a
spanning cycle ot/ .
There is not much freedom for2zcoloring of the inner edges of,,» with these
properties: We almost have a lampion coloring®[V.” _ ]. The exception is that

inner

there can be a singlé-structure(see Figure 3.15) in one color.
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G [‘/inner]

Figure 3.15: One Z-structure and no monochromatic cycleefaill other edge-
colors.

Removing the Z-structure leaves two consecutive piecedefsequence of
inner vertices. These pieces Bf/ . have a lampion coloring. The size of the
larger piece can be estimatedré$ > (n” — 4)/2. This proves the lemma.

Well-prepared we can now look at the varias} of A, in which we have
slightly perturbed some of the inner bars. Figure 3.16 shbesesult.

A
B

———
|

—

|

| e —
[
————————

Vinner

C
D

Figure 3.16: The perturbed Autobahn-graph

To get B,,, we have elongated every (say) tenth inner bar by pullindefits
endpoint to the left, such that it is further left than thet lefdpoint of the bar
directly above. With this modification we introduce an aidfil edge between
the elongated baB(v;) and B(v;_3), but in turn we lose the edge between the bar
v;+1 and the lowest special b&t( D). Let us call the vertices corresponding to the
elongated barsodified vertices

Theorem 3.14. The graphB,, is a bar 1-visibility graph with thickness, for n
large enough.

Proof. We will show thatB,, has no2-coloring. It follows that its thickness is at
least3, and since we can easily us@-&oloring of 4,, and embed the independent
additional edges in a third grapBs has thickness exactly. — Assume thai3,,
admits a-coloring. We first show that arrcoloring of B,, would have to be very
much alike a 2-coloring ofd,,.

The vertices corresponding to a bar directly above a moddiet— let us call
themreduced— have only three outer neighbors. To avoid<gs in one color
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there can be at mos6 inner vertices incident to more than two transversal edges.
In particular, most reduced vertices have to divide thaieehincident transversal
edges into two of one color and one of the other. As in the poddhe lemma

we consider a continuous piece in the sequence of innecesrsiuch that all inner
vertices have at most two transversal edges of each cola@.gidph induced by
the largest of these pieces and the special verticBg/is

The blue subgraptyy . of B, is a subgraph of a blown-ufy; where at least
9/10 of the inner vertices have degr2eand the remaining reduced vertices have
degreel. As in the proof of the lemma it can be argued that there is amignstant
numberc of edges inGY,,,. which join two inner vertices such that there are at
least three different outer neighbours of these two vestice., which join two
inner vertices which not belonging to the same blown-up edd€,. The constant
can be bounded as< 24. The red graph may contribute another set ofegular
edges. Removing the irregularities will break the sequaicener vertices into
at most2c + 1 pieces. The graph induced by the largest of these pieceshend t
special vertices i83,,». Assuming that the edges between inner vertices/aiage
blue in the 2-coloring of3,,» the transversal edges 6%, . andG..; are shown in
Figure 3.17.

D

D
o0 00 0060606 0 00

Figure 3.17: Embedding of a reduced vertex G, . andG". ;.

Letv = v;_1 be a reduced vertex, the neighbetsandv;_3 of v both have
inner degreé. In G, they have degree (at mogt)hence, they must have degree
3in G}, This is only possible ib;, v;_; andv;_3 form a blue triangle. Since
v;_1 can have no further blue inner neighbors it follows that tdgesv; _1v;_o
andv;_1v;+1 must be red, i.e., we have the situation shown in Figure 3.18.

G[Vinner] Vi3 Vie1

Vi—2 G

Figure 3.18: Colors determined by a reduced veutex.
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Consider the edge;_-sv; 3. Suppose this edge is colored blue. To avoid clos-
ing a blue cycle, the edge_-»v; must be red. Then to avoid a red cycle the edge
v;v;11 Must be blue. Continuing that way the colors of all edgesecaight of the
blue triangle in Figure 3.19 are uniquely determined. Todtier side consider
the parity of blue and red edgesat », this forcesv; _sv;_4 to be blue, while the
parity atv;_s forces two red edges. To avoid a red cycle v;_5 must be blue,
whence, parity forces;_4v;_¢ to be red. That way the color of edges left of the
blue triangle is determined. The complete picture is shawRigure 3.19: We
have found a blue Z-structure.

G [Vvinner]

Vi—6 Vi—4 Vi—2 Vi

Figure 3.19: The blue edgg_sv;_5 implies a blue Z.

Now suppose that the color of the edge s, v;_s is red. Recalling that
vi—1,v;—o andwv;_1,v;11 are red consider the parity at_, which forcesv;_s, v;
andwv;_o,v;—4 to be blue. Parity at; forces the red edges, v;+1 andv;, v;12.
Hence, we have a red Z-structure in this case, see Figure 3.20

G[‘/inner] Vi—3 Vi—1 Vi+1 Vi4-1
@ @ o

® ® ® ®
Vi—4 Vi—2 Vi Vi+2

Figure 3.20: The red edge_3, v;_» implies ared Z.

We have seen that, given a modified vertexdip,, the parity condition and the
cycle-freeness of the colored graphs induced by the inntices of B,,» enforce
a Z-structure. The zig-zag emanating from such a Z-stradtuone direction has
to run into the Z-structure of a second modified vertex. Themwopaths of the
other color make a turn at a modified vertex — and close a cy@esacond one.
This is a contradiction since the blue triangles of the medifiertices are the only
monochromatic cycles i&[V;” _]. The contradiction shows that (fer> 25000)

inner

there is no 2-coloring oB3,,, hence, the thickness of the grapi3is 0

The above theorem disproves the conjecture of Dean et ghd8}he class of
bar 1-visibility graphs lies within the class of thickneg8sgraphs. They showed
that the reverse inclusion is not true by giving a (somewlaatdt) construction
for a thickness2 graph onn vertices which is not a balr-visibility graph, for all
n > 15. Their technique is to construct two triangulations on thes vertex set
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but with disjoint edge sets, then the union of these two isaglymwith 61 — 12
edges which by Theorem 3.2 cannot bela/B/Ne use their idea to strenghten the
result:

Proposition 3.15. There are thicknes2-graphs which are not bai-visibility
graphs for alln > 9.

Proof. Consider the two triangulations on nine vertices in FiguBd3Edges they
have in common are emphasized; there are seven of them. theugtaphG on
the same nine vertices with the union edge settias — 6) — 7 = 6n — 19 edges.
This graph obviously has thicknezsbut by Theorem 3.2 it is not a basvisibility
graph.

A graph with these properties on a larger vertex set can bsticarted induc-
tively from G: Choose a triangle in each of the plane layers such that thiexve
sets of the two triangles are disjoint. Then add a new vertéx six neighbors,
maintaining thicknes8: In both plane layers, place it into the chosen triangle and
connect it to the three vertices of that triangle. Then tla@hbrthus constructed has
one additional vertex and six additional edges, therefohas still6n — 19 edges
andisno BV. O

Figure 3.21: The union of these two triangulations fias— 12 — 7 edges and
therefore is no BV.

Note that one cannot use the edge bound to find a graph on mssthe
vertices which is not a B, since all graphs with on < 8 vertices have no more
than6n — 20 edges.

We have shown in this section that the class of baisibility graphs and the
class of thicknes&-graphs are incomparable under inclusion. Forlbsisibility
graphs, the gap between the lower and upper bound is now dsasnifacan be
(but still a gap): Are there BVs with thicknesst, or is3 the correct upper bound?
As in [19], we state the latter as conjecture:
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Conjecture 1. The thickness of barr-visibility graphs is at mos3.

For generak, we have shown that there is a Bavisibility of thicknessk + 2,
unlike conjectured by Dean et al. in [8]. However, there i atlot of space be-
tween this and the quadratic function shown in Theorem 3-H&teby the quadratic
upper bound seems to be further away from the truth, as ferl it yields 21 op-
posed ta3 or 4.






Chapter 4

Semi Bar k-Visibility Graphs

“One way to deal with this is to put everything into a big box
—which is a good way of dealing with many things in life.”

Jifi Matousek

This chapter introduces the class of semi baisibility graphs (SE:Vs). In the
same way that bak-visibility graphs are a generalization of bar visibilityaghs,
semi bark-visibility graphs generalize semi bar visibility grapht. (Section 2).
On the other hand, semi basvisibility graphs are a special case of avisibility
graphs. A good reason why this special case deserves edtentnt is the follow-
ing: We will see that the strong combinatorial structure BfSs gives rise to a
number of proof techniques yielding tight results for diffiet graph parameters.

This chapter is organized as follows: In the first sectiongetto know SBVs
by their definition and some simple observations. In Secti@we use the latter to
show a tight bound on the chromatic number of$B. Then we will see an upper
bound for the number of edges of our graphs in Section 4.3 aacwollary con-
cerning their treewidth. Section 4.4 shows how to recogstbar representation
of an SB:V with maximum number of edges, in case some additional métion
is given. Section 4.5 is devoted to the connectivity o&kSB. The main result of
this chapter can be found in Section 4.6: We show that amiA\SIBas thickness
at most2 by presenting an algorithm which partitions the edges inio planar
graphs.

4.1 Definition

Here we introduce semi barvisibility graphs and consider some simple properties
in order to become familiar with these graphs. Recall thatlefenedsemi bargo
be bars extending from theaxis to the right.

49
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Definition 4.1. A semi bark-visibility graph(SBkV) is a bark-visibility graph ad-
mitting a representation by-different semi bars, i.e., a bar-visibility represen-
tation in which all left endpoints of the bars areat= 0, and the right endpoints
have pairwise different-coordinates.

We always think of bar representations (which in this chaistshort for semi
bar k-visibility representations) of SB/s as rotated counterclockwise as in Fig-
ure 4.1, which shows an example of a semibaisibility graph and a correspond-
ing bar representation.

T3

...... |_‘_I_‘

2 T4 T T3 5 T1

Figure 4.1: Example of a semi bavisibility graph.

Let us make some more remarks analogous to those in the uictiod to semi
bar visibility graphs: The-order lists bars from left to right, and theorder by
decreasing height. If thieorder is the canonical order of the natural numbers, then
the permutation defined by theorder uniquely defines the bar representation and
thus the corresponding graph. For example, th€® in Figure. 4.1 is encoded by
the permutatior{2, 4,6, 3,5,1). Note that in the same way that a Bawisibility
representation induces a different (at least in gener®Yy ®r every k& > 0, the
very same permutation encodes a different8Bor everyk > 0.

Where bar visibility graphs are planar, semi bar visibiitgphs are even out-
erplanar — let us see in which way 88s behave better thani®/s. First it is easy
to see (and will follow from the first theorem of this chapti@t SB:Vs may very
well be non-planar, for alk > 0; so at least they are not well-behaving enough
to become entirely boring. But they have a useful propertyting their mini-
mum degree and always providing a point of attack for inadurciroofs. Here is a
definition of this property, taken from [32].

Definition 4.2. A graph G is called /-degenerate if every subgraph 6f has a
vertex of degree at most

Lemma 4.3. Semi bark-visibility graphs are 2k + 2)-degenerate for alk > 0.

Proof. Let an SB:V G and a subgrapli/ of G be given, and consider a bar rep-
resentation of7. Any bar has at most(k + 1) longer neighbors: Up té + 1 to
its left and up tok + 1 to its right. In particular, the vertex corresponding to the
shortest bar iB(V (H)) has degree at mo8t + 2 in H. 0
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One direction of the following proposition is an immediawralary of this
property.

Proposition 4.4. Ko 3 is the largest complete &, for all £ > 0. Furthermore,
an SB:V cannot contain a larger clique as a subgraph.

Proof. Since SB:Vs are(2k+2)-degenerate, no such graph can contain a complete
subgraph on more thak + 3 vertices. — To see thdts , 3 is indeed an SBV for
anyk > 0, consider Figure 4.2 which shows a schematic bar repregamta

k+1 kE+1

Figure 4.2: A complete SB/ on 2k + 3 bars.

Note that for any complete graph an< 2k + 2 vertices, a bar representation
can be found by leaving out some of the bars in Figure 4.2.

Considering a bar in a bar representation of a giveh\&H is often useful to
distinguish between edges to longer bars and edges to sharte For this reason,
we often think of the edges as being directed from the verexasented by the
longer bar to the vertex represented by the shorter bar. Weecan speak of the
incoming edgesf a bar (which, of course, still is a slight abuse of notatj@nd
of the starting-barand ending-barof an edge. Throughout this chapter, we will
switch to this directed version of our graphs whenever isisful.

4.2 Chromatic Number

Since we have seen thAb , 3 is an SB:V for everyk > 0, we know that there are
SBkVs with chromatic numbe2k + 3. Now from the fact that SBVs are(2k +2)-
degenerate one can deduce that this trivial lower boundatdrenexceeded. The
proof is mainly a standard argument showing tfidegenerate graphs are+ 1)-
colorable. However, we have to be a little careful since inggal the property of
being an SBV is not closed under taking subgraphs.

Proposition 4.5. The chromatic number of a semi blvisibility graph is at most
2k + 3, forall k > 0.
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Proof. We prove the assertion by induction on the number of vertidekere are
three or less vertices, the assumption is trivial. Nowddbe an SRV onn > 3
vertices, and leB8 be a bar representation 6f. Consider the shortest bar and the
corresponding vertex,, it has degree at mo8tk + 1). By deletingB(r,,) from

B, no new visibilities are created, and of course no old onedkrcked. Thus, the
graphG \ r, is an SB:V and its vertices can bk + 3)-colored by induction.
Now r,, can be re-inserted and given a color not used by its neighbors 0

Together with the fact that complete 58s of size2k + 3 exist, Proposition
4.5 implies that the largest possible chromatic numberaides with the size of
the largest complete semi basvisibility graph. Graphs for which the chromatic
number equals the clique number for every induced subgnaptediedperfect A
necessary condition for a graph to be perfect is that it doésantain an induced
Cor4q for £ > 1 (called odd holg, as these graphs have chromatic number
without containing a triangle. It is not much harder to ses th perfect graph
cannot contain the complement©@%;; for £ > 1 (anodd antiholg either. The
celebrated Strong Perfect Graph Theorem [5] states thed thecessary conditions
are also sufficient: A graph is perfect if and only if it doed wontain an odd
hole or antihole. This beautiful characterization quickbtties the matter whether
SBkVs belong to the class of perfect graphs. Figure 4.3 showsamge of a bar
representation containing an indua@gt thus, SB:Vs in general are not perfect.

/UIH/—J UQRKJ 7)3%’4 fU4R,’—/ US

Figure 4.3: Example of a non-perfect & The v; form an induced’.

4.3 Maximum Number of Edges

In this section, we show a tight upper bound for the maximumiper of edges
in an SBkV, and we look at the bar representations oft$B attaining this bound.
Their structure can be described in a quite tangible way.

The last result of this section reveals a somewhat surgrisimsequence of
this confined structure: Treewidth, a measure for the coxitglef a graph, allows
graphs to have a construction seemingly similar to our bamesentations. But it
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turns out that from the structure of maximal B&s it follows that they can actually
have large treewidth.

Let us start with some edge counting. If aniSBonn < 2k + 3 vertices is
given, then by Proposition 4.4 the tight upper bound on itsiper of edges ig?,).
Forn = 2k 4+ 2 andn = 2k + 2 this bound coincides with the bound for larger
given in the following theorem:

Theorem 4.6. A semi bark-visibility graph onn > 2k + 2 vertices has at most
(k+1)(2n — 2k — 3) edges.

Proof. Think of the edges as being directed from longer to shortes.b&ince
each bar has at mogtk + 1) longer neighbors, each vertex has at nitjgt+ 1)
incoming edges. Thus we have a first upper bour2hgf: + 1) on the number of
edges.

Let us look more closely at the longest bars: The vertecorresponding to the
longest bar does not have any incoming edgebas at most ones two, and so on
until reachingrax+2 Which has no more tha2¥k + 1 incoming edges. Substracting
these edges from ti#(k + 1) we obtain the desired upper bound:

2k+2 1
2n(k+1)— > i=2n(k+1) - 5 (2k +2)(2k +3) = (k+1)(2n - 2k = 3)
=1
U

We claim that this upper bound can be obtained. What couldVSBwith
the maximum number of edges look like? The following comadis are nec-
essary: The2k + 2 longest bars have to induce a complete graph, and ev-
ery shorter bar has to have + 1 incoming edges from either side. Now, a
bar located at the boundary of the bar representation, soreling to a ver-
texv € Vouter:= {t1, to, .., tge1} U{tn—k, tn—k+1, ---, tn}, CANNOL havé + 1
neighbors at either side. In consequericgier has to be represented by thie+ 2
longest bars.

Proposition 4.7. For anyk > 0 andn > 2k + 2, there is a semi bak-visibility
graph with(k + 1)(2n — 2k — 3) edges.

Proof. If a graph has a bar representation fulfilling the conditioat tthe2% + 2
longest bars constituti,,,er and form a complete graph, then all inner bars, re-
spectively, all € V' \ Vouerhave exactl2k + 2 incoming edges. Now we can use
the argumentation from the end of the previous proof — orutate directly that
the number of edges is

(5 4 2k +2)(n— 2k +2)) = (k+1)(2k+1+2n — 4k — 4)
= (k+1)(2n—2k—3).
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We call the graphs of the above propositioraximal SBVs All maximal
SBkVs have a bar representation of the pattern shown in FigdteTéhere is some
more freedom in this pattern than the figure might suggesheae are other orders
in which the2k + 2 longest bars form a complete graph. We call these bars the
outer bars the remaining ones thiener bars Corresponding to this, the vertices in
Vouter = {t1, to, ..., tkr1} U{tn—k, th—k+1, - - ., tn} are denoteduter vertices
and the ones represented by inner bars aratier vertices

k+1 kE+1

Figure 4.4: Structure of a maximal $8

Note that we can extend every 8B to a maximal one, i.e., every 3 is
a subgraph of a maximal $&: Prolongate the outer ba#3(¢;) and B(t,,) until
they are the longest ones. This can always be done, since ibrdg introduce
new lines of sight. Then adkl longer bars left and longer bars right of the bar
representation, such that they form a compl€tg ., » together witht; andt,,. The
graph induced by this bar representation clearly is a maX@BaV.

We now seem to have a quite good idea of the structure of magBiav/s: We
can build all of them by starting withk + 2 bars inducing a clique and inserting
bars in the middle one by one, by order of their length. Easkrited bar then is
adjacent t®k + 2 longer neighbors. There is a graph parameter measuring how
far a graph is from being a tree which allows a similar indeetionstruction. Let
us take a little detour to graph treewidth.

Definition 4.8. For a vertexv and a set of vertice§S we say thab is universalto
S if v is adjacent to all the vertices ifl.

A graphG is an/-treeif it is either a K, or it is formed from arf-tree G’ by adding
a new vertex that is universal tof&, in G’.

A graph hagreewidthat most/ if it is a subgraph of art-tree.

The above definition is taken from [7]. (Note that the literatusually speaks
of k-trees, but we use a different parameter here sirisalready busy.) Rose [28]
proved several equivalent characterizationg-tiees, one of them will be espe-
cially useful for us:

Lemma 4.9. A graphG on n vertices is ar/-tree iff G is connected, has exactly
In — %6(6 + 1) edges, and every minimal separator®fs a k-clique.
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Now we see how the inductive construction @% + 2)-trees as described
in Definition 4.8 ressembles our construction of maximak$8B: There too we
start with a clique and insert vertices adjacen2to+ 2 neighbors in the already
constructed part. In the case of BBs, these neighbors might not be pairwise
adjacent — but still, it is tempting to think that $8Bs have treewidth at mo&& +2.
The following proposition shows that this is misleading.

Proposition 4.10. For eachk > 0, there is a semi bak-visibility graph with
treewidth larger tharRk + 2.

Proof. From Lemma 4.9 we know that &rtree onn vertices hagn — £1(1 + 1)
edges, and fof = 2k + 2, this is exactly(k + 1)(2n — 2k — 3). Now, if a maximal
SBkV G has treewidth at mot + 2, it must be a subgraph of2& + 2-tree, and
since they have the same number of edgéesyust be &2k + 2-tree itself! Thus,
we can find a vertex order such that the fizgt+ 2 vertices form aKsy 2, and
all other vertices are universal 2& + 2 preceding vertices which form a complete
graph.

Consider the maximal S8/ G on2(k + 1) + 3 vertices represented in Figure
4.5. For the sake of contradiction assume that it i3ka 2)-tree. Then from the
definition of Rk +2)-tree it follows that any vertex d@¥ is part of a(2k+3)-clique.
Now consider the vertet; 4. It has only2k + 2 neighbors in, thus they need to
be pairwise adjacent to form(&k + 3)-clique containing.4. But fork > 0, the
neighborhood of;. 4 is not complete, since, 3 blocks the sight betweef; ,
andt,. This is the desired contradiction. Thasis not a @k + 2)-tree, and with
the above it follows that it has treewidth larger than+ 2. 0

lgy2 1

k1 A

Figure 4.5: An SBV with treewidth larger thak + 2

For k = 0, maximal SB:Vs are just maximal outerplanar graphs. From their
triangulated structure it is easy to see that they can betreaed from ak’, by
successively adding a vertex adjacent to two vertices@reannected by an edge.
Thus, all maximal outerplanar graphs arerees, and any semi bar visibility graph
has treewidth at mo&t
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In Section 4.5 we will investigate another connection betw8B:Vs and/-
trees. Before, we want to gain further insight into the gtricecof maximal SBVs
in the next section.

4.4 Reconstructing Semi Bak-Visibility Representations

One of the first questions one might ask about semikbaisibility graph is how
to find a bar representation of a given graph which is knownetam SB:V. For
maximal SB:Vs this can nicely be done using thé% + 2)-degenerateness, as
we show in this section. However, we have to give some additimformation as
input.

Proposition 4.11. For k£ > 0, let a maximal SBV G be given with a fixed-order
of its vertices. Then an-orders of the vertices can be computed which, together
with the givert-order, defines a bar representation induciig

Proof. SinceG is maximal, we know that the first and the outer vertices in the
givent-order correspond to thi#: + 2 longest bars. Now the idea is to choose one
of the inner vertices (if there are) which will correspondtie shortest bar of the
representation we are constructing. Then we delete thisxy&omG. This can be
iterated until all inner vertices have been chosen. By agldisuitable order of the
outer vertices we obtain a complete ordefdofvhich is the reverse of arorder
inducingG.

Let us look at the process in more detail. By Lemma 4.3 we krieat any
induced subgraph af contains a vertex of degree at m@t+ 2. For example,
the shortest bar of a bar representatiorGofepresents such a vertex. From the
structure of maximal SBVs it follows that in fact there is no vertex of smaller
degree (cf. Figure 4.4). Thus in any step, we can choose exvefdegrek + 2
and delete it. Let;, 7 = 1,2,...,n — 2k — 2, be the order of the deleted vertices,
and letGG; denote the graph obtained after deleting. . . , v;, with Gy = G. Then
by the choice of, its degree iz, _1 is exactly2k+2, forany: = 1,...n—2k—2.
We claim thai;_; has a bar representation in whighcorresponds to the shortest
bar.

The claim is automatically fulfilled foi = n — 2k — 2, since apart fromy;
only outer vertices are left it/;_1 in this case. Now let < 2k — 2, let B be
a bar representation @¥,;_;, and suppose thaB(v;) is not the shortest bar of
this representation. Assume that = ¢, withp € {k +2,...,n — 2k — 2}.
Note thatB(t,) sees allB(t,) in its trivial neighborhood that is, allB(t,) with
p—k—-1<qg<p+k+1andqg # p. Thus these bars correspond exactly to
the 2k + 2 neighbors oft, = v; in G;_;. (Figure 4.6 shows an example for the
casek = 1; here, the two bars left and the two bars right of each bar filsm
trivial neighborhood.) If any bar of the trivial neighbodwis shorter thai(¢,,),
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thenB(t,) can see beyond this bar, and there is an additional line bf &g bar
outside of the trivial neighborhood. This results in moraik + 2 edges incident
to t, = v;, which is a contradiction to the choice @f Thus, all bars in the trivial
neighborhood oB(t,) are longer thaiB(t,). Now shortening3(t,) until it is the
shortest bar i3 does not block any lines of sight, nor can it introduce newspne
as no line of sight can traverse the- 1 bars on either side dB(t,). HenceB(v;)
can be chosen to be the shortest bar in a bar representation gfas claimed.

ts te  to

Figure 4.6: A bar representation of a maximall$B(G. Possible choices for the
shortest bar in a bar representatiorthépart fromts arets andtyg: Each of them
has degred.

Now we setr,, = v1, rp—1 = V2, ..., T'okt+3 = Un_2k—2. FOr the2k + 2 outer
bars, we choose any order which yields a complete graph;xampler; = t1,
e Tkl = tht1, Tht2 = tn, - o, Topr2 = Lk (Cf. Figure 4.4). Then the resulting
r-order yields a semi barvisibility representation ofs: If B(r,) is notamong the
2k + 2 longest bars, then th: + 2 longer neighbors oB(r,) correspond exactly
to the2k + 2 neighbors ofr, = v; in G;_1. (Note that we haveé = n — p + 1.)
On the other hand, any edge Gfthat is not already contained in ttigk + 2)-
clique of the outer vertices is incident tovaand thus realized in the constructed
bar representation. We conclude that argrder constructed as above yields a bar
representation aff with the prescribed-order of the vertices. 0

The above construction does not just yield orerder inducingG with the
givent-order, one can in fact findll such bar representations Gfthis way: Any
fixed bar representation @f defines an-order of the vertices in which the first
2k + 2 vertices form a clique, and in which each vertex has @#ly- 2 neighbors
with largerr-index. By definition of the construction any such order caridund
as described above.

4.5 Connectivity

In this section, we want to determine the connectivity of a/b&isibility graph

G = (V, E) given with bar representatidf. It is clear thatG is connected, and
it is not too hard to guess that its connectivitykis+ 1. To prove this, we first
have a look at the structure of a special subgrapfi:of here are some edges that
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are always contained i, independently of the permutation encodiig These
trivial edgesprovide another connection between/SB and/-trees.

Definition 4.12. Letan SBV G = (V, E) with bar representatiof8 be given. Let
V = {t1, ta, ..., t,,} in thet-order induced by3. An edget;t; € E is called a
trivial edgeif i — j| < k + 1.

Lemma 4.13. The trivial edges of a semi barvisibility graph on at leask + 1
vertices form gk + 1)-tree.

Proof. Consider a bar representation of ankSBG. The crucial observation is
that any set of up té& + 2 successive bars in theorder represents a complete
graph. In particular this holds for the leftmdst- 1 bars. Now assume inductively
that the graph induced b (t1), B(ta), ..., B(t;), withi > k+1,isa(k + 1)-
tree. The next bai3(t;+1), forms a complete graph with its+ 1 trivial neighbors

B(ti—k), B(ti—k+1), ---, B(t;). It is easy to see that these are its only trivial
neighbors inG[ty,t2 ..., t;]. Thus,t; ;1 is universal to &1 in G, and the trivial
edges form &k + 1)-tree. 0

Theorem 4.14.Semi bark-visibility graphs on more thah+1 vertices arg k+1)-
connected.

Proof. From the previous lemma we know that eachk§Bon enough vertices
contains ak + 1)-tree spanning all of its vertices. Now by the characteiorat
of Lemma 4.9,(k + 1)-trees argk + 1)-connected. Thus, any $8 as in the
statement contains(& + 1)-connected spanning subgraph and is thergforel )-
connected. 0

k+1

Figure 4.7: A bar representation containing:at{ 1)-separator

Figure 4.7 shows that in general an/S8Bcan have ak + 1)-separator. If
we delete the: + 1 vertices corresponding to the bars in the middle, the graph
falls apart into the two components induced by the three barthe left and the
remaining ones on the right side. There is an explicit wayharacterizing the
(k + 1)-separators:
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Proposition 4.15. Let G = (V, E) be an SBV given with a bar representatiofi
and a correspondingrorder of V. LetS C V. ThenS'is a(k + 1)-separator ofG
if and only if S = {¢;,tit1,...,ti+x} fOr somei with1 < i < n — k, and left or
right of B(S) in B all bars are shorter than the shortest oneA{.s).

Proof. We first show that the two conditions are necessarysfto be a(k + 1)-
separator. In order to separate tfiet 1)-tree built by the trivial edges af, the
vertices ofS have to be successive in th@rder, without being located at one of
its ends. This proves the first condition. Now fet= {t;, ti+1,..., ¢k} With

1 <i<n—k. Let B(t;) be the shortest bar iB(S). Suppose that left and right
of B(S) there is a bar longer thaB(¢;). Let B(t,) be the rightmost such bar left of
B(S), and letB(t,,) be the leftmost such bar right &f(.S). Then there is a line of
sight betweerB(t,) and B(t,,), since there are at moktonger bars which could
cloud it. The edge,t,, connects the two paths, ..., t;—1 andt;;x11,- .-, tn.
Thus, S cannot be a separating set.

For the reverse direction observe that any set of verticéls thie described
two properties separates the vertices corresponding tskioeter half” of the bar
representation from the rest of the graph (see Figure 4ng) tleus is ak + 1)-
separator. 0

Using the characterization of Proposition 4.15 one canieffity find all the
(k 4+ 1)-separators of an S& which is given by a permutation defining a bar
representation. This is done by running through the vestiokowing thet-order,
retaining the longest already seen and the longest not getlsar, and checking
for each set of + 1 successive bars if the shortest among them is longer than one
of the two retained ones.

Another observation follows from the above propositionS;lft= {t;, ..., t;1x}
andS; = {tj,...,tj4r} with j > i are(k + 1)-separators ofs successive in the
t-order, i.e., there is nfk + 1)-separatotS, = {t,,...,t;11} withi <1 < 7, then
the graph induced by the batist; 1, ..., t;44 is (k + 2)-connected.

One might already suspect by now that the connectivity ofimakSBkVs
is higher than those of ordinary $Bs. This can be made precise by further ex-
ploring the structure of their bar representations. We ug# the global version of
Menger's Theorem (see e.g. [12]) which states that a graptt@nected if and
only if it contains/ independent paths between any two vertices.

Proposition 4.16. Maximal semi batk-visibility graphs on more thak + 2 ver-
tices are Rk + 2)-connected.

Proof. Let G = (V, E) be a maximal SBV with |V| > 2k + 2. We will show
that there ar@k + 2 vertex-disjoint paths between any two verti¢gsg; € V' with
i > j, then with Menger’'s Theorem it follows thét is (2k + 2)-connected. The
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idea is to define packages/of- 1 vertices and find bundles @fk + 1) paths using
them.

Let us first assume thagt > i + k. Let P.(t;) = {ti, tit1,...,tisx} C
N(t,) andPg(tj) = {tj—katj—k+1a C ,tj} C N(tj). Note thatj ¢ Pr(ti) and
i ¢ Py(t;). Now we start at some bar iB(P,(t;)) and build ajumping pathby
successively jumping + 1 bars to the right until we end up iB(F(t;)). See
Figure 4.8 for illustration.

Figure 4.8: The bars betweé#(t;) andB(t;) form k + 1 disjointinward paths

We can findk + 1 disjoint ¢;-¢;-paths by adding (where needed) the edge be-
tweent; and the start-vertex of the jumping path, as well as the ohedan its
end-vertex and;. If there are exactly; bars betweerB(¢;) and B(¢;), the edge
tit; exists and constitutes one of the paths. Let us call the mifised in this
way theinward pathsas they only use vertices which are betwegandt; in the
t-order.

Now we will use a similar construction to find+ 1 disjoint outward paths
Let L := {t1,t2, ..., tx11} be the package of the left outer vertices, andiet=
{tn—k,-..,tn} consist of the right ones. I, € L, setP(t;) := L, otherwise
definePy(t;) := {ti—k, ti—k+1,-..,t:}. Similarly, letP,.(¢;) := Rif t; € R, and
define P, (t;) := {tj,tj+1,...,tj+x} otherwise. Now for any € Py(t;) build a
(possibly trivial) jumping path starting in and ending in.. On the other side,
build paths connecting, (t;) andR. We know thatZ U R forms a complete graph.
Use any matching between the verticed.iand those inR to obtaink + 1 disjoint
paths betweery andt;.

Now we still have to consider the case whegre: i + ¢ with 1 < ¢ < k, note
that then we havét; € E. In this case not enough bars betwée(t;) and B(t)
exist to findk + 1 disjoint paths using only those, therefore we extend troeltl
range for inward paths. With this trick we will firzk + 2 — /¢ disjoint inward paths
and/ disjoint outward paths betweenandt; (see Figure 4.9).

If t; and ¢; both belong toL or both to R, they are part of the same
(2k + 2)-cligue. Thus, we geRk + 1 disjoint paths between them for free,
and the last one can easily be constructed from a jumping psitig the in-
ner bars. Therefore we can assume that- £ + 1 andi < n — k — 1.
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Figure 4.9: Ifj = ¢ + ¢ with £ < k, we find2k + 2 — ¢ paths inP,.(t;) U Py(t;),
and/ outward paths.

Let us consider the se®.(t;) U Py(t;) = {tj—k—1,tj—k,-- -, titkt1}, these are
the vertices which are trivial neighbors of bothand¢;. With j = 7 4 [

it follows that there aré +k+1—(j —k—2)=2k+3+i—j=2k+3—1

of them, among them; and ¢t;. Thus we find2k + 2 — [ disjoint (¢; —
tj)-paths; one of them is the edget;, the others all consist of exactly
two edges. To find/ outward paths we use jumping paths and a match-
ing between the boundary vertices as in the first case, time 8tarting with
Py(t;) = {ticg—1,ti—k,-- - ,tj_k_g} and Pr(tj) = {tivks2,---, tj+k+1}- In this
way we findj +k+1—(i+k+ 1) =j —i =1 outward paths which are pair-
wise disjoint and also disjoint from the inward paths defibetbre. 0

Note that it is clear that the connectivity of an arbitraryk$Bcannot be larger
than2k + 2, since the shortest bar has at most that many neighbors.

4.6 Thickness of Semi Ban-Visibility Graphs

Here we come to the results that inspired the introductioseofi bark-visibility
graphs. Let us again consider the special éasel. Whereas the thickness of gen-
eral BLVs can exceed the previously conjectured boun?l @f. Section 3.8), semi
bar 1-visibility graphs can indeed always be partitioned into fvanar graphs, as
we will see in this section.

Between the full class of B/s and the subclass containing all BB there is
the class of bat-visibility graphs admitting a representation by a set aklsich
that there is a vertical line stabbing all bars of the repreg@n. Note that the
proof of Section 3.8 implies that already in this intermeéeliclass there are graphs
of thickness3.

Now letG = (V, E) be an SBV given by a bar representation. In this section
we present an algorithm whichicolors the edges af such that each color class
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forms a plane graph in an embedding induced by the bar regetsm. Conse-
quently the thickness of any 3B is at most2.

4.6.1 1-Bend Drawing

As helpful tool for the following we introduce a drawing ofrsebar 1-visibility

graphs in the plane in which each edge is a polyline with attroos bend, called
a 1-bend drawing. This drawing is not planar in general, butiit assist us with

constructing and analyzing the edge partition. The bedbespion of thel-bend

drawing is probably Figure 4.10.

Figure 4.10: Thd -bend drawing of an SB/

Here is a more formal definition of the drawing: Enlarge theslmd each vertex
v to a rectanglé3(v) with a uniform width. Recall that we assume that the heights
of all bars are different and th&t(r1), B(r2), ..., B(r,) lists the bars by decreas-
ing height. Assign thetripe between the horizontal line touching the top of bar
B(r;) and the horizontal line touching the top of bafr;_1) to B(r;). The dotted
linesin Figure 4.10 separate the stripes. Embed each vediethe midpoint of the
upper boundary oB(v). We think of the edges as being directed from the longer
bar (itsstarting bai) to the shorter bar (itsnding baj.

Now draw each edge = r;r; composed of two segments; the first segment is
contained inB(r;), it connects; with the inflection pointc., the second segment
connectse, with r; within the stripe ofr;. A good choice which bewares from
crossings between edges emanating froims to placez. on the vertical boundary
of B(r;) which is closer tar;, with a height which is inside the stripe of. We
call the segmentr;, z.) thevertical part the segmentz., r;) thehorizontal part
of the edge. Note that the stripe associated i) contains the horizontal parts
of the incoming edges af. Other edges might cross this stripe, but only with their
vertical parts.

4.6.2 2-Coloring Algorithm

Let an SBV be given with al-bend drawing as described above. We now present
the algorithm2PLANAR providing a partition of the edges into two planarghna
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(both on the vertex sér), using the given embedding. Thus, the algorithm pro-
duces planar embeddings of the two graphs such that eachhedget most one
bend. We think of the partition of the edges a%-eoloring with colors blue and
red. The idea of the algorithm is the following: Given thdvend drawing, start
with 7, color all outgoing edges, move onitg, and so on. The algorithm uses an
auxiliary coloring of the bars to determine the color of thiges.

Algorithm 2PLANAR

1. Startwithr;. Color B(r;) and all outgoing edges of blue. Whenever such
an edge traverses another bar, color that bar red.

2. Fori=2,...,n—1
If B(r;) is uncolored, then color this bar blue.
For each uncolored edge= r;7;

(a) Ifeis a direct edge, it obtains the color of its starting Bdr; ).

(b) If e is an indirect edge, check if the traversed bar has a col@o, i
obtains the other color. Otherwise, it receives the colatso$tarting
bar B(r;), and the traversed bar gets the opposite color.

Note tha2PLANAR defines a unique color for every edge. Figure 4.1Kilates
the result.

N —

]

Figure 4.11: A coloring produced by the algorithm.

We observe that 2(b) implies the following:

Invariant. Whenever an edge traverses a bar, the colors of the edge amcth
versed bar are different.

The following lemma will help showing the correctness of dhgorithm:
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Lemma 4.17. If B(v) is an arbitrary bar, then at most one longer bar can be the
starting bar of indirect edges traversing(v).

Proof. Assume that: = z; x5 is an edge traversing(v) with B(x;) longer than
B(v), such thatB(x2) is the shortest ending bar among all such edges. Then we
know that betwee3(z,) and B(v) in thet-order there can be no bar longer than
B(z,), else it would block the line of sight correspondingitcsee Figure 4.12.

Figure 4.12: Only one longer bar can send edges through B(v).

Suppose there is another edge= vy, starting from a baB(y;) which is
longer thanB(v). As y can traverse only one bar it must connect to a B&y;)
which is betweerB(v) andB(z1 ) in thet-order. Moreover, the choice efimplies
that the horizontal part of lies above the horizontal part ef But then the bar
B(y;) has to be longer thaB(x2)! This contradicts the conclusion of the previous
paragraph. 0

Proposition 4.18. 2PLANAR produces a partition d@ into two plane edge sets.

Proof. We have to show that in the 2-coloring computed2BLANAR, any two
crossing edges have different colors.

The vertical part of every edge runs within its starting;lad the only vertical
parts occuring inside of each bar are parts of edges thatedtdre corresponding
vertex. Thus, vertical parts of edges do not cross.

The horizontal part of every edge runs within one stripe,taranly horizontal
parts occuring inside of each stripe are parts of edges gratirthe associated
vertex. Thus, horizontal parts of edges do not cross.

Consider two crossing edgesindf. From the above we infer that the crossing
appears between the vertical part of one edge agnd the horizontal part of
another edge (say,). Hence, the crossing point takes place inside of the Btarti
bar ofe, and the edg¢ is an indirect edge traversing this bar (see Figure 4.13).

Let the start-vertex of bee; and its end-vertex,. Similarly, let f lead from
f1 1o f2. Suppose that the color ¢fis red, then the invariant implies thBt(e; ) is
blue.
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€1

- h
L
R ,
L
Figure 4.13: Two crossing edges. There can be many shomgbkeaveen those
depicted here, as long as they do not block the lines of saghresenting and f.

If e is a direct edge it obtains the color of its starting bar, iis tase blue.
Thus, assume thatis an indirect edge. Then its color depends on the color of the
traversed bar, leB(e;) be this bar. (Note that, = f; ore; = f, are possible.)

First let us assume thdi(e;) is shorter thamB(e;). Then by Lemma 4.17 we
know thatB(e;) is the only longer bar sending an edge (e.g. the edgerough
B(e;). ThereforeB(e;) was still uncolored when the algorithm considefe@; ),
and thuse is colored with the color oB(eq), which is blue. This shows that the
edges andf have different colors in this case.

If B(e;) is longer thanB(e; ), then we can deducg = f;. For if a bar longer
than B(e;) would be located strictly betweeB( f1) and B( f2) in thet-order, the
line of sight corresponding tg would have to traverse two bar8(e;) and this
longer bar), which is a contradiction. In addition, we kndwttB( f2) is shorter
than B(e;), elsee and f would not cross. Thus, we have = fi, andB(f) is
longer thanB(e;). Sincef traversed3(e; ), the Lemma 4.17 tells us th&( f1) is
the only longer bar sending an edge througyz; ). It follows thatB(e;) was still
uncolored when algorithm considerét] f;). Therefore, the red color of was
chosen equal to the color of the b&( f1). Our invariant now implies that the edge
e, traversing the red bas( f1), is blue. Hence, againand f have different colors
and we have shown that both edge classes are plane. 0

Now we haven proven the second main result of this diplomsishe

Theorem 4.19. Semi barl-visibility graphs have thickness at mast

The algorithm shows that S&s havegraph-theoreti¢hickness at most, and
it provides a partition of the edges into two planar graphsyiging two plane
embeddings. But as the edges are not straight lines, this mateshow that the
geometric thickness bounded by2. This variation of thickness is defined as
follows:
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Definition 4.20. The geometric thickness of a graphis the smallest value df
such that we can assign planar point locations to the vestafés, represent edges
of G as straight line segments, and assign each edge to ohdayfers such that
no two edges in the same layer cross.

Geometric thickness was first introduced by Dillencourt,p&pin and
Hirschberg in [13]. In [15], Eppstein showed that graphetiedic thickness and
geometric thickness are not even asymptotically equival&till, we think that
any SBLV has a straight-line embedding such that the edges can tigqueed into
two plane graphs. Maybe one can even 2BEANAR to partition the edges — it
remains to find a clever way of removing the bends fromltiend drawing. For
emphasis let us state this as conjecture.

Conjecture 2. Semi barl-visibility graphs have geometric thickness at niast

4.6.3 Structure of the Blue and Red Graph

Given a semi bat-visibility graphG = (V, E), we can say more about the effect
of the algorithm 2PLANAR onG: It partitions the edges evenly among the blue
and the red graph. Ablue graphlet us defineGpe := (V’, Epe) by taking

all blue edges on the vertex sétand deleting isolated vertices. Thed graph

is defined analogously aSeq := (V"”, Ereq). Recall that from Theorem 4.6 we
know that an SBV has at mostk + 1)(2n — 2k — 3) = 4n — 10 edges.

Proposition 4.21. The blue and the red graph each contain at nivst- 3 edges.

Proof. We count the incoming blue edges at each vertex and claintitbeg are at
most two of them. See Figure 4.14 for an illustration. CoesalbarB(v) and the
closest bar to the left (say) of it that is the starting Bdev) of an incoming blue
edge av. Either such an edge springs from a direct line of sight betwi#(v) and

the blue baB(w), or it is induced by an indirect line of sight traversing a e

B(u).

Figure 4.14: Example of an SB with 2n — 3 blue edges.
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In the first case, any other incoming blue edge from the ledt toatraverse
B(w) and therefore is colored red. In the second case, any othkresige would
have to travers®(w) as well asB(u), which is not possible.

Thus there is at most one incoming blue edge from each sidehwields an
upper bound oBn blue edges. But the vertex represented by the longest bar
has no incoming edges, amd has only one. Therefore we can substract three
edges, obtaining the desired result. The same argumenespplthe number of
red edges. 0

Note that the only properties of 2PLANAR that we used in thisob are our
invariant (any edge traversing a bar has the opposite colitredbar it traverses)
and the fact that any direct edge earns the color of its staliar. We will need
this in the following section.

The upper bound of Proposition 4.21 is sharp, as the bluéhgrelpigure 4.14
shows: Any vertex except for; andr, has two incoming edges. The pattern
shown by the example in the figure can be used to construct & 88h 2n — 3
blue edges for arbitrary.

The edge bound din — 3 may sound familiar — it also holds for outerplanar
graphs. However, the example in the figure shows that, inrgén&y e andGreq
are not outerplanar: The blue graph induced by the five Idriggas forms &K, 3.

In Figure 4.15, the red graph induced by the verticgss, t5, ts andt; contains
K, as a minor, which can be obtained by contracting the eglge

Figure 4.15: The red graph contaiA§ as a minor.

4.6.4 Maximal Blue and Red Graphs

Proposition 4.21 hints that there might be more structuexpdore within the blue
and the red graph defined by 2PLANAR. This turns out to be ealhedruitful
when examining maximal SB/s, as we will see in this section: In this caéyue
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andGreq belong to the class dfaman graphsWe will define this in detail below,
first let us specify the graphs we are talking about.

For the rest of this section, 1€t be a maximal SBV on n vertices given with
a bar representatio. Let its edges be colored by 2PLANAR and defigye
andGieq as in the previous section. Suppose without restrictiontthas »; and
t, = ro. From the structure of maximal SB's (cf. Section 4.3) we also know that
{ta,tn—1} = {r3,r4}. We observe that 2PLANAR colo8(r,) and B(r2) blue,
and the two corresponding vertices only have blue inciddges, see Figure 4.14.
Note that this implies thalt’ (Greq) does not contain; andt,,. The following is a
corollary of Proposition 4.21 and shows that in our settiig7pie) = V(G) and

V(Gred) = V(G) \ {t1,t2}:

Lemma 4.22. Gpiue has exactly2n — 3 and Greq exactly2n — 7 edges.

Proof. From Proposition 4.21 we know thé&t has at mos2n — 3 blue and red
edges, respectively. We can also apply this propositiofi;tg to see that it has
at most2(n — 2) — 3 = 2n — 7 edges. Sincé&' has exactlyln — 10 edges by
Proposition 4.7 it follows thafr, e has exactly2n — 3 and Greq €Xactly2n — 7
edges. 0

Now let us look at the definition of Laman graphs and see whyimalxred
and blue graphs fulfill it.

Definition 4.23. A graphG = (V, E) is called aLaman graphf |E| = 2|V| — 3
and|E[V']] < 2|V’| — 3 forall V' C V containing at least two vertices.

Theorem 4.24. Gpjue and Greq Of @ maximal SBV G are Laman graphs.

Proof. We show the assertion fakFpue =: (V, E), the red case can be proven
analogously. AsG is a maximal SBV, we know from Lemma 4.22 that
|E| = 2|V| — 3. It remains to show that=[V']| < 2|V’| — 3 forall V' C V with
|V'| > 2. Consider such a séf’ and the set of bar® (V') representing’’ in
the given bar representatid¢hof G. The coloring ofE[V'] and B(V") induced by
the given coloring of7 still fulfills the invariant of 2PLANAR and has the property
that every direct edge has the color of its starting-barréfoee, an argument anal-
ogous to the proof of Proposition 4.21 shows thgt’’] contains at mos2|V’/| — 3
edges. 0

Several equivalent characterizations of Laman graphsraoek; we will state
one in the theorem below. The proof and more about Laman gragspecially
about their significance for rigidity of graphs in the plaas,well as references to
the original proofs, can be found in [18].
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Theorem 4.25.A graphG = (V, E) is a Laman graph if and only if for any two
different vertices, w € V, the (multi-)graph onl” with edge sef’ U vw is the
union of two disjoint spanning trees.

We do not prove Theorem 4.25 here, instead we show that foe@athoice
of v andw, there is a straightforward way of dividin@pue U vw into two disjoint
spanning trees.

Proposition 4.26. The multigraphGy, o := (V, Ebiue U 7172) is the union of two
disjoint spanning trees. An analogous assertion hold€@g.

Proof. We show thaty}, , = (V, F) can be divided int@jess andTign; where these
two are disjoint spanning trees bf. Tjer; is built by taking the left incoming blue
edge at each vertef;ign: by always taking the right incoming blue edge. Clearly,
each edge ofipue is either inTier or in Tiight. The edgée i, is contained twice
in E(GY},,e); We consider the additional copy as directed frono ¢;. Thus, this
edge is exceptionally directed from the shorter to the lomge. Recall that we

assumed for this subsection that= r; and¢,, = ro.

As G is maximal, each bar has exactly one incoming edge from thesbecept
for B(¢1) which has none. Thus, there are- 1 edges inE(Tjet). Since each edge
leads from a longer to a shorter bar, we know th&T e ) does not contain cycles.
ThereforeTlies; IS a tree. See Figure 4.16 for illustration.

Figure 4.16 Tjef of GY, ¢ is sShown with thick edges.

Almost the same argument holds fhgn.. Now each bar except fdB(¢,,) has
an incoming edge from the right; f@#(¢,), this is the additional edge,,, ;). We
have to be a little bit careful when proving thagn: is cycle-free: There is one edge
in E(Thignt) leading from a shorter to a longer bar, naméty, t1) = (r,—1,75).
Thus, at;-t,-path in E(Tiignt) would close a cycle. But the onlgj-t,-path in
Ghlue is the edgédty, t,,) —which is contained it (Tiett). Thereforeliign; is a tree
as well.

As for Gyeq, We have to incorporate th&t(Greq) = V(G) \ {t1, t2}. But since
the two longest bars representiigGreq) are B(t2) and B(t,—1), the same proof
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can be used to show thét,, := (V, Ereq U 7374) is the union of two disjoint

spanning trees. 0

This nice result shows that for maximal $8s, 2PLANAR does in fact more
than partitioning the edges into two planar graphs: It digithem into (almost)
four disjoint spanning trees (in fact, by doubling all edgéshe K4 induced by
the longest bars we could obtain four trees spanning alicesx. A priori, it is
not clear why this should be possible, even after doublimyesedges between the
longest bars: For general (multi-)graphs, it is known tivairg2k-edge-connected
graph hast edge-disjoint spanning trees (see [11]) — butl 88 clearly are not
8-edge-connected.

As a conclusion we point out again that the algorithm 2PLANd&ées not
only show that the thickness of $Bs is bounded by, it also reveals the strong
structure of SBVs, especially in the maximal case.



Conclusion

“Steps are urgently needed to improve
visibility, impact and effectiveness.”

Javier Solana

While we have answered some problems concerningkbasibility graphs,
many others are left open, and new ones emerged. We sumitteizest intrigu-
ing ones here.

We disproved the conjecture of Dean et al. [8] that the tigiger bound on
the thickness of bar-visibility graphs is2. Whereas Dean et al. showed an upper
bound of4, we found a bai -visibility graph with thickness — which still leaves
a gap waiting to be closed. Based on our work we make the foipwonjecture
(which we repeat for emphasis) about the tight bound:

Conjecture 1. Bar 1-visibility graphs have thickness at ma@st

As an intermediate step in the process of understanding-basibility repre-
sentations and the associated graphs we considered nefaitéses by semi bars.
We have seen that the strong combinatorial structure of sartvisibility graphs
allows us to encode them by a unique permutation. We provadha apper
bound on the thickness for the case= 1. We also used the structure of semi
bar k-visibility graphs to get tight bounds on the maximum numbkedges, the
chromatic number and the connectivity, and to reconstresti 9ar k-visibility
representations of abstract graphs given with a labeledilktamtycle.

How can the results on semi basvisibility graphs be transferred to general
bar k-visibility graphs, e.g. in order to prove Conjecture 1? Atfepproach might
be to extend our results to the intermediate class of baeseptations admitting
a stabbing line (cf. the introduction to Section 4.6). The baisibility graphs
induced by these bar representations are the edge-uniao sEimi bark-visiblity
graphs and admit an encoding by two permutations.

While the long-term goal of complete characterizing basisibility graph still
seems far, the following open questions may serve as sigobimts for further
research.
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We showed that semi barvisibility graphs have thickness at masand con-
jectured (cf. Section 4.6) that this bound also holds foirtheometric thickness.
How can this be generalized to semi favisibility graphs?

Of course, a result for gener&alwould also be desirable for barvisibility
graphs. The quadratic function of Theorem 3.11 is presuynadll even asymp-
totically tight as upper bound on the thickness o 1 it yields 21, opposed t@
or4). What is the smallest such function? Can we bound the geantleickness
of bark-visibility graphs?

The reconstruction of semi barvisibility representations in Section 4.4 re-
quires a maximal graph as input. What if this condition isfatitlled? What if the
additional information of a-order is not given as input? Also, it is not clear how to
use the given construction to effectively count the numibesemi bark-visibility
representations of a fixed graph. Is there a structure cetatihe graph helping us
to achieve this, as the dual tree for the case 0?

The upper bound di%k + 6 on the chromatic number of barvisibility graphs
(cf. Prop. 3.4) merely uses the maximum number of edges.kFer0, the Four
Color Theorem shows that this bound is not tight. Is there tteeb&ound for
generalk?

Hartke, Vandenbussche and Wenger [20] constructed corohé2t + 2)-
regular bark-visibility graphs fork < 4 (see Section 3.5) which are not complete.
Canwe construct such graphs for> 5? Are therel-regular batk-visibility graphs
for d > 2k + 3 which are connected and non-complete? Hartke et al. also ask
for forbidden subgraphs of barvisibility graphs apart from triangle-free graphs
which have no bap-visibility representation (cf. Section 3.6).

In the first paper on bak-visibility graphs, Dean et al. [8] ask for the largest
crossing number and the largest genus oftbaisibility graphs. Now we can also
consider these questions for semi bavrisibility graphs.

Another way to immediately create a whole bouget of open tipresis to
transfer the concept @fvisibility to other variants of visibility graphs, e.g. tect-
angle visibility graphs as defined in [3], or to arc- and @relsibility graphs [21],
to name only two of them. We close with this hint to the manifpbssibilities of
further research on barvisibility graphs.
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Zusammenfassung

Die vorliegende Diplomarbeit besafiigt sich mit einer erst 2005 eingéfrten
Klasse von Sichtbarkeitsgraphen, den Balkesichtbarkeitsgraphen. Diese
Graphenklasse verallgemeinert Balken-Sichtbarkeipggra. Ein GraphG ist

ein Balken-Sichtbarkeitsgraphen, wenn er folgende BaBarstellung in der
Ebene hat: Die Knoten vofi entsprechen paarweise disjunkten horizontalen Ger-
adensegmenten (déBalker), und zwei Knoten sind adjazent genau dann, wenn
sich die entsprechenden Balkeghen Nun sehen sich zwei Balken, wenn sie sich
durch eine vertikale&Sichtlinie verbinden lassen, die keinen Punkt eines anderen
Balken entflt.

Im ersten Kapitel dieser Diplomarbeit werden Balken-3iehkeitsgraphen
vorgestellt und verschiedene Variationen von Sichtbarketrachtet. Balken-
Sichtbarkeitsgraphen sind in allen dieseallén planar. Wir pasentieren die
wichtigsten Ergebnisse zu dieser Graphenklasse, instesomeine vollsindige
Charakterisierung von Balken-Sichtbarkeitsgraphen.

In Kapitel 2 stellen wir eine Unterklasse von Balken-Sichtbarkeitgbem vor:
Wir betrachten nun nudemi-Balkend.h. , Balken, deren linker Endpunkt die Ab-
szisse) hat. Graphen, die eine Darstellung durch Semi Balken eelaubennen
wir Semi-Balken-Sichtbarkeitsgraphe&kxuch diese Graphen kann man vdistig
charakterisieren, wie wir in Kapité beweisen. Aul3erdem zeigen wir, wie man
unter bestimmten Voraussetzungen eine Semi-Balken Diargjeeines gegebenen
abstrakten Graphen konstruiert.

Die zentrale Graphenklasse dieser Arbeit wird in Kapbtelorgestellt. Wir
erweitern hierfir die Definition einer Sichtlinie, so dass sie nun bis &Zu
Balken schneiden kann. Die hierdurch definierten BalkeBichtbarkeitsgraphen
erweisen sich als wesentlich komplexer als die usglichen Balken-
Sichtbarkeitsgraphen. Insbesondere sind sie nicht pl&iageiihrt wurde diese
Graphenklasse von Dean, Evans, Gethner, Laison, Safarfrattér in [8]. Sie
stellten die Vermutung auf, dass sich alle BalkeSichtbarkeitsgraphen in zwei
planare Graphen zerlegen lassen (d.h. sie haben Dimiesten®). Das zentrale
Ergebnis dieser Diplomarbeit ist die Widerlegung diesemigung: In KapiteB3
beschreiben wir eine Konstruktion eines Balkiesichtbarkeitsgraphen, der sich
erwiesenermalien nicht in zwei planare Graphen zerleggst, Isondern Dickg
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hat. — Daitlber hinaus gsentieren wir in diesem Kapitel alle bisher bekannten
Ergebnissdiber Balkenk-Sichtbarkeitsgraphen.

In Kapitel 4 verallgemeinern wir die Definition von Semi-Balken-
Sichtbarkeitsgraphen auf Semi-BalkksBichtbarkeitsgraphen. Trotz ihres langen
Namens lassen sich diese Graphen durch eine einzige Pdonwadieren. Viele
Graphen-Problemedhnen wir dadurchifr Semi-Balkenk-Sichtbarkeitsgraphen
aulRerst befriedigends$en. Das wichtigste Resultat dieses Kapitels ist ein Algo-
rithmus, der die Kanten eines Semi-Balkeigichtbarkeitsgraphen in zwei planare
Teilgraphen aufteilt. Die Dicke dieser Graphen ist dahesathlich fochsteng.

In der Zusammenfassung stellen wir eine Reihe offener Fr&ge die von
vorigen Autoren gestellt wurden oder sich aus dieser Adrgiében.



