Periodic Foams and Simplicial Manifolds with Small Valence Frank H. Lutz (joint work with Thom Sulanke and John M. Sullivan)

Chemist/metallurgists have found periodic foam structures in various materials, such as transition metal alloys, salt and gas hydrates [2, 3, 4]. Hereby, the Voronoi diagram for the positions of the occurring atoms forms a foam, which is a collection of CMC (constant mean curvature) surfaces that meet according to Plateau’s rule (three cells around an edge, four cells meeting at a vertex). In turn, the Delaunay triangulation for the positions of the atoms in a periodic foam is built of nearly regular tetrahedra and is often called a tetrahedrally close-packed (TCP) structure.

All observed periodic foams in nature are built of only four types of cells, the dodecahedron with pentagons only and three further cells that have 2, 3, and 4 additional 6-gons as facets, respectively. Kusner and Sullivan [5] (see also [8, 9]) defined a TCP triangulation of a (closed) 3-manifold to be a triangulation s.t. each edge has valence 5 or 6 (i.e., each edge lies in 5 or 6 tetrahedra), and no triangle has two edges of valence 6.

According to Brady, McCammond, and Meier [1], every (closed, orientable) 3- manifold can be triangulated with edge valences at most 6. Sullivan asked in [10] whether every 3-manifold even has a TCP triangulation?

So far, TCP triangulations were known for the 3-torus (which give periodic foams) as well as for products of arbitrary surfaces with S^1 [9] and some spherical 3-manifolds (the boundary of the 600-cell and quotients thereof).

We add to this list a TCP triangulation of the Poincaré homology 3-sphere and of the octahedral space, respectively. Moreover, we determine all triangulated 3-manifolds with edge valences at most 5 (there are 4787 examples, 4761 × S^3, 22 × RP^3, 2 × L(3, 1), 1 × L(4, 1), and 1 × S^3/Q; cf. also [6]) as well as all proper 3-pseudomanifolds with edge valences at most 5 (there are 41 such examples, all suspensions of the projective plane RP^2).

We also show that (strongly connected) d-pseudomanifolds with codimension two faces of valence at most 4 are joins of boundaries of simplices.

(It was independently proven by Matveev and Shevchishin [7] that all triangulated 3-manifolds with edge degrees at most five are spherical and have at most 600 tetrahedra.)

References

[1] N. Brady, J. McCammond, and J. Meier. Bounding edge degrees in triangulated 3-manifolds.

Proc. Am. Math. Soc. 132, 291–298 (2004).

[2] F. C. Frank and J. S. Kasper. Complex alloy structures regarded as sphere packings. I.

Definitions and basic principles. Acta Crystall. 11, 184–190 (1958).

[3] F. C. Frank and J. S. Kasper. Complex alloy structures regarded as sphere packings. II.

Analysis and classification of representative structures. Acta Crystall. 12, 483–499 (1959). [4] M. O’Keeffe. Crystal structures as periodic foams and vice versa. Foams and Emulsions, Proc. NATO Advanced Study Institute on Foams, Emulsions and Cellular Materials,

Cargèse, Corsica, 1997 (J.-F. Sadoc and N. Rivier, eds.). NATO ASI Series, Series E, Applied Sciences 354, 403–422. Kluwer Academic Publishers, Dordrecht, 1999.

[5] R. Kusner and J. M. Sullivan. Comparing the Weaire-Phelan equal-volume foam to Kelvin’s foam. Forma 11, 233–242 (1996).

[6] F. H. Lutz. Triangulated surfaces and higher-dimensional manifolds. Oberwolfach Reports 3, No. 1, 706–707 (2006).

[7] V. S. Matveev. Closed polyhedral 3-manifolds with K ≥ 0. Oberwolfach Reports 3, No. 1, 668–670 (2006).

[8] J. M. Sullivan. The geometry of bubbles and foams. Foams and Emulsions, Proc. NATO Advanced Study Institute on Foams, Emulsions and Cellular Materials, Cargèse, Corsica, 1997 (J.-F. Sadoc and N. Rivier, eds.). NATO ASI Series, Series E, Applied Sciences 354, 379–402. Kluwer Academic Publishers, Dordrecht, 1999.

[9] J. M. Sullivan. New tetrahedrally close-packed structures. Foams, Emulsions and Their Applications, Proc. 3rd EuroConference on Foams, Emulsions and Applications (EuroFoam 2000), Delft, the Netherlands, 2000 (P. L. J. Zitha, J. Banhart, and G. Verbist, eds.), 111– 119. Verlag MIT Publishing, Bremen, 2000.

[10] J. M. Sullivan. Problem 5 of Open problems in Discrete Differential Geometry (collected by G. Rote). Oberwolfach Reports 3, No. 1, 693 (2006).