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De�nition
Let 1 � p < 2 a real number, and V a Banach space. Let X : J ! V be a
continuous path. Then the p�variation of X on [0,T ] is de�ned by

jjX jjp,[0,T ] =
"
sup

D�[0,T ]

r�1
∑
j=0
jjXtj � Xtj+1 jjp

# 1
p

where D = ft0, t1, . . . , trg is a �nite partition of [0,T ], and
0 = t0 < t1 < . . . < tr�1 < tr = T .

De�nition
X : [0,T ]! V is a path with �nite p�variation, 1 � p < 2. The
p�Length of X , which we denote by lp : 4T ! R is a real valued
function, de�ned as

lp(s, t) = jjX jjpp,[s ,t ]
where 4T := f(s, t)j 0 � s � t � T g
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De�nition
Suppose X : [0,T ]! V is a path of �nite p�variation, 1 � p < 2. Then
the Signature of X : S(X ) : [0,T ]! T ((V )),
(T ((V )) = V � V
2 � � � � � V
n � � � � ) is de�ned as

S(X0,t ) = (1,X 10,t ,X
2
0,t , . . . ,X k0,t , . . .)

Here X k0,t 2 V
k , and X k0,t is called the Iterated Integral of X :

X k0,t =
Z
� � �

Z
0<u1<���<uk<t

dXu1 
 . . .
 dXuk

De�nition

If e = (e�i1 , e
�
i2 , . . . , e�ik ) 2 (V

�)
k , X : [0,T ]! V is a path of �nite
p�variation, 1 � p < 2. De�ne kth Coordinate Iterated Integral of X
with respect to e as

ϕXe (t) =
Z
� � �

Z
s<u1<���<uk<t

e�i1(dXu1) . . . e�ik (dXuk )
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Reparametrization

De�nition
Suppose X is a path of �nite p�variation, 1 � p < 2. Reparametrize X
by its p�Length, i.e. let \Xlp (0,t) = Xt .

jj\Xlp (0,t2) � \Xlp (0,t1)jj
p � lp(t1, t2) � lp(0, t2)� lp(0, t1)

jjcXl1p � cXl2p jj � (l1p � l2p ) 1p with l1p = lp(0, t1), l2p = lp(0, t2)
cXlp is non-constant on any subinterval.
Reparametrization does not change the path, nor does it change the
Signature of the path.

(\Xlp (0,t))
k =

Z
� � �

Z
0<lkp<���<lkp<lp (0,t)

dcXl1p 
 . . .
 dcXlkp
=

Z
� � �

Z
0<u1<���<uk<t

dXu1 
 . . .
 dXuk
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2n-Norm Method

Theorem
If f is α�H½older continous on interval J, with 0 < α � 1, c > 0 :
jf (u)� f (v)j � c ju � v jα, for any u, v 2 J. Denote M := max jf jJ , then

jM � (
Z
J
f 2n(s)ds)

1
2n j � M [ ln 2n

2αn
+ o(

ln 2n
2αn

)] as n! ∞

And, there exists f , such that jM � (
R
J f

2n(s)ds)
1
2n j = M [ ln 2n2αn + o(

ln n
n )].

Theorem
If f is a Lipschitz function on interval J : jf (u)� f (v)j � c ju � v j, for
any u, v 2 J. M := max jf jJ , and c

M � 1. Then

j(
Z
J
f 2n(s)ds)

1
2n �M j � M

2N
j ln(2n+ 1) + ln c

M
j
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Proposition: If M := max jf jJ is �xed, the error of approximation
increases when c increases. That is, the speed of convergence is slower
when the value of f changes dramatically in a small interval.

Example

Let fk (t) = e�kt , k � 1. Then c
M = k for fk (t) on t 2 [0, 1]. For some

�xed ε > 0, if we want

j (
Z
J
fk (s)

2nds)
1
2n � 1 j = j(1� e

�2nk

2nk
)
1
2n � 1 j < ε

It is equivalent to
2nk(1� ε)2n + e�2nk < 1

if it holds, we must have

2n(1� ε)2n <
1
k

So, as k ! ∞, n! ∞.
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Proposition: The Convergence is quicker when the mass of f is more
evenly distributed.

If f is a real-valued function on J, and J1 � J

M � (
Z
J1
f (s)2nds)

1
2n � M � (

Z
J
f 2n(s)ds)

1
2n

If f is a Non-negative real-valued function on J, then for any a � 0

M + a� (
Z
J
[f (s) + a]2nds)

1
2n � M � (

Z
J
f 2n(s)ds)

1
2n

Theorem
If f is a real-valued function on J. Then for any given n

min
a2R

θn(a) = θn(�
ess sup fJ + ess inf fJ

2
)

where θn(a) := ess sup(f (s) + a)J � (
R
J [f (s) + a]

2nds)
1
2n
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De�nition

θn(a) := ess sup(f (s) + a)J � (
Z
J
[f (s) + a]2nds)

1
2n

Corollary

For any �xed n, � ess sup fJ+ess inf fJ
2 is a globally (strict) minimum point of

θn(a), i.e.

θn(a) > θn(�
ess sup fJ + ess inf fJ

2
) if a 6= �ess sup fJ + ess inf fJ

2

If this minimum point is found, ess sup fJ + ess inf fJ is known.
Moreover

ess sup(f � ess sup fJ + ess inf fJ
2

) =
ess sup fJ � ess inf fJ

2
Therefore, we could extract ess sup fJ and ess inf fJ from its
2n�norm, especially the diameter of f on J: ess sup fJ � ess inf fJ ,
which, however, is not obvious from the de�nition of 2n�norm.
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Approximation Using Signature

Theorem
Suppose f is a continuous real-valued function, and jf j � M. If

Z
J
(
(M + jK j)SN ( f �K

M+jK j ) + f +K

2
�K )2dt > (M + jK j)4m(J)

4(2N + 1)2

then max fJ > K, where SN (x) := 2
π +

4
π ∑N

r=1
(�1)r+1
4r 2�1 T2r (x) is the partial

sum of Chebyshev series of jx j.

Suppose X : J ! Rn is a path of �nite p�variation 1 � p < 2, and
ϕXe (s, t) is a Coordinate Iterated Integral function of X , then
ϕXe (s, t) is continuous on 4T := f(s, t)j0 � s � t � Tg, thus
bounded on compact interval J.

Polynomial of ϕXe is a linear combination of higher ordered
Coordinate Iterated Integrals of X .
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De�nition

SN (x) := 2
π +

4
π ∑N

r=1
(�1)r+1
4r 2�1 T2r (x), where T2r , r � 1, are the �rst kind

Chebyshev Polynomials.

Theorem
Suppose X : J!Rn is an n�dimensional path of �nite p�variation,
1 � p < 2. e is an unit constant n�dimensional vector. If
0 < m � jX � ej � M, then there exists a series of polynomials Sm+MN ,s.t.������Sm+MN (X � e)� jX � ej

������
p,J
�
C (π

2 � arccos
m

m+M )

N
jjX jjp,J

where Sm+MN (f ) = (m+M)SN ( f
m+M )(x)

C (θ) :=
1

π sin( 12 θ)
+
1
2π

Z π

θ

�����cos 12 t cos[(N + 1
2 )t]

sin2 12 t

����� dt
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Extract Abstract Value of x from Power Series

De�nition

Let TN (x) := ∑N
i=0

x 2i
i ! .

Lemma
Suppose f is a real-valued function, then����jf j �qln[TN (f )]���� � maxfδ1N (f ), δ2N (f )g := δN (f )

δ1N (f ) : =

s
ln[TN (f )]� ln[1� e(

ef 2

N + 1
)N+1]�

q
ln[TN (f )]

δ2N (f ) : =
q
ln[TN (f )]�

s
ln[TN (f )]� ln[1+ e(

ef 2

N + 1
)N+1]
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Lemma

For any �xed N � 7, δN (x) is increasing on [0,
q

N+1
e ].

Theorem

Suppose f is a real-valued function, and N � 7. If jf (J)j � a �
q

N+1
e ,

then on J
0 � jf j �

q
ln[TN (f )] � δN (a)

Corollary
Suppose f is a real-valued function, N � 7, if for some K 2 R,
jf (J)�K j � a �

q
N+1
e , and

Z
J
(
q
ln[TN (f �K )] + f �K )2dt > m(J)[δN (a)]2

then max fJ > K.
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De�nition

λN (x) := maxf δ2N (x)p
ln[TN (x)]

,
δ1N (x)p
ln[TN (x)]

g

Lemma

There exists xNλ � 0, s.t. λN (x) is increasing on [xNλ ,
q

N+1
2e ], where

limN!∞ xNλ = 0.

Theorem
X :J ! Rn is a n�dimensional path of �nite p�variation, 1 � p < 2, e is
a n�dimensional constant unit vector, then for any �xed N � 2, if
xNλ � jX � ej �

q
N+1
2e��������jX � ej �qln[TN (X � e)]��������

p,J
� λN (

r
N + 1
2e

) jjX jjp,J
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Integration Method

For all f : J ! R, is a continuous function, Vf : R ! R+ is de�ned as

Vf (a) :=
Z
ff �ag

(f (t)� a)dt

Then Vf has the following properties:

non-negative.

non-increasing.

di¤erentiable with the derivative �m(f � a), which is bounded by
m(J).

convex.

ess sup fJ is the smallest point where Vf = 0.
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