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Definition
Let 1 < p < 2 a real number, and V a Banach space. Let X : J — V be a
continuous path. Then the p—variation of X on [0, T] is defined by

1
p

r—1
X o7y = | sup Y [1Xe — Xs,, 1P
DcC[0,T] j=0

where D = {ty, t1, ..., t } is a finite partition of [0, T], and
O=fp<th<.. <t 1<t =T.

Definition

X : [0, T] — V is a path with finite p—variation, 1 < p < 2. The
p—Length of X, which we denote by /, : A7 — R is a real valued
function, defined as

| A\

(s, 1) = IXIP?

J[s.t]

where A7 :={(5,t)|]0<s<t< T}

.
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Definition
Suppose X : [0, T] — V is a path of finite p—variation, 1 < p < 2. Then
the Signature of X: S(X) : [0, T] — T((V)),

(T((V)=Va V2. -d VO @G- .)is defined as

SXoe) = (1, XG0 XGpree o Xepr o)

Here Xolft € V@K and Xolft is called the Iterated Integral of X:

Xoft:/---/ dXey ® ... ® dX,,
O<u;<---<ue<t

Definition
If e= (e, €f,..., e) € (V*)®k X :[0, T] — V is a path of finite

p—variation, 1 < p < 2. Define kth Coordinate Iterated Integral of X
with respect to e as

oXe) = [ [ ACAIREAC
s<U < < U<t

| \
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Reparametrization

Suppose X is a path of finite p—variation, 1 < p < 2. Reparametrize X
by its p—Length, i.e. let le(O,t) = X;.

X1 0,82) = Xip0,e0) 1P < Io(t1, t2) < Ip(0, t2) — 15(0, t1)

— 1,
X = Xl < (I = 13)7 with [; = ,(0, 1), [; = [,(0, t2)

@ Xj, is non-constant on any subinterval.

@ Reparametrization does not change the path, nor does it change the
Signature of the path.

—

K00 = [ dXp ... @ dX,
Ky0.) 0<ti<oclb<ly(0) P v

— // Xy @ ... ® dX,,
O<uy <---<up<t
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2n-Norm Method

If f is xa— Hblder continous on interval J, with0 < a <1, ¢c>0:

|f(u) — f(v)| < clu—vl|* forany u,v € J. Denote M := max|f|,, then
In2 In2
M= ([ £r(s)ds) | < M +o(5-)] asn— o
J 2an
And, there exists f, such that |M — ([, f2"(s)ds)2s| = M['520 4 o(Inm)]

Theorem

If f is a Lipschitz function on interval J : |f(u) — f(v)| < ¢|
any u,v € J. M :=max|f|,, and 7 > 1. Then

| k
A

|(/J £20(5)ds) % — M| < MN|In(2n+1)+|n—|
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Proposition: If M := max|f|, is fixed, the error of approximation
increases when c increases. That is, the speed of convergence is slower
when the value of f changes dramatically in a small interval.

Example

Let fi(t) = e ¥, k > 1. Then = k for f(t) on t € [0, 1]. For some
fixed € > 0, if we want

. N 1_e—2nk N
([ (ods) b —1] = [ —)F — 1] <

It is equivalent to
2nk(1—e€)*" +e2" <1

if it holds, we must have

2n(1—¢€)?" <

x| =

So, as k — 00, n — oo.
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Proposition: The Convergence is quicker when the mass of f is more
evenly distributed.

o If f is a real-valued function on J, and J; C J
M- (/ F(s)2"ds) % > M — (/ £21(s)ds)
5 J
o If f is a Non-negative real-valued function on J, then for any a > 0

M+a— (/J[f(5)+a]2”ds)217 > M — (/J £27(s)ds) %

Theorem
If f is a real-valued function on J. Then for any given n

. _ esssup f; + ess inf f;
min 0,(a) = 0n( 5

)

where 0,(a) := esssup(f(s) +a); — ([,[f(s) + a] 127 ds) 2

D Yang (University of Oxford) Maximum from Signature



0,(a) := esssup(f(s)+a), — (/J[f(s) + 3]2”ds)217

v

Corollary

For any fixed n, —Ww is a globally (strict) minimum point of
0,(a), ie.

esssup f; + ess inf £

) ifa# — 5

esssup f; + ess inf £
2

0,(a) > 0,(—

@ If this minimum point is found, esssup f; + ess inf f; is known.
Moreover
esssupfy +essinff;  esssupf; — ess inff,
2 )= 2
Therefore, we could extract esssup f; and ess inf f; from its
2n—norm, especially the diameter of f on J: esssup f; — ess inf £,
which, however, is not obvious from the definition of 2n—norm.

esssup(f —
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Approximation Using Signature

Suppose f is a continuous real-valued function, and |f| < M. If

M+ |K])*m(J)

~ K> 42N +1)?

(M +|K|)Sn (5= K |)-|-f+K
/ ;

then maxf; > K, where Sy(x) :== 2+ 45V, WTQr(X) is the partial
sum of Chebyshev series of |x|.

v

@ Suppose X : J — R" is a path of finite p—variation 1 < p < 2, and
@X (s, t) is a Coordinate Iterated Integral function of X, then
@X (s, t) is continuous on At := {(s,t)[0 <s <t < T}, thus
bounded on compact interval J.

@ Polynomial of (pf is a linear combination of higher ordered
Coordinate lterated Integrals of X.
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1+1

Sn(x) = 2 — 2 Er 1 4r2) - Tar(x), where Ty, r > 1, are the first kind
Chebyshev PonnomlaIs

Theorem

| \

Suppose X: J—R" is an n—dimensional path of finite p— variation,
1 < p < 2. e is an unit constant n—dimensional vector. If
0 < m< |X-e| <M, then there exists a series of polynomials SA”,’+M,5. t.

C(5 — arccos
N

[ 0x-e) = 1x-ef|| < GE X1,

where Sﬁ+M(f) (m+M)5N<m+M)< x)

C(Q):Z,l—i-l/;

7tsm(%9) 27T

cos 3t cos[(N + 1)t
sin? %t

dt

N
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Extract Abstract Value of x from Power Series

2i

Let Tw(x) := TN, %

Lemma

Suppose f is a real-valued function, then

}m - \/lnwm\ < max{5Y(F), 53(F)} := u(F)

Slen] :\/In[TN(f)]—In[l—e(efz)’V+1]— In[Tn(F)]

N+1

o3 () - :\””[TN(’{)]_\/ln[TN(f)]_|n[1+e(Ne:_21)N+1]
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Lemma

For any fixed N > 7, éy(x) is increasing on [0, \/@]

| A

Theorem

Suppose f is a real-valued function, and N > 7. If |f(J)| < a < |/ MEL,

then on J
0 < [f| —+/In[Tn(f)] < én(a)

| A

Corollary
Suppose f is a real-valued function, N > 7, if for some K € R,
|f(J) — K| < a< /M and

then max f; > K.
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A )

v
Lemma

There exists x)' >0, s.t. Ay(x) is increasing on [x),

limpy_co x/\ = 0.

v
Theorem

X:J — R" is a n—dimensional path of finite p—variation, 1 < p <2, e is
a n—dimensional constant unit vector, then for any fixed N > 2, if

<|X e\<\/’\’+1

H|X ~e| —/In[Ty(X - e)]

N+1

< An(
p,J

5 11X,

N

09/09 13/ 14

D Yang (University of Oxford) Maximum from Signature



Integration Method

For all f:J — R, is a continuous function, Vs : R — RT is defined as
Vi(a) = / f(t) —a)dt
(@)= [ (=)

Then V5 has the following properties:

@ non-negative.

@ non-increasing.

e differentiable with the derivative —m(f > a), which is bounded by
m(J).

@ convex.

@ esssup f; is the smallest point where Vy = 0.
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