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The parabolic Anderson model

Consider the following Cauchy-problem:

%u(t, x) = kAu(t,x) + &(w, x)u(t, x), (w,t,x) € A xR, x Z¢,
u(0, x) = up(x), x €79,

x > 0 denotes a diffusion constant

® ug is a nonnegative function
Af(x):= > [f(y)— f(x)] is the discrete Laplacian

yily—x|=1

¢: Q x Z9 — R is a random potential /medium.
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Feynman-Kac Representation

Feynman-Kac representation

t

u(t,x) = Exexp /f(Xs) ds p up (Xy).
0

Here X denotes a simple symmetric random walk with generator KA.
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The Setting

Statistical moments
(u(t,0)P), peN.
(.) denotes expectation with respect to the medium.
o Let ug = 1.
o Let {{(x),x € Z?} be a field of i.i.d. nonnegative random variables
e Let F(h) :=P(£(0) > h) denote the tail of £(0)
o Let H(t) := log (e**(®)) be the cumulant generating function of £(0)

e We assume
H(t) < oo for all t > 0.

ehPt)=2drpt (¢ 0)P) < eM(Pt) (Gartner, Molchanov, 1990)
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Assumptions

Assumption (F): If x # y then

IP’(g(X);g(y)>hc)—o(l_:(h)), h — oo, for all ¢ > 0.

This implies
Assumption (F):

(I_-"(h—c))zzo(l_-_(h)), h— oo,  forallc>0.
Special case: Weibull distribution

F(h) = exp{—h"}, v > 1.
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Boundary Conditions

Zur(t,x) = rAuR(t, x) + £(x)ur(t, x), (t,x) € Ry x T,

ur(0,x) =1, x € T,

Let T¢ be the d-dimensional centered lattice cube of length 2[R] + 1

Let u,f-‘> denote the solution with free boundary conditions

Let u% denote the solution with zero boundary conditions.
o Let R, := tlog?t.

Lemma (Gértner, Molchanov, 1997)

Almost surely,
ug,(t,0) ~ u(t,0), t — oo.
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Spectral Representation

° %::ﬂA—&—gonﬁ(T‘,’?)

e Eigenvalues )\f’o > /\5’0 > /\f’f > )\f’f > ..
o Corresponding orthonormal basis of eigenfunctions
RO _R,0 _ _Rf _Rf
el y ez ) e ) el y e2 s e

Spectral representation

up(tx) =Y &N (ef’*, 11) R (x).

Lemma
Almost surely,

max ()\f’f, /\ff\R’f) > ARor > RO,

Ageing
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Principal Eigenfunctions

Probabilistic representation of ef’* (if max &(x) =¢(0))
x€Tg

e (x) + (€(x) = AT el (x) =0, x € TR\ {0},

efr(0) =1.
Hence
elR’f(x) = Exe;fo(g(XS)i)\fYF)ds.
Analogously

}0(5(xs)_,\f’vf) ds

6570()() = Exe0 7—0<T(rﬂ-d)‘:'
R
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Theorem for Moments

Theorem (Gértner, S.)

Let Assumption (F) be satisfied. Then for every R >0, p € N and
0 < C <1< C < there exist ¢y, ty > 0 such that for every ¢ > ¢y and
t > to,

th/epthIP’ (Af’o(g) >h| max &(y) < h-— c) dh

yETE\{0}

p

IN

t,O

Cpt/epthIP’ (AR f€) > hl max &(y)<h— c> dh.

~—

IA

yETZ\{0}
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Generalized Theorem

The result can be generalized to expressions such as

fowna).

with monotonically increasing f;, t; € C; where the f; are regularly varying
and

max ef(1? = o ( min <f,- (etf(t)5)>> , forall a>0, t — oo.

1<j<p 1<i<p
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Proof (ldea)
Upper bound.

1.
(uh (£,0)P T _cw<c) 2 o((uh (£,0)P)),  forall ¢ >0
2.
e (x) < Ce KO, lim K(c) = o0
3.
1 R.f
<U‘;t(t70)p> S W <ept)\1 5’(?];) = E(O)> 5 t— o0
R
4.

R,f
<ept)\1

~ IT%,I/e"”’]P’ (/\f’f(ﬁ) >h
c

£8) = 5(0)>

y€TZ\{0}

max &(y) < h-— c) dh.

Ageing
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Weibull Tails

l_:(h):exp{fh“r"}7 v>1

P (Af»f(g) > h

max €(y) < h—c
y€eTE\{0}

~  exp {—h7 +2dR2Y 2+ O (m*lf(”ﬂ”)} ,
l<y<2: (u(t,0)P)

~

h — oo.

PN 1
~expq (y—1) (71”) — 2dkpt + log pt + 5 log

geing
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Ageing

Heuristics
A system ages if the time it spends in a certain state increases with the
age of the system.

Our Definition
Let f be monotonically increasing to infinity and let

Ce(s) := lim Corr(f (u(t,0)), f (u(t+ s(t),0))), lim s(t) = oco.

t—oo t—o00

The system ages if Cr is not constant.
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Ageing Theorem

Let (u(0, t)) = OOk | 3 linear function, / = o(h) and k = o(/).

Lemma (Gértner, S.)

Let {&(x),x € Z9} be a field of i.i.d. random variables such that
H(t) < oo for all t > 0. Furthermore, let k € C? such that tlim k" (t)

— 00

exists.
Then the PAM ages for f = id iff tlim h'(t) =0.

Theorem (Gartner, S.)

Let £(0) ~ Weibull (), v > 1. Then the PAM ages for regularly varying
feGiffy>2.
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Some Further Challenges

o (f(u(t,x))) if f is slowly varying

e “quenched” ageing

) UO:50

Ageing
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