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Motivation

Risk source: n-dimensional SDE

dRs = σ(s, Rs)dMs + b(s, Rs)dCs

with M d-dim. continuous local martingale, d〈M, M〉s = qsq
∗
s dCs

Aim: price and hedge a derivative of the form F (RT )

Correlated financial market: k ≤ d assets

dSs = Ss(β(s, Rs)dMs + α(s, Rs)dCs)

Preferences:

U(x) = −e−ηx , 0 < η = risk aversion
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Value function:

V F (x , t, r) = sup
λ

E

[
U(x +

k∑
i=1

∫ T

t
λ

(i)
s

dS
(i)
s

S
(i)
s

− F (Rt,r
T ))

]

What is a BSDE (M=W)?
A BSDE with terminal condition B and generator f is an equation
of the type

Y t = B −
∫ T

t
Z sdWs +

∫ T

t
f (s, Y s , Z s)ds.

→ A solution is a pair of adapted processes (Y , Z ).
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Utility maximization

Theorem (Hu et al. ’05, Morlais ’08)

The value function satisfies

V F (x , t, r) = U(x − Y F ,t,r
t )

and the optimal strategy πF is given by

πF
s =ZF ,t,r

s q∗s β∗(ββ∗)−1(s, R t,r
s ) +

1

η
α∗(ββ∗)−1(s, R t,r

s ),

where (Y F ,t,r , ZF ,t,r ) is the solution of a certain quadratic BSDE
with terminal value F (RT ).
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Indifference pricing and delta hedging

Decomposition:

πF =π0 + ∆ = pure investment + optimal hedge

Indifference price: V F (x − p(t, r), t, r) = V 0(x , t, r)

Theorem (Ankirchner et al. ’07)

Let M be the Brownian motion. The indifference price is given by

p(t, r) = Y 0,t,r
t − Y F ,t,r

t .

The optimal hedge ∆ can be derived explicitely

∆(t, r) =
[
Z 0,t,r

t − ZF ,t,r
t

]
β∗(ββ∗)−1(t, r)

= [−∂2p(t, r)σ(t, r)] β∗(ββ∗)−1(t, r).

Anja Richter, richtera@math.hu-berlin.de Differentiability of martingale driven BSDE



Backround - The Brownian Case (M=W)

Theorem (Ankirchner et al. ’07)

Let f be of quadratic growth, i.e. |f (·, z)| ≤ C (1 + |z |2).
Assume that σ, b are Lipschitz, have uniformly bounded partial
derivatives, f is differentiable in r , z, ...
Then

I Markov property:
Y t,r

s = u(s, Rt,r
s ),

I Y t,r is continuously differentiable in r and Malliavin
differentiable:

DθY
t,r
s = ∂2u(s, Rt,r

s )DθR
t,r
s

I Malliavin trace:

Z t,r
s = DsY

t,r
s = ∂2u(s, Rt,r

s )σ(s, Rt,r
s ).

Anja Richter, richtera@math.hu-berlin.de Differentiability of martingale driven BSDE



Our aim

Brownian setting: If the coefficients σ, b and f are nice, then

Y t,r
s =u(s, Rt,r

s )

Z t,r
s =∂2u(s, Rt,r

s )σ(s, Rt,r
s )

Question: Does this relation between Y and Z hold in other
settings, f.e. in a continuous martingale setting?
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What is a martingale driven BSDE?

I M continuous d-dim. martingale, (Ft) cont. and complete
and thus every martingale is of the form Z ·M + L

I d〈M, M〉t = qtq
∗
t dCt

I B FT -measurable r.v.

I f :Ω× [0, T ]× R× Rd → R Borel-measurable function

A BSDE with terminal value B and generator f is an equation

Y t =B −
∫ T

t
Z sdMs −

∫ T

t
dLs +

η

2

∫ T

t
d〈L, L〉s

+

∫ T

t
f (s, Y s , Z s)dCs .

A solution is a triple of adapted processes (Y , Z , L) such that the
above equation makes sense.
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Our Setting - Martingale driven FBSDE

I M continuous d-dim. martingale

For (x , m) ∈ Rn × Rd and t ∈ [0, T ] we consider

X x,m
t =x +

∫ t

0

σ(s, X x,m
s , Mm

s )dMs +

∫ t

0

b(s, X x,m
s , Mm

s )dCs

with solution processes (X x ,m, Y x ,m, Z x ,m, Lx ,m).
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Our Setting - Martingale driven FBSDE

I M continuous d-dim. martingale

I F is a bounded function

I f is quadratic in z

For (x , m) ∈ Rn × Rd and t ∈ [0, T ] we consider

X x,m
t =x +

∫ t

0

σ(s, X x,m
s , Mm

s )dMs +

∫ t

0

b(s, X x,m
s , Mm

s )dCs

Y x,m
t =F (X x,m

T )−
∫ T

t

Z x,m
r dMr −

∫ T

t

dLx,m
r +

η

2

∫ T

t

d〈Lx,m, Lx,m〉r

+

∫ T

t

f (r , X x,m
r , Mm

r , Y x,m
r , Z x,m

r q∗r )dCr

with solution processes (X x ,m, Y x ,m, Z x ,m, Lx ,m).
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The Markov property

Theorem (IRR ’09)

Let Mt,m be a strong Markov process.
Then there exist deterministic functions u and v such that for
s ∈ [t, T ]

Y t,x ,m
s = u(s, X t,x ,m

s , Mt,m
s ), Z t,x ,m

s = v(s, X t,x ,m
s , Mt,m

s ).
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Differentiability of Y

Difficulty: Presence of 〈Lx ,m, Lx ,m〉 in

Y x ,m
t =F (X x ,m

T )−
∫ T

t
Z x ,m

r dMr −
∫ T

t
dLx ,m

r +
η

2

∫ T

t
d〈Lx ,m, Lx ,m〉r

+

∫ T

t
f (r , X x ,m

r , Mm
r , Y x ,m

r , Z x ,m
r q∗r )dCr

Introduce assumption (MRP):
There exists a square-integrable martingale N with 〈M, N〉 = 0 and
such that (M, N) satisfies the martingale representation property.

=⇒ ∃ process Ux ,m such that Lx ,m = Ux ,m · N
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Differentiability of Y

Theorem (IRR ’09)

Let (MRP) be satisfied, ∂i f of linear growth in z,...

Then there exists a modification (Y x ,m, Z x ,m, Ux ,m) such that

I Y x ,m is continuously differentiable in x and m,

I and there exist processes ∂xZ
x ,m, ∂mZ x ,m and ∂xU

x ,m,
∂mUx ,m such that the derivatives

(∂xY
x ,m, ∂xZ

x ,m, ∂xU
x ,m) and (∂mY x ,m, ∂mZ x ,m, ∂mUx ,m)

solve BSDEs.
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The representation formula

Theorem (IRR ’09)

If

I Y t,x ,m
s = u(s, X t,x ,m

s , Mt,m
s ) and

I Y t,x ,m continuously differentiable in (x , m).

Then

Z t,x ,m
s = ∂2u(s, X t,x ,m

s , Mt,m
s )σ(s, X t,x ,m

s , Mt,m
s )

+ ∂3u(s, X t,x ,m
s , Mt,m

s ).
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Hedging with stochastic correlation [Ankirchner,Heyne ’09]

I F (RT ) = derivative of risk R with payoff function F

I S = correlated traded asset

dSt = St(µSdt + σSdW 1
t )

dRt = Rt(µRdt + σR(ρtdW 1
t +

√
1− ρt

2dW 2
t )),

where ρ is the stochastic correlation with dynamics

dρt = a(ρt)dt + g(ρt)(γdW 1
t + δdW 2

t +
√

1− γ2 − δ2dW 3
t ).

Aim: Find a local risk minimizing hedge for F (RT ).
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FS decomposition and BSDEs

I Standard method for deriving the local risk minimizing
strategy π is based on FS decomposition

F (RT ) = C +

∫ T

0
πudSu + LT .

I Let (Y , Z ) be the solution of the linear BSDE

Y t = F (RT )−
∫ T

t
ZudWu −

∫ T

t
Z 1

u

µS

σS
du.

Then FS decomposition of F (RT ) is given by

F (RT ) = Y0 +

∫ T

0

Z 1
u

σSSu
dSu +

∫ T

0
Z 2

u dW 2
u +

∫ T

0
Z 3

u dW 3
u .
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Optimal hedge

Hedging strategy π = Z1

σSS Ã Explicit description of π?

The solution of

Y t = F (RT )−
∫ T

t

Z udWu −
∫ T

t

Z 1
u

µS

σS
du.

can be described in terms of

u(t, x , v) = EQ
[
h(Rt,x ,v

T )
]
, i.e. Y t = u(t, Rt , ρt).

Difficulty: x 7→ u(t, x , v) is only locally Lipschitz continuous
Ã no (direct) access to the chain rule of Malliavin Calculus

With the representation formula

Z t = σ(t, Rt , ρt)
∗
(

∂2u(t, Rt , ρt)
∂3u(t, Rt , ρt)

)
.
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Thank you for your attention!
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