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Erdés-Rényi forest fire model

» G(n,t) is a continuous time graph-valued Markov chain on
n vertices

» At time t an edge of the graph can be ,occupied” or
~vacant”

» We investigate the asymptotic behaviour of the

component-size distribution of the random graph consisting
of occupied edges as n — o
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» Vacant edges become occupied with rate % (
random graph evolution)

» Each vertex is exposed to a rate Poisson process of

» Fire spreads along the occupied edges and burns them
(the number of vertices remains unchanged)
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catastrophy.

Denote by V() the total number of vertices contained in
components of size k at time t
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Erdds-Rényi forest fire model

Vi=4 Vo=2 V3=3 V4=0
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Phase transition

The A\(n) = 0 case: the evolution of the Erdds-Rényi random
graph process:

» Ift < 1then
the largest component is of size O(log(n))

» Ift > 1then
The size of the biggest component isn-0(t) + o(n) with
6(t) > 0, but the second largest component is of size
O(log(n))

» Ift =1, then
The size of the biggest component is = n2/3

We will not investigate the size of the largest component in the
forest fire model.
The of the Erd6s-Rényi model can be treated
in a different way:
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Component-sizes

» Let V) (t) denote the total number of vertices contained in
components of size k at time t

> (V2(t)),—, itself is a Markov chain.
> Letvi(t) = V(1)

SkoiVi() =1
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The following ,law of large numbers” holds for the Erd6s-Rényi
model:

As n — oo for every fixed k and t the random variables v} (t)
converge in probability to a deterministic vy (t)

Eg.: limy_o V] (t) = e

vi(t) = E(v{(t)) = % > Pd(v)=0)=

veVv(G)

P(d(v)=0) = (e n)" T et

More generally: vy (t) = K ~e*tk—1
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Deterministic phase transition
The phase transition of the Erd6s-Rényi model can be seen by
looking at the deterministic functions vq(t), va(t), ...

»t<1lis : > kg Vk(t) = 1 and vy decays
exponentially in k
»t>1is D eeq Vk(t) < 1 and vi decays
exponentially in k
> t=1is 3 Vie(t) = 1 és vy (1) < k2
In the supercritical case the size of the giant component divided
by n converges to O(t) :=1 — > .7 ; v (t).

K k—1
Vi = —kvi + 5 §V|Vk_|
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Deducing the Smoluchowski equation with martingales
In the Erdés-Rényi Markov chain a component of size k and a
component of size | merges with rate %kl to form a component
of size k +1
Denote by the number of such coagulations from O to t

= @ is the number of components of size k

If then

1
dt'[TCL EE(Wk W(t+dt) —WE () | A) =
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is counting the number of times when a component of
size k coagulated with a component of size | from before t

is the total weight of the components of size k

%) n
dVe =k Y dWg —k- > dWik

=1 =1
We have just deduced that

LW =n-ve - v and LWk =

N| =
5
—
<
>
N—r
N

. 1
Lvi(t) = dth_r}rg)+ aE(vlz‘(t +dt) — v (t) | ) =
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Thus .
vi(t) — v2(0) — /O Lvi(s)ds = M7 (1)

is a martingale with small jumps, thus Var(M"(t)) = O (

Sl
SN—
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PDE
k—1
k
Vi = —kvi + 5 VIVk_|
=1
V(t,x) = vi(t)e
k=1

V(t,x) is decreasing, convex, analytic. V(t,0) = 1 — 6(t)
The transformed equation:

AV (t,x) = KV(t,x) — %&(VZ(t,x)

This equation can be solved explicitly, eg. with the
, or with the following method:
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Solution of the Burgers equation

OV (t,x) = oV (t,x) — V(t,x)oV (t,x)

Denote by X(t,Vv) the inverse function of V (t, x) in the second
variable V (t, X (t,v)) = v.

The transformed PDE for X(t,v) is
oX(t,v)=v -1

Solution:
X(t,v) =X(0,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

V(0,x) =e™* X(0,v) = —log(v)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

=

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

X(t,v) =X(O,v)+t-(v—-1)



The A(n) = 0 case: the Erd6s-Ré  Phase transition of the E-R graph process The Smoluchowski c

if t # 1 then , S0 V(t,x) can be
extended analytically to the domain (Vpin, +00), thus vy decays
exponentially.
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\__
o(t) 1 Y

The size of the giant component: 6(t) = V (t,0), thus
X(t,0(t)) =0
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At the critical time: oy X(t = 1,v = 1) =0, but
OwX(t=1v=1)>0,s0|V(t=1x)—1] < VX, so it follows
from that v (t = 1) < k=2
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S.0.C. in the forest fire model

is the critical domain

» Since A(n) — O, the fire does no harm to components of
fixed size asn — oo

» Since n\(n) — oo, giants of size comparable to n burn
immediately.

Theorem
There are deterministic functions (v (t)),-,, such that
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The controlled Smoluchowski equation

Theorem
There are deterministic functions (v (t)),- ., such that

k=1’
V(1) — vie(t) if 2 < A(n) < 1.

» Ift <1 then vi(t) is the same as the
Erdds-Rényi-Smoluchowski vy (t)

» Fort > 1 we have Y 7, v(t) = 1and vg < k=2

» The functions vy (-) are indepentent of the exact decay rate

of A(n), we do not have to fine-tune the model to see
permanent criticality in the limit;
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The critical controlled Smoluchowski equation

Vi =—Vi+¢
x

ka(t) =1
k=1

» Mass constantly escapes to infinity due to coagulations

» We constantly replace the lost weight from an external
reservoir in the form of isolated vertices

OV (1, X) = BV (t,X) — %axvz(t,x) +

V(t,0)=1 «— ivk(t)zl <~ 0(t)=0
k=1
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Frequently Asked Questions

In the Erdés-Rényi graph at , the expected size of the
largest component is =< . What happens in the forest fire
model?

Conjecture:

If where 0 < a < 1, then for t > 1 the expected size
of the largest component is n”’, where

2« if a <
5_{% if o >

Wl Wik



sinulation
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