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Definition (Poisson Process)
There exists exactly one point process with
@ for each bounded, measurable B, Ng ~ Poi(p(B))
® Bi,... B, disjoint, then Np,, ... Ng, independent
This point process is the Poisson process with intensity measure p,
P.

Example: p = a)\, a > 0.
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The Poisson Process

Some Properties of the Poisson Process

@ simple iff intensity measure p non-atomic

@® conditioned on {Ng = n}, location of points in B is iid.

( ’NB—I’I

/ / By + o+ 0 )p(dxm) - plda)

© local representation

B.5( Z%
/ / Su 4 o4 5)pldxn) - - - pldxa)
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Further Properties of the Poisson Process

@ infinitely divisible:
foreach k > 1, B, =P/ x...x P,
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k times
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Further Properties of the Poisson Process

@ infinitely divisible:
foreach k > 1, B, =P/ x...x P,
N—

k times

O P(- [N >0) =B« A,



The Poisson Process

Motivation and Questions

Motivation and main object
o relax iid: replace by Pdlya-like dynamic
Questions concern:

e local representation

independent increments

infinite divisibility
fidi distribution
typical point
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The Pdlya Sum Process

A detailed view

Inductive construction:
@ realise x3 according to p, o =0
@ set [k = fik—1 + Ox,
© realise xx41 according to p + uk

pINg = n) = p(B)
/ [ ) o+ 1) () (o + ) ()

where
al =(a+n—1)---(a+1)a



The Pdlya Sum Process

A detailed view

Local representation of the Pélya Sum Process
Let z € (0,1), p a locally bounded measure

S ps(e) = (123 2

n>0

X/B.../lsso(un)(p—i—un_l)(dxn)...(p—l—,ul)(dxz)p(dxl)



The Pélya Sum Process

Finite-dimensional distribution

(Zessin 09)
Let 0 < z< 1. Then

Zk

Seo(Ng = k) = (1 - 2)"®)

p(B) =1, then Ng ~ Geom(z)
p(B) € N, then Np negative binomial distribution



The Pélya Sum Process

Finite-dimensional distribution

(Zessin 09)
Let 0 < z< 1. Then

k
Sp(Ng = k) = (1 — 2B p(B)H.

ﬂp

If By,...,Bn disjoint, the Ng,, ..., Ng, are independent.

p(B) =1, then Ng ~ Geom(z)
p(B) € N, then Np negative binomial distribution
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The Pdlya Sum Process

Further properties

® S, is not simple

Seo( - [Npxy > 0) = —szszp*A* x Ay
jiz1 J times

® S, is infinitely divisible
© locations of j-towers: .
Poisson process with intensity measure j—.Jp
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The Pdlya Sum Process

Some more properties

® Gamma process-Poisson representation:
Pdélya sum process is Poisson process with random intensity
measure given by a gamma process

No contradiction with simplicity: random intensity measure
not diffuse



The Pdlya Sum Process
Is this the end?

Pdlya Sum Process
o further properties

e models and applications

Papangelou Processes
e replace p + p by more general n(u, )

interacting gases, Cox processes
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