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Ornstein-Uhlenbeck (OU) Process

Let (Lt, t > 0) be a Lévy process on (2, F, (Ft), P) . For every
aclkk
aXy = —aXidt+dL;, teRy, X=X, (1)

defines an Ornstein Uhlenbeck process driven by the Lévy
process L with initial distribution = = L£(Xp).
Equivalently,

t
X; = e Xy + / e~ =9 d[,. (2)
0



Sample path from compound Poisson plus Wiener process
driver
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Setting

Problem: Estimation of a from continuous observations X;,
0 < t < T and known Lévy-Khintchine triplet of L.

We work throughout in the canonical setting:
e Q=D(Ry)={f:Ry — R; fcadlag}
o X(w,t)=w(t) for all w € Q coordinate process
e Filtration generated by X

Fi=[(oXy:u<s)and F = \/ 7
s>t t

For every a € R we obtain a solution measure P2 of the OU
equation on D(R.).



Absolute Continuity/Singularity (ACS)
Problem

P = Pf}t denotes the restriction of P2 to F;.
Local absolute continuity:

/l /
p? L pa— P < P72 VicR,

@ Does /
s 10C
PZ < P2 hold for all a,8 € R?

) apd .
® Can we derive Z; = —Z; explicitly?
dF:



First Problem

Theorem

Let P2, P2 pe two solution measures of the OU equation for the
driving Lévy process L with characteristic triplet (b, o2, p) and
initial distributions = and =’. Suppose that ¢® > 0 and n’ < ,

then we have

, loc
P < P2



Semimartingale characteristics of X

Let (b, 02, 1) denote the Lévy-Khintchine triplet of L.

Then the semimartingale characteristics (B, C, v) of X are
given by

t
B(w,t) = bt—a/ Xs—(w)ds,
0
ot

Clw,t) =
v(w,dt,dx) = p(dx) \(dt),

where )\ denotes the Lebesgue measure on R.



The Hellinger Process of X

Proposition
A version of the Hellinger process of two solution measures
P2, P js

2

hi(a; a,d) = ol —a) /Ot {/Ou (a’e*a'(“*S) - ae*a(“*s)> L(ds)} du.

202

fora, @ € R.



Hellinger Process and Absolute
Continuity Problems

Let P, P’ be two probability measures on (2, F, (Ft))-

Theorem (Jacod and Mémin (1979))
Let h(a), o € (0,1) be a version of the Hellinger process
h(«; P, P'). Then for every stopping time T there is equivalence
between
(1) P,T < Pr;
® 3a € (0,1) such that P'(h(a)1 < 00) =1 and Py < Py and
P'(h(0)r =0) = 1.



Second Problem

Proposition
There exists a local martingale N : A — R on a random interval
A C Q x Ry such that the density process is given by

o @ aF [
Zi = de’ _Zoexp (Nt_Z"z/o XS_CIS .

Furthermore, for every stopping time S such that [0, S] C A the
stopped process NS is of the form

a-—a
NS = <( — )Xr—1[o,S]> - X,

where X¢ denotes the continuous martingale part of X under
Pa,




Maximum-Likelihood-Estimator (MLE)

For continuous observations of the Ornstein-Uhlenbeck
process X the likelihood function £ for the statistical experiment
(Q, F, (Ft), (P?)acr) takes the form

Lla X" dFy x dxg — & TXZd
( ) dPo = exp S— 0_2 0 s— S|.

Hence, the MLE for a is explicitly given by

) Xs—axg
J X2 ds

Q>
-



The continuous martingale part X°

By the Lévy-1té decompostition of L we can write X as
t
Xt:Xo—a/ Xe_ds+ Witd >0,
0

where W is a Wiener Process and J a quadratic pure jump
process given by

J,:/{| | 1}x(N,(dx)—tu(dx))+bt+ ST AXA axgs1-
X<

0<s<t

N is the jump measure of L with compensator .



Under PO it follows that X¢ = W, but under P2
. t
W; = Wt—a/ Xs_ ds
0

defines a Wiener process such that X¢ = W under P2.
Hence, given observations (X;(w), t € [0, T])

Xtc:Xt—/ X(Nt(dX)—t,u(dX))—bt— Z AXS1{|AXS\21}'
{Ix]<1} 0<s<t

which can be reconstructed from continuous observations.
Hence, the MLE can be rewritten as

gy o Xe(dWo—aXeds) ] XeoWs
Jo X2.ds Jy X2 ds

under P2,



Curved Exponential Families

Let {P?, 0 c ©} be a family of measures on (Q, F, (F)).

Definition (Klchler and Sarensen (1997))
We say that a statistical experiment { P’ 6 ¢ ©} forms a
curved exponential family if the likelihood function exists and
is of the form
I ok (0 — n(0)S)
dPtgo - p t t
where x : © — R, for 6y € © arbitrary but fixed and
A:Q xR, — RY is a cadlag process. Moreover,
S:Q xRy — R is assumed to be a non-decreasing

. . t—
continuous process with Sy = 0 and Sy — oc.



Strong Consistency

Theorem
Under the condition o2 > 0 the MLE &t for any a € R based on
continuous observations X;, t € [0, T] exists and is given by

Ji Xs—ax¢

ar=-—"——_——>.
J X2 ds

Furthermore, under P, the maximum likelihood estimator is
unique for T sufficiently large and

ar — a almost surely

asT — oo.



Asymptotic Normality

Theorem

Let X be a stationary OU process and a > 0 such that
¢ = E[X?] < oo. Then under P?

2
VT(ar — a) — N(O, %) weakly

asT — oo.



Discrete Observations

Given discrete observations Xa, Xoa, - . ., Xna With step size A
a dicretized version of 3 is

C
XC,.

with increments 0 X, = X("m+1)A

Theorem
Under the assumption that X is stationary and

Ka(t) = Ea(X:Xp) is continuously differentiable in t the MLE
satisfies

A n—>oo K(O) 2
an a+ Aa o(A Pa-a.s.
+ E(Xg)+ ( ) aas




Proof

AL S X 0Xm
We rewrite &, = 42 = _AZ"71AX as
n—1 n—1 (m+1)A
mA

n—1

(m+1)A
:meA5Wm ameA/ (Xs— — Xma) ds—an > X

m=0

=: Z,, —aR, — al,



By ergodicity of X it follows that P;-a.s.

I noo np - Zninmce

)

and
Rn n—oo A 2
0

such that finally



Simulations
Boxplot for &, from a Wiener process plus compound Poisson
(A =4, N(0,1)-jumps) driver and true parameter a = 2.
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Summary and Outlook

Under o2 > 0 the solution measures {P?3, a ¢ R} are
locally equivalent.

The MLE takes an explicit form and is efficient and
asymptotically normal.

Computation from discrete observations is straight forward.
Asymptotics for a < 0 and without second moments of X?
Delay estimation
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