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Model

Heuristics:
RWRE: Zd -valued nearest-neighbour “random walk” with
transition probabilities randomly chosen for each site;
environment: family of transition probabilities (indexed by Zd );
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Model
Formally:

environment ω ∈ Ω := (M)Zd
, M the set of probability measures

on {e ∈ Zd : |e| = 1};

given environment (ω(z, ·))z∈Zd , quenched RWRE is the Markov
chain (Xn) with state space Zd starting in x with law Px ,ω s.t.

Px ,ω(Xn+1 = z + e|Xn = z) := ω(z,e),

z ∈ Zd , |e| = 1.

environment measure P = µZd
, µ measure onM with

µ(infe ω(0,e) ≥ κ) = 1 some κ > 0.
Annealed (or averaged) measures

Px =

∫
Ω

Px ,ω P(dω).
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LLN

Theorem (Sznitman, Zerner, [SZ99], [Zer02])
Assume

P0(lim
n

Xn · e =∞) ∈ {0,1} ∀e ∈ Zd with |e| = 1.

Then there exists v ∈ Rd deterministic s.t. P0-a.s.

lim
n

Xn

n
= v .

Question: For d ≥ 2, can we find characterisations of ballisticity, i.e. of
the case v 6= 0?

Alexander Drewitz (TU Berlin, IRTG SMCP) On ballisticity criteria for RWRE Chorin September 01, 2009 5 / 14



LLN

Theorem (Sznitman, Zerner, [SZ99], [Zer02])
Assume

P0(lim
n

Xn · e =∞) ∈ {0,1} ∀e ∈ Zd with |e| = 1.

Then there exists v ∈ Rd deterministic s.t. P0-a.s.

lim
n

Xn

n
= v .

Question: For d ≥ 2, can we find characterisations of ballisticity, i.e. of
the case v 6= 0?

Alexander Drewitz (TU Berlin, IRTG SMCP) On ballisticity criteria for RWRE Chorin September 01, 2009 5 / 14



Ballisticity criteria

Definition (Sznitman)

For γ ∈ (0,1), l ∈ Sd−1 condition (T )γ |l is satisfied if for each l ′ in a
neighbourhood of l and for all b > 0 one has

lim sup
L→∞

L−γ log P0(XTUl′,b,L
· l ′ < 0) < 0,

where Ul ′,b,L := {x ∈ Zd : −bL < x · l ′ < L}.
Furthermore: (T )′|l :⇐⇒ (T )γ |l holds for all γ ∈ (0,1).
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Ballisticity criteria

[Szn02]:
1 (T ′)|l implies ballisticity.
2 For γ ∈ (1

2 ,1) : (T )γ |l ⇐⇒ (T ′)|l .

Theorem (D, Ramı́rez, [DR09])
Let d ≥ 2 and

γd :=

√
3d2 − d − d

2d − 1
.

Then, for each γ ∈ (γd ,1) and l ∈ Sd−1, (T )γ |l is equivalent to (T ′)|l .

Remark
Depending on d ∈ N, γd takes values in the interval (0.366,0.388).
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Main ideas of the proof
Recall: In d = 1, Solomon [Sol75] showed that (Xn) is ballistic (to
the right) iff

E
ω(0,−1)

ω(0,1)
< 1.

Higher-dimensional “analogue”:

Theorem (Sznitman, [Szn02])
Effective criterion⇐⇒ (T ′)|v̂ .

Sufficient for establishing effective criterion: show that for some
α > 0,

E ρL−α → 0

fast enough as L→∞, where

ρ(ω) :=
P0,ω(XTB /∈ ∂+B)

P0,ω(XTB ∈ ∂+B)
.
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Main ideas of the proof
Decomposition

E ρL−α = (I) + (II) + (III),

where
(I) := E

(
ρL−α ,P0,ω(XTB ∈ ∂+B) > e−k0Lγ)

as well as

(II) := E
(
ρL−α ,e−k1Lβ1 < P0,ω(XTB ∈ ∂+B) ≤ e−k0Lγ)

and

(III) :=
n∑

j=1

E
(
ρL−α ,e−kj+1Lβj+1

< P0,ω(XTB ∈ ∂+B) ≤ e−kj L
βj )
,

with constants βj s.t.

1 = βn+1 > βn > · · · > β1 > (1 + γ)−1.
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Estimate first summand

(I) := E
(
ρL−α ,P0,ω(XTB ∈ ∂+B) > e−k0Lγ)

Lemma
For all L > 0,

(I) ≤ ek0Lγ−α−δ1Lγ−α+o(Lγ−α),

where
δ1 := − lim sup

L→∞
L−γ log P0(XTB /∈ ∂+B) > 0.

Proof.

Jensen implies (I) ≤ ek0Lγ−αP0(XTB /∈ ∂+B)L−α .
(T )γ entails P0(XTB /∈ ∂+B)L−α ≤ e−δ1Lγ−α+o(Lγ−α).

=⇒ Choose α < γ.
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Estimate second summand

(II) := E
(
ρL−α ,e−k1Lβ1 < P0,ω(XTB ∈ ∂+B) ≤ e−k0Lγ)

Lemma
For all L > 0,

(II) ≤ ek1Lβ1−α−δ1Lγ+o(Lγ).

Proof.

(II) ≤ ek1Lβ1−α E(P0,ω(XTB /∈ ∂+B)L−α ,P0,ω(XTB /∈ ∂+B) ≥ 1− e−k0Lγ )

≤ ek1Lβ1−αP0(XTB /∈ ∂+B)(1− e−k0Lγ )−1.

=⇒ Choose β1 < 2γ, α ∈ (β1 − γ, γ).
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Estimate third summand
Lemma
Let the βj ’s be chosen as above. Then, for all j ∈ {1, . . . ,n} and
ζ ∈ (0, f (βj)),

E
(
ρL−α ,e−kj+1Lβj+1 ≤ P0,ω(XTB ∈ ∂+B) ≤ e−kj L

βj ) ≤ ekj+1Lβj+1−α−δ2Lζ+o(Lζ)

where f is defined by

f : ((1 + γ)−1,1) 3 β 7→ d
(
β − 1

1 + γ

)1 + γ

γ
,

and

δ2 := − lim sup
L→∞

L−ζ log P(P0,ω(XTB ∈ ∂+B) ≤ e−cLβj
) > 0.

(Proof omitted, via renormalisation estimate from [Szn01])

=⇒ Need βj+1 − α < f (βj)
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Fixed-point iteration

1 Conditions from estimating (I) to (III) :

β1 < 2γ, α ∈ (β1 − γ, γ), βj+1 − α < f (βj).

2 Leads to
βj+1 < f (βj) + γ.

3 Unstable fixed point of the iteration of x 7→ f (x) + γ is given by

x∗ :=
d − γ2

(1 + γ)d − γ
.

4 Finally, the starting condition β1 > x∗ yields

γ > γd =
−2d +

√
12d2 − 4d

2(2d − 1)
.
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Open questions

1 Can one lower γd to 0 (for all d ≥ 2)?

2 Does ballisticity imply (T )′|v̂?
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