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Classical spin systems

A classical spin system consists of
mACczd d>1;
m a spin configuration o € Qp := {—1, +1}";

m an Hamiltonian H : Q5 — R ~~ the Gibbs measure

(o) = e MO,

where 3 :=1/T.

How can we view it in quantum terms?
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Quantum reformulation of the classical model

41 are dressed as quantum eigenfunctions of the Pauli matrix

., (1 0 .
6% = ( 0 1 ) and are indicated as

1) = (é) 1) = <(1)>

Qr2 0~ o) :=Qiep|oi) € Xp = ®,-6A]R2;
X becomes a Hilbert space with a scalar product:

(alo") :==1liealoilo’i)2- B:={]0)}oeq, is an
orthonormal basis of the space.

Forie N, 6flo) =|o1)®...®6%|0;)®...[o]) So

6767|0) =ojojlo)
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Rephrasing of functions

Given f : Qp — R,

F:Xpn—Xp s t. (o|Flo)y:=Ff(o), V|le)eB (1)

Notation When f := H, the associated quantum operator is H;.
m The partition function Z:=3_ o e PH(O) = Ty (e‘BHl).

Tr(]-'e_m"l)

Tr(e’fBHl) ’

B<FG>=<FG>-<F><G>.

< F>=
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Definition of a quantum model with transverse field

We now change the Hamiltonian in this way: setting

0% = < (1) é > and 67 as before, we introduce a transverse field

of intensity A > 0:
~H = -Hi+ A &}
ieA

X
Hi and ) ;a6 do not commute.
Goal: represent the new model in classical terms.
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Path-integral representation

We do this in two steps:
for every i € A\ throw points ~ PPP()) on the loop Sg. The
arrival configuration is denoted with &;.

Color the connected components of each loop with two colors,
independently and with probability 1/2. The coloring is coded
by a function 7;(t), t € [0, ).
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Let D:={0:Sg — {-1, +1}:
piece — wise constant, right continuous} and S the set of finite
subsets of Sg.

Definition (Spin configuration)

{(&,i(-)}ien € (S x DN,

P(d¢;):= Poisson measure of intensity A on one site.

B
(r, de) = % ® P(dE)1(, ¢y exp [ /0 —H(T(t))dt]
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uantum mean of an observable)

For F asin (1)

< Foe / F(r(0))(r, d€)

that is the quantum mean of F is an average w. r. t. a classical
probability measure.
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Definition of the dynamics

Definition
If o € SN, a € S, we denote with o' a the element of S obtained
from o by replacing o; by a.

Set of transitions G:

x,a,b(a7 €)= {(Jib,f L’J {X}) ifoj=a, b~&U {X}

Vi .
" (0,€) otherwise

xab(y ¢} .= {(gib,g { {x))ifxeoi, oj=a, b~&\{x}

Vi,— .
(0,8) otherwise

V’Yf(0-7 5) = f(’}/(o-a E)) - f(O’,f)
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We construct a dynamics reversible w. r. t. m with generator

Lf(0,€) =
B
)\Z/ dx2#£,+1 Z exp {/0 <Vyix’f,-,aH(a(t))> dt] X
ieN a~giU{x}

X [v et ((0,6))] +
g X [Vl (@),

ien y€&in~&\{y}
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Properties of the Hamiltonian

We require that V'~ € G the following hold:
m Bounded gradient

IV Hl ooy < € (P1)
m Local function of range R: if 7y acts on the i-th site,
V., H(e) =V, H(o') (P2)

if o) = o'k, Vk: d(i,k) <R.
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Spectral gap

Using the Bochner-Bakry-Emery method we obtain the following

Theorem

If (P1)-(P2) are satisfied, for every [3 sufficiently small there exists
k > 0 such that
gap(L) > k

uniformly in the volume |\|.
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Local functions and decay of correlations

Let Ar CC A, Ag CC A, and A N Ay = 0; let f (resp. g) be a local
function on A (resp. Ag); F, G as in (1).

A quantum spin model has decay of covariances if

< F;G >=o(d(Ar,N\g))

A quantum model has an exponential decay of correlations if there exist
C, C’ constants s. t.

< F;G>| < Ce—C d(ArAs)
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Positivity of the spectral gap = decay of correlations

Theorem (Exponential decay of correlations)

Let H be an Hamiltonian with (P1)-(P2). If gap(L) > 0 then the
following holds: for every Ne CC N, Ng CC N and Af N Ag =0, f

(resp. g) local on A¢ (resp. Ng), there exist C < 400, C' < 400
constants not depending on |\| s. t.

< FiG >| = |nlfig]| < CemC9rhe)
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Sketch of the proof.

Lemma There are constants A < 400, B < 400, § > 0 that depend
on IArl, [Agl, 11F1l12ml. 1g]li2gry. 111 and gl s. t. for al
t
|7[Se(fg) — Sif Sig]| < AeBt=0d(\r )

7[f: gl 7w [Se(fg)]l =
| 7[Sef Seg] + 7[Se(fg) — Sef Seg]l <

ISef 2y |1Seglli2(x) + I7[Se(fg) — Stf Sl

IN

by Cauchy-Schwarz inequality.
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|
m By Poincaré inequality (G :=1/k)

_ 2t _
I7[f: gll < e < ||f|i2(m)||& ]l 12(r) + AP0 AS)

m If A and B are chosen as in the Lemma, set t := %d(/\f,/\g)
and the proof is concluded.

Ol
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