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What is a vector bundle?
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Discrete bundles in Computer Graphics

„Trivial Connections on Discrete Surfaces“
Kennan Crane, Mathieu Desbrun, Peter Schröder
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Discrete bundles in Computer Graphics

„Globally Optimal Direction Fields“
with Keenan Crane, Ulrich Pinkall, Peter Schröder
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Discrete bundles in Computer Graphics

„Smoke Rings from Smoke“
Steffen Weissmann, Ulrich Pinkall, Peter Schröder
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Discrete bundles in Computer Graphics

„Close-to-Conformal Deformation of Volumes“
Albert Chern, Ulrich Pinkall, Peter Schöder
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Discrete bundles in Computer Graphics

„Stripe Patterns on Surfaces“
with Keenan Crane, Ulrich Pinkall, Peter Schröder

3/27



Optimal direction fields

Energy of direction fields φ ∈ Γ(L):

E(φ) := min
u≥0, ‖u‖=1

∫
M
|∇(uφ)|2dA

Leads to an easy algorithm:

Minimize ED(ψ) =
∫

M |∇ψ|
2 over the L2-sphere.

The pointwise normalized minimizer is an
optimal direction field.
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What is a discrete vector bundle?

Definition (Discrete Vector Bundle)
Let F be a field and X be a simplicial complex with vertex set V .
A discrete F-vector bundle of rank K over X is a map π : E→ V
such that for each i ∈ V the fiber Ei := π−1({i}) has the
structure of a K-dimensional F-vector space. Notation: E→ X .

Definition (Discrete Connection)
Let E→ X be a discrete vector bundle. A discrete connection
is a map η which assigns to each oriented edge ij of X an
isomorphism of vector spaces ηij : Ei → Ej such that

ηji = η−1
ij .
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Example - bundles from smooth triangulations

Let E→ M be a smooth vector bundle with connection. Let V
be the vertex set of a smooth triangulation of M.

The restriction E|V is a discrete vector bundle with connection
η given by parallel transport along edges.
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Example – discrete intrinsic tangent bundle

Let M be a surface equipped with a Euclidean triangulation.
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Example – discrete intrinsic tangent bundle

Let M be a surface equipped with a Euclidean triangulation.

 Riemann surface structure on M
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Example – discrete intrinsic tangent bundle

The original metric becomes a metric with cone singularities.

 well-defined parallel transport

 defines a discrete hermitian line bundle with connection –
the discrete intrinsic tangent bundle of M.
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When bundles are considered as equivalent?

Definition (Morphism)
Let E→ X and F→ X be discrete vector bundles with
connection η and θ. A map f : E→ F is called a morphism if
i) for each i ∈ V we have f(Ei) ⊂ Fi, and fi := f |Ei

: Ei → Fi is
a vector space homomorphism,

ii) the following diagram commutes for each edge ij of X :

A vector bundle with connection is called trivial, if it is
isomorphic to V × Fk → X with the connection ηij = idFk . 9/27



Parallel transport along discrete edge paths

Parallel transport along a discrete edge path γ = en · · · e1:
P ηγ : Ei → Ej , P ηγ := ηen ◦ · · · ◦ ηe1 .
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Parallel transport along discrete edge paths

Parallel transport along the inverse path:
P η
γ−1 = (P ηγ )−1.
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Parallel transport along discrete edge paths

Parallel transport along concatenation of paths:
P ηγ̃γ̂ = P ηγ̃ ◦ P

η
γ̂ .
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The discrete path group

Define an equivalence relation on the set of edge paths:

γ2γ1 ∼ γ2γ
−1γγ1.

This equivalence relation turns the semi-group of loops with
base point i into the group LG(X , i) – the path group of X .
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Monodromy

The parallel transport P η of a connection η descends to an
represention of the path group LG(X , i).

Definition (Monodromy)
The monodromy is the representation M : LG(X , i)→ Iso(Ei)
given by

M[γ] = P ηγ .

Change of base point i isomorphic representation.

Isomorphic bundles isomorphic monodromies.
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A discrete analogue of Kobayashi’s theorem

M : LG(X , i)→ Iso(Ei) group homomorphism. Choice of basis of
Ei  group homomorphism

ρ : LG(X )→ Gl(F,K).

Another choice of basis conjugation: ρ̃ = AρA−1, A ∈ Gl(F,K).

[M] – conjugacy class corresponding to M,
VK

F(X ) – isomorphism classes of F-vector bundles of rank K.

Theorem (Discrete Kobayashi)
The map VK

F(X )→ Hom(LG(X ),Gl(F,K))/∼, [E] 7→ [M] is bijective.

13/27



The line bundle case

Since Gl(F, 1) = F∗ is abelian,

Hom(LG(X ),Gl(F, 1))/∼ = Hom(LG(X ),F∗).

V1
F(X ) has group structure:

[L][L̃] = [L⊗ L̃], [L]−1 = [L∗],

the trivial bundle is the identity.  

V1
F(X ) ∼= Hom(LG(X ),F∗).
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Abelianization

F∗ abelian any homomorphism ρ : LG(X )→ F∗ factors
through the abelianization LG(X )ab of LG(X ):

LG(X )ab = LG(X )/[LG(X ),LG(X )] ∼= Ker ∂1.

Here ∂1 : C1(X ,Z)→ C0(X ,Z) denotes the boundary operator.
The isomorphism is induced by

[en · · · e1] 7→
n∑
i=1

ei.

Thus the situation simplifies:

V1
F(X ) ∼= Hom(Ker ∂1,F∗).
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Classification of discrete hermitian line bundles

Allows treatment by discrete forms (Ωk(X ,S) = Hom(Ck(X ),S)):

V1
herm(X ) ∼= Hom(Ker ∂1, S) ∼= Ω1(X ,S)/dΩ0(X ,S)

Moreover,

0→ H1(X ,S)→ Ω1(X ,S)

dΩ0(X ,S)

d−→ Ω2(X , S)→ Hom(Ker ∂2,S)→ 0 exact.

 Fibration of V1
herm(X ) with fiber H1(X , S).
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Smooth triangulations revisited

Here Ω denotes the curvature 2-form given by R∇ = −ΩJ . 17/27



Discrete hermitian line bundles with curvature

Definition
A discrete hermitian line bundle with curvature is a discrete
hermitian line bundle L→ X with connection η together with a
closed 2-form Ω ∈ Ω2(X ,R) such that

ηki ◦ ηjk ◦ ηij = exp(ıΩijk) idLi .

The curvature form of a discrete hermitian line bundle is
integral: For each closed 2-chain S,∫

S
Ω =

∑
ijk∈S

Ωijk ∈ 2π Z.
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Weil’s theorem

The converse statement holds as well and is well-known in the
smooth case.

Theorem (Discrete Weil)
Each integral discrete 2-form is the curvature form of a
discrete hermitian line bundle.

As seen before, the space of all bundles with a given curvature
can be parametrized by the first cohomology group H1(X ,S).
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The index of discrete sections
Let L→ X be a discrete hermitian bundle with curvature Ω. Let
V be the vertex set of X . The space of sections is given by

Γ(L) =
{
ψ : V → L | π ◦ ψ = idV

}
.

For a non-vanishing ψ ∈ Γ(L) we define the rotation 1-form:
ξψij := arg

( ψj

ηij(ψi)

)
∈ (−π, π).

Definition (Index Form)
The index form of ψ ∈ Γ(L) is defined by indψ := 1

2π

(
dξψ + Ω

)
.

Theorem
The index form indψ of any section ψ ∈ Γ(L) is integer-valued.
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The Poincaré-Hopf theorem

To each discrete hermitian line bundle L with curvature Ω over
a discrete surface X we can assign an integer - its degree:

deg(L) := 1
2π

∫
X

Ω.

Theorem (Discrete Poincaré-Hopf)
For each non-vanishing discrete section ψ ∈ Γ(L),

deg(L) =
∑
ijk∈X

indψijk.
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Piecewise-smooth bundles
Each simplex of a simplicial complex is a manifold with corners.
For each face σ′ ⊂ σ, we have an affine embedding ισ′σ : σ′ ↪→ σ.

Definition
A piecewise-smooth vector bundle over a simplicial complex is
a topological vector bundle E→ X such that

1 for each simplex σ ∈ X the restriction Eσ := E|σ is a
smooth vector bundle over σ,

2 for each face σ′ of σ ∈ X , the inclusion Eσ′ ↪→ Eσ is a
smooth embedding.

Differential forms = collections of compatible local forms ωσ :
ισ′σ

∗ωσ = ωσ′ .
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Associated bundles

To each closed discrete k-form ω there corresponds a unique
constant piecewise-smooth k-form ω̃ such that for each
k-simplex σ

ωσ =

∫
σ
ω̃.

Theorem (Associated Piecewise-Smooth Bundle)
Each discrete hermitian line bundle L→ X with curvature Ω
extends uniquely (up to isomorphism) to a piecewise-smooth
hermitian line bundle with constant piecewise-smooth
curvature form Ω̃.

 FE methods applicable discrete Dirichlet energies.
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Discrete sections and finite elements
Let L→ X be a discrete hermitian line bundle with curvature Ω
and denote by L̃ its associated bundle. In particular, L̃

∣∣
V = L.

Each vector ψi ∈ Li extends to a piecewise-smooth section of L̃.
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Discrete sections and finite elements
Let L→ X be a discrete hermitian line bundle with curvature Ω
and denote by L̃ its associated bundle. In particular, L̃

∣∣
V = L.

Each vector ψi ∈ Li extends to a piecewise-smooth section of L̃.

 Γ(L) identified with a subspace Γpl(L̃) ⊂ Γps(L̃). 24/27



Integration and discrete L2-product

Euclidean simplicial manifold = simplicial manifold X consisting
of Euclidean simplices density on top-dimensional simplices
 Integral of functions:∫

X
f =

∑
σ∈Xn

∫
σ
fσ.

 L2-product on Γps(L̃) L2-product on Γ(L).

The discrete L2-product is then given by

〈〈φ, ψ〉〉 =
∑
i,j

µijΩ 〈φj , ηij(ψi)〉, µijΩ =
∑

{i,j}⊂σ∈Xn

ΘΩ
σ,i,j(i, j) vol(σ).

Here
ΘΩ
σ,i,j(k, l) = 1

vol(σ)

∫
σ xkxl exp

(
−i
∑

m Ωijmxm
)
.
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Discrete Dirichlet energy

The discrete Dirichlet product is then given by

〈〈φ, ψ〉〉D =
∑
i,j

wijΩ 〈φj , ηij(ψi)〉, wijΩ =
∑

{i,j}⊂σ∈Xn

WΩ
σ,i,j ,

where

WΩ
σ,i,j =

[
cijσ ΛΩ

σ,i,j +
∑

k′,k′′,l′,l′′

Ωik′l′Ωjk′′l′′ c
k′k′′
σ ΞΩ

σ,i,j(l
′, l′′)

]
+ ı
[∑
k′,l′

(
Ωik′l′ c

jk′
σ ΘΩ

σ,i,j(i, l
′)− Ωjk′l′ c

ik′
σ ΘΩ

σ,i,j(j, l
′)
)]
.

Here the cijσ ’s are cotangent weights and
ΛΩ
σ,i,j := 1

vol(σ)

∫
σ exp

(
−ı
∑

m Ωijmxm
)
, ΘΩ

σ,i,j(k, l) := 1
vol(σ)

∫
σ xkxl exp

(
−ı
∑

m Ωijmxm
),

ΞΩ
σ,i,j(k, l) := 1

vol(σ)

∫
σ xixjxkxl exp

(
−ı
∑

m Ωijmxm
)
. 26/27



Thanks!
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