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Introduction

Perturbation theory of eigenvalues is a classical and important branch of linear algebra. Its
applications are multifaceted in areas such as numerical linear algebra, linear systems theory,
theoretical physics and engineering. During the last 20 years the concept of spectral value sets,
also known under the name pseudospectra, emerged as a new and powerful tool in eigenvalue
perturbation theory.

In the broadest sense a spectral value set consists of all eigenvalues of a family of matrices
which depend continuously on a parameter in a metric space. Usually the metric space is a subset
of a real or complex vector space containing 0. The matrix corresponding to the parameter
0 is said to be the nominal matrix and the whole family is regarded as the set of possible
perturbations of this matrix. The size of the parameter, measured in some norm, reflects the
level of perturbation of the nominal matrix. By visualizing spectral value sets via the computer
one gets insight into the mobility of the eigenvalues under the perturbations in question. This
is in particular useful for the stability analysis of uncertain linear systems. A linear system is
said to be stable with respect to a given stability region in the complex plane if all eigenvalues
of the system matrix lie in that region. In this context the nominal matrix is regarded as an
approximation to a system matrix whose exact value is unknown, and the perturbation level is
the level of uncertainty. If the associated spectral value set is contained in the stability region
then one knows that the exact system matrix is stable.

In this work we concentrate on spectral value sets for additive matrix perturbations of the
form A ~ A(A) = A+ BAC, where A, B,C are fixed matrices and the parameter A is an
element of a given set of matrices A. The set A is assumed to be closed and star-shaped with
respect to zero. We will see that this framework is flexible enough to cover all kinds of linear
perturbation structures. The idea to consider perturbations of the form A ~» A + BAC and
not merely those of the form A ~» A+ A is due to Hinrichsen and Pritchard [54, 42, 43, 54, 52].
They were motivated by the following basic system theoretic fact. Suppose we are given a time
invariant linear system of the form

&(t) = Az(t) + Bu(t), y(t) = Cx(t).

Then the feedback law u(t) = Ay(t) yields a new linear system whose matrix is A+ BAC. The
transfer function G(s) = C(sI — A)~!B, s€C, associated with the linear system (A, B, C) plays
an important role in the theory of spectral value sets. If both B and C equal the identity matrix
and the set A is the set of all complex n x n matrices then the associated spectral value sets
are called pseudospectra in the narrower sense. These sets are known to contain information
about the transient behaviour of a single linear system [45, 46, 47, 77, 92, 93]. An introduction
to the basic theory and history of pseudospectra can be found on the web site [26] maintained
by M. Embree and N. Trefethen. A collection of examples and a comprehensive bibliography is
included.



2 Introduction

This work is devoted to the study of geometric properties of spectral value sets for structured
perturbations, but we also treat pseudospectra in some detail. A good half of the thesis is about
spectral value sets with respect to real perturbations. Despite their importance such sets have
been investigated only rarely in the literature, see however [43, 51]. One reason is that the
theory of real spectral value sets is difficult. The associated computational problem has been
solved (in principle) only for the case that the underlying norm is the spectral norm.

The present thesis benefits much from the work of other researchers in the field, especially
from the Ph.D. theses of Gallestey [30] and Harrabi [37] and the papers of Bernhardsson, Qiu
and Rantzer [6, 7, 8, 9].

Outline of the thesis

Chapter 1 contains preliminary material and establishes some of our notation. Most of the
statements of this chapter are from elementary linear algebra and are well known. However,
there are some results which we could not find in the literature, for instance Proposition 1.6.1
which is about real and complex operator norms of a real matrix.

In Chapter 2 we give the precise definition of spectral value sets and study their basic properties.
We first consider topological properties of a single spectral value set. Then we prove that spectral
value sets depend continuously on all parameters. Next, we show that each spectral value set
is the superlevel set of an upper semi-continuous function f. The function f is the composition
of a rational matrix function and the u-function associated with the underlying perturbation
structure. By means of this characterization spectral value sets can be calculated provided that
the p-function in question is computable. In Section 5 we discuss cases in which the p-function
equals an operator norm. The last section of the chapter contains our first main result. It is
about the relationship between the behaviour of spectral value sets for small perturbations, u-
functions, and condition numbers of eigenvalues with respect to structured matrix perturbations.

In Chapter 3 we show that spectral value sets and p-functions with respect to a large class of
perturbation structures are semi-algebraic. Semi-algebraic spectral value sets have piecewise
analytic boundary, and semi-algebraic u-functions are real analytic on an open and dense subset
of C9%!,

Spectral value sets for structued perturbations of block diagonal matrices are discussed in Chap-
ter 4. The perturbations are not necessarily block diagonal but they are assumed to have zero
blocks at some precribed positions. Such perturbation structures occur in the stability analysis
of composite linear systems. We give formulas for the associated p-function with respect to two
classes of norms. By specializing our results to the diagonal case we obtain a new proof for the
classical eigenvalue inclusion theorem of Brualdi [18]. The latter implies the inclusion theorems
of Brauer and Gershgorin.

Chapter 5 is about complex pseudospectra. These are spectral value sets with respect to unstruc-
tured perturbations. First, we give several upper and lower bounds for pseudospectra. Then
we discuss the relationship between pseudospectra and the nonnonormality of the perturbed
matrix. In addition, we provide a reformulation of the eigenvalue inclusion theorem of Henrici
[38] in terms of pseudospectra and extend it to block triangular matrices. Finally, we prove a
generalization of a result of Ruhe [80], which is a refinement of Henrici’s theorem.
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In Chapters 6 and 7 we study spectral value sets with respect to real perturbations. If the un-
derlying norm is the spectral norm, then the associated u-functions are called real perturbation
values. Chapter 6 gives an introduction to the theory of real perturbation values as developed by
Bernhardsson, Qiu and Rantzer [7, 8, 9]. We introduce higher p-functions and study their basic
properties, as we believe that real perturbation values are best understood in this framework.
The main goal of the first part of Chapter 6 is to establish a theorem which characterizes the
real perturbation values by hermitian-symmetric inequalities. This characterization will be used
frequently in the sequel. In the second part of Chapter 6 we study special properties of real
p-functions. In particular we show that for a large class of norms the associated real pu-function,
M — ur(M), is continuous at all nonreal matrices M.

Chapter 7 deals with real spectral value sets for special matrices. In the first section we give
a formula for the largest real perturbation value of block diagonal matrices. The proof of this
formula is based on the characterization of real perturbation values by hermitian-symmetric in-
equalities. As an application real spectral value sets of diagonal matrices and real pseudospectra
of normal matrices are determined in Sections 7.2 and 7.3. Real pseudospectra of 2 x 2 matrices
with respect to arbitrary unitarily invariant norms are treated in Section 7.4. We close the
chapter with the discussion of root sets of uncertain polynomials.

The appendix deals with hermitian-symmetric inequalities. It is mainly a review of the theory
which has been developed by Bernhardsson, Qiu and Rantzer. First, we discuss the canonical
form of hermitian symmetric matrix pairs with respect to simultaneous congruence transfor-
mations. This canonical form is used to prove a criterion for the existence of a solution of a
hermitian-symmetric inequality. This in turn leads to a formula for the computation of real
perturbation values.
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Basic notation

Below we list our basic notation. More notation will be introduced as needed.

7
N
No
n

45

|4
AT A
ker A

range A
rank A

the set of integers

the set positive integers {1,2,...}

nonnegative integers {0,1,2,...}

set of positive integers less or equal than n, n={1,...,n}
cardinality of the set S.

field of real, complex numbers

R or C

vector space of matrices with m columns and n rows
equals Fmx1

matrix A€F™*" with entries a;, €F

complex conjugate of the matrix A, A = [a;;]

the real part of A, RA = [Ra;y]

the imaginary part of A, SA = [Sa,]

matrix of absolute values, |A| = [ |a;x] |.

the transpose and the conjugate transpose of A, A* = A’
kernel of a matrix

range of a matrix

rank of a matrix

spectrum of the matrix A

spectral radius of A, equals max{ |A| | A€o (A4) }
the jth singular value of A

trace

determinant

n X m unit matrix

unit matrix, whose dimension is clear by context
imaginary unit or index, depending on context
vector space over I spaned by the set S

the orthogonal complement of the subspace U C F™
with respect to the standard inner product.

the closure of the set S
the boundary of S

For A = [aj;] €eR™*", B = [b;] € R™*™ we write
0<A if Aisnonnegative, i.e. aj; > 0 for all (j,k)em x n,
A< B ifaj, < by forall (j,k)em x n.

By D(\, p) we denote the closed disk of radius p > 0 about AeC,

(A p)={seC| |s=A[<p}.

Introduction



Chapter 1

Preliminaries

This chapter contains some basic facts which will be used frequently in this work. Here we also
introduce some of our notation. Most of the material is elementary and well known. We give
proofs for all statements which can not be found in the text books [61, 62, 86].

1.1 Vector norms

Let X be a vector space over F e {R,C}. A function || - || : X — [0,00) is said to be a norm on
X if the following conditions hold for all z,y€ X and all A€F.

L. ||z|| = 0 if and only if x = 0.
2. [|Az]] = [A ]

3. [l +yll < ll=ll + [lyll-

A norm || - || : F™ — [0, 00) is said to be
o symmetric if ||z|| = ||Pz|| for all permutation matrices P €{0,1}"*"™ and all z € F".
o absolute if ||z|| = || |=| || for all x€F".

An absolute norm has the following monotonicity property: if |z| < |y| then ||z] < ||y||. The
most important absolute and symmetric norms on C™ are the Holder p-norms defined by

1/p
zllp = D lal” for pe[1, o0), [#]loo := lim ||z, = max |z|.
ken p—00 ken
The norms |- ||oo, ||-]|1 and ||-||2 are called the maximum, sum and Euclidean norm, respectively.

The Holder norms satisfy the following inequalities for all py, ps €0, 00] and all z€C".

1_1
It pr < pa then [z, < ey <n7i 72 [zl (where 1/00 := 0)
These inequalities become equalities for x = [1 0 ... O]T resp. ¥ = [1 1 ... 1]T. The
dual norm to a given norm || - || on F" is defined by
D D
-7 - F* — [0, 00) |7 = jnax |"y|.
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For every norm on F" one has that (|| -||” )D = || - ||. The dual to a Holder norm is again a

Holder norm. Precisely,

1 1
||‘||D:||'||, where — + = = 1.
p q b

1.2 The singular value decomposition

Let Ac C™*™\ {0} and r = rank A. Let 01(A) > 02(A4) > ... > 0,(A) > 0 be the square roots of
the nonzero eigenvalues of A*A counting multiplicities. Then there exists an orthonormal basis
v1,...,0 of (ker A)L such that A*Av; = 0j(A)%v; for all j €r. Set u; := Avj/||Av;|l2. Then
the vectors u,...,u, form an orthonormal basis of range A and we have AA* u; = Uj(A)2 uj,
Av; = 0j(A)uj, A*uj = 0;(A)v; for jer. Moreover, A has the representation

A= "0j(A)u;v;. (1.1)
j=1

The numbers 0;(A) are called the singular values of A. We set o;(A) := 0 for all j > rank A,
j€N. The singular values of zero matrices are defined to be zero. We sometimes use the notation

Umax(A) =01 (A)a O‘mm(A) = Umin{m,n}(A)‘

Then omin(A) # 0 if and only A has full rank. The representation (1.1) is said to be a singular
value decomposition of A. The vectors v; and u; are called left resp. right singular vectors of

A. Let UeC™ ™ and V € C"*"™ be unitary matrices whose first r columns are uy, ..., u, resp.
V1,...,Up. Then
. ¢+ 0 .
A=UXV", where ¥ = 0 ol Y, = diag(o1(4),...,0.(4)). (1.2)

This factorization is also called a singular value decomposition. It implies that

0 Al [v -Ul[z o][u -U]”
A* 0 |V VI]|0 =X%||V V|~
Thus, the nonzero singular values of A are the positive eigenvalues of the hermitian matrix
0
i o)
be chosen to be real.

. Finally, we note that if A€ R™*" is a real matrix then the singular vectors u;,v; can

1.3 The Moore-Penrose generalized inverse

For any matrix A € C™*" the linear map f4 : (ker A)* — range A, fa(xz) = Az, is bijective.
Thus, there is a unique matrix AT € C"*" such that

Aty — fit(x) for z€range A
0 for x € (range A)*.
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The matrix Af is called the Moore-Penrose generalized inverse of A. If A has the singular value
decompositions (1.1) and (1.2) then

T - -1 * E-T-l 0 *
A :ZUj(A) vju; =V 0 0 U~.
j=1

Moreover, Af equals the unique matrix X € C"*" which satisfies the following so called Penrose

conditions.
AXA = A,
XAX = X,
(AX)" = AX,
(XA)" = XA

The matrices ATA and AAT are the orthogonal projectors onto (ker A)* and range A respectively.
If A has full column rank then AT = (4*A)~1A*. If A€ C" " is nonsingular then AT = A=1. If
AE€R™ ™ then ATeR™ ™,

1.4 Unitarily invariant norms

A norm || - || : C™*™ — [0,00) is called unitarily invariant if |[UAV| = ||A]| for all A€ C™*"
and all unitary matrices U € C™*™ V € C"*". Each unitarily invariant norm is a function of
the singular values of the matrix. More precisely, the following statement holds [62, Theorem
3.5.18].

Theorem 1.4.1 Let || - || be an absolute and symmetric norm on R™™Mmn} - Then, the function
T

|- : €™ —[0,00)  [JA] =] [01(A), .- Tmin{mny (A)]" | (1.3)

s a unitarily invariant norm. All unitarily invariant norms on C™*"™ have such a representation.

A unitarily invariant norm is called normalized if ||A|| = 01(A) for all matrices A € C"™*™ of
rank 1. Examples for normalized unitarily invariant norms are the Schatten p-norms:

||A||(p) = || [Jl (A)7 s 7Umin{m,n}(‘4) ]T ||p7 pe [17 OO]
The norm [|Al|(w) = 01(A) is the spectral norm, and the norm

1

min{m,n 2 % 1
[ lla) = (SR r(4)2)* = (br(A" 4) = || Alls

is the Frobenius norm.

1.5 Operator norms

Let || - |lo and | - ||g be arbitrary norms on F™ and F™ respectively. Then the function

A
IAzlly _ max || Az||s.

H . ” 7 L FmXn [0700) ”AH 4= max —
o 0T semnfor [ella  lela=t
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is a norm on F™*™. This norm is said to be the operator norm induced by || - ||, and || - || It
is also called the operator norm subordinate to the norms || - || and || - ||3. Note that in this
notation the indices a and (3 are used just to distinguish different norms. They don’t have any
specific meaning except for the case that «, 3€[1,00]. In this case ||-||o and |- ||g denote Holder
norms. We list the most important operator norms. Let A = [a;;] € C™*". Then

o [[Allco,c0 = maxjem Y ey |kl row sum norm

o [[Afl11 = maxgen Y iepm ikl column sum norm

o [[All1,00 = max; pep |ajk| =: [|Allmax componentwise maximum norm

o | All22 = (0(A*A))% = grax(A) spectral norm
In the sequel we simplify the notation and write || - ||, instead of || - |[q,o. It is easily seen that
for every norm || - ||, on C™,

o(4) < | Ala,  AcT™™

Operator norms are submultiplicative, i.e.
[AB|la,y < [[All5 I Blla,s

for all AeF™*" BeF™*? and all norms || - | on F?, |- |3 on F™ and || - ||y on F™. In particular
one has for all nonsingular A € F"*"

1= [Znlla < A7 g0l Allas-

An important consequence of the Hahn-Banach theorem is the following proposition.

Proposition 1.5.1 Let || - ||o and || - ||3 be arbitrary norms on F" resp. F™. Then for all
AEmen,
T
yt Ax
[Alla,s = LonaxX W = max |yt Az|.
yeCm\ {0} a y ﬁ ”z”a_”y”ﬁ =1

A matrix A€F™ " of rank 1 can be written in the form A = xy” with z € F™, y €F", and one
has

D
ey lays = llzlls 1yl - (1.4)

A quantity closely related to operator norms is the following.

A
7” zlls _ min || Az AecFmxn,

inf, g(A) = =
infa,5(4) 200} [[7a  fzlamt

If m < n then inf, g(A) = 0. If m = n then

inf, 5(A) = {0 if A is singular,

|A~L Hg}l otherwise.

For the 2-norm one has,
inf272(A) = Umin(A)7 AeCm .

For diagonal matrices the following statement holds.
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Proposition 1.5.2 Let || - ||o and || - ||g be absolute norms on F™ such that ||I,|la3 = 1 and
lexlla = llexllg for all standard basis vectors ey, ..., e, of F". Let A = diag(ay,...,a,)€F™*"
be a diagonal matriz. Then

Allayg = d  infga(A) = min|al|.
14lla,p = maxa|  and infga(A) = min|a|

Proof: Let kyp€n be an index such that |ay,| = maxyey, |ag|. Then we have for all 2 € F™ that
|Az| < |ag,||z|, and therefore

[Az|lp = [ |Az[ | < [Haro| |z[lls = lar, | ] lls < la| | 12| la = lako| |2]|a-

(The left inequality holds by the monotonicity of absolute norms and the right inequality fol-
lows from the assumption that [|I,[o,s = 1.) Hence [Alas < |ag,|.- On the other hand,

[Aexolls = laglllex,lls = lary|llex,lla- Thus [|Afla,s = |ak,| = maxgen |ax|. Now, the rela-
tion infg o(A) = minge, |ax| follows from (1.5). O
Note that the assumptions in Proposition 1.5.2 are satisfied for the Holder norms || - ||, || - || 8

if 1 <a < g < oo. For these norms the following generalization of Proposition 1.5.2 holds.

Proposition 1.5.3 Let 1 < p; < py < oo. Let A = diag(Ay,...,An), where Ay € C":*"%
kem. Then

[Allp: p> = max [ Akllp1 2 and infp, p, (A) = mininfy, ,, (Ag).
em kem
Proof: Let ¢ := maxpem || Akllpr pp and let o = [zT, ... 2117, where 2, € C™, k € m. For
E=1lz1llpys- - |lTmllp )T €R™ it is easily seen that ||£]|,, = [|z]lp,. Since p; < ps we have that

1€llps < ||€llp, - Therefore

1Az([22 = > I Apaallp2 < 2 Y llanllpz = 2(I€]1R2 < P2 [I€]1D = 2| |52

kem kem
Thus ||Allp, p, < ¢ Without loss of generality we may assume that ¢ = ||Ail/p, p,. Let
zg € C™ such that [|A1zollp, = c|lzollp,, and let To = [z 0 ...07 € C", n = 3., -
Then [|AZol[p, = ¢||Zo|p,- Thus ||A|| = ¢. Now, the relation inf,, , (A) = minge,, infy, p, (Ax)
follows from (1.5). O

1.6 Operator norms of a real matrix

Let || - [|o and || - || be norms on C™ and C™ respectively. Moreover, let A€R™*™ be a matrix
with real elements. Then there are two operator norms of A with respect to the norms |||, |||
depending on whether the maximum of the quotient |Az||3/||z|/o is taken over all z€C™\ {0}
or over all x€R™\ {0}. We distinguish these norms by a superscript F, i.e. we set

| Az|| 5
eeF\{0} ||z]lo

IA|l5 5 = F=C or R.

Obviously, HAHS 52 HAHE 5- In this section we address the question for which types of vector
norms || - ||a, || - || the corresponding operator norms ||A||§’ﬁ and ||A||5ﬁ coincide. This is not
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always the case as the following counterexample (from [53]) shows. Let A = E _11] Then,
for every z = [z1 z2]7 €C?\ {0},
[Azly |21 — @o| + |21 + 29
[E4P max{|z1], |z2|}
Thus, [[A|% , =2 but A, > 1 —i + |1+ = 2v2.
The result below will be used in Section 6.8.
Proposition 1.6.1 Let |- |a, ||| be norms on C™ and C™ respectively, and suppose that one
of the following conditions holds.
(a) n=1.
(b) The norm || - ||o is absolute and m = 1.
(¢) The norm | -||o is absolute and || - ||g is a weighted mazimum norm, i.e. there are weights
T1y. s Tm > 0 such that |ly||s = maxjem 7ily;| for ally = [y1 ... ym|T €C™.
(d) a=p=pell,o0].
Then HAHSQ = HAHSQ for every A = [aj,] e R™*".
Proof: If n =1 then A is a column vector, and we have for Fe {R,C},
0 wen\(0) Jzla  ceR\(0) [2llla  [1la
Condition (b) is a special case of condition (c) since every norm || - |3 on C = C! is of the form
[yl = 7|yl with r = [[1]|3.
We are now going to show that, if condition (c) or (d) holds, then to each x = [r1 ... z,]T €C"

there is an 2/ € R™ such that ||Az’||3/[|2'||a > ||Az||3/||z|la. This implies HA”SB = ||A||Sﬁ.

Assume that condition (c) is satisfied. Let j € m be such that ||Az|z = 7; ‘Zkeﬂ ajka:k‘. Set
) := |zg| if ajr > 0 and 2, := —|z)| otherwise. Then we have for the vector 2’/ = [z} ... a}]T €
B" that 2/ = (] o = e and |A2']5 > 1|5 anak] = rj Sy lageasl > [l Az]s
Thus [|Az'|[g/[|2" |l = [|Az[l5/[|2(la-

For the case (d) we need a lemma.
Lemma 1.6.2 Let pe[l,00), z€C", yeC™. Then

(i) We have
21 2
Léumwﬂwm=mwé|mwmw

(i3) Suppose that ez ¢ R™ for all ¢€[0,2n]. Then

i
. H%(ewy)Hp > vl (1.6)
oefo.2x] [ R(ex)llp — [zl
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Proof: (7). Write the components of the vector x in the form zj; = rg e’ where r, > 0,
ar €[0,27]. Then

2w 2 M
| meaigae =[50 e as
0 ("
n 2
= ZTZ/ | cos(ay + @) do
k=1 70
n 2w
= Zrz/ | cos ¢|P dg
k=1 70
2

S /0 | cos P dob.

(i). If €'z ¢ R™ for all ¢ €[0,27] then R(e*?z) = (e ¢+ (™/2)g) +£ 0 for all ¢ €0,27]. Hence,
the quotients in (1.6) are well defined. Set g(¢) := ||z|[b [|R(e*y)|[5 — [|y||b [|R(e**x)||h. Then (i)
yields that f027r g(¢)dp = 0. The latter equation together with the continuity of g implies that
there exists a ¢g € [0, 2] such that g(¢o) > 0, whence | R(e*0y)]|,/|R(e°z)|, > lyllp/l|z]p- O

In order to finish the proof of the proposition it remains to treat case (d) for p # oco. Let
r€C"\ {0}. According to the lemma there is a ¢g € [0,27] such that ¢z € R or there is a
$o €[0,27] such that R(e’0z) # 0 and | R(e° Ax)|,/||R(e°z)|, > || Az||,/||z|,- In both cases
we have [|A2/|lp/|2/llp > | Azly/ 2], where o' = R(ei%0z) € R™ {0}, .

1.7 Semi-continuity

Let Y be a topolgical space. A function ¢ : ¥ — [—00,00] is said to be lower (upper) semi-
continuous if for all (yo,p) €Y X (—o0,00) the inequality ¢(yo) > p (d(yo) < p) implies that
o(y) > p (6(y) < p) for all y in a neighborhood V of yy. We will frequently use the following
Lemma in order to show that certain functions are well defined and semi-continuous. Throughout
this work we use the conventions

min () := oo, oo =0, 07! = oo0. (1.7)

Lemma 1.7.1 Let X be a nonempty closed subset of a finite dimensional real or complex vector
space Xg, endowed with a norm ||-||. LetY and Z be topological spaces and K be a closed subset
of Z. Let f: X XY — Z be a continuous function. Then

(1) For each y€Y: either {z € X | f(x,y) € K } = 0 or the minimum min{ ||z| | x €
X, f(z,y)€ K } is attained.

(#7) The function ®¢:Y — [0,00] defined by
®s(y) ;= min{ [[zf| | zeX, f(z,y)eK }
is lower semi-continuous. The function Wy :Y — [0,00] defined by
Uy(y) = (min{ 2| | z€X, f(z,y)eK })™

1S upper semi-continuous.
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Proof: By continuity the set f~!(K) is closed and the balls B(p) := {x € Xo| ||z]| < p} are
compact. Thus the sets

H(p,y) = ((B(p)NX)x{y})nf(K)
= {(z,9)|zeB(p)NX, f(z,y) €K }

are compact subsets of Xy x Y for all p€[0,00), y€Y.

(7). Suppose there is an z, € X such that f(z.,y) € K. Then H(||z.||,y) # 0. The continuous
function g : H(||z«||,y) — R, g(x,y) := ||z|, attains its minimum. This minimum coincides with
the mimimum in claim ().

(7i). It is easily seen that the following equivalence holds for p > 0 and y€Y.

Pp(y) >p = H(py) =0.

Let yo€Y and suppose that ® (o) > p. Then the set B(p) x {yo} does not intersect the closed
set f~Y(K). Thus to each x € B(p) N X there are neighborhoods U, C X of z and V,, C Y of
yo such that f~1(K)N (U, x V) = 0. By compactness of B(p) N X there are x1,...,z, € B(p)
such that B(p) C Uj;e, Us;- Let V i= ;.. Vz,. Then H(p,y) =0 for all ye V. Thus @(y) > p
for all y € V. Thus, we have shown that the function ® is lower semi-continuous. The upper
semi-continuity of W, is then obvious. ]



Chapter 2

Definition and basic properties of
spectral value sets

In the first section of this chapter we define spectral value sets for structured matrix perturba-
tions. Sections 2 and 3 deal with the topological properties of these sets. Section 4 is about
the characterization of spectral value sets via pu-functions. This characterization yields the basis
for the visualization of spectral value sets. In Section 5 we discuss cases in which the p-value
of a matrix M equals its norm, ||[M]||. Section 6 contains the first main result of this work, a
theorem on the relationsship between spectral value sets for small perturbations, p-functions
and condition numbers of eigenvalues for structured perturbations.

2.1 Definition

We now introduce our main object of study, spectral value sets for structured matrix pertur-
bations. A spectral value set of all complex numbers to which at least one eigenvalue of the
nominal matrix A€ C"*"™ can be shifted by a perturbation of the form A ~ A(A) = A+ BAC,
where B, C are fixed matrices and the perturbation matrix A is an element of a perturbation
class A. Moreover, the norm of the perturbation A is assumed to be bounded by a perturbation
level p > 0. A more precise definition of spectral value sets will be given below. We first have
to specify the types of perturbation classes under consideration.

Definition 2.1.1 Let l,qeN. By P, , we denote the set of pairs (A, ] -||), where

e A is a nonempty closed subset of C**9 which is star-shaped with respect to 0, i.e. A€ A
implies that tA€ A for every te|0,1].

e || -| is a norm on the real vector space spang A C C!*4,

By Pl(?q we denote the set of pairs (A, || - ||), where

e A is a nonempty closed subset of C**9 which satisfies CA = A, i.e. A€ A implies that
tAe A for every teC.

e ||-|| is a norm on the complex vector space spancA.

The pairs (A, | - ||) €Prq will be called perturbation structures and the pairs (A, || - ) EPl(fq will

be called complex perturbation structures. We have that Pl(?q C Prq. Note that if (A, || -]]) EP&
then the norm satisfies |[tA|| = [t|||A]l for all complex numbers t. This is not necessarily the
case if (A, |- [) €Prq-

13



14 CHAPTER 2. DEFINITION AND BASIC PROPERTIES OF SPECTRAL VALUE SETS

There are many ways to define spectral value sets for matrices and linear operators , see e.
g. [21, 51, 42, 43, 53, 91, 92]. In this work we consider spectral value sets for perturbation
structures (A, || - ||) € P, and matrix triples (A, B,C) € Ly, 4, where

Lpq:=C"" x € x 9™,

Definition 2.1.2 Let (A, || -||) €Piq be a perturbation structure. Then the spectral value set of
the triple (A, B,C) € Ly, 4 with respect to the perturbation class A, the underlying norm || - ||
and the perturbation level p > 0 is the following subset of the complex plane.

on (A, B,C,p) = J oAa+BAC) (2.1)
A€A. A<

= {seC|3AcA: ||A|| <p, det(sl, — (A+ BAC))=0}.
In words, aw (A, B,C,p) is the union of all spectra of matrices of the form A+ BAC, where
NN

For the perturbation level p = 0 we have aw (A,B,C,0) = 0(A). The assumption that the

perturbation class A is star-shaped guaranties that each connected component of aw (A, B,C,p)
contains an eigenvalue of A. This will be shown in the next section. Note that the seemingly
more complicated perturbations of the form

A A(Ay, . Ay by, 6) = A+ Y BiAC+ ) 6E;,  §€F,

Jjem Jer
can be modelled in our framework since we have A(A1,..., Ay, 01,...,0,) = A+ BAC with

A = diag(Al,...,Am,élln,...,drln),

B = [Bi,...,Bm,E1,...,E]
C = [Cf,...,CL I,.... L] .
r times

There are some important special cases of spectral value sets for which we introduce simplified
notations.

o 0% (A,B,C,p) == oy, (A, B,C,p).

- IFqu
o oa (A p)i=0n (A Iy I, p) and oy (A, p) := ogsy (A, I, I, p).

o If |- || = | - [|a,3 is an operator norm subordinate to the vector norms || - ||, and || - ||g then
(a.,) [I-1I (a,) II-11
op (A, B,C,p):=0p (A B,C,p) and oy "' (A, p) := o (A, p).

(a,00)

Moreover, O'(Aa) (A,B,C,p) =0, (A,B,C,p) and aﬁf)(A,,o) = UI(FQ’Q)(A,/)).
Spectral value sets of the form ag)(A, p) are known under the name pseudospectra and have
been investigated by many authors. In our terminology any set of the form U]L‘J” (A4, p), Fe{R,C}
is said to be a pseudospectrum. Some examples of spectral value sets and pseudospectra are
given in the Figures 2.1, 2.2 and 2.3. We will comment these figures in the next section.
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On replacing in (2.1) the condition ||A|| < p by the stronger condition ||A|| < p one obtains
the sets

OII Il

A (A, B,C,p) = U o4a+BAC)
AeA, ||All<p
= {seC|JAcA: ||A]| <p, det(sl, — (A+ BAC)) =0}.
The sets O-IIEI‘lqu(A B,C, p), where F = R or C and the underlying norm is an operator norm, have
been studied in [30, 42, 43, 51, 53]. It will be shown in the next section that Ukl (A,B,C,p) is

the closure of ULH (A, B,C,p). Moreover, we will see that sets ULH (A, B,C, p) are open if the

underlying perturbation structure is complex.
A concept closely related to spectral value sets is the stability radius.

Definition 2.1.3 Let C, be a nonempty open subset of C. A matriz Ac C"*" is said to be C4-
stable if 0(A) C C4. The Cy-stability radius of (A, B,C) € Ly 4 with respect to (A, | - ||) €Prq
1s defined as follows.

rA(4.B,C.C) = min{ |A| | A€A, A+ BAC is not Cy-stable } (22)
= min{ |A| | A€A, o(A+BAC) ¢ C, }

Using Lemma (1.7) it is easily seen that, with the convention min () = co, the minimum in (2.2)
always exists. Obviously,

A (A,B,C,Cg) =min{ p > 0| o (A,B,C,p) £ Cy }.
We will briefly mention those results on stability radii that follow as immediate consequences
from our considerations concerning spectral value sets.

2.2 Topological properties

In this section we discuss basic topological properties of spectral value sets. We use the notation
D(\e) :={seC| |s— A < €} for the open disks in C. The proposition below describes the

structure of spectral value sets Jw (A, p), where A is a 1-dimensional real or complex subspace
of C™*™,

Proposition 2.2.1 Let A,AeC™ ™. Then the following statements hold.

(i) There exists an integer n' < n and a finite set S C C (which may be empty) such that
#Ho(A+tA)=n' for allteC\ S and #0(A+tA) <n' foralltesS.

(ii) For each simply connected open set U C C\ S there exist analytic functions hy,..., hy :
U — C such that (A +tA) ={hi(t),..., hp (1)} for all teU.

(iii) Let to € S and let Ao € C be an eigenvalue of A 4 toA of algebraic multiplicity m. Then
there are integers maq,...,m, €m with E;zl m; = m, an open neighborhood U C C of A,
an € > 0, and analytic functions hj : D(0,e"/™i) — C with h;(0) = X for all j €1, such
that for every t € D(tg,¢€),

T

UNo(A+tA) = U ()| 7€C, 7™ =t —1ty}.
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Consequently,
un |J o(A+tA) :U ( Oel/mj)).
teD(to,e) Jj=1
(iv) There exist continuous functions fi,..., fn : R — C which are analytic on R\ S, such

that {f1(t), ..., fuw(t)} = c(A+tA) for all teR.

(v) Let V be an open subset of C. Then (e 0(A+tA)) \ o(A) is also an open subset of
C.

(vi) Either o(A +tA) = o(A) for all t € C, or # (C\ Ueco(A+tA)) < n—1. If A is
nonsingular then | J;cc 0(A +tA) = C.

Proof: The statements (i), (ii), (iii) are special cases of basic results in analytic perturbation
theory of eigenvalues. They are obtained by applying the theory of complex algebraic curves to
the polynomial

p(s,t) ;= det(sl, — (A +tA)), s, teC. (2.3)

Let q1(s,t),...,qk(s,t) be the irreducible factors of p(s,t). The set S in (i) is the finite set of
parameters ¢t € C for which at least one of the polynomials s — g;(s,t),j €k has a multiple root.
See Sections 3.2, 3.3 in [3] or [28] for details.

(iv). The existence of continuous functions fi,..., f,r : R — Csuch that {f1(¢),..., fw(t)} =
o(A+tA) for all teR is shown in [67, Subsection 2.5.2]. Claim (77) implies that to each f; and
each tpeR \ S there is an open neighborhood U C C of ¢y and an analytic function h; : U — C
such that f;(t) = h;(t) for all te U NR. Thus, the functions f; are analytic on R\ S.

(v). Let tgp € V and let \g € 0(A + tgA) \ 0(A). By (ii) and (i7i) there are, an open
neighborhood U of )y, an open neighborhood Vj of ¢y, open neighborhoods W1y,... W, of 0€C
and analytic functions h; : W; — C with h(0) = Ag such that UNU,y, o(A+tA) = Ui_, hy(W)).
If tg ¢ S then we have r = 1. We may assume that Vy C V. By (iv) there exists a continuous
function ¢ : [0, 1] — C with ¢(0) € 0(A + 0tpA) for all €0, 1] and ¢(1) = Ag. Since \g € o(A)
there is a ¢’ € (0,1) such that ¢(0") € U \ {X\o}. Hence at least one of the functions h; is
nonconstant. Since a nonconstant analytic function is an open mapping the set U N UteVO o(A+
tA) is open.

(m) The polynomial p defined in (2.3) can be written in the form p(s,t) = det(A)t" +
> 0o !aj(s)t) + xa(s), where x4 denotes the characteristic polynomial of A, and the functions
a;(-) are polynomials of degree < n — 1. Now, (vi) follows from the fact that for each fixed
s€C\ o(A) the equation p(s,t) = 0 has a solution ¢t € C if and only if det(A) # 0 or a;(s) # 0
for at least one j.

Now, we address the topological properties of general spectral value sets. To this end we need
the following well known continuity property of eigenvalues [86, Theorem 1.1].

Proposition 2.2.2 Let A\g€C be an eigenvalue of Ag€ C™ ™ with algebraic multiplicity m. Let
e > 0 be such that o(Ap) N D(Xo,€) = {Ao}. Then there is a neighborhood U C C™*™ of Ay
such that for all A€ U precisely m eigenvalues of A (counting multiplicities) are contained in
the open disk D()\g,€).

The proofs of all statements in the remainder of this section are based on Propositions 2.2.2
and 2.2.1.
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Proposition 2.2.3 Let (A,B,C)€ Ly ;4 and (A, -||)€P1q. Then

(i) The connected components of Jw (A, B,C, p) are path connected and each of the connected
components contains at least one eigenvalue of A.

(i9) The set of isolated points of aw (A, B,C,p) is contained in o(A).
i11) Let K be a connected component of ol A, B,C,p) which contains m eigenvalues of A
A
counting (algebraic) multiplicities. Let A€ A and ||A]| < p. Then K contains exactly m
eigenvalues of A+ BAC counting multiplicities.

(iv) The number of connected components of aw (A, B,C,p) is a decreasing function of p. Let

k= #0(A). Then there is a pg > 0 such that for all p€ |0, po] the set Ukl (A,B,C,p) has k
connected components, and each of the connected components contains only one eigenvalue
of A.

Proof: Let A € A with ||A|| < p. By part (iv) of Proposition 2.2.1 there are continuous
functions f1,..., fnr : R — C such that {f1(¢),..., fw(t)} = 0(A+ tBAC) for all t e R. By
our assumption on the perturbation class A we have that tA € A for all ¢t € [0,1]. Thus
fj(t)EO'k‘ (A,B,C,p) for all t€[0,1] and all j < n’. Therefore (i), (it) and (ii¢) hold. The first
claim in (#v) is a consequence of the obvious implication
0<pi<p2 = UkI(A,B,C,pl) QUMI(A’B>C>:02)'

It remains to show the second claim in (iv). Let Aq,...,A\r be the eigenvalues of A. Let
e > 0 be such that the disks D(\;,¢€), j € k, are pairwise disjoint. By Proposition 2.2.2 there
is a neighborhood U C C™*" of A such that o(M) C U, D(Aj,€) for all M € U. Choose
po > 0 such that A + BAC € U for all A € C*? with ||A|| < pg. Then for all p € [0, pol,
akl (A, B, C,p) = Uje Kj(p), where K;(p) = Ukl (A,B,C,p) N D(\j,€). Each K;(p) contains
only one eigenvalue of o(A) and is separated from the sets K;(p), ¢ # j. From (7) it follows that
ICj(p) is a connected component of Jw (A, B,C,p). O

Proposition 2.2.4 Let (A,B,C)€ Ly 4, (A, ] -]])€Pq and p > 0.

(i) The set aw (A, B,C,p) is compact.

O |-l

(ii) The set aw (A, B,C,p) is the closure of o 5 (A, B,C,p).

Proof: (i). Let (sg)ren be a sequence in C with s; € Ukl (A,B,C,p) for all k € N. Then
s € 0(A 4+ BALC) with A € B(p) := { AcA | ||A]| <p }. By compactness of B(p) there
is a subsequence (Ay;)jen and a Ag € B(p) such that lim; .o Ag; = Ag. From the continuity
of eigenvalues (Proposition 2.2.2) it follows that to each € > 0 there is a jo such that s;, €
U)\EU(A+BAOC) D()\e) for all j > jg. Thus, there is a converging subsequence (skji )ien such that

limi—co s, €0(A+ BAC) C o (4,B,C, p).
(17). Let se 0(A+BAC) with A€ A, ||A|| = p. By claim (iv) of Proposition 2.2.1 there exists
a continuous path f : [0,1] — C such that f(t)€o(A+ B(tA)C) for all t€0,1] and f(1) = s.

O |-l

Since tA€ A and |tA|| < p for all t€[0,1) we have f(t)co, (A, B,C,p) for all t€[0,1). Thus
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O |-l O Il

s is an accumulation point of o5 (4, B, C, p). Hence, the closure of g 5 (A, B,C, p) contains the
set aw (A, B,C,p). Since aw (A, B,C, p) is closed the proof is complete. O

The spectral value sets with respect to complex perturbation structures (A, | - ||) € Pl(?q have
some nice additional properties.

Proposition 2.2.5 Let (A, B,C)€ Ly, and (A, ] - H)EPZ%. Then

O |1l

(1) The set op (A,B,C,p)\ 0(A) is an open subset of C for all p > 0.
i) Let seC\ o(A) be a point on the boundary of ol A, B,C,p), p>0. Then
A

min{ |Al| | A€A, s€o(A+ BAC) } = p. (2.4)

(é91) Either aw (A,B,C,p) =0a(A) for all p >0 or # (C\UpZO akl (A, B,C, ,0)) <n-1.1If

the set {BAC' | A€ A} contains a nonsingular matriz then - Jw (A,B,C,p) =C.
Proof: (i). Let segw (A,B,C,p) \ 0(A). Then there is a A€ A such that 0 < [|A|| < p and
s€o(A+ BAC). Let V:={teC |0 < |t| < p|A]~'} and W := J,cy, 0(A + tBAC) \ o(A).
Then tA € A and ||tA|| < p for all te V. Moreover, 1€ V. Therefore, se W C 3’% (A, B,C, p).
By claim (v) of Proposition 2.2.1 the set W is open. Thus 3’%“ (A,B,C,p)\o(A) is open. (i7) is
an immediate consequence of (¢). Claim (#i¢) follows from (i) and and claim (vi) of Proposition
2.2.1. O

Some of the statements of this section are illustrated in Figures 2.1, 2.2 and 2.3. Figure 2.1
shows spectral value sets to the nominal matrix

2 -3 1 1
3 2 11

A=10 0 31 (25)
0 0 04

The crosses mark the eigenvalues of A. In the first row of the figure one sees the real spectral
( ( (
spectral value sets O'RQ)(A, 1), 0R2) (A,B1,C1,1) and O'RQ)(A, By, (5, 1), where

B = . O = ,  By= Co=1[1 0 0 0.

o O O O
o O oo
o= O O
— o O O
o O O =
O O = O
o O O O
o o oo
S O O N

Note that these sets are not closures of open sets. The set 0%2)(14, Bs,(C5,1) has no interior
points at all. The second row of the figure shows the sets U((C2)(A, 1), O'((C2)(A, By,Cq,1) and
O'((C2)(A, Bs,(C5,1). In the third row one sees the sets O'((Cl)(A, 1), O'((Cl)(A,Bl, C1,1) and

O'((Cl)(A, Bs,(C5,1). The sets in the third column have isolated points.
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Figure 2.2 shows the pseudospectra aﬁf) (Ao, p), where

(2.6)

O O O Ot

The crosses in the figure mark the eigenvalues of Ag. Note that the sets 8](1? (Ag,p) = ggiM (Ao, Iy, Iy, p)
are not open. They consist of an open set and one ore two open intervals on the real axis. Figure

2.2 also shows that the connected components of spectral value sets are not nessarily simply con-
nected. Another example for the latter fact is given in Figure 2.3 which displays pseudospectra

of the nilpotent matrix

0 1 —6
N=1]oo 1]. (2.7)
0O 0 0
5 5 5
=D © e
1| | T |
Cx D ® ——
-5 -5 -5
0 2 4 6 0 2 4 6 0 2 4 6
5 5 5
Cx D = Cx D
Cx D =8 €
-5 -5 -5
0 2 4 6 0 2 4 6 0 2 4 6
5 5 5
> Cx D
0 0 @ 0 X X
@ )
-5 -5 -5
0 2 4 6 0 2 4 6 0 2 4 6

Figure 2.1: Various spectral value sets of the matrix A defined in (2.5).
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o (Ao, p) oy (Ao, p)

10 10
8 8
6 6
4 @ 4
2 2
p=1 1 @ @ T —
2 2
a ® |-
6 6
8 8
10 -10
10 8 6 4 2 0 2 4 6 8 10 10 8 6 4 2 0 2 4 6 8 10
10 10
8 8

p=1.75

oo
®e

-4 -4
-6 -6
8 8
10 -10
0 8 6 -4 2 0 2 4 6 8 10 0 8 6 -4 -2 0 2 4 6 8 10
10 10
8 8
6 6
4 4
: : )
p = 2 0 0
4 -4
6 -6
8 8
10 -10
0 8 6 4 2 0 2 4 6 8 10 0 8 6 -4 -2 0 2 4 6 8 10
10 10
8 8
6 6
4 4 x
2 2
p= 3 0 0
2 2
4 -4 x
6 6
8 8
-10 -10
0 8 % 4 -2 0 2 4 6 8 10 0 8 % 4 -2 0 2 4 6 8 10

Figure 2.2: Pseudospectra of the matrix A€R*** defined in (2.6).
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or(N,0.025): oc(N,0.025):

0.4 0.4

0.3 0.3

0.1 0.1

-0.1 -0.1

-0.2 -0.2

-0.3 -0.3

-0.4 -0.4

-0.5 -0.5

Figure 2.3: Pseudospectra of the nilpotent matrix N € R3*3 defined in (2.7).

2.3 Continuous dependence on the parameters

The aim of this section is to show that spectral value sets depend continuously on the parameters
A, B,C, p, on the perturbation class A and on the norm || - ||. Though the proof is not difficult,
it is a bit technical. We need some preliminary topological results.

For a metric space (Z,d) we denote by C(Z) the set of all nonempty compact subsets of Z.
The map

dy : C(Z) x C(Z) — [0,00)  dp(M,N):= maX{g%%;%d(z,y)v rzlle%;gg}d(z,y) }

is a metric on C(Z). This metric is called the Hausdorff metric induced by the metric d. The
lemma below follows immediately from the definition of dg.

Lemma 2.3.1 Le € > 0 and C1,C2€C(Z). Then the statements below are equivalent.
(Z) dH(Cl,CQ) < €.

(ii) To each z1 € C1 there is a zo € Cy such that d(z1,22) < €; and to each zy € Co there is a
z1 € Cy such that d(z1, z2) < €.

By combining Lemma 2.3.1 and Proposition 2.2.2 one obtains the following well known result.
Proposition 2.3.2 Let d be a metric on C which induces the standard topology. Then the map
o:C"" — (C(C), A o(4),

which sends the matriz A to ils spectrum, is continuous.
We are now going to derive some general results about continuous maps between metric spaces.

Proposition 2.3.3 Let X be a topological space and let Y ,Z be metric spaces. Let f: X XY — Z
be a continuous map. Then the map

DX xC(Y) = C(Z),  @p(a.0)={ flz.y) | yeC )

1s also continuous.
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Proof: We denote both the metric on Y and the metric on Z by he same letter d. For y€Y
and p > 0 we set B(y,p) :={g€Y | d(g,y) <p }.

Let € > 0, zg € X, CoeC(Y). By continuity of f there exist to each y € Cy a neighborhood
Uy of zg and a 4, > 0 such that

d(f(z,n), f(xo,y)) <e forall (x,n)eU, x B(y,dy). (2.8)
Since Cj is compact there are y1,...,y. € Cy such that
" 1
Coc|JB s 50 ) - (2.9)
k=1

Set 0 := minge, dy, and U := (¢, Uy,, and consider a pair (z,C) € X x C(Y) with z €U and
di(C,Cp) < 36. We show

(a) to each neC there is a k < r such that d(f(z,n), f(zo,yx)) < €
(b) to each yeCy there is a ne€ C such that d(f(z,n), f(zo,y)) < 2e.

By Lemma 2.3.1 the statements (a) and (b) together imply that dg(®s(z,C), ®s(x0,Co)) < 2e.
Then the proof is complete.

(a). Since di(C,Cp) < 6 there exists to each n€C a ye Cy with d(n,y) < 34, and by (2.9)
there is a y; with d(y,yx) < 26,,. Hence d(n,yx) < &y, for some k < r. Now (2.8) yields that

d(f(x,n), f(zo,yk)) < e.
(b). By (2.9) there exists to each y € Cy a yx whith d(y, yx) < 36y, and hence by (2.8),

d(f(z,y), f(@o,yk)) <e. (2.10)
Since dp (C, Cp) < 36 we have d(yx,n) < 16 for some n€C. Again, (2.8) yields

d(f(z,n), f(zo,yx)) <e. (2.11)
(2.10) and (2.11) imply d(f(z,n), f(z0,y)) < 2. O

In the next proposition we consider the metric space (C(C(Z)), (dg)m ). The elements of
C(C(Z)) are compact sets of compact subsets of the metric space Z. The metric (dy)g is
the Hausdorff metric induced by the Hausdorff metric dg on C(Z). We use the notation

UK:= | J C, where KeC(C(2)).
cek

Proposition 2.3.4 Let (Z,d) be a metric space. Then the following holds.
(i) If KeC(C(Z)) then UKeC(Z).
(i1) For all KC1,Ky € C(C(Z)), di (UK1,UK2) < (di) gy (K1,K2). In other words, the map
U:C(C(2)) —C(Z) K — UK

1s a contraction. In particular, this map is continuous.
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Proof: (i). We show that each sequence in UK has a convergent subsequence with limit in
UK. If (zn)nen is a sequence in UK = (Jocxe € then there is a sequence (Cp)neny in K with
2, € Gy, for all n€N. Since K is a compact metric space there is a subsequence (Cy;)jen With
limit C' € K and by definition of the Hausdorff-metric there is a sequence (Zn;)jen in C with
limj o0 d(2y,, 2n;) = 0. The sequence (Z;)jen has a convergent subsequence (2njk)k€N with
limit Z€ C. Tt follows that limy_ o 2,,, = Z€UK.

(77). Let K1,K2€C(C(Z)) and let z; € UK. Then there is a C; €C(Z) such that z; € C; € K.
By definition of the metric (dg )y there is a Cy € Ky with dg(Cy,Cs) < (dg)g(K1,K2). The
latter implies that d(z1,22) < (dg)g (K1, K2) for some z5 € Cy C UKy, By symmetry we also

have that to each zy € UKy there is a z; € UK such that d(z1,22) < (dg)u(Ki,K2). Thus
dH(U’Cl,UICQ) < (dH)H(]Cl,/CQ). ]

Corollary 2.3.5 Let X be a topological space and let Y ,Z be metric spaces.
Let F: X XY — C(Z) be a continuous map. Then the map

Up: X xC(Y)—C(2) Vp(x,C) = UF(ac,y)
yeC

1s also continuous.

Proof:  According to Proposition 2.3.3 the continuity of F' : X x Y — C(Z) implies the
continuity of the map

Or: X xC(Y)—C(C(2)), Op(x,C):={F(x,y) | yeC }.

We have that ¥ = Uo ®p, and by Proposition 2.3.4 the map U : C(C(Z)) — C(Z) is continu-
ous. g

We are now in the position to prove the main result of this section.
Theorem 2.3.6 Let X be a topological space and letY be a metric space. Let M : X xY — C"*"
be a continuous matriz valued function. Then the function
VX xC(Y)=C(C)  (@,0) =] o(M(z,y)
yeC

1S continuous.

Proof: By Proposition 2.3.2 the continuity of the function (z,y) — M(x,y) implies the
continuity of the map

F:X xY —(C(C), F(x,y) :=o(M(z,y)).
Thus Corollary 2.3.5 yields the result. O

We now apply Theorem 2h3H.6 to show the continuous dependence ﬁ)ﬁ spectral value sets on the pa-
rameters: Let Byg = { By (o) | p > 0, (A, |[-]) €Py, }, where By (0) := { AcA | |A]l < p }.

Then B;, C C(C*9), and the spectral value sets can be written in the form

oA (AB,Cp)= |J o(A+BAC).

aesl (p)
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Furthermore, the map ((A, B,C),A) — A4+ BAC is continuous. Hence, we have the following
corollary to Theorem 2.3.6.

Theorem 2.3.7 The map

Ynig: Inigx Big—C(C),  (A,B,C,BA (p) — oa (A,B,C,p)

1 continuous.

Using the fact that [0,1]A = A it is easily verified that for each (A,]| - ||) € P4 the function

p— Bw (p)€C(C) is continuous. Thus Theorem 2.3.7 yields
Corollary 2.3.8 For each (A, | -||)€P1q the map

YA nia: Lg% [0,00) = C(C)  (A,B,C.p) — oa (A B,C,p)

1 continuous

If the perturbation class A satisfies [0,00)A = A then a direct proof of Corollary 2.3.8 can
be given by using the following well known fact.

Proposition 2.3.9 Let X and Y be topological spaces where Y is compact. If f: X xY — R
18 continuous then the map

Pr: X — R, O (x) := max f(z,y)
yey

18 also continuous.

Proof of Corollary 2.3.8 for the case that [0,00)A = A:

First note that the relation [0,00)A = A implies that Bw (p) = kal (1) for all p > 0. Therefore,

Jw (A,B,C,p) = U o(A+ pBAC) for all (A, B,C,p)€ Ly ;4 x [0,00).
aeslla)

Now choose (Ao, By, Co, po) € Ln,1,4 % [0,00) and define

i Lnggx[0,00)xBa (1) =R f(A,B,C, p;A) := dyg(o(A+pBAC) , o(Ag+poBoACy)).
Since f is continuous, the map

aeslla)

is also continuous by Proposition 2.3.9. We show that ®¢(A, B,C;p) is an upper bound for the
Hausdorff-distance of Jw (A, B,C,p) and Jw (Ao, By, Co, po):

du( op (A, B,C,p) , o (Ao, Bo, Co,po) )
= du( U o(A+pBAC), U a(Ao + po BoACy) )

aeslla) aesl!q)
< max dH( O'(A—l—pBAC) , O'(Ao—i-poBoAco) )
aesl @)
= ®;(A,B,C;p)

By continuity we have ®¢(A,B,C,p) — 0 as (4, B,C, p) — (Ao, Do, Eo, po)- O



2.4. CHARACTERIZATION VIA u-FUNCTIONS 25

2.4 Characterization via u-functions
In this section we show that the spectral value sets Ukl (A,B,C,p) , p > 0, are superlevel-sets
of an upper semi-continuous function. This fact can be used to visualize spectral value sets
provided that the function in question can be effectively calculated. For the computation of
spectral value sets in the case A = C'*4 see [5, 30, 31, 91, 26] and the references therein. The
function just mentioned is the composition of the transfer function G(s) = C(sI,, — A)~'B and
the p-function associated with the perturbation structure (A, || - ||) € P;4. The p-functions are
defined as follows [55, 53, 74, 75].

Definition 2.4.1 Let (A, |- ||)€P.4. Then we define for M € CI*!,

fn (M) = (min{||A| |A€A, det(l; — AM)=0})"" (2.12)

= (min{[|A] |A€A, 1ea(AM)} ) .

Lemma 1.7.1 yields that, with the convention min () = oo, the minimum in (2.12) always exists,

and the function ,ukl : C?* — [0,00) is upper semi-continuous. Observe that ,ukl(M ) =0 if

and only if there is no matrix A € A such that 1€ o(AM). We give now a characterization of

,ukl () by the spectral radius (if CA = A) and the real spectral radius (if RA = A). The real
spectral radius of A€ C™*" is

0 if c(A)NR =0,
or(4) = .
max{ [A| | Aéo(A)NR } otherwise.

Lemma 2.4.2 The function gg : C"*™ — [0, 00) is upper semi-continuous.

Proof: Let AgeC™™ ™ and let p > 0 such that gr(Ag) < p. Then all real eigenvalues of Ay are
contained in the interval (—p, p). By continuity of the spectrum (Proposition 2.2.2) the same
statement holds for all matrices A in a neighborhood U C C"*™ of Aj. g

Proposition 2.4.3 Let M € C?<.,
(1) Let (A,]|-]]) €Prq and assume that RA = A. Then

pa (M) = max{ gr (AM) | A€ A,[|A| =1}.

(i) If (A, || - [)) €PE, then pp! (M) = max{ o(AM) | A€ A, [|A] =1}

Proof: We only show (7). The proof of (ii) is analogous. It can be found in [74].
Since gr(-) is upper semi-continuous and the set { A € A | [|A|| = 1} is compact, the
maximum ¢ := maxaea |ja|=1 0r(AM) exists. Let

A:={AcA|oc(AM)NR = {0} or 6(AM)NR = (}.

If A=A thenc=0= ,uw(M). Suppose that A # A. Then ¢ > 0. Thus there is a A€ A and
an s€R such that ||A]| =1, s€og(AM) and |s| = gr(AM) = c. Let Ag := s7'A. Then Ag€ A,
1€o(AgM) and ||Ag|| = |s|~t. Thus ukl(M) > |s| = ¢. In particular, we have ukl(M) > 0.

Hence there is a A € A such that ||A]| = ,uw (M)~! and 1€0(AM). Let Ay := ||A]|71A. Then
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A€ A, ||A1]] =1 and ||A||7t € (A1 M). The latter implies that ||A]|~™! < or(A1M). Hence,
[I-1I
pa (M) <ec. O

The set {A€ A | ||A]| <1} is compact and the spectral radius ¢ : C"*! — [0, 00) is a continuous
function. Therefore, the mapping M +— maxaca |a|=1 0(AM), M eC9*!, is continuous as well.
Hence we have the following corollary to Proposition 2.4.3.

Corollary 2.4.4 If (A,|- ) EP& then the function ,uw : C*! — [0, 00) is continuous.

The next theorem is basic. It establishes the connection between u-functions and spectral value
sets.

Theorem 2.4.5 Let (A,B,C)€ Ly, 4 and (A, -||) €P.q. Define

FiC\o(A) = [0,00)  f(s):=pn (G(s)), where G(s)=C(sl,— A)'B.

Then, for seC\ o(A),

£(s) = (min{||A|| | A€A, s€o(A+BAC)}) . (2.13)
We have for every p > 0,
oA (A,B,C.p) = o(A)U{seC\o(4) | f(s)>p7"}, (2.14)
Gn(A,B,C,p) = o(A)U{seC\a(A) | f(s)>p ') (2.15)
Proof: The relation (2.13) follows from the definition of 15 (-) and the equivalence

s€o(A+ BAC) & 1eo(AG(s)), (2.16)

which holds for all s€ C\ o(A4) and all A€ C!™9. We prove the equivalence:
Let seo(A+ BAC)\o(A), and let 2 # 0 be a corresponding eigenvector. Then

0= (sl, — A— BAC)x = (sI, — A)(I, — (sI, — A)"'BAC)x.
Thus
x = (sI, — A)"'BACuz. (2.17)
It follows that ACx # 0. By multiplying equation (2.17) with AC one obtains
ACz = AC(sI, — A) " 'BACx = AG(s)(ACxz).

Hence, 1€ o(AG(s)).
The proof of the converse direction is similar: Suppose that 1€ o(AG(s)). Then there is a
y€Ch\ {0} such that
y = AG(s)y = AC(sI, — A)"'By.

It follows that (sI,, — A)~!By # 0, and
(s, — A)((sI, — A)"'By) = BAC((sI,, — A)"'By).

Thus the vector (sI, — A)~! By is an eigenvector of A+ BAC to the eigenvalue s. This concludes
the proof of the equivalence (2.16) and the relation (2.13). The relations (2.14) and (2.15) are
immediate consequences of (2.13). O

Below we list some further properties of the function f and relate them to the properties of
spectral value sets.
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Proposition 2.4.6 For the function f in Theorem 2.4.5 we define

Crlp) = {s€C\a(A) | f(s)=p'}, p>0,
Zy = {seC\o(4) | f(s)=0},
M; = {seC\o(A) | f has a local minimum at s },
Dy = {seC\o(A) | f is discontinuous at s },

Then the following holds.

(4)
(i)

(vii)
(viii)

(i)

(i)

The function f: C\ o(A) — [0,00) is upper semi-continuous.
The function f satisfies limg_.oo f(s) = 0.
We have {0 (A, B,C,p) = a(A) U (C\ Zy).

Let seC\ o(A) and p > 0. Assume that f(s) = p~t. Then in each neighborhood U C C
of s there is an s' €U such that f(s') > p~ L.

The restriction of f to the set C\ (6(A) U Zf) has no local mazima.

Let p > 0. Then int(C¢(p)) = int(My \ Zy) = 0.

Assume that s € Dy and f(s) > p~'. Then SElnt(Ukl (A, B,C,p)).

Assume that s€ Dy. Then there exists a p > 0 such that f(s) > p~! and s€ aak“ (A, B,C,p).
For all p > 0,

Cy(p)\M; € 00(A,B,C.p) (2.18)
and

Cr(p)\ (MyUDy) = oA (A,B,C,p)\ (0(A) UDy). (2.19)

Let K be a connected component of C\ (C¢(p)UDy). Then either Kﬁcrk| (A,B,C,p)=10
or K C Ukl(A,B,C,p).

Let K be a bounded connected component of C\ O‘LH (A, B,C,p) and suppose that cl(K) N
(DfUo(A)) =0. Then K N My # 0.

Let (A, ]| - ||)673;?q. Then

(a) The function f is continuous.

(b) Either Zy = C\o(A) or #Zy < n—1. If the set {BAC | A€ A } contains a
nonsingular matric then Zy = ().

Remark 2.4.7 The claims (i) and (v) imply that for each compact set K C C\ o(A) the
restriction f|x of the upper semi-continuous function f attains its mazimum on the boundary
of K. This fact has been used by Gallestey [31] to develop an algorithm for the computation of

the spectral value sets J((CQ)(A, B,C,p).



28 CHAPTER 2. DEFINITION AND BASIC PROPERTIES OF SPECTRAL VALUE SETS

Proof: (i) follows from the upper semi-continuity of ,uw (+).

(74). Suppose that the claim fails. Then there is a p > 0 and an unbounded sequence (sy) in
C such that f(s;) > p~! for all k€ N. By Equation (2.14) this implies that the spectral value
set aw (A, B,C, p) is unbounded. The latter contradicts the first claim of Proposition 2.2.4.

(4497) is immediate from Equation (2.14). (iv) follows from Equations (2.14), (2.15) and claim
(1) of Proposition 2.2.4.

(v) and (vi) are consequences of (iv).

(vii). If s ¢ Dy and f(s) > p~! then there is an open neighborhood U C C of s such that

F(s') > p~1 for all &' €U. Thus, by (2.14), U C o's

oW (A, B,C, p).

(viti). Suppose that f is not continuous at s. Then there is an € € (0, f(s)) and a sequence
(si) converging to s such that |f(sg) — f(s)| > e. Since f is upper semi-continuous, we may
assume that f(s;) < f(s) — e for all k€N. The latter implies that s € aak‘ (A, B,C, p), where
p=(f(s)— ).

(iz). Suppose that s€C¢(p)\ Ms. Then f(s) = p~!, and in every neighborhood of s there is
an s’ such that f(s') < p~!. Thus (2.18) holds. Suppose now, that seaakl (A,B,C,p)\(c(A)U
Dy). Then, by (vii), we have that s € Cf(p), i.e. f(s) = p~'. We also have that s & My since
otherwise there is a neighborhood U of s such that f(s') > p~! for every s’ € U, which implies
that seint(aw (A,B,C,p)). Thus (2.19) holds.

(x). Let K be a connected component of C\ (Cf(p) U Ds). Then the restriction f|x is
continuous and f(s) # p~! for all s€ K. Thus, either f(s) > p~! forall s€ K or f(s) < p~! for
all se K.

(zi). Let K be a bounded connected component of C \ Ukl (A, B,C,p) and suppose that
c(K)N(DfUo(A)) = 0. Then f is continuous on the compact set cl(K). Thus there is an
so € cl(K) such that f(sg) = mingeqx) f(s). For s€ K we have f(s) < p~!, and for s€ 9K we
have f(s) = p~!. Thus sq is contained in the open set K, whence K N My # 0.

(zii). Claim (a) is a consequence of Corollary 2.4.4. (b) follows from (iii) and the second
claim of Proposition 2.2.5. O

(A,B,C,p). Thus s is an interior point of

In view of Theorem 2.4.5 it is of importance to have computable formulas or efficient algorithms
to calculate or approximate the function f(-). Such formulas (algorithms) are known for the
following cases.

(a) A =C™%and ||-|| is rank-1-compatible with a computable operator norm. (The definition
of rank-1-compatiblity will be given in the next section).

(b) A =R and || - | is the spectral norm.
(¢) l=1or g=1and | | is an arbitrary norm on A = R/*4.

(d) A= {diag(élj}l, vy Oply A Ay ‘ 0,€C, Ay € Clex }, where 7,1 €N are fixed
numbers. The underlying norm || - || is the spectral norm. In this case ,u”A'”(M ) is called the
structured singular value of M. It plays an important role in control theory, see [75, 84, 98].

We will treat the case (a) in the next section and the cases (b),(c) in the chapters 6 and 7.
However, we will not deal with case (d) in this work. The reader who is interested in the
computation of the structured singular value is refered to [1, 69, 75] and the references therein.
In Chapter 4 we will study p-functions for the case
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(e) M € C'*9 is block diagonal and A = Az is the set of complex block matrices A =
[Ajk]jk<m of fixed block sizes whose blocks satisfy A, = 0 for all pairs (j,k) € m x m
which are not contained in the index set Z C m x m.

All figures of spectral value sets in this work have been obtained by evaluating the function
s — f(s) = ukl(G(s)) on a grid. For the calculation of G(s) = C(sl, — A)"!B from the
data A, B,C and s the application of the inverse of sI,, — A is needed. This is computationally
expensive and may cause numerical problems. However, in the case that B = C' = I, the
application of the inverse can be avoided if one uses the following functions.

Definition 2.4.8 Let (A, || - ||) € Pnn. Then we define for M e C**",

ia (M) = min{ |A|| |A€A, M — A is singular }. (2.20)

Lemma 1.7.1 yields that the functions ﬁkl : C"*™ — [0, 00] are well defined and lower semi-

continuous. Note that ﬁw (M) = oo if and only if there is no A € A such that M — A is
singular.

Theorem 2.4.9 Let (A, | - ||) €Ppnn. Then for every AcC™" and every p > 0,

oA (A,p) = {SEC | jia (sl — A) <p}.

Proof: This follows from the definitions of Jw (A, p) and ﬁkl (1) and the equivalence

seo(A+A) & (sl, —A)— Aissingular .

O
The functions ,uw (-) and ﬁw (+) are related in the following way.
Proposition 2.4.10 Let (A, | - ||) €Pnn and let M € C"*"™. Then
~ -1 0 if M is singular,
fa (M) =19 ", . (2.21)
pa (M) otherwise.

Proof: This follows from the definitions of i () and pa (-) and the equivalence

M — Ais singular < 1€o(AM™Y),

which holds for all A € C™ "™ and all nonsingular M € C"*". The equivalence is an immediate
consequence of the relation M — A = (I,, — AM~1)M. O

In the sequel we will make use of some simplified notation.
[I-1I [I-1I ~I- ~I-
® Uy (-) = :“leq(') and pp ()= NF"X"(')'
o If || - || = || - ||o,3 is an operator norm subordinate to the vector norms | - ||, and || - ||3

(@,8) II-1 ~(a,8) ~IIII (@) (e,a)
then ,uAﬁ () == pp (+) and ,uAﬁ (1) == pfip (). Furthermore, pn (1) := pa  (-) and

~(a) ~(a,a)
pa () =pa" )
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We close this section with a proposition on the stability radius. Its easy proof via Theorem 2.4.5
is left to the reader.

Proposition 2.4.11 Let C4 be a nonempty open subset of C. Let (A, ||-]|) €Prq and (A, B,C)e
Ly 4. Let, as in Theorem 2.4.5,

f:C\o(A) — [0,00) f(s):= ukl(G(s)), where  G(s) := C(sI, — A)"'B.

Suppose that A is Cy-stable. Then
(i) The following assertions are equivalent.

(a) A (4, B,C,Cy) = co.

(b) A+ BAC is Cgy-stable for all Ae A.

(€) Upzp0a (4.B.C.p) CC,.

(d) Cq C Zy, where Zy = { seC\o(A) | f(s)=0}.

(1) We have

—1
ra(A,B,C,C,) = <n€a§é< f(s)> (2.22)
= min{ p>0|oa (4, B,C,p)NIC, #0 }. (2.23)

2.5 p-functions and operator norms

In this section we consider p-functions for perturbation structures of the form (F4_ || -||) where
|| - || is rank-1-compatible with an operator norm.

Definition 2.5.1 Let |||, and |- || be a norms on F4 and F' respectively, F€ {R,C}. A norm
| || on F'™™4 is said to be rank-1-compatible with the operator norm || - ||la.5 if

(@) Al > [Alap for all AcFa.
(b) Al = [|Allag for all A€F™9 with rank(A) = 1.

The theorem below (from [74]) is the main result of this section. It extends a result of Hinrichsen
and Pritchard (see e.g. [54]).

Theorem 2.5.2 Let || - ||o be a norm on F4 and let || - ||g be a norm on F!, FE{R,C}. Let || - |

be a norm on F'>4 which is rank-1-compatible with the operator norm || -||as. Then we have for
M eFaxt,

I
pp (M) = [[M||5q-

Suppose that M # 0 and let x € F' and y € F? be vectors such that |M||go = y' Mz and
lzllg = |yllZ = 1. Then the rank-1-matriz Ag := HMnga:yT satisfies

_ NP
leo(AogM) and || Aol = |Aollas = M|z = pr (M)~
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Proof: The case M = 0 is obvious. Let M # 0 and suppose that 1€ o(AM). Then there is a
¢ €F\{0} such that £ = AM¢. Hence,

1€l < [1Allasl1M|[5.allElle < TAIMl5.0]1€]la-

Thus [Ml|sa > A" Thus, [M]sa > sup{|A]~'[A € F*7, 1 € a(AM)} = pug' (M).

On the other hand we have for the matrix Ag that AgMz = x and [|Ag|| = [|[Aollaps =
_ - II-11

M52l lyllE = M5, Thus [Mllga = pg (M). O

Observe that Theorem 2.5.2 does not cover the case F = R and M ¢ C9*!\ R9*!. Recall from
the preliminaries the definition info g(M) := miny,, =1 [|[Mz|s, M € F©*L. If ¢ = [ and M is
nonsingular then inf, g(M) = ||M_1||g}1

Corollary 2.5.3 Let || - ||o and || - ||3 be norms on F™, and let || - || be a norm on F™ ™ which
is rank-1-compatible with || - ||a,5. Then, for all M € F™*™,

fig (M) = infq 5(M).

Proof: If M is singular then ﬁIHF‘” (M) =0 =inf, g(M). If M is nonsingular then ,uH{H (M) =
IM =Yg, by Theorem 2.5.2. Thus infg(M) = ML = py' (M~1) " = jig ' (M). O

By applying Theorem 2.5.2 and Corollary 2.5.3 to the norm || - || = || - ||o,3 We obtain

Corollary 2.5.4 Let || - ||o be a norm on F? and let || - ||3 be a norm on F', F€ {R,C}. Then
we have for M € FI%¢,

(@,8)
p (M) = [|M]|,0-

If, in addition, | = q =: n then for M € F"*",

~(,3) .

prp (M) =inf, g(M).
Next, we treat unitarily invariant norms. Recall from the preliminaries that a unitarily invariant
norm is said to be normalized if ||A| = o1(A) for all all rank-1 matrices A. Now, let || - || be an

arbitrary unitarily invariant norm on C'*¢, and let || - || be the absolute and symmetric norm on
Rxindba} such that

1AL =1l [o1(A),- .., Omingmny (D)7 |
Set c:= || [1,0,...,0]T ||. Then it follows from the monotonicity of absolute norms that for all
AcCla,
[A[} = cor(A).

Equality holds if rank A = 1. Thus || - || is normalized if and only if ¢ = 1. Moreover, any
normalized unitarily invariant norm is rank-1-compatible with the spectral norm. Thus Theorem
2.5.2 and Corollary 2.5.3 yield

Corollary 2.5.5 Let || - || be a normalized unitarily invariant norm on C™*9 and let M € F9*!
Fe{R,C}. Then
[I-1I (2)
pp (M) = pp (M) = [[Ml]2 = omax (M).
If, in addition, | = q =: n then for M € F"*",

~lI-ll ~(2)

pp (M) = iy (M) = infa 2(M) = omin(M),

where omax(-) and omin(-) denote the maximal and the minimal singular value.
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We note that if M € C'*9\ R"*? then in general we have ME)(M) # ||M||2. The function MI(R?)(')
will be discussed in Chapter 6. There is another class of norms for which Theorem 2.5.2 is
applicable:

Proposition 2.5.6 (see [74, Corollary 2.2.11]) Let || - ||o be a norm on F? and let || - || be
an absolute norm on F!, F€ {R,C}. Let A; denote the jth row of A€ C¥49. Then the norm

-1 : €% = [0,00), A= TIATIE - 1ATIE 1 s,
Then || - || is rank-1-compatible with || - ||o,3. Thus, ,uIHF‘”(M) = |M||gq for all M € F?*! and if
q=1, fig (M) = info5(M).

Proof: First note that the function || - || is in fact a norm. The triangle inequality follows from
the monotonicity of the absolute norm || - ||.
We have for x € F9,

Az| = [ |Awzl,..., |0z T
< [IATIZ zllas -5 IATIE Nlzlla 17
= [IATIZ, - 1ATE T o
Hence,
1Azllg = [l |Az] g < [ LIATIS, - HATNE T Ng llla = Al |2]la-

Thus ||Allas < ||Al. Now suppose that rank(A) = 1. Then there are v € F', w € F? such that
A = zyT. The jth row of A is A; = z;47, where z; denotes the jth entry of x. We have

AL = [ laaglles - leylie 17 s
= N Tl lyle- - Lzl & 17 Nls
= el lls Iyll&
= lllsllyld
= [Allas- O

Remark 2.5.7 The identification of a u-function with an operator norm does not imply that
the computational problem for p-function in question is solved. Clearly, it is well known how to
compute the norms |M||, for p = 1,2,00 even for large matrices. However, to our knowledge
there is mo reliable algorithm to compute Holder norms for p # 1,2,00. There are algorithms
which estimate these norms, see [39] and the references therein. Another interesting norm is
| - lloo,1 for the following reason. By Theorem 2.5.2,

“‘Hl,oo

pr (M) = [[M]|oo,1-

The norm || - |[1,00 s the componentwise mazimum norm. Thus || - ||eo,1 is the p-function which
corresponds to componentwise measured perturbations. It is known that the computation of this
norm is NP-hard, see [79].
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2.6 Small perturbations and condition numbers

In this section we study the asymptotic behavior of spectral values sets for small perturbations.
In doing so we obtain formulas for the Holder condition numbers of eigenvalues with respect
to structured perturbations. These formulas generalize known results for the unstructured case
[19, 37, 73] which will be discussed in Chapter 5.

In order to define Holder condition numbers of eigenvalues we need some preparations. First,
recall the following definition from [86, p.167].

Definition 2.6.1 Let A€ C"™" have eigenvalues Ay, ..., A\, € C and let AeC™™ have etgen-
values )\1, e )\ €C. Then the spectral variation ofA with respect to A is

sva(A) := maxmin|\; — \; il
€N JEN

Note that
SVA(A) min{p>0| o(A ) C U]EHD( i p) }

Inspired by the definition above we introduce the spectral variation of A with respect to an
eigenvalue \; of A. We use the following notation. Let ai,...,a, €R, and let 7 : n — n be a
permutation such that a1y < az2) < ... < ag(y). Then we set for men,

CLZ.—CL( )

Definition 2.6.2 Let \j € C be an eigenvalue of algebraic multiplicity m of A € C"*". Let
AeC™™ have etgenvalues )\1, .. )\ € C. Then the spectral variation ofA with respect to the
eigenvalue \; of A is

sv(an)(A) = min{? [X; — Ay].

ZGTL

The definition implies that for an eigenvalue A; of algebraic multiplicity m,
SV(A,A].)(E) =min{p > 0| the disk D();, p) contains at least m eigenvalues of A Y.

We now give the definition of condition numbers.

Definition 2.6.3 Let (X, || - ||o) and (Y, - ||g) be Banach spaces. Let U be a subset of X and
let zg € U be an accumulation point of U. The Holder condition number of order w > 0 of a
function g : U — Y at the point xg is defined by

lg(x) — g(xo)lls

[ = ol

Cu(g,x0) := lim sup{ 0<|lz—2plla <p, x€U }

p\0
Note that Cy,(g,z0) € [0, 00] is well defined for all w > 0. However, there is at most one order
w > 0 such that 0 # C,(g,z¢) # o0, since these inequalities imply that Cz(g,x) = 0 for © < w
and Cz(g,z9) = oo for w > w. If g is discontinuous at zo then C,(g,x0) = oo for all w > 0.
We remark that our terminology here differs slightly from that in [21, Definiton 4.1] where the
quantity C,(g,xo) is called asymptotic Holder condition number.

Definition 2.6.4 Let (A, B,C) € Ly 4 and (A, || -|) € Prq. For Ac A let Ax = A+ BAC.
Then the Hélder condition number of the eigenvalue A\j€o(A) of order w > 0 is

SV N (A
con dw (A,B,C,);) = lim 7(14’)‘])( a)
N0 0ZAea A

(2.24)
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We have,

condww(A, B,C,\;) = Cu(g,0),

where

g: (A = (R [-1), g(A) = sv(an,)(Aa)-

Moreover, we define the spectral variation with respect to \; and the perturbation level p by

II-1
sva (A, B,C,\j,p) = max SV(An) (Aa)-

lali<e

In the sequel we consider only the case of complex perturbation structures, i.e. we assume that
(A1) EP&. For these perturbation structures the associated p-functions satisfy

pa (sM) = [s| i (M)

for all M € C9%*! and all s€C. This fact will be needed in the proof of our main result.
The proposition below gives the relationship between condition numbers, spectral variations
and spectral value sets.

Proposition 2.6.5 Let (A,B,C) € Ly, and (A, -|]) EPZ%. Let ICj(p) denote the connected

component of Jw (A, B,C, p) which contains the eigenvalue \j € o(A). Then the following holds.

(i) Let p >0 be such that Kj(p) No(A) = {\;}. Then

-1l
sva (A,B,C, A\, = max |[A—X;| = max sviy ) (A4a).
al p) = amax A=l Aca (4 (4a)

(17) Let c,w > 0, and suppose that the spectral variation of \; satisfies 1

SVK‘ (Av B.C, )‘j’p) = pr + O(pw)'

Then we have

condww(A, B,C,\j) =c.

Proof: (i). Let Ac A, ||A|| < p. By Proposition 2.2.3 the assumption K;(p) No(A) = {\;}
implies that precisely m eigenvalues of A are contained in K;(p), where m is the algebraic
multiplicity of A;. Thus

[
sva (A, B,C,\i,p) < max |[A—A;j|= max |\— )|
N J»P) AeICj(p)| il Aealcj(p)| il

Let s9 € 9K;(p) be such that |sg — Aj| = maxycox;(p) |A — Aj|- Then by claim (i) of Proposition
2.2.5 there exists a A,€ A with [|Ay|| = p and sg€0c(Aa,). This concludes the proof of (i).
(73). Let € > 0 and pp > 0 be such that for pe (0, pp),

|0~ sva (A, B,C, \j,p) —¢| < e

!The Landau-symbol o(p“) stands for a function satisfying lim,< o p~“0(p*) = 0.
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and KCj(p) No(A) = {\;}. Then for every p € (0, pp) the matrix A, defined in the proof of (7)
satisfies

SV(Av)‘j) (AAP) SVQ‘ (A7 B7 Ca Aj7 10)

= >c—e.
||Ap||w pY
Thus
SV(A,)\]-)(AA)
— > c—c¢. .
Jmax, HA”W >c—c¢ (2.25)
IAlI<p

On the other hand we have for A€ A, ||A]| < p,

sV(a,n,)(Aa) - sva (4,B,C, ), |A])

< <c+e
A« A«
An hence,
sV(a,)(Aa)
L L . 2.2
S A SOt (2:20)
1all<p
The inequalities (2.25) and (2.26) imply that | p~ condklw(A, B,C,\j) —c| <e. O
In order to state the main result of this section we need some additional notation. Let A1, ..., A,

be the pairwise different eigenvalues of A € C™*". By the Jordan decomposition theorem we
have

A=Y"(NP+ Ny, (2.27)
j=1
where
e P,...,P.eC™™ are the projectors onto the generalized eigenspaces of A, i.e.
range(P;) = Jyen ker(A\; I, — A)° for jer,

4 0 ifj#k

S B=I, and PP = TI#ER o joker,

— P, ifj=kFk

7j=1
e Ny,..., N, €C™" are the nilpotent matrices

Nj = (A—)\jln)Pj, JEr.
They satisfy the relations

0 ifj#k
N;N, =0if k # 7, and N;P, = P,N; = 1 ] 7k for all j,ker.
N; itj=k
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Let v; €N be the index of nilpotency of Nj, i.e. v; = min{ /€N | Nf =0} Then v; is the size
of the largest Jordan block associated with the eigenvalue \; in the Jordan canonical form of A.
If vj =1 (i.e. Nj =0) then ) is called a semi-simple (nondefective) eigenvalue of A.

Using the above relations it is easily verified that for every s€ C\o(A),

r vi—1

(sIn— A" = > | (s— 1P+Z s— ) EINE (2.28)

J=1

Let B,C be such that (A4, B,C)€ L, ;4. Then we have for G(s) = C(sI; — A)~' B that

r é —1
G(s) = > [(s=x)T'CPB+> (s—))"“YCNB |, (2.29)
j=1 =1
where
1 if CNYB =0 for all /€N
4 = . A ora ’ (2.30)
1+ max{ fEN|CN;B#0} otherwise.

If | = ¢ = n and the matrices B, C are nonsingular then ¢; = v; for all j€r. The next theorem is
the main result of this section. It gives the relationship between the growth of spectral value sets
for small perturbations, Holder condition numbers of eigenvalues, u-functions and the Jordan
structure of the perturbed matrix.

Theorem 2.6.6 Let (A, -]) € Pl(?q and (A,B,C) € Ly 14, where A has the Jordan structure
(2.27). For jer and p > 0 let K;j(p) denote the connected component of akl (A, B,C, p) which

contains the eigenvalue \j € 0(A). Furthermore, let {; be defined as in (2.30).
Suppose ,uw(C’PjB) #0 and ;=1 (i.e. CN*B =0 for all (e€N). Then

(i) To each € > 0 there is a pe > 0 such that for all p€ (0, p¢],
II-11 II-11
D (A, (1=€)p ua(CPB) ) CKi(p) €D (N, (1+€) p wa(CPB) ).

(ii) We have

. Kilp) =N i
;1{%#_2% (CPB))

where the limit is taken with respect to the Hausdorff metric.

(iii) The spectral variation satisfies

VA (4, B,C, ), p) = i (CP;B) p + o(p).

(iv) We have

conda (4, B,C,\;) = pia (CP;B).

l

Suppose that £; > 2 and ,uw(C’N B) #0. Then
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(v) To each € > 0 there is a p. > 0 such that for all pe (0, pe],

P <)\j ’ ((1 —e)r “HA“(Cij_lB))%j > CKj(p) D <)\j : ((1 +6) P ia (Cij_lB))%j ) :

(vi) We have

\l,__

Kilp) = A
i{%w—p 0, (MA (CN B))

where the limit is taken with respect to the Hausdorff metric.

(vii) The spectral variation satisfies

1
1

. 1 1
svW (A4, B,C, N\, p) = (MA (Cfo—lB)) 7 p +o(p').

(viii) We have
1
conda. 1 (4,B,C,\;) = (ua (CN57'B)) 7.
i

The proof of Theorem 2.6.6 is based on the lemma below.

Lemma 2.6.7 Let X be a complex Banach space and £€N. Let U be an open neighborhood of
0€C and let T : U\ {0} — X be a continuous function such that the limit a = lims_.q s T'(s)
with respect to the norm topology exists. Let ¢ : X — R be a continuous function satisfying
¢(a) > 0 and ¢(sz) = |s|p(z) for all s€eC and all z€ X. For p > 0 set

Sp={0yU{seU\{0} | ¢(I(s)) = p" }.

Let IC, denote the connected component of S, which contains 0. Then to each € > 0 there is a
pe > 0 such that for all p€ (0, p| the set K, is compact and satisfies

D(07 R_ (107 6)) - ,Cp - D(07 R-i- (107 6))7 (2’31)

where Ry (p,€) :== ((1 £¢€)pp(a) )%

Proof: The compactness of K, is immediate from the continuity of ¢ o I' and the inclusion
(2.31). The latter is a consequence of the following two facts. Let € > 0 be given. Then

(a) there is a py > 0 such that D(0, R_(p,€)) C S, for all pe (0, pol;
(b) there is a pg > 0 such that S, N{seC| |s| = Ry (p,€e) } =0 for all pe (0, po.

We prove (a) and (b) by contradiction. Suppose that (a) fails. Then there are sequences py > 0
and sy € C satisfying limy_oo pr = 0, |sx| < R_(pk,€) and ¢(I'(sg)) < p,. ' for all k€ N. This
implies that for every k€N,

S5t (s8)) = sl @D (sx)) < lsil’py ! < R-(pr €)py, " = (1 = €)o(a). (2.32)

Suppose that (b) fails. Then there are sequences p; > 0 and s € C satisfying limg_,o pr = 0,
|sk| = Ri(py,€) and ¢(I'(sg)) > p,. ! for all k€N. This implies that for every k€N,

d(s50(sk)) = |skl‘ (T (sk)) > Isel’pp " = Ry (prs )p, " = (1+ €)d(a). (2.33)
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In both cases we have that limy_,« s = 0 and therefore limy_, ¢(stI'(s)) = ¢(a). The latter
contradicts (2.32) and (2.33). O

Proof of Theorem 2.6.6: It is enough to prove (i) and (v). The claims (i7) and (vi) are then
obvious, and the remaining statements follow by combining (¢) and (v) with Proposition 2.6.5.
Since Jw (A+)\I,,B,C,p) = )\—I—Ukl (A, B,C, p) for every A€ C, we may assume that A; = 0.

Then the formula (2.29) yields for the rational function G(s) = C(sI, — A)~!B that
— lop. L1 —(+1) e
G(s)=s CPiB+3 /s CN; B+ H(s),

where
H(s)= Y ((s —A)LCPB+ Y (s - )\i)‘(“l)CNfB) .
1ET
X; 70

For every £€N we have lim,_s*H(s) = 0. Thus, the following holds.
(a) If £; =1 then lim,_o s G(s) = CP;B.

£;i—1

(b) If £; > 2 then lims_ s5G(s) = CN;” "B.

By Theorem 2.5.2 we have
[I-1I II-11 —
oA (A, B,C,p) =a(A)U{seC| pa (G(s) = p" }.

Since (A, ||-]]) € P;?q the function ,uw (+) is continuous by Corollary 2.4.4 and satisfies ,uw (sM) =

|3|ukl(M ) for all s€C and M € C9*!. Thus the theorem follows by applying Lemma 2.6.7 to
the functions ¢(-) = ,uw(-) and I'(-) = G(-) and to the number ¢ = /;. O



Chapter 3

Semi-algebraicity of spectral value
sets

In this chapter we show that spectral value sets and p-functions are semi-algebraic for a large
class of perturbation structures. Semi-algebraic spectral value sets have piecewise analytic
boundary, and semi-algebraic p-functions are real analytic on an open and dense subset of
Caxt,

The structure of this chapter is a follows. In the first section we give a brief introduction
to the basics of real algebraic geometry. Here we list the facts and proofs which are needed
for the understanding of the main result. We discuss basic properties of semi-algebaic sets and
functions and introduce the Tarski-Seidenberg theorem. Then we show that the most important
vector and matrix norms are semi-algebraic functions. Finally, in Section 3.2 we present our
main result.

For notational convenience we write elements of R™ as row vectors in the majority of cases.

3.1 Basic facts from real algebraic geometry

3.1.1 Semi-algebraic sets

A semi-algebraic set is a subset of R™ which can be defined by finitely many polynomial equations
and inequalities. The precise definition is as follows.

Definition 3.1.1 A semi-algebraic subset of R™ is an element of the Boolean algebra of subsets
of R™ which is generated by the sets

{(z1,...,2) €R" | p(x1,...,2,) >0 }, peR[Xy,..., Xy,
where R[X1,...,X,] denotes the ring of real polynomials in the variables Xy, ..., X,.

It follows immediately from the definition that the sets {(x1,...,2,) €ER™ | p(x1,...,2,) 0},
where @ € {<,>,> <, = #}, peR[Xq,..., X,], are semi-algebraic. It is then easily seen that a
subset S of R" is semi-algebraic and only if .S is a finite union of sets of the form

{zeR"| pi(z) =0,...,p,(x) =0,q1(x) >0,...,¢q5(x) >0}, (3.1)
]517"'aﬁMQI)"WQSER[le-"aXn]-

Note that the condition p;(x) = pa(z) = ... = pr(x) = 0 is equivalent to the condition g(z) = 0,
where g(z) = Y j_;(pr(z))?. If g is the zero polynomial then the set (3.1) is open. If g is not

39
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the zero polynomial then it can be factored into a product of nonzero real polynomials, which
are irreducible in the ring R[X1,...,X,]. We have g(z) = 0 if and only if p(x) = 0 for at least
one of the irreducible factors p of g. Thus the set (3.1) is a finite union of sets of the form

{zeR™ | p(x) =0,q1(x) > 0,...,qs(x) >0}, (3.2)

where p € R[X7,...,X,,] is irreducible. Let S; denote the set (3.2), and let Sy be a set of the
same type,
Sy ={zeR"| p(z) =0,Gi1(x) >0,...,¢s(x) >0 }.

If p = ¢p for some ce R\{0} then S; U Sy = {z€R™| p(z) =0} N B, where B is the open set
B={zeR"| (q1(z) > 0,...,qs(x) > 0) or (¢1(x) >0,...,q3(x) > 0) }.
We thus obtain the following result.

Lemma 3.1.2 Fach semi-algebraic subset S of R™ can be written in the form

S=ByU|J({zeR"|p;(x) =0} N By), (3.3)
JeL
where By,...,By C R™ are open semi-algebraic sets and p,...,pr € R[X1,...,X,] \ {0} are
wrreducible polynomials which are not scalar multiples of each other.

Note that the representation (3.3) is not unique. For instance, the empty set has the represen-
tations ) = {z€R" | |[z|3+a? =0} ={2eR*| —|z||3 —a® > 0}, where a # 0. Note
further, that the set S\ By is contained in the algebraic set A = { x € R™ | h(z) = 0 }, where
h(z) = [[;c,pj(x). Since h is not the zero polynomial, A has no interior points.

We now apply the lemma to show a proposition on the smoothness of semi-algebraic sets.

Proposition 3.1.3 Let S be a semi-algebraic subset of R"*1 such that int(S) = 0. Then there
is a polynomial h € R[X1,...,X,]\{0} such that the following holds. For all (x,y) € R™ x R
which satisfy (x,y) €S and h(x) # 0 there exist open neighborhoods V- C R™ of x and W C R of
y and a real analytic function ¢ : V. — W such that SN (V x W) = graph(¢).

Proof: Let us recall some basic facts of elimination theory. Let F be an arbitrary field and
consider the polynomials

p(X,Y) = a(X)Y"+...+a1(X)Y 4+ ap(X),

g X,Y) = bs(X)Y' '+ ... +01(X)Y + bo(X),
where r,s € N, X := (X,...,X,,) and a;(X),b;(X) € F[X]. The Sylvester matrix associated
with the polynomials p and ¢ is defined by

a(X) ... ... ap(X)

S TOWS

SEOX) =1y o )

T TOWS

b(X) ... bo(X) ]

The resultant of p and ¢ with respect to the variable Y is the polynomial R(p,q)(X) :=
det(S(p, q)(X)) €F[X]. We need the following properties of the resultant [28, 68].



3.1. BASIC FACTS FROM REAL ALGEBRAIC GEOMETRY 41

(a) Let xo € F™ and suppose that a,.(zg) # 0. Then R(p,q)(zo) = 0 if and only if the poly-
nomials p(zo,Y),q(z0,Y) € F[Y] have a common factor f(Y)e€F[Y] of degree deg f > 1.
Thus, if a,(z9) # 0 and R(p, q)(z¢) # 0 then the polynomials p(xg,Y) and g(xg,Y) have
no common zero ¥.

(b) Suppose that a,(X)€F[X] is not the zero polynomial. Then R(p, q)(X)€F[X] equals the
zero polynomial if and only if p and ¢ have a common factor f€F[X,Y] with degy f > 1,
where degy- f denotes the degree of f with respect to Y.

Now let S be a nonempty semi-algebraic subset of R**! which has no interior points. According
to Lemma 3.1.2 we have S = {J;¢, ( Bj N {(z,y) ER" x R | pj(z,y) = 0} ), where the sets B, j €
¢, are open semi-algebraic subsets of R"™! and the irreducible polynomials

T
pi(X.Y) =Y au(X)Y' € RIX, Y]\ {0},  rj=deg,pj.
i=0
are not scalar multiples of each other. Set J :={j€f|r; # 0} and let

) = (yegtie (3)) (T ROos 030 ) (TLesRos, 50).

Then h is not the zero polynomial. This follows from (b) and the irreducibility of the polynomials
pj. Suppose now that (x,y) €S and h(x) # 0. Then (a) implies that p;(z,y) = 0 for exactly one
j €J. Moreover, there is an open neighborhood U C R"*! of (z,y) such that SNU = pj_l(O) nuU,
since otherwise we could find a sequence (x;,y;) € S such that lim; .o (x;, ;) = (z,y) and
Pk, (xi,yi) = 0, where k; # j. The latter implies that pg(x,y) = 0 for some ke€/, k # j. This is
impossible since h(x) # 0. From (a) and h(z) # 0 it follows that %(m, y) # 0, so we can apply
the implicit function theorem: there exist open neighborhoods V' C R™ of z and W C R of y and
a real analytic function ¢ : V' — W such that V x W C U and pj_l(()) N (V x W) = graph(¢).
Thus SN (V x W) = graph(¢). O

3.1.2 The Tarski-Seidenberg theorem

A fundamental result in real algebraic geometry is the following so called Tarski-Seidenberg
theorem.

Theorem 3.1.4 Let 7 : R"™™ =R" § R™ — R", w(x,y) := z, be the canonical projection.
Let S is a semi-algebraic subset of R"™™. Then its projection

m(S) ={zeR"|JyeR™: (z,y)eS }

s also a semi-algebraic subset of R™.

Proofs of the Tarski-Seidenberg theorem can be found in [87, 81, 11, 4] and in the appendix of [56].

Corollary 3.1.5 If S is a semi-algebraic subset of R"™™ then the set
{xeR"|VyeR™: (z,y)€S } = R*"\ n(R™™\ 9)

18 semi-algebraic.
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There is an equivalent formulation of the Tarski-Seidenberg theorem in terms of logic. For this
formulation we need

Definition 3.1.6 An atomic formula in the variables &1,...,&, is a formula of the form

p(glv"' 75”) .07

where o € {<,>,> <, = #} and p is a polynomial with real coefficients. A polynomial formula
F(&,...,&,) is an expression which is built up in a finite number of steps from atomic formulas
by means of conjunction, disjunction, negation and the quantifiers V&, € R, I €R, ken.

The theorem below, also called Tarski-Seidenberg theorem, is equivalent to Theorem 3.1.4.

Theorem 3.1.7 Let F(&1,.--, &M,y ---,0m) be a polynomial formula in which the variables
M, ..., Nm are bound by quantifiers and &1, ...,&, are free variables. Then there is a polynomial
formula G(&1, ... ,&,) without quantifiers such that the equivalence

F(xi,...,Zny Y1y, Ym) < G(z1,...,24)
holds for all (x1,...,x,)ER".
An immediate consequence of the Tarski-Seidenberg theorem is

Proposition 3.1.8 Let S C R" is a semi-algebraic set. Then its interior, its closure and its
boundary are also semi-algebraic sets.

Proof: The closure of S satisfies

c(S) = {z€R" | Ve€R: (e<0or (FyecR™: ||z —y||3 < € and y€S)) }.

F(2,y,€)

By the Tarski-Seidenberg theorem the formula F(z,y,€) is equivalent to a polynomial formula
G(z) without quantifiers. Thus, cl(S) is semi-algebraic. The interior and the boundary of S are
semi-algebraic since int(S) = R™\cl(R™\S) and 95 = cl(.5) \ int(.5). O

3.1.3 Stratifications of semi-algebraic sets

An analytic stratification of a subset S of R is a decomposition of S into connected real analytic
submanifolds of R"™. Lojasiewicz [72] has shown that each nonempty semi-algebraic subset of
R"™ admits an analytic stratification with finitely many strata, which are also semi-algebraic.
See also [4] for a proof. Consequently, each semi-algebraic set has finitely many semi-algebraic
connected components [4, 11]. Since our main interest is in spectral value sets, which are subsets
of C = R?, we discuss semi-algebraic subsets of R? in detail.

Proposition 3.1.9 Let S be a semi-algebraic subset of R%. Then S can be written as a disjoint
union S = int(S) UM U P, such that

(a) M is either the empty set or a 1-dimensional real analytic submanifold of R?;

(b) P is a finite set (which may be empty).
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Furthermore, int(S) and M are semi-algebraic sets and have finitely many connected compo-
nents, which are also semi-algebraic.

We sketch the proof for the first statement of the proposition.

Proof: Let N = S\ int(S). Then N is semi-algebraic, and by Lemma 3.1.2 we have
N =Uje ({(z,9) €R?| pj(z,y) =0} N By),

where By,..., By are open semi-algebraic subsets of R? and py,...,p, € R[X,Y]\ {0} are irre-
ducible polynomials which are not scalar multiples of each other. Using resultants with respect
to both the variable X and the variable Y it can be shown that the set

P o= U { @yeN | Fy = F@y) =piey) =0 }
U |J {@wyeN | plz,y) =pjlz,y) =0}
1<k<j<t

contains at most finitely many points. Set M := N \ P. Let (z9,y0) € M. Then pj(xo,y0) = 0
for exactly one index j € £, and there exists an open neighborhood U C R? of (xg,30) such
that UNM =UnN{ (z,y)€R? | pj(z,y) =0 }. On UN M the gradient of p; does not van-
ish. Hence UNM is an analytic submanifold of R?. Thus M is an analytic submanifold of R?. [

Let S and N be as in the proof above. Recall that the boundary of an open subset of a
topological space has no interior points. Thus the semi-algebraic set dint(S) has a representation

dint(S) = UjeZ ({(:E,y)ER2 | pj(xz,y) =0}nN Bj) with irreducible polynomials p; and open
semi-algebraic sets B;. The relation S = int(S) U N implies that
0S C 0Oint(S)UION

Thus int(9S) = 0. Hence, we have the following corollary to Proposition 3.1.9.

N

Corollary 3.1.10 Let S be a nonempty semi-algebraic subset of R%. Then 0S = M JP, where
P is a finite set and M is either the empty set or a real analytic submanifold of R? with finitely
many connected components.

3.1.4 Semi-algebraic functions

Let S € R™ be non-empty semi-algebraic sets, k = 1,2. A function f : S; — Sy is said
to be semi-algebraic if its graph is a semi-algebraic subset of R"'™"2, We mention some basic
properties of semi-algebraic functions.

1. The composition of semi-algebraic functions is semi-algebraic. This can be seen as follows.
Let S, C R™, k =1,2,3, be semi-algebraic sets and let f : . S; — Sy and g : Sy — S3 be
semi-algebraic functions. We have

graph(g o f) = { (z,y) eR™""™ | 3z2€ R™ : (x,z) Egraph(f) and (z,y) Egraph(g) }.

F(z,y,2)

By the Tarski-Seidenberg theorem the expression F'(z,y, z) is equivalent to a polynomial
formula G(z,y) in which the variables z,y are free.
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2. Let f : S1 — S be a semi-algebraic function, and let A C S; (B C S3) be a semi-
algebraic set. Then f(A) ( f~'(B) ) is semi-algebraic. Again, this follows from the
Tarski-Seidenberg theorem since

f(A) = {yeR™|3JzeR™ :z€A and (z,y) Egraph(f) },
fYB) = {zeR™ |3y cR™:ycB and (z,y) cgraph(f) }.

3. The projections R™ > (z1,...,xy) LN Tk, being linear maps, are semi-algebraic. Thus
the component functions fp = 7 o f of a semi-algebraic function f : R®” 2 §; — R™ are
semi-algebraic. The converse also holds. If f1,..., f, : S1 — R are semi-algabraic then

f=(fi,... fn) : S1 — R™ is semi-algebraic, too.

4. Let f1, fo : S1 — R be semi-algebraic. Then the functions fi1 + fo, fifo : S1 — R are
semi-algebraic. Moreover, the set f, '({0}) is semi-algebraic, and if f, *({0}) # S; then
% : 91\ f5 1 ({0}) — R is semi-algebraic.

By means of the Tarski-Seidenberg-Theorem it can be shown that many sets associated with a
semi-algebraic function are semi-algebraic. For instance we have the following result which is
needed in Section 3.2.

Proposition 3.1.11 Let ) # S1 C R™ be a semi-algebraic set and let f : S1 — R be a semi-
algebraic function. Then the sets

My = {xz€S1| f has a local minimum at x },
Dy = {xeS:1|f is discontinuous at = }

are semi-algebraic.

Proof: We have

My = {z€S1|3ecR:e>0and (VEER: £ ¢ Sy or ||€ —z[3 > € or f(§) — f(x) >0) },

Dy = {z€S1|3JecR:e>0and
VSER: (6 =0or (3¢€R™: €€ Sy and ||€ — 2|3 < 62 and g(&,z,¢) > 0)) },
where (&, 7€) — g(&,z,¢) = || f(€) — f(2)|3 — €% is a semi-algebraic function. O

By applying Proposition 3.1.3 to the graph of a real valued semi-algebraic function, one
obtains

Proposition 3.1.12 Let f: .S1 — R be a semi-algebraic function, where Sy is a semi-algebraic
subset of R™ with nonempty interior. Then there is a polynomial he R[X1, ..., X,] \ {0} such
that the restriction f|g\n-1(0) s a real analytic function.

Now, we consider infima and suprema of semi-algebraic functions. To this end we have to
extend the definition of semi-algebraicity to functions whose range is a subset of the extended
real line R := RU {—o00, c0}.

Definition 3.1.13 Let S be a semi-algebraic subset of R™. A function f : S — R is called semi-
algebraic if f~1(—o0) and f~1(c0) are semi-algebraic sets and the restriction Fls\f1(f=o0,00}) 8
a semi-algebraic function.
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Proposition 3.1.14 Let S C R™ x R be semi-algebraic and let S, :== { yeR | (x,y)€S } for
all zeR™. Then the sets

Eg = {zeR"| S; #0}
As = {x€Eg | Sy is bounded from above }
Bs = {x€Eg | S, is bounded from below }

are semi-algebraic subsets of R™. The functions
fs:fg:R" =R fg(x):=supS,  f.(z):=infS,

are semi-algebraic and we have

Fo'(m00) = f5l(c0) =R"\ Bs,  fg (00) =R"\As,  f5'(~00)=R"\Bs. (3.4)

Proof: The relations (3.4) are obvious. The other assertions follow from the Tarski-Seidenberg
theorem since the sets Fg, S, are semi-algebraic and we have

As = Egn{zeR"| FzeR:VyeR:z>yor y&S, },
Bs = Egn{zeR" | FzeR:VyeR:z<yorygsS, },
graph(Fs) \ ((Fs U As) x {—00,00}) = {(2,2)€R" x R| VyeR: (= > y or y£5,)

and VZ: (JyeR: (yeS, and y > 2) or 2 < z) },

graph(f ) \ ((Es U Bg) x {—00,00}) = {(z,2)€R" xR[VyeR: (2 <yorygS,)

and VZ: (JyeR: (yeS, and y < 2) or 2 > z2) }.

O
Corollary 3.1.15 If f : 51 x So — R is semi-algebraic then the functions
8 —=R  f(z):= inf f(z,y), [f(z):=sup f(z,y)
~ ~ y€ES, yESs
are also semi-algebraic.
Proof: We have f = is and f = fg, where
S:={(r,2)ER" xR | x€ Sy and Jye€ Sy : ((z,y),z) Egraph(f) }. O

Corollary 3.1.16 Let f: R™ — R and S CR"™ x R™ be semi-algebraic. Then the function
FiR' =R F()=mf{ f(y) | (.y)€9 }
18 semi-algebraic. An analogous statement holds for sup.

Proof: We have F(z) = inf S, z€R" | where
S:={(x,2)eR" xR | IyeR™: ((z,y)€S and (y, z) €graph(f)) }. O
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3.1.5 Semi-algebraicity of norms

The goal of this section is to show that the most important vector and matrix norms are semi-
algebraic functions. We first have to extend the definition of semi-algebraicity.

Definition 3.1.17 Let V be a finite dimensional real vector space and let ¢ : V — R"™ be be
a linear isomorphism. A subset S of V' is said to be semi-algebraic if ¢(S) is a semi-algebraic
subset of R™. A function f : V 2 S — R is semi-algebraic if the composition fo¢': ¢(S) — R
18 semi-algebraic. These definitions do not depend on the choice of the isomorphism ¢. A
function between semi-algebraic subsets of finite dimensional real vector spaces V. and W is said
to be semi-algebraic if its graph is a semi-algebraic subset of V- x W.

In particular semi-algebraicity of subsets of C"*" is well defined.

Proposition 3.1.18 Let f : [0,00)" — [0,00) be a convex and positively homogeneous function
such that f(y) = 0 if and only if y = 0. Suppose that f is semi-algebraic. Then the absolute
norm

|1+ C" —[0,00) @] == f(]z[) (3.5)
is a semi-algebraic function.

Proof: The function C 3 z — |z| = /(R2)?2 4+ (32)? is semi-algebraic. Thus the map
C™ 5 x +— |z| is semi-algebraic, too. Hence, the norm (3.5) is a composition of semi-algebraic
functions, and therefore semi-algebraic. O

By specializing the last proposition to the semi-algebraic functions [0,00)" 3 y — maxyep Yk
1/p
and [0,00)" 3 y (Zke” yZ) , where p > 1 is rational, we obtain

Corollary 3.1.19 The Hoélder norms || - ||, : C* — [0,00) are semi-algebraic functions for all
pe[l,o0)NQ and p = oo.

Proposition 3.1.20 Let F = R or C. Suppose that the norms | - ||o : F* — [0,00) and
I-llg : F™ — [0, 00) are semi-algebraic functions. Then the operator norm ||-||q,g : F™*™ — [0, c0)
18 also semi-algebraic.

Proof: The semi-algebraicity of the norms | - |4, || - ||g yields that the function

FOETT o (BN 0)) — [0.00)  f(Az) = ”Hffﬂﬁ

is semi-algebraic. Thus the semi-algebraicity of the operator norm | - |4, = supgecn\ fo3 f ()
follows from Corollary 3.1.15.

Proposition 3.1.21 Let H,, denote set set of all hermitian n X n-matrices, and for H € H,, let
Me(H), k€n, denote the eigenvalues of H in decreasing order. The functions A\i(-) : Hp — R
are semi-algebraic.
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Proof: The sets H,, and S, ; := { XeCvh | X*X =1, }, ken, and the functions

fn7k:Ck\{0}><5n,k><Hn—>R fn,k(gaXvH) ::%

are semi-algebraic. By the Courant-Fischer max-min principle we have for H € H(n) and k€n,

z*H x

Me(H) = sup inf = sup inf  f,x(&, X, H
W(H) dim X=k z€X\{0} T*T X€ES,, 1, £ECR\{0} Hl )
Thus the proposition follows by applying Corollary 3.1.15 twice. g

Corollary 3.1.22 The singular value functions oy, : C™*™ — [0,00), 1 < k < min{m,n} are
semi-algebraic.

Proof: This follows from the above proposition and the fact that

or(A) = A <L(1)* J(ﬂ) for all AeC™*", 1 <k < min{m,n}. O
Corollary 3.1.23 Suppose that the absolute and symmetric norm || - || : R™™mn} — [0, 00) is
semi-algebraic. Then the unitarily invariant norm

-]l €™ —[0,00) A= I [o1(A),..., Ommingm,ny (A ] ]

18 semi-algebraic as well.

By combining Corollaries 3.1.23 and 3.1.19 we obtain

Corollary 3.1.24 The Schatten p-norms || - || : C™*™ — [0,00) are semi-algebraic for all
p€ll,oo) NQ and p = oco.

3.2 Main result

The following theorem is a consequence of the Tarski-Seidenberg theorem and the definitions of
p-functions and spectral value sets.

Theorem 3.2.1 Let (A, || -||)€Pr,. Suppose that A is a semi-algebraic subset of C1*9 = R4l

and that || - || : spang A — [0,00) is a semi-algebraic function. Then

(i) The spectral value sets Ukl (A,B,C, p), where (A, B,C) = ([ajk], [bjk], [cjk] )€ Ln g4, p >0,
are semi-algebraic subsets of C = R2. There exists a polynomial formula F in the real

variables
x? y7 p?
Rar, Sa,i, (4,k)En x n,
§Rbjk’)%bjk) (]a k‘)EQ X L
Rejr, Scjk, (j,k)€gq x n,

without quantifiers (i.e. all these variables are free variables of F') such that the following
equivalence holds for all x,y€R and all (A, B,C,p)€ Ly 4 % [0,00).

T4y € Ukl (A,B,C,p) & F(p,z,y, [Raji], [Saji], [Rbi], [Sbjk], [Rej], [Scjr] )-
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(ii) The function Nkl : C™*! — [0, 00) is semi-algebraic.
(#2) If, in addition, | = ¢ = n then the function ﬁw : C™*" — [0, 00] is semi-algebraic.

Proof: (i). We have = + iy € aw (A, B,C, p) if and only if the following condition (*) holds.
(¥) IA€C:(AcA and ||A] <p and det(A + BAC — (z +iy)l,) =0)
The semi-algebraicity of A and || - || yields that the condition (A€ A and ||A]] < p) in (%) can
be replaced by an equivalent polynomial formula Fy(RA,SA, p). Thus, claim (i) follows from
the Tarski-Seidenberg theorem.

(ii). Let S = { (A, M) | Ac A, MeC?! det(l;—AM) =0}. Then S is semi-algebraic and
u”A“(M)‘l = inf{ |A]| | (A,M)eS }. By Corollary 3.1.16 the function C9*! 3 M ,uw (M)t

is semi-algebraic. Thus ,uw () is semi-algebraic. The proof of (iii) is analogous.
g

Corollary 3.2.2 Suppose that the assumptions of Theorem 3.2.1 hold. Then

(i) The spectral value sets aw (A, B,C, p) have piecewise analytic boundary. More precisely,
there exists a finite set Pa p.c,, C C such that aak‘ (A,B,C,p) \ PaB,c, is either empty
or a I1-dimensional real analytic submanifold of C = R? with finitely many connected

components.
(¢1) For each (A,B,C)€ Ly 4 the function

f:C\o(4) = [0,00)  f(s) = pa (G(s)), G(s)=C(sly—A)'B

is semi-algebraic. The sets Cy(p), Zs, My, Dy, defined in Proposition 2.4.6 are semi-
algebraic. There exists an open and dense semi-algebraic subset S C C such that the
restriction f|s is a real analytic function.

(iii) There erxists an open and dense semi-algebraic subset S C CI*! = R4 such that the
restriction ,uw |s is a real analytic function.

Proof: This follows from Propositions 3.1.11, 3.1.12 and Corollary 3.1.10. O

The reader will have no difficulties in proving the following result on the stability radius.

Theorem 3.2.3 Let (A, || - ||)€Py,. Suppose that A is a semi-algebraic subset of C1*7 = R4l
and that || - || : spang A — [0,00) is a semi-algebraic function. Let C, # () be an open semi-
algebraic subset of C. Then the set S = { AcC"*™ | A is Cy-stable } is an open semi-algebraic

subset of C"*™. Moreover, the stability radius function r”A“(-, Cy) : Lp1q — [0,00],

(A,B,C) — 1A (A,B,C,C,) = inf{|A] | A€A, o(A+BAC)¢C,}

18 semi-algebraic.



Chapter 4

Spectral value sets of block diagonal
matrices

In this chapter we study spectral value sets for structured perturbations A ~ Ax = A+ BAC
where A, B,C are block diagonal matrices. The perturbations A are not necessarily block
diagonal but are they assumed to have zero blocks at some prescribed positions. The matrices Aa
can be interpreted as the system matrices of composite linear systems. We solve the associated
pu-problem for two classes of norms. By specializing our results to the diagonal case we obtain
a new proof for the eigenvalue inclusion theorem of Brualdi.

4.1 The setting

Let us introduce some necessary notation. Throughout this chapter the letters ¢, denote finite
sequences ¢ = (q1,...,qm), L = (l1,...,ln), where ¢;,1;,meN. For M; € C%*li jem, we set

M, 0
m . M2
DL, M; = diag(M, ..., Mp)= .
0 M,
For an index set Z C m x m let Az ,; denote the set of block matrices A of the form

AH e Alm
A= : Do, AjeChXeand Ay, =0 if (5, k) ¢ Z. (4.1)
At oo DA

In the sequel we will abbreviate the left equation in (4.1) by A = [Aj;]. In this chapter we
consider spectral value sets

I-1 m m m
OAzq.1 (@jzl Aj, ®j:1 B, @j:l Cj, P) ) (4.2)

where (Aj, Bj,Cj) € Ly, 1, 4; and || - || is a norm on the complex vector space Az ;. Spectral
value sets of this type have the following system theoretic interpretation. Consider the linear
sytems

ij(t) = Ajz;(t) + Bju;(t),  y;(t) = Cja;(t),  jem,

49
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where u;(-) is the input, y;(-) is the output and z;(-) is the state of the jth system. By
introducing the couplings

Uj(t) = Z A]’k yk(t), AjkE(Cleqj (4.3)
kem, (j,k)eT

one obtains the composite systems

=Aa| |, Aas= (@}71:1 Aj) + (@;ﬂzl Bj) A (@}11 Cj) , A€A7 . (44)

The pairs (j,k) € Z can be regarded as the oriented edges of a directed graph I'(m,Z) whose
vertices are the numbers 1,...,m. This is illustrated in Figure 4.1. Observe that in Fig-
ure 4.1 the endpoint of the edge (j,k) is the first component, j. This orientation reflects
the interconnection structure (4.3).

The spectral value set (4.2) is the set of eigenvalues of all system matrices A with Ae Az 4
and [|Al| < p. For s€ C\o(A;) and jem let Gj(s) := Cj(sl,, — Aj)"'B;. Then

D, () = (@ Cy) (5T~ B A7) (@0 By).
Theorem 2.4.5 yields that

M-l m m m
O'AI,q,L (@j:l Aj; ®j=1 Bj, @jzl ij ,0)

— o (@, 45) u{seC\o (@11 4)) | way,, (BIiGi() 2p | (45)

Motivated by (4.5) we study the p-functions ,uqul(@;ﬁ:l M;), where M; € C%*% | jem. Note
that by Proposition 2.4.3, .

pae, (@) = max oA (@ M)). (46)

AEAI,q,l
lAf=1
In Sections 4.2 and 4.3 we provide formulas for the computation of these functions with respect
to two classes of norms. In Section 4.4 we discuss the question which eigenvalues of A = @Tzl A;
remain fixed under perturbations of the form A ~ Ax, A€ Az ,;. In Section 4.5 we consider the
p-functions for off-diagonal perturbations, i.e. for the index set Z = {(j,k) | j,k€m, j # k }.
Finally, in Sections 4.6-4.8 we relate our results to the classical eigenvalue inclusion theorems of
Gershgorin, Brauer and Brualdi.

4.2 The first class of norms
For A = [a;;] € C"*™, neN, we set

Ta ::{(j,k‘)EﬂXﬂ|ajk7£0}.

Let R = [r;] €R™ ™ be a nonnegative matrix. For j,k€m let | -|[o; be a norm on C% and let
| -1lg, be a norm on C*. Let T :=Tg = { (j,k)€m x m | rj > 0}. To these data we define a
weighted maximum norm on Az ,; by the formula

1A[:= (]I,I}j)*gzrj_ij”Ajk”aj,ﬂw (4.7)
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index set directed graph I'(3,7)
1)
T=A{(1,2),(1,3)
(2,1), (1,2) (2.1) 3 )(3.3)
(3,2),(3,3)} /
2 (3,2)
interconnection structure block diagram

Gy(s)
0 Ap A
Agl 0 0 - Aqu [}
Eh- 5 S
0 Az Ass o) A
Figure 4.1: Composite systems
where A = [Aj;] is a matrix as in (4.1). Note that the following equivalence holds for all
AEAI%Z.
A1 & (Al < r for all (. R)eT. (48)

In this section we show

Theorem 4.2.1 Let R = [rj;] € R™*™ be a nonnegative matriz, and let M; € C1*l  j e m.
Then, with respect to the norm (4.7),

-1 .
a0 (B M)) = ol R diag(|Mi [0, [1Min3,00) )

In order to show Theorem 4.2.1 we need the following well known properties of the spectral
radius of nonnegative matrices [61, Corollaries 8.1.19 and 8.3.3 and Theorem 8.3.1].

(01) For any nonnegative matrix 0 < A€ R"*"

. (Av);
o(A) = max min &,
vER™\ {0} JER Uy
v>0 ’Uj7é0

where v; denotes the jth entry of v and (Av); denotes the jth entry of the vector Av.
Moreover, there is a nonnegative vector 0 < z€R"™ \ {0} such that Az = p(A)z.

(QZ) Let Al,AQ eR"" If0 < A; < Ay then Q(Al) < Q(AQ).

Observe that property (92) follows from (o1). In the proof of Theorem 4.2.1 we will apply the
lemma below, which is also a consequence of property (o1).
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Lemma 4.2.2 Let Y, € Cli*l j kem. Let | - g, be a norm on Cl. Then

Yio ... Yim Yiillgre - Yimllgm.s
0 : : <o : :
Ymi - Yom ||Ym1||ﬁm,61 ||Ymm||ﬁmﬁm

Proof: Let AeC be an eigenvalue of the block matrix [Yj;], i.e.

Yii . Y| |m x1
=] |, x;€Cl.

Yoiu oo Yoml |lom T

where z; €Cl, jem, and z; # 0 for at least one j. Then Az; = > ;" | Yy, for all jem. This
implies

A< > ket 1Ykl 6,5, 12kl 5,

for all j with z; # 0.

111,
Thus
Millgrg - Yimlig..6
moy N 1,01 m, 01
A< max min 2kt 1Yikllges ve E :
veR";}){O} 52% (] (1)
v J HleHﬁ1,ﬁm ”YmmHﬁm,ﬁm
O
Proof of Theorem 4.2.1 We already mentioned that by Proposition 2.4.3,
Py, (@ M) = max o (AL M)). (49)
lAall=1
For the sake of brevity set P := R diag(||Mi|gi,a1s---» | Mml|gm,am) € R™*™. Let A = [Aji] €
AI,q,l with ”AH < 1. Then
o( A (Do M) ) = ol [AjeMy] )
< o [1[Ajk Millg,p; 1) (by Lemma 4.2.2)
< o [1Ajkllay,s; IMillge.ar ] ) (by Property (02))
< o( [7rl Mellgean ] ) (by (4.8) and Property (02))
= o(P)
Thus,
Jmax o (A (Brty My)) < o(P),
Z,q,l
flajl=1

It remains to show that the latter inequality is actually an equality. For k€m let x € C%* and
yr € Cl* be such that [lzxllg, = llyxll5, =1 and y{ Myay, = | My, .- Let Ag = [Aji], where
Aj = rjka:jyg. Then Ag€ Az, and [[Ag| = 1. Since P is nonnegative there is a nonnegative
vector & = [£1,...,&m]T € R™ such that P¢ = o(P)¢. Define w = [&27,...,&nal]T. Then a
straightforward computation yields Ay (D}, M) w = o(P)w. Thus o(A¢ (B, Mk)) > o(P),
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and the proof is complete. ]

Theorem 4.2.1 yields the following result for spectral value sets of a diagonal matrix with respect
to componentwise perturbations of its entries.

Corollary 4.2.3 Let A, B,C € C"*" be diagonal matrices and let R € R™™™ be a nonnegative
matriz. Then

) o(4+BAC) = o(A)U{seC\o(A)| o(R|B(sl,—A)"'C|)>1}. (4.10)

|AI<R
Aecnxn

Proof: The set on the left hand side of Equation (4.10) coincides with the spectral value
set awlql(A,B,C, 1), where T =Zp, l = ¢ = (1,...,1) and ||A] = maX(j,k)EIrj_kl\éjk\ for all

A = [6;1] € Az 4. Hence, (4.10) is a consequence of Theorem 4.2.1 and Equation (4.5). O

4.3 The second class of norms

Let || - [|o be an arbitrary norm on C™*™ and set Ny (:) := || - la,a- For j,k€m let || - |lo; be a
norm on C% and let || - ||, be a norm on C'*. To these data we define a norm on Az ,; by the
formula
[Anillars -+ [Ammllam,s
1A := Ny : , (4.11)
[Amilloa,gr - 1 Bmmllam

where A = [Aj;] is a matrix as in (4.1). In order to determine the corresponding p-functions we
need a graph theoretic notion. A finite sequence v = (j1,. .., j¢) of mutually distinct integers is
said to be a cycle in the directed graph I'(m,Z) of length |y| = ¢ if (j;, jiy1)€Z for all iel —1
and (jg,71) €Z. We will write j €~ if j = j; for some i € £. By Z(Z) we denote the set of all
cycles in I'(m, 7).

The following two theorems are the main results of this section.

Theorem 4.3.1 Let M; €C%*l jem, and T C m x m. If Z(T) # 0 then with respect to the
norm (4.11),

1

-1 T
Az, (@;ﬂzl Mj) = ﬂ{glg‘(x (Hje'y ”Mj”ﬂjﬂj) n

7)

Theorem 4.3.2 Let M; € C%*Y jem, and T C m x m. Let | - | be an arbitrary norm on
AI,q,l~ If Z(I) = (Z) then

-1l
MAI,q,l (@;rlj:l M]) =0.

For the proof of these theorems we need the two propositions below. Let us introduce a further
notation.
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Notation 4.3.3 For A = [aj;]) € R™™ let Ty = {(j,k) e m xm | aj, # 0 }. Let v =
(J1,---,Je) €Z(m x m). Then the cycle product over v is defined as

L
H'y A= H Ajijiyrs where jei1 = Ji.
i=1

Note that if v = () is a cycle of length 1 then HVA = aj;. Let B = [bji] € R™*™. Then we
denote by Ao B the Hadamard-product of A and B, Ao B = [aj;bjr] € R™*™.

Proposition 4.3.4 Let A = [a;;] €R™ ™ and AeR™ ™. Suppose that A, A > 0. If Z(Za) =10
then o(A o A) = 0. Otherwise we have

1
Ao A) < o(A AP
o(doA) < o(d) max (T1,4)

Proof: (following the proof of Theorem 5.7.21 in [62]) If a cycle v € Z(m x m) contains an
edge (j,k) & Za then ][, A= 0. Thus it suffices to show that

1
o(AoA) < o(A)  max (H A) A (4.12)
yEZ(mxm) 7
Suppose first that A > 0. Since the claim is homogeneous in the entries of A we may assume that
1
MAX e 2 (mm xm) (H7 A) "= 1. We construct a positive diagonal matrix D = diag(dy,...,dn)

dy = 1. For 2 < k < m define

such that ||[DAD™!||nax < 1, where || - ||max denotes the componentwise maximum norm. Set

dj; = MAX Gy jo Ajojs - - - Ajy_y jp»

where the maximum is taken over all sequences ji, jo,...,Jr—1,J¢e € m with j; =1, j, = k and
{eN arbitrary. The maximum is well defined since only the finite number of sequences without
repetition of indices need to be considered, because, by assumption, each cycle product is < 1.
The entry in the jth row and kth column of DAD™! is d@%. This quotient is < 1, since the
numerator is a sequence product from 1 to k while the denominator is the maximum sequence

product from 1 to k. Thus [[DAD ™| max < 1. Now, we have
D(AoA)D™' = Ao (DAD™Y) < A|DAD ™ |lmax < A,

and therefore o(AoA) = o(D(AoA)D1) < o(A). Hence, the claim is proved for the case A > 0.
However, both sides of the inequality (4.12) depend continuously on A. Thus (4.12) holds for
all A > 0. U

In the proof of our main results we use the block cyclic matrices

0 " 0
0 \E :
Z(Y1,. Y= | E . Y;eCmixmi,
0 ... Y1
Yo ... .0

In particular, we need the spectral radius of a positive cyclic matrix with scalar blocks (see [32,
chap. 8, § 2]):
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Proposition 4.3.5 Let ¢1,...,¢c; > 0, and let w,...,wp denote the Lth roots of unity, w, =
e T
62’”%, kedl. Let £€*) .= [ék), ce ék)} eC*, where

Jj—1

. o -1 = _
= (I00e) (Iafe) . diket (4.13)
Then the vectors €V, ... £O form a basis of eigenvectors of Z(c1,y...,c0). More precisely, we
have e
Zieroove) €9 =wp (Toye) €™, ket
Therefore,

o(Z(ery...,¢0)) = (Hﬁzlcy) l/e.

Proposition 4.3.5 can be verified by straightforward computation. For instance, definition (4.13)
reads for the case ¢ = 3,

%k) =1, fék) = wy, 61_1(610203)1/37

k _
&) =wf (c1e)Neacaes)?, k=1,2.3,
where w1, ws,ws are the third roots of unity. Thus,

el e

O IO = wi (creaes) .
Equivalently,
0 ¢ 0] [¢W ()
0 0 e ék) :wk(010203)1/3 gék) , k=123
¢ 0 0] e (&)

We are now in the position to give the proofs of the main results of this section.

Proof of Theorems 4.3.1 and 4.3.2. Let
0 if Z(T) =10,

Cc:= L
] .
mMaxy e z(7) <Hjey HMjHﬁ]-,a]) "' otherwise.

We show that

max o (A (@;n:l Mj) ) <ec. (4.14)

AEAT oy
lall=1

Let E = [eji] e R™ ™, where e;, = 1 if (j,k)€Z and e;, = 0 otherwise. Set
A= Ediag([|Millg,,ar - - - 1Ml g am) = [€jkll Ml gy 0 JER™ ™.

Then Z4 C Z, and for every cycle v€ Z(Z) we have that [[, A = [[;c, [I1M;llg;,0;-
If y€ Z(Z) \ Z(Z4) then M; = 0 for at least one j€v, and hence ;¢ [[M;lg;,a; = 0. Thus
0 if Z(Z4) =0,
c= L
Max,cz(7,) (H7 A) " otherwise.
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Let A = [A]k] EAI,QJ with ||A|| = 1. Then

0 (A (GB?:le)) = o([AjrM])

o( [1AjeMillg, 5,1 ) (by Lemma 4.2.2)

< o( [Ajkllasp [1Millgga ] ) (by Property (02))

= o( [I1Ajklla;6e €k I Millg,an] ) (since Aj = 0 if e, = 0)

= o([lI1Ajkllajp] o A)
o( [I1Ajklla;.8.]1 ) e (by Proposition 4.3.4)
No( [11Ajklla;,8.1) €

=[|All=1

IN

= C.

Thus (4.14) is proved. If ¢ = 0 then equality holds in (4.14) and therefore 'uwz,q,z (@7’:1 Mj) =0
for all norms on Az ,;. Thus the proof of Theorem 4.3.2 is complete. It remains to show that for
all norms of type (4.11) the inequality (4.14) is actually an equality. To this end we construct,
for each cycle y€ Z(Z4), a matrix A, € Az, such that ||A,|| =1 and

1

o (2 (@7 2) ) = (Tye 1M ll5,0,) ™ (4.15)

The construction of A, is as follows. Suppose that v = (ji,...,J¢). For jem let 2; € C% and

y; €CY be such that ||z;|, = Hyngj =1 and ijMja:j = ||M;l5;,0;- Let A, = [A%)], where

o vyl i (k) = (i disn), i€ =1,
A =S wyk if (7,k) = (o, 1),
0eCliXek  otherwise.

For instance, if m=4,

0 0 00 0 0 0 0
10 xyd 0 0 100 0wyl
Aa=lp 0 o of Bea=|p o o o |=2a
0 0 00 0 xqyd 0 0
0 zyr 0 0 0 0 zwyl 0
0 0 2yl 0 zoyl 0 0 0
A = 3 A = |72
(1.23) = lzgyT 0 0o ol (1.3,2) 0 awf 0 o]
0 0 0 0 0 0 0 0
0 0 =yl 0 0 0 xy:i O
10 0 o0 0 o lzeyl 0 0 0
Angza = 0 0 0 ayll Aia21) = 0 0 0 aml|
zyi 00 0 0 aayd 0 0

We claim that A, has the required properties. To see this, note first that in each block row
and each block column of A, there is at most one nonzero block. All nonzero blocks have norm
1. Therefore,

1= Na( 1A llag 8] ) = 14411
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Let us show (4.15). Observe that the principal block submatrix of A, (@T’:l M k) corresponding

to the block rows and columns with numbers ji, ..., j, is permutation similar to the block cyclic
matrix

T T T T T T l
Z(m]&ngsz? mjzngM]é’ < L5 Y5 Mj1) = Z(xhngaszng? s 7‘rjlyj1) (@i:l sz‘) :

1/l
By Proposition 4.3.5 the product (Hj@ HM]-H@AJ.) is the spectral radius of the matrix

Z(HM]l ||5j1,oéj1’ ||Mj2 ||ﬁj2,oéj2 Y ||Mje ||ﬁjl,oéjl)'
Let £ = [&,, .- ,fj[]TeRe be a corresponding eigenvector. Then the following relations hold.
1
IEl . . .
||Mji||,6ji,01ji£ji+1 = (Hje»y ||Mj||ﬁj,ocj) i & i€L, Jor1 =1 (4.16)
ixs it j =g, i€l
Now, define w := [wl, ..., wl]T, where w; = {gh Ji J =i -

0eC% otherwise.

~ . _ 1T T T\ T
Moreover let @ = [wj ,wj,,...,wj]". Then

¢ ~
Z(leijg? m]éijg,? s 7szij1) (@i:l sz‘) w

I 0 L1 yjj;MjQ 0 -é.jlle-
i~y
0 5y, Mj, 6]2. ”
2 0 xjg_ly};Mjk .
_xjgylejl 0 0 _gjlle_
i ||Mj2||ﬁj2 Ao gj? L1 1 [ £j1 Ljy ]
||Mj3 ||ﬁj3,aj3 Ejs T Ejo T
. 1 .
_ — . [l
- : (4.16) (Hj e [1M; ”ﬁj’aﬂ')
M50 1, 005, €ie Tio—s &1 Tjo
L HMjl Hﬁjl N7 i1 T, L & Tj i

1
T~
= (e, 1Ml13,.0,) " @
1
This implies that A, (@Tzl Mj) w = (Hj@ HM]’ng,aj) "4. Thus (4.15) holds, and the proof
is complete. O

4.4 Fixed eigenvalues

Let Z C m x m and suppose that Z(Z) = (). Then Theorem 4.3.2 implies that
M-l
onr (D7 Ay @y By D1 Civp) =0 (D71 4) ) (4.17)



o8 CHAPTER 4. SPECTRAL VALUE SETS OF BLOCK DIAGONAL MATRICES

for all p > 0. In other words: if the graph I'(m,Z) has no cycles then all eigenvalues remain
fixed under perturbations of the form

@;n:l Aj ~ @?:1/1]' + (@ﬁlBj)A(@gnzl Cj), AeAz
The theorem below is a refinement of this result.

Theorem 4.4.1 Let Z C m x m and let Ap = (@T’:l Aj) + (@;”:1 Bj) A (@T’:l C’j) , where
(Aj,Bj,C;) € L, 1., and A€ Az 4. Let jo € m, and suppose there exists no cycle v € Z(ZI)
such that jo€~y. Then o(Aj,)) C o(Aa).

Proof: A path in the graph I'(m,Z) joining the vertices jo and k € m is a finite sequence
J0sJ1s- - -5 Jy €m such that j, = k and (j;—1,7;) €Z for all i€ v. Let V; denote the set of indices
kem\ {jo} such that there exists a path joining jo and k. Set Vo :=m \ ({jo} U V1). Since jo
is not contained in a cycle y€ Z(Z) the blocks of A = [Aj;] € Az 4 satisfy

Ajk =0 for (j, k) € ({]0} U Vl) X Vs,

Ajj, =0 for je{jo} UW. (4.18)

Aj + BjAijj lf] =k

We have Ax = [(AA) k], where (Aa) ik = .
A = [(Aa)jx] (Aa)jk {BjAjka 4k

The conditions (4.18) imply

(Aa)jr =0 for (5, k) € ({Jo} U V1) x V3,
(AA)jjo =0 for jE‘/l, (419)
(AA)jojo = Ajo-

Let w : n — n be a permutation satisfying
7T(1) = Jos 7T({2,...,1+#V1}) =W, 77({2"1'#‘/17---7”}) = V.

The block matrix

N (AA)r)my -+ (AA)r@),m(m)

An = : :
(Ar)rmymy -+ (AA)x(m).r(m)

is similar to Aa. The relations (4.19) imply that Ap has the following block structure.

_ Ajo Xo1 0
ApA = 0 X1 0
Xoo Xo1 Xoo

If Vi =0 or V5 = () then the corresponding block matrices X;; are not present. It follows that

o(A;,) C o <[A(§ ﬁ‘ﬂ) Co <[A(; ﬁ‘ﬂ) Uo(Xs) = 0(An) = o(An).
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4.5 Off-diagonal perturbation structures

In this section we discuss p-functions for the index set Zog := {(j,k)em xm | j # k }. The
corresponding perturbation class Az . ,; is the set of all m x m block matrices A = [Ajk] such
that Ajp € Cli*ar and Aj; =0 for all j,k€m. Recall that the following inequality holds for the
geometric mean.

1 1
Lemma 4.5.1 Letcy >co > ... > ¢y > 0. Then, for all kel, (H] 1 j) ‘< (Hl?_l cj) o

The proposition below is a special case of Theorem 4.3.1.

Proposition 4.5.2 Let M; €C%*l, jem. Then with respect to the norm (4.11),

-1l
By (@5 M) = max \JIMl15, 0, 1Ml o

Proof: Each pair (j,k)€em x m, j # k, is a cycle in the graph associated with Z,g. Thus
1

[v]
s SVl o, 1Ml < max (I, 105,00, ) (4.20)

Each cycle v € Z(Zog) has length |y| > 2. Let v = (j1,...,J¢), and let j;, j. €y be such that i # r
and |[Mj, |lg; 05, = M), N8;,.05, = 1M}, 1155, .0, for all ve £\ {i,r}. By Lemma 4.5.1 we have

Qjp Ajy

1
that (TTe, IMjllg,.0,) " < I3, 0, 13, 15, .- Thus, equality holds in (4.20). Now,
the proposition follows from Theorem 4.3.1. O

An analogous result holds if the underlying norm on Az . ., is an operator norm subordinate
to a Holder p-norm. More precisely, we have

Theorem 4.5.3 Let pe[l,00]. Let M; €C%*li  jem. Then

bR, (@1 M) = max \JIMG s 1]

For the proof we need the following Lemma.

Lemma 4.5.4 Let mj,n; €N, j =1,2. Let || - ||o and || - || be absolute norms on C™ ™2 and
C™*™2 pespectively. Let X € C™*7"2 Y e C™2X™ gnd Z € C™2*"2, Then for all t > 1,
0 X
<
Il =112 =11,
ﬁ’a
. 0 X . .
Proof: The function R 3 ¢ — f({) := H [Y CZ} is convex, and since || - ||, and || - ||g are

absolute we have that f(—¢) = H [I’gl ) ] {3 gxz] {‘é" IO} — f(¢) for all ¢ €R.
mao no 5701

From this it follows by convexity that f is a non-decreasing function on [0,00). Thus for all

B[ e :

t>1,

ﬁia ﬁia
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Proof of Theorem 4.5.3 For brevity set M := @Tzl M;. Without loss of generality we may
. 0 X

assume that ||[Mi|l, > || Mz, > ||M;l, for j > 3. Let A€ Az, 4. Then A = {Y Z} for

some X € Chxd Yy eCcoxl' 7 e CI* | where ¢ = > ey, I = > 1Ly 1. Suppose first that

Ms = 0. Then all eigenvalues of AM = {Y?\/Il 8} are zero for all A€ Az . ,;. Consequently,

'U(Aploﬁ-,q,z(M) = 0= /[[Mi||p||M2]|p. Suppose now that M # 0 and let

M
Fy = diag(tly,, 1), Gy = diag(tl;,, Iy), t.= 1Myl > 1.
[ Mzl

Then |t=2M;||, = || M2, and therefore

|F MG |, = [ diag (t2 My, Mo, Mg, ..., M) [lp = [|Mo]],-

Lemma 4.5.4 yields that ||G:AF||, < t||Al, for all A€ Az, ,;. Suppose that [|Al[, = 1. Then
we have

o(AM) < |G AMGT !,
= (GAFR)(FI MG,
< |GARl, IF MG,
= ||GtAFt||p||M2||p
< (1Al 1Mzl
= ||M1||p||M2||p :

Therefore u(p) (M) < \/IIM1],]|M2]|, . We show that equality holds. Let z; € Cl, y; €C%,

ATyg.q,l

j =1,2, be such that ||z;|, = |ly;[|7 =1 and ijMja:j = ||Mj|lp, = 1,2. Define

VM|l 21

. 0 myl
a0 = ding ([ 5] 0) €dnaanwim | VTR €O
0

Then ||Ag|l, = 1 and AgMz = /[ M;][[, [Mz][, =. Thus M(Aploﬁ-,q,l(M) > /IIMl, [Mz]l, . O

We have not been able to extend Theorem 4.5.3 to arbitrary index sets Z C m xm. We formulate
our conjecture in this respect as an open question.

Open question: Does the identity
1

A i A
Mz <€Bj:1 Mj) ~ A (Hjev ”Mj”P) ’

hold for arbitrary index sets Z C m X m?
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4.6 The theorems of Gershgorin, Brauer and Brualdi

In this section we recall the classical eigenvalue inclusion theorems of Gershgorin, Brauer and
Brualdi. We show that Brualdi’s theorem implies Brauer’s and Gershgorin’s. Then, in the next
section we prove a slight extension of Brualdi’s result. For A = [a;;] € C™*" set Rj(A) =

2 ken |ajy| and Ga := Uje, Dlajj, 7 (A)).
Theorem 4.6.1 (Gershgorin) Let AcC"*™. Then o(A) C Ga.

The theorem of Gershgorin has been improved by Brauer [16]. He uses inclusion regions for the
eigenvalues of the following type.

C(z1,22,p) :={s€C| |s—z||s — 22| <p} 21,20€C, p>0.

The sets C(z1, 22, p) and their boundaries are called the ovals of Cassini. The sets C(1,—1, p)
are shown in Figure 4.2. For A = [a;;] € C"*" let

CA = U C(ajj, Akl Rj(A)Rk(A) )
1<j<k<n

Theorem 4.6.2 (Brauer) Let AcC™"*"™. Then o(A) C Ca.

25

15F

-1.5r

Figure 4.2: The ovals of Cassini C(1,—1,p), p = 0.25,0.8,1,1.4,2, 4.

A refinement of Brauer’s Theorem is the eigenvalue inclusion theorem of Brualdi [18]. He uses
inclusion sets of the form

B(z1,...,20,p) ::{SE(C ‘ Hj€£|s—zj|§p} 21,...,20€C, p>0.
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0.5F

-1.5F

Figure 4.3: The boundaries of the Brualdi sets B(—2,—1,1,—i,7,p), p = 1,2,3,5, 20, 30.

Examples of Brualdi sets B (z1,..., 2, p) are shown in Figure 4.3. For A = [a;;] € C"*" let
BA = U B (ajljl, sy gy Hle Rji (A) ) . (421)
(J15--,J0)EZ(Za), £22

A cycle v € Z(Z4) is said to be nontrivial if |y| > 2. Note that the union in 4.21 is taken over
all nontrivial cycles.

Theorem 4.6.3 (Brualdi) Let Ac C"*". Suppose that to each index j €n there is a nontrivial
cycle y€ Z(Zy) such that j€~. Then o(A) C Ba.

For A = [a;] € C™*" let
0o(A) := {aj; | j€n is not contained in a nontrivial cycle ye Z(Z4) }
= {aj; | f jEYEZ(Z) then v = (j) }
In the next section we will show the following extension of Brualdi’s theorem.
Theorem 4.6.4 Let AcC"*™. Then o¢(A) C (A) and c(A)\oo(A) C Ba.

We close this section with some remarks on Brualdi-sets. First note that B(z1,p) = D(z1,p)
and B(z1, 29, p) = C(21, 22, p). Moreover, the Brualdi-sets satisfy the following condition.

Proposition 4.6.5 Let z1,...,2,€C and p1,...,p¢ > 0. Then
B (Zl, - ,Zg,Hjeﬁpj) - UkeﬁB (Zl) s 727437 .- 'azf’Hjeﬁ,j;ék p])’

where B (2’1,...,/Z\k,...,Zg,HjGLJ»#kpj) = {sE(C ‘ Hj@#k\s —zj| < Hjeg’#kpj }
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Matrix A The graph I'(4,Z4)

Q D

G O

2 gA 2 CA 2 BA

Figure 4.4: Example: the graph associated with A€ C"*™ and comparison of the regions G,Ca
and B 4. The crosses mark the diagonal elements of A.
Proof: Suppose that s ¢ UkegB (zl, ey 2y .,?;g,]_[jeﬁ’j;é,g pj) . Then we have for all k€ ¢,
-1
Ijerjenls—2il > Il eqj2kps- By multiplying these £ inequalities we obtain (Hje£|s — z]|) >
l—1
(Hjegpj) . Thus s ¢ B (zl, e ,Zg,Hjeﬁpj) . O

Corollary 4.6.6 Let z1,...,2.€C and p1,...,p¢ > 0. Then

B (zly---)Zijegpj) < U cGhapioe) € UDG ).

1<j<k<t jee
Corollary 4.6.6 implies that for all A C"*™, n > 2,
BaCCaCGa. (4.22)

Thus the theorems of Brauer and Gershgorin are consequences of Theorem 4.6.4. The first
inclusion in (4.22) has been shown by Varga [96]. The second has been shown by Brauer [16].
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Each Brualdi-set can be represented as the intersection of a family of sets which are unions of
disks. More precisely, we have

Proposition 4.6.7 Let z1,...,2,€C and p > 0. Then

B(z1,...,20,p) = ﬂ UD(zj,p%rj) . (4.23)

TLyeeey rp>0, el

ﬁjeﬁ’“ljzl 7eE
Proof: Let D denote the set on the right hand side of (4.23). Suppose that s ¢ D. Then
there are r1,...,7p > 0 such that Hjeﬁrj =1 and |s — 2| > p%rj for all 7 € £. Multiply-
ing the latter inequalities we obtain that [];c,[s — zj| > p. Thus s & B(z1,..., 2, p). Hence
B (z1,...,20,p) € D. The inclusion D C B (z1,..., 2, p) is obvious. O

From the relation (4.23) one can derive the following upper bound for the connected components
of Brualdi sets.

Proposition 4.6.8 Let z1,...,2,€C and p > 0. Then
(1) Each connected component of B(z1,...,2,p) contains at least one of the points zj, j€L.

(it) Let K; denote the connected component of B(z1,. ..,z p) which contains z;. Let e > 0
and suppose that

1 1
in |z — 2] > p? T 4.24
kgég;j\zj 2kl > p (e+e ) (4.24)

Then K; C D(z;, ep%).

Proof:  (i). Set f(s) := [[;c(s — zj). Let K be a connected component of B(z1,..., 2, p).
Then K is compact. Hence there exists sp € K such that |f(sg)| = mingex |f(s)]. Let U be an
open neighborhood of sg such that UNB(z1,..., 2, p) = UNK. Then |f(s)| > pforall seU\ K.
Thus |f(sg)| = mingey |f(s)]. The latter implies that f(sg) = 0 since f is holomorphic. Thus
50 = z; for some j€L.

(7). For i€l set

€ if i = j,
TP =g 1
€ 1 otherwise.
Then [];c,m =1 and Proposition 4.6.7 yields that B(z1,...,2s,p) C U;e D(zi,p%n). The con-
dition (4.24) implies that D(zj,p%rj) ﬂD(zk,p%rk) = () for all k # j. Thus K; C D(zj,p%rj). O

Roughly speaking, the above proposition states that if the distance of z; € C from the numbers
2z, €C, k # j, is large then the connected component K; of B(z1,...,2¢,p) is a small set. This
is illustrated in Figure 4.5.
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Figure 4.5: The Brualdi set B(—3,1,1414,1 —14,p), p = 5.

4.7 Proof of Brualdi’s theorem

In this section we prove Theorem 4.6.4. It is a consequence of the proposition below, which in
turn follows from the results of Section 4.3.

Proposition 4.7.1 Let T C n x n, and let Az = { [0;;] € C"*™ | 0;, = 0if (j,k) € T }. Let
| - lla be an arbitray norm on C". Let aj,bj,c;€C, jen. For A = [0;;] € Az let

[011] .. |91n]
IA] = [[Alla = : : ;
[6n1] o [0nnl ] |,
Apn = diag(ay,...,an) + diag(by,...,b,) Adiag(cy, ..., cn).

Then the following statements hold.
(i) For all p>0,

awz(diag(al, oy ap),diag(by, ..., by),diag(ct, ..., cn), p)

={a1,...,a,} U U B (ajl, o ag,, pf Hle |bjicji|) . (4.25)
(J15-J0) €Z(T)

(#7) Let jo€n and suppose there exists no cycle v € Z(ZI) such that jo€~. Then aj, € o(Aa)
for all Ae Az.

Proof: Claim (ii) is a special case of Theorem 4.4.1. Suppose that Z(Z) = (). Then claim (i7)
yields that

II-1 . . .
UAI(dlag(alv s 7an)7 dlag(bb s 7bn)7 dla’g(clv s 7cn)7 P ) = {a17 s >an}'
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Hence claim (i) holds for Z(Z) = () . Suppose now that Z(Z) # (). If p = 0 then there is nothing
to prove. Let p > 0 and s€C\ {aq,...,a,}. Then we have the following equivalences.

SEO’A“ (diag(ay,...,an),diag(by,...,by),diag(c1,...,cn); p)

I
z
I . _ _ _

,u”AI(dlag(cl(s —ap) T yen(s —ap) 1bn)) >pt

1

— IRl —
& 7Ienéaé) (Hjeﬂ/ lcj(s — aj) 1bj|> T>pt (by Theorem 4.3.1)
1

& 37€2(@): (e, lejls — a)t]) 7 = 7!
& F7eZ(T): [lje, Is — ajl < P e, 1bjc]

Hence, (4.25) holds. O

Proof of Theorem 4.6.3 If A € C"*" is a diagonal matrix then there is nothing to prove.
Assume that A is nondiagonal and has offdiagonal row sums R;(A). Set A = [§;;] € C**",
where

. Rj(A) laj, if j # k and R;(A) # 0,
gk = 0 otherwise.

Then A = diag(aii, ..., an,) +diag(R1(A),...,Ry(A)) A, and ||A||; = 1. Furthermore, we have
that A€ Az, where Z =74\ {(4,j) | j€n }. Thus

o(A) C o (diag(arr, ..., an),diag(Ri(A), ..., Ry(A)), I, 1).

Thus Theorem 4.7.1 implies the result. O

4.8 A theorem of Brauer type

Let A = [a;;] €eC™"*™ and E = A — diag(a11, ..., @nn). Then the off-diagonal row-sums R;(A) =
> ken |aj| satisfy R;(A) < ||E||oo. Thus, Brauer’s Theorem yields
ki

0(4) € Ui<jenen Clagy, amn, | EllS ). (4.26)

The theorem below is a consequence of Theorem 4.5.3. It extends (4.26) to all operator norms
subordinate to a Holder p-norm.

Theorem 4.8.1 Let A = [a;,|€C"*". Let E = A—diag(a11,...,ann). Let B = diag(b1,...,by),
C = diag(ci, ..., ), where ¢j,b; > 0 for all jen. Then we have for every pe[l,00],

0(A) € Ur<jcren Clajs, ark, |B~ECT2 bbrejcr ).

Proof: Set A = B7'EC~!. Then A = diag(ai1,...,an,) + BAC. Thus for all p € [1, 0],
o(A) C o) (diag(ai1,...,ann), B,C, ||A|lp). If A =0 then there is nothing to prove. Let

AIOH-,n,n

A #0and s € {a11,...,an,}. Then the following equvalences hold.
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seod) | (diag(ars,. ), B, C, | A],)

& pg | (ding(en(s = an) bus o en(s = ann) 1)) Z 1A,
 Jnax lej(s — aj;)~thjl |ex (s — agr) ~tor| > [|A]l,

PN ; ~asills — bibresen) ™8 < A2
1§§'n<11?§n(|8 ajjl |s — agr|(bjbrejer) ™) <] ”p

s U Clag,am AL bbrejer)
1<j<k<n

(by Theorem 4.5.3)
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Chapter 5

Complex pseudospectra

5.1 Introduction

This chapter deals with complex pseudospectra. These are spectral value sets of the form

ot (A p) = ot (AL Inp) = | o(A+4),

Aecnxn
all<e
where A€ C™ ™. Most of our results are for the case that the underlying norm || - || is unitarily
invariant or an operator norm subordinate to given vector norms || - |4, || - |[g on C™. Recall the
notation
oD (A, p) = U g(A+A) and o (A, p) = ol (A, p).
AeCnXn
1Al p<p

By Corollary 2.5.4 the p-functions
o . -1
PP () = (minf [Allas | AT, 1ea(AM) )
A& (M) = min{ |Allas | A€C™™, A~ A is singular }
satisfy pus” (M) = ||[M || and & (M) = inf, g(M). Hence Theorem 2.4.5 yields

oc”(A,p) = o(A)U{seC| |(sIn— A7 g >p"} (5.1)
= {seC| ing(sfn —A)<p}

By Corollary 2.5.5 we have for any normalized unitarily invariant norm that p' (M) = opax (M)
and il (M) = omin(M). Therefore

ol (A,p) = {s€C| omax((sly — A1) >p '}
= { seC | O'min(SIn - A) }
_ a((CQ)(A,p). (5.3)

Let us mention some basic invariance properties of pseudospectra. From the equivalence s €
oA+ A) & z+wseo((zl, + wA) +wA), where s, z,weC, it follows that

ol (21, + wA, Julp) = z + wok (A, p).

68
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Let U € C™™ be unitary. Then 0(A + A) = o(U*(A + A)U) = o(U*AU + U*AU). If || - || is
unitarily invariant then |[U*AU|| = ||Al|. Hence,

o (U AU, p) = o' (4, p). (5.4)
If the underlying norm ||-|| is an operator norm subordinate to absolute norms then the identities
|{U*AU|| = ||A|l and (5.4) hold for all unitary diagonal matrices U. If the underlying norm

satisfies |Al| = ||A| for all A€ C™*™ then oi! (4, p) = o' (A, p).

We now give an outline of the chapter. Let A€ C™*" be a normal matrix (i.e. A*A = AA*)
and let S € C™*" be nonsingular. Then o(:'(A4,p) C o' (SAS™L,p). Thus, the eigenvalues of
SAS~! are at least as sensitive to perturbations as the eigenvalues of A. Moreover, if A is not
a scalar multiple of the identity matrix then for fixed p > 0 the pseudospectrum agj” (SAS™L,p)
can be made arbitrary large by an appropriate choice of S, see Section 5.6. Thus, as is well
known, the eigenvalues of a nonnormal matrix can be very sensitive to perturbations. From
this observation the question arises what the precise connection between nonnormality of a
matrix and the sensitivity of its eigenvalues is. In order to discuss this issue one first has to
introduce a measure of nonnormality of a matrix. Various measures have been proposed in
the literature, see e.g. [24] and the references therein. In this chapter we concentrate on the
so called departure from normality, a measure of nonnormality which has been introduced by
Henrici [38]. Among other things we investigate whether the departure from normality fullfills
Chatelin’s requirement that ‘a good measure of nonnormality should reflect how unstable the
spectral decomposition is’ [22]. In Section 5.3 we obtain a simple upper bound for pseudospectra
in terms of the perturbation level and the departure from normality with respect to spectral
norm. Then, in Section 5.4 we prove that the pseudospectra of Jordan matrices come arbitrarily
close to this upper bound. In Section 5.5 we investigate the pseudospectra of 2 x 2 matrices.
Here we show that a large departure from normality does not guarantee that the eigenvalues
are sensitive to perturbations. We briefly discuss some other measures of nonnormality and
show that these measures also do not satisfy Chatelin’s requirement. Section 5.6 deals with
pseudospectra of scaled block triangular matrices. The upper bound for pseudospectra derived
in Section 5.3 can be improved if one takes the dimension of the matrix into account. This
has been done by Henrici [38]. In Section 5.7 we prove a generalization of Henrici’s theorem in
terms of pseudospectra. In the last section we extend a theorem of Ruhe [80], which is based on
Henrici’s result. Ruhe’s theorem provides an upper bound for the sensitivity of the spectrum of
a matrix A in terms of its departure from normality and the mutual distance of its eigenvalues.

The content of this chapter serves as the background of our consideration concerning real
perturbations in Section 7.5.

5.2 Basic upper and lower bounds

This section contains basic upper and lower bounds for pseudospectra. Most of the statements
in this section are variants or extensions of results in [25].

In the Proposition below B,(K) denotes the closed p-neighborhood of a closed set K C C,
ie.

B,(K):={seC| IspcK : |s—so| <p}.

Proposition 5.2.1 Let ||-|| be a norm on C™*" satisfying ||I,|| = 1. Let A C"*"™ and p, po > 0.
Then

B, (ot (4,p0)) € ot (A, po + ).
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Proof: Let se€B, (a(‘é“ (A, po)). Then there are sg Ea(l(liu (A, po) and z€C such that s = sp + 2

and |z| < p. We have sp € 0(A + A) for some A € C"*" with ||A|| < pp. Let Ay := A+ z1,.
Then s€o(A+Ay) and ||A1]| < |A]l + |2l|Ln]l < po+ |2 < po+ p. Thus s€op (A, po+p). O

Set in Proposition 5.2.1 pg = 0. Then one obtains the following important lower bound for
pseudospectra.

Corollary 5.2.2 Let || - || be a norm on C"*™ with the property that ||I,]| = 1. Then for all

AeC™™ and all p > 0,

U D p) Coc' (4, p).

A€o (A)

The lower bound in Corollary 5.2.2 is attained for pseudospectra of diagonal matrices with
respect to a large class of operator norms. More precisely, the following holds.

Proposition 5.2.3 Let || - [|o and || - ||3 be absolute norms on C™ such that ||I||a3 = 1 and
llejlla = llejllg for all standard basis vectors e, ..., e, of C*. Then we have for all Ay,..., A\, €C

and every p > 0,

(a,8) .
oc’ (diag(Ar,-.., An), p) = U;e, DN p)-

Proof: By (5.2) the following equivalence holds for s€C.

scol” (diag(M,.. . ), p) & p > infg(sI, — diag(Ar,. .., An))
= inf, g(diag(s — A1,...,5 — An))
= mein ls — Ajl (by Proposition 1.5.2).
jen

The next result extends Proposition 5.2.3 to the block diagonal case.

Proposition 5.2.4 Let A;€C"*", jem. Let 1 <p; < pa < 0o. Then for any p > 0,
ot (diag(Ar,. ... An). p) = [ 02" (45,0).
Jjem
Proof: For all s€C we have that
seol?™ (diag(A1,..., Am), p) < p>infy,p (sI, — diag(Aq, ..., Ap))
=inf,, ,, (diag(sly, — A1,...,slh, — Am))
= minje,, infy, p, (81, — Aj) (by Proposition 1.5.3)

(p2,p1)
& SEUjEmU(C (Aj,p)
O
We now give some basic inclusion principles for pseudospectra.

Proposition 5.2.5 Let AcC™*"™ and p > 0.
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(1) For every norm on C™*" and every E € C"*" we have,

(a) ot (A+ E,p) Cob' (A, p+ | E),
and, if | E|| < p,

[I-11 [I-11
(b) o (A, p—||E||) € op' (A + E, p).

(i) For all submultiplicative norms on C™*™ and all nonsingular S € C™"*™,

I e I _
og (STAS,p) Cag (A, pISTHIISI).

(13i) For every BeC"*™ CeC™ ™ and every p1,p2 € [1, 0],

o (A, p) C ol (E g] ’ p>'

Proof: (i). Suppose that s U(‘é“ (A+ E,p). Then s€eo(A+ E + A) for some A € C"*" with

Al < p. Let A :== A+ E. Then s€ o(A+ A) and |A] < |A| + |E| < p+ ||E|. Thus

s€ a(g ' (A,p+ ||E||), and (a) is proved. The proof of (b) is analogous. (ii) follows from the fact
that o(ST1AS + A) = o(S7H A+ SAS™)S) = 0(A+ SAS™Y) and ||[SASTH| < |IS|[|A]STH-

A+A B A B
(7i7). We have for all Ae C"*" that 0(A+ A) Co ([ ])

> ) e
~ [AO

~7\|lo ©
A= 0 O] e Clmtm)x(m+n) Tt is easily seen that [|Allp, py = [|Allpy s for all pi, pa €1, 00]. O

By combining Proposition 5.2.3 and claim (¢) of Proposition 5.2.5 one obtains

Corollary 5.2.6 Let || - ||o and || - ||g be absolute norms on C" such that ||I,|las = 1 and
llex|la = llek|ls for all standard basis vectors ey, ... e, of C*. Then for all A = [a;;] € C"*™ and
all p > 0,

(a,) .
oc (4,p) C U D(ajj, p+ |E|la,p), where E :=A—diag(air,...,ann).
Jjen

Note that the special case @« = 8 = o0, p = 0 in Corollary 5.2.6 follows from Gershgorin’s
theorem.

By combining Proposition 5.2.3 and claim (ii) of Proposition 5.2.5 one obtains the following
well known eigenvalue inclusion theorem of Bauer and Fike [2] (see also [34, Theorem 7.2-2],[10,
Theorem VIII.3.1],[86, Theorem IV.3.3]).

Corollary 5.2.7 Suppose that A€ C"*" is diagonalizable and let S € C"*™ be a matrix whose
columns form a basis of eigenvectors of A. Let || - || = || - ||a,a be an operator norm subordinate
to an arbitrary norm || - ||o on C". Then for all p > 0,
[I-1I —
ac (Ap) S |J DO pllSTHIIST-
A€o (A)
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Corollary 5.2.8 Let V € C"* be a matriz whose columns form an orthonormal basis of an
invariant subspace of A € C"*™. Then we have for every unitarily invariant norm and every
p>0, 00 (VFAV, p) C o' (4, p).

Proof: Without loss of generality we may assume that || - || is normalized. Then by (5.3),

ot(A,p) = a((cz)(A, p). Let W e C"*(®*) be a matrix whose columns form an orthonormal

basis of the orthogonal complement of range(V'). Then the matrix U := [V W] is unitary

and U*AU = VeAV VRAW . By assumption we have A(range(V')) C range(V') and there-
W*AV  W*AW -

fore W*AV = 0. Thus, by claim (iii) of Proposition 5.2.5, ag)(V*AV, p) C ag)(U*AU, p) =

o?(4,p). O

5.3 The departure from normality

The departure from normality of a matrix is a measure of nonnormality which has been intro-
duced by Henrici [38]. Its definition is based on the following well known theorem of Schur.

Theorem 5.3.1 Let A€ C"*"™ be a diagonal matriz whose diagonal elements are the eigenvalues
of A € C™™™ (in any order but counting multiplicities). Then there exist a unitary matric
UeC™™ and a strictly upper triangular matric R€C™ ™ such that

U*AU = A+ R.
The matriz A + R is said to be a Schur form of A.

Definition 5.3.2 Let R(A) denote the set of all strictly upper triangular matrices R € C"*"

which occur in a Schur form of A€ C"*". Furthermore let || - || be a unitarily invariant norm.
Then

Sp(4) = _inf |R 5.5

1 (A) ol 1B (5.5)

is called the departure from normality of A with respect to the norm || - ||.

The set R(A) is closed and we have R(A) = {Opxn} if and only if A is normal, where 0,
denotes the n x n zero matrix. Hence, the infimum in (5.5) is a minimum and A is normal
if and only if §(A) = 0. Furthermore, it follows immediately from the definition of R(:)
that R(U*AU) = R(A) for all unitary matrices U € C™*™ and all A € C"*™. Consequently,
8| (U*AU) = ). (A). In other words, .| is invariant under unitary similarity transformations.
It is also easily seen that &) (21, + wA) = |w[d).(A) for all z,w € C. If all eigenvalues of
AeC™ ™ are simple then one has to compute at most n! Schur forms of A in order to calculate
d). (A) as the following proposition shows.

Proposition 5.3.3 Suppose that A€ C"*"™ has pairwise different eigenvalues A1,..., , € C™.
Let I1,, denote the set of all perturbations of the numbers 1,...,n and to each permutation m€1l,
let Ry € C™*™ be a strictly upper tringular matriz such that diag()\,r(l), Ar(2)s - - - ,)\W(n)) + R, is
a Schur form of A. Then for any unitarily invariant norm,

A) = mi 2l
3. (4) feﬂhfiHR [
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Proof: Let A, := diag(Ar(1),---,Ar(n)) and suppose that A, + Rgrk), k = 1,2 are Schur forms

of A. Then the matrices A, + Rﬂl) and A, + R§?> are unitarily similar. Moreover, by assumption
the diagonal elements of A, are pairwise different. Hence, by [83, Theorem 2.3|, there exists a

unitary diagonal matrix U € C"*" such that U*RVU = R?. Thus ||R§r1) | = ||R7(r2) I|. O
If A has a single eigenvalue then only one Schur form is needed in order to determine g (A).

We have

Proposition 5.3.4 If A€ C is the only eigenvalue of A€C™™™ then o). (A) = ||A — A, ||.

Proof: Let A\, + R be a Schur form of A. Then A = U*(\l,, + R)U = A\, + U*RU for some
unitary matrix U € C"*". Thus ||A — AL,|| = ||[U*RU|| = || R||. O

Corollary 5.3.5 If A€ C"*" is nilpotent then 6. (A) = [|Al|.

For the departure from normality with respect to the Frobenius norm one has the following well
known formula.

Proposition 5.3.6 Let A\q,...,\,€C be the eigenvalues of Ac C"*"™. Then

B (4) = /1A — S Il2,
where || - || denotes the Frobenius norm.

Proof: Let A + R be a Schur form of A. Then [|A|% = [[A + R||% = |A|% + |R]% =
>kt e + IRl O

From now on we denote the departure from normality of A€ C™*"™ with respect to spectral
norm by 62(A). The latter yields a simple upper bound for pseudospectra with respect to
unitarily invariant norms.

Proposition 5.3.7 Let AcC™*™ and p > 0. Then for all normalized unitarily invariant norms,

U Do) cot'Ap)c | D p+6(A)).
Aeo(A) Ao (A)

Proof: The first inclusion holds by Proposition 5.2.2. We show the second. Let A + R be a
Schur form of A € C™*™ such that ||R|l2 = d2(A). Then for all normalized unitarily invariant

norms and all p > 0, O‘%H (A, p) = O'g) (A+R,p) C ag) (A, p+IRl2) = Uneo(a) DA, p+02(A)). O

Corollary 5.3.8 Let A € C" "™ be a normal matriz. Then for every normalized unitarily in-
variant norm and every p > 0,

o (4.0 = |J DO p).
A€o (A)
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5.4 Pseudospectra and Jordan structure

In this section we discuss the connection of the pseudospectrum of a matrix A€ C"*" with its
Jordan structure. First, we consider generalized Jordan blocks of the form

[\ d 0]
A d

Ju(A,d) - eCr", p>2.

0 A od
A

We set J,(A) := J,(A\, 1) and J1(\) = J1(A\,d) = [\ € C*L. Let D, (d) := diag(d,d?,...,d").

Then for any d # 0, D,,(d)J,(A\) Dy (d)~* = J,, (A, d). For the permutation matrix P, = [I 0 (1)} €
n—1

T n > 2 we have Jy(0,d) P, — {dl’g)—l 8] This implies |, (0,d)l, = |Jn(0,d)Pll, =

ldIn—1llp, = |d| for n > 2, p € [1,00]. Proposition 5.3.4 then yields that d2( Jp(\,d)) =
|7,(0,d)||2 = |d|, and from Corollary 5.2.6 we obtain

o (Jn(\d), p) SD, p+1d]),  pe Lo (5.6)

The theorem below shows that Ug ) (Jn(A,d), p) comes arbitrarily close to this upper bound as
n tends to infinity.

Theorem 5.4.1 Let || - ||o,3 be an operator norm induced by absolute norms. Then for every

AdeC,p > 0,n€eN, the pseudospectrum Jg’m(Jn(A,d),p) is a disk about \. Let r,(la’ﬁ) (p,d)
denote the radius of that disk. Then

ri D p,d) = 1% (p, |d]) = max{r > 0| [ Ju(r,|d) " lga = p~" }.

For every p1,ps2 € [1,00] the sequence n +— r(pl’m)(p, d) is increasing. Moreover, we have for all
pe|l, 00| that r](L ’p)(,o, d) = p and
lim (%) (p,d) = p+ |d|. (5.7)

n—oo

Proof: For d =0 or n =1 we have J,(\,d) = AI,,. The corresponding pseudospectra are disks
since

) = PYU{SEC\AY | [lshn = ALz > 7'} = DO, o/ allga)-

Let n > 2 and d, z€ C\{0}. For notational convel}ience set ||| == [|[|,o and Nn = Jn(0,1). The

unitary diagonal matrix D(|Zd|) dlag(|zd| (242, ..., (£4)™) satisfies D(£4)7IN,, D(|§§|)

|zd| |zd|
‘23‘ N,,. Thus

|zd|

1Tn(z, )7 = Iz +dN) = ID(ES) (2Ln + dN2) ™ D(ED) |

T=d]
12D (et + 1) ™| = 1 2+ i) 7

= [T (l2], ld) I,
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and hence

o (JaNd),p) = DAFU{SEC\DAH| [(Jn(hd) —sL) 7Y = pt }

PYu{seC\MH TN =s,d)7 Y[ = p7 )
U {seC\MH Ja(A = sl ld)~H = p7 }
= {(MU{A+z] 2eC\{0}, [ITn(lzl [d)TH > p7" ).

Thus a((ca ) (Jn(A,d), p) has rotational symmetry with respect to the center A\. However, J,, (X, d)

has only one eigenvalue, so U((C ﬁ)(J (A\,d), p) has only one connected component. Thus the set

0" (Jn(X,d), p) is a disk of radius i (p,d) = max{r > 0| |[Ju(r,|d))""| > p~' }. We have

Jnt1(A, d) = [J"(g\’d) d;"} where e,, denotes the nth standard basis vector of C”. Thus,

by Proposition 5.2.5, (pl p2)(Jn()\, d),p) C agl’pQ)(JnH()\,d) p) for every p1,p2 €[1,00],. Thus
the sequence n — r(pl’m)(p, d) is increasing. Equation (5.6) implies r® )(p, d) < p+|d| for
pe(l, 00

Now, we prove (5.7) by showing that to each r € (|d|,p + |d|) there exists an n € N such
that ||J,,(r, |d]) |, > p~!. First, we assume that p # co. Let x,, € C" denote the vector whose
entries are all 1. Then J,(r, —|d|) z,, = (r — |d|)x,, + |d|e,. Therefore

||$n||p Ln |d|en

(r = ldDzn + ldlenll,

1T 1d)) " lp = [l (ry 1)) > T

(r = |d])

[znllp  llznllp p

As n tends to infinity the right term converges to (r — |d|)™! > p~!(since lim, oo || T, = o0).
Thus we have shown (5.7) for p # co. Now we consider the case p = co. We have

Ju(r,ld)™ = (rL, 4 |dN,) =71 <1n+|L;l|Nn>_1= —12 <|d| ) .

Thus, the element in the first row and jth column of J,(r, |d|)~! is r—1(—|d|/r)’~!. Hence,

n—1
1Tn(rld) oo = 771y (ldl/rY
j=0

()
= oo (1= () e

O

Figure 5.1 shows some examples of functions of the form p — i )(p, d)and 0 < d +— (2% (p,d).

Note that the latter functions are increasing. We will give a proof of his fact in Section 5.6.
Figure 5.2 shows real and complex pseudospectra of a 6 x 6 Jordan matrix. Note that the real
pseudospectra are no disks.

We are now going to extend the result of Bauer and Fike to matrices which are not necessarily
diagonalizable. Let Aq1,..., A\, be the pairwise different eigenvalues of A € C™*™, and let, as in
Section 2.6

A = D (NP +N) (5.8)

JEr
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be the Jordan decomposition of A, where P; is the projector onto the generalized eigenspace asso-
ciated with A; and N; = (A—\;1I,,)P;. Let v; denote the index of nilpotency of N;. Let Se€C"*"
be a matrix whose columns form a Jordan basis of A such that S~'AS = D, @%ﬂ In i (Aj)-

Then
vj =max{ nj | 1 <k <mj}. (5.9)

Moreover, since Jp, , (A;) is similar to Jp, (Aj,d) for d # 0, there is a nonsingular matrix Sy €
C™*™ such that

S ASe =P P Jn, (Nd),  d#0. (5.10)

JjEeTr keﬁ
Theorem 5.4.2 Suppose that (5.10) holds. Then we have for p€|[0,00] and p > 0,

(») _
ot (4,0) € JD(Njs 17 (p11Sally 157 s @) -

JEr

Proof: We have

(») (») -
ol (Ap) = of | S| D D Jun) | St 0

JET kEE
(») - oy
C o¢ @ @ In;i (N5), pllSallp 1S5l (by Proposition 5.2.5)
JjeEr ke@
(P) - cp
= U U oc (Jn(N), pllSallp ||Sd1||p) (by Proposition 5.2.4 )
JjeETr keﬁ
c U U 2P0l 155 - ) (by Theorem 5.4.1)
JjET keﬁ
= U D(Aj, r,(/f’p)(pHSde 1S5 I d)) (by Theorem 5.4.1 and (5.9) )
JEr

0

Corollary 5.4.3 Let AcC™*™. Then to each € > 0 there is a matriz A similar to A such that

for all p >0,

o (Asp) € |J DO p+o).

A€o (A)

Proof: Set Ac =@, @keﬁ In i (Ajs €). O

Now, we specialize the results of Section 2.6 on spectral value sets for small perturbations
to pseudospectra. We first introduce some notation: Let A\; € C be an eigenvalue of algebraic

multiplicity m of A€ C"*". Recall from Section 2.6 that for AeCn*",

SV(A)\J.)(AV) =min{p > 0| the disk D()\;, p) contains at least m eigenvalues of A}
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Figure 5.1: Graphs of the functions 0 < d i )(1 d) and p — i )(p, 100).

Let || - || and || - ||g be norms on C". The Hélder condition number of order w > 0 of the
eigenvalue \; is defined by

sviaray(A+ A
cond((c fj)(A Aj) = lim max (4, )
o\ 0£AcCRXn HAH‘&’ﬁ
Allo, <P ’

The spectral variation of A\; with respect to the perturbation level p is

(c.3)
svew (A, A),p) = Jhax, sV(a) (A+A).
lAll,g<p

Note that with the notation in Section 2.6, COHd((C fj)(A, Aj) = cond(lé!j’ﬂ (A, I, I, \j) and

v&f) (A, N\j,p) = sv " Haﬁ (A, I, I, \j, p). Hence, the theorem below is an immediate conse-
quence of Theorem 2. 6 6 and Corollary 2.5.4.

Theorem 5.4.4 Let AcC"*" have the Jordan structure (5.8). Let KCj(p) denote the connected
component of a((c‘”m (A, p) which contains the eigenvalue \j € o(A). Then the following holds.

Suppose \; is a semi-simple eigenvalue of A (i.e. Nj =0). Then
(i) To each € > 0 there is a pe > 0 such that for every pe (0, p],

D\, 1= plPllga) CKjlp) SD(N;, (1+¢€) p ||Pillga)-

(ii) We have limp o p~ 1 (K;j(p) — Aj) = D (0, ||Pjllg.a), where the limit is taken with respect
to the Hausdorff metric.

(11i) The spectral variation satisfies SV((Ca’ﬁ) (A, N, p) = ||Pjllgap+o(p).

(iv) We have cond aﬁ)(A, i) = 1Pl g,a-
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Figure 5.2: The pseudospectra UIF (J6(0 1),p) for p = 107410721072 0.1,0.2 . Left: F = C.
Right: F =R.

Let X\ be a defective eigenvalue of A (i.e. Nj #0). Then
(v) To each € > 0 there is a pc > 0 such that for every p€ (0, pel,

1

P <Aj (= I 5) " ) C Kj(p) €D (A (@+e) p IV pa) ™ ) |

—1 1
(vi) We have limy\ op " (Kj(p) — Aj) = D <O, ||N;’j_1|g{a> , where the limit is taken with

respect to the Hausdorff metric.

L a1
(vii) The spectral variation satisfies sv(C (A Aj,p) = |]N;j_1|]ﬁ”fap”j +o <p”]'> .

(viii) We have cond( ﬁ)(A Aj) = ||NVJ_1||ﬂa

For the special case that a = § = 2 the statements (iii), (iv), (vii), (viii) in the theorem above
have been obtained in [19, 37, 73]. Note that if A; is a simple eigenvalue such that Az = A;z,
ATy = Ny, z,yeC"\ {0}, then P; = |yTz|"tzy?, and therefore

) oo lylls
condy” (4, 4) = I1Byllp.0 = =

This basic result can be found in many textbooks on numerical linear algebra, see e.g.[20, 34, 86].
By combining Theorem 5.4.1 and Theorem 5.4.4 we obtain

Corollary 5.4.5 For every neN, deC, pe|l,o0] we have r(p’p)( ,d) = \d\%p% +o <p%> .



5.5. THE 2 x 2-CASE 79

5.5 The 2 x 2-case

In this section we consider the simplest nontrivial case of spectral value sets, namely the pseu-
dospectra of 2 x 2-matrices with respect to unitarily invariant norms. We start with determining
the Schur forms and the departure from normality. Throughout this section ¥, ), denotes the
set of A€C?*% whose eigenvalues are A1, Ao €C. For A€, ), we set

S(A) == \/tr(A*A) - % (Jtr(A)|2 + | tr(A)2 — 4 det(A)]). (5.11)

A short computation yields that §(A) = \/||A||%, —|A1]2 = [A2]2. Thus 6(A) is the departure
from normality of A with respect to the Frobenius norm. However, more is true.

Proposition 5.5.1 Let AcXy, x,. Then all upper triangular Schur forms of A are given by

[)\1 5(A)z}’ [)\2 5(A)z}

0 s 0 A where z€C, |z] = 1.

Thus for all normalized unitarily invariant norms, 6(A) = J).(A).

Aod
0 A

Modz] [t 0]"[n 4]t oo _
o Sl=l [0 Y e
are also Schur forms of A. For all normalized unitarily invariant norms we have

Il ]I

The quantity 6(A) is closely related to the distance of A from the set of normal 2 x 2 matrices
with respect to unitarily invariant norms. More precisely, the following statement holds.

Proof: Let [ } = U*AU be a Schur form of A. Then the matrices

= |2 = U AU — M2 = Pl = 415 — AP — Paf? = 5(A) =

Proposition 5.5.2 Let AcC?*2. Then for all normalized unitarily invariant norms,

A
min{ [|[A — N| | NeC**? N*N =NN*}= %HIQH. (5.12)
o : A1od
Proof: We may assume that A is in Schur form, i.e. A = WL d = 6(A) > 0. Then,
2
according to [10, Theorem IX.7.6] the minimum on the left hand side of (5.12) is attained for
the normal matrix Ny = [1 éi&d ;\d} where 0 = arg(A; — A2). The minimum is

1= -2 Y-t :

We now give a description of the pseudospectra of a 2 x 2 matrix in terms of its eigenvalues and
its departure from normality.
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Proposition 5.5.3 Let AcXy, x,, p > 0. Then for every normalized unitarily invariant norm,
-1l
oc (A,p) = D(A1,p) UD(A2,p) U M (6(A), p),
where

My (dp) = {s€C| (Is= N> =p*)(|s = Xl* = p?) < p°d* }, d2>0.

Proof: By Theorem 5.2.2 we have that D(A1, p) UD (A2, p) C o (4, p). For s€C let

0s = tr((shy— A)"(sla— A)) = |s = M[* + |s — Xo|* + 6(A)?,
& = det((slh — A)*(sla — A)) = |s — M\i|* |s — Xa*.

Then a direct computation yields

Omin(sl2 — \/9 /2 —+/0 /4

If s € D(A1,p) UD(A2, p) then — p? > 0 and the following equivalences hold.

- 9 o O 92
s€oc (Ayp) Al > (Umin(SI2 - A)) = E —4/ = =&

02
—p* < — &

p
0
2
2
~ <__p> _Z_gs
(1

=M = %) (Is = Aol? = p?) < pP3(4)%.

The sets My, x,(d, p), p > 0, have the following properties.
o If 0 < d; <dy then My, x,(d1,p) C My, x,(d2,p) and OMy, z,(d1, p) C int My, x,(d2, p).
e To each bounded subset B C C there exists a d > 0 such that B C My, »,(d, p).
o M, 2:(0,p) = OD(A1, p) UID (A2, p).
Hence we have the following corollary to Proposition 5.5.3.
Corollary 5.5.4 Let || - || be a normalized unitarily invariant norm and let p > 0. Then

(a) if A1, A2 €y, \, and (A1) < 6(Az) then J(l(le (Ay,p) C 0(‘(‘3” (Ag,p);

(b) to each bounded subset B C C there exists an A€ Xy, x, such that B C a(!j“

[I-1
UAezAMQ (4,p) =C.

(c) if AeXy, z, then J(I(le (A, p) = D(A1,p) UD(A2, p) if and only if A is normal.

(A, p), whence

In Section 5.6 we will generalize the results of Corollary 5.5.4 to block triangular matrices . The
next proposition gives an upper bound for a(!j“ (A, p) for the case that p is smaller than half of

the distance of the eigenvalues of A.
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Proposition 5.5.5 Let A€Xy, 5, and 0 < p < [ )‘2|. Then

4 AL — Aol -
O'(l(le (A,p) CD(A1,74,) UD(X2,74,p), where 14,:= p\/l +6(A)? <% - p2> .

Proof: For each s € C we have that |s — A\{| > Pa=2a| )‘2‘ or |s — Ag| > Pa=la| )‘2| Let p < 212l )‘2‘
Then
|s—Aj|2—22%—p22W—p220 forj=1orj=2. (5.13)
Suppose now that |s — A\g| > 74, k = 1,2. By defintion of r4 , this implies.
(Is — Ak* = p?) <W — p2> > p%0(A)?, k=1,2. (5.14)

Since 74, > p we have that s € D(A1,p) UD(A1,p), and by combining the inequalities (5.13)
and (5.14) we obtain
(Is = Ml? = p%)(Is = Aaf? = p?) > p%5(A)%.

Thus s & O'H ! (A, p) by Proposition 5.5.3. O

Proposition 5.5.5 has an interesting consequence: Consider the following measures of nonnor-
mality [24, 21].
n”AH (A) = ||A*A - AA*Hv

where | - || is a normalized unitarily invariant norm. For A€ X, ), we have

nH~II(A) z nHAuQ (A) = 5(A)\/5(A)2 + |>\1 - >\2|2-

-10 i i i i i i i i i
-10 -8 -6 -4 -2 0 2 4 6 8 10

. @ (|1 9
Figure 5.3: the sets ag) L iO] ,p> for Figure 5.4: the sets o¢ ([O _J , 0.5) for
p =0.05,0.08,0.1,0.2,0.5. 6 =10,2,10,50,100, 150.
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Let (A¢);>0 be a family of matrices in C2*2 such that the distance of the eigenvalues of A; tends
to infinity as ¢t — oo, and §(A;) = const = §(Ag) > 0. Then also n (A4;) tends to infinity but
the radius r4, , in Proposition 5.5.5 converges to p, the smallest possible value. This shows that
the quantities (A) and n  (A) fail to fully reflect the sensitivity of the spectrum of A, for if the
eigenvalues of A are far away from each other then the pseudospectra of A may be close to the
pseudospectra of a normal matrix even if 6(A) and n,_ (A) are large. We will investigate this
phenomenon further in Section 5.8.

Pseudospectra of 2 x 2 matrices yield simple lower bounds for pseudospectra of matrices of
larger size. We first treat the case that A€ C"*™ has a defective eigenvalue.

Proposition 5.5.6 Suppose that x € C" is a generalized eigenvector of A € C™*" such that
(A= ALYtz # 0 and (A — M,)’7 = 0, A€ C, v > 2. Then we have for any normalized
unitarily invariant norm and any p > 0,

p(n (1 %)%) (5] ) e, 519

5y = <Hb4——ALOu—2xH§ |(@4__ALJV—Qxy%fl__ALﬁu_lx|2>_%.

where

I(A = Aly)~z||3 I(A = Ap) a3

Proof: Let N := A — \[,,. By applying Gram-Schmidt orthonormalization to the linearly
independent vectors N*~ 1z, N*~2x one obtains the vectors

_1
v = ||N”_la:||2_1N”_lac, vy 1= (||N”_2:13||% — |vi‘N”_2x|2) 2 (N”_2a: — (UTNV_2I‘)’U1).

These vectors form an orthonormal basis of the A-invariant subspace span{N"~lz, N*~2z}. It
is straightforward to verify that Av; = Av; and Avy = 0,v1 + Avy. Hence, the inclusion in (5.15)
follows from Corollary 5.2.8. The equality in (5.15) is an immediate consequence of Proposition
5.5.3. 0

Now, we consider the case of different eigenvalues.

Proposition 5.5.7 Let x1,25€C"\ {0} be eigenvectors of A€ C"*" to the eigenvalues A, g €
C. If Ay # Ao then for any normalized unitarily invariant norm and any p > 0,

A1 Oay 2o I
oc <|:0 Ao ) P gO'(C (A710)7

where .
rix
Ozy,m0 7= |A1 — A2| cotp,  := arccos &
[z1l2]|z2l2
Proof: The proof is analogous to that of Proposition 5.5.6. Let vy := ||z1]jy @1, € := 29 —
(vizg)vy and vy := ||€]|5 '€, Then the vectors vy, ve form an orthonormal basis of the A-invariant

subspace span{z1,x2}. A straightforward computation yields that

] T2

A1) .
Vi lBlla2]5 — o7z ?

Avy = Aoy, Avy = dvy + Agvg, where d:= (\g —
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By multiplying vy with a complex number of modulus 1 we can achieve that d = |d|. Then

|xlgg2| Ccos ¢
d=1[A— X\ = X2 = M| ————= = | A2 — A1|cOt @ = 0y} 2,
\/||:E1|| [22]l3 — |ziz2|? 1 — (cos ¢)? v
Now, Corollary 5.2.8 yields the result. O

For a 2 x 2 matrix A the inclusions in Propositions 5.5.6 and 5.5.7 are equalities. The next
proposition gives the relationship between the distance of eigenvalues, the departure from nor-
mality, the angle between the eigenspaces and the condition number of the eigenvalues of a 2 x 2
matrix.

Proposition 5.5.8 For A€ X, \, with \i # Xy let ¥4 := |\1 — Aa| and ¢4 = arccos L]

z1[l2[lz2]l2
where xj, € C2\ {0} is an ez’genvector of A to the eigenvalue N\, k = 1,2. Then §(A) = ¥4 cot pa
and cond( 2)(A M) = (singa)™t = /1+ (6(A)/94)2, k=1,2.
Proof The relation §(A) = ¥4 cot 4 follows from Proposition 5.5.7. Hence, (singq)~! =
1+ (6(A)/94)%. In order to show that condgf)(A, Ar) = (singpa)~! we may assume that
A is in Schur form, A = [)E)l 5()\A)} Let 2 = [1 07, y = [\ — X2 §(4)]F. Then

2

Az = Mz, ATy = My, Thus cond(y) (A, A) = |yTac|_1(||:13||2||y|| ) = 951\ /9% +6(A)2 =

1+ (6(A)/94)%. Analogously one obtains cond( (A, 22) = 1+ (6(A)/94)2. O

We now investigate the dependence of the pseudospectrum on the parameters ¥4 and 4. To
this end we consider the largest radius » > p such that D(A1,7) UD(A2, 1) C aé“ (A, p).

Proposition 5.5.9 For all p >0, 9 >0 and all € (0, 5] the polynomial

Pop(@) = ((z +9)* = p?)(2* = p?) — p*P*(cot )?

has exactly one zero > p. Let 7(p,V, p) denote that zero. Then we have for all A€ Xy, », with
A1 # X2 and all p > 0,

#pa, 0, p) =max{r > 0| D(\,r)UD(Na,7) C e (A, p) 1. (5.16)

The function (p,9, p) — 7(p, 0, p) is continuous. Moreover, the following holds.
(@) For all p >0, pe(0,3) the function ¥ — 7(p,V,p), ¥ > 0, is strictly increasing with

#(,0,p) =p,  lim #(p,9,p) = p(sinp) .

™

(b) For all p, > 0 the function ¢ — 7(0,9,p), € (0, 5|, is decreasing with

iigaof(so,ﬁ,p) =00,  (5,9,p)=0p.

The above proposition shows the following. For a 2 x 2 matrix A with different eigenvalues the
radius 7(pa,94, p) always lies between p and p x (condition number of the eigenvalues). If we
change A such that the angle ¢4 between the eigenvectors remains fixed and the distance 4
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between the eigenvalues tends to 0 ( resp. oo) then the radius 7(v4,94, p) tends to p (resp.
p X (condition number of the eigenvalues of A) ). If we change A such that the distance 94
between the eigenvalues remains fixed and the angle p tends to 0 (resp. F) then the radius
7(va,Y4,p) tends to oo (resp. p).

Proof of Proposition 5.5.9: On the interval [p,c0) the continuous function x — p, g ,(z)
is strictly increasing with py9 ,(p) < 0 and limy .o P9 p(x) = 00. Thus py .y ,(-) has exactly
one zero 7(p, v, p) in [p,00) and the implicit function theorem yields that this zero depends
continuously on the parameters.

(a). For fixed p and ¢ let zy = #(¢, 9, p) and consider the polynomials gy(z) := 9 2p, 9 ,(z) =

(IQQ;QPQ +1+ 2795) (22 — p?) — p?(cot )2, Let 91 > ¥ > 0. Then zy > p, which implies that
g9, (x9) < qo(x9) = 0. Thus pyy, p(r9) < 0. It follows that xy, > xy. Thus the function
¥ — xy is strictly increasing and the limit & = limy_,o, zy exists. The relation gg(zy) = 0 for all
¥ > 0 implies first that & # oo, and secondly that 0 = (22 — p?) — p?(cot ¢)? = &2 — p?(sin ) 2.
The statements in (b) are obvious.

Next, we prove the relation (5.16). Let s = Ao + |z| with p < |z| < r(pa,04,p). Then

(Is =Ml =p*)(Is =Xl = p*) = (24 X2 = M|* = p))(I2]> = p*)
< (2l +94)% = ) (|2 = p?) (5.17)
< pP0%(cot pa)? (5.18)
= p?o(A).

Thus s € My, »,(6(A),p) C a!‘é” (A, p). By symmetry the same statement holds if we replace

s = Aa+2z by s = A1 +2. Therefore 7(¢a,da, p) <max{r > 0| D(A,r)UD(A,7) C a!‘é” (A, p) }.
For z = (7(va, %4, p)+€) (A2 — A1), € > 0, equality holds in (5.17) and the inequality (5.18) fails.
Thus z & My, »,(6(A), p). Thus z ¢ J%H (A, p) and (5.16) holds. O

5.6 Diagonal scaling of block triangular matrices

According to Corollary 5.5.4 the pseudospectra of 2 x 2-matrices have the following monotonicity
property for all z,w, A\ €C, p > 0:

If |z|<|w| then ag) ([)E)l )'\j ,P> - U((CQ) ([)61 ;\ﬂ ,P> .

The inclusion is an equality if |z| = |w|. Moreover, we have that to each bounded subset B of

0 Ao
to generalize these results to pseudospectra of block triangular matrices depending on several
parameters. First, we treat the 1-parameter case.

Proposition 5.6.1 Let A cC™"*™ |k =1,2 and let A3 C™*"2\{0}. Let || - || and || - |3 be
absolute norms on C(Mtn2)x(mitn2) g d let p > 0. Then the following holds.

(a) For all z,weC:

if |zl <|w|  then U((g,ﬁ) <[f(1)1 ij;] ,p> - 08,5) (ﬁl)l wAfig] ,P> .

. A . .
C there exists a z € C such that B C ag) ([ ! Z} , p> . In the present section we are going
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If |z| = |w]| then the inclusion is an equality.

(b) To each bounded set B C C there exists a z€C such that B C ag’m <[/(1)1 22143} ,p> .
2

A1 ZA3 . Inl 0 A1 Ag Inl 0
Note that for z # 0, [ 0 A2] = [ 0 z_lfm] [ 0 A||o0 =r,| Thus, roughly speak-

ing, part (b) of the above Proposition states that the eigenvalues of a 2 x 2 block triangular
matrix can be made arbitrarily sensitive to perturbations by diagonal scaling.
The proof of Proposition 5.6.1 is based on the following lemma.

Lemma 5.6.2 Let M € C™*" be nonsingular matrices, k = 1,2, and let Mz e C™*"2\ {0}.
Let || - || be an arbitrary norm on C(Mtn2)x(mitn2) = Then the function

-1
My zM.
frCo00)  J)= H[ ] H
is conver. Moreover, lim,_, f(z) = oo. Suppose that || - || is an operator norm subordinate to
absolute norms on C(+172) - Then we have for all z,weC,

(@) if |z = [w| then f(z) = f(w),
(i2) if |z| < [w| then f(z) < f(w).

M1 ZM3

-1
0 M ] , 2z€C. Then the following holds.

Proof: Let F(z) := [
Mt M MM Y] M0 0 M;{'MsMy?
(1i1) F(z) = [ 0 M =0 g 2, 0 .

(iv) If z # 0 then F(2) = D;1F(|z|)D,, where D, := diag(I,,,, ﬁfnz)'

By (éii), F is an affine function. Hence the composition f = || - || o F' is convex. From the in-
0 M{'MzMy* M0

o I ]

If || - || is an operator norm subordinate to absolute norms then (iv) yields that f(z) = f(|z|)

for all z€ C. Thus claim (i) holds. In particular, f(z) = f(—%). From the latter it follows by

convexity that f(tz) < f(z) for all t€[—1,1]. This together with (i) implies (i7). O

equality |f(2)] > |z|

it follows that lim,_, f(z) = oo.

Proof of Proposition 5.6.1. For the sake of brevity we set

@) (A1 zA
P, :=o¢ <|: 01 A23:| ’p> ) g(sz) = ‘

Claim (a) of Proposition 5.6.1 is an immediate consequence of Lemma 5.6.2 and the equivalence
s€P, < g(s,2) > p~ !, which holds for all s€C \ (¢(4;) U (Az)).

(b). We may assume that the bounded set B C Cis closed. Then K := B\ (int Pp) is compact
and K N (0(Az) Uo(A2)) = 0. By Lemma 5.6.2 we have that lim, o g(s,2) = oo for all s€ K.
From the compactness of K and the continuity of g it follows that lim, . mingex g(s,2) = oc.
Thus to each p > 0 there is an r > 0 such that for all z € C with |z| > r the inequality

Ay — sl zAs -1
0 A2 — SIn2

1[37a
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p~! < mingek g(s, z) holds. The latter is equivalent to the statement that K C P,. By (a) we
also have that Py C P,. Hence, B C P,. O

In order to discuss block structures of more general type we introduce the following notation.
Notation 5.6.3 Let A be a block upper triangular matriz of the form

An A ... A
Agsg ... Ao

A= .. . = [Ajk]j,k€m7 AjkE(anxnk, Ajk =0 fOT’j >k,
0 Ay
Then we denote by Dy := diag(Ai1, ..., Amm) its diagonal part, by Ry := A — Dy its strictly
upper triangular part and by ng =Y, ng its dimension.
In this notation Proposition 5.6.1 in particular states that for m = 2 the implication

(.8)
(

if |z] < |w]| then o Djy+ zRa,p) C J((Caﬁ)(DA + wRA, p)

holds for all z,w € C. This implication is no longer valid in general if m > 3. We have the
following counterexample. Let

—3 26 —60
A=|0 0 5 |. (5.19)
0o 0 3

Then omin(A — 5I3) = 0.4217 and ouin(Da + 2RA — 5I3) = 0.5650. Thus 5 € o (A,0.5) but

5 ¢ ag)(DA + 2R 4,0.5). The pseudospectra are shown in Figure 5.5. However, the following
analog to claim (b) of Proposition 5.6.1 holds.

Proposition 5.6.4 Let A = [Aji]; kem be a block upper triangular matriz, m > 2. Let ||-||a, |||
be absolute norms on C™"A*™A and let p > 0. If Ra # 0 then to each bounded set B C C there

exists an r > 0 such that B C ag’ﬁ) (Da+ zRa, p) for all ze C with |z| > r.

The proof of Proposition 5.6.4 will be given at the end of this section.
Next, we extend Proposition 5.6.1 for block triangular matrices depending on several param-
eters. Let us first introduce a notation.

Notation 5.6.5 For a block upper triangular matriz A € C"A*"A qas in notation 5.6.3 and for
z= 1|21, 2m_1]T €C™L let

A 211y zmizmAiz 12023413 212223 -« Zm—1A1m
Aoy 29A23 2923 A24 2923 ... Zm—1A2m
Asz 23A34 23. .. Zm—143m
A, =
Am—l,m—l Zm—1Am—1m
Amm

To be precise, the block in the jth block row and kth block column of A, is 0 if j > k, and
(Hf:_jl zi) Ajj, otherwise.
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If all entries of z are nonzero then we have A, = D;1AD,, where D, := diag(diI,,, ..., dmnIp,)
with dy =[]} 2 for all kem.

Theorem 5.6.6 Let A = [Aji]j kem be a block upper triangular matriz, m > 2. Let || - ||o and
| - |l be absolute norms on C™4, and let p > 0. Then the following holds.

(a) For all zyweC™ 1!,

(i) if |2] < |w| then o0 (Azy p) C 0" (Auw, p);
(id) if |2 = |w| then o (Az, p) = 0 (Aw, p).-

(b) If at least one off-diagonal block of A is nonzero then to each bounded set B C C there
exists a € C™ ! such that B C aé:a ) (A, p).

Proof: This follows from Proposition 5.6.1 :}nd the fagt that for each index i« < m — 1 the

An(2) 2z f13i(2)
0 Agi(z)

not depend on the component z; of z. ]

matrix A, can be written in the form A, = , where the matrices fljl-(z) do

Below we list some consequences of Theorem 5.6.6. The underlying norms || - ||, and || - ||z are
absolute.

Corollary 5.6.7 Let A = [Aj;]jrem be a block upper triangular matriz. Then a(c (DA p) C

ag’m (A, p). In particular, we have for every p€ (1,00}, U;epm ag) (Ajj,p) C a(c (A p).

Corollary 5.6.8 Let n > 2, p > 0. Then the radius ri?) (p,d) of the disk J((Ca”@)(Jn()\,d),p) is

an increasing function of d > 0. Moreover, limg_, r,(l B )(,0, d) = 0.

Corollary 5.6.9 Let AcC™™ ™, p> 0. If A is not a scalar multiple of I, then to each bounded
subset B C C there exists a nonsingular matriz S € C™"™ such that B C a((ca ) (S7LAS, p).

Proof of Corollary 5.6.9: If A is not diagonalizable then the claim follows from Corollary
5.6.8 and (5.10). Suppose that A is diagonalizable but not a scalar multiple of the identity
matrix. Let Aq,..., A\, be the eigenvalues of A. We may assume that Ay # A\o. Then for all

z€C, A is similar to the matrix A(z) = diag ([)(\) \ ] A3, ,)\n> . The claim follows from
claim (b) of Proposition 5.6.1. O

We now give the proof of Proposition 5.6.4. To this end we need the following lemma which will
also be used in the next two sections.

Lemma 5.6.10 Let A = [Aji]jkem be a block upper triangular matriz. For s € C\ o(A) let
Es=Ra(sly, — Da)~ ! and vs = min{ £eN| E{=0}. Then vy <m and for all z € C,

vs—1
(sIny, —Da — 2Ra)"' = (sI,, — Da)~ Z Z'EL. (5.20)
In particular,
m—1
(shny, —A) ™" = (sln, —Da)™" Y | EL. (5.21)

(=0
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Proof: Let (Es)jx and (EY);). denote the block in the jth block row and kth block column of
E, and E’ respectively. We have (Es)jr = Aji(sl — Apr) ! for j # k and (Eg)pr = 0. Hence,
(Es)jr =0 for j > k. Thus for £ > 2,

m m
(EDje = Y o> (Bjin(B)jugs - (Bjk = Y. (B)ija(Bs)jajs - - - (Bs)jok-
J2=1 Je=1 J<j2<js.--je<k

This implies E™ = 0. Thus vs < m and (I, — 2Es)"! = E?S:_OI(ZES)Z for all ze C. Now, the
formula (5.20) follows from the relation (sI,,, — Da —2RA)™ = (sI,, — Da) *(I,, —zEs)"1 O

Proof of Proposition 5.6.4. For s€ C\o(A), 2€C set g(s,2) := ||(slh, — Da — 2Ra) |0
Then (5.20) yields

Vs—2

s - s L - £
lg(s, 2)liga = 12" HI(sIny = Da) " B Mg = Y 12l N (sIny — Da) " Elllpa
=0

Since |[(slp, — Da) ' EY g # 0, we have lim|,|_ g(s, z) = oo for all s & o(A). Now, the
same compactness argument as in the proof of Proposition 5.6.1 yields the result. O

5.7 Henrici’s eigenvalue inclusion theorem

In the textbooks [10, Problem VIII.6.4], and [86, Theorem 1.9] one can find the following state-
ment, which is a reformulation of an eigenvalue inclusion theorem by P. Henrici [38].

Theorem 5.7.1 Let A, Ac C"™*" and suppose that 53(A) # 0. Then for every A€ o(A) there is
a Aeo(A) such that

(\A-X\)” ~
52(A) < I|A — All2
~ ~ _1 — *
DX D=2\ 52(A)
1+ (—62(A)) +ot (MA))
In this section we give a new reformulation of Henrici’'s theorem in terms of pseudospectra.

Moreover, we provide a variant of that theorem for block triangular matrices. To this end we
introduce the following functions.

Definition 5.7.2 For m > 2, p > 0 and d > 0 let hy,(p,d) denote the positive zero of the
polynomial

pmd™ 1 —d™  if x =d,

m__gm .
pxx_g — ™  otherwise.

hom,p.a(x) = p(d™ L4 ad™ 2+ . 2™ 24 g™ — 2™ = {

We call the map hy, : (0,00) x [0,00) — (0,00) the mth Henrici-function.

We discuss the Henrici-functions in Proposition 5.7.6 below. In particular we will show that
these functions are well defined, i.e. that each of polynomials h,, , 4(2) has exactly one positive
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zero. From the facts that lim, o A pq(z) = —0o and that %m,p,d(aj) > 0 for small enough
x > 0 one concludes that

~ {> 0 ifz < hm(p,d), (5.22)

h T
mrd@ N o i s han(p, ).
We now give our reformulation of Henrici’s theorem.

Theorem 5.7.3 Let p > 0 and A€ C"*™. Then for every normalized unitarily invariant norm,

I 14, p) C U D(X, hnlp,62(A)) ).

A€o (A)

By claim (i) of Proposition 5.7.6 below we have that hy(p,d2(A)) < p + d2(A). Thus Henrici’s
theorem is an improvement of Proposition 5.3.7. However, for large n the improvement is rather
weak. This can be seen as follows. Theorem 5.7.3 implies that h,(p,d) > 3 (p,d), where
&Y (p,d) is the radius of the pseudospectrum (to the level p) of the Jordan matrix J,(\,d)
defined in Section 5.3. By Proposition 5.3.7, the radius r(2 )(p, d) converges to p + d as n
tends to infinity. Moreover, Figure 5.1 indicates that the convergence is fast. Some graphs of
Henrici-functions are shown in the Figure 5.6.
According to claim (i) of Proposition 5.2.5 we have for every block upper triangular matrix
A as in Notation 5.6.3 and every norm on C"A*™4,

I I
oc (A,p) Soc (Da, p+ |[Ral),

where D4 and R4 denote the block diagonal part and the strictly block upper triangular part
of A, respectively. Henrici’s theorem for block triangular matrices improves this upper bound
for the case that the underlying norm is induced by an operator norm.

Theorem 5.7.4 Let A = [Aji]jkem be a block upper triangular matriz. Let || - || = || - [, be
an operator norm on C"AX"A sybordinate to an arbitrary norm || - ||o on C"A. Then we have
for every p > 0,

a(‘é“ (A, p) C o c (Da, hin(p,||RAll) )-

Proof of Theorem 5.7.4 and Theorem 5.7.3: By Lemma 5.6.10 we have for any s & o(A),

—_

(sny — A = (I, — Da)" S (Ra(s, — Da) ).

=0

Let s€op (A, p) \ o(A), and set & := ||(sI,, — Da)" Y|}, d := ||[Ra|. Then
pt < sk, — A7 < Z (sZns — Da) M| RA|" = Z z= (5.23)
Multiplication of (5.23) with pz™ and subtraction of 2™ yields

m—1
<p Z g igh — g = ﬁm7p7d(az).
£=0
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Thus, by (5.22), z < hp(p,d). The latter implies that s € ay

Theorem 5.7.4 is shown.
Now, the proof of Theorem 5.7.3 is as follows. Let A + R be a Schur form of A€ C™*" such
that ||R||2 = d2(A). Then for every normalized unitarily invariant norm,

oc (4.p) = o¢ (A4 R.p) € ¢ (A b (p. | Bl]2) = Useo(a) DN alpB2(4)) ). O

(Da, han(p; [[Ral]) ). Thus

By combining Theorem 5.7.4, Corollary 5.6.7 and Proposition 5.2.4 we obtain

Corollary 5.7.5 Let A = [Aji]jkem be a block upper triangular matriz. Then we have for any
p€[l,00] and any p > 0,
(p) (p) (p)
U ¢ (445,0) S o (A,0) € | ¢ (A5, hum(p, [ Rallp) ).
Jjem Jjem

In the next proposition we list some basic properties of the Henrici-functions.

Proposition 5.7.6 The Henrici-functions hy, are well-defined, i.e. each of the polynomials
han,p.a (where m > 2, (p,d)€(0,00) x [0,00) ) has ezactly one zero in (0,00), namely

p if d =0,

)
where ¢} denotes the inverse of the strictly increasing function
m
bm ¢ (0,00) = (0,00),  m(x) =) a’.
/=1

The Henrici-functions hy, are real analytic on (0,00) x (0,00) and continuous on (0, 00) x [0, 00).
They have the following properties.

(1) For allm > 2 and all (p,d) € (0,00) x [0, 00),

(7i) The function (m,p,d) — hn,(p,d) is increasing in all variables. Precisely,

if  p1<p2 then hy(p1,d) < hp(p2,d),
if  di<dy then hp(p,di) < hp(p,ds),
if mi<mg then |y, (p,d) < hm,(p,d)

fOT’ every mvmhm?Z 27 P 017026(0700); d7 dladQE[Ovoo)‘

(iii) The functions

are increasing for all d >0, m> 2. Moreover, lim,_.o(hm(p,d) — p) = d.

(tv) For all (p,d) € (0,00) x [0,00) we have im0 b (p,d) = p + d.
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(v) The functions
d— w de (0,00)
are decreasing for all p > 0, m > 2. Moreover,
d—o00 d d—oo  p+ d

(vi) For all (d,p)€[0,00) x (0,00), m > 2, we have
A" mpm < h(p, d) (5.25)

and

d
if p< p- then hp,(p,d) < m%dl_%p%. (5.26)

Remark 5.7.7 The functions ¢y, occur in Henrici’s paper [38]. The estimate (5.26) can be
found in [86, Corollary,1.10]. The estimates (5.25) and (5.26) together imply that the functions
p = hm(p,d) are of the order O(p'/™).

Before we give the (technical) proof of Proposition 5.7.6 we show, how Theorem 5.7.1 follows
from Theorem 5.7.3 and the formula (5.24). Let A, A€ C"*" and assume that da(A) # 0 and
A # A. Let A be an eigenvalue of A which is not an eigenvalue of A. Set p:= ||A — Al|2. Then
e Ug ) (A, p). Thus, by Theorem 5.7.3 and formula (5.24) there exists an eigenvalue A of A such
that

d2(A)

A=Al < hn(p, 62(A)) = M'
P

Thus ¢;,* <52E)A)> < fj(_‘%)l Since the function ¢, is increasing, it follows that
l
62(4) < 1 (52(A)>> d2(A) [ 5:(A)
’ z ) &5\ 20

T\ N N4
By multiplying (5.27) with the factor (%) one obtains (%) 625;4) < (‘(52(_2‘)') .

But this is equivalent to the inequality in Theorem 5.7.1.

Proof of Proposition 5.7.6: The functions ¢,, : (0,00) — (0,00), m > 2, are strictly increas-
ing and surjective. Moreover, they are analytic and the derivatives ¢/, have no zeros. Therefore,
the inverse functions ¢! : (0,00) — (0,00) exist and are analytic. Let x, p,d > 0. Then

m—1 m ¢
7 d ~ d 0. m—1—/ m d
Fnpa(e) =0 & 0= R pale) = (p > dta ) :p§j<5 —d
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Thus hp,(p,d) = ﬁ is the only positive zero of %m,p,d and the functions h,, are analytic
™ \p
on (0,00) x (0,00). Furthermore we have h,,(p,0) = p since p > 0 is the only positive zero

of the polynomial z — hy, ,0(x) = px™ 1 — 2™. In order to prove that hy, is continuous on
(0,00) x [0,00) it remains to show that lim(, g)_(,,.0) hm(p, d) = po for all pg > 0. However, we

have for every y > 0 that y = > 7" (¢! (y))g > ¢.-1(y) > 0. Therefore

m—1
o 4 (1 > <¢#<y”é> -

/=1

Thus for every py > 0,

(2)
(p,d)—(po,d) (b)) (0:d)—(p0,0) p e (%) ro

(7). Let p,d > 0. We have Em,p,d(()) = pd™ 1 > 0 and lim, o ﬁm%d(:r) = —o0. Since hy,(p,d)
is the only positive zero of the continuous function x +— hyy, , 4() it follows that

hmpa(x) >0 if €(0,hy(p,d)),

B pa(z) <0 if € (hp(p,d),0). (5.28)

Now (i) follows from the inequalities

hnpd(p) = p(d™ '+ pd™ 2+ ...+ p"Pd 4 p™ ) = p" > 0,
(ptd)™ —d"

Tlm,p,d(p + d) (p I d) —d

—(p+d)™ = —d™ <0.

(7). For every x € (0,00) the map
(pv d) Hzm,p,d(x)v (pv d)E(0,00) X [0700)

is strictly increasing in the variables p and d. Thus, if z = hm(p1,d1) and p1 < p2, di < do,
then hy, p, 4, () > 0 and Ay, p, 4, () > 0. Hence, by (5.28), x < hy,(p2,di) and & < hy,(p1, da).
Let mq,mg > 2 and my < my. Then ¢, (z) < ¢m, () for all z > 0. It follows that ¢! (y) >
Gy (y) for all y > 0. Thus, for d > 0,

_ d < d
omi (4)  omb (4)

P, (p’ d) = Ry (p, d)'
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(7i7). We have for all p,d > 0 and all y > 0,

m—1

hpalp+y) = pd_ d" 7 p+y) = (p+y)™
/=0
m—1 m—1
= (p+y e ty) ey -y " ety
(p+y) > d" " p+y) = (p+v) A" (p+y)
=0 =0
m—2 m—1
= (p+y) > d" oty —yd d" " p+y)
/=0 =0
m—1 m—1
= dY d" Hp+y) -y D d" p+y)
/=1 =0
m—1
= (d—y) Y _ d" " p+y) —yd"!
/=1
m—1 ¢
_ +y
:dm1<(d—) <p_>_ )
/=1 d
= et (a-nona () -y). (5.29)

Now let pg,d > 0 and y := hy,(po,d) — po, i.e. ﬁmm,d(po +y)=0. Then d —y > 0 by (i), and
(5.29) yields that for all p > po,

B pra(p +y) > 0.

By (5.28) this is equivalent to
p+y < hm(p,d),

Hence,

So the function p — hy,(p,d) — p is increasing. From (5.29) we obtain that for all y €0, d),

lim Ay, p4(p + y) = oo.
pP—00

Hence, for large p, hp, »a(p +y) > 0, and consequently hp,(p,d) > p +y. Thus

lim (hom(p,d) — p) = d.

p—00

(iv). Let p >0, d > 0 and y € (max{0,d — p}, d). Then d—y > 0 and lim,, 0o drm—1 () = 00
since 2% > 1. From (5.29) we obtain that for some mg €N,

b pa(p+y) >0 for all m > my.
Equivalently,
p+y<hn(p,d) forall m>myg.

This and the fact that hy,(p,d) < p+ d yield lim,,— o0 b (p,d) = p + d.
(v) follows from (5.24) and the fact that the functions ¢! are strictly increasing with lim, ., ¢,,! (y) =
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0. X
(vi). Let 1 :=d (§)™. Then
_ m—1 m—1
hnpa(r1) = pYy oid™ " —aft=p ) afd" "~ pd™ "t >0,
(= /=0
1
80 hyn(p,d) > 1. Suppose now that & < L and let 5 := d (£)™ < d. Then
_ m—1
hpd(x2) = p Z ahd™ 1 — < pmd™ T — 27 < 0,
/=0
80 him(p,d) < 2. 0

5.8 A theorem of Ruhe

In [80] Ruhe proved a refinement of Henrici’s theorem for the case that the distance of one
eigenvalue of A to the other eigenvalues is large compared to d5(A). However, Ruhe’s theorem
does not seem to be fully correct. At least the proof in [80] is incomplete. In this section we
provide a corrected version of Ruhe’s theorem in the language of pseudospectra. Moreover, we
generalize it to block triangular matrices and discuss its consequences. We need some notation.

Notation 5.8.1 Let Be€C"*"™ be partitioned as follows.

BH e Blm
B=| : Co, Bjj, € CMix"k,
B ... Bpm

Then its norm compression with respect to a Holder p-norm is given by

[Biillp - [1Bimllp
(B)p = : : cR™*m
”Bml”p ”Bmm”p

It is easily verified that || B||, < ||[(B)pll, and that (B), < C implies ||[(B)l|l, < ||C||p. Our
proof of Ruhe’s theorem is based on the following estimate for the p-norm of a block triangular
matrix.

Theorem 5.8.2 Let A = [Aji];kem be a block upper triangular matriz. Then we have for every
seC\ o(A) and every pe|l, 0],

-1

[(5Tus = A7, < [[(5Tns = D), + D eels) [[((Ra)p)]
1

3

)
p

o~
Il

where
/+1

ce(s) = max H || (sT — Ajujy)_al.
=1

1<j1<g2.--<ge<je+1<m oo
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Proof: By Lemma 5.6.10 we have (sI

na — A7 = (sl — Da)™! ZT:_Ol Ef, where E, =
Ra(sl,, — Da)~ . Thus,

m—1
(sIny = A7y < N(sIny = Da) M lp+ D (sIny — Da) " Eglly
/=1

m—1
< N(sIny = Da) Mo+ D I{(sTny = Da) ' EQ)pllp- (5.30)
/=1

The block in the jth block row and kth block column of Ey is (Es)jr = Ajr(sl — Apr) ! for
j # k and (Es)gr = 0. Since Ej is strictly block upper triangular the block (Eﬁ)jk in the jth
block row and kth block column of Ef satisfies

(EQjk = > (Be)ip(Ejjs - (Bs)jr,  £22,
J<j2<j3...je<k
Thus, for £€m — 1 the entry in the jth row and kth column of ((sI,, — D) 'E%), € C™™ is
((sIny = Da) " Edp)jr = (s, — Az5) " (Bl

< > N8Iy — Ai) T (Bs)iga (Be)jags - - (Bs)jpkllp
<G2<isje<k

Yo iiedek UAllp 1Azmglp - 14kl (5.31)
j<jz<jacde<h

IN

where

_ ¢ _ —
Gisareser = 11 (3Tn; = A3 lp (TToma 15, = A3ug) ™ lp ) 15T = At) ™ -

We have gjj,. & < ci(s). The matrix (Ra), = (A — Da)p = (A)p — (Da)p is strictly upper
triangular. Hence the entry in the jth row and kth column of ((R4),)* is

((Ra)p) )ik = > WAl 1Al - - 1Azll),
§<j2<gs3...Je<k

Thus (5.31) yields that ((s,, — Da) " E%), < ci(s) ((Ra)p)’. The latter implies

{(sInx = Da) " EQ)pllp < ce()ll (Ra)p)” I
Now, the Theorem follows from the inequality (5.30). O

Remark 5.8.3 The proof above is inspired by the proofs in [36]. See also [37].

By Henrici’s Theorem for block triangular matrices (Theorem 5.7.4) we have for every Holder
p-norm

») »)
oc (A.p) € | o (Ajjs hn(ps | Rallp) )- (5.32)

JEM

The next theorem is a refinement of this result. It implies Ruhe’s theorem (see Corollary 5.8.6
below). In order to simplify notation we set for = > 0,

m-l m fr=1
Bula) = 3 af = { ’

=0 T, Ootherwise.
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Theorem 5.8.4 Let pe[1,00] and let A = [Aji]jkem be an block upper triangular matriz. Let
p>0 and r > hpy(p,||Rallp). Let i€m and suppose that

(p) (»)
oc (Ajj,?“) Noc (Aii, hin(p, HRAHP)) =

for all jem\ {i}. Then

(p) (p) (p)
ot (A,0) € ot (Aisy B (W2L) o YU | o (Aygs (o, [ Rall) ).
jem\{i}

Proof: Suppose that SGO‘g)(A,p) but s ¢ a((cp) (Ajj, him(p,||Rallp) ) for all j # . Then (5.32)
yields that 5€ 0 (Ais, huu(p, [ Rally) ). Therefore [[(sT = 4a) "4y > huap. [Rally) > . By
assumption we have s & J((Cp) (Ajj, r) for j # 4. This implies that for j # 4,

(s = Azp)~HE < v < HI(sT = Aa)
Hence H(SI” — DA)_al = ||(sI — Aii)"||p, and the numbers

/+1
ce(s) = max H H(SI— Aju)_al

1<i1<g2..<jegy1<m e
satisfy co(s) < 7¢||(sI — Ay)~Y|p. Thus
Pt < =AY, (since s€a g (A, p))

I(s1n — Da) Y|, + mf@(s) H(<RA>p)€Hp (by Theorem 5.8.2)

IN

l|(sI — Aii)_al ﬁm(” 1:)17”17) '

Thus ||(sI — A;) 7Y, > (5m(”<R’;{>p”p) ,0) ' . Thus sEafcp) (Au', Bm (M) ,o) ) O

In order to discuss the just proved Theorem let us combine it with the lower estimate

(p) (»)
oc (Ajj,p) Soc (A p). (5.33)

JEM

For jem and p > 0 set (A4, p) := a((cp)(A,p) N a((cp)(Ajj, him(p,||[Rallp) )- Then by (5.32) and
(5.33),
U(C (A, p) U ICi(A,p)
JEM

and

(») )
oc (Ajj,p) CKj(A p) Coc (Ajj, hmlp, |Rallp) )-

We thus have the following corollary to Theorem 5.8.4.
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Corollary 5.8.5 Let pe[l,00] and let A = [Aji];jkem be an block upper triangular matriz. Let
p >0 and let v > hyp(||Rallp, p). Let i€m and suppose that

() ()
oc (Ajj,r)Noe (Ai, hin(p, | Rallp)) =0

for all jem\ {i}. Then, with the notation above, IC;(A, p) N Ujem\{i} Ki(A,p) =0 and

o¢ (Aii, p) C Ki(A,p) Cof (Az'z‘, Bim (M) p) :

If the quotient |[(Ra)pl|p/r is small then G, (||(Ra)pllp/r) is close to 1. Hence, Corollary 5.8.5

yields that if ||(RA)pl/, is small compared with r then the Hausdorff-distance of /C;(A, p) and

O'((é))(AZ'Z', p) is small, as well. In particular, the following holds: Let A, be the matrix which is

obtained from A by replacing the diagonal block A;; with A;; — 21,,;, 2€ C. Then the Hausdorft
distance of K;(A., p) and ag ) (Aii — 21y, p) tends to 0 as z tends to infinity.
We are now in the position to give our version of Ruhe’s result. (gt is a consequence of
2

Corollary 5.8.5 and the trivial fact that for a 1 x 1 matrix [\]€ C1*1, o " ([N, p) = D(\, p).

Corollary 5.8.6 Let Ai,...,\, € C be the eigenvalues of A € C"*". Let KC;j(p) denote the

connected component of ag) (A, p) containing the eigenvalue \j, j€n. Let R€ C™*" be a strictly
upper triangular matrixz occuring in a Schur form of A such that |Rl||s = 02(A). Let i €n and
7 > hp(p,02(A)). Suppose that

A = Ajl > 7+ ha(p,62(4))  for all j € n\ {i}.

Then Ki(p) N Ujen iy Ki(p) = 0 and D(Xi, p) € Ki(A, p) € D(Ai, ﬁn<—” s ”2) p) -

In the original theorem of Ruhe the norm || |R| ||2 is replaced by d2(A) = ||R||2. But there is a
gap in the original proof in this respect. Note, however, that || |R| |2 < ér(A), the departure
from normality of A with respect to Frobenius norm. Corollary 5.8.6 confirms what we already
have seen in the 2 x 2 case, namely that not only the departure from normality but also the
distance of the eigenvalues of A determines the sensitivity of its spectrum: The departure from
normality of A may be arbitrarily large. If the mutual distance of the eigenvalues is large
compared with the departure from normality, then the pseudospectrum of A to the level p is
close to the pseudospectrum of a normal matrix to the same level.
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10 b

_10 - m

Figure 5.5: The boundaries of the pseudospectra ag) (A,0.5) (dashed) and ag) (Da+2Ry,0.5)
(solid), where A is the matrix defined in (5.19).

110 . . . T T T T T T 160

I I I I I I I
20 30 40 60 70 80 90

50
d=0 to 100

Figure 5.6: The functions 0 < d — h,(1,d) and p — hy,(p, 100) for several values of m.



Chapter 6

Spectral value sets for real
perturbations

In this and the next chapter we study spectral value sets and p-functions for real matrix per-
turbations. If the underlying norm is the spectral norm then the corresponding p-functions
are called real perturbation values. This chapter splits into two parts. The first part is basic.
Here we display the theory of real perturbation values as it was developed in [7, 8, 9]. Some of
the properties of real perturbation values follow from general principles. In order to bring out
these principles we introduce higher p-functions. This gives us the necessary background for our
further considerations in the second part of this chapter in which we discuss special properties
of real spectral value sets and real p-functions.

6.1 Real py-functions and real perturbation values

In this chapter we present the basic theory of real spectral value sets. These are sets of the form.

op (AB,C.p):= |J  o(4+BAC),
AeRIX, [|All<p

where (A, B,C) € Ly, ; 4, and ||-|| is a norm on R'*9. Note that we do not presume that the matrices
(A, B,C) are real. This might seem to be unnatural since we consider real perturbations only.
However, most of the theory below goes through for arbitrary complex matrix triples (A, B, C).

The sets

on (A, p) = on (A I, I, p),  AeCm™

are called real pseudospectra. By Theorems 2.4.5 and 2.4.9 we have for p > 0,

on (A,B,C.p) = o(A)U{seC\o(A) | uy (G(s))=p" 1,

[I-1 ~II-ll
or (A,p) = {s€C | ap (slh—A)<p},
where G(s) = C(sl, — A)™1B and
-1
Wy = (min{||A|| | AcRI¥, 1EJ(AM)}) . Meco, (6.1)

pr (M) = min{ ||A| | AeR™ " M — A is singular }, for MeC™™.  (6.2)

99
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The most important problem in the theory of real spectral value sets is to find computable
formulas for the real p-functions ,ulllléu (M) and ﬁ]!é“(M ). To the best of our knowledge this
problem has been solved only for the following cases.

(a) The matrix M is either a row or a column vector. The underlying norm || - || is arbitrary.
(b) The matrix M has arbitrary size. The underlying norm || - || is the spectral norm.

The solution for the case (a) has been found by Hinrichsen and Pritchard [48]. We will come
back to this in Section 7.7. The long standing problem (b) to find a computable formula for the
real p-function with respect to spectral norm has been solved by Qiu, Bernhardsson, Rantzer,
Davison, Young and Doyle in [78]. They have shown the following theorem.

Theorem 6.1.1 Let || - || denote the spectral norm. Then, for every M € CI*!,

-1 . RM  —ySM
won= it o (|, ). ©3)

where oo(-) denotes the second largest singular value. Let M € C"*™. Then

-1 RM —y M
trp (M) = sup og,_ <[ _ ]), 6.4
R ( ) e(01] 2n—1 LM RM ( )

where oo,—1(+) is the second smallest singular value.

The function to be minimized in (6.3) is always quasiconvex [78]. The function to be maximized
in (6.4) is always quasiconcave. Thus the quantities ,ulllléu( M) and ﬁ]lllxu( M) can be calculated by
means of the above formulas using a bisection algorithm. This method has been used to generate
some of the pictures in this work. Other pictures of real spectral value sets have been made by
applying explicite formulas which can be given for special matrices. We will derive such formulas
in Chapter 7. In our opinion the original proof of Theorem 6.1.1 in [78] is dissatisfying because
it does not yield insight into the geometry behind the formulas (6.3) and (6.4). However, in
[9] Bernhardsson, Qiu and Rantzer provided an alternative and more elegant proof of Theorem
6.1.1. This proof connects the real py-problem with hermitian-symmetric inequalities which we
will be introduced below. The proof in [9] also yields formulas for the computation of the so
called real perturbation values. The latter are defined as follows.

Definition 6.1.2 Let M € C9*!. The real perturbation values of M of first kind are
(M) = (mf{ 1Al | AeR™4, dimker(I) — AM) > k })_1, keN. (6.5)
The real perturbation values of M of second kind are
(M) = inf{ [|Allz | AcR! rank(M — A) <k }, keN. (6.6)

In the next section we will show that the infimum in (6.5) is always attained, and that the
infimum in (6.6) is attained if the set { ||Als | A € R rank(M — A) < k } is
nonempty. If this set is empty then 7(M) = oo. Obviously, k1 < kg implies 75, (M) > 73, (M)
and 7y, (M) > T, (M). Moreover, 7,(M) = 7,(M) = 0 if & > rank M. For square matrices
M e C™*"™ we use the notation Tmin(M) := 7,,(M). Then

Tmin(M) = inf{ ||All2 | AeR™ "™, M — A is singular }.
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With these notations we have for the real p-functions with respect to spectral norm,
n(M) = M]‘l‘é“ (M) for M € C!,

Fan(M) = k(M)  for MeC*,

In [9] the following generalization of Theorem 6.1.1 has been shown.

Theorem 6.1.3 Let M € C?*! gnd let keN. Then

. RM —ySM
non = ke (|35 Tr]). 67
. RM —fy%MD
M) = _ _ . 6.8
Te(M) 721(1017)”0% 1 <[7 i M (6.8)

We emphazise that we will not apply Theorem 6.1.3 or its special case, Theorem 6.1.1, in our
further considerations concerning real spectral value sets. However, for the sake of completeness
we will give the full proof of Theorem 6.1.3, partly at the end of this section and partly in the
appendix.

We now give a brief outline of the chapter. In the remainder of the present section we dis-
cuss analogies between the real perturbation values and the singular values of a matrix. In
doing so we provide a characterization of real perturbation values by hermitian-symmetric in-
equalities. This characterization yields the basis for the proof of Theorem 6.1.3. Moreover, it
will be our main tool in deriving explicite formulas for real spectral value sets of special ma-
trices in the next chapter. In the present section some important statements remain unproved.
The missing proofs will be given in Section 6.5 after some preliminary consideration in Sections
6.2-6.4. In these sections we study the real u-problem from a general point of view. Here we
introduce higher u-functions and discuss them for the case that the underlying norm is unitarily
invariant. In Sections 6.6-6.9 we deal with the standard p again. We give an easily computable
lower bound for real u and derive criteria under which the real and the complex u coincide.
Finally, in Section 6.9 we consider continuity properties of real p-functions.

We now continue with displaying the theory of real perturbation values. Below we will show
that the singular values of M € C7* satisfy !

-1
op(M) = (mﬂHMb\Ae@M,mmmmh—AM)zk}) (6.9)
= inf{ |Als | AcC?! rank(M —A) <k }, (6.10)

Thus if we replace in the definition of the real perturbation values the sets R**? and R?*! by
C™4 and C?*! we obtain the real perturbation values. Furthermore, the relations (6.9) and
(6.10) imply that

(M) < o, (M) < 7,(M). (6.11)
If M is real then the infima in (6.9) and (6.10) are attained by a real matrices A. Thus

(M) = op(M) = 7o (M) if M cR?*L (6.12)

The relation (6.10) is a special case of the Schmidt-Mirsky Theorem, also called the Eckard-Young Theorem,
see [86, Theorem 4.18].
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In the sequel we denote by &,, ; the Grassmann-manifold of k-dimensional complex subspaces
of C™. It is well known [62] that the following max-min-formulas hold for the singular values of
M e Ca*l,

M M
or(M) = max min I x||2_ i max 1M ]l

= kel
Xe®, ), 0£zex  ||x]|2 XE®, | py1 0zeX  ||x|l2

For the real perturbation values we have the following max-min resp. min-max characterization
which will be shown in Section 6.5.

Theorem 6.1.4 [9] Let M € C?*! and kel. Then

_ L IR )|
R i e 019
(M) = min maxw, (6.14)

Xed i zeX Rzl

where by convention,

[R(Mz)2 _ JO if [Rells = [R(Mz)[|l2 =0,
Rzl 0o if [Rafz =0, [R(Mz)|2 > 0.

In order to state the next analogy between singular values and real perturbation values we need
more notation.

Notation 6.1.5 Let H, := { HeC"*" | H* = H } be the set of hermitian n X n matrices.
If H € H,, then we denote by \i(H) > Xao(H) > ... > M\ (H) its eigenvalues in nonincreasing
order. By ZZ(H) we denote the positive semi-definite inertia of H, i.e.

i (H) :=max{ keNy | IX €&, :VeecX :a"Hx >0 }.

>
It is a basic result of linear algebra that for any H € H,,
(H) 0 if \i(H) <0,
1 =
z max{ k€n | \p(H) >0} otherwise.

Using this it is easily seen that the eigenvalues of H € H,, can be characterized in the following
way.

Me(H) = max{teR| i (H—tl,) >k}
= min{t€R| i, (tlh—H)>n—-k+1}

Since the singular values of M € C9%! are the square roots of the eigenvalues of the positive
semi-definite matrix M* M, it follows that

op(M) = max{t>0]| i, (M*M —t*I})) >k} (6.15)
= min{t>0]| i, (L - M*M)>1—k+1} (6.16)

An analogous statement for real perturbation values uses hermitian-symmetric inequalities.
These are inequalities of the form

z*Hz o |21 S|, ec{> <, > <}, xzeC

where H € C™*" is a hermitian matrix and S€C™*" is a complex symmetric matrix.
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Notation 6.1.6 By
HS, :={(H,S)eC™" xC"" | H*=H, ST =5}
we denote the set of n X n hermitian-symmetric matriz pairs. For (H,S)€eHS,, we set
i (H,S) =max{ keNy | IX €S, : Vo eX : 2" Hx > |27 S| }

Note that i, (H,0) = i. (H). Below we will see that the quantity i (H,S) is closely related to
the inertia of a hermitian pencil. We now consider the sets

To(M) = {t>0] i,(M*M —*L;, M"M —t*)) > k },
Tp(M) = {t>0] i (= M*M, ¢ — M"M)>1-k+1}, MeCw !,

In Section 6.5 we will prove the following analog to the formulas (6.15) and (6.16). It relates
the real perturbation values to hermitian symmetric inequalities.

Theorem 6.1.7 Let M € C?! and kel. Then 7,(M) = max Tj,(M) and Ti,(M) = [0, 7,(M)].
If Ti,(M) = 0 then 7(M) = oo. Otherwise we have Tp(M) = minTi(M) and T(M) =

By specializing Theorem 6.1.7 to 71(-) and Tiin(-) we obtain

Corollary 6.1.8 For any M € C?*!,
(M) =max{t>0]|3zcC\{0} : 2*(M*M — t2L))x > |z (MTM — t*I))z| }.
If M eC™™™ is a square matriz then
Tmin(M) = inf{ ¢t > 0| 3zeC\{0} : 2*(t]; — M*M)x > |7 (*L; — MTM)z|}.  (6.17)

If the set { t > 0| 32 € C\{0} : *(t?L; — M*M)x > |z (21 — MT M)z| } is nonempty then
the infimum in (6.17) is attained. Otherwise Tmin(M) = oo.

The proposition below is a supplement to the Theorems 6.1.4 and 6.1.7. It in particular states
how to construct a real matrix A of minimal spectral norm satisfying dimker(l; — AM) > k
resp. rank(M — A) < k from the solution of a hermitan symmetric inequality. By A" we denote
the Moore-Penrose generalized inverse of A.

Proposition 6.1.9 Let M € C?*! and kel.
(i) For any k-dimensional subspace Xy of C! the following conditions are equivalent.
(a) The hermitian-symmetric inequality
o (MM = 7,(M)* )z > | 2" (MT M — 7,(M)* I |

holds for all x € Xp.

(b) We have
RO

— (M),
sex | Rzl (M)
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If (M) = 0 then there is no A € R4 such that dimker(I; — AM) > k. Suppose that
(M) > 0. Let Xy be any k-dimensional subspace of C' satisfying the conditions (a) and
(b) above, and let Xy be any matriz whose columns form a basis of Xy. Set

Ao = [RXy SXo] [R(MXy) S(MX,)]" € R,
Then
dimker(I; — AgM) >k and || Ao|lo = 7 (M)~ L.

If Te(M) = oo then there is no A € RY*! such that rank(M — A) < k. Suppose that
(M) < 0o. Then for any (I—k+1)-dimensional subspace Xy of C! the following conditions
are equivalent.

(a) The hermitian-symmetric inequality
e (T (M2 I — M* M)z > | 2T (7(M)? I — MT M)z |

holds for all x € )?0.

(b) We have
[R(Mz)l2 -
max —————— = 7 (M).
A TP

Let Xy be any (I — k + 1)-dimensional subspace of CL satisfying the conditions (a) and (b),
and let XOE(CIX(Z k1) be any matriz whose columns form a basis of Xo Set

A= [R(MX,) S(MXp)] [RXy SX,]t € RIX9.

Then _ -
rank(M — Ag) < k and ||Aoll2 = 7 (M).

We will show Proposition 6.1.9 in Section 6.5. For comparison we give the analogous statement
for the singular values. It is based on a singular value decomposition

M = Zje; oj(M) ujv;f (6.18)

of M €C9%!, where vy, ..., form an orthogonal basis of C!, uy, ... , ug are pairwise orthogonal
unit vectors in C? and u; = 0if [ > g and j > q.

Proposition 6.1.10 Let M € C/*! have a singular value decomposition as in (6.18). Then the
following statements hold for any kel.

(4)

The k-dimensional subspace Xy := spanf{vy,..., v} satisfies

[ M|
zeXo\{0} ||z|2

= o, (M).

Moreover,
X (M*M — o, (M)* L)z >0 for all z€ X,.

If 0,(M) = 0 then there is no matriz A €C™4 such that dim ker(I; — AM) > k. Suppose
O'k(M) > 0. Let

k
Ay = Z oj(M)~!
j=1

Then dimker(I; — AgM) > k and | Aoz = op(M) L.
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(ii) The (I — k + 1)-dimensional subspace Xy = span{vg, ..., v} satisfies

Ml
~X
z€Xo\{0} 2|2

= o (M)

Moreover, N
x*(op(M) I} — M*M)x >0 for all z € Xj.

Let
1—k+1

Ao:= Y oj(M)uyv;.

j=l
Then rank(M — Ag) < k and || Aoz = o (M).

All statements of Proposition 6.1.10 are easily verified. Observe that Proposition 6.1.10 implies
that

o (M)
or(M)

-1
(inf{ 1Al | AeC™ 4, dimker(l; — AM) > k }) , (6.19)
inf{ ||[Allz | AeC?! rank (M —A) <k }. (6.20)

AV VAN

We claimed in the begining of our considerations that equality holds in (6.19) and (6.20). In
order to see this suppose first that A € C!*? is such that dimker(l; — AM) > k. Then there is a
k-dimensional subspace X such that AMx = z for all x € Xy. This implies ||A||2||Mz||2 > ||z||2
for x € Ay and therefore

M M
0£zeXy ||z||2 XE®, 0£zeX  ||zo

= O‘k(M)

Hence, ox(M) > (inf{ ||[Allz | AeC™4, dimker(l, — AM) >k } )_1 . Now suppose that A €
Co*! satisfies rank (M — A) < k. Then dimker(M — A) > 1 —k + 1. Thus Az = Mz for all »
in an (I — k 4 1)-dimensional subspace Xy. Hence

Al > e Bl | M

> min X = o0(M).
0#zeXy  ||z]|2 XE® 1 0#zeX  ||z||2

Therefore, o,(M) < inf{ [|Allz | A€C9!, rank(M — A) <k }. We thus have shown the
relations (6.9) and (6.10). These imply the inequalities (6.11). If M is real then the singular
vectors in (6.18) can be taken to be real. Hence, the matrices Ay and 50 defined in Proposition
6.1.10 are real. Thus, the identities in (6.12) hold.

We are now going to show how the formulas (6.7) and (6.8) for the computation of the
real perturbation values are obtained using hermitian-symmetric inequalities. To this end we
need the result below which relates the quantity i. (H, S) to the inertia of the hermitian pencil

H 0 0 S
Theorem 6.1.11 (Bernhardsson, Qiu, Rantzer [8, 9]) Let (H,S)€HS,, and k€n. The follow-
ing assertions are equivalent.

(@) i (H,S) >k

(b) z><[£g O‘FSDZM for all a€ (—1,0).



106 CHAPTER 6. SPECTRAL VALUE SETS FOR REAL PERTURBATIONS

(c) A%([Oi aﬁgDzo for all € (—1,0).

We will refer to this important and deep result as the BQR-Theorem. The interested reader
can find its proof and some additional remarks in the appendix. Note that the equivalence
(b) < (c) is trivial. The implication (a) = (b) can be easily obtained from Lemma 6.4.2 in
the next section. The implication (b) = (a) is the hard part of the Theorem. We close this
section by showing how the formulas (6.7) and (6.8) can be derived from Theorem 6.1.7 and the
BQR-Theorem by means of some simple congruence transformations. Set

1 In 7 In
11+QI viza I neN, ae(-1,1).
14+a " _\/l—a n

These matrices satisfy

D-l — L[\/l—kafn Vi+al,

no V2 l—ivi—al, ivi—al,|’
ko — I al, —x 1\ %
Dk = | AR e D= (072))
and, for every AeC?*™,
L[4 0 RA -804
Dq,a 0 A Dn,a - l—a

Let M €C?*!, k€n. Then the following equivalences hold for every t > 0.
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(M) >t & i (MM -2, M"M —t*)) > k
(by Theorem 6.1.7)

I AL 42 TAT _ 42
o g (| MMoCL e M ER) Yo € (~1,0)
a(MTM —21) MM — 2],

(by the BQR-Theorem)
M 0] [1, aI][M 0 o, [ I al
el | — > _
(o w L, w0 w-e L wl)ze eecno

M 01" ., [M 0 e
& )\2k< 0 M] Dq7aDq7é{0 M}—ﬂDMDl’;)EO Va € (—1,0)

& Ao (Dza([ﬂf ]\04] D5 D.} []‘04 %] — 2D, D;j) Dka) >0 Vae(-1,0)

(since congruence transformations do not change the signs
of the eigenvalues of a symmetric matrix)

= )\Qk <<D;1 |:](\)4 0:| Dla> <D;1 |:]0\4 0:| Dla> —t2121> >0 Vace (—1,0)

o (o o) (o So))2e veccro
: ¢ (T Gl i) e
& M e M >t Vo € (—1,0)
\/ <M RM
RM —vSM
= 02k<[ ~1g ;g]\\} ])Zt Vv € (0,1)

. RM —y M
< lnf’YE(O,l) 02k <|:,y—1 M RM :|> >t

Thus

RM  —y %M])

. RM  —ySM
o = g2 B )

= inf o
ve1] 2F <[ 1M RM
The right equation holds since the function to be minimized is continuous.

Analogously we have for every ¢ > 0,
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(M) <t & i (L — MM, I - MTM)>1—k+1

(by Theorem 6.1.7)

2 — M*M o (t2I; — MTM)
& A L SV >0 Va e (-1,0
2=k+1) [a (2L, — MTM) L, —M*M |~ a€(-10)
(by the BQR-Theorem)
M*M — 2L, o (MTM —+#2I))
& —Aop T U >0 Ya e (-1,0
21 [a (MTM — ) MM 2L |~ a€ (=10
(since \j(H) = =Ayq1—j(—H) for H = H*eC™™")
M*M — 2, o (MTM —¢21))
& g T U <o Va e (-1,0
21 [a (MTM —2) MM -, |~ a€(=10)

S Agk_1 <<Dq_7é |:]0W %:| Dl@) <Dq_7é |:]OW %] Dl,a) —t2 Igl> <0 Vae (—1,0)

iy B %t—ggM N4 (—1,0)
< 02k—1 <t ae (1,
_w/};—g%M RM
[ RM —y M
<
< 02k-1 ISM RM } <t Vv € (0,1)
RM —vSM
< SUDye(0,1) 0'2k:—1<|:,y_1 SM ;EM }) <t
Thus
7 RM —VQMD ([ RM —VSMD
TE(M) = sup o9p_ _ = Ssup og9k_ N )
(M) 76(01?1) 2k 1([7 L3 RM 76((}?1} 2k—1 ~ L M

6.2 Generalized p-functions

In this section we define higher p-functions with respect to arbitrary perturbation structures.
Moreover, we introduce the concept of v-functions and show how p can be obtained by mini-
mizing v over a certain set of matrix pairs. We think that real p-functions and in particular
real perturbation values are best understood in this framework. v-functions with respect to
unitarily invariant norms will be discussed in some detail in the next sections. At the end of
our considerations we will obtain the proofs of Theorem 6.1.4, Theorem 6.1.7 and Proposition
6.1.9. As a byproduct we get additional information about the real p which is needed later on.

Definition 6.2.1 Let M € C?*! and ken. We define generalized p-functions by

pa (M) = (inf{ |A]l| A€A, dimker(l, —AM) >k} )7, (6.21)

faw(M) = if{ |A]| A€A, rank(M —A) <k}, (6.22)
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where (A, || - ) €Prq resp. (A, - [) €Pgy-
The functions ,u”AHk() and ﬁwk() are natural generalizations of both the p-functions defined in
Section 2.4, and the real perturbation values. We have

(M) = gt f(M),  TilM) = figgta 1 (M), i (M) = plaly (M),

and if | = ¢ =: n and M e C"*",

fin (M) = fip (M)

By (6.9) and (6.10) we also have for all M € C9*! k€N,
[I-1I ~II-
op(M) = N(CZXQng(M) = Nqul,k(M)’
Let us discuss some basic properties of the generalized p-functions.

(a) We have ,uwk(M) = oo (resp. ,uklk(M)

0) if
rank(M — A) < k (resp. dimker(l; — AM) > k). Moreover, ,u”AHk(M) = uw’k(M) =0if
k > rank M.

and only if there is no A € A satisfying

(b) For 1 <k < min{gq,!} let mfl ). C9¥! 5 C denote the function which maps A = [a;;] € CT!
to the sum of the moduli of all its subdeterminants of kth order, i.e.

mt(:l)(A) _ Z ‘ det([a;, j,]r.sck) | .

1<iy<ig<...ir<q
1<51<jp<...js <l

From the equivalence
dimker A>1—-k+1 <& rank(4) <k < m((]]fl)(A) =0
we obtain

iap(M) = mf{ |A]| Aea, m)(r-A)=0},

and analogously,

. -1
pah ) = (wi{Al] A A, m{0 - Ay =0} )

The functions (A, M) — ml(ll kH)(Il — AM) and (A, M) — mékl)(M — A) are continuous.
Thus Lemma 1.7.1 yields the following.

(i) With the convention min () = oo the infima in (6.21) and (6.22) are minima.

(i) The functions fis , : C!*9 — [0, 00] are lower semi-continuous.

(797) The functions ,uH ” : C?*! — [0, 00) are upper semi-continuous.

(¢) By using the Tarski-Seidenberg Theorem (see Chapter 3) the following statement is easily
verified: If the underlying norm || - || : spang A — R is a semi-algebraic function and A
is a semi-algebraic subset of C?*! (rep. C'*9) then the maps ﬁH | Lcal o [0, 0], (resp.
the maps ,uH | oot [0,00)) are semi-algebraic functions. Hence they are analytic on
an open and dense semi-algebraic subset of CI*!.
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(d) Suppose | = g =: n and let M € C™*™ be nonsingular. Then the relation M — A =
(I, — AM~Y)M implies that rank(M — A) < k if and only if rank(l, — AM ') < k. The
latter holds if and only if dimker(I, — AM~1) > n+1 — k. Thus we have

ﬁk[k(M) = <Nk|,n+1_k(M_l)>_1 .

(e) Let £,(A) denote the eigenspace of A€ C™ ", n€N, to the eigenvalue A€ C. Let M € C9*!,
A eC™4, Tt is easily seen that the maps

o EL(AM) — E1(MA), om(x) := Mz
YA E1(MA) — E(AM), Ya(z) = Ax

are linear isomorphisms, and qﬁ]}[l = a. From this we obtain the following further char-

acterizations of ,uw w(M).

pas(M) = (min{[A]| A€ A, dimker(l, - AM) 2k} )7

(
= (min{ |A] | A€ A, dm&(AM) >k} )7!
( min{ |A] | A€ A, dim&(MA) >k} )t
( min{ |A] | A€ A, dimker(I, - MA) >k} )

(f) Suppose that A is a real or complex vector space, and let M € A. Then for A € C*9 we
have that A€ A if and only if X := M — A€ A. Thus we can rewrite Definition (6.22) in

the form
fin k(M) = min{ M — X|| | X€A, rank(X) <k }.

Thus ljkl,k(M) is the distance of M to the set { X € A | rank(X) <k }.

The following quantities are closely related to the generalized p-functions.

Definition 6.2.2 Let (A, |- ||) €Pq and let keN. We set

VaR(X,Y) = mf{[JA] | A€A, AX =Y}, where (X,Y)eC* x 7. (6.23)

Here are some basic properties of the functions Vwk.

(a) We have Vkl,k(X7 Y') = oo if and only if there is no A € A satisfying AX =Y.

(b) The function (A, (X,Y)) — AX —Y is continuous. Hence, Lemma 1.7.1 yields the follow-
ing.

(i) With the convention min () = co the infimum in (6.23) a minimum.

g . -1 . .
(i4) The functions v, , : CX* x C9k — [0, 0o] are lower semi-continuous.

(c¢) If the underlying norm | - || : spang A — R is a semi-algebraic function and A is a semi-
algebraic subset of C'*? then the functions ykl’k : C*F x C9*F — [0, oc] are semi-algebraic.
(d) For every nonsingular matrix P € C*** we have

VAR(XP,YP) = vp (X, Y) (6.24)



6.2. GENERALIZED p-FUNCTIONS 111

The next proposition connects the functions I/kl (-, ) with the generalized p-functions. In order

to state it we need more notation. By G,, 1, we denote the set of X € C™** whose columns form a
basis of a k-dimensional subspace of C", i.e. G, :={ X €C™** | rank(X) =k }. By 87,1 we
denote the Stiefel-manifold of all orthogonal k-frames in C", i.e. ST, ) := { X€C™* | X*X =
Ii; }. Note that G, , is open, ST, is compact, and

gn’k = { XP ‘ XESTn’k, PEngg } (625)

Moreover, { range (X) | X €G,, 1 } = { range (X) | X €S7,, 1 } = 6,1, the Grassmann manifold
of k-dimensional subspaces of C".

Proposition 6.2.3 Let (A, |- |)€Prq. Then
(i) For every M € CI*!, kel,

-1
111 11l
M) = MX, X 2
pason) = (mip vRk0rx.X) ) (6.20
I !
— MX, X 6.27
Xngggk Vak( ) > (6.27)

(ii) For every M € C!*4, keq,

~-l .
M) = X MX 6.28
MA,k( ) XES%TH kVA,q+1 g ( ) ( )
. -1
= min v X MX 6.29
xedtn | VAgri- k( )- (6.29)

Proof: Since the function I/kl i (- +) is lower semi-continuous and S7; , is compact the minimum
in (6.26) is attained. By (6.24) and (6.25) the right hand sides of the equations (6.26) and (6.27)
coincide. Let X be a k-dimensional subspace of C! and let X € g1 1 be any matrix whose columns
form a basis of X. Then the following equivalences hold.

X Cker([ —AM) & ([—AM)X =0 & AMX=X.
Therefore

II-11 . .
MX,X) = Al | AcA, AMX = X
anin vRL(MX.X) = in minf JA] )

= min{ |A| | A€A, IX e€Gp: AMX =X}

= min{ |A| | A€A, dimker(l; — AM) >k}

[I-1I _

= MA,k(M) L

Thus (6.26) and (6.27) are shown. The proof of (6.28) and (6.29) is analogous if one uses the

equivalence
rank(M — A) <k < dimker(M —A) >q¢+1—k. O

To the best of our knowledge there is no general method available to compute the quantities
Vklk(X,Y) for arbitrary (A, |- |) € Py » k€N and (X,Y) € C*k x CI**. However, explicit
formulas can be given in the following cases.
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(a) k=1, A =F>9 (X,Y)€F xF, and the underlying norm || - || is rank-1-compatible with
an operator norm.

(b) k is arbitrary, A = F*4 and the norm | - || is unitarily invariant.

The case (b) will be discussed in the next two sections. For case (a) we have the following result.
We use the notation

IjllPl“H (ZE, y) = U[!‘;JHXLJ('ZU? y)
Proposition 6.2.4 Let || - ||o be a norm on F4 and || - ||g be a norm on F', F€{R,C}. Let || - |
be a norm on F* which is rank-1-compatible with the operator norm || - ||a.5. Let x €F9\ {0},
y €FL. Then there is w € F9 satisfying wlz = 1 and |w||} = ||z||;'. Set Ag = yw”. Then

II-1
Aoz =y, and vy (2,y) = [|Boll = [|Aolla,s = llylls/l1]la-

Proof: The relation Az =y implies [|A]| > ||Alla,8 > [lyllg/||x]|a. The existence of the vector
w follows from the Hahn-Banach theorem. O

Let us remark that Theorem 2.5.2 and Corollary 2.5.3 can be derived by combining Propositions
6.25 and 6.2.4. We leave this to the reader as an exercise.

Next, we discuss the connection between v-functions with respect to real and complex per-
turbation structures.

Definition 6.2.5 A perturbation structure (A, | -||) €Pyq is said to be conjugation invariant if
it satisfies the following conditions.

o If ACA then A€ A and RACA.
e For every A€ A, |[A] = |Al.
For a conjugation invariant perturbation structure we set Ar := A NRX4,

Observe that if (A, | - ||) € P4 is conjugation invariant then (Ag,|| - ||r) € Pi4, where || - ||r
denotes the restriction of the norm || - || : spang(A) — [0,00) to the vector space spang(Ag).
In the sequel we will not distinguish these norms in our notation and denote both || - || and
|| - lr by the same symbol || - ||. The simplest examples of conjugation invariant perturbation
structures are the pairs (C'*9, || -||), where || - || is a unitarily invariant norm or an operator norm
subordinate to absolute norms. In the proof of the proposition below we will use the following
elementary fact. Let

Iy 21,
Wy = |2 Pl keN (6.30)
Then for every X € C"*k,
(X X|W;, = [RX SX] (6.31)
Proposition 6.2.6 Let (A, | -||) P4 be a conjugation invariant perturbation structure. Then

for any X e C¥k| Y e Ca*F,

Vi k(X Y) = van([X X[V ¥]) = vas([RX SX][RY SY]),
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Proof: Let A€ Ap be such that AX =Y. Then AX =Y, ARX = RY and ASX = JY.
Thus A[X X] = [V Y] and A[RX SX]=[RY SV]. Thus vAl (X, V) > v (X X],[Y V)
and VMR’,C(X, Y)> ukl2k([§%X SX], [RY QY]). However, from (6.24) and (6.31) it follows that

[I-1I [I-1I e e e II-11 ~ £ V4
Va ok ([(RX SX] [RY SY)) = v 0 ([X XIWi, [Y YWg) = v o ([X X], [Y Y]).
Suppose there is no A € Ag such that AX =Y. Then uwzk([X X, [Y Y]) = yk:}bk(X,Y) =
00. Supppose Vk[zk([X X],[Y Y]) < oo. Then there is a Ay € A satisfying [|Ao| =
V(X X],[Y Y]) and Ag[X X]=[V Y]. The latter implies that AgX =Y and AgX =Y.
Hence, (RAg)X =Y. We have RA¢ € Ag and ||[RAq|| < (1/2)(|Ao|l + | A0]]) = [|Aol|. There-

fore, Val (X, Y) < v (X X1, [V Y]). In summary, v (X, Y) = va (X X],[V Y]). O

By combining Proposition 6.2.6 with Proposition 6.2.3 we obtain the following corollary.

Corollary 6.2.7 Let (A,| - ||) € P14 be a conjugation invariant perturbation structure and let
keN. Then
(i) For every M eCI*!, kel,
~1
II-1 . II-1 TV ~
i) = (i VA 37X X X)) )

(ii) For every MECqu,kEQ,
~II-1 [I-11

fiag k(M) = Xeg;ililkaA’z(q“_k)([X X],[MX MX])

. [I-11
= omin Vg (IRX SX][ROIX) S(X))).

6.3 The functions z/yg"”k(X ,Y) for unitarily invariant norms

In this section we discuss the functions UIHF‘JL(X ,Y) == vl (X,Y) for unitarily invariant norms.

= YFRaxt g
We need the following lemma.

Lemma 6.3.1 Let Ag, Ay €FX9 and suppose that (ker Ay)* C ker Ag. Then, for every unitarily
invariant norm, ||Aoll < [|Ao + Ayl

Proof: Let UcF**¥ be the unitary matrix satisfying U¢ = —¢ for all £ € (ker A1)t and U¢ = ¢
for all £ €ker Ay. Let & € (ker Aq)+ C ker Ag and & €ker A;. Then

AoU(&o+&1) = Do(—&o+&1) = Dot = Ao(&o + &1)-
AU +&1) = Ai(=6o+&1) = —A16 = —A1(§ + &1)-
Thus AgU = Ap and AU = —A;. Therefore, by the unitary invariance of the norm, [|[Ag—Aq| =

(Ao + A)U|| = ||Ao + Aq]|. Hence, by convexity, [|Ag| < %(HAO + A+ [|Ap — Ay]]) =
| Ao + Aql]. 0
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Proposition 6.3.2 Let (X,Y)€F>*FxF*k gnd let || - || be a unitarily invariant norm on T4,

(i) Suppose that ker X € kerY. Then there exists no matriz A € F¥F satisfying AX =Y.
-1l
Thus vy 1 (X,Y) = oo.

(i) Suppose that ker X C ker Y. Then there is a unique matriz Ag€FX? satisfying AgX =Y
and (range X)* C ker Ag. We have Ag = Y XT and I/I“F‘LL(X, Y) =|[Ao]-

Proof: (i). Suppose that AX =Y for some A € F'X4. Let £ €ker X. Then 0 = AX¢ = Y.
Thus £€kerY. Thus ker X C kerY'.

(i). Suppose that ker X C kerY. Set Ay := YXT'. We show that AgX = Y and
(range X)) C ker Ag. By definition of the Moore-Penrose generalized inverse we have

XT(X¢) =€ for € (ker X)L, and X'z =0 for z€ (range X)*.

Thus Aoz = 0 for z €range(X)*. Every £ €F* has a decomposition £ = &;+&; with &; € (ker X)+
and & €ker X. The assumption kerX C kerY yields Y& = 0. Thus, for every & €F¥,

AXE=YXTXE+YXTXEGE=YE =YE+YE =YE.

Hence, AgX =Y, and therefore VI‘BE"L,(X, Y) < || Aol

Now, let A € F9** be any matrix satisfying AX =Y. Then we have for the matrix A; :=
A — Ag that range X C ker A;. The latter implies (ker A;)* C (range X)*+ C ker Ag. Thus,
Lemma 6.3.1 yields, [|Aol| < ||Ao + A1l = ||A|. Therefore, UI‘H}C(X,Y) = || Ao]l-

Finally, suppose that A satisfies the additional condition (range X)* C ker A. Then we also
have (range X)* C ker A;. Hence F¥ = (range X) @ (range X)= C ker A;. Thus A; = 0, i.e.
A = Ay. O

The unitarily invariant norm ||Y XT|| is a function of the singular values of Y XT. The next
proposition in particular states that the nonzero singular values of Y X' coincide with the square
roots of the nonzero eigenvalues of the hermitian pencil P(A) = Y*Y —AX*X, AeC. Note that
the pencil P(\) is singular (i.e. det(P(\)) =0) if and only if {0} # ker X C kerY'.

Proposition 6.3.3 Let (X,Y) € FXF xF9*k i .= rank X and r := rankY. Assume that
ker X C kerY. Then r < m. Moreover, there exist a basis &1,...,&m € FL of (ker X)* and
nonnegative real numbers Ay > Ao > ... > Ay, > 0 such that (Y*Y)&; = X\j(X*X)E; for all jem
and 5;(X*X)£k =0 for j #k. We have \j # 0 if and only if j€r. For jer set u; := %

fl2°
. X¢&5
vj = xelh Then

yXT = Z \/A_jujv;
JEr

it
is a singular value decomposition of Y XT. Thus o;(Y XT) = {0 J Zfﬂ]lef,
otherwise.

Proof: For any matrix X € F** we have (ker X)* = (ker X*X)* = range X*X. Hence,
(ker X)* is an invariant subspace of X*X and ker (X*X)" = (ker X)*. By definition of the
Moore-Penrose inverse the linear endomorphism (ker X)* > & — (X*X)T¢ is the inverse to the
linear endomorphism (ker X)+ > ¢ + (X*X)¢. The assumption ker X C kerY implies that
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(ker X)* D (ker V)t = (ker Y*Y)L = rangeY*Y. Thus (X*X)(X*X)[(Y*Y) = Y*Y. Using
these facts it is straightforward to verify that the linear operator

fi(er X)t — (ker X)*, 0 f(€) = (X*X)T(Y*Y)¢
is selfadjoint and positive semi-definite with respect to the inner product
G s (ker X0 x (ker X)E = B, (61]6) = E(X"X)&.
Thus there is a basis &1, ..., &, of (ker X)* such that f&)=X&, A >... >\, >0, and

1 ifj=k

0 otherwise.

(&lér) = {

The latter implies that the vectors v; = X&;/[|X&jll2, 7 € m, form an orthonormal basis of
range X with respect to the canonical inner product of F!. We have

YY) = (X*X)(X*X)(Y'Y)E = (X*X)f(§) = N(X*X)g, jem.

This implies £ (Y*Y)E = N\j(&x|&5) = 0 for k # j and ||[YEj|l2 = /|| XE;||2 for all jem. Let
ri=max{ j€m | A; > 0} and Ag := D ;0 V Ak ugvy, where up = Y /||Y €k ll2. Then

N 1 ifj=k
ULU; =
K 0 otherwise

Thus, v/A1,...,v/ A~ are the singular values of Ag and the v, u; are corresponding singular
vectors. We show that Ag = Y XT and v’ = rankY : For any & € (ker X)* we have XTX¢ = ¢,
Thus the vectors vj, j € m satisfy

VX =yXT = =

ng ij )\j’LLj = A()Uj ifj S ’I"/,
[ XE&I [ XE]l2

0 = Agv; otherwise.

Thus Agz = Y X Tz for all x € range X. Moreover, we have for = € (range X)* that Agz = 0 =
Y X'z, Thus Ag = YXT and ' = rank Ay = rank (YXT) < rank Y. However, the linear map
¢ Y¢, where €€ (ker V) D (ker X) = range (XT) is injective. Thus 7’ = rank Y. O

We now specialize the results of the latter two propositions to the case that the matrix X has
full column rank.

Corollary 6.3.4 Let (X,Y)cF>FxF* gnd suppose that ker X = {0}. Let Ag = YXT. Then
(i) We have Ag =Y (X*X)71X* and AgX =Y.
(79) For all unitarily invariant norms, VI“F"‘,L(X,Y) = ||Ao]l-
(iii) The eigenvalues of (X*X)~1(Y*Y) are nonnegative.
)

(iv) Let \;(X*X)~1(Y*Y)), j€k denote the eigenvalues of (X*X) 1 (Y*Y) in nonincreasing
order. Then

0j(80) = M ((XX)-L(Y*Y)), ek
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Proof: The first claim holds since XT = (X*X)~'X* if X has full column rank. Claim (i) is
a special case of Proposition 6.3.2. The claims (ii¢) and (iv) follow from Proposition 6.3.3. O

The next corollary deals with the case when Y*Y is a scalar multiple of X*X.

Corollary 6.3.5 Let (X,Y) € F*FxF¥F and suppose that Y*Y = t2X*X, where t > 0. Let
r=rank X and Ay = YX'. Then

(i) We have ker X =kerY and AgX =Y.

t ifjer,

(i1) The singular values of Ao satisfy 0;(Aog) = .
0 otherwise.

Proof: The first relation in (¢) holds since ker X = ker X*X and ker Y = ker Y*Y . The second
relation in (i) follows from the first and Proposition 6.3.2. (ii). Let A; > 0 and &; € (ker X)*
be as in Proposition 6.3.3. The relations (Y*Y)¢&; = A;(X*X)&; and Y*Y = t2 X*X yield that
0= ()\j—t2)(X*X)§j. Thus t = \/)\_j:O'j(Ao). O

So far we dealt with I/]lllg‘k(X Y') only for the special case that X and Y are real matrices. We

now drop this restriction.
Proposition 6.3.6 Let X cC** Y €C?* and Ay :=[Y Y] [X X|I. Then
(i) We have Ag = [RY SY][RX IX]F e R,
(1i) The following statements are equivalent.
(a) ker[X X]C ker[Y Y.
(b) ker[RX 3X] C ker[RY QY.
(¢) There exists A€R*! such that AX =Y.
(d)
(e) IHR”k(X Y) # oo for any norm || - || on RI*L,

(#i1) For every unitarily invariant norm we have

vpp(X,Y) =

I Aol if ker[X X] C ker[Y Y],
00 otherwise.

= veg(X XY V)

= veo([RX SX],[RY SY]).

Proof: (i). Let A := [RX 3X]|Wj, where Wy is the matrix defined in (6.30). Using the fact

that v/2W}, is unitary it is easily checked that the matrix Z := W, '[RX SX]! satisfies the

Penrose conditions AZA = A, ZAZ = Z, (AZ)* = AZ, (ZA)* = ZA. Thus W, '[RX SX|f =
([RX SX]W;)T. Hence,

YY]XX|T = ([RY SY]WL)(RX SX]W)T (6.32)

= ([RY SY]Wp)W, ' [RX 3X]! (6.33)

= [RY QY|[RX SX]%. (6.34)
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(7). The equivalence (¢) < (e) is obvious, and the equivalence (a) < (b) follows from (6.31).
The remaining equivalences are immediate from Proposition 6.3.2 and the fact that conditions
(¢), (d) can be rewritten in the form

(¢') There exists A€R?! such that A[RX $X]=[RY SY].
(d') Ag[RX SX]=[RY QY.
Claim (7i7) follows by combining Proposition 6.2.6 with Proposition 6.3.2. O

6.4 The functions z/” ” (X, Y) for spectral norm

We now give useful characterizations of UIHF lL(X Y') with respect to spectral norm. In doing so

we use the conventions

§ = oo for a >0, 3=0, min () = oco. (6.35)

and the notation
Y)i=pd(X,Y), F=CorR.

i
Proposition 6.4.1 Let (X,Y)eF>** x F©<k Then
|

N0 = mac] | eer |

= min{ 6 > 0| the matriz *X*X —Y*Y is positive semi-definite }.

Proof: Suppose first that ker X ¢ kerY. Then there is & € F* such that X¢y = 0 and Y&y # 0.
Thus [[Y&|l2/[|Xéoll2 = oo, and we have £5(02X*X — Y*Y)& < 0 for all § > 0. Hence, the
proposition holds in this case. Suppose now, that kerX C kerY. Then, for every ¢ €F*, X¢ =0
implies Y¢ = 0. Therefore,

i 1YElla i 1Yellz
cert || XE]l2  eekerxt | XE]2

We obviously have,
¢ = max{f>0]VEeF": 67| X¢|5 — Ve3> 0}
= max{0>0]|VECFF: *(°X*X —Y*Y)E> 0.
Let Ag = YXT. Then by Proposition 6.3.2, A¢gX =Y. Each vector z €F! has a decomposition
r = X¢ 4T, where £ €F* and 7 € (range X)*. We have
[Aozll2 _ [[Ao(XE+T)[l2 1Y€l < 1Yz
[[]]2 1X€ + 2|2 VIXEREZ+1zl3 ~ I1XEl:

Thus ||Agll2 < ¢. On the other hand, AgX¢ = Y implies [|[Agll2 || XE]l2 > ||[YE||2 for all &.
Therefore, ||Ag|| > c. O

Now, we consider yl(éjk(X ,Y') for not necessarily real matrices X, Y. To this end we need the
lemma below which brings hermitian-symmetric inequalities into play. It is a slight variant of a
lemma by Fitzgerald and Horn [29].
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Lemma 6.4.2 Let (H,S) € HS,, and let X be a subspace of C". The following assertions are

equivalent.
(a) x*Hzx>|2"Sxz| forall z€X.
" [H S [ T -
b _ —| |=| =0 forall |_|€XxX.
o ][5 7 =0 mra [f
Proof: Note first that for every z,y € C",
" [H S][2] . . T
[@] [S ﬁ] [@} = 2*Hx+y"Hy+2R(z" Sy). (6.36)

Let z€C be such that 27 S(zx) = —|27 Sz|. Then

[%] [Z % [% _ o(a* Ha — |27 Sa).

Thus (b) implies (a). Suppose now that condition (a) holds. Then

(x+y)HEz+y) > |(z+y)"Sx+y) Vo,yed,
(z—y)*H(x—y) > |(z-y)'Sx-y)| Vao,yel.

Addition of these inequalities yields

2@ He +y Hy) > |(x+y)" S +y)+|z—y) "S-y
> |@+y'Sz+y) —(z—y) "S-y
= 4R Sy)|
> —4AR(zT Sy).
Now, (b) follows from the identity (6.36). O

The next proposition relates the quantity I/](R?)k(X ,Y') to the pencils

Ro(X,Y) := O0*RX IX]|T[RX 3X] - [RY YT [RY QY]
_[PRX)TRX) - (R)T(RY) 02(RX)T(3X) — (RY)T(SY)
2(RX)T(IX) — (RY)T(SY) 62(3IX)T(SX) — (%Y)T(%Y)]
and
2 YV * Ve _
CH(X,Y) = OX XJ'[X X|—[Y Y]'[V V] = 992;2;(_;’; %—_g/

Note that these pencils are congruent since Rg(X,Y) = W Co(X, Y)W}, where W), is the matrix
in (6.30).
Proposition 6.4.3 Let (X,Y)cC** x CI*F. Then the following identitites hold.

Vl(éjk(X,Y) = min{ 0 >0 | Ry(X,Y) is positive semi-definite }

= min{ 0 >0 | Co(X,Y) is positive semi-definite }
- min{ 6> 0 ( VEETH: & (02X X — YY) > |€7(0°XTX — YTV )¢ }
[RYE)ll2

= max

geck [R(XE2
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Proof: According to Proposition 6.3.6 we have I/Rk(X Y) = Vg)%([%X SX], [RY QY)) =
1/8)%([)( X],[Y Y]). Thus the first two identities follow by applying Proposition 6.4.1 to the

matrix pairs ([RX 3X],[RY SQY]) resp. ([X X|,[Y Y]). Then, the third identity follows from
Lemma 6.4.2. We prove the fourth. Since Ry(X, Y) is a real matrix, it is positive semi-definite
if and only if §TR9(X Y)§ > 0 for all real vectors £ € R2*. Write £ in the form £ = [€f T

with &, & €RF. Set ¢ := & — i&. Then a direct computation yields
ETRy(X,Y)E = 0| R(XE)5 — |IR(VE)II3-

This implies the last identity of the proposition. O

6.5 Proof of Theorems 6.1.4 and 6.1.7 and Proposition 6.1.9

We are now in the position to give the proof of Theorems 6.1.4 and and 6.1.7 and Proposition
6.1.9: From Proposition 6.4.3 it follows, that for all (X,Y)eC/*F x Ca*F,

. (o IROORYT R,
W) = (mas ) = m R (037
and
(ver(X,Y) ™ = (min{ >0 ‘ VEECH: €O X"X ~ Y'Y )E 2 [¢T(0°XTX ~ YTV )| })

‘ 0>0, VeEeCTr: ¢ (0*X*X —Y*Y)e > | €1(02°XTX — YTy )e |}

Sl

= max{
= max{

= max{t >0 ‘ VeeCk: ex(X*X —2Y*Y)e > |eF(xTX - t2YTY)£|}.
(6.38)

‘ 0>0, VEETr: 5(X*X — %Y*Y)g >N xTx - %YTY)f \}

D=

Let M € C?*! X € C™** and X = range(X). On replacing in (6.37) and (6.38) the pair (X,Y)
by the pair (M X, X)) we obtain

@ L R(M )]
(vrp(MX, X))t = £n€1£7||%x||2 (6.39)

= max{t>0 ‘ VeeX: o*(M*M —2I)x > |27 (MTM — 21)z | }.
(6.40)

From Proposition 6.3.6 it follows that

| [RX SX][R(MX) S(MX)]T 3" if ker [R(MX) S(MX)]
(Ve k(MX,X)7" = C ker [RX SX], (6.41)

0 otherwise.
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According to Proposition 6.2.3 we have 74(M) = maxxeg, , (I/](I;)k(MX,X))_l. Combining the
latter with (6.39) resp. (6.40) we obtain the identities

[R(M )|

M) = — 42
TR(M) = max min e (642)
and
(M) = max max{t>0 | VzeX: " (M*M — 1)z > | o7 (MTM - 1)z | }

XG@[JC
= max{t>0| IX € Gy :VreX: a*(M*'M — L)z > |2" (M"M — L))z | }
= max{t>0] i, (M*M — I, M"M —¢’I)) > k }
= max Tp(M), (6.43)
where Tj,(M) = {t > 0| i (M*M —2I;, MT M — #?I;) > k }. Claim (i) of Proposition 6.1.9

then follows from (6.39), (6.40) and (6.41).
Analogously we obtain from Proposition 6.3.6 and 6.4.3 the relations

@) _ N [R(Mz)||2

VR,k(X7 MX) s ”éRQjHQ (644)

= max{t>0| VaeX: a*(t’; - M*M)z > |z (I, - M"M)z| } (6.45)
| [R(MX) S(MX)][RX SX]t|]2 if ker [RX $X]
= Cker [ R(MX) S(MX)], (6.46)

o0 otherwise,
where kel, X e C¥U=k+1) " ¥ — range X. By Proposition 6.2.3 we have

~ _ . (2)
(M) = xein Vi (X, MX).

Combining this with (6.44),(6.45),(6.46) we obtain Claim (i7) of Proposition 6.1.9 and

~ . ||§)E(A433)||2 ~ R
_ LA S L d (M) = T
Tk(lu) = H}?Xk ) ml/’IYl || || an k( ) min k(lM),

where Tp(M) ={t>0]| iy (2 — M*M , *I; — MTM) > 1 — k+1}. In order to complete the
proof of Theorem 6.1.7 it remains to show that the following statements hold for every ke€l.

(a) Tx(M) is an interval and 0€ Ty (M).
(b) If Tp(M) # 0 then Tj,(M) is an interval and sup Ty(M) = .
Let us prove claim (a). Observe that by the Cauchy-Schwarz-inequality we have for any y e C",
y'y = [7llallyll2 > [7*yl = vyl (6.47)

This implies 2*M*Mz > |27 MT Mzx| for all x € C!. Thus 0€ Ty(M) for all k€l. Assume now
that to € Ty, (M) for some k€l . Let t€[0,tp] and let X be a k-dimensional subspace of C! such
that

o (M*M —t20)x > | 2T (MTM — 831) x| for all ze X.
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By (6.47) we have
(t2 —tHa*z > (t2 — 13|z 2| for all zeC'.
Addition of the latter two inequalities yields that
(MM — L)z > ol (MTM —t20)x | + (63 — t?)|2” «|
> |t (MTM —20)x + (2 — 12z z |
= 2T (MTM - 1)z | for all z€X.
Thus t €Ty (M), and the proof of (a) is complete.

(b). Analogously one shows that to € T;(M) implies that ¢ € Tj,(M) for any t > to. The latter
implication is equivalent to (b). The details are left to the reader.

6.6 The function V]ll‘g‘ (x,y)

In Section 6.3 we dealt with V{EJL(X ,Y') for unitarily invariant norms and arbitrary k. We now
discuss the case k = 1 in detail. Throughout this section,

yllé“‘ (l‘,y) — U]\IL»7II1($’y) _ mln{||A|| | AEFle, Ar = Y }7 (x,y)E(Cl x C49.

According to Proposition 6.2.6 we have for any norm on C'*? satisfying ||A|| = ||A| that

Ve (@) = vea([e 7L 7)) = veo( [Re Sal. [Ry )

By Proposition 6.2.3 we have for any M € C9*! and any norm on R!*9,

-1
111 . -1
M) = Mz, , 6.48
pr (M) <IE@1\1}O}VR( arar)) (6.48)
and, if g =1 =:n,

~II-I . -1
M) =  Mz), 6.49
g (M) = min vk (@ Me) (6.49)

where NIE“(') and ﬁl‘g“(M) are the real p-functions defined in (6.1) resp.(6.2). In this section

. . . . . . . .. [
we consider only unitarily invariant norms. Our aim is to give explicit formulas for vy (x,y)

and the matrix Ag€ R4 of minimal norm satisfying Aoz = y. We start with a lemma on the
Gramians

£12 7Tp z||3 )T (Sw
[z Z]*[x 7] = PLT'J; ||$T||§] : Rz Sz]” [Re Sz] = (gH;);ET(Hgﬁx) (%H%x(\\% )

Note that [Rz Sz]T[R Sx] = Wi [z Z)*[x T|W; where W is the matrix defined in (6.30).
Lemma 6.6.1 Let € C'\{0}. Then the following conditions are equivalent.
(i) The vectors x and T are linearly dependent.

(i9) The vectors Rx and Iz are linearly dependent over R.

(iii) There exists z€C \ {0} such that zz € R!.
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2 T
k ||$||2 L =1.
(v) ran <[T ]2

1Ra] 3 (%x)T(%‘w)} _

(vi) rank [(%xﬁ(m) T

Proof: We have

Rz |2 Rx)T (S
et (| giirls COST]) = Il - (o) (@),
2 T
det [ ]I5 3333}) — llzld — 12T = 12121F2 — [T 2l4.
([l =]} = ol bl = helizi - 57

Thus the equivalences (i) < (iv) < (v) and (it) < (vi) follow from the Cauchy-Schwarz
inequality.

(i) < (i4i). Suppose = and T are linearly dependent. Then there is a z € C such that 2%z =T
and |z| = 1. This implies zz = 27'Z = 2T = z&. Thus zz € R\, On the other hand, if zz € R!,
z # 0, then zx —ZZ = 0. Thus = and T are linearly dependent. (ii) < (4i7). Let A1, Ao €R and
z = A1 +iA2. Then

S(zx) = Aa(Rz) + A1 (S2).

The equivalence (ii) < (iii) follows from this relation. O

In the proposition below we treat vy (z,y) for the case when = and T are linearly dependent.

Proposition 6.6.2 Let (z,y) € (C\ {0}) x C%. Set A := ||z|5%yx*. Then Aoz = y. Suppose
that x and T are linearly dependent. Then the following assertions are equivalent.

(i) There is a z€ C\{0} such that zx€R! and 2y €RY.
(11) The matriz Ay is real.
(iii) There is a real matriv A€ R such that Az = y.

(iv) We have Ag = [y 7[z 7] .

lyll3 yTy]

(v) We have

T,

vy |yll3 g

o | where t=[lyll2/]|2]]2-
vzl

) [ux\\% 2Tz

(vi) For any norm on RI*!: V{y(%y) # 00.

lull2
el

(vit) For any normalized unitarily invariant norm: V}I}léu (z,y) = ||Aoll2 =

2 T,
Proof: By Lemma 6.6.1 the linear dependence of x and T implies that rank ([”xTHQ Hx |‘; ]) =
x|z

1 and zx €R’ for some z€C \ {0}. The latter yields the implications (iii) = (i) = (ii) = (iii).
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The equivalence (iii) < (vi) and the implication (i) = (v) are trivial. If y = 0 then the
implication (v) = (4) is trivial, as well. Suppose now, that y # 0 and (v) holds. Then

T, 2 T
rank y y2 = rank ||33T||2 . :L; =1
lyll3 zir |zll3

Thus, by Lemma 6.6.1, wy € R? for some w € C\ {0}. Moreover, (v) implies ||z||3 yTy = ||y||3 2 .
Hence, ||z|3(wy)T(wy) = ||lyl|3(zz)(27) (%)2 and therefore (%)2 > 0. Thus £ € R, and

w

zy = Zwy € R. Thus (v) implies (i). The first of the implications (iv) = (vii) = (vi) = (i)
follows from Proposition 6.3.6, the second is trivial and the third has already been shown. It re-

I3
yly

mains to prove that (i) implies (iv). However, if zx # 0 is a real vector then ker [x ] = C [_zz]

2] oy

The matrix P := 1 satisfies

2 1z| llz=li3
P ([z T]u) = u for all u€ (ker [z T])* and Pv = 0 for all v € (range [z 7])*. Thus P = [z Z]!. If
the vector zy is real then [y J|P = Ag. Thus (i) implies (iv). The proof is complete. O

and (ker [z 7])* = C E} Moreover, range [z T| = C(z z).

In the next proposition we give explicit formulas for vy (z,y) when z and T are linearly inde-

pendent.
Proposition 6.6.3 Let || - || be a unitarily invariant norm on C*9 and let be || - || the absolute
and symmetric norm on R™™MLS sych that || Al = || [o1(A),...  Omin{l,qy (A) T || for all A e

C™™4. Let (z,y) € (C'\ {0}) x C%. Suppose the vectors x and T are linearly independent. Let
Ao = [y 7l[z Z]T. Then

(i) The matriz Ay satisfies Aoz = y. Moreover, Ay has the following representations.

— -1
12 e
Ag [y 7 T
A R E

el =2 [

(4 = [272?) " [y 7] T

—aTy 23 | [

[Ry Sy][Rx %x]T
Rz |3

[y Sy [(%x)T(%x)

S|

hh Ry Sy [_(

where h = [Rz[3[|Sz (3 — (Rz)T(32))>.

<m>T<%x>] o

1S3

Ra][3

2 —(%x)T(%x)] [<

Rx) T (3x)
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(i) We have vy (z,y) = | Aol = || [01(Ao), 02(A0),0...,0]" || and
L
o = (|1 ol vy j=12
eTe |23 vy yls

lzl311y13 — 2R("z yTy) + (1) "'dy
[l — o[>
-1
, IRz|f (Rz)"(Sz) IRyll3 (Ry)" (Sy)
TR () Sl Ry)T(Sz)  [ISyl3

(1/2)([ISz[[3][Ryll3 + [1SylI3R=(13) — (R2)" (32))* + (=1)7Fd
R3]S (13 — (Re) T (S))? ’

where A\1(+), Ao(+) are the eigenvalues of the matriz in question and
di = (l3llyl3 - Rz yTy))* = (lz]z — l2"2*)(lyllz — [y"y )

d (/223 IRyI3 + ISy 31R]3) — (R2)" (S2))* )
—(IS (3R] — (R2)" (S2))*) ISyl IRy 1 — (Ry)" (Sy))?).

[IIyII% ﬁ] _ [IIxII% %]
yTy i3 ale |a|l3
for some t > 0. Then o1(Ag) = 02(Ao) =t and vl (z,y) = | Ao|| = t[|[1,1,0,...,0]7].

Proof: This follows by applying Corollaries 6.5.4 and 6.3.5 to the matrix pairs (X,Y) =
([z 7], [yy]) resp. (X,Y) = ([Ra Sz], [Ry Sy]). O

(iii) Assume that

6.7 A lower bound for py (M)

The aim of this section is to establish the following Proposition which gives an easily computable

lower bound for ,ul‘g” (M) provided that the underlying norm is unitarily invariant.

Proposition 6.7.1 Let ||-|| be a unitarily invariant norm on C*9, min{l,q} > 2, and let ||-|| be
the absolute and symmetric norm on R™™Mba} such that |A] = || [o1(A),...  Omin{Lqgy (D) 7]
for all AeC™ 4. Then for any M € CI*!,

pr (M) > o (M)/|[1,1,0....0]"].
In the corollary below u&(-) denotes the real pu-function with respect to Frobenius norm, || - | £.
Corollary 6.7.2 For every M € C*! we have 7(M) > ao(M) and pk (M) > o9(M)/V/2.
Proof: This follows from Proposition 6.7.1 and the fact that

IAll2 = I[o1(A), - Omingy (D) T lloo,  IAlF = ll[o1(A), -, Ormingrgy (D) ]2 O

The first statement of the corollary can be generalized: One always has 7, (M) > oo (M). The
proof is given in the appendix. In order to show Proposition 6.7.1 we need the following Lemma.
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Lemma 6.7.3 Let M € C? and let X be a 2-dimensional subspace of C!. Leta = mingc x\ {0} ”ﬂiﬂh
and b = max,cx\ {0} % Then there ezists a to € [a,b] and an xo€ X \{0} such that
oy BT g Il T, (6.50)
(Mo)" (M) [ M x5 afwo  zoll3

Proof: Let v1,vy be a basis of X. Consider the quadratic forms
qt(z1,22) = (z1v1 + zgvg)T(MTM — tQIl)(zlvl + 29v3) z21,220€C, t>0
= a(t)zf +26(t)z2122 +(1)73,
where
alt) = vl (MTM — 2 L)vy, B(t) = vl (MTM — t2L)vy, ~(t) = v (MM — £21))vs.

Let xy := v(t)v1 — (B(t) + s(t))v2, where s(t) denotes the square root of 3(t)2 — a(t)y(t) with
nonnegative imaginary part. Then z; is a continuous function of ¢ > 0 and we have

(Mz)T (Mzy) — t?al 2y = 2l (MTM — 21)x; = q(y(t), —(B(t) + s(t))) = 0. (6.51)

Assume that «(t)? + 8(t)? +v(¢)? # 0 for all ¢t € [a,b]. This implies z; # 0 for all t€[a, b]. Thus,

the function "
il R £ = 1M
[|2t]|2

is well defined. Moreover, f is continuous and satisfies f(a) > 0, f(b) < 0. Hence, there is a
to € [a, b] such that f(t9) = 0. Set x¢ := x¢,. Then we have ty = || Mxo||2/]|zol|2 and, by (6.51),
(Mzo)T (Mxg) = t3 2dw0. The latter two relations are equivalent to (6.50).

Suppose now, there is a tg € [a, b] such that a(to)? + 8(to)? + v(to)?> = 0. Then ¢, = 0. By
continuity of the function x — ||Mzx||2/||z||2, € X \{0} there is an xg = 201 v1 + 202 v2 € X'\ {0}
satisfying ||[Mwxol2/||zoll2 = to. We have (Mxg)T (Mzg) — t2 xdzo = q1, (201, 202) = 0. Thus tg
and zo satisfy (6.50). O

Proof of Proposition 6.7.1: Let vy, vs € C'\ {0} be singular vectors to the largest singular

values of M, i.e. (M*M)vy = op(M)?vg, k = 1,2 and vjvs = 0. Then we have for the

2-dimensional subspace X := span{vy, v2} that
[ M|

——— =09(M) and
zex\{0} ||z

N | M|
zex\{0} ||lz]|2

= O'l(M).

By Lemma 6.7.3 there exist xo € X'\ {0} and ¢y € [02(M),o1(M)] such that (6.50) holds. By
Proposition 6.6.2 and claim (i) of Proposition 6.6.3 the matrix Ag := [z T] [Mx Mz] satisfies

01(Ap) =1/t

(Ay) 1/ty if Mz and Mx are linearly independent,
g =
20 0 otherwise.

Thus,

Il Il
Vpg (M) < v (Mzo, z0) = [|Aoll < £ 1I[1,1,0,... .07l < o501, 1,0, .07 O
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6.8 Equality of uy (M) and pu (M).
In this section we address the question in which cases the equality MHJ(M ) = ,u(léu(M ) holds.

We are motivated by the following fact.

Proposition 6.8.1 Let || - || be an arbitrary norm on C™*4. Let (A,B,C) € Lypi4, G(s) =
C(sl, — A)7'B and &g := { s€C\o(A) | M{EH(G(S)) = M(IEH (G(s)) }. Then, for all p >0,

o0 (A,B,C,p) Néc C oy (A, B,C,p).

Proof: Obvious. U

Our first result is for the case that M resp. G(s) is a real matrix.

Proposition 6.8.2 Let ||-||o and ||-||s be norms on C4 resp. C', and let ||-|| be a norm on C**4
which is rank-1-compatible with the operator norm || - ||o.5. Suppose that one of the following
conditions holds.

(a) I=1.
(b) The norm | -||g is absolute and q = 1.

(¢) The norm | -||g is absolute and || - ||o is a weighted mazimum norm, i.e. there are weights
T1,.. . Tm > 0 such that ||y||o = maxjcn, jly;| for all yeCe .

(d) a=p=:pell, ).

Then
(i) For every MeR™!: ' (M) = pl (M) = || M| 3.0
(¢1) For every (A, B,C)€ Ly 4 and every p > 0,

ot (A, B,C,p) N Re C oh (A, B.C, p),

where
Rg :={ seC\o(4) | G(s)eR*!}

is the realness locus of G(s) = C(sI, — A)~'B.

Proof: (i) By Theorem 2.5.2 we have for a real matrix M, M]”F‘” (M) = max,cp ”ﬂiﬁg“,
Fe{R,C}. But, by Proposition 1.6.1 the two maxima coincide if one of the conditions (a) — (d)
is satisfied. Claim (#i) is a consequence of (i) and Proposition 6.8.1. O

Note that the realness locus R is the intersection of the sets Ry, = { s€C\o(A) | I(gjx(s)) =
0 }, where g;i(s) is the entry in the jth row and kth column of G(s). The sets R, are easily
seen to be real algebraic curves (with finitely many points removed). If the matrices A, B, C are
real then R contains the real axis.

Next we consider the case when the underlying norm is the spectral norm and the matrix
M is not necessarily real. The Proposition below is a refinement of a result by Lewkowicz [71].
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Proposition 6.8.3 For any M € CI*! the following holds.
(i) If o1(M) = 09(M) then 11 (M) = o1(M).

(ii) Suppose o1(M) # oo(M) and let (u,v) € CIxC! be a pair of left and right singular vectors of
M to the largest singular value (i.e. Mv = o1(M)u, u*M = o1(M)v*, |[v]|2 = |lu|l2 = 1).
Then 71(M) = oy (M) if and only if u"u = v"v.

Assume that the latter condition is fulfilled. Then the real matriz Ag := [Mv Mv]f[v 7] =
o1 (M)~ u @][v 9] satisfies AgMv = v. The singular values of Ag are o1(Ag) = o1 (M)~
o1 (M)~Y if u and u are linearly independent

—_

and o9(Ag) =
2(A0) 0 otherwise

Proof: Claim (i) follows from Corollary 6.7.2 and the trivial fact that o1 (M) > 7 (M).
(7i). By Corollary 6.1.8 we have 71 (M) > o1(M) if and only if there is an x # 0 such that

o (M*M — oy (M) L)z > a7 (MTM — oy (M)?1))z| (6.52)

The hermitian matrix M*M — o1(M)?I; is negative semi-definite and we have z*(M*M —
o1(M)2L))z = 0 if and only if M*Mz = o1(M)?z. The latter implies that z = zv for some
z € C\ {0}, since 01(M) > o9(M). Thus (6.52) holds if and only if there is a z € C\ {0} such
that z = zv and 0 = 2T (MTM — o1 (M)21))z = 2%01(M)?(uTu — vTv). This proves the first
statement of Claim (7). Suppose now that uTu = vTv. Then (Mz)T(Mz) = o1(M)? 2Tz, and
therefore L

Ptz EEEOD) o I ]

(Mo)t(Mv) || M]3 vl vll3

Thus, the second statement of Claim (i7) follows from Proposition 6.6.2 and Claim (i) of
Proposition 6.6.3. O

We now give an application of Proposition 6.8.3 to spectral value sets. For I,q € N let M,

M _M2] , where My, M, € C7%!, The following facts

denote the set of matrices of the form [ My M

are easily verified.
(@) M4 is a complex vector space.
(b) If MeM; 4, NeM,,; then MN € M, ,. In particular, M,, ,, is an algebra for every neN.
(¢) If M € M,,,, is invertible, then M~te M, , ?
(d) Let My, My C9*! 21,20 €C! and y1,y2 €CY. Then the following equivalence holds.
il IR | P Y
My My | |22 Y2 My M, x1 y1 |

2To see this, recall the following argument: Let A" + ZZ;; axA* be the characteristic polynomial of M € M, n.

Then ag = (—1)"det(M). By the Cayley-Hamilton theorem, M™ + Z:;é arM® = 0. Hence, if M is invertible,
then —% (>, akMkfl) M = I. Thus, the matrix M~ = —% >roy akMkfl), being a polynomial in M is

an element of the algebra My ».
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(e) Let My, Mo € C%!, 1, 25 €Cl and yy,y2 € CI. Suppose the vectors Bl] and [_xxﬂ are lin-
2 1

early dependent. Then x9 = zxy with z =4 or 2 = —¢. If, in addition, My =Mz o)
MQ M1 X9

[yl] then yo = 2zy1, as well.
Y2
Proposition 6.8.4 If M e M;, then 7((M) = o1(M).

Proof: Let v = [vI oI)T € C? and u = [uf ul]T € C** be a pair of normed left and right
singular vectors to the largest singular values of M, i.e.

e 9 Rt B 19 A
This implies
e ey R et | o I s [

Thus, the vectors ¥ = [—vd vI]T and @ = [—ul uT]T also form a pair of normed left and right

singular vectors to the largest singular value of M. If v and ¥ are linearly independent, then

01(M) = 09(M), and therefore 71 (M) = o1(M). If v and v are linearly dependent then, by the

U1 (75}
and u =

ZU1 ZUq
Thus 7 (M) = o1(M). O

T

remark (e) above, v = } for z =i or z = —i. Consequently, v7v = uTu = 0.

Corollary 6.8.5 Let (Ay, By, Cr)€ Ly 14, k=1,2, and let p > 0. Then
0_(2) A —Ay By —Bs Ci —Cy . 0_(2) A —Ay By —Bs Chi —Cy
E\|4, A |B: Bi)'|ee o [P)T%C\ |4 A ]| B: B o [P)
Proof: From the remarks (a), (b), (¢) above it follows that the rational matrix function
-1
. Chy —Cy A —Ay By —Bs
so=loql e w])

satisfies G(s) € M, 4. Hence, 01(G(s)) = 11(G(s)). O

6.9 Continuity of real p-functions

In [9] the following theorem has been shown for the real perturbation values.

Theorem 6.9.1 Let My<cC!. If rank(3My) > 2k — 1 then the kth real perturbation value of
first kind, i, : CT*0 = R, is continuous at M.

In particular Theorem 6.9.1 states that if My e C9*! is nonreal then the real p-function ,ul(é) =
71 : C9*! — R is continuous at My. The main goal of this section is to show the following
generalization of this result.



6.9. CONTINUITY OF REAL u-FUNCTIONS 129

Theorem 6.9.2 Let || - || : R™9 — R be a norm with the following property.

(9)  For every pair (u,v) € (RI\{0}) x (R'\{0}) there exists a rank-1-matriz Ao € R4 such that
Aou=1v and ||Ao|| = min { |A[| | AeR>, Au=v }.

Then the real p-function
. . -1
pp € SR, g (M) = (min{ A | AR, 1ea(AM) })
is continuous at all My€ CP*\RI¥!,

Note that by Proposition 6.2.4 all norms which are rank-1-compatible with an operator norm
have property (g). Before we prove Theorem 6.9.2 we state a consequence for real spectral value
sets and give a more specific result for real perturbation values.

Recall that by Proposition 2.2.4 and Theorem 2.4.5 for any (A4,B,C) € Ly 14, p > 0, the set

UIE” (A, B,C, p) is the topological closure of

oIl [I-1I — —

S5 (4, B,C,p) = o(A) UL s€C\o(A) | ub'(G(s) > o'}, Gls) = Clsh,— A) LB,
Corollary 6.9.3 Suppose that the underlying norm || - || : R™*% — R has property (g). Then
for any (A,B,C)€ Ly 14, p >0, the set 8&“ (A,B,C,p)\ (6(A)URg) is open, where R¢ is the

realness locus of G(s).

Proof: This is immediate from Theorem 6.9.2. O

Proposition 6.9.4 The mazimum real perturbation value 71 : CT*! — R is discontinuous at
My € CI if and only if My€RI*! and oy(Mgy) # oo(Mp).

Proof: Since the spectral norm has property (g), the function 71 (-) is continuous at all nonreal
matrices by Theorem 6.9.2. In the sequel let My € R?! be real. Then 71(My) = o1(My). For
all M € C?! we have o1(M) > 71(M) > 09(M), see Corollary 6.7.2 for the second inequality.
Since the functions C9*! 5 M s o, (M) are continuous it follows that 7 is continuous at My if
01(Mp) = 02(Mp). In the next chapter (see Proposition 7.2.4) we will show that for z€C,

(2My) |z| o1 (M) it zeR,
Ti\zMp) =
|z|\/01(Mp) o2(My)  otherwise.

Thus, the function M — 71(M) is discontinuous at My if o1(My) # o2(Mp). O

We are now going to prove Theorem 6.9.2. Since p-functions are always upper semi-continuous
(see Section 2.4 and Section 6.2) we only have to show that NI‘l‘éll (+) is lower semi-continuous at
My e CP*N\R9*!, We distinguish 3 cases, labeled by (Ck), k = 1,2, 3. The first case is

(C1) g (M) =0.
It MHJ (Mp) # 0 then there is Ag € R*? and xo€ C!\ {0} such that

_ I
1A 7! = pg (Mo) and  AgMoxo = o. (6.53)
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Note that the identity AgMyxg = x¢ is equivalent to the pure real equation
AO [?R(Mol’o) %(Mol’o)] = [%(xo) %(IL’())] (654)

We distinguish the cases

(C2)  The vectors R(Moxo) and IF(Mpzo) are linearly independent.
(C3) The vectors R(Moxo) and F(Mpzp) are linearly dependent.

The assumption that the underlying norm has property (g) is only needed in the case (C3).

In the case (C1) the continuity at My of the upper semi-continuous function ,ulllléu : C -
[0, 00] is consequence of the following fact. We leave its easy proof to the reader.

Proposition 6.9.5 Let T be a topological space and let f: T — R be an upper semi-continuous
function. Suppose that f attaines a local minimum at g €T . Then f is continuous at .

Now, we treat the case (C'2). We show that in this case there is a neighborhood V c C?*! of

My and a continuous function ¥ : V — RX4, M ., Ay, satisfying Ay, = Ag and Ay (Mzg) =

xq for every M €V. The latter implies that on V the function pp (-) is bounded from below by

the continuous function M +— ||Aps||71. Since ||Ap, |72 = [|Ao]| 7! = ,ul‘g” (Mp) this proves the
. e [I-1I
lower semi-continuity of up (-) at Mp.

The construction of the function ¥ is based on the following lemma.

Lemma 6.9.6 Suppose that Ao Xy = Yy, where (Xo, Yy, Ag) ERTF x RX¥F x RIX9 and Yy # 0.
If the columns of X are linearly independent then there is an open neighborhood U C RI*F of
Xo and a continuous function

o:U xROF SR (XY)FS Axy
such that Ax, v, = Ao, and Axy X =Y for every (X,Y) el x RIxk,
Proof: Consider the bilinear map

B RXOx RF L RF O B(AX) = AX.

Since the columns of X are linearly independent, the matrix Xép Xy is nonsingular. We have
BY (XEX0) 1 X, Xo) = Y for every Y € R™*F. Thus, the linear map (-, Xo) : R*7 — RIXF
is onto. Since Yy # 0 and B(Ag, Xo) = ApXo = Yp, the matrix Ag is not contained in the
kernel of (-, Xg). Hence we can find a subspace S of R!*? such that S contains Ag and the
restriction (-, Xo)|s is bijective. After choosing bases in both spaces S and R** the linear
maps B(-, X)|s : S — R>** X € R9%!, are represented by matrices Ax whose coefficients depend
analytically on the entries of X. We have det(Ax,) # 0, and therefore det(Ax) # 0 for all X in
an open neighborhood U C R?** of X. Thus 3(-, X)|g is bijective for all X €. For X €U and
Y eRF set ®(X,Y) := Axy := (B(-, X)|s) "' Y. Then ® has the required properties. O

We formulate the construction of the function ¥, mentioned above, as a corollary.

Corollary 6.9.7 Let zg € C!, yg € CI, My € C™*! and Ay € R™9. Suppose that the vectors
R(Moxg) and S(Moxg) are linearly independent. Then there is a an open neighborhood V C C2*!
of My and a continuous functionV > M — Ay € RX¥9 satisfying Any = Ao and Ay (Mzg) = xo
for every M €V.
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Proof: Set Xy = [R(Mozo) S(Moxo)] and Yy = [Rxo Szp). By Lemma 6.9.6 there is an
open neighborhood U C R%*? of X and a continuous function U x R>*2? 3 (X,Y) Axy
satisfying Axy X =Y and Ax,y, = Ao. Let V C C7%! be an open neighborhood of My such
that [R(Mwzo) I(Mzg)] €U for every M €V. Set A = Am(aag) S(Mao)], [Rzo Swo)- Lhen the
map V 3 M — Ay € RIX9 has the required properties. ]

Thus, the proof for the case (C2) is complete. Next, we treat the case (C3). We need a lemma.

Lemma 6.9.8 Let uc€C?, veC? and A €R™? be such that Au = v. Suppose that Ru and Su
are linearly dependent. Then

(1) There is z€ C\{0} such that the vectors zu and zv are both real.
(i) If v is a real vector and v # 0 then u is a real vector as well.

Proof: Claim (i) is part of Proposition 6.6.2. However, let us recall the argument. Since
Ru and Su are linearly dependent there is (A1, A2) € R2\ {0} such that Aou; + A\jus = 0. Set
z := A1 +iAg. Then S(zu) = Agug + Ajug = 0. Thus zu € RY. Now, the relation Au = v and
the realness of A imply zv = A(zu) R’

(73). If v is real then Au = v implies A(Su) = 0 and A(Ru) = v. Now, v # 0 yields that
Ru # 0. Since Ru and Ju are linearly dependent we have Su = A(Ru) for some A € R. The
relation Av = A(ARu) = A(Su) = 0 yields A = 0. Thus w is real. O

In case (C3) we have that AgMyzg = x9g # 0, where R(Moxg) and I(Moxg) are linearly

dependent. Thus, according to the first claim of Lemma 6.9.8, we may assume that the vectors
xo # 0 and Myzo # 0 are both real. The relation ||Ag||~! = ,u]!é“ (Mp) implies that

1A :min{ N ( AER™Y, AMoyzo = 2o }

Since the norm || - || has property (g), we may assume that Ay has rank 1. Then A( can be
written in the form Ag = zow’ where weRY and w! Moz = 1. It follows that

AT MIw = w(af M w) = w. (6.55)
Now, we have again two cases.

(a) The vectors R(MIw) and S(MI w) are linearly independent.

Let us define a ’dual’ norm || - |4 : R?! — R by ||AT||g := [|A]| for every A € R4,
The equivalence

leo(AM) & 1co(MA)=o(MA)T)=o(ATMT)

implies that ,u{gud(MT) = ,ul‘g” (M) for all M € C?*!. Thus, the function ,ul‘g” (+) is continuous

at My if and only if the function ,uyd(-) is continuous at M. However, if R(MIw) and

S(MJw) are linearly independent, then we have case (C2) for the dual norm | - ||4. Thus

,ulllléu (+) is continuous at M.
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(b) The vectors R(MJ w) and I(MIw) are linearly dependent.

In this case equation (6.55) and the second claim of Lemma 6.9.8 yield that MJ w is

real. Thus, w” Moz € R\ {0} for every x in an open neighborhood W C R! of zy. Set

Ay = (wTMO:L")_la:wT, x€W. Then A, is a real matrix and A, Myx = x for every z€W.

The function W 3 z — A, € R¥9 is continuous. Moreover, Az, = Ap, and consequently,
_ — II-11

1Ago 17 = 180l ™! = pg (Mo).

Now, let € > 0 be given. By assumption, M is nonreal. Thus arbitrarily close to xy we
can find an z1 € W satisfying S(Mopx1) # 0. By continuity, we can choose x1 such that
_1 1 € I €

12,75 2 1Az 7 = 5 = 1r (Mo) = 5 (6.56)
We have $(Moz1) # 0 and Ay, Moz = 21 € R!. Thus the vectors R(Moyz1) and I(Mox:)
are linearly independent by claim (i7) of Lemma 6.9.8. Hence, by Corollary 6.9.7 (with z
replaced by 1) there is an open neighborhood V € C9%! of My and a continuous function
V 5 M — Ay satisfying Ay, = Ay, and Ap(Mzy) = x1 for every M € V. The latter
implies that [|Ay||~! < u]!é“(M ) for M €V. By continuity there is a neighborhood V' of
My such that [|Ag, |78 = § = A |7t — § < ||An]|7! for every M €V'. By combining
this with (6.56) we obtain

_ I
g (M) — € < [|Ag, |7 —

€ -
5 S IAmll™ < pp (M), VMeV.
Thus, we have shown that the function ,u]!é“

proof of Theorem 6.9.2 is complete. O

(+) is lower semi-continuous at My, and the



Chapter 7

Real spectral value sets for special
matrices

This chapter deals with real spectral value sets of special matrices. In the first section we give
a formula for the largest real perturbation value of block diagonal matrices. The proof of this
formula is based on the characterization of real perturbation values by hermitian-symmetric
inequalities. As an application we determine in Sections 7.2 and 7.3 the real spectral value
sets of diagonal matrices and real pseudospectra of normal matrices. Section 7.4 is about real
pseudospectra of 2 x 2 matrices with respect to arbitrary unitarily invariant norms. Finally, in
the last section we consider root sets of uncertain polynomials.

7.1 A formula for block diagonal matrices

For any direct sum of matrices M; €C%*l the largest singular value satisfies
o1 (@jEmMj) = maxal(Mj). (71)
- JEM

From this fact it follows that for any family of matrix triples (A;, B;,Cj) € L, jEmM,

32957
(2) (2)
oc <@jem-’4ja @jemBja @jemcja p) = U oc (AjaBjacj 7/)) :

Jjem

Unfortunately, (7.1) fails in most cases if one replaces o1 by 71. Here is a simple counterexample:
There is no real number A €R such that Ai = 1. Thus the 1 x 1-matrix [¢] satisfies 71 ([i]) = 0.
However, Proposition 6.8.3 yields 71 ([i] @ [i]) = 71 <[é ﬂ) =01 <[é ﬂ) = 1. Observe that

for the largest real perturbation value of direct sums we always have

Tl <@jemMj) > max 71 (Mj), M; €C%>li, (7.2)

JEM

To see this, assume without loss of generality that maxjc,,m(M;) = 71 (M;) > 0, and let
Ag € R1*9 he such that ||Aglly' = 71 (M) and 1€ a(AgM;). Set Ay := A @ O, where O is a
zero matrix of appropriate dimension such that the product A; (9 jemM ;) is well defined. Then

1212 = [ 0]l2 and 1€ (A1 (B, M;)), whence 71 (e, M; ) = 71(My).

133
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The aim of this section is to prove an analog to (7.1) which is more precise then the inequality
(7.2). We need the following fact.

Fact: Let HSY denote the set of (H,S) € HS,, with the property that for every z € C™\{0},
2T'Sz = 0 implies 2*Hz < 0. For (H, S) € HS? we set L2 .= —oo if 7Sz = 0, z # 0. With

2T Sz| "

this convention the map

z*Hx

HS, x (C\{0}) 3 ((H. S),2) — s

becomes continuous. Therefore, the map

r*Hx x*Hx

HSY 5 (H,S) — 2 = St

» 2 WS W Tl = L T sal
Tllg=

is well defined and continuous.O
By Corollary 6.1.8 we have for any M € C9*!,

(M) =max{t>0]| JzcC\{0} : 2*(M*M — t*I))x > |27 (MT M — £*I))x| }.
Thus t > 7y (M) implies (M*M — t*I), MT M — t*I)) € HS?. Therefore, the function

o (M*M — 21)x

(M) <t — énm(t) = me%g}fo} |z (MTM — t21))x|

(7.3)

is well defined and continuous. If ¢ > o1 (M) then ¢ (t) < 0. For matrix pairs My € C1¥h | M, €
C*!2 we define

T(My, M) = {t>max{7i(M1),71(Ma)} | éar(t) + dar(t) >0}

The set T'(M;, M) is contained in the intervall [0, max{o1(M1),01(M2)}]. If T(My, Ma) # 0
then by continuity max T'(My, M) exists. We now state the main result of this section.

Theorem 7.1.1 Let MjE(CqJ'le, j€EmM, m>2. Then

n(@euth) =\, m (440 M), i

Moreover,

max {7y (M), (M)} if T(My, M) =0,

. (7.5)
max T'(My, My) otherwise.

(M & My) = {

In the latter case a real matriz Ay € RUH)X(0+e) satisfying || Aol = 1/ (My & My) and
1€o(Ag(M; @ My)) can be obtained as follows: Let tg = max T(My, Ms) and let y;, € C'*\ {0}

* * _ 42
be such that ¢pr, (to) = YRMEME—loli vk o {1,2}. Let wy € C\ {0} be a square root of

lyil (M My, —2 1, Yyi |
€1 .’E_1:| |:M1.T1 M1IE1:|T

To To | |Moxo Msoxs

yg(MkTMk - t%[lk)yk. Set x1 := wl_lyl, Ty 1= iw;lyg and Ag = [
Then Ao has the required properties.
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As a corollary to Theorem 7.1.1 we obtain the following result on real spectral value sets of
block diagonal matrices with respect to the spectral norm.

Corollary 7.1.2 For any family of matriz triples (Aj, Bj, C;) € Ly, jeEM, m>2 p>0,

3457

(2) (2)
OR (@jemAj7 DjcnBir DjemCi ,0) = U op (A © Ay, B; © By, C; © Cy, p)

1<j<k<m

(2)
OR (Aj7Bj70j7 p) :

I

JEM

-1
Proof of Corollary 7.1.2: Let G(s) = (®j€m0j> (3[ - ®j€mAj> <®j€mBﬂ') and Gj(s) =
Cj(sl;; — A)~'Bj, jem. Then Theorem 7.1.1 yields

M(G() = 1 BenCi(s) = | max 71 (G(s) ® Ga(s)) = maxmi(Gy(s)).

This implies the result. U

The proof of Theorem 7.1.1 is based on a Proposition 7.1.4 below which in turn is a consequence
of the following lemma.

Lemma 7.1.3 Let Ai,...,An€R and z1,..., 2, €C be such that

Sien 2 | Liem| (7.6)
Then at least one of the following conditions (a) and (b) holds.
(@) Aj > |zj|  for some jem.
(b) % + ‘2—:‘ > 0 for some j,kem with j # k and |zj| # 0 # |z].
J
Proof: The claim is obvious if m = 1, so let m > 2. Suppose that (7.6) holds and neither (a)
nor (b) is satisfied. Then we have for some jo€m,
No L
0 < Xj, < |zj,| and Aj < _W|Zj| for all j # jo.
Jo

This yields the contradiction

Sjemi| < [Siems 0

‘Zjo‘

Y A
Siemti < % |zl = Dzl ] < ﬁ
J#Jo Jo

Proposition 7.1.4 Let H; € C"*" be hermitian and S; € C™*"™ be symmetric matrices,
j€m, m > 2. Then the following assertions (i) and (ii) are equivalent.

(i) There is x€ C"\{0}, n =3, nk, such that

x* (@jemHj) x> ‘xT (@jemSJ) x‘ . (7.7)



136 CHAPTER 7. REAL SPECTRAL VALUE SETS FOR SPECIAL MATRICES

(11) One of the following conditions holds.
(a) There is je€m and x;€C"\{0} such that z;Hjx; > |a:;‘FSa:]|
(b) There are j,kem j # k, and x; €C", x,€ C™ such that m]TSja:j # 0 # a} Spxy and

*
v Hjx; xy Hpxy

> 0.
\m;-FSjmﬂ |a:§FSkxk|

Proof: Let z = [27...2l]T #£0,2;€C%, and J ={j€m| x; # 0 }. Then the inequality
(7.7) reads

* T
djestiHjms > 130 jxy Siwg| -

Thus, (i) implies (#4) by Lemma 7.1.3. Obviously, (a) implies (i). Suppose now, that (b) holds.
Let wj,w; # 0 be square roots of a:;‘-Fijj and a:;‘gSk:ck respectively. Set z; := w-_lxj and

Ty = iw,;la:k. Then

*
v Hjx, xy Hpxy

E;-(ijj + fZHkEk = >0, and 5?5]5] + EfSkEk =0

2T S| |t Spay| ~
Set 7 := 0€C™, Lem\{j, k}, and := [#7...7Z]T. Then &* (@EEMHg)f > (;ﬂ (@@sg);z‘ .

Thus (b) implies (7). O

Proof of Theorem 7.1.1: First, recall that by Theorem 6.1.7 and Corllary 6.1.8 we have for
any t > 0 and any complex matrix M that ¢t < 79(M) if and only if there is a vector x # 0 such
that o*(M*M — t20)x > |o*(MTM — t21)z|.

Let £t > 0. Thent <m <@j€JMj) if and only if there is an x # 0 such that

?

- <<€9jemMj>* (@jEmMj) - t2f) v > |2t <<®jemMj)T (GBjemMj) - t2I> z|;

equivalently,

o (@M My~ 1)) > ‘xT (®jenM/M; - 1)) x‘ '
By Proposition 7.1.4 this is equivalent to the statement (A;) below.
(Ay) The number ¢ fulfills one of the following conditions.

(a) Thereis jem and x; € C"\{0} such that m;f(M]’-"Mj—t2Ilj)xj > \m]T(MJTMj—tQIlj)mj\.

ere are j,kem j ,and z;, € C" | xp € C"F such that z; M —t71 )x;
b) Th k #+k daz;eC" cn h th ]TM]TM] 21] 5 #
0# ac;‘g(M,;ka — I}, )z, and

o (M7 M — 21, ) rR (MM, — 21 )2y 0.
‘IL’;T(M]TM] - tQIl].)xj\ |x?(Mng - tQIlk)xk| o

But the statement (A;) is equivalent to the assertion (By):
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(B¢) There is a pair j,k€m, j < k, such that one of the following conditions holds.

(ajr) There is an z; € C"\{0} such that (M} M; — tQIlj Jx; > |a:;‘F(M]TM] - t2Ilj)a:j|
or,
there is an xj, € C™\{0} such that z}(M; My — 21}, )z > |2f (M My — t21), )xg|.
(bjr) Condition (ajy) fails and there are z; € C", x;, € C™ such that a:JT(MJTM] — 21 )z #
0 # :L";;,F(M,?Mk - tQIlk):L“k and

WW%—ﬂNL+WWMfﬂMkM.
|:L‘31(M]TM] — t2flj)l‘j| |l‘f(Mng — tzflk)l‘k| -

Condition (B) is in turn equivalent to the statement (C}):
(Ct) There is a pair j,k€m, j < k, satisfying one of the following conditions.

() t < max{r(M;), 71 (M)}
(b;k) t> HlaX{Tl(Mj),Tl(Mk)} and tET(Mj,Mk).

Thus, we have shown that the equivalence

tgﬂ@@m)@(@. (7.8)

holds for all ¢ > 0. In particular, we have for the case m = 2,

t < HlaX{Tl(Ml),Tl(Mg)}
t<7m(M & M) <& or
t > max{m (M), 7 (M1)} and t €T (My, Ms).

This yields Formula (7.5), i.e.

maX{Tl(Ml),Tl(Mg)} if T(Ml,MQ) = @,

(M & My) =
o ? {maxT(Mth) otherwise.

Hence, for arbitrary m the assertion (C}) is equivalent to the statement

(Dy) There is a pair j,k€m, j < k, such that ¢t < 7 (M; ® My,).

On replacing (Cy) by (D;) in (7.8) we obtain Formula (7.4).

Suppose now, that T'(My, My) # 0 and let tg = 71(M; @ Ms). Then the continuity of the

function t — ¢y, (t) + s, (t) yields ¢ar, (to) + dar, (to) = 0. Hence, the vectors yi, y2, mentioned
in the theorem, satisfy

yi (MM — 831 )y ys (M3 My — t30,)y2
Iyl (MM — 30| Jys (M3 My — t31h, )ys|

Let z = [z 2T where 71 = wl_lyl, Ty = iw;lyg and wy, = \/yg(MkTMk — 21, )yk. Then

¥ ((My @ Mp)*(My @ My) — t3)x = (M7 My — t217,)xy + x5 (M My — t317,)zs = 0,
e (M @ Mo)T(My @ My) — t2)x = o (M My — t231;)xy + 2 (M My — t217)x0 = 0.
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Hence,

|(My & M)z al (My & My)" (M) & M2)$] 2 [||9C||§ %] _
ot (My & My)" (M & My)x I(My & Mo)a|3 la"z |lz3

Thus Propositions 6.6.2 and claim (ii7) of Proposition 6.6.3 yield that Ag(M; & Ms)z = x and
1All2 =ty !, where

Ay = [l‘ T][(Ml D MQ)QL‘ (Ml D Mg)aj‘ ]T
_ |mom Mixzy Mz TE R(L+2)x(@1+02)
T2 T | [Maxo Msxs : O

Next, we consider the minimal real perturbation value, Tiin(+), of direct sums. By Corollary
6.1.8 we have for any square matrix M € C"*",

Tmin(M) =min{ t > 0| 3zcC"\{0} : z*(t’I, — M*M)z > |27 (t*I, — MT"M)z| }.
Moreover, Tiin (M) = 0 if and only if M is singular. Thus, for nonsingular M € C"*" the interval
[0, Tmin (M) ) is nonempty, and ¢ € [0, Tiin (M) ) implies that (¢21,, — M* M, 21, — MT M) € HS?.
Hence, the function

¥ (21, — M*M)x
max
zecr\{o} |z (21, — M* M )z|

[0, Fnin (M) 3t — dpr(t) := (7.9)

is well defined and continuous. For a pair of square matrices My € C™"*™ My e C™2*"2 et
T(M17M2) ={t>0 | t<min{7min(M1), Tmin(M2)}, ng (t) + 5M2(t) >0 }
Theorem 7.1.5 Let M; € C">*™, jem, m > 2. Then

Tmin (@jEmMj) = lgjrglélngmin (M; & My,) . (7.10)

Moreover, N
~ min 7f:min Ml 77’:min M2 ZfT M17M2 = @,
= My My) = {~ (My), Tmin(M2) } ( )

min T'(My, My) otherwise.

In the latter case a real matriz Ag € R(mtn2)x(nit+n2) satisfying || Aoll2 = Tmin(M1 @ My) and
det((M1®Msz)—Ag) = 0 can be obtained as follows: Letty = min T(My, Ms) and let yi, € C"\{0}

~ * (12 _ *
be such that ¢nr, (to) = Yty “ MMy o {1,2}. Let wy € C\ {0} be a square root of

[y (t8 Lny, — M My )yg |’
Mz, M1x1:| |:IL‘1 .’E_1:|T

Msyxo Moxo | |22 To

y%(t(%]nk — M,?Mk)yk Set x1 = wl_lyl, To 1= iwz_lyg and Ag = [
Then Ao has the required properties.

Theorem 7.1.5 can be proved in the same way as Theorem 7.1.1 via Proposition 7.1.4 . An al-
ternative method to show Theorem 7.1.5 is by using Theorem 7.1.4 and the fact that Ty, (M) =
71 (M~1)~1. The details are left to the reader.

Either from Theorem 7.1.5 or by specializing Corollary 7.1.2 we obtain
Corollary 7.1.6 Let A;€C"*", jem, m > 2. Then for any p > 0,
(2) (2) (2)
ow (Bremdir) = U o Ao 2 Jor (4 ).

1<j<k<m jem
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7.2 1, for diagonal matrices

In this section we give explicit formulas for the maximum real perturbation value of diagonal
matrices. Theorem 7.1.1 yields that for any diagonal matrix

71(diag(a,...,a,)) = 1<I;a<&1,§<<n 71 (diag(aj, ax) )-

Thus it is enough to consider the 2 x 2 case.

Proposition 7.2.1 Let a1,a2€C and |a1| > |ag|. Then

|CL1‘ z'fale]R,
m1(diag(ar, a2)) = < |az| if a1 R, az€R,
to(al,ag), if(IlQR, a2§{R,

where to(ay,az) is the zero of the strictly decreasing function

\a1\2—t2 |a2\2—t2 'S0
laf — 2] fa3 -t T

The zero to(ay,az) can be calculated as follows: Let o := (Say)? — (Saz)?. If a =0 then

2 2
to(ar, az) = \/M. (7.11)

Ifa#0 set f:=a '((Ra1)*(Saz)® — (Raz)*(Sa1)?), v:= a (Jaz*(Sa1)? — |a1[*(Saz)?) and
C._ \al\Q—ﬁ + |a2\2—ﬁ Then

T a4 la3—B]

to(ar,az) = \/ﬁ + sign({)vV/ 5% — 7. (7.12)

In the proof of Proposition 7.2.1 and of Proposition 7.4.2 in the next section we will use the
easily verified

Lemma 7.2.2 Let mq,ms,dy,ds € R be such that my + dy, > 0 and my — dy, > 0 . Then the
following equivalence holds.

mi1 — dy mg — dg
- = do — mod; = 0.
m1+d1 777,2+d2 0 <~ midz 2 0

Proof of Proposition 7.2.1: For a 1 x l-matrix [a] = a€C we have

oi(a) =la|], ifaeR
T1(a) = )
0 otherwise.
Moreover, the function ¢, defined in (7.3) reads in the 1 x 1 case:

Z(|a]? — ?)x B lal? — 2
zeC\{0} |z(a? — t2)x|  |a? — 2|’

Ga(t) = t>0, t? #a?
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1 ift <lal,

-1 ift>|al

If a is nonreal then ¢, is defined for all ¢ > 0. By differentiating ¢,, using the fact that
la? — 12| = t* — 2R(a®)t? + |a|*, one obtains

If a€R then ¢,(t) is not defined for ¢ = |a|, and ¢, (t) =

/ —2t(|a)? — R(a?))(|a|? + 2
- R )

Thus, the function ¢, is strictly decreasing. Moreover, ¢,(0) = 1, ¢4 (|a|) = 0 and limy_, o, ¢4 (t) =
—1. We need the following representation of ¢, for a ¢ R. Set

ma(t) == |a|* — 2(Ra)*t? + 14, da(t) := 2(Sa)?t%
Then (|al? —t2)? = mq(t) — du(t) and |a® — t2|? = mq(t) + du(t). Therefore

mq (t)—dg (t .
melirey it <lal,

ma(t)—da(t)
ma (t)+da(t)

¢a(t) =
if t > |al.

We have to distinguish the following three cases which are illustrated in Figure 7.1. Note that,
by assumption, |ai| > |az].

e a; is real. Then max{ri(a1),m1(az2)} = |a1]| and for ¢ > |a1|, ¢a,(t) + ¢a,(t) < 0. Thus
Theorem 7.1.1 yields 7 (diag(a1,a2)) = |aq|.

e a; is nonreal and ay is real. Then max{7(a1),71(a2)} = |ag| and for t > |aa|, ¢a, (t) +
®ay(t) < 0. Thus 7 (diag(ai,az)) = |az|.

e a; and ay are both nonreal. Then max{ri(a1),m2(az2)} = 0. Moreover, the function
t = g, (t)+ @, (t) is strictly decreasing and has a unique zero to. We have |az| < tg < |a1],
and Theorem 7.1.1 yields 7 (diag(a1,a2)) = to. It remains to verify the formulas for the
computation of ty. For |az| <t < |a;| we have

Gay (t) + Qay (t) = \/
Hence, by Lemma 7.2.2, t( is a zero of the polynomial
p(t) = (1m0, (t) day (t) = may (1) day (8)) (1/2)7°
= ( |a1|4 — 2(%&1)2152 + t4) (%a2)2 — ( |a2|4 — 2(%&2)2152 + t4) (%a1)2

= ((Sa2)’ = (Sa)*)t* — 2((Ra1)*(Saz)? — (Raz)*(Sar)*) *

+a|*(Saz)? — |az|*(Sar)?



7.2. 71 FOR DIAGONAL MATRICES 141

Let a = (Saz)? — (Say)?. If o = 0 then we obtain

1 Ja1|*(Saz)? — |as|*(Sar)?
2 (§Ra1)2(%a2)2 - (%ag)z(%al)z

2 =
a1 |* — |as|*
(%a1)2 — (§Ra2)2

1 (Ray)* — Raz)* +2((Ra1)? — (Raz)?)(Sar)?
2 (Ra1)? — (Rag)?

= (1/2)(Ra1)* + (Ra2)? + 2(Sar)?)
= (1/2)(la1]* + |az[*)
If o # 0 then t3 equals one of the numbers
O = B+ (—1)*V/B =7, k=12,

where 8 = o 1((Ra1)?(Saz)? — (Ra2)?(Sa1)?), v = a (|az]?(Sar)? — |a1]?(Saz)?). If

N =

Bay (B) + Pay(B) < 0 then t2 = ;. Otherwise t3 = 0s. 0
s e 1 R e
(Tﬁ CL1€R7 U/Q¢R algR, as €R
¢a2/‘ H¢a1
0 t 0 t
|az| la1| = 71 T = \az\/ \|a1|
bas

_l 77777777777777 _l 777777777 l

]

aj gRa asg gR
o\ N\ il
0 L\
NN !
|a2‘ : 71 ¢(11
_l 777777777777777777777777777

Figure 7.1: Computation of 7 (diag(ay,as2)).

There is an interesting special case of Proposition 7.2.1:
Corollary 7.2.3 Letr1 > 19 > 0 and z€C. Then
|z|m1 if zeR,

71(diag(zry, z12)) =
|z|\/T1 T2 otherwise.
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Proof: If z€R or ro = 0 then the result is immediate from Proposition 7.2.1. Otherwise one
has to verify that ¢y := |z|,/r1 72 is the zero of the function

|zr1]? — 12 |zr|? — 12

t t>0.
B R

However, we have

21> =t | leral® =5 _ Iral—lre| | ral = |m] 2.2

= w = z°/|z7]
202 — 2| 223 — 13 wry — 72| |wrg — |’ . ’
1% 21
and, since |w| =1, w™! =,
|wry — ro| = |wry — re| = |w| [Wry — ro| = |r1 — wrs|.

O

The next proposition is an extension of Corollary 7.2.3. We have already used it in the proof of
Proposition 6.9.4.

Proposition 7.2.4 Let RER™ ™ be a real matriz, and let z€C. Then

|2lo1(R) if z€R,
T1 (ZR) =
|z|\/o1(R)02(R) otherwise.
Proof: Let R = UXV7T be asingular value decomposition of R with ¥ = diag(o1(R),...,0,(R))

and real orthogonal matrices U,V € R™*™. Then by Theorem 7.1.1 and the invariance of the
real perturbation values under multiplication with real orthogonal matrices,

T1(2R) = 11(2X) = 1§I]I-l<a;§§nﬁ(diag(zaj(R)’Zak(R)) )

Now, Corollary 7.2.3 yields the result. ([l

7.3 Examples
In this section we give some examples of real spectral value sets with respect to spectral norm,

on (A, B,C,p) = (A U{seC\a(A) | m(G(s)>p '},  G(s)=C(sI—A)'B.

Moreover, we compare them with their complex counterparts
(2) -
oc (A,B,C,p) =o(A)U{seC\a(A) | a1(G(s)) = p~" }.

The examples are based on the results of the last section.

In the following let R € R?*!\ {0} be a real matrix and let g(s) € C be a strictly proper
rational function. Moreover, let (A, B,C) € L,y o be a minimal realization of the rational
matrix function G(s) := g(s)R, i.e. G(s) = C(sI — A)"'B. Then the realness locus of G(s) is
Ra ={seC| S(g(s)) =0 }. Thus, Rg is a real algebraic curve with finitely many points
removed. By Proposition 7.2.4 we have
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s)|o =0 s if seR
A(G(s) = lg(s)|o1(R) = 01(G(s)) if s€Rg, (713

l9(s)|\/o1(R)o2(R) otherwise.

Thus
o¢ (A,B,C,p) = a(A)U{seC\o(A)]| lg(s)lor(R) = p "'},
on (A,B,C,p) = o(A)U{seRa| lg(s)lor(R)=p "}

U{seC\(o(A)URG) | l9(s)Vor(R)o2(R) = p~" }.
Thus, we have a](RQ) (A,B,C,p) =Z(R,p) UB(R, p), where Z(R, p) := Rg N O'((CQ) (A, B,C,p) is the
intersection of the complex spectral value set with the realness locus of G and
B(R,p) :={ s€C\(a(A) URG) | 9(s)|v/o1(R)oa(R) = p~'}.
It can be shown that OB(R, p) = J(int B(R, p)) and int(a](R?) (A,B,C,p)) C cl(B(R,p)). In our

concrete examples we consider the following matrices and rational functions.

R, = diag(l,k), k€0,1],

(P D(s+22+ D)+
R PV RS RS VT

Note that o1(R,;) = 1 and 02(R,) = k. Figure 7.2 shows the spectral value sets corresponding
to the perturbation level p = 2 and the rational matrix function

G(s) = go(s) Ry s = diag(go(s), (1/4)go(s))- (7.14)

The left picture of Figure 7.2 is a plot of the realness locus Rg. The picture in the middle
shows the sets R, B(R;/4,2) (shaded region) and the boundary of the complex spectral value
set a((g) (A, B,C,2) (dashed curve). In the picture on the right one sees the real spectal value set
a](R?) (A, B,C,2). The crosses mark the poles of gg.

In Figure 7.3 we vary the second singular value « of R,. The corresponding rational functions

are

Gr(s) := go(s) Ry = diag(go(s), % g0(s))- (7.15)
4 \ 4 \\ P 47‘
3 3 ; /\\ -7 AN . sk
2 /X) \\\ 2r "‘;@::/\ \\\\ 2r @)
1 g { \ 1 // C" \\\ 1t
~ / > |
) {/ N J’ { / | Al
1 \ / - af \\ /'\“\ ,” b
AN ‘\ Y, \\ ’\ K K
2 \\\\‘\ 7 2t e ! 2 @7
) )
3 / b h \/,j\ b
4 )//// -at B // ; 4

-3 -2 -1 0 1 2 3 4 5 -3 -2 -1 0 1 2 3 4 5 -3 -2 -1 o 1 2 3 4 5

Figure 7.2: Real and spectral values sets to the rational matrix function G(s) defined in (7.14).
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Figure 7.3: Real and complex spectral value sets to the functions G,(s) defined in (7.15).

The pictures in Figure 7.3 show the sets Rq, , B(Rx,2) and the boundary
808) (Ak, By, C) = {s€C| Gi(s) =1/2} (dashed curve),

where k€{0,0.1,0.25,0.5,0.64,1} and (A, By, Ck,2) is a minimal realization of G,. Note that
the complex spectral value set corresponding to GG, does not depend on k. Note further that

Figure 7.4: Real and complex spectral value sets to the functions G"(s) defined in (7.16).
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the corresponding real spectral value set coincides with the complex one if Kk = 1. It coincides
with the Z(Ry,2) if K = 0.

In Figure 7.4 we vary the rational function in the second component of G. More precisely,
the pictures in Figure 7.4 show the real spectral value sets and the boundaries of its complex
counterparts (dashed curves) for the perturbation level p = 2 and the rational functions

G"(s) = diag(go(s), (1/4)gr(s)), (7.16)

where r = 0,2,40. Note that the formula (7.13) is not applicable to these examples (for x # 0).
The plots have been generated using the Proposition 7.2.1.

7.4 Normal matrices

In this section we determine the real pseudospectra of real normal matrices. The underlying
norm is the spectral norm. Recall that by Corollary 5.3.8 a complex pseudospectrum of a normal
matrix A€ C™*" is just a union of disks: ag)(A, p) = Ureo(a) P(A, p). The structure of real
pseudospectra of normal matrices is more complicated. However, it turns out that each real
pseudospectrum of a real normal matrix is a union of disks, of pseudospectra of 2 x 2 diagonal
matrices, and of pseudospectra of the form O'](R?) (N(a,b,\), p), where

a —b 0
N(a,b,A\)=1|b a O0f, a,b, \e€R.
0 0 A
More precisely, the following holds.
Theorem 7.4.1 Let AcR™ ", n > 2, be normal with real eigenvalues Ay, ..., \, and nonreal
eigenvalues ay £1iby, ..., aq £ ibg (aj,b; €R,b; > 0) counting multiplicities. Then
(2) (), 5. . .
OR (Avp) = U OR (dlag()‘jv)‘k)vp) U U (D(a—l—zb,p)UD(a—zb,p))
1<j<k<p 1<j<k<q

(2
U U OR (N(amb]))\k)) p)
1<j<q
1<k<p

If A has no real (resp. nonreal) eigenvalues then the corresponding unions are not present.

Proof: Since A is real and normal there is a real orthogonal matrix @ such that

-1 ST a; —bj
QTAQ = diag(\1, ..., \p) @@ [bj N } .
Jj€gq
However, real pseudospectra with respect to spectral norm are invariant under similarity trans-
formations with real orthogonal matrices. Hence, a](RQ) (A, p)= J](Rf) ( Q1AQ, ,o). By applying
Corollary 7.1.6 to the block diagonal matrix Q' AQ we obtain

@) @) o @ (a; —b; ap —b
O']Rf(Aap) = U J]Rf(dmg()\j,)\k),p) U U JR? <[bj J]@[b: k] ,p>

a; Qg
1<j<k<p 1<j<k<q

(2
U U OR (N(aﬁb]))\k)v p)
1<j<q
1<k<p
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. la;  —bj ap —by| . ST . |diag(az, a) —diag(b;, by)
The matrix [bj }@ |:bk ar ] is permutation similar to A := diag(b;,by)  diag(ay, az)

and by Corollary 6.8.5 the real and the complex pseudospectra of Aj; coincide. Thus

2) aj —b; ap —bi @
OR < |:b :| S |:b :| ’p> = ORr (A]k7p)
o aj ko Ok
= ag) (Ajk,p) (by Corollary 6.8.5)

= Useo(a,) PN p) (by Corollary 5.3.8)

= D(ij + ibj, ,0) U D(aj - ibj, ,0)
UD(ak —i—ibk,p) UD(ak —ibk,p). O

In the remainder of this section we analyze the structure of the sets aﬂg)(diag()q, A2), p) and

‘71(1? (N(aj,bj, M), p). To this end we compute the corresponding minimum real perturbation
values.

Proposition 7.4.2 Let A1, 2€R and s€C. Then

min{|s — A1, |s — Ae|} if s =0,

\/(3?3 )‘1+)‘2) —i-()‘l )‘2) +(3s)?  otherwise.

7’:min (dlag()\l - S, )‘2 - 8) )

Proof: The case &s = 0 is trivial since then
Tmin (diag(A1 — s, 2 — §) ) = omin (diag(A — s, A2 —5) ).
The formula for s # 0 can be derived from Theorem 7.2.1 using the fact that
Tmin (diag(A1 —s,Aa —s)) =1/7 (diag(()\l — 3)_1, (Ao — 3)_1) .

However, we give a proof via Theorem 7.1.5 since we will need a part of this proof later on. We
first treat the case when s is pure imaginary.

Let \,y€R, y # 0. Then we have for the 1 x I-matrix [\ —iy] = A\ — iy that T (A — iy) = oo.
Moreover, the function ¢ defined in (7.9) satisfies

T2 - A —igP)e 22— =iyl

or-iy(t) = max VLT ,
v zeC\{0} |2(1? — (A —iy)?)z| |12 — (A —iy)?|
[ A—wyl)? _ [may()—y?t . .
=i’ =\ mx O if t > |\ —dy|
- (t2—[A—iy|?)? may (H) =yt .
1EB=0=i)?E — m otherwise,

where
myy(t) i=t1 — 22212 4 (A2 4+ %)%

By dlfferentlatlng Pxr— —iy one shows that 0 < t — qb)\ Zy( ) is strictly increasing. Moreover, we
have ¢)\ zy( ) =1, oxr- zy(|>‘ - 2y|) =0, and limy_, o0 P zy( ) =L
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Let A1,A2 € R be such that |[A\; —iy| > |X\2 — iy|. Then Theorem 7.1.5 yields that tg :=
Tmin (diag(A1 — iy, Ao — iy) ) equals the unique zero of the increasing function 0 < ¢ — ¢x_y, (£)+

QNSAZ_iy(t). If A2 = A3 then tg = |A; —iy|? = /A7 +y2. Otherwise ¢y is contained in the open
interval ( |A2 —iy|,|\1 —iy| ). Therefore

0 = Qb)\l—zy tO) + Qb)\g —iy tO)
_ m>\27y(t Y23 my, 4 (t) — Y2t
M, 4(t) + y2t2 mm, (t) + 2t

Equivalently (according to Lemma 7.2.2),

0 = my, y(to) —my, y(to)
= 208 = AN+ (A3 + 47 = (A +¢7)?
= 2002 = M) (82 — 2 — (1/2)(A\2 + \D)).

Thus ) )
AL+ A AL — A
G- 0d = (A2) (M)
On replacing in the computations above y by s # 0 and A, by A\, — Rs one obtains the formula
in the proposition. O

Proposition 7.4.2 yields that the pseudospectrum

oy (diag(A1, A2), p) = { EC | Foin (diag(s — A1, s — X)) < p}

is either the union of two intervals or the union of a disk and an interval. The precise statement
is as follows. We leave its easy proof to the reader.

Corollary 7.4.3 Let A1, 2€R and p > 0.
(i) If p < 3(M\1 + X2) then
0% (diag(A1, A2), p) = [ — p, A1+ p] U A2 — p, Az + ).
(i) If p> £(M1 + A2) then
0% (diag(A, A2), p) = D(2522, 7, ) U min{r, Ao} = p, masc{An, Ao} + o,
where

2
_ 2 _ (A=A
o=t (22)

Observe that D(%, rp) is the largest disk with center % lying in the complex pseu-

dospectrum a((cg) (diag(A1, A2), p) = D(A1, p) UD(Ag, p). This is illustrated in Figure 7.5.

It remains to compute the pseudospectra

o5 (N(a,b,\), p) ={$E€C | Fuuin (N(a,b,\) — sI3) < p}.
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o p=0.9 o p=12 o

Figure 7.5: The real pseudospectra ag) (diag(—1,1),p), p = 0.9,1.2,2.5. The dashed curves are
the boundaries of the corresponding complex pseudospectra.

In the next proposition we use the notation
S(a,b,A\) :=={seC| |A—s| <min{|a+ib—s|,|a —ib—s|} }.

In words, S(a,b,\) is the set of s € C whose distance to the real eigenvalue of N(a,b, \) is less
then the distance to the nonreal eigenvalues. If A # a then S(a,b, \) is an angle in the complex
plane, see Figure 7.6. If A\ = a then S(a,b,\) is a stripe symmetric to the real axis.

15

10

-5

Figure 7.6: The real pseudospectrum UI(RQ) (N(a,b,\),p) fora =0, b=7, A =6, p==6. The
dashed lines are the boundary of S(a, b, A).

Proposition 7.4.4 Let a,b, \éR and s€C.
(1) If s =0 then  Tmin(N(a,b,A) — sI3) = min{|a + ib — s|, |\ — s|}.
(17) If s #0 and s € S(a, b, \) then
Tmin(N (@, b, \) — sI3) = min{|a + ib — s|, |a — ib — s|}.
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(iii) If Ss # 0 and s€S(a,b,\),

- _ Ja=Rs)2+2+ (A -Rs)?2  (a—RNs)2 -0 — (A —RNs)?
min(N (@, 6, ) =sls) = \/ 2 AT (s O

In case (iii) we have Tyin(N(a,b,A) — sI3) < min{ |a + ib — s|,|a — ib — s| }.

Corollary 7.4.5 Let a,b, A€ R. Then we have for all p > 0,
o (N(a,b,A), p) 2 [A—p, A+ p] UD(a+ ib, p) UD(a — ib, p).
Equality holds if and only if D(a + ib,p) N S(a,b,A) = 0.

A gallery of pseudospectra O'](Rf)
7.4.4 is shown in Figure 7.7.

For the proof of Proposition 7.4.4 we need lemma on the quotient of a hermitian and a
symmetric form in the 2 x 2 case.

(N(a,b, \), p) computed by means of the formulas in Proposition

Lemma 7.4.6 Let H € C**? be a hermitian matriz and S € C**2 be a nonsingular symmetric
matriz. Then

(i) There are linearly independent vectors vy,ve € C% such that

{2eC?| 2782 =0} = Cv; UCu,. (7.17)
(i) Let vy,ve € C? be linearly independent vectors satisfying (7.17). Suppose that vi Hvy < 0
and vy;Hvy < 0. Set % = —o0 for x €Cv; U Cug, and
1 f vt Huy = 0,
xo = <w1/|v§va|> v1 + 4/ [vf Hop| va, w = if i 2,}2
viHve/|vi Hva|  otherwise.
Then

*Hx ayHzy  |viHuva| — /(0] Huv)(vs Hoy)

max = =
zeC\{o} [T Sz | Sxo| o] Sy

Proof: (i) Let S = [811 812} x = [ml
512 522 T2

S is assumed to be nonsingular, 0 # det(S) = s11892 — 8%2. Suppose first that s;; = 0. Then
s12 # 0 and x2Sz = (28121 + S22w2)x2. Thus, x2Sz = 0 if and only if x is a scalar multiple

]. Then 27 Sz = sllx% + 2s10x129 + 322.’17%, and, since

of one of the linearly independent vectors v; = [1 O]T, Vg = [—322 2812]T. Assume now, that
s11 # 0. Then 7Sz = 0 if and only if 29 = 21(s, k = 1 or k = 2, where (1, € C are the
solutions of the quadratic equation 311C2 + 2512¢ + s90 = 0. The discriminant of this equation
coincides with —det(S) # 0. Thus ¢; # (2. Thus (7.17) holds for the linearly independent
vectors vy = [1 (k]T, k=1,2.

(i1). Let v1,v9 be vectors as in (7). Then each x € C? can be written in the form 2 = zyv1 42902,
2 € C, and we have z7' Sz = 2(v] Svg)z129 and x* Hx = hy|z1|? + halza|? + 2R(h3Z122), where
hy == viHuv, k = 1,2 and hz := v]Hva. Thus, if 21 # 0 # 22,

z*Hx B h1|Z1|2 + h2|22|2 + 23?(h32_1Z2)
|2 S| 2|(vf Swq)21 22|

= (20vT Swy|) 7! (halz] + holz| 7' + 2R(R3Z |2|71)), z = 21/29.
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Since, by assumption, hi,he < 0, the function 0 # z — hy|z| + hg|z|~! attains its maximum,
—2v/h1hy, at z if |z| = /|ha|/|h1]. The function 0 # 2z — R(h3Z|z|™!) attains its maximum,
|hs|, at z if z = Ahg, A > 0. This completes the proof of (ii). O

Proof of Proposition 7.4.4: Claim () follows from the fact that for real s,

Tmin (N (a, b, \) — sI3) = opmin(N(a, b, \) — sl3).
In the proof of (i7) and (i) we first assume that s is purely imaginary, i.e. s =iy, y € R\{0}.
Set A, = a—iy b ] Then N(a,b, \) —iyls = diag(Ay, A\ —iy) = A, ® [X —iy|. Therefore,

b a— 1y
by Theorem 7.1.5,

min{Fin (Ay), Fnin(A — iy)}  if T = 0,
min 7 otherwise,

a:min(]\/v(a, b, )\) — 2y13) = {

where B B B
T:= { 0<t< min{?min(Ay)a%min()‘ - Zy)} | ¢)\—iy(t) + quy (t) >0 },
and
T A =iyl 2= iyl
max - = ; )
zeC\{o} [z(t? — (A —dy)?)z|  [t2 — (A —iy)?|
i o Hix
x ot
zec2\{0} |27 Spx|’

aA—iy(t) =

a, (1) Hy =t — AjA,, Sy =11, — ATA,.

We have Tiin (A —iy) = co. Hence, either T = () and Tmin (N (a, b, ) —iyl3) = Tmin(Ay), or T # )
and Tmin(N (a, b, \) —iyl3) = min T'. Let us determine Tyin(Ay). A straightforward computation
yields that for all teR,

Sp = (= (a® + b = 2ayi — y*)) s,
Ho— t2 — (a® + 0>+ y?) 2iby
b —2iby 2 —(a®+ 0> +y?)]

Hence for every x = [z1 z2]T €C?,

2T S = (t2 — (a* + b* — 2ayi — y?)) (2% + 23),
o Hie = (1% — (a® + 0% + %) (Jz1)? + |22)*) + 4R(iyb 77 22)

Suppose that t? < a? + b? + y? — 2|yb| = a® + (|b| — |y|)?. Then for every z # 0,

o Hix < —2\yb\(\m1\2 + \m2\2) + 4 R(iybT1 22)
< =20ybl (o1 + |w2l?) + 4 [yb] 1| 22|
— 2lbl(fer 2 — [a?)?
< 0.

Thus for t < /a2 + (]b] — |y|)2 the hermitian-symmetric inequality z* Hyz > |o7 S;z| has no solu-
tion x # 0. Therefore Tmin(4,) > /a2 + (Jb] — |y|)2. On the other hand if t = /a2 + ([b] — |y])?
and = = [—sign(yb) z']T then x*Htx =0 = |27 S;z|. Thus

Tmin (A \/a2 + (|6] = |y|)? = min{|a + ib — iy|, |a — ib — iy|}. (7.18)
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Next, we compute QNSAy (t). Set vy := [14]7, vy := [1 —4]T. Then the following identities hold for
all teR.

viSwy = 0,

v3Swe = 0,

viSwy = 207 — (a® + b — 2ayi — y?)],

viHw = 2(a® 402+ % — t2) — by = 2(t — (a®> + (b+y)?)),
vsHwy = 2(a® + 0% +y% —17) + 4by = 2(* — (a® + (b — )?))
viHwy = 0.

In the sequel let 0 <t < Tpyin(A4y). Then ¢ 4, (t) is well defined. Moreover,
v Hyvy, < |vpSivg| = 0, kE=1,2.

If t? = a® + b? — 2ayi — y* then S; = 0 and therefore z*Hyz < |27 Sz = 0 for all x # 0. Thus
$a,(t) = —oc. If t2 # a® + b* — 2ayi — y? then S; is nonsingular, and Lemma 7.4.6 yields

~ v} Hyva| — v/ (v} Hyvr) (v Hyvg) v/ (i Hyvy) (v3 Hyva)

ba,(t) = = - <0.

|U%FStvg| |U%F5tv2|

Let us compute an explicite formula for ¢ 4, (t). Set

ma,(t) := th—2(a® + b3 2 + (a* 4 b* + y* + 2a%0? + 2a%y* — 20%%).

Then
(1/4) (vf Hyon) (w3 Hyva) = (82 = (a® + (b +9)*))(t* = (a® + (b= )*))
= ' =20’ + 0 + ) * + (a® + (b +y)*)(a® + (b~ y)?)
= t'—2(a® +0* + yH) t* + (a* + b + y* + 2677 + 2a%y* — 2b%y?).
= ma,(t) — 20242
and
(1/8) [0 Spal2 = (12 — a® — b? +y?)? + da2y?
= 41— 2(a® +0® — ) 12 + (y° — a® — b*)% + 4a?y?
2@+ 02—y 2 (Bt gt o+ 20207 + 2a%% — 26%%)
= my,(t) + 2022
Thus,

ba (£) = — A
0,(*) [oT Syvs| may, (t) + 2y>t?

V/ (v Hyvy) (v3 Hyva) _ _\/mAy (t) — 2y%t?

Recall from the proof of Proposition 7.4.2 that

t)—y2t2 . .

ak—iy(t) =

[ ma gy (t)—y2t .
mx O otherwise,

where
may(t) =4 — 2222 + (V2 + ¢?)2

We have (EA_Z-y(t) + QAgAy (t) < 0 for t < min{ |\ — iy|, Tmin(Ay)}. Now there are two cases:
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e Suppose |A —iy| > Tin(Ay). Then QNSAy (t) +(Z§>\_Z-y(t) < 0 for all t < Tiin(Ay). Thus, T=0
and

Tmin(N (@, b, X) — tyl3) = Tmin(Ay) = min{|a + ib — iy|, |a — ib — iy|}. (7.19)

e Suppose, |A —iy| < Tmin(Ay). Then T # () and minT = Tmin(N (a, b, \) — iyl3) =: tg. The
number % is the smallest zero of the function

may(t) — y*2 \/mAy (t) — 2y2t2

[ |>\ — Z'3;/|’7~'min(f4y)) Str— Qg)\—iy(t) + QgAy(t) = \/m)\y(t) + y2t2 ma (t) i 2y2t2'

By Lemma 7.2.2 the zeros of this function are zeros of the polynomial ¢ — (m,(t) —
my(t))y?*t2. Since to # 0, it follows that

0 = ma,(to) —mxy(to)
= —2(a® +b* = M) t2 + a* + 0" — X\ + 24707 4 2(a® — b% — \2)y?
= —2(a® + 0% = MO + (a® + 1% — A2)(a® + b* + 2?) + 2(a® — 1% — N?)y2.

Thus,

a2+ b2+ a2 -p2-)% ,

a:min(]\[(av b> >‘) - ZyI3) = t(2) = 9 + (12 + b2 _ )\2 Y

. (7.20)

The latter equation completes the proof of the proposition for the case that s = iy is pure
imaginary. However, we have for arbitrary s€C,

N(a,b,\) —sl3 = N(a — Rs,b, A — Rs) — (Vs)13.

Thus we obtain the full statement of the proposition on replacing in (7.4) and (7.20) y by Ss,
a by a —Rs and A by A — Rs. O

7.5 The 2x2 case

In this section we discuss real pseudospectra of real 2 x 2 matrices with respect to unitarily
invariant norms. These sets yield lower bounds for the pseudospectra of matrices of larger size.
More generally, we have the following result whose proof is analogous to the proof of Corollary
5.2.8.

Proposition 7.5.1 Let VER"*¥ be a real matriz whose columns form an orthonormal basis of
an invariant subspace of A€R™ ™. Then we have for every unitarily invariant norm and every
p=>0,

II- II-
op (VIAV,p) C oy (4,p).

The Proposition below treats the case of 2-dimensional invariant subspaces.

Proposition 7.5.2 Let AcR™"™ and p > 0.
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o(4) = {7i,

15

—7i,0}, p=3.5.

={7i,-7:,0}, p=438.

{7z —72 0} p—8

o(A) {7z —7i, 12} p= s, o(A) = {7i,—7i,12.5}, p=38.
o(A) = {7i,~7i,6.78}, p=6. ( ) = {71, —7i, 7}, = o(A) = {7i,~7i,12.57}, p=8.

Figure 7.7: Real spectral value sets og (4, p), where A€R3*3 is normal.

(1) Let x € R™\ {0} be a generalized eigenvector of A such that (A — A,)"~

g 40 and
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(A—XL,)"z =0, AeR, v > 2. Then

(o 5] o) cot'can, (r.21)

where

O 1= <”<A — M) 2] (A= M) 2a)T (A= ML)" e |2>_%
z ! (A = AL, 1z||3 (A= N, 1z|3 .

(17) Let x1,x2€R™\ {0} be eigenvectors of A to the eigenvalues A1, o € R. If \y # Ao then
A Opy I
OR <|:01 )1\72 2:| ) p> gO-R (A7p)7

|21 s

z1l2llz2]l2

where

Ozt s = |A1 — A2 cot @, ¢ := arccos

(#i1) Let x € C™\ {0} be an eigenvector of A to the nonreal eigenvalue a + ib (a,beR, b > 0).

Then
Il a -0, b Il
OR <|:9—1b a :| ) p) g OR (Ayp)y

o . [l=l3+ =T
T .
213 — 27|

Proof: The proofs of (i) and (i7) are analogous to the proofs of Propositions 5.5.6 and 5.5.7. We
therefore only prove claim (#ii). Let x # 0 be an eigenvector of A to the eigenvalue a+ib, b # 0.
Then 7 is an eigenvector of A to the eigenvalue a — ib. Thus x and T are linearly independent.
Hence, by the Cauchy-Schwarz-inequality, |xTx| = |[T*z| < ||Z|l2]|x]]2 = ||z|3. Thus 6, is well
defined. The continuous functions z +— g1(2) = (22 2l2), 2 — go(2) = R(z22T2), 2 € C,
satisfy gp(iz) = —gr(2), gr(—2) = gr(z). Thus there is z€C \ {0} such that (2% 27x) = 0 and
R(z221z) > 0. Set zp := 2z and z1 := Rap and z3 := Szp. Then z¥zs = (1/2)S(az0) = 0

where

and [[21]3 — )3 = R(eTw0) = 0. Thus | zo] = 21  [[22]3 and
2
g2 zl3+ 12 2] _ lzoll3 + lzg zol _ llzall3 + ll2]3 + (213 = [l2ll3) _ <||$1||2>
=l T2l Jlaolld = lzg izl llwalld + llw2lld — (l2al3 — llz2l3)  \ll22ll2
From the relation Azg = (a + ib)xy we obtain
Axy = axq — bxo, Axo = bri + axs.
Let vy := x1/||z1||2, v2 := —x2/||z2||2- Then vy, vy form an orthonormal basis of the A-invariant
subspace span{z1,xs}, and we have
Avl = avy + 9;11)2)2, A?)Q = _990 bvl + avy.
. a —0;b
Thus, VAV = | , where V' = [v; vg]. O
0,'b a

If AcR?*2 then the inclusions in Proposition 7.5.2 become equalities. The matrices [)(\)1 f } ,
2

[9?1 _b9 b] are the real Schur forms of real 2 x 2 matrices. More precisely, the following holds.
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(i) If A€R?*? has different real eigenvalues A1, Ay or a real eigenvalue A; = Ay of algebraic

multiplicity 2 then there is an orthogonal matrix V € R?*? such that VT AV = [)E)l )i],
6 >0.

(i) If A€R?*2 has conjugate complex eigenvalues a + ib, b # 0, then there is an orthogonal
matrix V € R?*? and such that VT AV = [9;1) _Hﬂ, 04 > 1.

The number ¢ in case (i) coincides with the departure of normality of A defined in (5.11), i.e.

5 = 5(A) = \Jtr(AT A) — (1/2)(tr(A)? + [tr(A)? — ddet(A)]), (7.22)

If A has nonreal eigenvalues then by calculating the right hand side of (7.22) one obtains the
following relation between 0(A) and 4.

5(A) = |b|\/0% + 0,2 —2. (7.23)

Thus 6(A) is an increasing function of 84, and 04 = g((§(A)/|b|)? + 2) where g(-) is the inverse
of the strictly increasing function 0 — 6% + 672, 6 > 1.

The next Theorem is the main result of this section. It shows how the function

S’—>ﬁ]‘1¥“(14—8]2), AeR?**2 seC

can be calculated by solving a 1-parameter minimization problem provided that the underlying
norm is unitarily invariant.

Theorem 7.5.3 Let || -|| be an a unitarily invariant norm on C**2 and let || - || be the absolute

and symmetric norm on R?*? such that | X|| = || [omax(X), omin (X)]T || for all X € R?*2. Let
_ |2 ¢ 2x2

A—{b d]ER and s € C.

(1) If seR then

g (A= sl) = omm(A—sh) = ‘ \/(S - %1)2 + (%)2 - \/(a;2d)2 + (%)2

(17) Suppose s ¢ R. Forn € R\ (—Ss,s) set

fo) = (s — =) 4 (n - 050
o) = W?—(%V—W%)%(%?

oo < gl

)

n) —g(n

Moreover, let
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Then we have "
fig (A—sly) =min{ ¥(n) | [Ss| <[y <R}

Let ng €R be such that |Ss| < |no| < R and ¥(ng) = ﬁ]!é” (A —sl3). Then a real matriz Ag

with || Ao = ﬁ]‘l‘é“ (A —slz) and s€o(A+ Ag)) is given by

q(no)
a(mo) 55 +m0  —q(no) 454

a—d
c

Ao =

where

By means of Theorem 7.5.3 real pseudspectra of 2 x 2 matrices can be computed numerically.
Figure 7.8 shows some examples for different norms. For the spectral norm the computation can
be simplified by using the following explicite formula which generalizes the result of Proposition
7.4.2.

a c

Theorem 7.5.4 Let A = [b d

] € R**2 gnd s € C\ R. Then

2
Fnin(A — s12) = \/(%s )t (bT - (5597 (29 + (39 ) .

A real matriz Ag with ||Al] = Tmin(s Iz — A) and s€o(A+ Ay) is given by

. R - o5 - (gt /O (507 @01
Ty (59 (43" 4 (92 s — 234
{1 ife—b<0,
where K =
1 ife—b>0.

Observe that the matrix Ag in Theorem 7.5.4 is normal. It has been used in [51] to construct
lower bounds for real pseudospectra. However, the optimality of Ay has not been shown in that

paper.

For the proof of Theorem 7.5.3 and Theorem 7.5.4 we need the following three lemmas.

Lemma 7.5.5 Let yeR\{0}. Then

{ Xer??| iyEa(X)}:{ [Cin C_—gn] ‘ & CeER, P - =y’ }

Proof: This follows from the equivalence
iyco(X) < (tr(X) =0, and det(X) =3?),

which holds for all X e R2%2 O

For the next lemma we need some notation.
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Notation 7.5.6 In the sequel,

Ri=3 |V 7Y
: -
a ¢ 2x2 #
For A = eR we set Ap =
b d %

Lemma 7.5.7 The following statements hold.

x,yE]R}, S =

157

(i) We have the direct decomposition R?*? = R@®S with accompanying projections A — Ag €

R, A— Ags€eS.

(ii) For all x,y€R and every vER?,
b el
y 9

-

(i4i) The singular values of A€R**? are

Thus,

2

omax(A4) = [|A]l2 = [[Arll2 + | As ]2,

¥

_ﬂv = V% + 2 jv])s.
2

z Yy — 2 2

Y _x] 2—\/33 + y-.

omin(4) = | [|A=|l2 = [[As]l2 |

Proof: Claims (i) and (i7) are easily checked. Claim (#ii) could be verified by a straightforward
computation. However, we prefer the following more geometric proof: (iii) follows from (i7) if
Ar = 0or As = 0. So let Ag # 0, As # 0. Then det(Ar) > 0,det(As) < 0 and hence
det(AgA{zl) < 0, so the pencil As — MAr has a positive and a negative eigenvalue, i.e. there

are Ay > 0,A\_ < 0,v;,v_€R?\ {0} such that

Asvy = Ay Aruy,

We have

[ARl2 = [[Asll2 | [lv-]|2

and for all veR?2,

[ 1AR[l2 = [|4sll2 | [[v]l2

AS’U_ = )\_ARU_ .

AR2 lo-ll2 = | Asll2 [lo-l2 |
[ AR v—|l2 — [[As v—]]2 |

AR v_l2 = [A-] | AR v—]2 |
11— A=[] AR v-|l2

L+ A | [[Ar v-]l2

[ (1+A)AR v_]2

| Ar v— + As v_||2

| Av_||2,

[AR2 lvll2 = [[Asll2 [[v]]2 |
[[Ar vll2 — [|4s v[2 |

|AR v+ As vl|2

| Av|2.
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Thus [[[Ag[[2 — [[Asll2| = minyo ”ﬁfﬂ'f = Omin(A4). Analogously one obtains the relations
(IARI + [ 4sl2) [o:4]l2 = [ Avs 12 and [Aglz + [ As]lz = masx,z0 12 — () .
Lemma 7.5.8 Let ||-|| be an absolute and symmetric norm on R? and let ¢(z,t) = 'H [i t i] ,

where x,t €R. Then the functions x — ¢(x,t), t — ¢(x,t) are increasing on [0,00). They are
decreasing on (—o00,0].

Proof: We have for every x,t€R,

o —x—t| || _ | —z — 1t _ x4+t _
Cacd manl) B Tiawi) iy il o | BXUS
and, analogously, ¢(z,—t) = ¢(x,t). Thus, the claim follows from convexity of the functions
x— ¢z, t), t— o(z,t). O

Proof of Theorem 7.5.3 and Theorem 7.5.4: Let A = [b d] €R?*2 and s€R. Then we
have according to Corollary 2.5.5 and Lemma 7.5.7,

fig (A—sD) = owpn(A—sh)=|[(A-sh)gll — [I(A - sh)s| |
_ ‘\/ a+d +(b—c) _\/(a;d)2+<b—2kc)2

Next, we are going to determine ﬁ]al% (A —sly) for s ¢ R. Let y := Qs # 0 and Dy := { n¢€
R | |n| > |y| }. For ne D, set

Pn:{[fn]T\§2+C2=772—y2}, X777§7§::|: ¢ C_n:|

¢+n ¢
Then by Lemma 7.5.5, { X €eR**? | iyeco(X) } ={ Xyec| neDy, [EnT€P, }. Thus

fig (A—sl) = min{ ||A]l| AeR>?, sco(A+A)}

= min{ |A|| AeR*?, iyco(A— (Rs)lo+A) }
= min{ | X — A+ Rs)Lo|| | XeR>?, iyeo(X) }
= min{ [ Xnec— A+ Rs)La|| | neDy, € 17]TEP77 }
= min{ ¢(n) [ neDy },

where

Y(n) =min { [ Xpec— A+ Rl | En]" €py ).
We determine ¥ (7). Set a:= (Rs)Is — w, B := bT, = Td, 0= %. Then

n— «

B
7 )

(X77757C —A + (%S)IQ)R = |: o 7] B):| 7
(Xpec— A+ (Rs)l)s = [
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and, by Lemma 7.5.7,
[(Xpec— A+ Rs)D)rllz = Va2 +(n—5)? = f(n)
[(Xnec— A+ R)L)slz = VI(E€—7)2+ (¢ —8)2=:h( ),

Omax(Xnec — A+ Rs)l2) = f(n) +h(&Q),

(

Omin(Xpec — A+ Rs)l2) = [f(n) — k(& Q-
Thus
_ -Umax( - A +
[Xnec— A+ Rs)Lof| = | Omin (X Ziz — A+ } ‘H
- |[Hp=hed H\
LLf(m) —
= fn) +h(E, O] '” (since the norm || - || is absolute)
Lf(n) = (&, Q)
= o(f(n), h(& Q)
where for all z,t€R,
e[

By Lemma 7.5.8 the function 0 < ¢ — ¢(f(n),t) is increasing. Therefore,
d(n) = min{ [Xyec— A+ Rs)L2|| | En]"€Py}
= min{ ¢(f(n),h(& Q)| [En"€py}
= o(f(n),9(n)),

where

gn) = min{ Q)| [ TeR,}
= min{\/(f—’y)2+(f—5)2| (€ C]TGPH}
= min{ [|lle (" =B al" 2 | &CeR, I Qb= VPP )

The minimum is attained for the vector

ol =il o=

= |V =2 =+

A matrix A, € R?*? satisfying s€ (A + A,) and ||A, || = ¢(n) is given by
Ay = Xygiom — A+ Rz

_ alm)y  am)é—mn| <
B {q(n)5+n —q(n)y ] A+ (Ra)le

and we have

159
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Next, we show that min,ecp, 1 (n) is attained for some 79 in the interval [-R, R|, where R =
max {\ﬁ| s+ 0%+ y2} . The functions f, g : D, — R is differentiable on the set

Dyi={neRr | Inl > Iyl a®+ (=82 #0, ViP =y # V77 + 3 }

and we have

f'tn) = VE;}%QﬁF, dm%=wm(¢ﬁ—wﬂ—vh2+ﬁ)—;gjﬁ.

The derivatives satisfy f'(n),¢'(n) >0 if n > R. and f'(n),¢'(n) <0 if n < —R. Hence,
)

f(R) < f(n), 9(R)
f(=R) < f(n), g(—R)

Thus, Lemma 7.5.8 yields

Y(R) = ¢(f(R),9(R)) < o(f(n),9(n) =¢(n) ifn=R,
P(=R) = ¢(f(=R),9(-R)) <

Thus min,ep, 1(n) is attained for some 7y satisfying |no| < R. Next, we determine Tiin(A—s12),
i.e. we consider the special case in which || - || is the maximum norm on R2. In this case

Y(n) = o(f(n),9(m) = f(n) +gn).

The derivatives of f and g satisfy

P gl > 1 siga(g () =sign (V2 =17 = V37 + ) sign(n).

Hence we have for 7, := \/7? + 02 4+ y? and all n€ Dy,

<0 ifn < —n,

>0 if —n. <n< -yl
<0 if |yl <n<mns,
>0 ifn. <n.

Y'(n) = (f+9)(n)

These inequalities together with the continuity of 1) and the fact that the set D, \ Dz’} is finite
yield that the local minima of ¢ : D, — R are at the points +n,. Thus

Tmin(A —sly) = inf{ ¢¥(n) | neDy, }
= min{¢ (—=n.), % ()}

= min{\/a2 + (m—5)2,\/a2 + (—\/m—ﬁf}
— Jort (18- VT E TR

- (5 )
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Finally, note that g(&n.) = 1. Thus, a matrix Ay, € R?*? satisfying s € o(4 + Ay,.) and
| A4y, |l2 = ¥(£n.) is given by

Bin = |54 (o) 5__(?7*) A+ (Ro)E = (Rs)ly — A + [( i(:?*) _%77*)].

O

A1 0
0 X
5.5 it has been shown that 0 < d; < dy implies ag)(A(;l,p) C a((g)(A52,p). Moreover, it has
been proved that (J;-, O'((CQ)(A(;,p) = C for any p > 0. The former statement also holds for
real pseudospectra while the latter does not, as the next proposition shows. We continue with
denoting by

We now give an application of the just proved result. Let As := [ ] € R?*2, In Section

— Jer(ATA) — (1/2)(6r(A)? + [tr(4)? — 4det(A)])
the departure from normality of the 2 x 2 matrix A.
Proposition 7.5.9 For any p > 0 the following assertions hold.
(i) Let A, BER?**? with 0(A) = o(B) and 5(A) < 6(B). Then J%(A,p) C UI(RQ) (B, p).

(i) Let (Ag),ey, be a sequence in R2%2 satisfying o(Ag) = o(Ag) for every k€N and
limy .0 0(Ax) = 00. Then

0w (A, p) =RU{seC | |Rs— (1/2)tr(4A)| <p}.
keN

Proof: Let A\, \o,a,b€R. For s€C and d > 0 we set

fils) = W (s = 242)" (97 - (22) + (@)

3 2
)

fs(s,0) = ‘\/ﬁs—a +(8)" + 02 _g‘

hiser \/(x_a)2+<\/(%)2+b2—\/(%)2+(%s)2>2.

Then, by applying Theorem 7.5.4 to the real Schur form of A € R?*? we obtain after a direct
computation:

o If 0(A) = {\1, A2} then

~ g _ A1 5(A) s . fl(s,é(A)) if seR,
Tmin(A = 812) = Tmin <[O A2 ] IQ) B {fg(s,é(A)) otherwise.
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o If 0(A) = {a +ib,a — ib} then (using relation (7.23)),

- _ o~ a —0ab| ) f3(s,0(A)) if s€R,
Tmin(4 312)_7““([9;11) } SI2> _{ f1(s,5(A))  otherwise.

Thus, the claim is a consequence of the following easily verified facts.

e For each s€C the functions 0 > § — fi(s,d), k =1,...,4 are strictly decreasing and

6hm fl(375) = 6hm f3(375) = 07

lim fa(s,0) = ‘?Rs— Mt A ,
d—00 2
6lim fa(s,0) = |Rs—al.

O

From claim (i) of Proposition 7.5.9 we obtain the following corollary.

Corollary 7.5.10 Let AcR?**2 be normal. Then for any nonsingular S €R?*? and any p > 0,
a]g) (A,p) C O‘](Rf)(SAS_l,p). (7.24)

In the next section we discuss the question whether (7.24) holds for all normal A € R™*" n

arbitrary.

7.6 Two conjectures

In Section 5.3 we have shown, that if A€ C™*™ is normal then for any nonsingular S € C"*"™,
00 (A.p) C ol (SASTY, p).

We conjecture that this statement holds with C replaced by R:

Conjecture 7.6.1 Let AcR"™*™ be normal. Then for any nonsingular S € R™™ and any p > 0,
o (A,p) Cog (SAS™L,p).

In the last section we have seen that Conjecture 7.6.1 holds true for n = 2. Below we will show
that Conjecture 7.6.1 is closely related to the following.

Conjecture 7.6.2 Let M, c C#*% k=12 and M3cCT*2. Then the function

)

1S 1ncreasing.

Conjecture 7.6.2 has been confirmed by numerous numerical experiments. However, all our at-
tempts to find a proof failed. We now discuss the consequences of Conjecture 7.6.2. In particular
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Schatten-1-norm Frobenius norm spectral norm

2 allp
V"

3 2 1 0 1 2 3 3 2 1 0 1 2 3 3 2 1 0 1 2 3
2 2 2
2 2 2
15 15 15
1 x 1 1
05 05 05
0 0 0
05 -05 -05
-1 x -1 -1
-15 -15 -15
-2 -2 -2
%35 = 15 1 w05 o o5 1 15 2 25 P35 % 15 1 w05 o o5 1 15 2 25 P35 % 15 1 w05 o o5 1 15 2 25

Figure 7.8: Pseudospectra a]‘g“ (A, p) of 2 x 2 matrices. Upper row: p = 1, o(A4) = {—1,1},
d(A) = 5. Lower row: p = 1.3, 0(A) = {—i,i}, 6(A) =0.

5 5
— 3(A)=20 ~3(A)=100 ~3(A)=20 ~3(A)=100
ar , ar
3(A)=10 -
3t , 3+
3(A)=10 -
2t 1 af m
1+ m , 1+ x
3(A)=0 -

ok @ > R ok 8(A)=0-/|L 5(A)=1.25 R |

-1 w , -1 x
W
-2r , -2t h
3 —

1 7 ) W
_al | 4t
-5 -5

5 -4 -3 -2 -1 0 1 2 3 4 5 5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 7.9: The sets { sEC\ R | Tin(sI — A) = p }, A€R**2, Left: 0(A) = {-1,1}, p=1.3
and §(A)€{0,1.5,10,20,100}. Right: o(A) = {—i,4}, p = 1.3 and 8(A) € {0, 1.25, 10, 20, 100}
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we show that Conjecture 7.6.2 together with an additional assumption implies Conjecture 7.6.1.
Let A, eC™>™ | =1,2, and A3€C™*"2, Set

Al T’Ag
.— >
A, : [ 0 Az} , r>0.
Then, for any s € 0(A,) = (A1) Uo(Az2) we have
-1
a1 8Ty — Any —As
(SInH-nz Ar) = [ 0 sI, — Ap,
_|(sIny — Am)_l 7 (sln, — An1)_1A2(SIn2 - Anz)_l
o 0 (s, — Am)_1

Thus, the Conjecture 7.6.2 implies that the function
[0,00) 7+ T1(($Iny4ny — AT)_l ) = (Tmin(8Iny4ny — Ar))_l

is increasing. Since the real pseudospectra of A, satisfy

UI(RQ)(AM p)=0(A)U{seC\o(4A) | Tmin(slhy4n, —Ar) <p }.

we obtain the following result.

Corollary 7.6.3 Suppose the Conjecture 7.6.2 holds true. Then 0 < ry < ro implies that

(2 (2
O-R(ATlvp)gUR (AT27p)7 pZO (725>

Corollary 7.6.3 is the real counterpart to claim (a) of Proposition 5.6.1. The latter has been
extended to the multiparamenter case in Theorem 5.6.6. Let us state the real analog to that

Theorem. For r = [r1,...,7m_1]T €[0,00)™ ! consider the block upper triangular matrices
A11 7“1A12 7“1T2A13 T17“27“3A13 e rirors ... Tm—lAlm
Ao roAg3 ror3A24 ror3 ... Tm—1Aom
A3 r3A34 3. Tm—143m
AT = )
Am—l,m—l Tm—1Am—1m
Amm

where A, € CiX™k,

Proposition 7.6.4 Let r,r' € [0,00)™ 1. Suppose Conjecture 7.6.2 holds true. Then r' < r
(componentwise) implies that a](R?) (A, p)C O'](R?) (A, p) forall p> 0. In particular we have
(2

(2) (2) (2)
op (Ar, p) 20 (Ao, p) =op <@jemAjj7p>: U or (4@ Ak, p).
1<j<k<m

Proof: This follows from Proposition 5.6.1 and the fact that for each index k < m — 1 the
Aqp(r) TkAASk(T)

matrix A, can be written in the form A, = [
0 Aoy (r)

} , where the matrices fljk(r) do
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not depend on the component 7 of 7. ( Observe that we used the same argument as in the
proof of Theorem 5.6.6). O

We remind the reader of the real Schur form of a real square matrix (see e.g. [61]). Let
AeR™ ™ n > 2, have real eigenvalues Aq,...,\, and nonreal eigenvalues a; & iby, ..., a, £ ib,
(aj,b; € R,b; > 0) counting multiplicities. Then there is an orthogonal matrix @ € R"*" such
that QAQ ! is block upper triangular and the block diagonal D of QAQ ™! is of the form

—0;b;
D = diag(A1, ..., Ap @@[ ] 0; > 1.
j€q K

If Conjecture 7.6.2 holds then Proposition 7.6.4 yields

on (A, p) = op (QAQ7Y, p)

(2)
2 og (D, p)

. (2) A O (2) a; —9j bj ag —0) by
- U R([o Ag]’p>u U "Rqajlbj a; @0;1bk ar |77

1<j<k<p 1<j<k<q
U J om (N(a,b5,05 M), 0), (7.26)
JE€q,kEP
where
a —0b
N(a,b,0,\):= [67'b a 0], for a,b, \eéR, 0 > 1.
0 0 A

The inclusion 7.26 can be simplified using the fact that

(2) a; —9j bj ag —0, by, (2) [ a; —9j bj (2) ag —0. by,
IR < [Gjlbj a; @ Glzlbk ag P = IR _Hglbj a; P UoR Glzlbk ag

(by Corollary 7.1.6)

@ ( [a; —b; ap —bg
JR<_bj aj] p>U R([bk ak]vp)

(by Proposition 7.5.9)

U

I

= D(aj + b, p) UD(ay + ibg, p).

Hence,

(2 ©)] A 0 .
o (A, p) D U 0£<[01 )\2:|7p>UU'D(aj+ij,p)

1<j<k<p J€q
U U UR a]vijej’kk) ) (727)
JjEgkep

We now claim the following:
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Claim 7.6.5 For all a,b, \eR, s€C the function
1 <0+ Tmin(N(a,b,0,\) — sl3)
is decreasing.

The claim can be shown by means of the methods used in the proof of Proposition 7.4.4. However,
the computations are tedious and will not be given here. The claim implies that for any p > 0,

o (N(a,b,0,)), p) 2 o (N(a,b,1,\), p).

By combining this with (7.27) we obtain

Proposition 7.6.6 Let A€ R"*", n > 2, have real eigenvalues Ay, ..., \, and nonreal eigen-
values ai £ iby, ..., aq £ iby (aj,b; €R,b; > 0) counting multiplicities. Suppose that Conjecture
7.6.2 and Claim 7.6.5 hold. Then for any p > 0,

(2 @ (A 0 . (2
O-R2(A7p) 2 U O-R2 <|:01 )\2:|7p>UUD(a]+Zb]7p)U U Jﬂg(N(ajvijej)Ak%p)

1<j<k<p Jjeq Jj€g.kep

(2)
= o (Ao, p), (7.28)

where
a:  —bs
AO::diag()\l,...,)\)@ |:] ]:|.
pe@p

J€q

Equation (7.28) holds by Theorem 7.4.1. Assume now that A is diagonalizable. Then there is
a nonsingular matrix S € R"*" such that A = SApS~! and the inclusion in Proposition 7.6.6
reads

o (54057 p) 2o (Ao, ).

Hence, Conjecture 7.6.2 and Claim 7.6.5 together imply Conjecture 7.6.1.
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7.7 Root sets of uncertain polynomials

We mentioned in Section 6.1 that a computable formula for ulu&f”(M ) and arbitrary M € C7*!
is known only for the case that the underlying norm is the spectral norm. However, if M is a
column or a row vector then one has the following result which holds for arbitrary norms. It
reduces the computation of ulu&f ”(M ) to a 1-parameter optimization problem.

Theorem 7.7.1 [{2, 48, 53] Let M € C™! (M € C'*™) and let || - | be a norm on R*™
(R™*Y). Furthermore let x = RM, y = SM. Then

iy — minlle — tull? 9
pr (M) lggﬂgllx tyll (7.29)

where || - |P denotes the dual to the norm || - ||.

In other words, Theorem 7.7.1 states that ,u%f”(a: + iy) equals the distance of the vector z € R™
to the one-dimensional vector space Ry with respect to the norm || - ||”. By means of this result
one can compute root sets of interval polynomials or, more generally, root sets of polynomials
whose coefficients are subject to linear real perturbations. We are now going to discuss this in
detail. In doing so we also deal with complex perturbations.

Let p and ¢, . . . g, be polynomials of arbitrary degree with complex coefficients. We consider
perturbations of the nominal polynomial p of the form

p(s) ~ ps(s) :=p(s) — Z(quj(s), §=1[01,...,0,]cF>m (7.30)
j=1

The associated root sets with respect to the perturbation level p > 0 and the underlying norm
| - || on FYX™ are defined by

A "
R]lllr (P;q1y -y Gm,p) = { s€C| J5eFHX (|10l < p and ps(s) =0) }.

If the degree of the polynomials g; is less than the degree of p then the root sets RI!#” (P;q1s- - s Gms P)

are spectral value sets. This can be seen as follows. Without loss of generality we may assume
that p is monic. Then p and the polynomials ¢; of degree deg(g;) < deg(p) =: n can be written
in the form

n n
p(s) =s" + Z apst L, qi(s) = Z cjksk_l
k=1 k=1
with coeffients ay, c;r € C. The polynomials ps then are
m n
ps(s) = p(s) =Y djqi(s) ="+ ar(6) ",
j=1 k=1

where

ak(é) = ap — Z (5]' Cjk-
j=1
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The roots of ps coincide with the eigenvalues of its companion matrix As € C**". This matrix
can be written in the form

0 1 0 1 [0] _611 - Cim
= + [(51 . (5m]
0 1 . aO Z (1)
—a1(6) —anp-1(0) —an(9) — ol “Un—-1 TUn 1] [Cm1 - Cmm
- - M v '
:‘;‘5 =4o =:€n =:C

Thus, we have for all p > 0,

-1l H I
R]F (pa q1, - "anvp) = (A07€TL7C ,0)
-1l

= o(Ao) U{s€C\o(Ao) | pg (Csn — Ao)'en) > p~ "} (7.31)

The vector C( I, — Ag)"te, can be written in a more explicite form: For s € C let § =
[1s 52 ... 5" )T Then (sI, — A¢)é = p(s) e,,. Thus,

O(SIn - AO)_len = C(p( ) 1§)
= D
= D
By combining this with (7.31) we obtain

Re' (0341, .-+ qmsp) = R(p) U{ s€C\R(p) | f(s)>p "}, (7.32)

where R(p) denotes the set of roots of p and

f(s):=pr (p(s) " ar(s) a2(s) - am(s)]"). (7.33)

However, the derivation of (7.32) via spectral value sets is somewhat indirect. There is an
alternative method which also works for the case that deg(g;) > deg(p) for some jem:
Note first that the definition of y for a column vector M € C™*! = C™ reads

pe (M) = (min{||6]| | §€F>™ 1ea(5M) ) - (7.34)

= (min{||6]| | SeF>m M =1 }) . (7.35)

Observe further that if s ¢ R(p) then 0 = ps(s) = p(s) — Y7, 9; ¢;(s) if and only if

(8109 ... 0 | p(8) Har(s) q2(s) ...qm(s)]F = 1.
Thus, the function f defined in (7.33) satisfies

f(s) = nmp (p(s)Haqi(s) @2(5) - gm(s)]")
= (min{|lg] | §€F™, 5p(s) "  [a1(s) a2(s) - qm(s)]T=13)""
— (min{||6]| | SEF>™, ps(s)=0}) "

This yields (7.32). We remark that with an analogous reasoning one can treat spectral value
sets of matrix polynomials. This has been done in [23, 40, 41, 44]. We note further, that if
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deg(ps) is not constant for all § € F™ satisfying ||d|| < p then the root set RIHF‘” (P;q1s - s Gms P)

is unbounded. The proof is left to the reader.
We now discuss p-functions of column vectors in detail. If M € F™ = F™*! and || - || is a
norm on F1*™ then

HI‘B“A”(M) _ (mln{H(sH | 5€lem, SM = 1 })—1 = max |5’M| = HMHD (7.36)
S€F Xm
[18"]1=1

For the case M € C™, F = R, we have by Theorem 7.7.1,

Il-1 . D
= —_ t
pr (M) = minllz —ty",

where z = R®M, y = SM. Let us give the proof. The relation &(z + iy) = 1 with § € R1*™
implies 0z = 1 and dy = 0. Thus § # 0 and 1 = é(x — ty) for all t€R. Hence,

1=10(x —ty)| <||6]| |z — ty|”, for all teR.

Consequently, ||6]| ' < minger ||z — ty||”. Since this inequality holds for all § satisfying M = 1
we conclude

-1l . D
< — . .
pr (M) < minllz —ty| (7.37)

We show that the latter inequality is actually an equality. Assume first that x = tgy for some
to€R. Then there is no ¢ such that dz = 1 and éy = 0. Thus ul‘g“(M) =0 = mingeg ||z — ty||”.
If y = 0 then mingeg ||z —ty||P = ||z||P = |M]||P = ,u&“ (M). The latter equation is (7.36). The
remaining case is that z and y are linearly independent. In this case there is a linear functional

g : spang{x,y} — R such that g(z) = 1, g(y) = 0. Its operator norm with respect to the norm
(Rt

lg(A1z — Aay)|

max —D
(A1 A2)eR2\{0} [[A1z — Aoyl

max Ml
(1 A2)eR2\ {0} [[ A1z — Aoy |P

1

max
Orager2\for |z — (A2/A1)y||P

21#0

-1
= i — tyllP
(ggﬁl\\w vl >

By the Hahn-Banach theorem g can be extended to a linear functional g : R™ — R with the
same operator norm, |||g]| = |lg||. Let § € R¥X™ be such that §(¢) = 6¢ for all £ € R™. Then
s ~ . .

1611 = (I8]1P)P = maxeo foeb = g1l = llg]l. Thus, equality holds in (7.37). O

llgll =

Since || - [|¥ = | - ||2 we have for z,y €R™,
(2) . .
s o i) = min e~ tylls = /el — (aTy)2 (7.33)

The proposition below treats the p-problem for the maximum norm.
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Proposition 7.7.2 Let v = [z1... 2T €R™ and y = [y1 ... ym|T €R™\ {0}. Then

(o0) . .
i (@ + i) = min [l — (@ /)yl (7.39)
v
Proof: Since |- ||2 = |- |1 we have by Theorem 7.7.1 that uﬁ{o)(:r + iy) = mingep h(t), where

m
h(t) = e =ty = 3l — tyal-
k=1

Let P={ xp/yr | k€m, yr # 0 }. Then R\ P is a disjoint union of intervals. The closures of
these intervals cover R. Let J be such an interval with the property that minscg h(t) is attained
at cl(J). Since JN P = () the functions t — x — tyx, k €m, do not change sign on J. Hence the
restriction hlq(s) is an affine function and attains its minimum at 6J C P. g

By using (7.38) and (7.39) the sets root sets Ry “ (p; g1, - - -, Gm, p), @€ {0, 00}, can be determined
numerically. An example is given in Figure 7.10. It extends an example from [42]. The figure

shows the root sets R “ (p; 1, ¢2, p) and the boundaries of R(léua (p; q1, q2, p) (dashed curves) for
a = 2,00, and the polynomials

p(s) = (s+2)%(s+0.5+0.5i)(s 4+ 0.5 — 0.5)

= 4552 4+8552+65+2, (7.40)
q(s) = s*+4s5+3.25,
q@2(s) = 1.5s+1.

We now consider root sets of interval polynomials. The latter are defined as follows. Let
a=[ar...an]t €R™L B =105 ...8,41]7 €R"! be real vectors such that o < 3 (conpo-
nentwise). Then the interval polynomial P[a, (] is the set of polynomials p of the form

n+1
p(s)=> ars™ ', ax <arp < B
k=1

The corresponding root sets are

Rla, ] :={ seC| p(s) = 0 for some peP[a, 3] }.

Let
n+1
F(o) = 3 S P Bl N )

The polynomial p€ is called the center polynomial of P[a, 5]. We have
P[Oé,ﬁ] :{pc+27j§115j%’ | VjEn_—HIéjER, |5J|§1}7
and therefore

Rl = Rp (0% d1. - qni1s 1) = R U{ sEC\RGE) | fap(s) =1 },
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where R(p€) is the set of roots of p¢ and

(), o)\
fap(s) = pg (p°(s) " a1(s) a2(s) .- qusa(s)]"). (7.41)
The function f, g(s) can be evaluated via Formula (7.39). The complex counterpart to R[c, ]
is the set
R, 8] := { s€C | p(s) = 0 for some pe P [a, §] },

where
PCla, 8] = { p°+ 2216545 | Vien+1:6,€C, |5/ <1},

Figure 7.11 shows the sets R[a(®), 3(*)] and the boundaries of the sets RC[a), 3], k = 1,2,
where

a (1.5 -9 75 45 1]T,

g = (25 21 95 55 1], (7.42)
o = [15 —6 85 4.5 0.5]T,

B2 (2.5 18 8.5 5.5 1.5]7.

In both cases the center polynomial is the polynomial p defined in (7.40).
Figure 7.12 shows the root set of the interval polynomial

12 12
pa(s)=JJ(s+k)+> 6", 6;€R, |6 <7 forall je12. (7.43)
k=1 7j=1

The figure indicates that the roots —2 and —1 of the center polynomial are insensitive to per-
turbations.
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[p=10492

[l

Figure 7.10: The root sets Ry “ (p; q1, g2, p) for the polynomials p, ¢1, g2 defined in (7.40). Upper
row: a = 0o. Lower row: o = 2. The crosses mark the zeros of p.

Figure 7.11: The root sets of the interval polynomials R[a(“), B(“)] and the boundaries of the
sets RC[a(®), 8(®)] (dashed curves) for a®), 8(%) defined in (7.42).
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30 =

20 : , ‘ .

Figure 7.12: The root set of the interval polynomial defined in (7.43). The crosses mark the
zeros of the center polynomial.



Appendix A

Hermitian-symmetric inequalities

The appendix deals with hermitan-symmetric inequalities. The material is organized as follows.
In Section A.1 we derive a lower bound for the positive semi-definite inertia of a hermitian sym-
metric matrix pair. The latter yields a lower bound for real perturbation values which extends the
result of Corollary 6.7.2. In Section A.2 we discuss the canonical form for hermitian-symmetric
matrix pairs. The canonical form is needed in the proof of the BQR-theorem (Theorem 6.1.11)
which will be given in Section A.3.

Recall from Chapter 6 the notation
HSn:{(H7S) ‘ Hyse(cnxnv H*:Ha STZS}»
and for (H,S)€eHS,,

i.(H,S) = max{keNg | There exists a k-dimensional subspace & of C"
such that o*Hz > |21 Sz| for all z€ X },

i (H) = max{ k€Ny | There exists a k-dimensional subspace X of C"
such that z*Hz > 0 for all ze X }.

In the sequel |-] denotes the entire function, i.e. for all z€R, |z| = max{ k€Z |k <z }.

A.1 Lower bounds for i (H,S) and 7;,(M)

The aim of this section is to derive the following estimates.
Proposition A.1.1 For all (H,S)€HS,, i, (H,S) > [i.(H)/2].
Proposition A.1.2 For every M €C9! and k€N, 71(M) > oo (M).

The proof is based on the lemma below.

Lemma A.1.3 Let S€C™ " be a symmetric matriz. Then each subspace X of C™ contains a
subspace X' of dimension dim X' > |dim X /2| such that 27 Sz =0 for all x€ X'.

Proof: The mapping X x X > (z,y) — 2z’ Sy is a symmetric bilinear form on X of rank r,
say. As is well known (see e.g. [32]) X has a basis B = (x1,...,x)) such that

1 ifj=1<
a:;rSa:l = = - "
0 otherwise.

174
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For j=1,...,[r/2] set 2} == x; + i%, , ;- Then X' :=span{z],... ,.Z‘/LT/QJ,,Z‘T_H, ...,z } has
the required properties. O

Proof of Propositions A.1.1 Let (H,S) € HS,, and let X C C" be a subspace such that
dimX =i (H) and z*Hz > 0 for all x € X. By the lemma above X contains a subspace X’
of dimension dimX’ > |dimX'/2| such that 7Sz = 0 for every # € X’. The latter implies
v*Hz > |27 Sz| for r€ X', Hence i. (H,S) > dimX’ > |i_ (H)/2]. O

Proof of Proposition A.1.2 Let M € C?*! and k € N. If 2k > min{l, ¢} then oo (M) = 0,
and the statement of Proposition A.1.2 is trivial. Assume that 2k < min{l, q}. Choose pairwise
orthogonal and normalized right singular vectors vy, ..., vq to the 2 k largest singular values of
M, i.e. vectors such that

1 ifi=j
M*Mvj:o*?(M)vj, viv; = ] i,7 €2k.
0 otherwise,

Then we have for every x € X := span{vy,...,v2} that *(M*M — o3, (M)I;)x > 0. Thus
i (M*M — 02, (M)I;) > 2k. Now, Proposition A.1.1 yields,

iy (M*M — o3, (M)I;, M"M — 03, (M)I,) > k.
Hence, 7,(M) > o9 (M) by Theorem 6.1.7. O

A.2 The canonical form of hermitian-symmetric matrix pairs

In this section we discuss the canonical form for hermitian-symmetric matrix pairs under the
simultaneous congruence transformations

(H,S)— (P*HP, PTSP), PcC™" invertible.

The geometric meaning of such transformations is the following. Let V' be an n-dimensional
complex vector space endowed with a hermitian form A : V x V — C and a symmetric bilinear
form s: VxV — C. Let B be a basis of V and let [v]g € C™ denote the vector of the coordinates
of veV with respect to B. Then (as is well known) there exists a pair (H, S)€HS,, such that

h(v,w) = [v]g H [w]B, s(v,w) = [v]§ S [w]s for all v,weV.

Let B’ be a second basis of V' and suppose that the change of coordinates [v]p — [v]g is given
by [v]g = P[v]p for all veV, where P is an invertible n x n matrix. Then

h(v,w) = [v]g P*HP [w]g, s(v,w) = [v]5 PTSP [w]a for all v,weV.

Thus the pairs (H, S) and ( P*HP, PTSP) represent the same pair of forms, (h, s), in different
coordinates.

In order to understand the canonical form which will be given below one first has to un-
derstand another issue, namely the basics of the theory of antilinear operators. An antilinear
operator between complex vector spaces Vi and V5 is a map f : V3 — V5 with the properties

fw) = Af(v), flo+w) = f(v)+ f(w) for all v,weVy, AeC.
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Let CeC™ "™, Then the map
fc:C"—=C" fe(lx) =C=x

is antilinear. Conversely, let f: V' — V be an antilinear operator, where V is an n-dimensional
complex vector space with basis B. Then there exists a matrix C € C™*™ such that

[f ()]s = Clv]s = fo(lv]s)

for all ve V. Let B’ be a second basis of V, and let P be the matrix with [v]g = Plv]p for all
veV. Then we have

[f(v)]g = P~'CP vl

Thus the matrices C and P~'CP represent the same antilinear operator with respect to different
bases. Transformations of the form

C — P7ICP, PeC™" invertible

are called consimilarity transformations (see [61, Section 4.6 |). The square f2 = f o f of an
antilinear operator f : V — V is a linear. For the squares of the operators fo, C € C"*", we
have that

fa(z) = fo(fo(x)) = Cfo(x) = CCT = CCx for all zeC™.

Thus CC is the matrix belonging to the linear operator f%. The theory of antilinear operators
is well developed [35, 61, 57, 58, 59, 60, 66]. In particular there are several canonical forms for a
matrix C' under consimilarity transformations which can be obtained from the Jordan canonical
form of C'C. The connection of hermitian-symmetric matrix pairs with antilinear operators and
consimilarity transformations is the following.

Proposition A.2.1 Let (H,S)€HS,, where S is invertible, and let C :== S™YH. Then
t*Hy = (CT)T Sy for all x,yeC".
Moreover, for all invertible P€C™*",
P*HP = (P7'CP)T(PTSP).

Let Oy, := { (P*HP, PT'SP) | PeC™" invertible } denote the kongruence orbit of (H, S) €
HS,,. The canonical form problem for hermitian-symmetric matrix pairs is, to find a set
F C Upen HSn and a bijective map @ : { Ogs | (H,S)€HS,, n€N } — F such that the
elements of F have a structure, which is as simple as possible. ®(Op,g) is then said to be a
canonical form of (H,S). Proposition A.2.1 indicates that this problem is closely related to
consimilarity transformations. A canonical form for hermitian-symmetric matrix pairs (H,.5),
where S is invertible, is given in the theorem below. In order to formulate it we introduce the
following notation.

Notation A.2.2 For meN and Aj, B;,C;€C™ ", A, B,CeC™ " let

(A;,B;,C;) = (diag(A1,...,An), diag(B,...,By), diag(Cy,...,Cy))
j=1
@"(A,B,C) := (diag(A,...,A),diag(B,...,B),diag(C,...,C)).
—— ——— ———

m—times m—times m—times



A.2. THE CANONICAL FORM OF HERMITIAN-SYMMETRIC MATRIX PAIRS

(Direct sum of matrixz triples)

Moreover, let Ey, denote the k X k permutation matriz with 1’s on the antidiagonal,

0 1
E), = {0, 1}Fxk, E; = [1],
1 0

and let Ji(p) denote the Jordan block

Ji(p) == eCrxk,

Note that

Je(W)T By = EpJi(p) =
n 1 0

The theorem below has been shown in [66, 63|, see also [6].

177

Theorem A.2.3 Let (H,S) € HS,, where S is invertible, and let C := S~YH. Then the
spectrum of CC is symmetric to the real axis and the negative eigenvalues of CC have even
algebraic multiplicity. Let r denote the number of (pairwise different) nonnegative eigenvalues
of CC and let s denote the number of that (pairwise different) eigenvalues of CC which are ei-
ther negative or have positive imaginary part. Then there exists an invertible P € C™*™ such that

(PSP, P'CP, P*HP)

- éé D" ( By, Je(N) 5 EeJi(Ny))

j=1 k=1

=1 k=1
@
s L3 _
@mjk( |:Ek 0 ] |: 0 Jk(l/j):| [ 0 E}, Jk(Vj)] )
Puetud 0 Ex|’ |Ju(@) 0 " Bk Ji(v;) 0 ’
where
(a) M,..oy A >0 and M3,..., 02 are the (pairwise different) nonnegative eigenvalues of CC,

(b) v1,...,us€C\R and v?,... ,v2 are the (pairwise different) eigenvalues of CC which are

either negative or have positive imaginary part,

(¢) ny,=01ifA; =0 and k is odd.
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If one of the numbers r, s,n;rk,nj_k,mjk €N is zero then the accompanying sum is to be omitted.

In such a decomposition the multiplicities njk,n;k,mjk of the blocks are uniquely determined by
H and S.

Remark A.2.4 Another canonical form for hermitian-symmetric pairs (H,S) with det(S) # 0
can be found in [59, 60]. A canonical form for the case det(S) = 0 has been given in [27]. See
also [66].

We will not reproduce the lengthy proof of Theorem A.2.3 here. For our purpose, the proof of the
BQR-theorem, we only need the canonical form in the generic case, whose proof is comparatively
simple. The canonical form for the generic case is given in the next theorem. We need a further
notation.

Notation A.2.5
HS! = {(H,S)eEHS, | det(S)#0, all eigenvalues of CC are simple ,
where C := S™YH}.
We will show at the end of this section that HS;" is an open and dense subset of HS,,.

Theorem A.2.6 Let (H,S)eHS,} and C = S~YH. Then CC has no negative eigenvalues, the
nonreal eigenvalues of CC occur in conjugate complex pairs and there exists an invertible matriz
PeC™™ such that

_ - . 2 0 147
PICP = diag\,....\)® {_ ]

iag(\y ) gk 0
PTsp = 1I,,

P*HP = diag()\l,...,)\r)@@[fk ﬂ
k=1

where

(@) M,...,\€R and N\2,..., 22 are the real eigenvalues of CC,

T

(b) Svi,...,Qvs >0 and v3, ..., v D12, ..., Us2 are the nonreal eigenvalues of CC.

The columns of P form a basis of eigenvectors of CC.
Proof: (following the proof in [9])
(i) Suppose z€C™\ {0} is an eigenvector of C'C to the eigenvalue p€C, i.e. CCz = pz. Then

CC(Cz) = CCCz = Cuz = 1Cxz.

Thus either CZ is an eigenvector of CC to the eigenvalue 7 or CZ = 0. The latter can
happen only if © = 0. Suppose now, that p is real. Then the assumption that the
eigenvalues of CC are simple implies that CZ is a scalar multiple of z, say CZ = Az, AeC.
Hence, [A?2 = A\CZT = CAx = CCx = px. Thus u is nonnegative.

(ii) Tt is easily verified that the following relation holds for C = S™1H.
S(CC)=CTSC = (CC)TS. (A1)

Suppose that z1,20 € C™ \ {0} are eigenvectors of CC, i.e. CCz = ppzx with py € C,
k =1,2. Then the relations (A.1) yield
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(i)

(iv)
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11 leSZQ = (CCx)T'S2z = ZT(C@)TSZQ = Z{S(CU)ZQ = lg ZTSZQ.
This implies
282y = 0if py # pio. (A.2)
Let f1,..., 1, be the real eigenvalues of CC and let ji,41, ... fir4s be the eigenvalues of

CC with positive imaginary part. By (i) and our assumption that the eigenvalues of CC
are algebraically simple, there exists an invertible matrix

— — nxn
Q = [ul,...,ur,v1,C0L, ... v, Crg) €C™T, r+2s=n,
whose columns form a basis of eigenvectors of CC, i.e.

CCu; = pju; 1<j<rm,
vaj = pryjv; 1 <j<s,
CC(Cv;) = My Cv; 1<j<s.
Since pj # pp # 1y for 1 <j <k <r+sand ppqj # fir; for 1 < j < s we have by (A.2)

that the eigenvectors are pairwise orthogonal with respect to the symmetric bilinear form
associated with S. Hence,

QTSQ = diag (uf Sus, ..., u} Suy,v] Svi, (CO7)TS(CT), ..., v} Svs, (CT5)" S(CTEN.3)
(A.4)

Furthermore, (A.1) yields that for 1 < j <s,

(C15)" S(Cvj) = v CTSCv; = vT'S(CCYv; = gy vl Sv;.

Since S is invertible, all diagonal elements of QT SQ are nonzero. Choose o, Bj,v; € C\ {0}
such that

oz? = u;FSuj for 1 <j <,
ﬁf- = ’U]TSU]' for 1 <j<s,
vi = gy for1<j<s,
and define
x; = ozj_luj for1 <j<m,
Yy = ﬁj_lvj for1 <j<s,
5 = v B0 for1<j<s
= Vj_lC’y_j,
and
P = [z1,...,Z0,Y1,21,- -, Ys, Zs]

. -1 —-1 -1  —1,-1 -1 —1p-1
= Qdmg(al e 0y L By B, By s Bs )
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By (A.4) we have

QTSQ = diag(a3,...,a2, B3, V363, . .., Bs, V2(2).

Therefore,
PTSp=1,.

Moreover, the vectors y;, z; satisfy
Cy_j:I/_ij, CZ: Vi Y- (A5)

Since the vectors z; are eigenvectors of C'C to real eigenvalues our considerations in (i)
yield that

Cl‘_] = )\jl‘j (AG)

with A\; € C, |\j|> = p;. The relations (A.5) and (A.6) are equivalent to the matrix
equation

1~ _ . - 0 Vi
PTICP = dlag()\l,...,)\r)@@[y_k ol
k=1
Consequently,
P*HP = (P7'CP)T(PTSP) = diag(\1, ..., \) ® [0 V_’“}

Since P*H P is hermitian we have that A{,..., A\ €R.

For the proof of the BQR-theorem we also need the following fact.

Proposition A.2.7 The set HS,' is an open and dense subset of HS,,.

Proof: For A€ C™"™ let adj(A) denote the classical adjoint of A€ C™*". If A is invertible
then A~! = adj(A)/det(A). Moreover let dis(A) denote the discriminant of the characteristic
polynomial x , (s) = det(sI, — A). Then dis(A) being the resultant of x , and x’, is a polynomial
in the entries of A and we have dis(A4) # 0 if and only if all eigenvalues of A are simple. Now
define for all (H,S)eHS,,

p(H, S) := dis(adj(S)H adj(S) H ).

Then p is a polynomial in the real and complex parts of the entries of H and S. If det(S) # 0
and C' = S™'H then det(S)C = adj(S)H and consequently |det(S)|>?CC = adj(S)H adj(S) H.
Thus HS;” = { (H,S)€HS,, | det(S) #0, p(H,S) # 0 }. The complement of HS;"

HS, \ HSF = { (H,S)eHS, | det(S)p(H,S) =0}

is a real algebraic subset of HS,,. So either HS, is open and dense in HS,, or HS," = (). The
latter fails since ( I, , diag(1,...,n))eHS,!.

g
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A.3 Proof of the BQR-Theorem

In this section we derive the BQR-theorem (Theorem 6.1.11) which states that for each ke N
and each (H,S)€HS,, the following statements (Ay) and (By) are equivalent.

(Ar) There exists a k-dimensional subspace X of C™ such that z*Hx > |27 Sz| for all z€ X.
H oS
— : — > 0.
(Bg) For all ae(—1,0) )\gk<[a5 H})_O

Since

we have for all a €R,

([ 7)) (s 7))

Thus in (Bj) the interval (—1,0) can be replaced by the interval (0,1). Furthermore by con-
tinuity of the eigenvalues, the interval (0,1) can be replaced by the closed interval [0,1]. In
summary, condition (By) is equivalent to the following conditon (By,).

H oS
(B,) Forall ac0,1]: Ao <[a5 T ]) > 0.
The conditions (Aj) and (B},) can be rewritten in the following form.

. ) H oS
(By,) mingeo,1)is <[a5 T ]) > 2k.
Thus the theorem below is just a reformulation of the BQR-theorem.

Theorem A.3.1 For every (H,S)€HS,:

wons) =[5 o e (2 %)) | 0

We split the proof of the BQR-theorem in two lemmas and a proposition.

Lemma A.3.2 Let (H,S)€HS,. Then, for every k€n, condition (Ay) implies (By,). Equiva-
lently,

s <3 (s %)) | (a9

Proof: Let X be a k-dimensional subspace of C™ such that z* Hz > |27 Sz| for all x € X. Then
we also have z*Hx > |27 (aS)z| for all z€ X and all «€[0,1]. Now Lemma 6.4.2 yields that

T o0 e fer-{[] 10er)

X' is a complex vector space of dimension dim X’ = 2k. Thus (Bj,) holds. O
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Lemma A.3.3 Suppose there is a dense subset Dy, of HS,, such that (Bj,) implies (Ay) for all
(H,S)€D,. Then (B}) implies (Ay) for all (H,S)€HS,.

Proof: Let (H,S) € HS, and suppose that condition (Bj) holds for (H,S). Then for all
a€0,1] and all jEN,

([ ) (s 2o

From the continuity of eigenvalues and the conpactness of the interval [0, 1] it follows that there

is an e€(0,1/4) such that
. H oS
o (s 7]) >0

for all (H',S") e HS,, satistying |H + (1/5)I, — H'||2+||S — S'||2 < €. Since D,, is dense in HS,,
there is (Hj,S;) € Dy, satisfying ||H + (1/5)1, — Hj||2 + ||S — Sjl|2 < €. Thus

H;, oS,
in A J = .
iy (o) ) >0

Hence, condition (Bj,) holds for (H;,S;) € D,,. By assumption this implies that there exists a
k-dimensional subspace X; of C" such that x*H;z > |27z for all x € X;. Let X; € C"™* be a
matrix whose columns form an orthogonal basis of &’;. Then X]TX j = I, range X; = X; and

(X6 Hj(X;€) > |(X;6)75;(X;€)|  for all £eCF. (A.9)

The set of X € C™** satisfying X*X = I, is compact. Thus the sequence X j has a convergent
subsequence. Let Xy € C™** denote its limit. Then X;Xo = Ij, i.e. the columns of Xy form
an orthogonal basis of the k -dimensional subspace Xj := range Xy. Since the sequence (Hj, S;)
converges to (H,S) it follows from (A.9) that

(Xo&)"H(Xo) > [(X0€)"S(Xo€)|  for all {eC".

Equivalently, 2* Hx > |27 Sz| for all z € Xy. Thus we have shown that for every pair (H, S) € HS,,
condition (Bj,) implies (Ag). O

We are now going to show the equivalence of (A4y) and (B},) for all (H, S)eHS; . Since HS; is
dense in ‘HS,, this concludes the proof of the BQR-theorem.

Proposition A.3.4 Let (H,S)€HS,}. Then there exists an invertible matriz
P=[z1,...,2r,91,21 ..., Ys, 25| EC™*" g, Yk, 2L ECT,
such that
PTSP = 1,

* | A 0 7 A.10
P*HP = dlag(>\1,...,)\p,)\p+1,...,)\p+£,>\p+€+la-..,)\r)@®k:l |: k:| , ( )

4% 0
where

e 1> > >N, > 1,
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o \prj =1 for1 <5<V,
o \; < —1lforp+l+1<j<r
o 1, €C\ R with Sy, >0 for all k€s.

Moreover, (A.7) holds for the pair (H,S) with

cs) =[5 ([os 7)) | e
where
m = max{ ¢eNg | 2¢<p and \j+ Xagy1-; >0 forall jeq }.
A subspace X C C" of mazximal dimension such that x*Hx > |x1 Sx| for all x € X is given by
X = span{ ap+iTomi1-k | k€M } @span{z,11,..., 2,4} ® span{yp+iz, | k€s }.

Proof: The existence of the matrix P is guaranteed by Theorem A.2.6. Each x € X' can be
written in the form

m l t

z =Y op(@p +izompk) + Y Bexprn+ Y s +izk) kO eC,
k=1 k=1 k=1

and (A.10) yields
m * L s *
. B 5 1117 T 0 1 ) ,[11°To m| 1
S H N AW | H S S SRS St H bl

m V4 s
= > el Ok + Aamr1—i) + DO 18 Apsi + D 1yl > 23(w)
k=1

——
>0 k=1 T k=l >0
¢ ¢
> Mgl = | > 57,
k=1 k=1

m
2'Sr = E o

e [ T -

=0 =0

Thus x*Hx > |27 Sz| for all € X and hence i.(H,S) > dimX =m + { + s. By Lemma A.3.2
we have E minge,1] ([ifs QHS] )J . Thus the proposition is proved if we can show that

r .. H oS
m+€+82bog[gl1}l><[a3 F])J (A.11)
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H oS
aS H
Q€ {0,1}2*2" guch that for all « € R,

We now compute i, <[ ]) for @ € R. First note that there is a permutation matrix

LP 01"[H oS][P O L [PrHP aI, ]
@ {0 ?] [aS ﬁ} [0 F}Q =« [a[n P*HP_Q
[ 0 T a 0
B T AL« S v, O 0 «
- ~ [a )\J@ke?l a 0 | 0
- a i 0 o |7 O
—Hy(a)

Since a congruence transformation does not change the inertia of a hermitian matrix, it follows
that
. H oS .
iy — = 1
2\ |laS H

We are now going to evaluate this sum.

[\

(@[ 1) oo

k=1

=:g(a)

(07

1. A matrix of the form [A
a A

Thus for all a€R,
gla) = #{ker| My—a>0}+#{ker| Mp+a>0}.

Now we have to distinguish three cases: For k€ {p+ 1,...,p + ¢} we have \; > 1 and
therefore \y, £ @ > 0 for all € [0,1]. For k > p+ ¢+ 1 we have A\, < —1 and hence
A ta <0 for a€|0,1]. If k€p then A\ €[—1,1) and one of the eigenvalues A\ & o changes
its sign in the interval [0, 1]. Thus we have for a €0, 1], g(a) = 2¢ + f(a), where

fla) = #{k:6£| Ak—a20}+#{k€£| )\k+a20}.

. . A a1l 1
} has the eigenvalues A+« since [a )J [il] =(A\ta) [il] .

2. In order to determine i, (H(v)) we argue as follows. Let

z1 Z1
121 —1i21
X+ = Zl,ZQEC , X_ = Zl,ZQEC
29 22
—129 129

Then dim X} = dim X_ = 2 and a straightforward calculation (using the fact that Svy > 0)
shows that x*Hy(a)x > 0 for every € Xy \{0} and z*Hi(a)z < 0 for every x € X_\{0},
a € R. We conclude that Hy(a) has two positive and two negative eigenvalues. Thus
i. (Hg(a)) =2 for all aeR.

So far we have shown that

. H oS
Z><[a5 F])—f(a)+2€+23 for all a€][0,1],

Thus (A.11) is proved if we can find an ag € [0, 1] such that [(1/2)f(a0)] < m, where

m =max{ ¢€Ny | 2¢ < pand A\x + Ayg11-; >0 forall jeq }.

However, by definition of m one of the following conditions holds.
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(a) p>2(m+ 1) and there exists a jo < m + 1 such that Ajy + Aogmy1)+1—j, < 0;
(b) p=2m;
(¢) p=2m+1.

In Case (a) we can take ag := 5(Xjo — Aa(mt1)+1—jo) €[0, 1] since then

1
Ajo = @0 = A(m1)+1—jo + QX0 = 5()% + Ao(mt1)+1—jo) <0,
and consequently the eigenvalues

A — g, where jo < k<,
A +ap, where 2(m+1)+1—joy<k<r

are negative. Thus

f(ao)

#{k‘6£| )\k—a20}+#{k63| )\k+a20}
< (o—1)+(2(m+1)—jo) =2m+1

and hence |(1/2)f(ap)| < m. In the cases (b) and (c) we can take oy = 1 since Ay — 1 < 0 for
all k€ p and therefore f(1) < p <2m + 1. O
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