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Introduction

Perturbation theory of eigenvalues is a classical and important branch of linear algebra. Its
applications are multifaceted in areas such as numerical linear algebra, linear systems theory,
theoretical physics and engineering. During the last 20 years the concept of spectral value sets,
also known under the name pseudospectra, emerged as a new and powerful tool in eigenvalue
perturbation theory.

In the broadest sense a spectral value set consists of all eigenvalues of a family of matrices
which depend continuously on a parameter in a metric space. Usually the metric space is a subset
of a real or complex vector space containing 0. The matrix corresponding to the parameter
0 is said to be the nominal matrix and the whole family is regarded as the set of possible
perturbations of this matrix. The size of the parameter, measured in some norm, reflects the
level of perturbation of the nominal matrix. By visualizing spectral value sets via the computer
one gets insight into the mobility of the eigenvalues under the perturbations in question. This
is in particular useful for the stability analysis of uncertain linear systems. A linear system is
said to be stable with respect to a given stability region in the complex plane if all eigenvalues
of the system matrix lie in that region. In this context the nominal matrix is regarded as an
approximation to a system matrix whose exact value is unknown, and the perturbation level is
the level of uncertainty. If the associated spectral value set is contained in the stability region
then one knows that the exact system matrix is stable.

In this work we concentrate on spectral value sets for additive matrix perturbations of the
form A ❀ A(∆) = A + B∆C, where A,B,C are fixed matrices and the parameter ∆ is an
element of a given set of matrices ∆. The set ∆ is assumed to be closed and star-shaped with
respect to zero. We will see that this framework is flexible enough to cover all kinds of linear
perturbation structures. The idea to consider perturbations of the form A ❀ A + B∆C and
not merely those of the form A ❀ A+ ∆ is due to Hinrichsen and Pritchard [54, 42, 43, 54, 52].
They were motivated by the following basic system theoretic fact. Suppose we are given a time
invariant linear system of the form

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t).

Then the feedback law u(t) = ∆y(t) yields a new linear system whose matrix is A+B∆C. The
transfer function G(s) = C(sI−A)−1B, s∈C, associated with the linear system (A,B,C) plays
an important role in the theory of spectral value sets. If both B and C equal the identity matrix
and the set ∆ is the set of all complex n × n matrices then the associated spectral value sets
are called pseudospectra in the narrower sense. These sets are known to contain information
about the transient behaviour of a single linear system [45, 46, 47, 77, 92, 93]. An introduction
to the basic theory and history of pseudospectra can be found on the web site [26] maintained
by M. Embree and N. Trefethen. A collection of examples and a comprehensive bibliography is
included.
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2 Introduction

This work is devoted to the study of geometric properties of spectral value sets for structured
perturbations, but we also treat pseudospectra in some detail. A good half of the thesis is about
spectral value sets with respect to real perturbations. Despite their importance such sets have
been investigated only rarely in the literature, see however [43, 51]. One reason is that the
theory of real spectral value sets is difficult. The associated computational problem has been
solved (in principle) only for the case that the underlying norm is the spectral norm.

The present thesis benefits much from the work of other researchers in the field, especially
from the Ph.D. theses of Gallestey [30] and Harrabi [37] and the papers of Bernhardsson, Qiu
and Rantzer [6, 7, 8, 9].

Outline of the thesis

Chapter 1 contains preliminary material and establishes some of our notation. Most of the
statements of this chapter are from elementary linear algebra and are well known. However,
there are some results which we could not find in the literature, for instance Proposition 1.6.1
which is about real and complex operator norms of a real matrix.

In Chapter 2 we give the precise definition of spectral value sets and study their basic properties.
We first consider topological properties of a single spectral value set. Then we prove that spectral
value sets depend continuously on all parameters. Next, we show that each spectral value set
is the superlevel set of an upper semi-continuous function f . The function f is the composition
of a rational matrix function and the µ-function associated with the underlying perturbation
structure. By means of this characterization spectral value sets can be calculated provided that
the µ-function in question is computable. In Section 5 we discuss cases in which the µ-function
equals an operator norm. The last section of the chapter contains our first main result. It is
about the relationship between the behaviour of spectral value sets for small perturbations, µ-
functions, and condition numbers of eigenvalues with respect to structured matrix perturbations.

In Chapter 3 we show that spectral value sets and µ-functions with respect to a large class of
perturbation structures are semi-algebraic. Semi-algebraic spectral value sets have piecewise
analytic boundary, and semi-algebraic µ-functions are real analytic on an open and dense subset
of Cq×l.

Spectral value sets for structued perturbations of block diagonal matrices are discussed in Chap-
ter 4. The perturbations are not necessarily block diagonal but they are assumed to have zero
blocks at some precribed positions. Such perturbation structures occur in the stability analysis
of composite linear systems. We give formulas for the associated µ-function with respect to two
classes of norms. By specializing our results to the diagonal case we obtain a new proof for the
classical eigenvalue inclusion theorem of Brualdi [18]. The latter implies the inclusion theorems
of Brauer and Gershgorin.

Chapter 5 is about complex pseudospectra. These are spectral value sets with respect to unstruc-
tured perturbations. First, we give several upper and lower bounds for pseudospectra. Then
we discuss the relationship between pseudospectra and the nonnonormality of the perturbed
matrix. In addition, we provide a reformulation of the eigenvalue inclusion theorem of Henrici
[38] in terms of pseudospectra and extend it to block triangular matrices. Finally, we prove a
generalization of a result of Ruhe [80], which is a refinement of Henrici’s theorem.



Introduction 3

In Chapters 6 and 7 we study spectral value sets with respect to real perturbations. If the un-
derlying norm is the spectral norm, then the associated µ-functions are called real perturbation
values. Chapter 6 gives an introduction to the theory of real perturbation values as developed by
Bernhardsson, Qiu and Rantzer [7, 8, 9]. We introduce higher µ-functions and study their basic
properties, as we believe that real perturbation values are best understood in this framework.
The main goal of the first part of Chapter 6 is to establish a theorem which characterizes the
real perturbation values by hermitian-symmetric inequalities. This characterization will be used
frequently in the sequel. In the second part of Chapter 6 we study special properties of real
µ-functions. In particular we show that for a large class of norms the associated real µ-function,
M 7→ µR(M), is continuous at all nonreal matrices M .

Chapter 7 deals with real spectral value sets for special matrices. In the first section we give
a formula for the largest real perturbation value of block diagonal matrices. The proof of this
formula is based on the characterization of real perturbation values by hermitian-symmetric in-
equalities. As an application real spectral value sets of diagonal matrices and real pseudospectra
of normal matrices are determined in Sections 7.2 and 7.3. Real pseudospectra of 2× 2 matrices
with respect to arbitrary unitarily invariant norms are treated in Section 7.4. We close the
chapter with the discussion of root sets of uncertain polynomials.

The appendix deals with hermitian-symmetric inequalities. It is mainly a review of the theory
which has been developed by Bernhardsson, Qiu and Rantzer. First, we discuss the canonical
form of hermitian symmetric matrix pairs with respect to simultaneous congruence transfor-
mations. This canonical form is used to prove a criterion for the existence of a solution of a
hermitian-symmetric inequality. This in turn leads to a formula for the computation of real
perturbation values.
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4 Introduction

Basic notation

Below we list our basic notation. More notation will be introduced as needed.

Z the set of integers

N the set positive integers {1, 2, . . .}
N0 nonnegative integers {0, 1, 2, . . .}
n set of positive integers less or equal than n, n = {1, . . . , n}
#S cardinality of the set S.

R,C field of real, complex numbers

F R or C

Fm×n vector space of matrices with m columns and n rows
Fm equals Fm×1

A = [ajk] matrix A∈Fm×n with entries ajk∈F

A complex conjugate of the matrix A, A = [ ajk ]

ℜA the real part of A, ℜA = [ℜajk]

ℑA the imaginary part of A, ℑA = [ℑajk]

|A| matrix of absolute values, |A| = [ |ajk| ].
AT , A∗ the transpose and the conjugate transpose of A, A∗ = A

T

kerA kernel of a matrix

rangeA range of a matrix

rankA rank of a matrix

σ(A) spectrum of the matrix A

̺(A) spectral radius of A, equals max{ |λ| | λ∈σ(A) }
σj(A) the jth singular value of A

tr(A) trace

det(A) determinant

In n× n unit matrix

I unit matrix, whose dimension is clear by context

i imaginary unit or index, depending on context

spanF(S) vector space over F spaned by the set S

U⊥ the orthogonal complement of the subspace U ⊆ Fm

with respect to the standard inner product.

cl(S), int(S) the closure of the set S

∂S the boundary of S

For A = [ajk]∈Rm×n, B = [bjk]∈Rm×n we write

0 ≤ A if A is nonnegative, i.e. ajk ≥ 0 for all (j, k)∈m× n,
A ≤ B if ajk ≤ bjk for all (j, k)∈m× n.

By D(λ, ρ) we denote the closed disk of radius ρ ≥ 0 about λ∈C,

D(λ, ρ) = { s∈C | |s− λ| ≤ ρ }.



Chapter 1

Preliminaries

This chapter contains some basic facts which will be used frequently in this work. Here we also
introduce some of our notation. Most of the material is elementary and well known. We give
proofs for all statements which can not be found in the text books [61, 62, 86].

1.1 Vector norms

Let X be a vector space over F∈{R,C}. A function ‖ · ‖ : X → [0,∞) is said to be a norm on
X if the following conditions hold for all x, y∈X and all λ∈F.

1. ‖x‖ = 0 if and only if x = 0.

2. ‖λx‖ = |λ| ‖x‖.

3. ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

A norm ‖ · ‖ : Fn → [0,∞) is said to be

• symmetric if ‖x‖ = ‖Px‖ for all permutation matrices P ∈{0, 1}n×n and all x∈Fn.

• absolute if ‖x‖ = ‖ |x| ‖ for all x∈Fn.

An absolute norm has the following monotonicity property: if |x| ≤ |y| then ‖x‖ ≤ ‖y‖. The
most important absolute and symmetric norms on Cn are the Hölder p-norms defined by

‖x‖p :=



∑

k∈n

|xk|p



1/p

for p∈ [1,∞), ‖x‖∞ := lim
p→∞

‖x‖p = max
k∈n
|xk|.

The norms ‖·‖∞, ‖·‖1 and ‖·‖2 are called the maximum, sum and Euclidean norm, respectively.
The Hölder norms satisfy the following inequalities for all p1, p2∈ [0,∞] and all x∈Cn.

If p1 ≤ p2 then ‖x‖p2 ≤ ‖x‖p1 ≤ n
1

p1
− 1

p2 ‖x‖p2 . (where 1/∞ := 0)

These inequalities become equalities for x =
[
1 0 . . . 0

]T
resp. x =

[
1 1 . . . 1

]T
. The

dual norm to a given norm ‖ · ‖ on Fn is defined by

‖ · ‖D : Fn → [0,∞) ‖x‖D := max
‖y‖=1

|xT y|.

5



6 CHAPTER 1. PRELIMINARIES

For every norm on Fn one has that
(
‖ · ‖D

)D
= ‖ · ‖. The dual to a Hölder norm is again a

Hölder norm. Precisely,

‖ · ‖Dp = ‖ · ‖q, where
1

p
+

1

q
= 1.

1.2 The singular value decomposition

Let A∈Cm×n\{0} and r = rankA. Let σ1(A) ≥ σ2(A) ≥ . . . ≥ σr(A) > 0 be the square roots of
the nonzero eigenvalues of A∗A counting multiplicities. Then there exists an orthonormal basis
v1, . . . , vr of (kerA)⊥ such that A∗Avj = σj(A)2vj for all j ∈ r. Set uj := Avj/‖Avj‖2. Then
the vectors u1, . . . , ur form an orthonormal basis of rangeA and we have AA∗ uj = σj(A)2 uj ,
Avj = σj(A)uj , A

∗uj = σj(A)vj for j∈r. Moreover, A has the representation

A =

r∑

j=1

σj(A)ujv
∗
j . (1.1)

The numbers σj(A) are called the singular values of A. We set σj(A) := 0 for all j > rankA,
j∈N. The singular values of zero matrices are defined to be zero. We sometimes use the notation

σmax(A) := σ1(A), σmin(A) := σmin{m,n}(A).

Then σmin(A) 6= 0 if and only A has full rank. The representation (1.1) is said to be a singular
value decomposition of A. The vectors vj and uj are called left resp. right singular vectors of
A. Let U ∈Cm×m and V ∈Cn×n be unitary matrices whose first r columns are u1, . . . , ur resp.
v1, . . . , vr. Then

A = UΣV ∗, where Σ =

[
Σ+ 0
0 0

]
, Σ+ = diag(σ1(A), . . . , σr(A)). (1.2)

This factorization is also called a singular value decomposition. It implies that

[
0 A
A∗ 0

]
=

[
U −U
V V

] [
Σ 0
0 −Σ

] [
U −U
V V

]∗
.

Thus, the nonzero singular values of A are the positive eigenvalues of the hermitian matrix[
0 A
A∗ 0

]
. Finally, we note that if A∈Rm×n is a real matrix then the singular vectors uj , vj can

be chosen to be real.

1.3 The Moore-Penrose generalized inverse

For any matrix A ∈ Cm×n the linear map fA : (kerA)⊥ → rangeA, fA(x) = Ax, is bijective.
Thus, there is a unique matrix A†∈Cn×n such that

A†x =

{
f−1

A (x) for x∈rangeA

0 for x∈(rangeA)⊥.
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The matrix A† is called the Moore-Penrose generalized inverse of A. If A has the singular value
decompositions (1.1) and (1.2) then

A† =

r∑

j=1

σj(A)−1 vju
∗
j = V

[
Σ−1

+ 0
0 0

]
U∗.

Moreover, A† equals the unique matrix X∈Cn×n which satisfies the following so called Penrose
conditions.

AXA = A,

XAX = X,

(AX)∗ = AX,

(XA)∗ = XA.

The matrices A†A and AA† are the orthogonal projectors onto (kerA)⊥ and rangeA respectively.
If A has full column rank then A† = (A∗A)−1A∗. If A∈Cn×n is nonsingular then A† = A−1. If
A∈Rm×n then A†∈Rn×m.

1.4 Unitarily invariant norms

A norm ‖ · ‖ : Cm×n → [0,∞) is called unitarily invariant if ‖UAV ‖ = ‖A‖ for all A ∈Cm×n

and all unitary matrices U ∈Cm×m, V ∈Cn×n. Each unitarily invariant norm is a function of
the singular values of the matrix. More precisely, the following statement holds [62, Theorem
3.5.18].

Theorem 1.4.1 Let ||| · ||| be an absolute and symmetric norm on Rmin{m,n}. Then the function

‖ · ‖ : Cm×n → [0,∞) ‖A‖ := ||| [σ1(A), . . . , σmin{m,n}(A) ]T ||| (1.3)

is a unitarily invariant norm. All unitarily invariant norms on Cm×n have such a representation.

A unitarily invariant norm is called normalized if ‖A‖ = σ1(A) for all matrices A ∈ Cm×n of
rank 1. Examples for normalized unitarily invariant norms are the Schatten p-norms:

‖A‖(p) := ‖ [σ1(A), . . . , σmin{m,n}(A) ]T ‖p, p∈ [1,∞].

The norm ‖A‖(∞) = σ1(A) is the spectral norm, and the norm

‖A‖(2) =
(∑min{m,n}

k=1 σk(A)2
) 1

2
= (tr(A∗A))

1
2 =: ‖A‖F

is the Frobenius norm.

1.5 Operator norms

Let ‖ · ‖α and ‖ · ‖β be arbitrary norms on Fn and Fm respectively. Then the function

‖ · ‖α,β : Fm×n → [0,∞) ‖A‖α,β := max
x∈Fn\{0}

‖Ax‖β
‖x‖α

= max
‖x‖α=1

‖Ax‖β .
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is a norm on Fm×n. This norm is said to be the operator norm induced by ‖ · ‖α and ‖ · ‖β It
is also called the operator norm subordinate to the norms ‖ · ‖α and ‖ · ‖β . Note that in this
notation the indices α and β are used just to distinguish different norms. They don’t have any
specific meaning except for the case that α, β∈ [1,∞]. In this case ‖ ·‖α and ‖ ·‖β denote Hölder
norms. We list the most important operator norms. Let A = [ajk]∈Cm×n. Then

• ‖A‖∞,∞ = maxj∈m
∑

k∈n |ajk| row sum norm

• ‖A‖1,1 = maxk∈n
∑

j∈m |ajk| column sum norm

• ‖A‖1,∞ = maxj,k∈n |ajk| =: ‖A‖max componentwise maximum norm

• ‖A‖2,2 = (̺(A∗A))
1
2 = σmax(A) spectral norm

In the sequel we simplify the notation and write ‖ · ‖α instead of ‖ · ‖α,α. It is easily seen that
for every norm ‖ · ‖α on Cn,

̺(A) ≤ ‖A‖α, A∈Cn×n.

Operator norms are submultiplicative, i.e.

‖AB‖α,γ ≤ ‖A‖β,γ‖B‖α,β

for all A∈Fm×n, B∈Fn×q and all norms ‖ · ‖α on Fq, ‖ · ‖β on Fn and ‖ · ‖γ on Fm. In particular
one has for all nonsingular A∈Fn×n,

1 = ‖In‖α ≤ ‖A−1‖β,α‖A‖α,β .

An important consequence of the Hahn-Banach theorem is the following proposition.

Proposition 1.5.1 Let ‖ · ‖α and ‖ · ‖β be arbitrary norms on Fn resp. Fm. Then for all
A∈Fm×n,

‖A‖α,β = max
x∈Cn\{0}
y∈Cm\{0}

|yTAx|
‖x‖α‖y‖Dβ

= max
‖x‖α=‖y‖D

β =1
|yTAx|.

A matrix A∈Fm×n of rank 1 can be written in the form A = xyT with x ∈ Fm, y∈Fn, and one
has

‖xyT ‖α,β = ‖x‖β ‖y‖Dα . (1.4)

A quantity closely related to operator norms is the following.

infα,β(A) := min
x∈Fn\{0}

‖Ax‖β
‖x‖α

= min
‖x‖α=1

‖Ax‖β A∈Fm×n.

If m < n then infα,β(A) = 0. If m = n then

infα,β(A) =

{
0 if A is singular,

‖A−1‖−1
β,α otherwise.

(1.5)

For the 2-norm one has,

inf2,2(A) = σmin(A), A∈Cn×n.

For diagonal matrices the following statement holds.
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Proposition 1.5.2 Let ‖ · ‖α and ‖ · ‖β be absolute norms on Fn such that ‖In‖α,β = 1 and
‖ek‖α = ‖ek‖β for all standard basis vectors e1, . . . , en of Fn. Let A = diag(a1, . . . , an)∈Fn×n

be a diagonal matrix. Then

‖A‖α,β = max
k∈n
|ak| and infβ,α(A) = min

k∈n
|ak|.

Proof: Let k0∈n be an index such that |ak0 | = maxk∈n |ak|. Then we have for all x∈Fn that
|Ax| ≤ |ak0 | |x|, and therefore

‖Ax‖β = ‖ |Ax| ‖β ≤ ‖ |ak0 | |x| ‖β = |ak0 | ‖ |x| ‖β ≤ |ak0| ‖ |x| ‖α = |ak0 | ‖x‖α.

(The left inequality holds by the monotonicity of absolute norms and the right inequality fol-
lows from the assumption that ‖In‖α,β = 1.) Hence ‖A‖α,β ≤ |ak0 |. On the other hand,
‖Aek0‖β = |ak0 | ‖eko‖β = |ak0 | ‖eko‖α. Thus ‖A‖α,β = |ak0 | = maxk∈n |ak|. Now, the rela-
tion infβ,α(A) = mink∈n |ak| follows from (1.5). �

Note that the assumptions in Proposition 1.5.2 are satisfied for the Hölder norms ‖ · ‖α, ‖ · ‖β
if 1 ≤ α ≤ β ≤ ∞. For these norms the following generalization of Proposition 1.5.2 holds.

Proposition 1.5.3 Let 1 ≤ p1 ≤ p2 ≤ ∞. Let A = diag(A1, . . . , Am), where Ak ∈ Cnk×nk ,
k∈m. Then

‖A‖p1,p2 = max
k∈m
‖Ak‖p1,p2 and infp2,p1(A) = min

k∈m
infp2,p1(Ak).

Proof: Let c := maxk∈m ‖Ak‖p1,p2 and let x = [xT
1 , . . . , x

T
m]T , where xk ∈ Cnk , k ∈m. For

ξ = [‖x1‖p1 , . . . , ‖xm‖p1]
T ∈Rm it is easily seen that ‖ξ‖p1 = ‖x‖p1 . Since p1 ≤ p2 we have that

‖ξ‖p2 ≤ ‖ξ‖p1 . Therefore

‖Ax‖p2
p2

=
∑

k∈m

‖Akxk‖p2
p2
≤ cp2

∑

k∈m

‖xk‖p2
p1

= cp2‖ξ‖p2
p2
≤ cp2‖ξ‖p2

p1
= cp2‖x‖p2

p1
.

Thus ‖A‖p1,p2 ≤ c. Without loss of generality we may assume that c = ‖A1‖p1,p2. Let
x0 ∈ Cn1 such that ‖A1x0‖p2 = c‖x0‖p1 , and let x̃0 = [xT

0 0 . . . 0]T ∈ Cn, n =
∑

k∈m nk.
Then ‖Ax̃0‖p2 = c‖x̃0‖p2 . Thus ‖A‖ = c. Now, the relation infp2,p1(A) = mink∈m infp2,p1(Ak)
follows from (1.5). �

1.6 Operator norms of a real matrix

Let ‖ · ‖α and ‖ · ‖β be norms on Cn and Cm respectively. Moreover, let A∈Rm×n be a matrix
with real elements. Then there are two operator norms of A with respect to the norms ‖·‖α, ‖·‖β
depending on whether the maximum of the quotient ‖Ax‖β/‖x‖α is taken over all x∈Cn \ {0}
or over all x∈Rn \ {0}. We distinguish these norms by a superscript F, i.e. we set

‖A‖Fα,β := max
x∈Fn\{0}

‖Ax‖β
‖x‖α

, F = C or R.

Obviously, ‖A‖Cα,β ≥ ‖A‖Rα,β . In this section we address the question for which types of vector

norms ‖ · ‖α, ‖ · ‖β the corresponding operator norms ‖A‖Cα,β and ‖A‖Rα,β coincide. This is not
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always the case as the following counterexample (from [53]) shows. Let A =

[
1 −1
1 1

]
. Then,

for every x = [x1 x2]
T ∈C2 \ {0},

‖Ax‖1
‖x‖∞

=
|x1 − x2|+ |x1 + x2|

max{|x1|, |x2|}
.

Thus, ‖A‖R∞,1 = 2 but ‖A‖C∞,1 ≥ |1− i|+ |1 + i| = 2
√

2.

The result below will be used in Section 6.8.

Proposition 1.6.1 Let ‖ · ‖α, ‖ · ‖β be norms on Cn and Cm respectively, and suppose that one
of the following conditions holds.

(a) n = 1.

(b) The norm ‖ · ‖α is absolute and m = 1.

(c) The norm ‖ · ‖α is absolute and ‖ · ‖β is a weighted maximum norm, i.e. there are weights
r1, . . . , rm > 0 such that ‖y‖β = maxj∈m rj |yj| for all y = [y1 . . . ym]T ∈Cm.

(d) α = β =: p∈ [1,∞].

Then ‖A‖Rα,β = ‖A‖Cα,β for every A = [ajk]∈Rm×n.

Proof: If n = 1 then A is a column vector, and we have for F∈{R,C},

‖A‖Fα,β = max
x∈F\{0}

‖Ax‖β
‖x‖α

= max
x∈F\{0}

|x| ‖A 1‖β
|x| ‖1‖α

=
‖A‖β
‖1‖α

.

Condition (b) is a special case of condition (c) since every norm ‖ · ‖β on C = C1 is of the form
‖y‖β = r |y| with r = ‖1‖β .

We are now going to show that, if condition (c) or (d) holds, then to each x = [x1 . . . xn]T ∈Cn

there is an x′∈Rn such that ‖Ax′‖β/‖x′‖α ≥ ‖Ax‖β/‖x‖α. This implies ‖A‖Rα,β = ‖A‖Cα,β .

Assume that condition (c) is satisfied. Let j ∈m be such that ‖Ax‖β = rj

∣∣∣
∑

k∈n ajkxk

∣∣∣. Set

x′k := |xk| if ajk ≥ 0 and x′k := −|xk| otherwise. Then we have for the vector x′ = [x′1 . . . x′n]T ∈
Rn that ‖x′‖α = ‖ |x| ‖α = ‖x‖α and ‖Ax′‖β ≥ rj

∣∣∣
∑

j∈m ajkx
′
k

∣∣∣ = rj
∑

k∈n |ajkxk| ≥ ‖Ax‖β .
Thus ‖Ax′‖β/‖x′‖α ≥ ‖Ax‖β/‖x‖α.

For the case (d) we need a lemma.

Lemma 1.6.2 Let p∈ [1,∞), x∈Cn, y∈Cm. Then

(i) We have ∫ 2π

0
‖ℜ(eiφx)‖pp dφ = ‖x‖pp

∫ 2π

0
| cosφ|p dφ.

(ii) Suppose that eiφx 6∈ Rn for all φ∈ [0, 2π]. Then

max
φ∈[0,2π]

‖ℜ(eiφy)‖p
‖ℜ(eiφx)‖p

≥ ‖y‖p‖x‖p
. (1.6)
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Proof: (i). Write the components of the vector x in the form xk = rk e
iαk , where rk ≥ 0,

αk∈ [0, 2π]. Then
∫ 2π

0
‖ℜ(eiφx)‖pp dφ =

∫ 2π

0

n∑

k=1

rp
k

∣∣∣ℜ(ei(αk+φ))
∣∣∣
p
dφ

=

n∑

k=1

rp
k

∫ 2π

0
| cos(αk + φ)|p dφ

=

n∑

k=1

rp
k

∫ 2π

0
| cosφ|p dφ

= ‖x‖pp
∫ 2π

0
| cosφ|p dφ.

(ii). If eiφx 6∈ Rn for all φ∈ [0, 2π] then ℜ(eiφx) = ℑ(ei(φ+(π/2))x) 6= 0 for all φ∈ [0, 2π]. Hence,
the quotients in (1.6) are well defined. Set g(φ) := ‖x‖pp ‖ℜ(eiφy)‖pp − ‖y‖pp ‖ℜ(eiφx)‖pp. Then (i)

yields that
∫ 2π
0 g(φ) dφ = 0. The latter equation together with the continuity of g implies that

there exists a φ0∈ [0, 2π] such that g(φ0) ≥ 0, whence ‖ℜ(eiφ0y)‖p/‖ℜ(eiφ0x)‖p ≥ ‖y‖p/‖x‖p. �

In order to finish the proof of the proposition it remains to treat case (d) for p 6= ∞. Let
x∈Cn \ {0}. According to the lemma there is a φ0 ∈ [0, 2π] such that eiφ0x∈Rn or there is a
φ0∈ [0, 2π] such that ℜ(eiφ0x) 6= 0 and ‖ℜ(eiφ0Ax)‖p/‖ℜ(eiφ0x)‖p ≥ ‖Ax‖p/‖x‖p. In both cases
we have ‖Ax′‖p/‖x′‖p ≥ ‖Ax‖p/‖x‖p, where x′ = ℜ(eiφ0x)∈Rn\{0}. �

1.7 Semi-continuity

Let Y be a topolgical space. A function φ : Y → [−∞,∞] is said to be lower (upper) semi-
continuous if for all (y0, ρ) ∈ Y × (−∞,∞) the inequality φ(y0) > ρ (φ(y0) < ρ) implies that
φ(y) > ρ (φ(y) < ρ) for all y in a neighborhood V of y0. We will frequently use the following
Lemma in order to show that certain functions are well defined and semi-continuous. Throughout
this work we use the conventions

min ∅ :=∞, ∞−1 := 0, 0−1 :=∞. (1.7)

Lemma 1.7.1 Let X be a nonempty closed subset of a finite dimensional real or complex vector
space X0, endowed with a norm ‖·‖. Let Y and Z be topological spaces and K be a closed subset
of Z. Let f : X × Y → Z be a continuous function. Then

(i) For each y ∈ Y : either {x ∈ X | f(x, y) ∈ K } = ∅ or the minimum min{ ‖x‖ | x ∈
X, f(x, y)∈K } is attained.

(ii) The function Φf : Y → [0,∞] defined by

Φf (y) := min{ ‖x‖ | x∈X, f(x, y)∈K }
is lower semi-continuous. The function Ψf : Y → [0,∞] defined by

Ψf (y) := ( min{ ‖x‖ | x∈X, f(x, y)∈K } )−1

is upper semi-continuous.
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Proof: By continuity the set f−1(K) is closed and the balls B(ρ) := {x∈X0 | ‖x‖ ≤ ρ } are
compact. Thus the sets

H(ρ, y) := ((B(ρ) ∩X)× {y}) ∩ f−1(K)

= { (x, y) | x∈B(ρ) ∩X, f(x, y)∈K }

are compact subsets of X0 × Y for all ρ∈ [0,∞), y∈Y .
(i). Suppose there is an x∗∈X such that f(x∗, y)∈K. Then H(‖x∗‖, y) 6= ∅. The continuous

function g : H(‖x∗‖, y)→ R, g(x, y) := ‖x‖, attains its minimum. This minimum coincides with
the mimimum in claim (i).

(ii). It is easily seen that the following equivalence holds for ρ ≥ 0 and y∈Y .

Φf (y) > ρ ⇔ H(ρ, y) = ∅.

Let y0∈Y and suppose that Φf (y0) > ρ. Then the set B(ρ)×{y0} does not intersect the closed
set f−1(K). Thus to each x∈B(ρ) ∩ X there are neighborhoods Ux ⊆ X of x and Vx ⊆ Y of
y0 such that f−1(K) ∩ (Ux × Vx) = ∅. By compactness of B(ρ) ∩X there are x1, . . . , xr ∈B(ρ)
such that B(ρ) ⊆ ⋃j∈r Uxj . Let V :=

⋂
j∈r Vxj . Then H(ρ, y) = ∅ for all y∈V . Thus Φf (y) > ρ

for all y ∈ V . Thus, we have shown that the function Φf is lower semi-continuous. The upper
semi-continuity of Ψf is then obvious. �



Chapter 2

Definition and basic properties of

spectral value sets

In the first section of this chapter we define spectral value sets for structured matrix perturba-
tions. Sections 2 and 3 deal with the topological properties of these sets. Section 4 is about
the characterization of spectral value sets via µ-functions. This characterization yields the basis
for the visualization of spectral value sets. In Section 5 we discuss cases in which the µ-value
of a matrix M equals its norm, ‖M‖. Section 6 contains the first main result of this work, a
theorem on the relationsship between spectral value sets for small perturbations, µ-functions
and condition numbers of eigenvalues for structured perturbations.

2.1 Definition

We now introduce our main object of study, spectral value sets for structured matrix pertur-
bations. A spectral value set of all complex numbers to which at least one eigenvalue of the
nominal matrix A∈Cn×n can be shifted by a perturbation of the form A ❀ A(∆) = A+B∆C,
where B,C are fixed matrices and the perturbation matrix ∆ is an element of a perturbation
class ∆. Moreover, the norm of the perturbation ∆ is assumed to be bounded by a perturbation
level ρ > 0. A more precise definition of spectral value sets will be given below. We first have
to specify the types of perturbation classes under consideration.

Definition 2.1.1 Let l, q∈N. By Pl,q we denote the set of pairs (∆, ‖ · ‖), where

• ∆ is a nonempty closed subset of Cl×q which is star-shaped with respect to 0, i.e. ∆∈∆
implies that t∆∈∆ for every t∈ [0, 1].

• ‖ · ‖ is a norm on the real vector space spanR∆ ⊆ Cl×q.

By PC
l,q we denote the set of pairs (∆, ‖ · ‖), where

• ∆ is a nonempty closed subset of Cl×q which satisfies C∆ = ∆, i.e. ∆∈∆ implies that
t∆∈∆ for every t∈C.

• ‖ · ‖ is a norm on the complex vector space spanC∆.

The pairs (∆, ‖ · ‖)∈Pl,q will be called perturbation structures and the pairs (∆, ‖ · ‖)∈PC
l,q will

be called complex perturbation structures. We have that PC

l,q ⊂ Pl,q. Note that if (∆, ‖ · ‖)∈PC

l,q

then the norm satisfies ‖t∆‖ = |t|‖∆‖ for all complex numbers t. This is not necessarily the
case if (∆, ‖ · ‖)∈Pl,q.

13
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There are many ways to define spectral value sets for matrices and linear operators , see e.
g. [21, 51, 42, 43, 53, 91, 92]. In this work we consider spectral value sets for perturbation
structures (∆, ‖ · ‖)∈Pl,q and matrix triples (A,B,C)∈Ln,l,q, where

Ln,l,q := Cn×n × Cn×l × Cq×n.

Definition 2.1.2 Let (∆, ‖ · ‖)∈Pl,q be a perturbation structure. Then the spectral value set of
the triple (A,B,C)∈Ln,l,q with respect to the perturbation class ∆, the underlying norm ‖ · ‖
and the perturbation level ρ ≥ 0 is the following subset of the complex plane.

σ
‖·‖
∆ (A,B,C, ρ) :=

⋃

∆∈∆, ‖∆‖≤ρ

σ(A+B∆C) (2.1)

= { s∈C | ∃∆∈∆ : ‖∆‖ ≤ ρ, det(sIn − (A+B∆C)) = 0}.

In words, σ
‖·‖
∆

(A,B,C, ρ) is the union of all spectra of matrices of the form A + B∆C, where
∆∈∆, ‖∆‖ ≤ ρ.

For the perturbation level ρ = 0 we have σ
‖·‖
∆

(A,B,C, 0) = σ(A). The assumption that the

perturbation class ∆ is star-shaped guaranties that each connected component of σ
‖·‖
∆

(A,B,C, ρ)
contains an eigenvalue of A. This will be shown in the next section. Note that the seemingly
more complicated perturbations of the form

A ❀ A(∆1, . . . ,∆m, δ1, . . . , δr) := A+
∑

j∈m

Bj∆jCj +
∑

j∈r

δjEj, δj ∈F,

can be modelled in our framework since we have A(∆1, . . . ,∆m, δ1, . . . , δr) = A+B∆C with

∆ = diag(∆1, . . . ,∆m, δ1In, . . . , δrIn),

B = [B1, . . . , Bm, E1, . . . , Er],

C = [CT
1 , . . . , C

T
m, In, . . . , In︸ ︷︷ ︸

r times

]T .

There are some important special cases of spectral value sets for which we introduce simplified
notations.

• σ‖·‖
F

(A,B,C, ρ) := σ
‖·‖
Fl×q(A,B,C, ρ).

• σ‖·‖
∆

(A, ρ) := σ
‖·‖
∆

(A, In, In, ρ) and σ
‖·‖
F

(A, ρ) := σ
‖·‖
Fl×q(A, In, In, ρ).

• If ‖ · ‖ = ‖ · ‖α,β is an operator norm subordinate to the vector norms ‖ · ‖α and ‖ · ‖β then

σ
(α,β)

∆
(A,B,C, ρ) := σ

‖·‖
∆

(A,B,C, ρ) and σ
(α,β)

F
(A, ρ) := σ

‖·‖
F

(A, ρ).

Moreover, σ
(α)

∆
(A,B,C, ρ) := σ

(α,α)

∆
(A,B,C, ρ) and σ

(α)

F
(A, ρ) := σ

(α,α)

F
(A, ρ).

Spectral value sets of the form σ
(α)

C
(A, ρ) are known under the name pseudospectra and have

been investigated by many authors. In our terminology any set of the form σ
‖·‖
F

(A, ρ), F∈{R,C}
is said to be a pseudospectrum. Some examples of spectral value sets and pseudospectra are
given in the Figures 2.1, 2.2 and 2.3. We will comment these figures in the next section.
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On replacing in (2.1) the condition ‖∆‖ ≤ ρ by the stronger condition ‖∆‖ < ρ one obtains
the sets

◦
σ

‖·‖
∆ (A,B,C, ρ) :=

⋃

∆∈∆, ‖∆‖<ρ

σ(A+B∆C)

= { s∈C | ∃∆∈∆ : ‖∆‖ < ρ, det(sIn − (A+B∆C)) = 0}.

The sets
◦
σ
‖·‖
Fl×q(A,B,C, ρ), where F = R or C and the underlying norm is an operator norm, have

been studied in [30, 42, 43, 51, 53]. It will be shown in the next section that σ
‖·‖
∆

(A,B,C, ρ) is

the closure of
◦
σ

‖·‖
∆

(A,B,C, ρ). Moreover, we will see that sets
◦
σ

‖·‖
∆

(A,B,C, ρ) are open if the
underlying perturbation structure is complex.

A concept closely related to spectral value sets is the stability radius.

Definition 2.1.3 Let Cg be a nonempty open subset of C. A matrix A∈Cn×n is said to be Cg-
stable if σ(A) ⊂ Cg. The Cg-stability radius of (A,B,C)∈Ln,l,q with respect to (∆, ‖ · ‖)∈Pl,q

is defined as follows.

r
‖·‖
∆ (A,B,C,Cg) = min { ‖∆‖ | ∆∈∆, A+B∆C is not Cg-stable } (2.2)

= min { ‖∆‖ | ∆∈∆, σ(A+B∆C) 6⊂ Cg }

Using Lemma (1.7) it is easily seen that, with the convention min ∅ =∞, the minimum in (2.2)
always exists. Obviously,

r
‖·‖
∆ (A,B,C,Cg) = min{ ρ ≥ 0 | σ‖·‖

∆ (A,B,C, ρ) 6⊆ Cg }.

We will briefly mention those results on stability radii that follow as immediate consequences
from our considerations concerning spectral value sets.

2.2 Topological properties

In this section we discuss basic topological properties of spectral value sets. We use the notation
D(λ, ǫ) := { s∈C | |s − λ| < ǫ } for the open disks in C. The proposition below describes the

structure of spectral value sets σ
‖·‖
∆

(A, ρ), where ∆ is a 1-dimensional real or complex subspace
of Cn×n.

Proposition 2.2.1 Let A,∆∈Cn×n. Then the following statements hold.

(i) There exists an integer n′ ≤ n and a finite set S ⊂ C (which may be empty) such that
#σ(A+ t∆) = n′ for all t∈C \ S and #σ(A+ t∆) < n′ for all t∈S.

(ii) For each simply connected open set U ⊂ C \ S there exist analytic functions h1, . . . , hn′ :
U → C such that σ(A+ t∆) = {h1(t), . . . , hn′(t)} for all t∈U .

(iii) Let t0 ∈ S and let λ0 ∈C be an eigenvalue of A + t0∆ of algebraic multiplicity m. Then
there are integers m1, . . . ,mr∈m with

∑r
j=1mj = m, an open neighborhood U ⊂ C of λ0,

an ǫ > 0, and analytic functions hj : D(0, ǫ1/mj ) → C with hj(0) = λ0 for all j ∈ r, such
that for every t∈D(t0, ǫ),

U ∩ σ(A+ t∆) =

r⋃

j=1

{hj (τ) | τ ∈C, τmj = t− t0} .



16 CHAPTER 2. DEFINITION AND BASIC PROPERTIES OF SPECTRAL VALUE SETS

Consequently,

U ∩
⋃

t∈D(t0,ǫ)

σ(A+ t∆) =

r⋃

j=1

hj

(
D(0, ǫ1/mj )

)
.

(iv) There exist continuous functions f1, . . . , fn′ : R → C which are analytic on R \ S, such
that {f1(t), . . . , fn′(t)} = σ(A+ t∆) for all t∈R.

(v) Let V be an open subset of C. Then
(⋃

t∈V σ(A+ t∆)
)
\ σ(A) is also an open subset of

C.

(vi) Either σ(A + t∆) = σ(A) for all t ∈ C, or #
(
C \⋃t∈C

σ(A+ t∆)
)
≤ n − 1. If ∆ is

nonsingular then
⋃

t∈C
σ(A+ t∆) = C.

Proof: The statements (i), (ii), (iii) are special cases of basic results in analytic perturbation
theory of eigenvalues. They are obtained by applying the theory of complex algebraic curves to
the polynomial

p(s, t) := det(sIn − (A+ t∆)), s, t∈C. (2.3)

Let q1(s, t), . . . , qk(s, t) be the irreducible factors of p(s, t). The set S in (i) is the finite set of
parameters t∈C for which at least one of the polynomials s 7→ qj(s, t), j∈k has a multiple root.
See Sections 3.2, 3.3 in [3] or [28] for details.

(iv). The existence of continuous functions f1, . . . , fn′ : R→ C such that {f1(t), . . . , fn′(t)} =
σ(A+ t∆) for all t∈R is shown in [67, Subsection 2.5.2]. Claim (ii) implies that to each fj and
each t0∈R \ S there is an open neighborhood U ⊂ C of t0 and an analytic function hj : U → C

such that fj(t) = hj(t) for all t∈U ∩ R. Thus, the functions fj are analytic on R \ S.
(v). Let t0 ∈ V and let λ0 ∈ σ(A + t0∆) \ σ(A). By (ii) and (iii) there are, an open

neighborhood U of λ0, an open neighborhood V0 of t0, open neighborhoods W1, . . .Wr of 0∈C

and analytic functions hj : Wj → C with h(0) = λ0 such that U∩⋃t∈V0
σ(A+t∆) =

⋃r
j=1 hj(Wj).

If t0 6∈ S then we have r = 1. We may assume that V0 ⊂ V . By (iv) there exists a continuous
function φ : [0, 1] → C with φ(θ)∈σ(A + θt0∆) for all θ∈ [0, 1] and φ(1) = λ0. Since λ0 6∈ σ(A)
there is a θ′ ∈ (0, 1) such that φ(θ′) ∈ U \ {λ0}. Hence at least one of the functions hj is
nonconstant. Since a nonconstant analytic function is an open mapping the set U ∩⋃t∈V0

σ(A+
t∆) is open.

(vi). The polynomial p defined in (2.3) can be written in the form p(s, t) = det(∆)tn +∑n−1
j=1 aj(s)t

j + χA(s), where χA denotes the characteristic polynomial of A, and the functions
aj(·) are polynomials of degree ≤ n − 1. Now, (vi) follows from the fact that for each fixed
s∈C \ σ(A) the equation p(s, t) = 0 has a solution t∈C if and only if det(∆) 6= 0 or aj(s) 6= 0
for at least one j. �

Now, we address the topological properties of general spectral value sets. To this end we need
the following well known continuity property of eigenvalues [86, Theorem 1.1].

Proposition 2.2.2 Let λ0∈C be an eigenvalue of A0∈Cn×n with algebraic multiplicity m. Let
ǫ > 0 be such that σ(A0) ∩ D(λ0, ǫ) = {λ0}. Then there is a neighborhood U ⊂ Cn×n of A0

such that for all A∈U precisely m eigenvalues of A (counting multiplicities) are contained in
the open disk D(λ0, ǫ).

The proofs of all statements in the remainder of this section are based on Propositions 2.2.2
and 2.2.1.
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Proposition 2.2.3 Let (A,B,C)∈Ln,l,q and (∆, ‖ · ‖)∈Pl,q. Then

(i) The connected components of σ
‖·‖
∆

(A,B,C, ρ) are path connected and each of the connected
components contains at least one eigenvalue of A.

(ii) The set of isolated points of σ
‖·‖
∆

(A,B,C, ρ) is contained in σ(A).

(iii) Let K be a connected component of σ
‖·‖
∆

(A,B,C, ρ) which contains m eigenvalues of A
counting (algebraic) multiplicities. Let ∆∈∆ and ‖∆‖ ≤ ρ. Then K contains exactly m
eigenvalues of A+B∆C counting multiplicities.

(iv) The number of connected components of σ
‖·‖
∆

(A,B,C, ρ) is a decreasing function of ρ. Let

k := #σ(A). Then there is a ρ0 > 0 such that for all ρ∈ [0, ρ0] the set σ
‖·‖
∆

(A,B,C, ρ) has k
connected components, and each of the connected components contains only one eigenvalue
of A.

Proof: Let ∆ ∈ ∆ with ‖∆‖ ≤ ρ. By part (iv) of Proposition 2.2.1 there are continuous
functions f1, . . . , fn′ : R → C such that {f1(t), . . . , fn′(t)} = σ(A + tB∆C) for all t ∈ R. By
our assumption on the perturbation class ∆ we have that t∆ ∈ ∆ for all t ∈ [0, 1]. Thus

fj(t)∈σ‖·‖
∆

(A,B,C, ρ) for all t∈ [0, 1] and all j ≤ n′. Therefore (i), (ii) and (iii) hold. The first
claim in (iv) is a consequence of the obvious implication

0 ≤ ρ1 ≤ ρ2 ⇒ σ
‖·‖
∆ (A,B,C, ρ1) ⊆ σ

‖·‖
∆ (A,B,C, ρ2).

It remains to show the second claim in (iv). Let λ1, . . . , λk be the eigenvalues of A. Let
ǫ > 0 be such that the disks D(λj, ǫ), j ∈ k, are pairwise disjoint. By Proposition 2.2.2 there
is a neighborhood U ⊂ Cn×n of A such that σ(M) ⊂ ⋃j∈kD(λj , ǫ) for all M ∈ U . Choose

ρ0 > 0 such that A + B∆C ∈ U for all ∆ ∈ Cl×q with ‖∆‖ ≤ ρ0. Then for all ρ ∈ [0, ρ0],

σ
‖·‖
∆

(A,B,C, ρ) =
⋃

j∈kKj(ρ), where Kj(ρ) := σ
‖·‖
∆

(A,B,C, ρ) ∩D(λj , ǫ). Each Kj(ρ) contains
only one eigenvalue of σ(A) and is separated from the sets Ki(ρ), i 6= j. From (i) it follows that

Kj(ρ) is a connected component of σ
‖·‖
∆

(A,B,C, ρ). �

Proposition 2.2.4 Let (A,B,C)∈Ln,l,q, (∆, ‖ · ‖)∈Pl,q and ρ ≥ 0.

(i) The set σ
‖·‖
∆

(A,B,C, ρ) is compact.

(ii) The set σ
‖·‖
∆

(A,B,C, ρ) is the closure of
◦
σ

‖·‖
∆

(A,B,C, ρ).

Proof: (i). Let (sk)k∈N be a sequence in C with sk ∈ σ
‖·‖
∆

(A,B,C, ρ) for all k ∈ N. Then
sk ∈ σ(A + B∆kC) with ∆k ∈ B(ρ) := { ∆∈∆ | ‖∆‖ ≤ ρ }. By compactness of B(ρ) there
is a subsequence (∆kj

)j∈N and a ∆0 ∈B(ρ) such that limj→∞ ∆kj
= ∆0. From the continuity

of eigenvalues (Proposition 2.2.2) it follows that to each ǫ > 0 there is a j0 such that skj
∈⋃

λ∈σ(A+B∆0C)D(λ, ǫ) for all j ≥ j0. Thus, there is a converging subsequence (skji
)i∈N such that

limi→∞ skji
∈σ(A+B∆0C) ⊆ σ‖·‖

∆
(A,B,C, ρ).

(ii). Let s∈σ(A+B∆C) with ∆∈∆, ‖∆‖ = ρ. By claim (iv) of Proposition 2.2.1 there exists
a continuous path f : [0, 1] → C such that f(t)∈σ(A+ B(t∆)C) for all t∈ [0, 1] and f(1) = s.

Since t∆∈∆ and ‖t∆‖ < ρ for all t∈ [0, 1) we have f(t)∈ ◦
σ

‖·‖
∆

(A,B,C, ρ) for all t∈ [0, 1). Thus
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s is an accumulation point of
◦
σ

‖·‖
∆

(A,B,C, ρ). Hence, the closure of
◦
σ

‖·‖
∆

(A,B,C, ρ) contains the

set σ
‖·‖
∆

(A,B,C, ρ). Since σ
‖·‖
∆

(A,B,C, ρ) is closed the proof is complete. �

The spectral value sets with respect to complex perturbation structures (∆, ‖ · ‖) ∈ PC
l,q have

some nice additional properties.

Proposition 2.2.5 Let (A,B,C)∈Ln,l,q and (∆, ‖ · ‖)∈PC

l,q. Then

(i) The set
◦
σ

‖·‖
∆

(A,B,C, ρ) \ σ(A) is an open subset of C for all ρ ≥ 0.

(ii) Let s∈C \ σ(A) be a point on the boundary of σ
‖·‖
∆

(A,B,C, ρ), ρ > 0. Then

min{ ‖∆‖ | ∆∈∆, s∈σ(A+B∆C) } = ρ. (2.4)

(iii) Either σ
‖·‖
∆

(A,B,C, ρ) = σ(A) for all ρ ≥ 0 or #
(
C \⋃ρ≥0 σ

‖·‖
∆

(A,B,C, ρ)
)
≤ n − 1. If

the set {B∆C | ∆∈∆ } contains a nonsingular matrix then
⋃

ρ≥0 σ
‖·‖
∆

(A,B,C, ρ) = C.

Proof: (i). Let s∈ ◦
σ

‖·‖
∆

(A,B,C, ρ) \ σ(A). Then there is a ∆∈∆ such that 0 < ‖∆‖ < ρ and
s∈σ(A + B∆C). Let V := { t∈C | 0 < |t| < ρ‖∆‖−1 } and W :=

⋃
t∈V σ(A + tB∆C) \ σ(A).

Then t∆∈∆ and ‖t∆‖ < ρ for all t∈V . Moreover, 1∈V . Therefore, s∈W ⊆ ◦
σ

‖·‖
∆

(A,B,C, ρ).

By claim (v) of Proposition 2.2.1 the set W is open. Thus
◦
σ

‖·‖
∆

(A,B,C, ρ) \σ(A) is open. (ii) is
an immediate consequence of (i). Claim (iii) follows from (i) and and claim (vi) of Proposition
2.2.1. �

Some of the statements of this section are illustrated in Figures 2.1, 2.2 and 2.3. Figure 2.1
shows spectral value sets to the nominal matrix

A =




2 −3 1 1
3 2 1 1
0 0 3 1
0 0 0 4


 . (2.5)

The crosses mark the eigenvalues of A. In the first row of the figure one sees the real spectral

spectral value sets σ
(2)
R

(A, 1), σ
(2)
R

(A,B1, C1, 1) and σ
(2)
R

(A,B2, C2, 1), where

B1 =




0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


 , C1 =




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


 , B2 =




2
0
0
0


 , C2 =

[
1 0 0 0

]
.

Note that these sets are not closures of open sets. The set σ
(2)
R

(A,B2, C2, 1) has no interior

points at all. The second row of the figure shows the sets σ
(2)
C

(A, 1), σ
(2)
C

(A,B1, C1, 1) and

σ
(2)
C

(A,B2, C2, 1). In the third row one sees the sets σ
(1)
C

(A, 1), σ
(1)
C

(A,B1, C1, 1) and

σ
(1)
C

(A,B2, C2, 1). The sets in the third column have isolated points.
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Figure 2.2 shows the pseudospectra σ
(2)

F
(A0, ρ), where

A0 =




−7 5 0 0
0 0 8 2
0 0 6 −2
0 0 8 6


 . (2.6)

The crosses in the figure mark the eigenvalues of A0. Note that the sets
◦
σ

(2)

R
(A0, ρ) =

◦
σ

(2)

R4×4(A0, I4, I4, ρ)
are not open. They consist of an open set and one ore two open intervals on the real axis. Figure
2.2 also shows that the connected components of spectral value sets are not nessarily simply con-
nected. Another example for the latter fact is given in Figure 2.3 which displays pseudospectra
of the nilpotent matrix

N =




0 1 −6
0 0 1
0 0 0


 . (2.7)

0 2 4 6
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0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

0 2 4 6

−5

0

5

Figure 2.1: Various spectral value sets of the matrix A defined in (2.5).
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σ
(2)

C
(A0, ρ) σ

(2)

R
(A0, ρ)

ρ = 1

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10

−8

−6

−4

−2

0

2

4

6

8

10

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10

−8

−6

−4

−2

0

2

4

6

8

10

ρ = 1.75
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−6

−4

−2

0

2
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6

8

10

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10

−8

−6

−4

−2

0

2

4

6

8
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−10 −8 −6 −4 −2 0 2 4 6 8 10
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−2

0

2
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0
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ρ = 3

−10 −8 −6 −4 −2 0 2 4 6 8 10
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Figure 2.2: Pseudospectra of the matrix A∈R4×4 defined in (2.6).
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σR(N, 0.025):

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

σC(N, 0.025):

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Figure 2.3: Pseudospectra of the nilpotent matrix N ∈R3×3 defined in (2.7).

2.3 Continuous dependence on the parameters

The aim of this section is to show that spectral value sets depend continuously on the parameters
A,B,C, ρ, on the perturbation class ∆ and on the norm ‖ · ‖. Though the proof is not difficult,
it is a bit technical. We need some preliminary topological results.

For a metric space (Z, d) we denote by C(Z) the set of all nonempty compact subsets of Z.
The map

dH : C(Z)× C(Z)→ [0,∞) dH(M,N) := max

{
max
z∈M

min
y∈N

d(z, y) , max
z∈N

min
y∈M

d(z, y)

}

is a metric on C(Z). This metric is called the Hausdorff metric induced by the metric d. The
lemma below follows immediately from the definition of dH .

Lemma 2.3.1 Le ǫ > 0 and C1, C2∈C(Z). Then the statements below are equivalent.

(i) dH(C1, C2) < ǫ.

(ii) To each z1 ∈C1 there is a z2 ∈C2 such that d(z1, z2) < ǫ; and to each z2 ∈C2 there is a
z1∈C1 such that d(z1, z2) < ǫ.

By combining Lemma 2.3.1 and Proposition 2.2.2 one obtains the following well known result.

Proposition 2.3.2 Let d be a metric on C which induces the standard topology. Then the map

σ : Cn×n → C(C), A 7→ σ(A),

which sends the matrix A to its spectrum, is continuous.

We are now going to derive some general results about continuous maps between metric spaces.

Proposition 2.3.3 Let X be a topological space and let Y ,Z be metric spaces. Let f :X×Y → Z
be a continuous map. Then the map

Φf : X × C(Y )→ C(Z), Φf (x,C) := { f(x, y) | y∈C }

is also continuous.
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Proof: We denote both the metric on Y and the metric on Z by he same letter d. For y∈Y
and ρ > 0 we set B(y, ρ) := { ỹ∈Y | d(ỹ, y) < ρ }.

Let ǫ > 0, x0∈X, C0∈C(Y ). By continuity of f there exist to each y∈C0 a neighborhood
Uy of x0 and a δy > 0 such that

d(f(x, η), f(x0, y)) < ǫ for all (x, η)∈Uy ×B(y, δy). (2.8)

Since C0 is compact there are y1, . . . , yr∈C0 such that

C0 ⊆
r⋃

k=1

B

(
yk,

1

2
δyk

)
. (2.9)

Set δ := mink∈r δyk
and U :=

⋂
k∈r Uyk

, and consider a pair (x,C)∈X × C(Y ) with x∈U and

dH(C,C0) <
1
2δ. We show

(a) to each η∈C there is a k ≤ r such that d(f(x, η), f(x0, yk)) < ǫ;

(b) to each y∈C0 there is a η∈C such that d(f(x, η), f(x0, y)) < 2ǫ.

By Lemma 2.3.1 the statements (a) and (b) together imply that dH(Φf (x,C),Φf (x0, C0)) < 2ǫ.
Then the proof is complete.

(a). Since dH(C,C0) <
1
2δ there exists to each η∈C a y∈C0 with d(η, y) < 1

2δ, and by (2.9)
there is a yk with d(y, yk) <

1
2δyk

. Hence d(η, yk) < δyk
for some k ≤ r. Now (2.8) yields that

d(f(x, η), f(x0, yk)) < ǫ.

(b). By (2.9) there exists to each y∈C0 a yk whith d(y, yk) < 1
2δyk

and hence by (2.8),

d(f(x, y), f(x0, yk)) < ǫ. (2.10)

Since dH(C,C0) <
1
2δ we have d(yk, η) <

1
2δ for some η∈C. Again, (2.8) yields

d(f(x, η), f(x0, yk)) < ǫ. (2.11)

(2.10) and (2.11) imply d(f(x, η), f(x0, y)) < 2ǫ. �

In the next proposition we consider the metric space ( C(C(Z)) , (dH)H ). The elements of
C(C(Z)) are compact sets of compact subsets of the metric space Z. The metric (dH)H is
the Hausdorff metric induced by the Hausdorff metric dH on C(Z). We use the notation

∪K :=
⋃

C∈K
C, where K∈C(C(Z)).

Proposition 2.3.4 Let (Z, d) be a metric space. Then the following holds.

(i) If K∈C(C(Z)) then ∪K∈C(Z).

(ii) For all K1,K2 ∈ C(C(Z)), dH (∪K1,∪K2) ≤ (dH)H (K1,K2). In other words, the map

∪ : C(C(Z))→ C(Z) K 7→ ∪K

is a contraction. In particular, this map is continuous.
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Proof: (i). We show that each sequence in ∪K has a convergent subsequence with limit in
∪K. If (zn)n∈N is a sequence in ∪K =

⋃
C∈K C then there is a sequence (Cn)n∈N in K with

zn ∈Cn for all n∈N. Since K is a compact metric space there is a subsequence (Cnj )j∈N with

limit C̃ ∈ K and by definition of the Hausdorff-metric there is a sequence (z̃nj )j∈N in C̃ with
limj→∞ d(znj , z̃nj ) = 0. The sequence (z̃nj )j∈N has a convergent subsequence (z̃njk

)k∈N with

limit z̃∈ C̃. It follows that limk→∞ znjk
= z̃∈∪K.

(ii). Let K1,K2∈C(C(Z)) and let z1∈∪K1. Then there is a C1∈C(Z) such that z1∈C1∈K1.
By definition of the metric (dH)H there is a C2 ∈K2 with dH(C1, C2) ≤ (dH)H(K1,K2). The
latter implies that d(z1, z2) ≤ (dH)H(K1,K2) for some z2 ∈C2 ⊆ ∪K2. By symmetry we also
have that to each z2 ∈ ∪K2 there is a z1 ∈ ∪K1 such that d(z1, z2) ≤ (dH)H(K1,K2). Thus
dH(∪K1,∪K2) ≤ (dH)H(K1,K2). �

Corollary 2.3.5 Let X be a topological space and let Y ,Z be metric spaces.
Let F : X × Y → C(Z) be a continuous map. Then the map

ΨF : X × C(Y )→ C(Z) ΨF (x,C) :=
⋃

y∈C

F (x, y)

is also continuous.

Proof: According to Proposition 2.3.3 the continuity of F : X × Y → C(Z) implies the
continuity of the map

ΦF : X × C(Y )→ C(C(Z)), ΦF (x,C) := { F (x, y) | y∈C } .
We have that ΨF = ∪ ◦ ΦF , and by Proposition 2.3.4 the map ∪ : C(C(Z)) → C(Z) is continu-
ous. �

We are now in the position to prove the main result of this section.

Theorem 2.3.6 Let X be a topological space and let Y be a metric space. Let M : X×Y → Cn×n

be a continuous matrix valued function. Then the function

ψ : X × C(Y )→ C(C) ψ(x,C) :=
⋃

y∈C

σ(M(x, y))

is continuous.

Proof: By Proposition 2.3.2 the continuity of the function (x, y) 7→ M(x, y) implies the
continuity of the map

F : X × Y → C(C), F (x, y) := σ(M(x, y)).

Thus Corollary 2.3.5 yields the result. �

We now apply Theorem 2.3.6 to show the continuous dependence of spectral value sets on the pa-
rameters: Let Bl,q := {B‖·‖

∆
(ρ) | ρ ≥ 0, (∆, ‖·‖)∈Pl,q }, where B‖·‖

∆
(ρ) := { ∆∈∆ | ‖∆‖ ≤ ρ }.

Then Bl,q ⊂ C(Cl×q), and the spectral value sets can be written in the form

σ
‖·‖
∆ (A,B,C, ρ) =

⋃

∆∈B‖·‖
∆

(ρ)

σ(A+B∆C).
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Furthermore, the map ((A,B,C),∆) 7→ A+ B∆C is continuous. Hence, we have the following
corollary to Theorem 2.3.6.

Theorem 2.3.7 The map

ψn,l,q : Ln,l,q ×Bl,q → C(C), (A,B,C,B‖·‖
∆ (ρ)) 7−→ σ

‖·‖
∆ (A,B,C, ρ)

is continuous.

Using the fact that [0, 1]∆ = ∆ it is easily verified that for each (∆, ‖ · ‖)∈Pl,q the function

ρ 7→ B‖·‖
∆

(ρ)∈C(C) is continuous. Thus Theorem 2.3.7 yields

Corollary 2.3.8 For each (∆, ‖ · ‖)∈Pl,q the map

ψ
‖·‖
∆ ,n,l,q : Ln,l,q × [0,∞)→ C(C) (A,B,C, ρ) 7−→ σ

‖·‖
∆ (A,B,C, ρ)

is continuous

If the perturbation class ∆ satisfies [0,∞)∆ = ∆ then a direct proof of Corollary 2.3.8 can
be given by using the following well known fact.

Proposition 2.3.9 Let X and Y be topological spaces where Y is compact. If f : X × Y → R

is continuous then the map

Φf : X → R, Φf (x) := max
y∈Y

f(x, y)

is also continuous.

Proof of Corollary 2.3.8 for the case that [0,∞)∆ = ∆:

First note that the relation [0,∞)∆ = ∆ implies that B‖·‖
∆

(ρ) = ρB‖·‖
∆

(1) for all ρ ≥ 0. Therefore,

σ
‖·‖
∆ (A,B,C, ρ) =

⋃

∆∈B‖·‖
∆

(1)

σ(A+ ρB∆C) for all (A,B,C, ρ)∈Ln,l,q × [0,∞).

Now choose (A0, B0, C0, ρ0)∈Ln,l,q × [0,∞) and define

f : Ln,l,q× [0,∞)×B‖·‖
∆ (1)→ R f(A,B,C, ρ;∆) := dH(σ(A+ρB∆C) , σ(A0 +ρ0B0∆C0) ).

Since f is continuous, the map

Φf : Ln,l,q × [0,∞)→ R Φf (A,B,C; ρ) = max
∆∈B‖·‖

∆
(1)

f(A,D,E, ρ;∆)

is also continuous by Proposition 2.3.9. We show that Φf (A,B,C; ρ) is an upper bound for the

Hausdorff-distance of σ
‖·‖
∆

(A,B,C, ρ) and σ
‖·‖
∆

(A0, B0, C0, ρ0):

dH( σ
‖·‖
∆

(A,B,C, ρ) , σ
‖·‖
∆

(A0, B0, C0, ρ0) )

= dH(
⋃

∆∈B‖·‖
∆

(1)

σ(A+ ρB∆C) ,
⋃

∆∈B‖·‖
∆

(1)

σ(A0 + ρ0B0∆C0) )

≤ max
∆∈B‖·‖

∆
(1)

dH( σ(A+ ρB∆C) , σ(A0 + ρ0B0∆C0) )

= Φf (A,B,C; ρ)

By continuity we have Φf (A,B,C, ρ)→ 0 as (A,B,C, ρ)→ (A0,D0, E0, ρ0). �
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2.4 Characterization via µ-functions

In this section we show that the spectral value sets σ
‖·‖
∆

(A,B,C, ρ) , ρ > 0, are superlevel-sets
of an upper semi-continuous function. This fact can be used to visualize spectral value sets
provided that the function in question can be effectively calculated. For the computation of
spectral value sets in the case ∆ = Cl×q see [5, 30, 31, 91, 26] and the references therein. The
function just mentioned is the composition of the transfer function G(s) = C(sIn −A)−1B and
the µ-function associated with the perturbation structure (∆, ‖ · ‖)∈Pl,q. The µ-functions are
defined as follows [55, 53, 74, 75].

Definition 2.4.1 Let (∆, ‖ · ‖)∈Pl,q. Then we define for M ∈Cq×l,

µ
‖·‖
∆ (M) := ( min{ ‖∆‖ | ∆∈∆, det(Il −∆M) = 0 } )−1 (2.12)

= ( min{ ‖∆‖ | ∆∈∆, 1∈σ(∆M) } )−1 .

Lemma 1.7.1 yields that, with the convention min ∅ =∞, the minimum in (2.12) always exists,

and the function µ
‖·‖
∆

: Cq×l → [0,∞) is upper semi-continuous. Observe that µ
‖·‖
∆

(M) = 0 if
and only if there is no matrix ∆∈∆ such that 1∈σ(∆M). We give now a characterization of

µ
‖·‖
∆

(·) by the spectral radius (if C∆ = ∆) and the real spectral radius (if R∆ = ∆). The real
spectral radius of A∈Cn×n is

̺R(A) :=

{
0 if σ(A) ∩ R = ∅,
max{ |λ| | λ∈σ(A) ∩R } otherwise.

Lemma 2.4.2 The function ̺R : Cn×n → [0,∞) is upper semi-continuous.

Proof: Let A0∈Cn×n and let ρ > 0 such that ̺R(A0) < ρ. Then all real eigenvalues of A0 are
contained in the interval (−ρ, ρ). By continuity of the spectrum (Proposition 2.2.2) the same
statement holds for all matrices A in a neighborhood U ⊂ Cn×n of A0. �

Proposition 2.4.3 Let M ∈Cq×l.

(i) Let (∆, ‖ · ‖)∈Pl,q and assume that R∆ = ∆. Then

µ
‖·‖
∆ (M) = max{ ̺R(∆M) | ∆ ∈∆, ‖∆‖ = 1 }.

(ii) If (∆, ‖ · ‖)∈PC

l,q then µ
‖·‖
∆

(M) = max{ ̺(∆M) | ∆ ∈∆, ‖∆‖ = 1 }.

Proof: We only show (i). The proof of (ii) is analogous. It can be found in [74].
Since ̺R(·) is upper semi-continuous and the set { ∆ ∈ ∆ | ‖∆‖ = 1} is compact, the

maximum c := max∆∈∆,‖∆‖=1 ̺R(∆M) exists. Let

∆̂ := { ∆∈∆ | σ(∆M) ∩ R = {0} or σ(∆M) ∩R = ∅}.

If ∆̂ = ∆ then c = 0 = µ
‖·‖
∆

(M). Suppose that ∆̂ 6= ∆. Then c > 0. Thus there is a ∆∈∆ and
an s∈R such that ‖∆‖ = 1, s∈σ(∆M) and |s| = ̺R(∆M) = c. Let ∆0 := s−1∆. Then ∆0∈∆,

1∈ σ(∆0M) and ‖∆0‖ = |s|−1. Thus µ
‖·‖
∆

(M) ≥ |s| = c. In particular, we have µ
‖·‖
∆

(M) > 0.

Hence there is a ∆∈∆ such that ‖∆‖ = µ
‖·‖
∆

(M)−1 and 1∈σ(∆M). Let ∆1 := ‖∆‖−1∆. Then



26 CHAPTER 2. DEFINITION AND BASIC PROPERTIES OF SPECTRAL VALUE SETS

∆1 ∈∆, ‖∆1‖ = 1 and ‖∆‖−1 ∈σ(∆1M). The latter implies that ‖∆‖−1 ≤ ̺R(∆1M). Hence,

µ
‖·‖
∆

(M) ≤ c. �

The set {∆∈∆ | ‖∆‖ ≤ 1 } is compact and the spectral radius ̺ : Cl×l → [0,∞) is a continuous
function. Therefore, the mapping M 7→ max∆∈∆,‖∆‖=1 ̺(∆M), M ∈Cq×l, is continuous as well.
Hence we have the following corollary to Proposition 2.4.3.

Corollary 2.4.4 If (∆, ‖ · ‖)∈PC

l,q then the function µ
‖·‖
∆

: Cq×l → [0,∞) is continuous.

The next theorem is basic. It establishes the connection between µ-functions and spectral value
sets.

Theorem 2.4.5 Let (A,B,C)∈Ln,l,q and (∆, ‖ · ‖)∈Pl,q. Define

f : C \ σ(A)→ [0,∞) f(s) := µ
‖·‖
∆ (G(s)), where G(s) = C(sIn −A)−1B.

Then, for s∈C \ σ(A),

f(s) = ( min{‖∆‖ | ∆∈∆, s∈σ(A+B∆C) } )−1 . (2.13)

We have for every ρ > 0,

σ
‖·‖
∆ (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | f(s) ≥ ρ−1 }, (2.14)

◦
σ

‖·‖
∆ (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | f(s) > ρ−1 }. (2.15)

Proof: The relation (2.13) follows from the definition of µ
‖·‖
∆

(·) and the equivalence

s∈σ(A+B∆C) ⇔ 1∈σ(∆G(s)), (2.16)

which holds for all s∈C \ σ(A) and all ∆∈Cl×q. We prove the equivalence:
Let s∈σ(A+B∆C)\σ(A), and let x 6= 0 be a corresponding eigenvector. Then

0 = (sIn −A−B∆C)x = (sIn −A)(In − (sIn −A)−1B∆C)x.

Thus

x = (sIn −A)−1B∆Cx. (2.17)

It follows that ∆Cx 6= 0. By multiplying equation (2.17) with ∆C one obtains

∆Cx = ∆C(sIn −A)−1B∆Cx = ∆G(s)(∆Cx).

Hence, 1∈σ(∆G(s)).
The proof of the converse direction is similar: Suppose that 1∈ σ(∆G(s)). Then there is a

y∈Cl \ {0} such that
y = ∆G(s)y = ∆C(sIn −A)−1By.

It follows that (sIn −A)−1By 6= 0, and

(sIn −A)((sIn −A)−1By) = B∆C((sIn −A)−1By).

Thus the vector (sIn−A)−1By is an eigenvector of A+B∆C to the eigenvalue s. This concludes
the proof of the equivalence (2.16) and the relation (2.13). The relations (2.14) and (2.15) are
immediate consequences of (2.13). �

Below we list some further properties of the function f and relate them to the properties of
spectral value sets.
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Proposition 2.4.6 For the function f in Theorem 2.4.5 we define

Cf (ρ) := { s∈C\σ(A) | f(s) = ρ−1 }, ρ > 0,

Zf := { s∈C\σ(A) | f(s) = 0 },
Mf := { s∈C\σ(A) | f has a local minimum at s },
Df := { s∈C\σ(A) | f is discontinuous at s },

Then the following holds.

(i) The function f : C \ σ(A)→ [0,∞) is upper semi-continuous.

(ii) The function f satisfies lims→∞ f(s) = 0.

(iii) We have
⋃

ρ>0σ
‖·‖
∆

(A,B,C, ρ) = σ(A) ∪ (C \ Zf ).

(iv) Let s∈C \ σ(A) and ρ > 0. Assume that f(s) = ρ−1. Then in each neighborhood U ⊆ C

of s there is an s′∈U such that f(s′) > ρ−1.

(v) The restriction of f to the set C \ (σ(A) ∪ Zf ) has no local maxima.

(vi) Let ρ > 0. Then int(Cf (ρ)) = int(Mf \ Zf ) = ∅.

(vii) Assume that s 6∈ Df and f(s) > ρ−1. Then s∈ int(σ
‖·‖
∆

(A,B,C, ρ)).

(viii) Assume that s∈Df . Then there exists a ρ > 0 such that f(s) > ρ−1 and s∈∂σ‖·‖
∆

(A,B,C, ρ).

(ix) For all ρ > 0,

Cf (ρ) \Mf ⊆ ∂σ(A,B,C, ρ) (2.18)

and

Cf (ρ) \ (Mf ∪Df ) = ∂σ
‖·‖
∆ (A,B,C, ρ) \ (σ(A) ∪Df ). (2.19)

(x) Let K be a connected component of C \ (Cf (ρ)∪Df ). Then either K ∩σ‖·‖
∆

(A,B,C, ρ) = ∅
or K ⊂ σ‖·‖

∆
(A,B,C, ρ).

(xi) Let K be a bounded connected component of C \ σ‖·‖
∆

(A,B,C, ρ) and suppose that cl(K) ∩
(Df ∪ σ(A)) = ∅. Then K ∩Mf 6= ∅.

(xii) Let (∆, ‖ · ‖)∈PC

l,q. Then

(a) The function f is continuous.

(b) Either Zf = C\σ(A) or #Zf ≤ n − 1. If the set {B∆C | ∆ ∈ ∆ } contains a
nonsingular matrix then Zf = ∅.

Remark 2.4.7 The claims (i) and (v) imply that for each compact set K ⊂ C \ σ(A) the
restriction f |K of the upper semi-continuous function f attains its maximum on the boundary
of K. This fact has been used by Gallestey [31] to develop an algorithm for the computation of

the spectral value sets σ
(2)

C
(A,B,C, ρ).
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Proof: (i) follows from the upper semi-continuity of µ
‖·‖
∆

(·).
(ii). Suppose that the claim fails. Then there is a ρ > 0 and an unbounded sequence (sk) in

C such that f(sk) ≥ ρ−1 for all k∈N. By Equation (2.14) this implies that the spectral value

set σ
‖·‖
∆

(A,B,C, ρ) is unbounded. The latter contradicts the first claim of Proposition 2.2.4.

(iii) is immediate from Equation (2.14). (iv) follows from Equations (2.14), (2.15) and claim
(ii) of Proposition 2.2.4.

(v) and (vi) are consequences of (iv).

(vii). If s 6∈ Df and f(s) > ρ−1 then there is an open neighborhood U ⊂ C of s such that

f(s′) > ρ−1 for all s′∈U . Thus, by (2.14), U ⊆ σ
‖·‖
∆

(A,B,C, ρ). Thus s is an interior point of

σ
‖·‖
∆

(A,B,C, ρ).

(viii). Suppose that f is not continuous at s. Then there is an ǫ∈ (0, f(s)) and a sequence
(sk) converging to s such that |f(sk) − f(s)| > ǫ. Since f is upper semi-continuous, we may

assume that f(sk) < f(s) − ǫ for all k∈N. The latter implies that s∈ ∂σ‖·‖
∆

(A,B,C, ρ), where
ρ = (f(s)− ǫ)−1.

(ix). Suppose that s∈Cf (ρ)\Mf . Then f(s) = ρ−1, and in every neighborhood of s there is

an s′ such that f(s′) < ρ−1. Thus (2.18) holds. Suppose now, that s∈∂σ‖·‖
∆

(A,B,C, ρ)\ (σ(A)∪
Df ). Then, by (vii), we have that s∈Cf(ρ), i.e. f(s) = ρ−1. We also have that s 6∈ Mf since
otherwise there is a neighborhood U of s such that f(s′) ≥ ρ−1 for every s′∈U , which implies

that s∈ int(σ
‖·‖
∆

(A,B,C, ρ)). Thus (2.19) holds.

(x). Let K be a connected component of C \ (Cf (ρ) ∪ Df ). Then the restriction f |K is
continuous and f(s) 6= ρ−1 for all s∈K. Thus, either f(s) > ρ−1 for all s∈K or f(s) < ρ−1 for
all s∈K.

(xi). Let K be a bounded connected component of C \ σ‖·‖
∆

(A,B,C, ρ) and suppose that
cl(K) ∩ (Df ∪ σ(A)) = ∅. Then f is continuous on the compact set cl(K). Thus there is an
s0∈ cl(K) such that f(s0) = mins∈cl(K) f(s). For s∈K we have f(s) < ρ−1, and for s∈∂K we
have f(s) = ρ−1. Thus s0 is contained in the open set K, whence K ∩Mf 6= ∅.

(xii). Claim (a) is a consequence of Corollary 2.4.4. (b) follows from (iii) and the second
claim of Proposition 2.2.5. �

In view of Theorem 2.4.5 it is of importance to have computable formulas or efficient algorithms
to calculate or approximate the function f(·). Such formulas (algorithms) are known for the
following cases.

(a) ∆ = Cl×q and ‖·‖ is rank-1-compatible with a computable operator norm. (The definition
of rank-1-compatiblity will be given in the next section).

(b) ∆ = Rl×q and ‖ · ‖ is the spectral norm.

(c) l = 1 or q = 1 and ‖ · ‖ is an arbitrary norm on ∆ = Rl×q.

(d) ∆ =
{

diag(δ1Ir1, . . . , δpIrp ,∆1, . . . ,∆m)
∣∣ δj ∈C, ∆k ∈ Clk×lk

}
, where rj, lk ∈N are fixed

numbers. The underlying norm ‖·‖ is the spectral norm. In this case µ
‖·‖
∆

(M) is called the
structured singular value ofM . It plays an important role in control theory, see [75, 84, 98].

We will treat the case (a) in the next section and the cases (b), (c) in the chapters 6 and 7.
However, we will not deal with case (d) in this work. The reader who is interested in the
computation of the structured singular value is refered to [1, 69, 75] and the references therein.
In Chapter 4 we will study µ-functions for the case
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(e) M ∈ Cl×q is block diagonal and ∆ = ∆I is the set of complex block matrices ∆ =
[∆jk]j,k≤m of fixed block sizes whose blocks satisfy ∆jk = 0 for all pairs (j, k) ∈m × m
which are not contained in the index set I ⊆ m×m.

All figures of spectral value sets in this work have been obtained by evaluating the function
s 7→ f(s) = µ

‖·‖
∆

(G(s)) on a grid. For the calculation of G(s) = C(sIn − A)−1B from the
data A,B,C and s the application of the inverse of sIn −A is needed. This is computationally
expensive and may cause numerical problems. However, in the case that B = C = In the
application of the inverse can be avoided if one uses the following functions.

Definition 2.4.8 Let (∆, ‖ · ‖)∈Pn,n. Then we define for M ∈Cn×n,

µ̃
‖·‖
∆ (M) := min{ ‖∆‖ | ∆∈∆, M −∆ is singular }. (2.20)

Lemma 1.7.1 yields that the functions µ̃
‖·‖
∆

: Cn×n → [0,∞] are well defined and lower semi-

continuous. Note that µ̃
‖·‖
∆

(M) = ∞ if and only if there is no ∆ ∈ ∆ such that M − ∆ is
singular.

Theorem 2.4.9 Let (∆, ‖ · ‖)∈Pn,n. Then for every A∈Cn×n and every ρ ≥ 0,

σ
‖·‖
∆ (A, ρ) = { s∈C | µ̃‖·‖

∆ (sIn −A) ≤ ρ }.

Proof: This follows from the definitions of σ
‖·‖
∆

(A, ρ) and µ̃
‖·‖
∆

(·) and the equivalence

s∈σ(A+ ∆) ⇔ (sIn −A)−∆ is singular .

. �

The functions µ
‖·‖
∆

(·) and µ̃
‖·‖
∆

(·) are related in the following way.

Proposition 2.4.10 Let (∆, ‖ · ‖)∈Pn,n and let M ∈Cn×n. Then

µ̃
‖·‖
∆ (M) =

{
0 if M is singular,

µ
‖·‖
∆

(M−1)−1 otherwise.
(2.21)

Proof: This follows from the definitions of µ̃
‖·‖
∆

(·) and µ
‖·‖
∆

(·) and the equivalence

M −∆ is singular ⇔ 1∈σ(∆M−1),

which holds for all ∆∈Cn×n and all nonsingular M ∈Cn×n. The equivalence is an immediate
consequence of the relation M −∆ = (In −∆M−1)M. �

In the sequel we will make use of some simplified notation.

• µ‖·‖
F

(·) := µ
‖·‖
Fl×q(·) and µ̃

‖·‖
F

(·) := µ̃
‖·‖
Fn×n(·).

• If ‖ · ‖ = ‖ · ‖α,β is an operator norm subordinate to the vector norms ‖ · ‖α and ‖ · ‖β
then µ

(α,β)

∆
(·) := µ

‖·‖
∆

(·) and µ̃
(α,β)

∆
(·) := µ̃

‖·‖
∆

(·). Furthermore, µ
(α)

∆
(·) := µ

(α,α)

∆
(·) and

µ̃
(α)

∆
(·) := µ̃

(α,α)

∆
(·).
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We close this section with a proposition on the stability radius. Its easy proof via Theorem 2.4.5
is left to the reader.

Proposition 2.4.11 Let Cg be a nonempty open subset of C. Let (∆, ‖·‖)∈Pl,q and (A,B,C)∈
Ln,l,q. Let, as in Theorem 2.4.5,

f : C \ σ(A)→ [0,∞) f(s) := µ
‖·‖
∆ (G(s)), where G(s) := C(sIn −A)−1B.

Suppose that A is Cg-stable. Then

(i) The following assertions are equivalent.

(a) r
‖·‖
∆

(A,B,C,Cg) =∞.

(b) A+B∆C is Cg-stable for all ∆∈∆.

(c)
⋃

ρ≥0 σ
‖·‖
∆

(A,B,C, ρ) ⊆ Cg.

(d) Cg ⊆ Zf , where Zf = { s∈C\σ(A) | f(s) = 0 }.

(ii) We have

r
‖·‖
∆ (A,B,C,Cg) =

(
max
s∈∂Cg

f(s)

)−1

(2.22)

= min{ ρ > 0 | σ‖·‖
∆ (A,B,C, ρ) ∩ ∂Cg 6= ∅ }. (2.23)

2.5 µ-functions and operator norms

In this section we consider µ-functions for perturbation structures of the form (Fl×q, ‖ · ‖) where
‖ · ‖ is rank-1-compatible with an operator norm.

Definition 2.5.1 Let ‖ · ‖α and ‖ · ‖β be a norms on Fq and Fl respectively, F∈{R,C}. A norm
‖ · ‖ on Fl×q is said to be rank-1-compatible with the operator norm ‖ · ‖α,β if

(a) ‖∆‖ ≥ ‖∆‖α,β for all ∆∈Fl×q.

(b) ‖∆‖ = ‖∆‖α,β for all ∆∈Fl×q with rank(∆) = 1.

The theorem below (from [74]) is the main result of this section. It extends a result of Hinrichsen
and Pritchard (see e.g. [54]).

Theorem 2.5.2 Let ‖ · ‖α be a norm on Fq and let ‖ · ‖β be a norm on Fl, F∈{R,C}. Let ‖ · ‖
be a norm on Fl×q which is rank-1-compatible with the operator norm ‖ · ‖α,β . Then we have for
M ∈Fq×l,

µ
‖·‖
F (M) = ‖M‖β,α.

Suppose that M 6= 0 and let x ∈ Fl and y ∈ Fq be vectors such that ‖M‖β,α = yTMx and
‖x‖β = ‖y‖Dα = 1. Then the rank-1-matrix ∆0 := ‖M‖−1

β,αxy
T satisfies

1∈σ(∆0M) and ‖∆0‖ = ‖∆0‖α,β = ‖M‖−1
β,α = µ

‖·‖
F (M)−1.
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Proof: The case M = 0 is obvious. Let M 6= 0 and suppose that 1∈σ(∆M). Then there is a
ξ∈Fl\{0} such that ξ = ∆Mξ. Hence,

‖ξ‖α ≤ ‖∆‖α,β‖M‖β,α‖ξ‖α ≤ ‖∆‖‖M‖β,α‖ξ‖α.

Thus ‖M‖β,α ≥ ‖∆‖−1. Thus, ‖M‖β,α ≥ sup{ ‖∆‖−1 |∆ ∈ Fl×q, 1 ∈ σ(∆M) } = µ
‖·‖
F

(M).
On the other hand we have for the matrix ∆0 that ∆0Mx = x and ‖∆0‖ = ‖∆0‖α,β =

‖M‖−1
β,α‖x‖β‖y‖Dα = ‖M‖−1

β,α. Thus ‖M‖β,α = µ
‖·‖
F

(M). �

Observe that Theorem 2.5.2 does not cover the case F = R and M 6∈ Cq×l \ Rq×l. Recall from
the preliminaries the definition infα,β(M) := min‖x‖α=1 ‖Mx‖β , M ∈ Fq×l. If q = l and M is

nonsingular then infα,β(M) = ‖M−1‖−1
β,α.

Corollary 2.5.3 Let ‖ · ‖α and ‖ · ‖β be norms on Fn, and let ‖ · ‖ be a norm on Fn×n which
is rank-1-compatible with ‖ · ‖α,β . Then, for all M ∈Fn×n,

µ̃
‖·‖
F (M) = infα,β(M).

Proof: If M is singular then µ̃
‖·‖
F

(M) = 0 = infα,β(M). If M is nonsingular then µ
‖·‖
F

(M−1) =

‖M−1‖β,α by Theorem 2.5.2. Thus infα,β(M) = ‖M−1‖−1
β,α = µ

‖·‖
F

(M−1)−1 = µ̃
‖·‖
F

(M). �

By applying Theorem 2.5.2 and Corollary 2.5.3 to the norm ‖ · ‖ = ‖ · ‖α,β we obtain

Corollary 2.5.4 Let ‖ · ‖α be a norm on Fq and let ‖ · ‖β be a norm on Fl, F∈{R,C}. Then
we have for M ∈Fq×l,

µ
(α,β)

F (M) = ‖M‖β,α.

If, in addition, l = q =: n then for M ∈Fn×n,

µ̃
(α,β)

F (M) = infα,β(M).

Next, we treat unitarily invariant norms. Recall from the preliminaries that a unitarily invariant
norm is said to be normalized if ‖∆‖ = σ1(∆) for all all rank-1 matrices ∆. Now, let ‖ · ‖ be an
arbitrary unitarily invariant norm on Cl×q, and let ||| · ||| be the absolute and symmetric norm on
Rmin{l,q} such that

‖∆‖ = ||| [σ1(∆), . . . , σmin{m,n}(∆) ]T |||
Set c := ||| [ 1, 0, . . . , 0]T |||. Then it follows from the monotonicity of absolute norms that for all
∆∈Cl×q,

‖∆‖ ≥ c σ1(∆).

Equality holds if rank∆ = 1. Thus ‖ · ‖ is normalized if and only if c = 1. Moreover, any
normalized unitarily invariant norm is rank-1-compatible with the spectral norm. Thus Theorem
2.5.2 and Corollary 2.5.3 yield

Corollary 2.5.5 Let ‖ · ‖ be a normalized unitarily invariant norm on Cl×q and let M ∈Fq×l

F∈{R,C}. Then

µ
‖·‖
F (M) = µ

(2)

F (M) = ‖M‖2 = σmax(M).

If, in addition, l = q =: n then for M ∈Fn×n,

µ̃
‖·‖
F (M) = µ̃

(2)

F (M) = inf2,2(M) = σmin(M),

where σmax(·) and σmin(·) denote the maximal and the minimal singular value.
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We note that if M ∈Cl×q \ Rl×q then in general we have µ
(2)

R
(M) 6= ‖M‖2. The function µ

(2)

R
(·)

will be discussed in Chapter 6. There is another class of norms for which Theorem 2.5.2 is
applicable:

Proposition 2.5.6 (see [74, Corollary 2.2.11]) Let ‖ · ‖α be a norm on Fq and let ‖ · ‖β be
an absolute norm on Fl, F∈{R,C}. Let ∆j denote the jth row of ∆∈Cl×q. Then the norm

‖ · ‖ : Cl×q → [0,∞), ‖∆‖ := ‖ [ ‖∆T
1 ‖Dα , . . . , ‖∆T

l ‖Dα ]T ‖β,

Then ‖ · ‖ is rank-1-compatible with ‖ · ‖α,β . Thus, µ
‖·‖
F

(M) = ‖M‖β,α for all M ∈Fq×l, and if

q = l, µ̃
‖·‖
F

(M) = infα,β(M).

Proof: First note that the function ‖ · ‖ is in fact a norm. The triangle inequality follows from
the monotonicity of the absolute norm ‖ · ‖β.

We have for x∈Fq,

|∆x| = [ |∆1x|, . . . , |∆lx| ]T

≤ [ ‖∆T
1 ‖Dα ‖x‖α, . . . , ‖∆T

l ‖Dα ‖x‖α ]T

= [ ‖∆T
1 ‖Dα , . . . , ‖∆T

l ‖Dα ]T ‖x‖α.

Hence,

‖∆x‖β = ‖ |∆x| ‖β ≤ ‖ [ ‖∆T
1 ‖Dα , . . . , ‖∆T

l ‖Dα ]T ‖β ‖x‖α = ‖∆‖ ‖x‖α.

Thus ‖∆‖α,β ≤ ‖∆‖. Now suppose that rank(∆) = 1. Then there are v ∈Fl, w∈Fq such that
∆ = xyT . The jth row of ∆ is ∆j = xjy

T , where xj denotes the jth entry of x. We have

‖∆‖ = ‖ [ ‖x1y‖Dα , . . . , ‖xly‖Dα ]T ‖β
= ‖ [ |x1| ‖y‖Dα , . . . , |xl| ‖y‖Dα ]T ‖β
= ‖ |x| ‖β ‖y‖Dα
= ‖x‖β ‖y‖Dα
= ‖∆‖α,β. �

Remark 2.5.7 The identification of a µ-function with an operator norm does not imply that
the computational problem for µ-function in question is solved. Clearly, it is well known how to
compute the norms ‖M‖p for p = 1, 2,∞ even for large matrices. However, to our knowledge
there is no reliable algorithm to compute Hölder norms for p 6= 1, 2,∞. There are algorithms
which estimate these norms, see [39] and the references therein. Another interesting norm is
‖ · ‖∞,1 for the following reason. By Theorem 2.5.2,

µ
‖·‖1,∞
F (M) = ‖M‖∞,1.

The norm ‖ · ‖1,∞ is the componentwise maximum norm. Thus ‖ · ‖∞,1 is the µ-function which
corresponds to componentwise measured perturbations. It is known that the computation of this
norm is NP-hard, see [79].
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2.6 Small perturbations and condition numbers

In this section we study the asymptotic behavior of spectral values sets for small perturbations.
In doing so we obtain formulas for the Hölder condition numbers of eigenvalues with respect
to structured perturbations. These formulas generalize known results for the unstructured case
[19, 37, 73] which will be discussed in Chapter 5.

In order to define Hölder condition numbers of eigenvalues we need some preparations. First,
recall the following definition from [86, p.167].

Definition 2.6.1 Let A∈Cn×n have eigenvalues λ1, . . . , λn ∈C and let Ã∈Cn×n have eigen-
values λ̃1, . . . , λ̃n∈C. Then the spectral variation of Ã with respect to A is

svA(Ã) := max
i∈n

min
j∈n
|λ̃i − λj|.

Note that
svA(Ã) = min{ ρ ≥ 0 | σ(Ã) ⊆ ⋃j∈nD(λj, ρ) }.

Inspired by the definition above we introduce the spectral variation of Ã with respect to an
eigenvalue λj of A. We use the following notation. Let a1, . . . , an ∈R, and let π : n → n be a
permutation such that aπ(1) ≤ aπ(2) ≤ . . . ≤ aπ(n). Then we set for m∈n,

min
(m)
i∈n ai := aπ(m).

Definition 2.6.2 Let λj ∈ C be an eigenvalue of algebraic multiplicity m of A ∈ Cn×n. Let

Ã∈Cn×n have eigenvalues λ̃1, . . . , λ̃n ∈C. Then the spectral variation of Ã with respect to the
eigenvalue λj of A is

sv(A,λj)(Ã) := min
(m)
i∈n |λ̃i − λj |.

The definition implies that for an eigenvalue λj of algebraic multiplicity m,

sv(A,λj)(Ã) = min{ ρ ≥ 0 | the disk D(λj , ρ) contains at least m eigenvalues of Ã }.

We now give the definition of condition numbers.

Definition 2.6.3 Let (X, ‖ · ‖α) and (Y, ‖ · ‖β) be Banach spaces. Let U be a subset of X and
let x0 ∈ U be an accumulation point of U . The Hölder condition number of order ω > 0 of a
function g : U → Y at the point x0 is defined by

Cω(g, x0) := lim
ρց0

sup

{ ‖g(x) − g(x0)‖β
‖x− x0‖ωα

∣∣∣∣ 0 < ‖x− x0‖α ≤ ρ, x ∈ U
}
.

Note that Cω(g, x0)∈ [0,∞] is well defined for all ω > 0. However, there is at most one order
ω > 0 such that 0 6= Cω(g, x0) 6= ∞, since these inequalities imply that Ceω(g, x0) = 0 for ω̃ < ω
and Ceω(g, x0) = ∞ for ω̃ > ω. If g is discontinuous at x0 then Cω(g, x0) = ∞ for all ω > 0.
We remark that our terminology here differs slightly from that in [21, Definiton 4.1] where the
quantity Cω(g, x0) is called asymptotic Hölder condition number.

Definition 2.6.4 Let (A,B,C)∈Ln,l,q and (∆, ‖ · ‖)∈Pl,q. For ∆ ∈∆ let A∆ = A + B∆C.
Then the Hölder condition number of the eigenvalue λj∈σ(A) of order ω > 0 is

cond
‖·‖
∆, ω(A,B,C, λj) := lim

ρց0
max

06=∆∈∆

‖∆‖≤ρ

sv(A,λj)(A∆)

‖∆‖ω . (2.24)
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We have,

cond
‖·‖
∆, ω(A,B,C, λj) = Cω(g, 0),

where

g : (∆, ‖ · ‖ )→ ( R, | · | ), g(∆) = sv(A,λj)(A∆).

Moreover, we define the spectral variation with respect to λj and the perturbation level ρ by

sv
‖·‖
∆ (A,B,C, λj , ρ) := max

∆∈∆

‖∆‖≤ρ

sv(A,λj)(A∆).

In the sequel we consider only the case of complex perturbation structures, i.e. we assume that
(∆, ‖ · ‖)∈PC

l,q. For these perturbation structures the associated µ-functions satisfy

µ
‖·‖
∆ (sM) = |s|µ‖·‖

∆ (M)

for all M ∈Cq×l and all s∈C. This fact will be needed in the proof of our main result.

The proposition below gives the relationship between condition numbers, spectral variations
and spectral value sets.

Proposition 2.6.5 Let (A,B,C)∈Ln,l,q and (∆, ‖ · ‖)∈PC
l,q. Let Kj(ρ) denote the connected

component of σ
‖·‖
∆

(A,B,C, ρ) which contains the eigenvalue λj ∈σ(A). Then the following holds.

(i) Let ρ > 0 be such that Kj(ρ) ∩ σ(A) = {λj}. Then

sv
‖·‖
∆ (A,B,C, λj , ρ) = max

λ∈∂Kj(ρ)
|λ− λj| = max

∆∈∆

‖∆‖=ρ

sv(A,λj)(A∆).

(ii) Let c, ω > 0, and suppose that the spectral variation of λj satisfies 1

sv
‖·‖
∆ (A,B,C, λj , ρ) = c ρω + o(ρω).

Then we have

cond
‖·‖
∆, ω(A,B,C, λj) = c.

Proof: (i). Let ∆∈∆, ‖∆‖ ≤ ρ. By Proposition 2.2.3 the assumption Kj(ρ) ∩ σ(A) = {λj}
implies that precisely m eigenvalues of A∆ are contained in Kj(ρ), where m is the algebraic
multiplicity of λj. Thus

sv
‖·‖
∆ (A,B,C, λj , ρ) ≤ max

λ∈Kj(ρ)
|λ− λj| = max

λ∈∂Kj(ρ)
|λ− λj |.

Let s0∈∂Kj(ρ) be such that |s0 − λj| = maxλ∈∂Kj(ρ) |λ− λj |. Then by claim (ii) of Proposition
2.2.5 there exists a ∆ρ∈∆ with ‖∆ρ‖ = ρ and s0∈σ(A∆ρ). This concludes the proof of (i).

(ii). Let ǫ > 0 and ρ0 > 0 be such that for ρ∈(0, ρ0),

| ρ−ω sv
‖·‖
∆ (A,B,C, λj , ρ)− c | < ǫ

1The Landau-symbol o(ρω) stands for a function satisfying limρց0 ρ−ωo(ρω) = 0.



2.6. SMALL PERTURBATIONS AND CONDITION NUMBERS 35

and Kj(ρ) ∩ σ(A) = {λj}. Then for every ρ∈ (0, ρ0) the matrix ∆ρ defined in the proof of (i)
satisfies

sv(A,λj)(A∆ρ)

‖∆ρ‖ω
=

sv
‖·‖
∆

(A,B,C, λj , ρ)

ρω
≥ c− ǫ.

Thus

max
06=∆∈∆

‖∆‖≤ρ

sv(A,λj)(A∆)

‖∆‖ω ≥ c− ǫ. (2.25)

On the other hand we have for ∆∈∆, ‖∆‖ ≤ ρ,

sv(A,λj)(A∆)

‖∆‖ω ≤ sv
‖·‖
∆

(A,B,C, λj , ‖∆‖)
‖∆‖ω ≤ c+ ǫ.

An hence,

max
06=∆∈∆

‖∆‖≤ρ

sv(A,λj)(A∆)

‖∆‖ω ≤ c+ ǫ. (2.26)

The inequalities (2.25) and (2.26) imply that | ρ−ω cond
‖·‖
∆, ω(A,B,C, λj)− c | < ǫ. �

In order to state the main result of this section we need some additional notation. Let λ1, . . . , λr

be the pairwise different eigenvalues of A ∈ C n×n. By the Jordan decomposition theorem we
have

A =

r∑

j=1

(λjPj +Nj ), (2.27)

where

• P1, . . . , Pr∈C n×n are the projectors onto the generalized eigenspaces of A, i.e.

range(Pj) =
⋃

ℓ∈N
ker(λjIn −A)ℓ for j∈r,

r∑

j=1

Pj = In and PjPk =

{
0 if j 6= k,

Pj if j = k
for j, k∈r,

• N1, . . . , Nr∈C n×n are the nilpotent matrices

Nj := (A− λjIn)Pj , j∈r.

They satisfy the relations

NjNk = 0 if k 6= j, and NjPk = PkNj =

{
0 if j 6= k,

Nj if j = k
for all j, k∈r.
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Let νj ∈N be the index of nilpotency of Nj , i.e. νj = min{ ℓ∈N | N ℓ
j = 0 } Then νj is the size

of the largest Jordan block associated with the eigenvalue λj in the Jordan canonical form of A.
If νj = 1 (i.e. Nj = 0) then λj is called a semi-simple (nondefective) eigenvalue of A.

Using the above relations it is easily verified that for every s∈C\σ(A),

(sIn −A)−1 =
r∑

j=1


(s − λj)

−1Pj +

νj−1∑

ℓ=1

(s− λj)
−(ℓ+1)N ℓ

j


 . (2.28)

Let B,C be such that (A,B,C)∈Ln,l,q. Then we have for G(s) = C(sIl −A)−1B that

G(s) =
r∑

j=1


(s− λj)

−1CPjB +

ℓj−1∑

ℓ=1

(s− λj)
−(ℓ+1)CN ℓ

jB


 , (2.29)

where

ℓj :=

{
1 if CN ℓ

jB = 0 for all ℓ∈N,

1 + max{ ℓ∈N | CN ℓ
jB 6= 0 } otherwise.

(2.30)

If l = q = n and the matrices B,C are nonsingular then ℓj = νj for all j∈r. The next theorem is
the main result of this section. It gives the relationship between the growth of spectral value sets
for small perturbations, Hölder condition numbers of eigenvalues, µ-functions and the Jordan
structure of the perturbed matrix.

Theorem 2.6.6 Let (∆, ‖ · ‖) ∈ PC
l,q and (A,B,C) ∈ Ln,l,q, where A has the Jordan structure

(2.27). For j ∈ r and ρ > 0 let Kj(ρ) denote the connected component of σ
‖·‖
∆

(A,B,C, ρ) which
contains the eigenvalue λj∈σ(A). Furthermore, let ℓj be defined as in (2.30).

Suppose µ
‖·‖
∆

(CPjB) 6= 0 and ℓj = 1 (i.e. CN ℓB = 0 for all ℓ∈N). Then

(i) To each ǫ > 0 there is a ρǫ > 0 such that for all ρ∈(0, ρǫ],

D
(
λj , (1− ǫ) ρ µ‖·‖

∆(CPjB)
)
⊆ Kj(ρ) ⊆ D

(
λj , (1 + ǫ) ρ µ

‖·‖
∆(CPjB)

)
.

(ii) We have

lim
ρց0

Kj(ρ)− λj

ρ
= D

(
0 , µ

‖·‖
∆(CPjB)

)
,

where the limit is taken with respect to the Hausdorff metric.

(iii) The spectral variation satisfies

sv
‖·‖
∆ (A,B,C, λj , ρ) = µ

‖·‖
∆(CPjB) ρ+ o(ρ).

(iv) We have

cond
‖·‖
∆, 1(A,B,C, λj) = µ

‖·‖
∆ (CPjB).

Suppose that ℓj ≥ 2 and µ
‖·‖
∆

(CN
ℓj−1
j B) 6= 0. Then
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(v) To each ǫ > 0 there is a ρǫ > 0 such that for all ρ∈(0, ρǫ],

D
(
λj ,

(
(1− ǫ) ρ µ‖·‖

∆ (CN
ℓj−1

j B)
) 1

ℓj

)
⊆ Kj(ρ) ⊆ D

(
λj ,

(
(1 + ǫ) ρ µ

‖·‖

∆ (CN
ℓj−1

j B)
) 1

ℓj

)
.

(vi) We have

lim
ρց0

Kj(ρ)− λj

ρ1/ℓj
= D

(
0 ,
(
µ

‖·‖

∆
(CN ℓj−1B)

) 1
ℓj

)
,

where the limit is taken with respect to the Hausdorff metric.

(vii) The spectral variation satisfies

sv
‖·‖
∆ (A,B,C, λj , ρ) =

(
µ

‖·‖
∆ (CN ℓj−1B)

) 1
ℓj ρ

1
ℓj + o(ρ

1
ℓj ).

(viii) We have

cond
‖·‖
∆, 1

ℓj

(A,B,C, λj) =
(
µ

‖·‖
∆ (CN ℓj−1B)

) 1
ℓj .

The proof of Theorem 2.6.6 is based on the lemma below.

Lemma 2.6.7 Let X be a complex Banach space and ℓ∈N. Let U be an open neighborhood of
0∈C and let Γ : U \ {0} → X be a continuous function such that the limit a = lims→0 s

ℓ Γ(s)
with respect to the norm topology exists. Let φ : X → R be a continuous function satisfying
φ(a) > 0 and φ(sx) = |s|φ(x) for all s∈C and all x∈X. For ρ > 0 set

Sρ := {0} ∪ { s∈U \{0} | φ(Γ(s)) ≥ ρ−1 }.

Let Kρ denote the connected component of Sρ which contains 0. Then to each ǫ > 0 there is a
ρǫ > 0 such that for all ρ∈(0, ρǫ] the set Kρ is compact and satisfies

D(0, R−(ρ, ǫ)) ⊆ Kρ ⊆ D(0, R+(ρ, ǫ)), (2.31)

where R±(ρ, ǫ) := ( (1 ± ǫ)ρφ(a) )
1
ℓ .

Proof: The compactness of Kρ is immediate from the continuity of φ ◦ Γ and the inclusion
(2.31). The latter is a consequence of the following two facts. Let ǫ > 0 be given. Then

(a) there is a ρ0 > 0 such that D(0, R−(ρ, ǫ)) ⊆ Sρ for all ρ∈(0, ρ0];

(b) there is a ρ0 > 0 such that Sρ ∩ { s∈C | |s| = R+(ρ, ǫ) } = ∅ for all ρ∈(0, ρ0].

We prove (a) and (b) by contradiction. Suppose that (a) fails. Then there are sequences ρk > 0
and sk ∈C satisfying limk→∞ ρk = 0, |sk| ≤ R−(ρk, ǫ) and φ(Γ(sk)) < ρ−1

k for all k ∈N. This
implies that for every k∈N,

φ(sℓ
kΓ(sk)) = |sk|ℓφ(Γ(sk)) < |sk|ℓρ−1

k ≤ R−(ρk, ǫ)ρ
−1
k = (1− ǫ)φ(a). (2.32)

Suppose that (b) fails. Then there are sequences ρk > 0 and sk ∈C satisfying limk→∞ ρk = 0,
|sk| = R+(ρk, ǫ) and φ(Γ(sk)) ≥ ρ−1

k for all k∈N. This implies that for every k∈N,

φ(sℓ
kΓ(sk)) = |sk|ℓφ(Γ(sk)) ≥ |sk|ℓρ−1

k = R+(ρk, ǫ)ρ
−1
k = (1 + ǫ)φ(a). (2.33)
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In both cases we have that limk→∞ sk = 0 and therefore limk→∞ φ(sℓ
kΓ(sk)) = φ(a). The latter

contradicts (2.32) and (2.33). �

Proof of Theorem 2.6.6: It is enough to prove (i) and (v). The claims (ii) and (vi) are then
obvious, and the remaining statements follow by combining (i) and (v) with Proposition 2.6.5.

Since σ
‖·‖
∆

(A+λIn, B,C, ρ) = λ+σ
‖·‖
∆

(A,B,C, ρ) for every λ∈C, we may assume that λj = 0.
Then the formula (2.29) yields for the rational function G(s) = C(sIn −A)−1B that

G(s) = s−1CPjB +
∑ℓj−1

ℓ=1 s
−(ℓ+1)CN ℓ

jB +H(s),

where
H(s) =

∑

i∈r
λi 6=0

(
(s− λi)

−1CPiB +
∑ℓi−1

ℓ=1 (s− λi)
−(ℓ+1)CN ℓ

iB
)
.

For every ℓ∈N we have lims→0 s
ℓH(s) = 0. Thus, the following holds.

(a) If ℓj = 1 then lims→0 sG(s) = CPjB.

(b) If ℓj ≥ 2 then lims→0 s
ℓjG(s) = CN

ℓj−1
j B.

By Theorem 2.5.2 we have

σ
‖·‖
∆ (A,B,C, ρ) = σ(A) ∪ { s∈C | µ‖·‖

∆ (G(s)) ≥ ρ−1 }.

Since (∆, ‖·‖)∈PC

l,q the function µ
‖·‖
∆

(·) is continuous by Corollary 2.4.4 and satisfies µ
‖·‖
∆

(sM) =

|s|µ‖·‖
∆

(M) for all s∈C and M ∈Cq×l. Thus the theorem follows by applying Lemma 2.6.7 to

the functions φ(·) = µ
‖·‖
∆

(·) and Γ(·) = G(·) and to the number ℓ = ℓj . �



Chapter 3

Semi-algebraicity of spectral value

sets

In this chapter we show that spectral value sets and µ-functions are semi-algebraic for a large
class of perturbation structures. Semi-algebraic spectral value sets have piecewise analytic
boundary, and semi-algebraic µ-functions are real analytic on an open and dense subset of
Cq×l.

The structure of this chapter is a follows. In the first section we give a brief introduction
to the basics of real algebraic geometry. Here we list the facts and proofs which are needed
for the understanding of the main result. We discuss basic properties of semi-algebaic sets and
functions and introduce the Tarski-Seidenberg theorem. Then we show that the most important
vector and matrix norms are semi-algebraic functions. Finally, in Section 3.2 we present our
main result.

For notational convenience we write elements of Rn as row vectors in the majority of cases.

3.1 Basic facts from real algebraic geometry

3.1.1 Semi-algebraic sets

A semi-algebraic set is a subset of Rn which can be defined by finitely many polynomial equations
and inequalities. The precise definition is as follows.

Definition 3.1.1 A semi-algebraic subset of Rn is an element of the Boolean algebra of subsets
of Rn which is generated by the sets

{ (x1, . . . , xn)∈Rn | p(x1, . . . , xn) > 0 } , p∈R[X1, . . . ,Xn],

where R[X1, . . . ,Xn] denotes the ring of real polynomials in the variables X1, . . . ,Xn.

It follows immediately from the definition that the sets {(x1, . . . , xn)∈R n | p(x1, . . . , xn) • 0 },
where • ∈ {<,>,≥,≤,=, 6=}, p∈R[X1, . . . ,Xn], are semi-algebraic. It is then easily seen that a
subset S of Rn is semi-algebraic and only if S is a finite union of sets of the form

{x∈R n | p̃1(x) = 0, . . . , p̃r(x) = 0, q1(x) > 0, . . . , qs(x) > 0 }, (3.1)

p̃1, . . . , p̃r, q1, . . . , qs∈R[X1, . . . ,Xn].

Note that the condition p̃1(x) = p̃2(x) = . . . = p̃r(x) = 0 is equivalent to the condition g(x) = 0,
where g(x) =

∑r
k=1(p̃k(x))

2. If g is the zero polynomial then the set (3.1) is open. If g is not

39
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the zero polynomial then it can be factored into a product of nonzero real polynomials, which
are irreducible in the ring R[X1, . . . ,Xn]. We have g(x) = 0 if and only if p(x) = 0 for at least
one of the irreducible factors p of g. Thus the set (3.1) is a finite union of sets of the form

{x∈R n | p(x) = 0, q1(x) > 0, . . . , qs(x) > 0 }, (3.2)

where p∈R[X1, . . . ,Xn] is irreducible. Let S1 denote the set (3.2), and let S2 be a set of the
same type,

S2 = {x∈R n | p̃(x) = 0, q̃1(x) > 0, . . . , q̃s̃(x) > 0 }.
If p̃ = cp for some c∈R\{0} then S1 ∪ S2 = {x∈R n | p(x) = 0 } ∩B, where B is the open set

B = {x∈R n | (q1(x) > 0, . . . , qs(x) > 0) or (q̃1(x) > 0, . . . , q̃s̃(x) > 0) }.

We thus obtain the following result.

Lemma 3.1.2 Each semi-algebraic subset S of Rn can be written in the form

S = B0 ∪
⋃

j∈ℓ

({x∈Rn | pj(x) = 0 } ∩Bj) , (3.3)

where B0, . . . , Bℓ ⊆ Rn are open semi-algebraic sets and p1, . . . , pℓ ∈ R[X1, . . . ,Xn] \ {0} are
irreducible polynomials which are not scalar multiples of each other.

Note that the representation (3.3) is not unique. For instance, the empty set has the represen-
tations ∅ = {x ∈Rn | ‖x‖22 + a2 = 0 } = {x ∈Rn | − ‖x‖22 − a2 > 0 }, where a 6= 0. Note
further, that the set S\B0 is contained in the algebraic set A = { x∈Rn | h(x) = 0 }, where
h(x) =

∏
j∈ℓ pj(x). Since h is not the zero polynomial, A has no interior points.

We now apply the lemma to show a proposition on the smoothness of semi-algebraic sets.

Proposition 3.1.3 Let S be a semi-algebraic subset of Rn+1 such that int(S) = ∅. Then there
is a polynomial h ∈ R[X1, . . . ,Xn]\{0} such that the following holds. For all (x, y) ∈ Rn × R

which satisfy (x, y)∈S and h(x) 6= 0 there exist open neighborhoods V ⊂ Rn of x and W ⊂ R of
y and a real analytic function φ : V →W such that S ∩ (V ×W ) = graph(φ).

Proof: Let us recall some basic facts of elimination theory. Let F be an arbitrary field and
consider the polynomials

p(X,Y ) = ar(X)Y r + . . .+ a1(X)Y + a0(X),

q(X,Y ) = bs(X)Y s + . . .+ b1(X)Y + b0(X),

where r, s ∈ N, X := (X1, . . . ,Xn) and aj(X), bj(X) ∈ F[X]. The Sylvester matrix associated
with the polynomials p and q is defined by

S(p, q)(X) :=




ar(X) . . . . . . a0(X)
. . .

. . .

ar(X) . . . . . . a0(X)
bs(X) . . . . . . b0(X)

. . .
. . .

bs(X) . . . . . . b0(X)






 s rows



 r rows

The resultant of p and q with respect to the variable Y is the polynomial R(p, q)(X) :=
det(S(p, q)(X))∈F[X]. We need the following properties of the resultant [28, 68].
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(a) Let x0 ∈ Fn and suppose that ar(x0) 6= 0. Then R(p, q)(x0) = 0 if and only if the poly-
nomials p(x0, Y ), q(x0, Y )∈F[Y ] have a common factor f(Y )∈F[Y ] of degree deg f ≥ 1.
Thus, if ar(x0) 6= 0 and R(p, q)(x0) 6= 0 then the polynomials p(x0, Y ) and q(x0, Y ) have
no common zero y.

(b) Suppose that ar(X)∈F[X] is not the zero polynomial. Then R(p, q)(X)∈F[X] equals the
zero polynomial if and only if p and q have a common factor f ∈F[X,Y ] with degY f ≥ 1,
where degY f denotes the degree of f with respect to Y .

Now let S be a nonempty semi-algebraic subset of Rn+1 which has no interior points. According
to Lemma 3.1.2 we have S =

⋃
j∈ℓ ( Bj ∩ {(x, y)∈Rn × R | pj(x, y) = 0 } ), where the sets Bj , j∈

ℓ, are open semi-algebraic subsets of Rn+1 and the irreducible polynomials

pj(X,Y ) =

rj∑

i=0

aji(X)Y i ∈ R[X,Y ] \ {0}, rj = deg
Y
pj .

are not scalar multiples of each other. Set J := {j∈ℓ | rj 6= 0 } and let

h(X) :=
(∏

j∈ℓajrj(X)
)(∏

j,k∈J
j 6=k
R(pj , pk)(X)

)(∏
j∈JR(pj ,

∂pj

∂Y )(X)
)
.

Then h is not the zero polynomial. This follows from (b) and the irreducibility of the polynomials
pj. Suppose now that (x, y)∈S and h(x) 6= 0. Then (a) implies that pj(x, y) = 0 for exactly one
j∈J . Moreover, there is an open neighborhood U ⊂ Rn+1 of (x, y) such that S∩U = p−1

j (0)∩U ,
since otherwise we could find a sequence (xi, yi) ∈ S such that limi→∞(xi, yi) = (x, y) and
pki

(xi, yi) = 0, where ki 6= j. The latter implies that pk(x, y) = 0 for some k∈ ℓ, k 6= j. This is

impossible since h(x) 6= 0. From (a) and h(x) 6= 0 it follows that
∂pj

∂Y (x, y) 6= 0, so we can apply
the implicit function theorem: there exist open neighborhoods V ⊂ Rn of x and W ⊂ R of y and
a real analytic function φ : V → W such that V ×W ⊆ U and p−1

j (0) ∩ (V ×W ) = graph(φ).
Thus S ∩ (V ×W ) = graph(φ). �

3.1.2 The Tarski-Seidenberg theorem

A fundamental result in real algebraic geometry is the following so called Tarski-Seidenberg
theorem.

Theorem 3.1.4 Let π : Rn+m = Rn ⊕ Rm → Rn, π(x, y) := x, be the canonical projection.
Let S is a semi-algebraic subset of Rn+m. Then its projection

π(S) = {x∈ Rn | ∃ y∈Rm : (x, y)∈S }

is also a semi-algebraic subset of Rn.

Proofs of the Tarski-Seidenberg theorem can be found in [87, 81, 11, 4] and in the appendix of [56].

Corollary 3.1.5 If S is a semi-algebraic subset of Rn+m then the set

{x∈ Rn | ∀ y∈Rm : (x, y)∈S } = Rn \ π(Rm+n \ S)

is semi-algebraic.



42 CHAPTER 3. SEMI-ALGEBRAICITY OF SPECTRAL VALUE SETS

There is an equivalent formulation of the Tarski-Seidenberg theorem in terms of logic. For this
formulation we need

Definition 3.1.6 An atomic formula in the variables ξ1, . . . , ξn is a formula of the form

p(ξ1, . . . , ξn) • 0,

where • ∈ {<,>,≥,≤,=, 6=} and p is a polynomial with real coefficients. A polynomial formula
F (ξ1, . . . , ξn) is an expression which is built up in a finite number of steps from atomic formulas
by means of conjunction, disjunction, negation and the quantifiers ∀ξk∈R, ∃ ξk∈R, k∈n.

The theorem below, also called Tarski-Seidenberg theorem, is equivalent to Theorem 3.1.4.

Theorem 3.1.7 Let F (ξ1, . . . , ξn, η1, . . . , ηm) be a polynomial formula in which the variables
η1, . . . , ηm are bound by quantifiers and ξ1, . . . , ξn are free variables. Then there is a polynomial
formula G(ξ1, . . . , ξn) without quantifiers such that the equivalence

F (x1, . . . , xn, y1, . . . , ym) ⇔ G(x1, . . . , xn)

holds for all (x1, . . . , xn)∈Rn.

An immediate consequence of the Tarski-Seidenberg theorem is

Proposition 3.1.8 Let S ⊆ Rn is a semi-algebraic set. Then its interior, its closure and its
boundary are also semi-algebraic sets.

Proof: The closure of S satisfies

cl(S) = {x∈Rn | ∀ǫ∈R : ( ǫ ≤ 0 or (∃y∈Rn : ‖x− y‖22 < ǫ2 and y∈S ))︸ ︷︷ ︸
F (x,y,ǫ)

}.

By the Tarski-Seidenberg theorem the formula F (x, y, ǫ) is equivalent to a polynomial formula
G(x) without quantifiers. Thus, cl(S) is semi-algebraic. The interior and the boundary of S are
semi-algebraic since int(S) = Rn\cl(Rn\S) and ∂S = cl(S) \ int(S). �

3.1.3 Stratifications of semi-algebraic sets

An analytic stratification of a subset S of Rn is a decomposition of S into connected real analytic
submanifolds of Rn. Lojasiewicz [72] has shown that each nonempty semi-algebraic subset of
Rn admits an analytic stratification with finitely many strata, which are also semi-algebraic.
See also [4] for a proof. Consequently, each semi-algebraic set has finitely many semi-algebraic
connected components [4, 11]. Since our main interest is in spectral value sets, which are subsets
of C ∼= R2, we discuss semi-algebraic subsets of R2 in detail.

Proposition 3.1.9 Let S be a semi-algebraic subset of R2. Then S can be written as a disjoint
union S = int(S) ∪·M ∪· P, such that

(a) M is either the empty set or a 1-dimensional real analytic submanifold of R2;

(b) P is a finite set (which may be empty).
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Furthermore, int(S) and M are semi-algebraic sets and have finitely many connected compo-
nents, which are also semi-algebraic.

We sketch the proof for the first statement of the proposition.

Proof: Let N = S \ int(S). Then N is semi-algebraic, and by Lemma 3.1.2 we have

N =
⋃

j∈ℓ

(
{(x, y)∈R2 | pj(x, y) = 0 } ∩Bj

)
,

where B1, . . . , Bℓ are open semi-algebraic subsets of R2 and p1, . . . , pℓ ∈R[X,Y ] \ {0} are irre-
ducible polynomials which are not scalar multiples of each other. Using resultants with respect
to both the variable X and the variable Y it can be shown that the set

P :=
⋃

j∈ℓ

{
(x, y)∈N

∣∣∣ ∂pj

∂X (x, y) =
∂pj

∂Y (x, y) = pj(x, y) = 0
}

∪
⋃

1≤k<j≤ℓ

{ (x, y)∈N | pk(x, y) = pj(x, y) = 0 }

contains at most finitely many points. Set M := N \ P . Let (x0, y0)∈M . Then pj(x0, y0) = 0
for exactly one index j ∈ ℓ, and there exists an open neighborhood U ⊂ R2 of (x0, y0) such
that U ∩M = U ∩

{
(x, y)∈R2 | pj(x, y) = 0

}
. On U ∩M the gradient of pj does not van-

ish. Hence U∩M is an analytic submanifold of R2. Thus M is an analytic submanifold of R2. �

Let S and N be as in the proof above. Recall that the boundary of an open subset of a
topological space has no interior points. Thus the semi-algebraic set ∂ int(S) has a representation

∂ int(S) =
⋃

j∈eℓ

(
{(x, y)∈R2 | p̃j(x, y) = 0 } ∩ B̃j

)
with irreducible polynomials p̃j and open

semi-algebraic sets B̃j . The relation S = int(S) ∪N implies that

∂S ⊆ ∂ int(S) ∪ ∂N
⊆ ⋃

j∈eℓ {(x, y)∈R2 | p̃j(x, y) = 0 } ∪⋃j∈ℓ{(x, y)∈R2 | pj(x, y) = 0 }.

Thus int(∂S) = ∅. Hence, we have the following corollary to Proposition 3.1.9.

Corollary 3.1.10 Let S be a nonempty semi-algebraic subset of R2. Then ∂S = M ∪· P , where
P is a finite set and M is either the empty set or a real analytic submanifold of R2 with finitely
many connected components.

3.1.4 Semi-algebraic functions

Let Sk ⊆ Rnk be non-empty semi-algebraic sets, k = 1, 2. A function f : S1 → S2 is said
to be semi-algebraic if its graph is a semi-algebraic subset of Rn1+n2 . We mention some basic
properties of semi-algebraic functions.

1. The composition of semi-algebraic functions is semi-algebraic. This can be seen as follows.
Let Sk ⊆ Rnk , k = 1, 2, 3, be semi-algebraic sets and let f : S1 → S2 and g : S2 → S3 be
semi-algebraic functions. We have

graph(g ◦ f) = { (x, y)∈Rn1×n3 | ∃ z∈ Rn2 : (x, z)∈graph(f) and (z, y)∈graph(g)︸ ︷︷ ︸
F (x,y,z)

}.

By the Tarski-Seidenberg theorem the expression F (x, y, z) is equivalent to a polynomial
formula G(x, y) in which the variables x, y are free.
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2. Let f : S1 → S2 be a semi-algebraic function, and let A ⊆ S1 (B ⊆ S2) be a semi-
algebraic set. Then f(A) ( f−1(B) ) is semi-algebraic. Again, this follows from the
Tarski-Seidenberg theorem since

f(A) = { y∈Rn2 | ∃x ∈ Rn1 : x∈A and (x, y)∈graph(f) },
f−1(B) = { x∈Rn1 | ∃ y ∈ Rn2 : y∈B and (x, y)∈graph(f) }.

3. The projections Rn ∋ (x1, . . . , xn)
πk7−→ xk, being linear maps, are semi-algebraic. Thus

the component functions fk = πk ◦ f of a semi-algebraic function f : Rn ⊇ S1 → Rm are
semi-algebraic. The converse also holds. If f1, . . . , fn : S1 → R are semi-algabraic then
f = (f1, . . . fn) : S1 → Rn is semi-algebraic, too.

4. Let f1, f2 : S1 → R be semi-algebraic. Then the functions f1 + f2, f1f2 : S1 → R are
semi-algebraic. Moreover, the set f−1

2 ({0}) is semi-algebraic, and if f−1
2 ({0}) 6= S1 then

f1

f2
: S1 \ f−1

2 ({0})→ R is semi-algebraic.

By means of the Tarski-Seidenberg-Theorem it can be shown that many sets associated with a
semi-algebraic function are semi-algebraic. For instance we have the following result which is
needed in Section 3.2.

Proposition 3.1.11 Let ∅ 6= S1 ⊂ Rn be a semi-algebraic set and let f : S1 → R be a semi-
algebraic function. Then the sets

Mf = { x∈S1 | f has a local minimum at x },
Df = { x∈S1 | f is discontinuous at x }

are semi-algebraic.

Proof: We have

Mf = { x∈S1 | ∃ǫ∈R : ǫ > 0 and (∀ξ∈Rn : ξ 6∈ S1 or ‖ξ − x‖22 ≥ ǫ2 or f(ξ)− f(x) ≥ 0) },

Df = { x∈S1 | ∃ǫ∈R : ǫ > 0 and

∀δ∈R : (δ = 0 or (∃ξ∈Rn : ξ∈S1 and ‖ξ − x‖22 ≤ δ2 and g(ξ, x, ǫ) ≥ 0)) },

where (ξ, x, ǫ) 7→ g(ξ, x, ǫ) = ‖f(ξ)− f(x)‖22 − ǫ2 is a semi-algebraic function. �

By applying Proposition 3.1.3 to the graph of a real valued semi-algebraic function, one
obtains

Proposition 3.1.12 Let f : S1 → R be a semi-algebraic function, where S1 is a semi-algebraic
subset of Rn with nonempty interior. Then there is a polynomial h∈R[X1, . . . ,Xn] \ {0} such
that the restriction f |S1\h−1(0) is a real analytic function.

Now, we consider infima and suprema of semi-algebraic functions. To this end we have to
extend the definition of semi-algebraicity to functions whose range is a subset of the extended
real line R := R ∪ {−∞,∞}.

Definition 3.1.13 Let S be a semi-algebraic subset of Rn. A function f : S → R is called semi-
algebraic if f−1(−∞) and f−1(∞) are semi-algebraic sets and the restriction f |S\f−1({−∞,∞}) is
a semi-algebraic function.
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Proposition 3.1.14 Let S ⊆ Rn × R be semi-algebraic and let Sx := { y∈R | (x, y)∈S } for
all x∈Rn. Then the sets

ES := { x∈Rn | Sx 6= ∅ }
AS := { x∈ES | Sx is bounded from above }
BS := { x∈ES | Sx is bounded from below }

are semi-algebraic subsets of Rn. The functions

fS , fS
: Rn → R fS(x) := supSx f

S
(x) := inf Sx

are semi-algebraic and we have

f
−1
S (−∞) = f−1

S
(∞) = Rn \ES , f

−1
S (∞) = Rn \AS , f−1

S
(−∞) = Rn \BS . (3.4)

Proof: The relations (3.4) are obvious. The other assertions follow from the Tarski-Seidenberg
theorem since the sets ES , Sx are semi-algebraic and we have

AS = ES ∩ { x∈Rn | ∃z∈R : ∀y∈R : z ≥ y or y 6∈Sx } ,
BS = ES ∩ { x∈Rn | ∃z∈R : ∀y∈R : z ≤ y or y 6∈Sx } ,

graph(fS) \ ((ES ∪AS)× {−∞,∞}) = {(x, z)∈Rn × R | ∀y∈R : (z ≥ y or y 6∈Sx)

and ∀z̃ : (∃ y∈R : (y∈Sx and y ≥ z̃) or z̃ ≤ z) },

graph(f
S
) \ ((ES ∪BS)× {−∞,∞}) = {(x, z)∈Rn × R | ∀y∈R : (z ≤ y or y 6∈Sx)

and ∀z̃ : (∃ y∈R : (y∈Sx and y ≤ z̃) or z̃ ≥ z) }.

�

Corollary 3.1.15 If f : S1 × S2 → R is semi-algebraic then the functions

f
∼
, f̃ : S1 → R f

∼
(x) := inf

y∈S2

f(x, y), f̃(x) := sup
y∈S2

f(x, y)

are also semi-algebraic.

Proof: We have f
∼

= f
S

and f̃ = f̄S, where

S := { (x, z)∈Rn × R | x∈S1 and ∃ y∈S2 : ((x, y), z)∈graph(f) } . �

Corollary 3.1.16 Let f : Rm → R and S ⊆ Rn × Rm be semi-algebraic. Then the function

F : Rn → R F (x) := inf { f(y) | (x, y)∈S }

is semi-algebraic. An analogous statement holds for sup.

Proof: We have F (x) = inf S̃x, x∈Rn , where

S̃ := { (x, z)∈Rn × R | ∃y∈Rm : ( (x, y)∈S and (y, z)∈graph(f)) } . �
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3.1.5 Semi-algebraicity of norms

The goal of this section is to show that the most important vector and matrix norms are semi-
algebraic functions. We first have to extend the definition of semi-algebraicity.

Definition 3.1.17 Let V be a finite dimensional real vector space and let φ : V → Rn be be
a linear isomorphism. A subset S of V is said to be semi-algebraic if φ(S) is a semi-algebraic
subset of Rn. A function f : V ⊇ S → R is semi-algebraic if the composition f ◦φ−1 : φ(S)→ R

is semi-algebraic. These definitions do not depend on the choice of the isomorphism φ. A
function between semi-algebraic subsets of finite dimensional real vector spaces V and W is said
to be semi-algebraic if its graph is a semi-algebraic subset of V ×W .

In particular semi-algebraicity of subsets of Cm×n is well defined.

Proposition 3.1.18 Let f : [0,∞)n → [0,∞) be a convex and positively homogeneous function
such that f(y) = 0 if and only if y = 0. Suppose that f is semi-algebraic. Then the absolute
norm

‖ · ‖ : Cn → [0,∞) ‖x‖ := f(|x|) (3.5)

is a semi-algebraic function.

Proof: The function C ∋ z 7→ |z| =
√

(ℜz)2 + (ℑz)2 is semi-algebraic. Thus the map
Cn ∋ x 7→ |x| is semi-algebraic, too. Hence, the norm (3.5) is a composition of semi-algebraic
functions, and therefore semi-algebraic. �

By specializing the last proposition to the semi-algebraic functions [0,∞)n ∋ y 7→ maxk∈n |yk|
and [0,∞)n ∋ y 7→

(∑
k∈n y

p
k

)1/p
, where p ≥ 1 is rational, we obtain

Corollary 3.1.19 The Hölder norms ‖ · ‖p : Cn → [0,∞) are semi-algebraic functions for all
p∈ [1,∞) ∩Q and p =∞.

Proposition 3.1.20 Let F = R or C. Suppose that the norms ‖ · ‖α : Fn → [0,∞) and
‖·‖β : Fn → [0,∞) are semi-algebraic functions. Then the operator norm ‖·‖α,β : Fm×n → [0,∞)
is also semi-algebraic.

Proof: The semi-algebraicity of the norms ‖ · ‖α, ‖ · ‖β yields that the function

f : Fm×n × (Fn\{0})→ [0,∞) f(A,x) :=
‖Ax‖β
‖x‖α

is semi-algebraic. Thus the semi-algebraicity of the operator norm ‖ · ‖α,β = supx∈Cn\{0} f(·, x)
follows from Corollary 3.1.15. �

Proposition 3.1.21 Let Hn denote set set of all hermitian n× n-matrices, and for H∈Hn let
λk(H), k ∈n, denote the eigenvalues of H in decreasing order. The functions λk(·) : Hn → R

are semi-algebraic.
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Proof: The sets Hn and Sn,k :=
{
X∈Cn×k | X∗X = Ik

}
, k∈n, and the functions

fn,k : Ck \ {0} × Sn,k ×Hn → R fn,k(ξ,X,H) :=
ξ∗X∗HXξ

ξ∗X∗Xξ

are semi-algebraic. By the Courant-Fischer max-min principle we have for H∈H(n) and k∈n,

λk(H) = sup
dimX=k

inf
x∈X\{0}

x∗H x

x∗x
= sup

X∈Sn,k

inf
ξ∈Ck\{0}

fn,k(ξ,X,H)

Thus the proposition follows by applying Corollary 3.1.15 twice. �

Corollary 3.1.22 The singular value functions σk : Cm×n → [0,∞), 1 ≤ k ≤ min{m,n} are
semi-algebraic.

Proof: This follows from the above proposition and the fact that

σk(A) = λk

([
0 A
A∗ 0

])
for all A∈Cm×n, 1 ≤ k ≤ min{m,n}. �

Corollary 3.1.23 Suppose that the absolute and symmetric norm ||| · ||| : Rmin{m,n} → [0,∞) is
semi-algebraic. Then the unitarily invariant norm

‖ · ‖ : Cm×n → [0,∞) ‖A‖ := ||| [σ1(A), . . . , σmin{m,n}(A) ]T |||
is semi-algebraic as well.

By combining Corollaries 3.1.23 and 3.1.19 we obtain

Corollary 3.1.24 The Schatten p-norms ‖ · ‖(p) : Cn×m → [0,∞) are semi-algebraic for all
p∈ [1,∞) ∩Q and p =∞.

3.2 Main result

The following theorem is a consequence of the Tarski-Seidenberg theorem and the definitions of
µ-functions and spectral value sets.

Theorem 3.2.1 Let (∆, ‖ · ‖)∈Pl,q. Suppose that ∆ is a semi-algebraic subset of Cl×q ∼= R4lq

and that ‖ · ‖ : spanR ∆→ [0,∞) is a semi-algebraic function. Then

(i) The spectral value sets σ
‖·‖
∆

(A,B,C, ρ), where (A,B,C) = ( [ajk], [bjk], [cjk] )∈Ln,l,q, ρ > 0,
are semi-algebraic subsets of C ∼= R2. There exists a polynomial formula F in the real
variables

x, y, ρ,
ℜajk,ℑajk, (j, k)∈n × n,
ℜbjk,ℑbjk, (j, k)∈n × l,
ℜcjk,ℑcjk, (j, k)∈q × n,

without quantifiers (i.e. all these variables are free variables of F ) such that the following
equivalence holds for all x, y∈R and all (A,B,C, ρ)∈Ln,l,q × [0,∞).

x+ iy ∈ σ‖·‖
∆

(A,B,C, ρ) ⇔ F ( ρ, x, y, [ℜajk], [ℑajk], [ℜbjk], [ℑbjk], [ℜcjk], [ℑcjk] ).
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(ii) The function µ
‖·‖
∆

: Cq×l → [0,∞) is semi-algebraic.

(iii) If, in addition, l = q = n then the function µ̃
‖·‖
∆

: Cn×n → [0,∞] is semi-algebraic.

Proof: (i). We have x+ iy ∈ σ‖·‖
∆

(A,B,C, ρ) if and only if the following condition (∗) holds.

(∗) ∃∆∈Cq×l : ( ∆∈∆ and ‖∆‖ ≤ ρ and det(A+B∆C − (x+ iy)In) = 0 )

The semi-algebraicity of ∆ and ‖ · ‖ yields that the condition (∆∈∆ and ‖∆‖ ≤ ρ) in (∗) can
be replaced by an equivalent polynomial formula F0(ℜ∆,ℑ∆, ρ). Thus, claim (i) follows from
the Tarski-Seidenberg theorem.

(ii). Let S = { (∆,M) | ∆∈∆, M ∈Cq×l, det(Il−∆M) = 0 }. Then S is semi-algebraic and

µ
‖·‖
∆

(M)−1 = inf{ ‖∆‖ | (∆,M)∈S }. By Corollary 3.1.16 the function Cq×l ∋M 7→ µ
‖·‖
∆

(M)−1

is semi-algebraic. Thus µ
‖·‖
∆

(·) is semi-algebraic. The proof of (iii) is analogous.
�

Corollary 3.2.2 Suppose that the assumptions of Theorem 3.2.1 hold. Then

(i) The spectral value sets σ
‖·‖
∆

(A,B,C, ρ) have piecewise analytic boundary. More precisely,

there exists a finite set PA,B,C,ρ ⊂ C such that ∂σ
‖·‖
∆

(A,B,C, ρ) \ PA,B,C,ρ is either empty
or a 1-dimensional real analytic submanifold of C ∼= R2 with finitely many connected
components.

(ii) For each (A,B,C)∈Ln,l,q the function

f : C\σ(A)→ [0,∞) f(s) = µ
‖·‖
∆ (G(s)), G(s) = C(sIn −A)−1B

is semi-algebraic. The sets Cf (ρ), Zf ,Mf ,Df , defined in Proposition 2.4.6 are semi-
algebraic. There exists an open and dense semi-algebraic subset S ⊂ C such that the
restriction f |S is a real analytic function.

(iii) There exists an open and dense semi-algebraic subset S ⊆ Cq×l ∼= R4lq such that the

restriction µ
‖·‖
∆
|S is a real analytic function.

Proof: This follows from Propositions 3.1.11, 3.1.12 and Corollary 3.1.10. �

The reader will have no difficulties in proving the following result on the stability radius.

Theorem 3.2.3 Let (∆, ‖ · ‖)∈Pl,q. Suppose that ∆ is a semi-algebraic subset of Cl×q ∼= R4lq

and that ‖ · ‖ : spanR ∆ → [0,∞) is a semi-algebraic function. Let Cg 6= ∅ be an open semi-
algebraic subset of C. Then the set S = { A∈Cn×n | A is Cg-stable } is an open semi-algebraic

subset of Cn×n. Moreover, the stability radius function r
‖·‖
∆

(·,Cg) : Ln,l,q → [0,∞],

(A,B,C) 7−→ r
‖·‖
∆ (A,B,C,Cg) = inf { ‖∆‖ | ∆∈∆, σ(A+B∆C) 6⊂ Cg }

is semi-algebraic.



Chapter 4

Spectral value sets of block diagonal

matrices

In this chapter we study spectral value sets for structured perturbations A ❀ A∆ = A+ B∆C
where A,B,C are block diagonal matrices. The perturbations ∆ are not necessarily block
diagonal but are they assumed to have zero blocks at some prescribed positions. The matrices A∆

can be interpreted as the system matrices of composite linear systems. We solve the associated
µ-problem for two classes of norms. By specializing our results to the diagonal case we obtain
a new proof for the eigenvalue inclusion theorem of Brualdi.

4.1 The setting

Let us introduce some necessary notation. Throughout this chapter the letters q, l denote finite
sequences q = (q1, . . . , qm), l = (l1, . . . , lm), where qj, lj ,m∈N. For Mj ∈Cqj×lj , j∈m, we set

⊕m
j=1Mj := diag(M1, . . . ,Mm)=




M1 0
M2

. . .

0 Mm


.

For an index set I ⊆ m×m let ∆I,q,l denote the set of block matrices ∆ of the form

∆ =




∆11 . . . ∆1m
...

...
∆m1 . . . ∆mm


 , ∆jk∈Clj×qk , and ∆jk = 0 if (j, k) 6∈ I. (4.1)

In the sequel we will abbreviate the left equation in (4.1) by ∆ = [∆jk]. In this chapter we
consider spectral value sets

σ
‖·‖
∆I,q,l

(⊕m
j=1Aj,

⊕m
j=1Bj,

⊕m
j=1Cj, ρ

)
, (4.2)

where (Aj , Bj , Cj) ∈Lnj ,lj ,qj
and ‖ · ‖ is a norm on the complex vector space ∆I,q,l. Spectral

value sets of this type have the following system theoretic interpretation. Consider the linear
sytems

ẋj(t) = Ajxj(t) +Bjuj(t), yj(t) = Cjxj(t), j∈m,

49
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where uj(·) is the input, yj(·) is the output and xj(·) is the state of the jth system. By
introducing the couplings

uj(t) =
∑

k∈m, (j,k)∈I
∆jk yk(t), ∆jk∈Clj×qj (4.3)

one obtains the composite systems


ẋ1
...
ẋm


 = A∆



x1
...
xm


 , A∆ =

(⊕m
j=1Aj

)
+
(⊕m

j=1Bj

)
∆
(⊕m

j=1Cj

)
, ∆∈∆I,q,l. (4.4)

The pairs (j, k) ∈ I can be regarded as the oriented edges of a directed graph Γ(m,I) whose
vertices are the numbers 1, . . . ,m. This is illustrated in Figure 4.1. Observe that in Fig-
ure 4.1 the endpoint of the edge (j, k) is the first component, j. This orientation reflects
the interconnection structure (4.3).

The spectral value set (4.2) is the set of eigenvalues of all system matrices A∆ with ∆∈∆I,q,l

and ‖∆‖ ≤ ρ. For s∈C\σ(Aj) and j∈m let Gj(s) := Cj(sInj −Aj)
−1Bj . Then

⊕m
j=1Gj(s) =

(⊕m
j=1Cj

)(
sI −⊕m

j=1Aj

)−1 (⊕m
j=1Bj

)
.

Theorem 2.4.5 yields that

σ
‖·‖
∆I,q,l

(⊕m
j=1Aj ,

⊕m
j=1Bj,

⊕m
j=1Cj, ρ

)

= σ
(⊕m

j=1Aj

)
∪
{
s∈C \ σ

(⊕m
j=1Aj

) ∣∣∣ µ
‖·‖
∆I,q,l

(⊕m
j=1Gj(s)

)
≥ ρ−1

}
(4.5)

Motivated by (4.5) we study the µ-functions µ
‖·‖
∆I,q,l

(
⊕m

j=1Mj), where Mj ∈Cqj×lj , j∈m. Note
that by Proposition 2.4.3,

µ
‖·‖
∆I,q,l

(
⊕m

j=1Mj) = max
∆∈∆I,q,l
‖∆‖=1

̺
(

∆
(⊕m

j=1Mj

))
. (4.6)

In Sections 4.2 and 4.3 we provide formulas for the computation of these functions with respect
to two classes of norms. In Section 4.4 we discuss the question which eigenvalues of A =

⊕m
j=1Aj

remain fixed under perturbations of the form A ❀ A∆, ∆∈∆I,q,l. In Section 4.5 we consider the
µ-functions for off-diagonal perturbations, i.e. for the index set I = { (j, k) | j, k ∈m, j 6= k }.
Finally, in Sections 4.6-4.8 we relate our results to the classical eigenvalue inclusion theorems of
Gershgorin, Brauer and Brualdi.

4.2 The first class of norms

For A = [ajk]∈Cn×n, n∈N, we set

IA := { (j, k)∈n × n | ajk 6= 0 }.

Let R = [rjk]∈Rm×m be a nonnegative matrix. For j, k∈m let ‖ · ‖αj be a norm on Cqj and let
‖ · ‖βk

be a norm on Clk . Let I := IR = { (j, k)∈m ×m | rjk > 0 }. To these data we define a
weighted maximum norm on ∆I,q,l by the formula

‖∆‖ := max
(j,k)∈I

r−1
jk ‖∆jk‖αj ,βk

, (4.7)
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interconnection structure




0 ∆12 ∆13

∆21 0 0
0 ∆32 ∆33


 ∈∆I,q,l

index set

I = { (1, 2), (1, 3)
(2, 1),
(3, 2), (3, 3)}

block diagram

∆

1

2

∆ ∆33

32

∆12

13∆+

+

G (s)

G (s)

G3
(s)21

directed graph Γ(3,I)

1

2

3(1, 2) (2, 1) (3, 3)

(1, 3)

(3, 2)

Figure 4.1: Composite systems

where ∆ = [∆jk] is a matrix as in (4.1). Note that the following equivalence holds for all
∆∈∆I,q,l.

‖∆‖ ≤ 1 ⇔ ‖∆jk‖αj ,βk
≤ rjk for all (j, k)∈I. (4.8)

In this section we show

Theorem 4.2.1 Let R = [rjk] ∈ Rm×m be a nonnegative matrix, and let Mj ∈ Cqj×lj , j ∈m.
Then, with respect to the norm (4.7),

µ
‖·‖
∆I,q,l

(⊕m
j=1Mj

)
= ̺( R diag(‖M1‖β1,α1 , . . . , ‖Mm‖βm,αm) ).

In order to show Theorem 4.2.1 we need the following well known properties of the spectral
radius of nonnegative matrices [61, Corollaries 8.1.19 and 8.3.3 and Theorem 8.3.1].

(̺1) For any nonnegative matrix 0 ≤ A∈Rn×n,

̺(A) = max
v∈Rn\{0}

v≥0

min
j∈n
vj 6=0

(Av)j
vj

,

where vj denotes the jth entry of v and (Av)j denotes the jth entry of the vector Av.
Moreover, there is a nonnegative vector 0 ≤ x∈Rn \ {0} such that Ax = ̺(A)x.

(̺2) Let A1, A2∈Rn×n. If 0 ≤ A1 ≤ A2 then ̺(A1) ≤ ̺(A2).

Observe that property (̺2) follows from (̺1). In the proof of Theorem 4.2.1 we will apply the
lemma below, which is also a consequence of property (̺1).
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Lemma 4.2.2 Let Yjk∈Clj×lk , j, k∈m. Let ‖ · ‖βj
be a norm on Clj . Then

̺






Y11 . . . Y1m
...

...
Ym1 . . . Ymm





 ≤ ̺






‖Y11‖β1,β1 . . . ‖Y1m‖βm,β1

...
...

‖Ym1‖βm,β1 . . . ‖Ymm‖βm,βm





 .

Proof: Let λ∈C be an eigenvalue of the block matrix [Yjk], i.e.



Y11 . . . Y1m
...

...
Ym1 . . . Ymm






x1
...
xm


 = λ



x1
...
xm


 , xj∈Clj .

where xj ∈Clj , j∈m, and xj 6= 0 for at least one j. Then λxj =
∑m

k=1 Yjkxk for all j∈m. This
implies

|λ| ≤
∑r

k=1 ‖Yjk‖βk,βj
‖xk‖βk

‖xj‖βj

for all j with xj 6= 0.

Thus

|λ| ≤ max
v∈Rm\{0}

v≥0

min
j∈m
vj 6=0

∑m
k=1 ‖Yjk‖βk ,βj

vk

vj
=

(̺1)
̺






‖Y11‖β1,β1 . . . ‖Y1m‖βm,β1

...
...

‖Ym1‖β1,βm . . . ‖Ymm‖βm,βm





 .

�

Proof of Theorem 4.2.1 We already mentioned that by Proposition 2.4.3,

µ
‖·‖
∆I,q,l

(
⊕m

j=1Mj) = max
∆∈∆I,q,l
‖∆‖=1

̺
(

∆(
⊕m

j=1Mj)
)
. (4.9)

For the sake of brevity set P := R diag(‖M1‖β1,α1, . . . , ‖Mm‖βm,αm) ∈ Rm×m. Let ∆ = [∆jk]∈
∆I,q,l with ‖∆‖ ≤ 1. Then

̺( ∆ (
⊕m

k=1Mk) ) = ̺( [∆jkMk] )

≤ ̺( [ ‖∆jkMk‖βk,βj
] ) (by Lemma 4.2.2)

≤ ̺( [ ‖∆jk‖αk ,βj
‖Mk‖βk ,αk

] ) (by Property (̺2))

≤ ̺( [ rjk‖Mk‖βk ,αk
] ) (by (4.8) and Property (̺2))

= ̺(P )

Thus,
max

∆∈∆I,q,l
‖∆‖=1

̺ ( ∆ (
⊕m

k=1Mk) ) ≤ ̺(P ).

It remains to show that the latter inequality is actually an equality. For k∈m let xk∈Cqk and
yk ∈Clk be such that ‖xk‖βk

= ‖yk‖Dαk
= 1 and yT

k Mkxk = ‖Mk‖βk ,αk
. Let ∆0 = [∆jk], where

∆jk = rjkxjy
T
k . Then ∆0∈∆I,q,l and ‖∆0‖ = 1. Since P is nonnegative there is a nonnegative

vector ξ = [ξ1, . . . , ξm]T ∈Rm such that Pξ = ̺(P )ξ. Define w = [ξ1x
T
1 , . . . , ξmx

T
m]T . Then a

straightforward computation yields ∆0 (
⊕m

k=1Mk)w = ̺(P )w. Thus ̺(∆0 (
⊕m

k=1Mk)) ≥ ̺(P ),
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and the proof is complete. �

Theorem 4.2.1 yields the following result for spectral value sets of a diagonal matrix with respect
to componentwise perturbations of its entries.

Corollary 4.2.3 Let A,B,C ∈Cn×n be diagonal matrices and let R ∈Rn×n be a nonnegative
matrix. Then

⋃

|∆|≤R

∆∈Cn×n

σ(A+B∆C) = σ(A) ∪ { s∈C\σ(A) | ̺(R |B(sIn −A)−1C| ) ≥ 1 }. (4.10)

Proof: The set on the left hand side of Equation (4.10) coincides with the spectral value

set σ
‖·‖
∆I,q,l

(A,B,C, 1), where I = IR, l = q = (1, . . . , 1) and ‖∆‖ = max(j,k)∈I r
−1
jk |δjk| for all

∆ = [δjk]∈∆I,q,l. Hence, (4.10) is a consequence of Theorem 4.2.1 and Equation (4.5). �

4.3 The second class of norms

Let ‖ · ‖α be an arbitrary norm on Cm×m and set Nα(·) := ‖ · ‖α,α. For j, k∈m let ‖ · ‖αj be a
norm on Cqj and let ‖ · ‖βk

be a norm on Clk . To these data we define a norm on ∆I,q,l by the
formula

‖∆‖ := Nα






‖∆11‖α1,β1 . . . ‖∆1m‖αm,β1

...
...

‖∆m1‖α1,βm . . . ‖∆mm‖αm,βm





 , (4.11)

where ∆ = [∆jk] is a matrix as in (4.1). In order to determine the corresponding µ-functions we
need a graph theoretic notion. A finite sequence γ = (j1, . . . , jℓ) of mutually distinct integers is
said to be a cycle in the directed graph Γ(m,I) of length |γ| = ℓ if (ji, ji+1)∈I for all i∈ ℓ− 1
and (jℓ, j1)∈ I. We will write j ∈ γ if j = ji for some i∈ ℓ. By Z(I) we denote the set of all
cycles in Γ(m,I).

The following two theorems are the main results of this section.

Theorem 4.3.1 Let Mj ∈Cqj×lj , j∈m, and I ⊆ m×m. If Z(I) 6= ∅ then with respect to the
norm (4.11),

µ
‖·‖
∆I,q,l

(⊕m
j=1Mj

)
= max

γ∈Z(I)

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|
.

Theorem 4.3.2 Let Mj ∈Cqj×lj , j ∈m, and I ⊆ m × m. Let ‖ · ‖ be an arbitrary norm on
∆I,q,l. If Z(I) = ∅ then

µ
‖·‖
∆I,q,l

(⊕m
j=1Mj

)
= 0.

For the proof of these theorems we need the two propositions below. Let us introduce a further
notation.
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Notation 4.3.3 For A = [ajk] ∈ Rm×m let IA := { (j, k) ∈ m × m | ajk 6= 0 }. Let γ =
(j1, . . . , jℓ)∈Z(m×m). Then the cycle product over γ is defined as

∏
γ A :=

ℓ∏

i=1

ajiji+1 , where jℓ+1 := j1.

Note that if γ = (j) is a cycle of length 1 then
∏

γ A = ajj. Let B = [bjk]∈Rm×m. Then we

denote by A ◦B the Hadamard-product of A and B, A ◦B = [ajkbjk]∈Rm×m.

Proposition 4.3.4 Let A = [ajk]∈Rm×m and ∆∈Rm×m. Suppose that A,∆ ≥ 0. If Z(IA) = ∅
then ̺(∆ ◦ A) = 0. Otherwise we have

̺(∆ ◦ A) ≤ ̺(∆) max
γ∈Z(IA)

(∏
γ A
) 1

|γ|
.

Proof: (following the proof of Theorem 5.7.21 in [62]) If a cycle γ ∈ Z(m ×m) contains an
edge (j, k) 6∈ IA then

∏
γ A = 0. Thus it suffices to show that

̺(∆ ◦A) ≤ ̺(∆) max
γ∈Z(m×m)

(∏
γ A
) 1

|γ|
. (4.12)

Suppose first that A > 0. Since the claim is homogeneous in the entries of A we may assume that

maxγ∈Z(m×m)

(∏
γ A
) 1

|γ|
= 1. We construct a positive diagonal matrix D = diag(d1, . . . , dm)

such that ‖DAD−1‖max ≤ 1, where ‖ · ‖max denotes the componentwise maximum norm. Set
d1 = 1. For 2 ≤ k ≤ m define

dk := max aj1j2aj2j3 . . . ajℓ−1,jℓ
,

where the maximum is taken over all sequences j1, j2, . . . , jℓ−1, jℓ ∈m with j1 = 1, jℓ = k and
ℓ∈N arbitrary. The maximum is well defined since only the finite number of sequences without
repetition of indices need to be considered, because, by assumption, each cycle product is ≤ 1.

The entry in the jth row and kth column of DAD−1 is
djajk

dk
. This quotient is ≤ 1, since the

numerator is a sequence product from 1 to k while the denominator is the maximum sequence
product from 1 to k. Thus ‖DAD−1‖max ≤ 1. Now, we have

D(∆ ◦A)D−1 = ∆ ◦ (DAD−1) ≤ ∆‖DAD−1‖max ≤ ∆,

and therefore ̺(∆◦A) = ̺(D(∆◦A)D−1) ≤ ̺(∆). Hence, the claim is proved for the case A > 0.
However, both sides of the inequality (4.12) depend continuously on A. Thus (4.12) holds for
all A ≥ 0. �

In the proof of our main results we use the block cyclic matrices

Z(Y1, . . . , Yℓ):=




0 Y1 0

0 Y2

...
...

. . .
...

0 . . . Yℓ−1

Yℓ . . . . . . 0



, Yj ∈Cmj×mj .

In particular, we need the spectral radius of a positive cyclic matrix with scalar blocks (see [32,
chap. 8, § 2]):
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Proposition 4.3.5 Let c1, . . . , cℓ > 0, and let ω1, . . . , ωℓ denote the ℓth roots of unity, ωk =

e2πi k−1
ℓ , k∈ℓ. Let ξ(k) :=

[
ξ
(k)
1 , . . . , ξ

(k)
ℓ

]T
∈C ℓ, where

ξ
(k)
j := ωj−1

k

(∏j−1
ν=1cν

)−1 (∏
ν=1

ℓcν

) j−1
ℓ
, j, k∈ℓ. (4.13)

Then the vectors ξ(1), . . . , ξ(ℓ) form a basis of eigenvectors of Z(c1, . . . , cℓ). More precisely, we
have

Z(c1, . . . , cℓ) ξ
(k) = ωk

(∏ℓ
ν=1cν

)1/ℓ
ξ(k), k∈ℓ.

Therefore,

̺(Z(c1, . . . , cℓ) ) =
(∏ℓ

ν=1cν

)1/ℓ
.

Proposition 4.3.5 can be verified by straightforward computation. For instance, definition (4.13)
reads for the case ℓ = 3,

ξ
(k)
1 = 1, ξ

(k)
2 = ωk c

−1
1 (c1c2c3)

1/3, ξ
(k)
3 = ω2

k (c1c2)
−1(c1c2c3)

2/3, k = 1, 2, 3,

where ω1, ω2, ω3 are the third roots of unity. Thus,

c1 ξ
(k)
2

ξ
(k)
1

=
c2 ξ

(k)
3

ξ
(k)
2

=
c3 ξ

(k)
1

ξ
(k)
3

= ωk (c1c2c3)
1/3.

Equivalently, 


0 c1 0

0 0 c2

c3 0 0







ξ
(k)
1

ξ
(k)
2

ξ
(k)
3


 = ωk (c1c2c3)

1/3




ξ
(k)
1

ξ
(k)
2

ξ
(k)
3


 , k = 1, 2, 3.

We are now in the position to give the proofs of the main results of this section.

Proof of Theorems 4.3.1 and 4.3.2. Let

c :=





0 if Z(I) = ∅,

maxγ∈Z(I)

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|

otherwise.

We show that

max
∆∈∆I,q,l
‖∆‖=1

̺
(

∆
(⊕m

j=1Mj

))
≤ c. (4.14)

Let E = [ejk]∈Rm×m, where ejk = 1 if (j, k)∈I and ejk = 0 otherwise. Set

A := E diag(‖M1‖β1,α1 . . . ‖Mm‖βm,αm) = [ ejk‖Mk‖βk,αk
]∈Rm×m.

Then IA ⊆ I, and for every cycle γ∈Z(I) we have that
∏

γ A =
∏

j∈γ ‖Mj‖βj ,αj
.

If γ∈Z(I) \ Z(IA) then Mj = 0 for at least one j∈γ, and hence
∏

j∈γ ‖Mj‖βj ,αj
= 0. Thus

c =





0 if Z(IA) = ∅,

maxγ∈Z(IA)

(∏
γ A
) 1

|γ|
otherwise.
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Let ∆ = [∆jk]∈∆I,q,l with ‖∆‖ = 1. Then

̺
(

∆
(⊕m

j=1Mj

))
= ̺( [∆jkMk ] )

≤ ̺( [ ‖∆jkMk‖βk ,βj
] ) (by Lemma 4.2.2)

≤ ̺( [ ‖∆jk‖αj ,βk
‖Mk‖βk,αk

] ) (by Property (̺2))

= ̺( [ ‖∆jk‖αj ,βk
ejk ‖Mk‖βk,αk

] ) (since ∆jk = 0 if ejk = 0)

= ̺
(

[ ‖∆jk‖αj ,βk
] ◦ A

)

≤ ̺( [ ‖∆jk‖αj ,βk
] ) c (by Proposition 4.3.4)

≤ Nα( [ ‖∆jk‖αj ,βk
] )

︸ ︷︷ ︸
=‖∆‖=1

c

= c.

Thus (4.14) is proved. If c = 0 then equality holds in (4.14) and therefore µ
‖·‖
∆I,q,l

(⊕m
j=1Mj

)
= 0

for all norms on ∆I,q,l. Thus the proof of Theorem 4.3.2 is complete. It remains to show that for
all norms of type (4.11) the inequality (4.14) is actually an equality. To this end we construct,
for each cycle γ∈Z(IA), a matrix ∆γ ∈∆I,q,l such that ‖∆γ‖ = 1 and

̺
(

∆γ

(⊕m
j=1Mk

))
≥
(∏

j∈γ ‖Mj‖βj ,αj

) 1
|γ|
. (4.15)

The construction of ∆γ is as follows. Suppose that γ = (j1, . . . , jℓ). For j ∈m let xj ∈Cqj and

yj∈Clj be such that ‖xj‖βj
= ‖yj‖Dαj

= 1 and yT
j Mjxj = ‖Mj‖βj ,αj

. Let ∆γ := [∆
(γ)
jk ], where

∆
(γ)
jk :=





xjiy
T
ji+1

if (j, k) = (ji, ji+1), i∈ℓ− 1,

xjℓ
yT

j1
if (j, k) = (jℓ, j1),

0∈Clj×qk otherwise.

For instance, if m=4,

∆(2) =




0 0 0 0

0 x2y
T
2 0 0

0 0 0 0
0 0 0 0


, ∆(2,4) =




0 0 0 0

0 0 0 x2y
T
4

0 0 0 0

0 x4y
T
2

0 0


 = ∆(4,2),

∆(1,2,3) =




0 x1y
T
2 0 0

0 0 x2y
T
3 0

x3y
T
1 0 0 0

0 0 0 0


, ∆(1,3,2) =




0 0 x1y
T
3 0

x2y
T
1 0 0 0

0 x3y
T
2 0 0

0 0 0 0


,

∆(1,3.4) =




0 0 x1y
T
3

0
0 0 0 0

0 0 0 x3y
T
4

x4y
T
1 0 0 0


, ∆(3,4,2,1) =




0 0 x1y
T
3

0

x2y
T
1 0 0 0

0 0 0 x3y
T
4

0 x4y
T
2 0 0


.

We claim that ∆γ has the required properties. To see this, note first that in each block row
and each block column of ∆γ there is at most one nonzero block. All nonzero blocks have norm
1. Therefore,

1 = Nα( [ ‖∆(γ)
jk ‖αj ,βk

] ) = ‖∆γ‖.
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Let us show (4.15). Observe that the principal block submatrix of ∆γ

(⊕m
j=1Mk

)
corresponding

to the block rows and columns with numbers j1, . . . , jℓ is permutation similar to the block cyclic
matrix

Z(xj1y
T
j2Mj2, xj2y

T
j3Mj3, . . . , xjℓ

yT
j1Mj1) = Z(xj1y

T
j2, xj2y

T
j3, . . . , xjℓ

yT
j1)
(⊕ℓ

i=1Mji

)
.

By Proposition 4.3.5 the product
(∏

j∈γ ‖Mj‖βj ,αj

)1/|γ|
is the spectral radius of the matrix

Z(‖Mj1‖βj1
,αj1

, ‖Mj2‖βj2
,αj2

, . . . , ‖Mjℓ
‖βjℓ

,αjℓ
).

Let ξ = [ξj1, . . . , ξjℓ
]T ∈Rℓ be a corresponding eigenvector. Then the following relations hold.

‖Mji‖βji
,αji

ξji+1 =
(∏

j∈γ ‖Mj‖βj ,αj

) 1
|γ|
ξji , i∈ℓ, jℓ+1 := j1. (4.16)

Now, define w := [wT
1 , . . . , w

T
m]T , where wj =

{
ξjixji if j = ji, i∈ℓ
0∈Cqj otherwise.

Moreover let ŵ := [wT
j1
, wT

j2
, . . . , wT

jℓ
]T . Then

Z(xj1y
T
j2
, xj2y

T
j3
, . . . , xjℓ

yT
j1

)
(⊕ℓ

i=1Mji

)
ŵ

=




0 xj1y
T
j2
Mj2 0

0 xj2y
T
j3
Mj3

...
...

. . .
...

0 . . . 0 xjℓ−1
yT

jℓ
Mjℓ

xjℓ
yT

j1
Mj1 0 . . . . . . 0







ξj1xj1

ξj2xj2
...
...

ξjℓ
xjℓ




=




‖Mj2‖βj2
,αj2

ξj2 xj1

‖Mj3‖βj3
,αj3

ξj3 xj2
...
...

‖Mjℓ
‖βjℓ

,αjℓ
ξjℓ
xjℓ−1

‖Mj1‖βj1
,αj1

ξj1 xjℓ




=
(4.16)

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|




ξj1 xj1

ξj2 xj2
...
...

ξjℓ−1
xjℓ−1

ξjℓ
xjℓ




=
(∏

j∈γ ‖Mj‖βj ,αj

) 1
|γ|
ŵ.

This implies that ∆γ

(⊕m
j=1Mj

)
w =

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|
w. Thus (4.15) holds, and the proof

is complete. �

4.4 Fixed eigenvalues

Let I ⊆ m×m and suppose that Z(I) = ∅. Then Theorem 4.3.2 implies that

σ
‖·‖
∆I,q,l

(⊕m
j=1Aj ,

⊕m
j=1Bj,

⊕m
j=1Cj, ρ

)
= σ

(⊕m
j=1Aj

)
(4.17)
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for all ρ ≥ 0. In other words: if the graph Γ(m,I) has no cycles then all eigenvalues remain
fixed under perturbations of the form

⊕m
j=1Aj ❀

⊕m
j=1Aj + (

⊕m
j=1Bj)∆ (

⊕m
j=1Cj), ∆∈∆I,q,l.

The theorem below is a refinement of this result.

Theorem 4.4.1 Let I ⊆ m×m and let A∆ =
(⊕m

j=1Aj

)
+
(⊕m

j=1Bj

)
∆
(⊕m

j=1Cj

)
, where

(Aj , Bj , Cj) ∈ Lnj ,lj ,qj
and ∆ ∈∆I,q,l. Let j0 ∈m, and suppose there exists no cycle γ ∈ Z(I)

such that j0∈γ. Then σ(Aj0) ⊆ σ(A∆).

Proof: A path in the graph Γ(m,I) joining the vertices j0 and k ∈ m is a finite sequence
j0, j1, . . . , jν ∈m such that jν = k and (ji−1, ji)∈I for all i∈ν. Let V1 denote the set of indices
k∈m \ {j0} such that there exists a path joining j0 and k. Set V2 := m \ ({j0} ∪ V1). Since j0
is not contained in a cycle γ∈Z(I) the blocks of ∆ = [∆jk]∈∆I,q,l satisfy

∆jk = 0 for (j, k) ∈ ({j0} ∪ V1)× V2,
∆jj0 = 0 for j∈{j0} ∪ V1.

(4.18)

We have A∆ = [(A∆)jk], where (A∆)jk =

{
Aj +Bj∆jjCj if j = k

Bj∆jkCk if j 6= k
.

The conditions (4.18) imply

(A∆)jk = 0 for (j, k) ∈ ({j0} ∪ V1)× V2,
(A∆)jj0 = 0 for j∈V1,

(A∆)j0j0 = Aj0 .
(4.19)

Let π : n→ n be a permutation satisfying

π(1) = j0, π({2, . . . , 1 + #V1}) = V1, π({2 + #V1, . . . , n}) = V2.

The block matrix

Ã∆ =




(A∆)π(1),π(1) . . . (A∆)π(1),π(m)
...

...
(A∆)π(m),π(1) . . . (A∆)π(m),π(m)




is similar to A∆. The relations (4.19) imply that Ã∆ has the following block structure.

Ã∆ =



Aj0 X01 0
0 X11 0
X20 X21 X22


 .

If V1 = ∅ or V2 = ∅ then the corresponding block matrices Xij are not present. It follows that

σ(Aj0) ⊆ σ
([
Aj0 X01

0 X11

])
⊆ σ

([
Aj0 X01

0 X11

])
∪ σ(X22) = σ(Ã∆) = σ(A∆).

�
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4.5 Off-diagonal perturbation structures

In this section we discuss µ-functions for the index set Ioff := { (j, k)∈m ×m | j 6= k }. The
corresponding perturbation class ∆Ioff ,q,l is the set of all m×m block matrices ∆ = [∆jk] such
that ∆jk∈Clj×qk and ∆jj = 0 for all j, k∈m. Recall that the following inequality holds for the
geometric mean.

Lemma 4.5.1 Let c1 ≥ c2 ≥ . . . ≥ cℓ ≥ 0. Then, for all k∈ℓ,
(∏ℓ

j=1 cj

) 1
ℓ ≤

(∏k
j=1 cj

) 1
k
.

The proposition below is a special case of Theorem 4.3.1.

Proposition 4.5.2 Let Mj ∈Cqj×lj , j∈m. Then with respect to the norm (4.11),

µ
‖·‖
∆Ioff ,q,ℓ

(⊕m
j=1Mj

)
= max

1≤j<k≤m

√
‖Mj‖βj ,αj

‖Mk‖βk,αk
.

Proof: Each pair (j, k)∈m ×m, j 6= k, is a cycle in the graph associated with Ioff . Thus

max
1≤j<k≤m

√
‖Mj‖βj ,αj

‖Mk‖βk ,αk
≤ max

γ∈Z(Ioff )

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|
. (4.20)

Each cycle γ∈Z(Ioff) has length |γ| ≥ 2. Let γ = (j1, . . . , jℓ), and let ji, jr∈γ be such that i 6= r
and ‖Mji‖βji

,αji
≥ ‖Mjr‖βjr ,αjr

≥ ‖Mjν‖βjν ,αjν
for all ν ∈ ℓ \ {i, r}. By Lemma 4.5.1 we have

that
(∏

j∈γ ‖Mj‖βj ,αj

) 1
|γ| ≤

√
‖Mji‖βji

,αji
‖Mjr‖βjr ,αjr

. Thus, equality holds in (4.20). Now,

the proposition follows from Theorem 4.3.1. �

An analogous result holds if the underlying norm on ∆Ioff ,q,l is an operator norm subordinate
to a Hölder p-norm. More precisely, we have

Theorem 4.5.3 Let p∈ [1,∞]. Let Mj∈Cqj×lj , j∈m. Then

µ
(p)
∆Ioff ,q,l

(⊕m
j=1Mj

)
= max

1≤j<k≤m

√
‖Mj‖p ‖Mk‖p.

For the proof we need the following Lemma.

Lemma 4.5.4 Let mj, nj ∈N, j = 1, 2. Let ‖ · ‖α and ‖ · ‖β be absolute norms on Cm1+m2 and
Cn1+n2 respectively. Let X∈Cm1×n2 , Y ∈Cm2×n1 and Z∈Cm2×n2. Then for all t ≥ 1,

∥∥∥∥
[

0 tX
tY Z

] ∥∥∥∥
β,α

≤ t
∥∥∥∥
[

0 X
Y Z

] ∥∥∥∥
β,α

.

Proof: The function R ∋ ζ 7→ f(ζ) :=

∥∥∥∥
[

0 X
Y ζ Z

]∥∥∥∥
β,α

is convex, and since ‖ · ‖α and ‖ · ‖β are

absolute we have that f(−ζ) =

∥∥∥∥
[
Im1

0
0 −Im2

] [
0 X
Y ζ Z

] [
−In1

0
0 In2

] ∥∥∥∥
β,α

= f(ζ) for all ζ ∈R.

From this it follows by convexity that f is a non-decreasing function on [0,∞). Thus for all

t ≥ 1,

∥∥∥∥
[

0 tX
tY Z

] ∥∥∥∥
β,α

= tf
(

1
t

)
≤ tf(1) = t

∥∥∥∥
[

0 X
Y Z

] ∥∥∥∥
β,α

. �
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Proof of Theorem 4.5.3 For brevity set M :=
⊕m

j=1Mj . Without loss of generality we may

assume that ‖M1‖p ≥ ‖M2‖p ≥ ‖Mj‖p for j ≥ 3. Let ∆ ∈∆Ioff ,q,l. Then ∆ =
»

0 X

Y Z

–

for

some X ∈C l1×q′ , Y ∈C q1×l′ , Z ∈C q′×l′ , where q′ =
∑m

j=2 qj , l
′ =

∑m
j=2 lj. Suppose first that

M2 = 0. Then all eigenvalues of ∆M =
»

0 0
Y M1 0

–

are zero for all ∆∈∆Ioff ,q,l. Consequently,

µ
(p)
∆Ioff ,q,l

(M) = 0 =
√
‖M1‖p‖M2‖p. Suppose now that M2 6= 0 and let

Ft := diag(tIq1, Iq′), Gt := diag(tIl1 , Il′), t :=

√
‖M1‖p
‖M2‖p

≥ 1.

Then ‖t−2M1‖p = ‖M2‖p and therefore

‖F−1
t MG−1

t ‖p = ‖diag
(
t−2M1,M2,M3, . . . ,Mm

)
‖p = ‖M2‖p.

Lemma 4.5.4 yields that ‖Gt∆Ft‖p ≤ t ‖∆‖p for all ∆∈∆Ioff ,q,l. Suppose that ‖∆‖p = 1. Then
we have

̺(∆M) ≤ ‖Gt∆MG−1
t ‖p

= ‖(Gt∆Ft)(F
−1
t MG−1

t )‖p
≤ ‖Gt∆Ft‖p ‖F−1

t MG−1
t ‖p

= ‖Gt∆Ft‖p ‖M2‖p
≤ ‖∆‖p t ‖M2‖p
=

√
‖M1‖p‖M2‖p .

Therefore µ
(p)
∆Ioff ,q,l

(M) ≤
√
‖M1‖p‖M2‖p . We show that equality holds. Let xj ∈ C lj , yj ∈C qj ,

j = 1, 2, be such that ‖xj‖p = ‖yj‖Dp = 1 and yT
j Mjxj = ‖Mj‖p, j = 1, 2. Define

∆0 := diag

([
0 x1y

T
2

x2y
T
1 0

]
, 0

)
∈∆Ioff ,q,l, x :=




√
‖M2‖p x1√
‖M1‖p x2

0


 ∈ C l1+...+lm .

Then ‖∆0‖p = 1 and ∆0Mx =
√
‖M1‖p ‖M2‖p x. Thus µ

(p)
∆Ioff ,q,l

(M) ≥
√
‖M1‖p ‖M2‖p . �

We have not been able to extend Theorem 4.5.3 to arbitrary index sets I ⊆ m×m. We formulate
our conjecture in this respect as an open question.

Open question: Does the identity

µ
(p)

∆I,q,l

(⊕m
j=1Mj

)
= max

γ∈Z(I)

(∏
j∈γ ‖Mj‖p

) 1
|γ|

hold for arbitrary index sets I ⊆ m×m?
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4.6 The theorems of Gershgorin, Brauer and Brualdi

In this section we recall the classical eigenvalue inclusion theorems of Gershgorin, Brauer and
Brualdi. We show that Brualdi’s theorem implies Brauer’s and Gershgorin’s. Then, in the next
section we prove a slight extension of Brualdi’s result. For A = [ajk] ∈ Cn×n set Rj(A) :=∑

k∈n
k 6=j
|ajk| and GA :=

⋃
j∈nD(ajj, Rj(A)).

Theorem 4.6.1 (Gershgorin) Let A∈Cn×n. Then σ(A) ⊆ GA.

The theorem of Gershgorin has been improved by Brauer [16]. He uses inclusion regions for the
eigenvalues of the following type.

C(z1, z2, ρ) := { s∈C | |s− z1| |s − z2| ≤ ρ } z1, z2∈C, ρ ≥ 0.

The sets C(z1, z2, ρ) and their boundaries are called the ovals of Cassini. The sets C(1,−1, ρ)
are shown in Figure 4.2. For A = [ajk]∈Cn×n let

CA :=
⋃

1≤j<k≤n

C( ajj , akk, Rj(A)Rk(A) ).

Theorem 4.6.2 (Brauer) Let A∈Cn×n. Then σ(A) ⊆ CA.

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
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0.250.25
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0.80.8

Figure 4.2: The ovals of Cassini C(1,−1, ρ), ρ = 0.25, 0.8, 1, 1.4, 2, 4.

A refinement of Brauer’s Theorem is the eigenvalue inclusion theorem of Brualdi [18]. He uses
inclusion sets of the form

B (z1, . . . , zℓ, ρ) :=
{
s∈C

∣∣∣
∏

j∈ℓ |s− zj | ≤ ρ
}

z1, . . . , zℓ∈C, ρ ≥ 0.
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Figure 4.3: The boundaries of the Brualdi sets B(−2,−1, 1,−i, i, ρ), ρ = 1, 2, 3, 5, 20, 30.

Examples of Brualdi sets B (z1, . . . , zℓ, ρ) are shown in Figure 4.3. For A = [ajk]∈Cn×n let

BA :=
⋃

(j1,...,jℓ)∈Z(IA), ℓ≥2

B
(
aj1j1, . . . , ajℓjℓ

,
∏ℓ

i=1Rji(A)
)
. (4.21)

A cycle γ ∈Z(IA) is said to be nontrivial if |γ| ≥ 2. Note that the union in 4.21 is taken over
all nontrivial cycles.

Theorem 4.6.3 (Brualdi) Let A∈Cn×n. Suppose that to each index j∈n there is a nontrivial
cycle γ∈Z(IA) such that j∈γ. Then σ(A) ⊆ BA.

For A = [ajk]∈Cn×n let

σ0(A) := { ajj | j∈n is not contained in a nontrivial cycle γ∈Z(IA) }
= { ajj | if j∈γ∈Z(IA) then γ = (j) }

In the next section we will show the following extension of Brualdi’s theorem.

Theorem 4.6.4 Let A∈Cn×n. Then σ0(A) ⊆ σ(A) and σ(A)\σ0(A) ⊆ BA.

We close this section with some remarks on Brualdi-sets. First note that B(z1, ρ) = D(z1, ρ)
and B(z1, z2, ρ) = C(z1, z2, ρ). Moreover, the Brualdi-sets satisfy the following condition.

Proposition 4.6.5 Let z1, . . . , zℓ∈C and ρ1, . . . , ρℓ ≥ 0. Then

B
(
z1, . . . , zℓ,

∏
j∈ℓ ρj

)
⊆ ⋃k∈ℓ B

(
z1, . . . , ẑk, . . . , zℓ,

∏
j∈ℓ,j 6=k ρj

)
,

where B
(
z1, . . . , ẑk, . . . , zℓ,

∏
j∈ℓ,j 6=k ρj

)
=
{
s∈C

∣∣∣
∏

j∈ℓ,j 6=k |s− zj | ≤
∏

j∈ℓ,j 6=k ρj

}
.
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The graph Γ(4,IA)
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1

Matrix A

A =




1 1.5 0 0
0 i 0.5 −0.5i
0 0 −2 2

0.25 0.25i 0 −2i




The eigenvalue inclusion regions GA, CA and BA

−4 −3 −2 −1 0 1 2
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−2

−1

0

1
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−4 −3 −2 −1 0 1 2
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−1

0
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0

1

2

3

BAGA CA

Figure 4.4: Example: the graph associated with A∈Cn×n and comparison of the regions GA, CA
and BA. The crosses mark the diagonal elements of A.

Proof: Suppose that s 6∈ ⋃k∈ℓ B
(
z1, . . . , ẑk, . . . , zℓ,

∏
j∈ℓ,j 6=k ρj

)
. Then we have for all k ∈ ℓ,

∏
j∈ℓ,j 6=k|s−zj | >

∏
j∈ℓ,j 6=kρj. By multiplying these ℓ inequalities we obtain

(∏
j∈ℓ|s− zj |

)ℓ−1
>

(∏
j∈ℓ ρj

)ℓ−1
. Thus s 6∈ B

(
z1, . . . , zℓ,

∏
j∈ℓ ρj

)
. �

Corollary 4.6.6 Let z1, . . . , zℓ∈C and ρ1, . . . , ρℓ ≥ 0. Then

B
(
z1, . . . , zℓ,

∏
j∈ℓ ρj

)
⊆

⋃

1≤j<k≤ℓ

C(zj , zk, ρjρk) ⊆
⋃

j∈ℓ

D(zj , ρj).

Corollary 4.6.6 implies that for all A∈Cn×n, n ≥ 2,

BA ⊆ CA ⊆ GA. (4.22)

Thus the theorems of Brauer and Gershgorin are consequences of Theorem 4.6.4. The first
inclusion in (4.22) has been shown by Varga [96]. The second has been shown by Brauer [16].



64 CHAPTER 4. SPECTRAL VALUE SETS OF BLOCK DIAGONAL MATRICES

Each Brualdi-set can be represented as the intersection of a family of sets which are unions of
disks. More precisely, we have

Proposition 4.6.7 Let z1, . . . , zℓ∈C and ρ > 0. Then

B (z1, . . . , zℓ, ρ) =
⋂

r1,...,rℓ>0,
Q

j∈ℓ rj=1



⋃

j∈ℓ

D(zj, ρ
1
ℓ rj)


 . (4.23)

Proof: Let D denote the set on the right hand side of (4.23). Suppose that s 6∈ D. Then

there are r1, . . . , rℓ > 0 such that
∏

j∈ℓ rj = 1 and |s − zj | > ρ
1
ℓ rj for all j ∈ ℓ. Multiply-

ing the latter inequalities we obtain that
∏

j∈ℓ |s − zj | > ρ. Thus s 6∈ B (z1, . . . , zℓ, ρ). Hence
B (z1, . . . , zℓ, ρ) ⊆ D. The inclusion D ⊆ B (z1, . . . , zℓ, ρ) is obvious. �

From the relation (4.23) one can derive the following upper bound for the connected components
of Brualdi sets.

Proposition 4.6.8 Let z1, . . . , zℓ∈C and ρ > 0. Then

(i) Each connected component of B(z1, . . . , zℓ, ρ) contains at least one of the points zj , j∈ℓ.

(ii) Let Kj denote the connected component of B(z1, . . . , zℓ, ρ) which contains zj . Let ǫ > 0
and suppose that

min
k∈ℓ,k 6=j

|zj − zk| > ρ
1
ℓ

(
ǫ+ ǫ−

1
ℓ−1

)
. (4.24)

Then Kj ⊆ D(zj , ǫρ
1
ℓ ).

Proof: (i). Set f(s) :=
∏

j∈ℓ(s − zj). Let K be a connected component of B(z1, . . . , zℓ, ρ).
Then K is compact. Hence there exists s0∈K such that |f(s0)| = mins∈K |f(s)|. Let U be an
open neighborhood of s0 such that U∩B(z1, . . . , zℓ, ρ) = U∩K. Then |f(s)| > ρ for all s∈U \K.
Thus |f(s0)| = mins∈U |f(s)|. The latter implies that f(s0) = 0 since f is holomorphic. Thus
s0 = zj for some j∈ℓ.
(ii). For i∈ℓ set

ri =

{
ǫ if i = j,

ǫ−
1

ℓ−1 otherwise.

Then
∏

i∈ℓ ri = 1 and Proposition 4.6.7 yields that B(z1, . . . , zℓ, ρ) ⊆
⋃

i∈ℓD(zi, ρ
1
ℓ ri). The con-

dition (4.24) implies that D(zj , ρ
1
ℓ rj)∩D(zk, ρ

1
ℓ rk) = ∅ for all k 6= j. Thus Kj ⊆ D(zj , ρ

1
ℓ rj). �

Roughly speaking, the above proposition states that if the distance of zj ∈C from the numbers
zk ∈C, k 6= j, is large then the connected component Kj of B(z1, . . . , zℓ, ρ) is a small set. This
is illustrated in Figure 4.5.
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Figure 4.5: The Brualdi set B(−3, 1, 1 + i, 1 − i, ρ), ρ = 5.

4.7 Proof of Brualdi’s theorem

In this section we prove Theorem 4.6.4. It is a consequence of the proposition below, which in
turn follows from the results of Section 4.3.

Proposition 4.7.1 Let I ⊆ n × n, and let ∆I = { [δjk]∈Cn×n | δjk = 0 if (j, k) 6∈ I }. Let
‖ · ‖α be an arbitray norm on Cn. Let aj, bj , cj ∈C, j∈n. For ∆ = [δjk]∈∆I let

‖∆‖ := ‖ |∆| ‖α =

∥∥∥∥∥∥∥



|δ11| . . . |δ1n|
...

...
|δn1| . . . |δnn|




∥∥∥∥∥∥∥
α

,

A∆ := diag(a1, . . . , an) + diag(b1, . . . , bn)∆ diag(c1, . . . , cn).

Then the following statements hold.

(i) For all ρ ≥ 0,

σ
‖·‖
∆I

( diag(a1, . . . , an),diag(b1, . . . , bn),diag(c1, . . . , cn), ρ )

= {a1, . . . , an} ∪
⋃

(j1,...,jℓ)∈Z(I)

B
(
aj1, . . . , ajℓ

, ρℓ∏ℓ
i=1 |bjicji |

)
. (4.25)

(ii) Let j0 ∈n and suppose there exists no cycle γ ∈Z(I) such that j0 ∈ γ. Then aj0 ∈σ(A∆)
for all ∆∈∆I .

Proof: Claim (ii) is a special case of Theorem 4.4.1. Suppose that Z(I) = ∅. Then claim (ii)
yields that

σ
‖·‖
∆I ( diag(a1, . . . , an),diag(b1, . . . , bn),diag(c1, . . . , cn), ρ ) = {a1, . . . , an}.
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Hence claim (i) holds for Z(I) = ∅ . Suppose now that Z(I) 6= ∅. If ρ = 0 then there is nothing
to prove. Let ρ > 0 and s∈C \ {a1, . . . , an}. Then we have the following equivalences.

s∈σ‖·‖
∆I

( diag(a1, . . . , an),diag(b1, . . . , bn),diag(c1, . . . , cn); ρ )

⇔ µ
‖·‖
∆I (diag(c1(s− a1)

−1b1, . . . , cn(s− an)−1bn)) ≥ ρ−1

⇔ max
γ∈Z(I)

(∏
j∈γ |cj(s − aj)

−1bj|
) 1

|γ| ≥ ρ−1 (by Theorem 4.3.1)

⇔ ∃ γ∈Z(I) :
(∏

j∈γ |cj(s− aj)
−1bj |

) 1
|γ| ≥ ρ−1

⇔ ∃ γ∈Z(I) :
∏

j∈γ |s− aj| ≤ ρ|γ|
∏

j∈γ |bjcj |

Hence, (4.25) holds. �

Proof of Theorem 4.6.3 If A ∈ Cn×n is a diagonal matrix then there is nothing to prove.
Assume that A is nondiagonal and has offdiagonal row sums Rj(A). Set ∆ = [δjk] ∈ Cn×n,
where

δjk :=

{
Rj(A)−1ajk if j 6= k and Rj(A) 6= 0,

0 otherwise.

Then A = diag(a11, . . . , ann)+diag(R1(A), . . . , Rn(A))∆, and ‖∆‖1 = 1. Furthermore, we have
that ∆∈∆I , where I = IA \ {(j, j) | j∈n }. Thus

σ(A) ⊆ σ
‖·‖
∆I ( diag(a11, . . . , ann),diag(R1(A), . . . , Rn(A)), In, 1 ).

Thus Theorem 4.7.1 implies the result. �

4.8 A theorem of Brauer type

Let A = [ajk]∈Cn×n and E = A− diag(a11, . . . , ann). Then the off-diagonal row-sums Rj(A) =∑
k∈n
k 6=j
|ajk| satisfy Rj(A) ≤ ‖E‖∞. Thus, Brauer’s Theorem yields

σ(A) ⊆ ⋃1≤j<k≤n C( ajj , akk, ‖E‖2∞ ). (4.26)

The theorem below is a consequence of Theorem 4.5.3. It extends (4.26) to all operator norms
subordinate to a Hölder p-norm.

Theorem 4.8.1 Let A = [ajk]∈Cn×n. Let E = A−diag(a11, . . . , ann). Let B = diag(b1, . . . , bn),
C = diag(c1, . . . , cn), where cj , bj > 0 for all j∈n. Then we have for every p∈ [1,∞],

σ(A) ⊆ ⋃1≤j<k≤n C(ajj, akk, ‖B−1EC−1‖2p bjbkcjck ).

Proof: Set ∆ = B−1EC−1. Then A = diag(a11, . . . , ann) + B∆C. Thus for all p ∈ [1,∞],

σ(A) ⊆ σ
(p)
∆Ioff ,n,n

(diag(a11, . . . , ann), B,C, ‖∆‖p). If ∆ = 0 then there is nothing to prove. Let

∆ 6= 0 and s 6∈ {a11, . . . , ann}. Then the following equvalences hold.
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s∈σ(p)
∆Ioff ,n,n

(diag(a11, . . . , ann), B,C, ‖∆‖p)

⇔ µ
(p)
∆Ioff ,n,n

(diag(c1(s − a11)
−1b1, . . . , cn(s− ann)−1bn)) ≥ ‖∆‖−1

p

⇔ max
1≤j<k≤n

√
|cj(s− ajj)−1bj| |ck(s− akk)−1bk| ≥ ‖∆‖−1

p (by Theorem 4.5.3)

⇔ min
1≤j<k≤n

(|s− ajj| |s− akk|(bjbkcjck)−1) ≤ ‖∆‖2p

⇔
⋃

1≤j<k≤n

C(ajj, akk, ‖∆‖2p bjbkcjck )

�



Chapter 5

Complex pseudospectra

5.1 Introduction

This chapter deals with complex pseudospectra. These are spectral value sets of the form

σ‖·‖
C

(A, ρ) = σ‖·‖
C

(A, In, In, ρ) =
⋃

∆∈Cn×n

‖∆‖≤ρ

σ(A+ ∆),

where A∈Cn×n. Most of our results are for the case that the underlying norm ‖ · ‖ is unitarily
invariant or an operator norm subordinate to given vector norms ‖ · ‖α, ‖ · ‖β on Cn. Recall the
notation

σ(α,β)

C
(A, ρ) =

⋃

∆∈Cn×n

‖∆‖α,β≤ρ

σ(A+ ∆) and σ(α)

C
(A, ρ) = σ(α,α)

C
(A, ρ).

By Corollary 2.5.4 the µ-functions

µ(α,β)

C
(M) =

(
min{ ‖∆‖α,β | ∆∈Cn×n, 1∈σ(∆M) }

)−1

µ̃(α,β)

C
(M) = min{ ‖∆‖α,β | ∆∈Cn×n, A−∆ is singular }

satisfy µ(α,β)

C
(M) = ‖M‖β,α and µ̃(α,β)

C
(M) = infα,β(M). Hence Theorem 2.4.5 yields

σ(α,β)

C
(A, ρ) = σ(A) ∪ { s∈C | ‖(sIn −A)−1‖β,α ≥ ρ−1 } (5.1)

= { s∈C | inf
α,β

(sIn −A) ≤ ρ }. (5.2)

By Corollary 2.5.5 we have for any normalized unitarily invariant norm that µ‖·‖
C

(M) = σmax(M)
and µ̃‖·‖

C
(M) = σmin(M). Therefore

σ‖·‖
C

(A, ρ) = { s∈C | σmax((sIn −A)−1) ≥ ρ−1 }
= { s∈C | σmin(sIn −A) ≤ ρ }
= σ

(2)
C

(A, ρ). (5.3)

Let us mention some basic invariance properties of pseudospectra. From the equivalence s ∈
σ(A+ ∆) ⇔ z + ws∈σ((zIn + wA) + w∆), where s, z, w∈C, it follows that

σ‖·‖
C

(zIn + wA, |w|ρ) = z + wσ‖·‖
C

(A, ρ).

68
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Let U ∈Cn×n be unitary. Then σ(A + ∆) = σ(U∗(A + ∆)U) = σ(U∗AU + U∗∆U). If ‖ · ‖ is
unitarily invariant then ‖U∗∆U‖ = ‖∆‖. Hence,

σ‖·‖
C

(U∗AU, ρ) = σ‖·‖
C

(A, ρ). (5.4)

If the underlying norm ‖·‖ is an operator norm subordinate to absolute norms then the identities
‖U∗∆U‖ = ‖∆‖ and (5.4) hold for all unitary diagonal matrices U . If the underlying norm

satisfies ‖∆‖ = ‖∆‖ for all ∆∈Cn×n then σ‖·‖
C

(A, ρ) = σ‖·‖
C

(A, ρ).
We now give an outline of the chapter. Let A∈Cn×n be a normal matrix (i.e. A∗A = AA∗)

and let S ∈Cn×n be nonsingular. Then σ‖·‖
C

(A, ρ) ⊆ σ‖·‖
C

(SAS−1, ρ). Thus, the eigenvalues of
SAS−1 are at least as sensitive to perturbations as the eigenvalues of A. Moreover, if A is not
a scalar multiple of the identity matrix then for fixed ρ > 0 the pseudospectrum σ‖·‖

C
(SAS−1, ρ)

can be made arbitrary large by an appropriate choice of S, see Section 5.6. Thus, as is well
known, the eigenvalues of a nonnormal matrix can be very sensitive to perturbations. From
this observation the question arises what the precise connection between nonnormality of a
matrix and the sensitivity of its eigenvalues is. In order to discuss this issue one first has to
introduce a measure of nonnormality of a matrix. Various measures have been proposed in
the literature, see e.g. [24] and the references therein. In this chapter we concentrate on the
so called departure from normality, a measure of nonnormality which has been introduced by
Henrici [38]. Among other things we investigate whether the departure from normality fullfills
Chatelin’s requirement that ‘a good measure of nonnormality should reflect how unstable the
spectral decomposition is’ [22]. In Section 5.3 we obtain a simple upper bound for pseudospectra
in terms of the perturbation level and the departure from normality with respect to spectral
norm. Then, in Section 5.4 we prove that the pseudospectra of Jordan matrices come arbitrarily
close to this upper bound. In Section 5.5 we investigate the pseudospectra of 2 × 2 matrices.
Here we show that a large departure from normality does not guarantee that the eigenvalues
are sensitive to perturbations. We briefly discuss some other measures of nonnormality and
show that these measures also do not satisfy Chatelin’s requirement. Section 5.6 deals with
pseudospectra of scaled block triangular matrices. The upper bound for pseudospectra derived
in Section 5.3 can be improved if one takes the dimension of the matrix into account. This
has been done by Henrici [38]. In Section 5.7 we prove a generalization of Henrici’s theorem in
terms of pseudospectra. In the last section we extend a theorem of Ruhe [80], which is based on
Henrici’s result. Ruhe’s theorem provides an upper bound for the sensitivity of the spectrum of
a matrix A in terms of its departure from normality and the mutual distance of its eigenvalues.

The content of this chapter serves as the background of our consideration concerning real
perturbations in Section 7.5.

5.2 Basic upper and lower bounds

This section contains basic upper and lower bounds for pseudospectra. Most of the statements
in this section are variants or extensions of results in [25].

In the Proposition below Bρ(K) denotes the closed ρ-neighborhood of a closed set K ⊆ C,
i.e.

Bρ(K) := { s∈C | ∃ s0∈K : |s− s0| ≤ ρ }.

Proposition 5.2.1 Let ‖·‖ be a norm on Cn×n satisfying ‖In‖ = 1. Let A∈Cn×n and ρ, ρ0 ≥ 0.
Then

Bρ

(
σ

‖·‖
C (A, ρ0)

)
⊆ σ‖·‖

C (A, ρ0 + ρ).
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Proof: Let s∈Bρ

(
σ

‖·‖
C

(A, ρ0)
)
. Then there are s0∈σ

‖·‖
C

(A, ρ0) and z∈C such that s = s0 + z

and |z| ≤ ρ. We have s0 ∈ σ(A + ∆) for some ∆∈Cn×n with ‖∆‖ ≤ ρ0. Let ∆1 := ∆ + zIn.

Then s∈σ(A+ ∆1) and ‖∆1‖ ≤ ‖∆‖+ |z|‖In‖ ≤ ρ0 + |z| ≤ ρ0 + ρ. Thus s∈σ‖·‖
C

(A, ρ0 + ρ). �

Set in Proposition 5.2.1 ρ0 = 0. Then one obtains the following important lower bound for
pseudospectra.

Corollary 5.2.2 Let ‖ · ‖ be a norm on Cn×n with the property that ‖In‖ = 1. Then for all
A∈Cn×n and all ρ > 0, ⋃

λ∈σ(A)

D(λ, ρ ) ⊆ σ‖·‖
C (A, ρ).

The lower bound in Corollary 5.2.2 is attained for pseudospectra of diagonal matrices with
respect to a large class of operator norms. More precisely, the following holds.

Proposition 5.2.3 Let ‖ · ‖α and ‖ · ‖β be absolute norms on Cn such that ‖In‖α,β = 1 and
‖ej‖α = ‖ej‖β for all standard basis vectors e1, . . . , en of Cn. Then we have for all λ1, . . . , λn∈C

and every ρ > 0,

σ
(α,β)

C ( diag(λ1, . . . , λn) , ρ) =
⋃

j∈nD(λj, ρ).

Proof: By (5.2) the following equivalence holds for s∈C.

s∈σ(α,β)

C ( diag(λ1, . . . , λn) , ρ) ⇔ ρ ≥ infα,β(sIn − diag(λ1, . . . , λn))

= infα,β(diag(s− λ1, . . . , s− λn))

= min
j∈n
|s− λj | (by Proposition 1.5.2).

�

The next result extends Proposition 5.2.3 to the block diagonal case.

Proposition 5.2.4 Let Aj ∈Cnj×nj , j∈m. Let 1 ≤ p1 ≤ p2 ≤ ∞. Then for any ρ ≥ 0,

σ
(p2,p1)

C (diag(A1, . . . , Am), ρ ) =
⋃

j∈m

σ
(p2,p1)

C (Aj , ρ).

Proof: For all s∈C we have that

s∈σ(p2,p1)

C
( diag(A1, . . . , Am) , ρ) ⇔ ρ ≥ infp2,p1(sIn − diag(A1, . . . , Am))

= infp2,p1(diag(sIn1 −A1, . . . , sInm −Am))

= minj∈m infp2,p1(sInj −Aj) (by Proposition 1.5.3)

⇔ s∈⋃j∈m σ
(p2,p1)

C
(Aj , ρ)

�

We now give some basic inclusion principles for pseudospectra.

Proposition 5.2.5 Let A∈Cn×n and ρ > 0.
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(i) For every norm on Cn×n and every E ∈ Cn×n we have,

(a) σ
‖·‖
C

(A+ E, ρ) ⊆ σ‖·‖
C

(A, ρ+ ‖E‖),

and, if ‖E‖ < ρ,

(b) σ
‖·‖
C

(A, ρ− ‖E‖) ⊆ σ‖·‖
C

(A+ E, ρ).

(ii) For all submultiplicative norms on Cn×n and all nonsingular S ∈ Cn×n,

σ
‖·‖
C (S−1AS, ρ) ⊆ σ‖·‖

C (A, ρ ‖S−1‖ ‖S‖ ).

(iii) For every B∈Cn×m, C∈Cm×m and every p1, p2∈ [1,∞],

σ
(p1,p2)

C (A, ρ) ⊆ σ(p1,p2)

C

([
A B
0 C

]
, ρ

)
.

Proof: (i). Suppose that s∈σ‖·‖
C

(A + E, ρ). Then s∈σ(A+ E + ∆) for some ∆∈Cn×n with

‖∆‖ ≤ ρ. Let ∆̃ := ∆ + E. Then s ∈ σ(A + ∆̃) and ‖∆̃‖ ≤ ‖∆‖ + ‖E‖ ≤ ρ + ‖E‖. Thus

s∈σ‖·‖
C

(A, ρ+ ‖E‖), and (a) is proved. The proof of (b) is analogous. (ii) follows from the fact
that σ(S−1AS+ ∆) = σ(S−1(A+S∆S−1)S) = σ(A+S∆S−1) and ‖S∆S−1‖ ≤ ‖S‖‖∆‖‖S−1‖.
(iii). We have for all ∆∈Cn×n that σ(A+ ∆) ⊆ σ

([
A+ ∆ B

0 C

])
= σ

([
A B
0 C

]
+ ∆̃

)
, where

∆̃ :=

[
∆ 0
0 0

]
∈C(m+n)×(m+n). It is easily seen that ‖∆‖p1,p2 = ‖∆̃‖p1,p2 for all p1, p2∈ [1,∞]. �

By combining Proposition 5.2.3 and claim (i) of Proposition 5.2.5 one obtains

Corollary 5.2.6 Let ‖ · ‖α and ‖ · ‖β be absolute norms on Cn such that ‖In‖α,β = 1 and
‖ek‖α = ‖ek‖β for all standard basis vectors e1, . . . , en of Cn. Then for all A = [ajk]∈Cn×n and
all ρ ≥ 0,

σ
(α,β)

C (A, ρ) ⊆
⋃

j∈n

D(ajj, ρ+ ‖E‖α,β ), where E := A− diag(a11, . . . , ann).

Note that the special case α = β = ∞, ρ = 0 in Corollary 5.2.6 follows from Gershgorin’s
theorem.

By combining Proposition 5.2.3 and claim (ii) of Proposition 5.2.5 one obtains the following
well known eigenvalue inclusion theorem of Bauer and Fike [2] (see also [34, Theorem 7.2-2],[10,
Theorem VIII.3.1],[86, Theorem IV.3.3]).

Corollary 5.2.7 Suppose that A∈Cn×n is diagonalizable and let S ∈Cn×n be a matrix whose
columns form a basis of eigenvectors of A. Let ‖ · ‖ = ‖ · ‖α,α be an operator norm subordinate
to an arbitrary norm ‖ · ‖α on Cn. Then for all ρ ≥ 0,

σ
‖·‖
C (A, ρ) ⊆

⋃

λ∈σ(A)

D(λ, ρ ‖S−1‖ ‖S‖ ).
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Corollary 5.2.8 Let V ∈ Cn×k be a matrix whose columns form an orthonormal basis of an
invariant subspace of A ∈ Cn×n. Then we have for every unitarily invariant norm and every
ρ ≥ 0, σ

‖·‖
C

(V ∗AV, ρ) ⊆ σ‖·‖
C

(A, ρ).

Proof: Without loss of generality we may assume that ‖ · ‖ is normalized. Then by (5.3),

σ‖·‖
C

(A, ρ) = σ
(2)
C

(A, ρ). Let W ∈ Cn×(n−k) be a matrix whose columns form an orthonormal
basis of the orthogonal complement of range(V ). Then the matrix U :=

[
V W

]
is unitary

and U∗AU =

[
V ∗AV V ∗AW
W ∗AV W ∗AW

]
. By assumption we have A(range(V )) ⊆ range(V ) and there-

fore W ∗AV = 0. Thus, by claim (iii) of Proposition 5.2.5, σ
(2)
C

(V ∗AV, ρ) ⊆ σ
(2)
C

(U∗AU, ρ) =

σ
(2)
C

(A, ρ). �

5.3 The departure from normality

The departure from normality of a matrix is a measure of nonnormality which has been intro-
duced by Henrici [38]. Its definition is based on the following well known theorem of Schur.

Theorem 5.3.1 Let Λ∈Cn×n be a diagonal matrix whose diagonal elements are the eigenvalues
of A ∈ Cn×n (in any order but counting multiplicities). Then there exist a unitary matrix
U ∈Cn×n and a strictly upper triangular matrix R∈Cn×n such that

U∗AU = Λ +R.

The matrix Λ +R is said to be a Schur form of A.

Definition 5.3.2 Let R(A) denote the set of all strictly upper triangular matrices R ∈ Cn×n

which occur in a Schur form of A∈Cn×n. Furthermore let ‖ · ‖ be a unitarily invariant norm.
Then

δ‖·‖(A) := inf
R∈R(A)

‖R‖ (5.5)

is called the departure from normality of A with respect to the norm ‖ · ‖.

The set R(A) is closed and we have R(A) = {0n×n} if and only if A is normal, where 0n×n

denotes the n × n zero matrix. Hence, the infimum in (5.5) is a minimum and A is normal
if and only if δ‖·‖(A) = 0. Furthermore, it follows immediately from the definition of R(·)
that R(U∗AU) = R(A) for all unitary matrices U ∈ Cn×n and all A ∈ Cn×n. Consequently,
δ‖·‖(U

∗AU) = δ‖·‖(A). In other words, δ‖·‖ is invariant under unitary similarity transformations.
It is also easily seen that δ‖·‖(zIn + wA) = |w|δ‖·‖(A) for all z,w ∈ C. If all eigenvalues of
A∈Cn×n are simple then one has to compute at most n! Schur forms of A in order to calculate
δ‖·‖(A) as the following proposition shows.

Proposition 5.3.3 Suppose that A∈Cn×n has pairwise different eigenvalues λ1, . . . , λn ∈ Cn.
Let Πn denote the set of all perturbations of the numbers 1, . . . , n and to each permutation π∈Πn

let Rπ ∈Cn×n be a strictly upper tringular matrix such that diag(λπ(1), λπ(2), . . . , λπ(n)) +Rπ is
a Schur form of A. Then for any unitarily invariant norm,

δ‖·‖(A) = min
π∈Πn

‖Rπ‖.
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Proof: Let Λπ := diag(λπ(1), . . . , λπ(n)) and suppose that Λπ + R
(k)
π , k = 1, 2 are Schur forms

of A. Then the matrices Λπ +R
(1)
π and Λπ +R

(2)
π are unitarily similar. Moreover, by assumption

the diagonal elements of Λπ are pairwise different. Hence, by [83, Theorem 2.3], there exists a

unitary diagonal matrix U ∈Cn×n such that U∗R(1)
π U = R

(2)
π . Thus ‖R(1)

π ‖ = ‖R(2)
π ‖. �

If A has a single eigenvalue then only one Schur form is needed in order to determine δ‖·‖(A).
We have

Proposition 5.3.4 If λ∈C is the only eigenvalue of A∈Cn×n then δ‖·‖(A) = ‖A− λIn‖.

Proof: Let λIn + R be a Schur form of A. Then A = U∗(λIn + R)U = λIn + U∗RU for some
unitary matrix U ∈Cn×n. Thus ‖A− λIn‖ = ‖U∗RU‖ = ‖R‖. �

Corollary 5.3.5 If A∈Cn×n is nilpotent then δ‖·‖(A) = ‖A‖.

For the departure from normality with respect to the Frobenius norm one has the following well
known formula.

Proposition 5.3.6 Let λ1, . . . , λn∈C be the eigenvalues of A∈Cn×n. Then

δ‖·‖F
(A) =

√
‖A‖2F −

∑n
k=1|λk|2,

where ‖ · ‖F denotes the Frobenius norm.

Proof: Let Λ + R be a Schur form of A. Then ‖A‖2F = ‖Λ + R‖2F = ‖Λ‖2F + ‖R‖2F =∑n
k=1 |λk|2 + ‖R‖2F . �

From now on we denote the departure from normality of A∈Cn×n with respect to spectral
norm by δ2(A). The latter yields a simple upper bound for pseudospectra with respect to
unitarily invariant norms.

Proposition 5.3.7 Let A∈Cn×n and ρ > 0. Then for all normalized unitarily invariant norms,

⋃

λ∈σ(A)

D(λ, ρ) ⊆ σ‖·‖
C (A, ρ) ⊆

⋃

λ∈σ(A)

D(λ, ρ+ δ2(A) ).

Proof: The first inclusion holds by Proposition 5.2.2. We show the second. Let Λ + R be a
Schur form of A ∈Cn×n such that ‖R‖2 = δ2(A). Then for all normalized unitarily invariant

norms and all ρ > 0, σ
‖·‖
C

(A, ρ) = σ
(2)

C
(Λ+R, ρ) ⊆ σ(2)

C
(Λ, ρ+‖R‖2) =

⋃
λ∈σ(A)D(λ, ρ+δ2(A)). �

Corollary 5.3.8 Let A ∈ Cn×n be a normal matrix. Then for every normalized unitarily in-
variant norm and every ρ > 0,

σ
‖·‖
C (A, ρ) =

⋃

λ∈σ(A)

D(λ, ρ ).
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5.4 Pseudospectra and Jordan structure

In this section we discuss the connection of the pseudospectrum of a matrix A∈Cn×n with its
Jordan structure. First, we consider generalized Jordan blocks of the form

Jn(λ, d) :=




λ d 0
λ d

. . .
. . .

0 λ d
λ



∈ Cn×n, n ≥ 2.

We set Jn(λ) := Jn(λ, 1) and J1(λ) = J1(λ, d) = [λ]∈C1×1. Let Dn(d) := diag(d, d2, . . . , dn).

Then for any d 6= 0, Dn(d)Jn(λ)Dn(d)−1 = Jn(λ, d). For the permutation matrix Pn =

[
0 1

In−1 0

]
∈

Cn×n, n ≥ 2 we have Jn(0, d)Pn =

[
dIn−1 0

0 0

]
. This implies ‖Jn(0, d)‖p = ‖Jn(0, d)Pn‖p =

‖dIn−1‖p = |d| for n ≥ 2, p ∈ [1,∞]. Proposition 5.3.4 then yields that δ2(Jn(λ, d) ) =
‖Jn(0, d)‖2 = |d|, and from Corollary 5.2.6 we obtain

σ
(p)

C (Jn(λ, d), ρ ) ⊆ D(λ, ρ+ |d| ), p ∈ [1,∞]. (5.6)

The theorem below shows that σ
(p)

C
(Jn(λ, d), ρ ) comes arbitrarily close to this upper bound as

n tends to infinity.

Theorem 5.4.1 Let ‖ · ‖α,β be an operator norm induced by absolute norms. Then for every

λ, d ∈ C, ρ > 0, n ∈ N, the pseudospectrum σ
(α,β)

C
(Jn(λ, d), ρ) is a disk about λ. Let r

(α,β)
n (ρ, d)

denote the radius of that disk. Then

r(α,β)
n (ρ, d) = r(α,β)

n (ρ, |d|) = max{r > 0 | ‖Jn(r, |d|)−1‖β,α ≥ ρ−1 }.

For every p1, p2∈ [1,∞] the sequence n 7→ r
(p1,p2)
n (ρ, d) is increasing. Moreover, we have for all

p∈ [1,∞] that r
(p,p)
1 (ρ, d) = ρ and

lim
n→∞

r(p,p)
n (ρ, d) = ρ+ |d|. (5.7)

Proof: For d = 0 or n = 1 we have Jn(λ, d) = λIn. The corresponding pseudospectra are disks
since

σ
(α,β)

C (λIn, ρ) = {λ} ∪ { s∈C\{λ} | ‖sIn − λIn‖−1
β,α ≥ ρ−1 } = D(λ, ρ/‖In‖β,α ).

Let n ≥ 2 and d, z∈C\{0}. For notational convenience set ‖·‖ := ‖·‖β,α andNn := Jn(0, 1). The

unitary diagonal matrix D( zd̄
|zd|) = diag( zd̄

|zd| , (
zd̄
|zd|)

2, . . . , ( zd̄
|zd|)

n) satisfies D( zd̄
|zd|)

−1NnD( zd̄
|zd|) =

zd̄
|zd| Nn. Thus

‖Jn(z, d)−1‖ = ‖(zIn + dNn)−1‖ = ‖D( zd̄
|zd|) (zIn + dNn)−1D( zd̄

|zd|)
−1‖

=
∥∥∥(z/|z|)−1 (|z|In + |d|Nn)−1

∥∥∥ = ‖ (|z|In + |d|Nn)−1 ‖
= ‖Jn(|z|, |d|)−1‖,
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and hence

σ
(α,β)

C (Jn(λ, d), ρ) = {λ} ∪ { s∈C\{λ} | ‖(Jn(λ, d)− sIn)−1‖ ≥ ρ−1 }
= {λ} ∪ { s∈C\{λ} | ‖Jn(λ− s, d)−1‖ ≥ ρ−1 }
= {λ} ∪ { s∈C\{λ} | ‖Jn(|λ− s|, |d|)−1‖ ≥ ρ−1 }
= {λ} ∪ { λ+ z | z∈C\{0}, ‖Jn(|z|, |d|)−1‖ ≥ ρ−1 }.

Thus σ
(α,β)

C
(Jn(λ, d), ρ) has rotational symmetry with respect to the center λ. However, Jn(λ, d)

has only one eigenvalue, so σ
(α,β)

C
(Jn(λ, d), ρ) has only one connected component. Thus the set

σ
(α,β)

C
(Jn(λ, d), ρ) is a disk of radius r

(α,β)
n (ρ, d) = max{r > 0 | ‖Jn(r, |d|)−1‖ ≥ ρ−1 }. We have

Jn+1(λ, d) =

[
Jn(λ, d) d en

0 λ

]
, where en denotes the nth standard basis vector of Cn. Thus,

by Proposition 5.2.5, σ
(p1,p2)

C
(Jn(λ, d), ρ) ⊆ σ

(p1,p2)

C
(Jn+1(λ, d), ρ) for every p1, p2∈ [1,∞],. Thus

the sequence n 7→ r
(p1,p2)
n (ρ, d) is increasing. Equation (5.6) implies r

(p,p)
n (ρ, d) ≤ ρ + |d| for

p∈ [1,∞].
Now, we prove (5.7) by showing that to each r ∈ (|d|, ρ + |d|) there exists an n ∈ N such

that ‖Jn(r, |d|)−1‖p > ρ−1. First, we assume that p 6=∞. Let xn∈Cn denote the vector whose
entries are all 1. Then Jn(r,−|d|)xn = (r − |d|)xn + |d|en. Therefore

‖Jn(r, |d|)−1‖p = ‖Jn(r,−|d|)−1‖p ≥
‖xn‖p

‖(r − |d|)xn + |d|en‖p
=

∥∥∥∥(r − |d|)
xn

‖xn‖p
+
|d|en
‖xn‖p

∥∥∥∥
−1

p

.

As n tends to infinity the right term converges to (r − |d|)−1 > ρ−1(since limn→∞ ‖xn‖p =∞).
Thus we have shown (5.7) for p 6=∞. Now we consider the case p =∞. We have

Jn(r, |d|)−1 = (rIn + |d|Nn)−1 = r−1

(
In +

|d|
r
Nn

)−1

= r−1
n−1∑

j=0

(−1)j
( |d|
r
Nn

)j

.

Thus, the element in the first row and jth column of Jn(r, |d|)−1 is r−1(−|d|/r)j−1. Hence,

‖Jn(r, |d|)−1‖∞ ≥ r−1
n−1∑

j=0

(|d|/r)j

= r−1

(
1− |d|

r

)−1(
1−

( |d|
r

)n)

= (r − |d|)−1

(
1−

( |d|
r

)n)
−→
n→∞

(r − |d|)−1 > ρ−1.

�

Figure 5.1 shows some examples of functions of the form ρ 7→ r
(2,2)
n (ρ, d) and 0 ≤ d 7→ r

(2,2)
n (ρ, d).

Note that the latter functions are increasing. We will give a proof of his fact in Section 5.6.
Figure 5.2 shows real and complex pseudospectra of a 6 × 6 Jordan matrix. Note that the real
pseudospectra are no disks.
We are now going to extend the result of Bauer and Fike to matrices which are not necessarily
diagonalizable. Let λ1, . . . , λr be the pairwise different eigenvalues of A∈C n×n, and let, as in
Section 2.6

A =
∑

j∈r

(λjPj +Nj ) (5.8)



76 CHAPTER 5. COMPLEX PSEUDOSPECTRA

be the Jordan decomposition of A, where Pj is the projector onto the generalized eigenspace asso-
ciated with λj and Nj = (A−λjIn)Pj . Let νj denote the index of nilpotency of Nj . Let S∈Cn×n

be a matrix whose columns form a Jordan basis of A such that S−1AS =
⊕

j∈r

⊕
k∈mj

Jnjk
(λj).

Then

νj = max{ njk | 1 ≤ k ≤ mj}. (5.9)

Moreover, since Jnjk
(λj) is similar to Jnjk

(λj , d) for d 6= 0, there is a nonsingular matrix Sd ∈
Cn×n such that

S−1
d ASd =

⊕

j∈r

⊕

k∈mj

Jnjk
(λj , d), d 6= 0. (5.10)

Theorem 5.4.2 Suppose that (5.10) holds. Then we have for p∈ [0,∞] and ρ > 0,

σ
(p)

C (A, ρ) ⊆
⋃

j∈r

D
(
λj, r

(p,p)
νj

( ρ ‖Sd‖p ‖S−1
d ‖p, d)

)
.

Proof: We have

σ
(p)

C (A, ρ) = σ
(p)

C


Sd



⊕

j∈r

⊕

k∈mj

Jnjk
(λj)


S−1

d , ρ




⊆ σ
(p)

C



⊕

j∈r

⊕

k∈mj

Jnjk
(λj), ρ ‖Sd‖p ‖S−1

d ‖p


 (by Proposition 5.2.5)

=
⋃

j∈r

⋃

k∈mj

σ
(p)

C

(
Jnjk

(λj), ρ ‖Sd‖p ‖S−1
d ‖p

)
(by Proposition 5.2.4 )

⊆
⋃

j∈r

⋃

k∈mj

D
(
λj , r

(p,p)
njk

( ρ ‖Sd‖p ‖S−1
d ‖p, d)

)
(by Theorem 5.4.1)

=
⋃

j∈r

D
(
λj, r

(p,p)
νj

( ρ ‖Sd‖p ‖S−1
d ‖p, d)

)
(by Theorem 5.4.1 and (5.9) )

�

Corollary 5.4.3 Let A∈Cn×n. Then to each ǫ > 0 there is a matrix Aǫ similar to A such that
for all ρ > 0,

σ
(p)

C (Aǫ, ρ) ⊆
⋃

λ∈σ(A)

D(λ, ρ+ ǫ).

Proof: Set Aǫ =
⊕

j∈r

⊕
k∈mj

Jnjk
(λj , ǫ). �

Now, we specialize the results of Section 2.6 on spectral value sets for small perturbations
to pseudospectra. We first introduce some notation: Let λj ∈C be an eigenvalue of algebraic

multiplicity m of A∈Cn×n. Recall from Section 2.6 that for Ã∈Cn×n,

sv(A,λj)(Ã) = min{ ρ ≥ 0 | the disk D(λj, ρ) contains at least m eigenvalues of Ã }.
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Figure 5.1: Graphs of the functions 0 ≤ d 7→ r
(2,2)
n (1, d) and ρ 7→ r

(2,2)
n (ρ, 100).

Let ‖ · ‖α and ‖ · ‖β be norms on Cn. The Hölder condition number of order ω > 0 of the
eigenvalue λj is defined by

cond
(α,β)

C,ω (A,λj) := lim
ρց0

max
06=∆∈Cn×n

‖∆‖α,β≤ρ

sv(A,λj)(A+ ∆)

‖∆‖ωα,β

.

The spectral variation of λj with respect to the perturbation level ρ is

sv
(α,β)

C,ω (A,λj , ρ) := max
∆∈Cn×n

‖∆‖α,β≤ρ

sv(A,λj)(A+ ∆).

Note that with the notation in Section 2.6, cond
(α,β)

C,ω (A,λj) = cond
‖·‖α,β

C,ω (A, In, In, λj) and

sv
(α,β)

C,ω (A,λj , ρ) = sv
‖·‖α,β

C,ω (A, In, In, λj, ρ). Hence, the theorem below is an immediate conse-
quence of Theorem 2.6.6 and Corollary 2.5.4.

Theorem 5.4.4 Let A∈Cn×n have the Jordan structure (5.8). Let Kj(ρ) denote the connected
component of σ(α,β)

C
(A, ρ) which contains the eigenvalue λj ∈σ(A). Then the following holds.

Suppose λj is a semi-simple eigenvalue of A (i.e. Nj = 0). Then

(i) To each ǫ > 0 there is a ρǫ > 0 such that for every ρ∈(0, ρǫ],

D (λj , (1− ǫ) ρ ‖Pj‖β,α ) ⊆ Kj(ρ) ⊆ D (λj , (1 + ǫ) ρ ‖Pj‖β,α ) .

(ii) We have limρց0 ρ
−1(Kj(ρ) − λj) = D (0 , ‖Pj‖β,α ) , where the limit is taken with respect

to the Hausdorff metric.

(iii) The spectral variation satisfies sv
(α,β)
C

(A,λj , ρ) = ‖Pj‖β,α ρ+ o(ρ).

(iv) We have cond
(α,β)

C,1 (A,λj) = ‖Pj‖β,α.
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Figure 5.2: The pseudospectra σ
(2)

F
(J6(0, 1), ρ) for ρ = 10−4, 10−3, 10−2, 0.1, 0.2 . Left: F = C.

Right: F = R.

Let λj be a defective eigenvalue of A (i.e. Nj 6= 0). Then

(v) To each ǫ > 0 there is a ρǫ > 0 such that for every ρ∈(0, ρǫ],

D
(
λj ,

(
(1− ǫ) ρ ‖Nνj−1

j ‖β,α

) 1
νj

)
⊆ Kj(ρ) ⊆ D

(
λj ,

(
(1 + ǫ) ρ ‖Nνj−1

j ‖β,α

) 1
νj

)
.

(vi) We have limρց0 ρ
− 1

νj (Kj(ρ) − λj) = D
(

0 , ‖Nνj−1

j ‖
1

νj

β,α

)
, where the limit is taken with

respect to the Hausdorff metric.

(vii) The spectral variation satisfies sv
(α,β)

C
(A,λj , ρ) = ‖Nνj−1

j ‖
1

νj

β,α ρ
1

νj + o

(
ρ

1
νj

)
.

(viii) We have cond
(α,β)

C, 1
νj

(A,λj) = ‖Nνj−1
j ‖

1
νj

β,α.

For the special case that α = β = 2 the statements (iii), (iv), (vii), (viii) in the theorem above
have been obtained in [19, 37, 73]. Note that if λj is a simple eigenvalue such that Ax = λjx,
AT y = λjy, x, y∈Cn \ {0}, then Pj = |yTx|−1xyT , and therefore

cond
(α,β)

C,1 (A,λj) = ‖Pj‖β,α =
‖x‖α‖y‖β
|yTx| .

This basic result can be found in many textbooks on numerical linear algebra, see e.g.[20, 34, 86].
By combining Theorem 5.4.1 and Theorem 5.4.4 we obtain

Corollary 5.4.5 For every n∈N, d∈C, p∈ [1,∞] we have r
(p,p)
n (ρ, d) = |d|n−1

n ρ
1
n + o

(
ρ

1
n

)
.
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5.5 The 2× 2-case

In this section we consider the simplest nontrivial case of spectral value sets, namely the pseu-
dospectra of 2×2-matrices with respect to unitarily invariant norms. We start with determining
the Schur forms and the departure from normality. Throughout this section Σλ1,λ2 denotes the
set of A∈C2×2 whose eigenvalues are λ1, λ2∈C. For A∈Σλ1,λ2 we set

δ(A) :=

√
tr(A∗A)− 1

2
( | tr(A)|2 + | tr(A)2 − 4 det(A)| ). (5.11)

A short computation yields that δ(A) =
√
‖A‖2F − |λ1|2 − |λ2|2. Thus δ(A) is the departure

from normality of A with respect to the Frobenius norm. However, more is true.

Proposition 5.5.1 Let A∈Σλ1,λ2. Then all upper triangular Schur forms of A are given by

[
λ1 δ(A) z
0 λ2

]
,

[
λ2 δ(A) z
0 λ1

]
where z∈C, |z| = 1.

Thus for all normalized unitarily invariant norms, δ(A) = δ‖·‖(A).

Proof: Let

[
λ1 d
0 λ2

]
= U∗AU be a Schur form of A. Then the matrices

[
λ1 d z
0 λ2

]
=

[
1 0
0 z

]∗ [
λ1 d
0 λ2

] [
1 0
0 z

]
z∈C, |z| = 1

are also Schur forms of A. For all normalized unitarily invariant norms we have

∥∥∥∥
[
0 dz
0 0

]∥∥∥∥
2

= |d|2 = ‖U∗AU‖2F − |λ1|2 − |λ2|2 = ‖A‖2F − |λ1|2 − |λ2|2 = δ(A)2. �

The quantity δ(A) is closely related to the distance of A from the set of normal 2× 2 matrices
with respect to unitarily invariant norms. More precisely, the following statement holds.

Proposition 5.5.2 Let A∈C2×2. Then for all normalized unitarily invariant norms,

min{ ‖A−N‖ | N ∈C2×2, N∗N = NN∗ } =
δ(A)

2
‖I2‖. (5.12)

Proof: We may assume that A is in Schur form, i.e. A =

[
λ1 d
0 λ2

]
, d = δ(A) ≥ 0. Then,

according to [10, Theorem IX.7.6] the minimum on the left hand side of (5.12) is attained for

the normal matrix N0 =

[
λ1

1
2d

1
2e

2iθd λ2

]
, where θ = arg(λ1 − λ2). The minimum is

‖A−N0‖ =

∥∥∥∥
[

0 1
2d

−1
2e

2iθd 0

]∥∥∥∥ = d
2

∥∥∥∥
[

0 1
−e2iθ 0

]∥∥∥∥ = d
2 ‖I2‖. �

We now give a description of the pseudospectra of a 2× 2 matrix in terms of its eigenvalues and
its departure from normality.
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Proposition 5.5.3 Let A∈Σλ1,λ2 , ρ > 0. Then for every normalized unitarily invariant norm,

σ
‖·‖
C (A, ρ) = D(λ1, ρ) ∪ D(λ2, ρ) ∪Mλ1,λ2(δ(A), ρ),

where

Mλ1,λ2(d, ρ) := { s ∈ C | (|s− λ1|2 − ρ2)(|s − λ2|2 − ρ2) ≤ ρ2d2 }, d ≥ 0.

Proof: By Theorem 5.2.2 we have that D(λ1, ρ) ∪ D(λ2, ρ) ⊆ σ‖·‖
C

(A, ρ). For s∈C let

θs := tr( (sI2 −A)∗(sI2 −A) ) = |s− λ1|2 + |s− λ2|2 + δ(A)2,

ξs := det( (sI2 −A)∗(sI2 −A) ) = |s− λ1|2 |s− λ2|2.

Then a direct computation yields

σmin(sI2 −A) =

√
θs/2−

√
θs/4− ξs.

If s 6∈ D(λ1, ρ) ∪ D(λ2, ρ) then θs
2 − ρ2 ≥ 0 and the following equivalences hold.

s∈σ‖·‖
C (A, ρ) ⇔ ρ2 ≥ (σmin(sI2 −A))2 =

θs

2
−
√
θ2
s

4
− ξs

⇔ θs

2
− ρ2 ≤

√
θ2
s

4
− ξs

⇔
(
θs

2
− ρ2

)2

≤ θ2
s

4
− ξs

⇔ (|s− λ1|2 − ρ2)(|s − λ2|2 − ρ2) ≤ ρ2δ(A)2.
�

The setsMλ1,λ2(d, ρ), ρ > 0, have the following properties.

• If 0 ≤ d1 < d2 thenMλ1,λ2(d1, ρ) ⊂Mλ1,λ2(d2, ρ) and ∂Mλ1,λ2(d1, ρ) ⊂ intMλ1,λ2(d2, ρ).

• To each bounded subset B ⊂ C there exists a d > 0 such that B ⊂Mλ1,λ2(d, ρ).

• Mλ1,λ2(0, ρ) = ∂D(λ1, ρ) ∪ ∂D(λ2, ρ).

Hence we have the following corollary to Proposition 5.5.3.

Corollary 5.5.4 Let ‖ · ‖ be a normalized unitarily invariant norm and let ρ > 0. Then

(a) if A1, A2∈Σλ1,λ2 and δ(A1) < δ(A2) then σ
‖·‖
C

(A1, ρ) ⊂ σ‖·‖
C

(A2, ρ);

(b) to each bounded subset B ⊂ C there exists an A∈Σλ1,λ2 such that B ⊂ σ‖·‖
C

(A, ρ), whence⋃
A∈Σλ1,λ2

σ
‖·‖
C

(A, ρ) = C.

(c) if A∈Σλ1,λ2 then σ
‖·‖
C

(A, ρ) = D(λ1, ρ) ∪ D(λ2, ρ) if and only if A is normal.

In Section 5.6 we will generalize the results of Corollary 5.5.4 to block triangular matrices . The
next proposition gives an upper bound for σ

‖·‖
C

(A, ρ) for the case that ρ is smaller than half of
the distance of the eigenvalues of A.
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Proposition 5.5.5 Let A∈Σλ1,λ2 and 0 < ρ < |λ1−λ2|
2 . Then

σ
‖·‖
C (A, ρ) ⊆ D(λ1, rA,ρ) ∪D(λ2, rA,ρ), where rA,ρ := ρ

√

1 + δ(A)2
( |λ1 − λ2|2

4
− ρ2

)−1

.

Proof: For each s∈C we have that |s − λ1| ≥ |λ1−λ2|
2 or |s − λ2| ≥ |λ1−λ2|

2 . Let ρ < |λ1−λ2|
2 .

Then

|s− λj|2 − ρ2 ≥ |s− λj|2
4

− ρ2 ≥ |λ1 − λ2|2
4

− ρ2 ≥ 0 for j = 1 or j = 2. (5.13)

Suppose now that |s− λk| > rA,ρ, k = 1, 2. By defintion of rA,ρ this implies.

(
|s− λk|2 − ρ2

)( |λ1 − λ2|2
4

− ρ2

)
≥ ρ2δ(A)2, k = 1, 2. (5.14)

Since rA,ρ ≥ ρ we have that s 6∈ D(λ1, ρ) ∪ D(λ1, ρ), and by combining the inequalities (5.13)
and (5.14) we obtain

(|s− λ1|2 − ρ2)(|s − λ2|2 − ρ2) > ρ2δ(A)2.

Thus s 6∈ σ‖·‖
C

(A, ρ) by Proposition 5.5.3. �

Proposition 5.5.5 has an interesting consequence: Consider the following measures of nonnor-
mality [24, 21].

n‖·‖(A) := ‖A∗A−AA∗‖,
where ‖ · ‖ is a normalized unitarily invariant norm. For A∈Σλ1,λ2 we have

n‖·‖(A) ≥ n‖·‖2
(A) = δ(A)

√
δ(A)2 + |λ1 − λ2|2.
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Figure 5.3: the sets σ
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, ρ

)
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Let (At)t≥0 be a family of matrices in C2×2 such that the distance of the eigenvalues of At tends
to infinity as t → ∞, and δ(At) = const = δ(A0) > 0. Then also n‖·‖(At) tends to infinity but
the radius rAt,ρ in Proposition 5.5.5 converges to ρ, the smallest possible value. This shows that
the quantities δ(A) and n‖·‖(A) fail to fully reflect the sensitivity of the spectrum of A, for if the
eigenvalues of A are far away from each other then the pseudospectra of A may be close to the
pseudospectra of a normal matrix even if δ(A) and n‖·‖(A) are large. We will investigate this
phenomenon further in Section 5.8.

Pseudospectra of 2× 2 matrices yield simple lower bounds for pseudospectra of matrices of
larger size. We first treat the case that A∈Cn×n has a defective eigenvalue.

Proposition 5.5.6 Suppose that x ∈ Cn is a generalized eigenvector of A ∈ Cn×n such that
(A − λIn)ν−1x 6= 0 and (A − λIn)νx = 0, λ ∈ C, ν ≥ 2. Then we have for any normalized
unitarily invariant norm and any ρ ≥ 0,

D
(
λ, ρ

(
1 +

δx
ρ

) 1
2

)
= σ

‖·‖
C

([
λ δx
0 λ

]
, ρ

)
⊆ σ‖·‖

C (A, ρ), (5.15)

where

δx :=

(‖(A− λIn)ν−2x‖22
‖(A− λIn)ν−1x‖22

− | ( (A − λIn)ν−2x)∗(A− λIn)ν−1x |2
‖(A − λIn)ν−1x‖42

)− 1
2

.

Proof: Let N := A − λIn. By applying Gram-Schmidt orthonormalization to the linearly
independent vectors Nν−1x,Nν−2x one obtains the vectors

v1 := ‖Nν−1x‖−1
2 Nν−1x, v2 :=

(
‖Nν−2x‖22 − |v∗1Nν−2x|2

)− 1
2 (Nν−2x− (v∗1N

ν−2x)v1).

These vectors form an orthonormal basis of the A-invariant subspace span{Nν−1x,Nν−2x}. It
is straightforward to verify that Av1 = λv1 and Av2 = δxv1 +λv2. Hence, the inclusion in (5.15)
follows from Corollary 5.2.8. The equality in (5.15) is an immediate consequence of Proposition
5.5.3. �

Now, we consider the case of different eigenvalues.

Proposition 5.5.7 Let x1, x2∈Cn \{0} be eigenvectors of A∈Cn×n to the eigenvalues λ1, λ2 ∈
C. If λ1 6= λ2 then for any normalized unitarily invariant norm and any ρ ≥ 0,

σ
‖·‖
C

([
λ1 δx1,x2

0 λ2

]
, ρ

)
⊆ σ‖·‖

C (A, ρ),

where

δx1,x2 := |λ1 − λ2| cotϕ, ϕ := arccos
|x∗1x2|

‖x1‖2‖x2‖2
.

Proof: The proof is analogous to that of Proposition 5.5.6. Let v1 := ‖x1‖−1
2 x1, ξ := x2 −

(v∗1x2)v1 and v2 := ‖ξ‖−1
2 ξ. Then the vectors v1, v2 form an orthonormal basis of the A-invariant

subspace span{x1, x2}. A straightforward computation yields that

Av1 = λ1v1, Av2 = dv1 + λ2v2, where d := (λ2 − λ1)
x∗1x2√

‖x1‖22‖x2‖22 − |x∗1x2|2
.
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By multiplying v2 with a complex number of modulus 1 we can achieve that d = |d|. Then

d = |λ2 − λ1|
|x∗1x2|√

‖x1‖22‖x2‖22 − |x∗1x2|2
= |λ2 − λ1|

cosϕ√
1− (cosϕ)2

= |λ2 − λ1| cotϕ = δx1,x2.

Now, Corollary 5.2.8 yields the result. �

For a 2 × 2 matrix A the inclusions in Propositions 5.5.6 and 5.5.7 are equalities. The next
proposition gives the relationship between the distance of eigenvalues, the departure from nor-
mality, the angle between the eigenspaces and the condition number of the eigenvalues of a 2×2
matrix.

Proposition 5.5.8 For A∈Σλ1,λ2 with λ1 6= λ2 let ϑA := |λ1−λ2| and ϕA := arccos
|x∗

1x2|
‖x1‖2‖x2‖2

,

where xk∈C2\{0} is an eigenvector of A to the eigenvalue λk, k = 1, 2. Then δ(A) = ϑA cotϕA

and cond
(2,2)
C,1 (A,λk) = (sinϕA)−1 =

√
1 + (δ(A)/ϑA)2, k = 1, 2.

Proof: The relation δ(A) = ϑA cotϕA follows from Proposition 5.5.7. Hence, (sinϕA)−1 =√
1 + (δ(A)/ϑA)2. In order to show that cond

(2,2)
C,1 (A,λk) = (sinϕA)−1 we may assume that

A is in Schur form, A =

[
λ1 δ(A)
0 λ2

]
. Let x = [1 0]T , y = [λ1 − λ2 δ(A)]T . Then

Ax = λ1x, A
T y = λ1y. Thus cond

(2,2)
C,1 (A,λ1) = |yTx|−1(‖x‖2‖y‖2) = ϑ−1

A

√
ϑ2

A + δ(A)2 =
√

1 + (δ(A)/ϑA)2. Analogously one obtains cond
(2,2)
C,1 (A,λ2) =

√
1 + (δ(A)/ϑA)2. �

We now investigate the dependence of the pseudospectrum on the parameters ϑA and ϕA. To
this end we consider the largest radius r ≥ ρ such that D(λ1, r) ∪ D(λ2, r) ⊆ σ

‖·‖
C

(A, ρ).

Proposition 5.5.9 For all ρ > 0, ϑ ≥ 0 and all ϕ∈(0, π
2 ] the polynomial

pϕ,ϑ,ρ(x) := ( (x+ ϑ)2 − ρ2)(x2 − ρ2)− ρ2ϑ2(cotϕ)2

has exactly one zero ≥ ρ. Let r̂(ϕ, ϑ, ρ) denote that zero. Then we have for all A∈Σλ1,λ2 with
λ1 6= λ2 and all ρ > 0,

r̂(ϕA, ϑA, ρ) = max{ r ≥ 0 | D(λ1, r) ∪ D(λ2, r) ⊆ σ
‖·‖
C (A, ρ) }. (5.16)

The function (ϕ, ϑ, ρ) 7→ r̂(ϕ, ϑ, ρ) is continuous. Moreover, the following holds.

(a) For all ρ > 0, ϕ∈(0, π
2 ) the function ϑ 7−→ r̂(ϕ, ϑ, ρ), ϑ ≥ 0, is strictly increasing with

r̂(ϕ, 0, ρ) = ρ, lim
ϑ→∞

r̂(ϕ, ϑ, ρ) = ρ(sinϕ)−1.

(b) For all ρ, ϑ > 0 the function ϕ 7−→ r̂(ϕ, ϑ, ρ), ϕ∈(0, π
2 ], is decreasing with

lim
ϕ→0

r̂(ϕ, ϑ, ρ) =∞, r̂(π
2 , ϑ, ρ) = ρ.

The above proposition shows the following. For a 2× 2 matrix A with different eigenvalues the
radius r̂(ϕA, ϑA, ρ) always lies between ρ and ρ× (condition number of the eigenvalues). If we
change A such that the angle ϕA between the eigenvectors remains fixed and the distance ϑA
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between the eigenvalues tends to 0 ( resp. ∞) then the radius r̂(ϕA, ϑA, ρ) tends to ρ (resp.
ρ × (condition number of the eigenvalues of A) ). If we change A such that the distance ϑA

between the eigenvalues remains fixed and the angle ϕA tends to 0 (resp. π
2 ) then the radius

r̂(ϕA, ϑA, ρ) tends to ∞ (resp. ρ).

Proof of Proposition 5.5.9: On the interval [ρ,∞) the continuous function x 7→ pϕ,ϑ,ρ(x)
is strictly increasing with pϕ,ϑ,ρ(ρ) ≤ 0 and limx→∞ pϕ,ϑ,ρ(x) = ∞. Thus pϕ,ϑ,ρ(·) has exactly
one zero r̂(ϕ, ϑ, ρ) in [ρ,∞) and the implicit function theorem yields that this zero depends
continuously on the parameters.

(a). For fixed ρ and ϕ let xϑ = r̂(ϕ, ϑ, ρ) and consider the polynomials qϑ(x) := ϑ−2pϕ,ϑ,ρ(x) =(
x2−ρ2

ϑ2 + 1 + 2x
ϑ

)
(x2 − ρ2) − ρ2(cotϕ)2. Let ϑ1 > ϑ > 0. Then xϑ > ρ, which implies that

qϑ1(xϑ) < qϑ(xϑ) = 0. Thus pϕ,ϑ1,ρ(xϑ) < 0. It follows that xϑ1 > xϑ. Thus the function
ϑ 7→ xϑ is strictly increasing and the limit x̂ = limϑ→∞ xϑ exists. The relation qϑ(xϑ) = 0 for all
ϑ > 0 implies first that x̂ 6=∞, and secondly that 0 = (x̂2− ρ2)− ρ2(cotϕ)2 = x̂2− ρ2(sinϕ)−2.
The statements in (b) are obvious.

Next, we prove the relation (5.16). Let s = λ2 + |z| with ρ ≤ |z| ≤ r(ϕA, ϑA, ρ). Then

(|s− λ1|2 − ρ2)(|s− λ2|2 − ρ2) = (|z + λ2 − λ1|2 − ρ2)(|z|2 − ρ2)

≤ ((|z| + ϑA)2 − ρ2)(|z|2 − ρ2) (5.17)

≤ ρ2ϑ2
A(cotϕA)2 (5.18)

= ρ2δ(A).

Thus s ∈Mλ1,λ2(δ(A), ρ) ⊆ σ
‖·‖
C

(A, ρ). By symmetry the same statement holds if we replace

s = λ2+z by s = λ1+z. Therefore r̂(ϕA, dA, ρ) ≤ max{ r ≥ 0 | D(λ1, r)∪D(λ2, r) ⊆ σ
‖·‖
C

(A, ρ) }.
For z = (r̂(ϕA, ϑA, ρ)+ ǫ)(λ2−λ1), ǫ > 0, equality holds in (5.17) and the inequality (5.18) fails.

Thus z 6∈ Mλ1,λ2(δ(A), ρ). Thus z 6∈ σ‖·‖
C

(A, ρ) and (5.16) holds. �

5.6 Diagonal scaling of block triangular matrices

According to Corollary 5.5.4 the pseudospectra of 2×2-matrices have the following monotonicity
property for all z,w, λk∈C, ρ > 0:

If |z| ≤ |w| then σ
(2)

C

([
λ1 z
0 λ2

]
, ρ

)
⊆ σ(2)

C

([
λ1 w
0 λ2

]
, ρ

)
.

The inclusion is an equality if |z| = |w|. Moreover, we have that to each bounded subset B of

C there exists a z ∈C such that B ⊆ σ
(2)

C

([
λ1 z
0 λ2

]
, ρ

)
. In the present section we are going

to generalize these results to pseudospectra of block triangular matrices depending on several
parameters. First, we treat the 1-parameter case.

Proposition 5.6.1 Let Ak∈Cnk×nk , k = 1, 2 and let A3∈Cn1×n2\{0}. Let ‖ · ‖α and ‖ · ‖β be
absolute norms on C(n1+n2)×(n1+n2) and let ρ > 0. Then the following holds.

(a) For all z,w∈C:

if |z| ≤ |w| then σ
(α,β)

C

([
A1 zA3

0 A2

]
, ρ

)
⊆ σ(α,β)

C

([
A1 wA3

0 A2

]
, ρ

)
.
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If |z| = |w| then the inclusion is an equality.

(b) To each bounded set B ⊂ C there exists a z∈C such that B ⊆ σ(α,β)

C

([
A1 zA3

0 A2

]
, ρ

)
.

Note that for z 6= 0,

[
A1 zA3

0 A2

]
=

[
In1 0
0 z−1In2

] [
A1 A3

0 A2

] [
In1 0
0 zIn2

]
. Thus, roughly speak-

ing, part (b) of the above Proposition states that the eigenvalues of a 2 × 2 block triangular
matrix can be made arbitrarily sensitive to perturbations by diagonal scaling.

The proof of Proposition 5.6.1 is based on the following lemma.

Lemma 5.6.2 Let Mk ∈C nk×nk be nonsingular matrices, k = 1, 2, and let M3∈C n1×n2 \ {0}.
Let ‖ · ‖ be an arbitrary norm on C (n1+n2)×(n1+n2). Then the function

f : C→ (0,∞) f(z) :=

∥∥∥∥∥

[
M1 zM3

0 M2

]−1
∥∥∥∥∥

is convex. Moreover, lim|z|→∞ f(z) =∞. Suppose that ‖ · ‖ is an operator norm subordinate to

absolute norms on C (n1+n2). Then we have for all z,w∈C,

(i) if |z| = |w| then f(z) = f(w),

(ii) if |z| ≤ |w| then f(z) ≤ f(w).

Proof: Let F (z) :=

[
M1 zM3

0 M2

]−1

, z∈C. Then the following holds.

(iii) F (z) =

[
M−1

1 −zM−1
1 M3M

−1
2

0 M−1
2

]
=

[
M−1

1 0

0 M−1
2

]
− z

[
0 M−1

1 M3M
−1
2

0 0

]
.

(iv) If z 6= 0 then F (z) = D−1
z F (|z|)Dz , where Dz := diag(In1 ,

z
|z|In2).

By (iii), F is an affine function. Hence the composition f = ‖ · ‖ ◦ F is convex. From the in-

equality |f(z)| ≥ |z|
∥∥∥∥
[
0 M−1

1 M3M
−1
2

0 0

]∥∥∥∥−
∥∥∥∥
[
M−1

1 0

0 M−1
2

]∥∥∥∥ it follows that limz→∞ f(z) =∞.
If ‖ · ‖ is an operator norm subordinate to absolute norms then (iv) yields that f(z) = f(|z|)
for all z ∈C. Thus claim (i) holds. In particular, f(z) = f(−z). From the latter it follows by
convexity that f(tz) ≤ f(z) for all t∈ [−1, 1]. This together with (i) implies (ii). �

Proof of Proposition 5.6.1. For the sake of brevity we set

Pz := σ
(α,β)

C

([
A1 zA3

0 A2

]
, ρ

)
, g(s, z) :=

∥∥∥∥∥

[
A1 − sIn1 zA3

0 A2 − sIn2

]−1
∥∥∥∥∥

β,α

.

Claim (a) of Proposition 5.6.1 is an immediate consequence of Lemma 5.6.2 and the equivalence
s∈Pz ⇔ g(s, z) ≥ ρ−1, which holds for all s∈C \ (σ(A1) ∪ σ(A2)).

(b). We may assume that the bounded set B ⊂ C is closed. Then K := B\(intP0) is compact
and K ∩ (σ(A2) ∪ σ(A2)) = ∅. By Lemma 5.6.2 we have that limz→∞ g(s, z) =∞ for all s∈K.
From the compactness of K and the continuity of g it follows that limz→∞ mins∈K g(s, z) =∞.
Thus to each ρ > 0 there is an r > 0 such that for all z ∈ C with |z| ≥ r the inequality
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ρ−1 ≤ mins∈K g(s, z) holds. The latter is equivalent to the statement that K ⊆ Pz. By (a) we
also have that P0 ⊆ Pz. Hence, B ⊆ Pz. �

In order to discuss block structures of more general type we introduce the following notation.

Notation 5.6.3 Let A be a block upper triangular matrix of the form

A =




A11 A12 . . . A1m

A22 . . . A2m

. . .
...

0 Amm


 = [Ajk]j,k∈m, Ajk∈Cnj×nk , Ajk = 0 for j > k,

Then we denote by DA := diag(A11, . . . , Amm) its diagonal part, by RA := A −DA its strictly
upper triangular part and by nA :=

∑m
k=1 nk its dimension.

In this notation Proposition 5.6.1 in particular states that for m = 2 the implication

if |z| ≤ |w| then σ
(α,β)

C (DA + zRA, ρ) ⊆ σ
(α,β)

C (DA + wRA, ρ)

holds for all z,w ∈ C. This implication is no longer valid in general if m ≥ 3. We have the
following counterexample. Let

A =



−3 26 −60
0 0 5
0 0 3


 . (5.19)

Then σmin(A − 5I3) = 0.4217 and σmin(DA + 2RA − 5I3) = 0.5650. Thus 5 ∈ σ(2)

C
(A, 0.5) but

5 6∈ σ(2)

C
(DA + 2RA, 0.5). The pseudospectra are shown in Figure 5.5. However, the following

analog to claim (b) of Proposition 5.6.1 holds.

Proposition 5.6.4 Let A = [Ajk]j,k∈m be a block upper triangular matrix, m ≥ 2. Let ‖·‖α, ‖·‖β
be absolute norms on CnA×nA and let ρ > 0. If RA 6= 0 then to each bounded set B ⊂ C there
exists an r > 0 such that B ⊆ σ(α,β)

C
(DA + zRA, ρ) for all z∈C with |z| ≥ r.

The proof of Proposition 5.6.4 will be given at the end of this section.
Next, we extend Proposition 5.6.1 for block triangular matrices depending on several param-

eters. Let us first introduce a notation.

Notation 5.6.5 For a block upper triangular matrix A∈CnA×nA as in notation 5.6.3 and for
z = [z1, . . . , zm−1]

T ∈Cm−1 let

Az :=




A11 z1A12 z1z2A13 z1z2z3A13 . . . z1z2z3 . . . zm−1A1m

A22 z2A23 z2z3A24 z2z3 . . . zm−1A2m

A33 z3A34 z3 . . . zm−1A3m

. . .
...

0
Am−1,m−1 zm−1Am−1 m

Amm




.

To be precise, the block in the jth block row and kth block column of Az is 0 if j > k, and(∏k−1
i=j zi

)
Ajk otherwise.
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If all entries of z are nonzero then we have Az = D−1
z ADz , where Dz := diag(d1In1 , . . . , dmInm)

with dk :=
∏k−1

i=1 zi for all k∈m.

Theorem 5.6.6 Let A = [Ajk]j,k∈m be a block upper triangular matrix, m ≥ 2. Let ‖ · ‖α and
‖ · ‖β be absolute norms on CnA, and let ρ > 0. Then the following holds.

(a) For all z,w∈Cm−1,

(i) if |z| ≤ |w| then σ
(α,β)

C
(Az, ρ) ⊆ σ

(α,β)

C
(Aw, ρ);

(ii) if |z| = |w| then σ
(α,β)

C
(Az, ρ) = σ

(α,β)

C
(Aw, ρ).

(b) If at least one off-diagonal block of A is nonzero then to each bounded set B ⊂ C there

exists a z∈Cm−1 such that B ⊆ σ(α,β)

C
(Az , ρ).

Proof: This follows from Proposition 5.6.1 and the fact that for each index i ≤ m − 1 the

matrix Az can be written in the form Az =

[
Â1i(z) zi Â3i(z)

0 Â2i(z)

]
, where the matrices Âji(z) do

not depend on the component zi of z. �

Below we list some consequences of Theorem 5.6.6. The underlying norms ‖ · ‖α and ‖ · ‖β are
absolute.

Corollary 5.6.7 Let A = [Ajk]j,k∈m be a block upper triangular matrix. Then σ
(α,β)

C
(DA, ρ) ⊆

σ
(α,β)

C
(A, ρ). In particular, we have for every p∈ [1,∞],

⋃
j∈m σ

(p)

C
(Ajj , ρ) ⊆ σ(p)

C
(A, ρ).

Corollary 5.6.8 Let n ≥ 2, ρ > 0. Then the radius r
(α,β)
n (ρ, d) of the disk σ

(α,β)

C
(Jn(λ, d), ρ) is

an increasing function of d ≥ 0. Moreover, limd→∞ r
(α,β)
n (ρ, d) =∞.

Corollary 5.6.9 Let A∈Cn×n, ρ > 0. If A is not a scalar multiple of In then to each bounded
subset B ⊂ C there exists a nonsingular matrix S∈Cn×n such that B ⊂ σ(α,β)

C
(S−1AS, ρ).

Proof of Corollary 5.6.9: If A is not diagonalizable then the claim follows from Corollary
5.6.8 and (5.10). Suppose that A is diagonalizable but not a scalar multiple of the identity
matrix. Let λ1, . . . , λn be the eigenvalues of A. We may assume that λ1 6= λ2. Then for all

z ∈C, A is similar to the matrix A(z) = diag

([
λ1 z
0 λ2

]
, λ3, . . . , λn

)
. The claim follows from

claim (b) of Proposition 5.6.1. �

We now give the proof of Proposition 5.6.4. To this end we need the following lemma which will
also be used in the next two sections.

Lemma 5.6.10 Let A = [Ajk]j,k∈m be a block upper triangular matrix. For s ∈ C \ σ(A) let
Es = RA(sInA

−DA)−1 and νs = min{ ℓ∈N | Eℓ
s = 0 }. Then νs ≤ m and for all z ∈ C,

(sInA
−DA − zRA)−1 = (sInA

−DA)−1
νs−1∑

ℓ=0

zℓEℓ
s. (5.20)

In particular,

(sInA
−A)−1 = (sInA

−DA)−1
m−1∑

ℓ=0

Eℓ
s. (5.21)
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Proof: Let (Es)jk and (Eℓ
s)jk denote the block in the jth block row and kth block column of

Es and Eℓ
s respectively. We have (Es)jk = Ajk(sI − Akk)

−1 for j 6= k and (Es)kk = 0. Hence,
(Es)jk = 0 for j ≥ k. Thus for ℓ ≥ 2,

(Eℓ
s)jk =

m∑

j2=1

. . .

m∑

jℓ=1

(Es)jj2(Es)j2j3 . . . (Es)jℓk =
∑

j<j2<j3...jℓ<k

(Es)jj2(Es)j2j3 . . . (Es)jℓk.

This implies Em
s = 0. Thus νs ≤ m and (InA

− zEs)
−1 =

∑νs−1
ℓ=0 (zEs)

ℓ for all z∈C. Now, the
formula (5.20) follows from the relation (sInA

−DA− zRA)−1 = (sInA
−DA)−1(InA

− zEs)
−1

�

Proof of Proposition 5.6.4. For s∈C\σ(A), z∈C set g(s, z) := ‖(sInA
−DA − zRA)−1‖β,α.

Then (5.20) yields

‖g(s, z)‖β,α ≥ |z|νs−1‖(sInA
−DA)−1Eνs−1

s ‖β,α −
νs−2∑

ℓ=0

|z|ℓ‖(sInA
−DA)−1Eℓ

s‖β,α.

Since ‖(sInA
−DA)−1Eνs−1

s ‖β,α 6= 0, we have lim|z|→∞ g(s, z) = ∞ for all s 6∈ σ(A). Now, the
same compactness argument as in the proof of Proposition 5.6.1 yields the result. �

5.7 Henrici’s eigenvalue inclusion theorem

In the textbooks [10, Problem VIII.6.4], and [86, Theorem 1.9] one can find the following state-
ment, which is a reformulation of an eigenvalue inclusion theorem by P. Henrici [38].

Theorem 5.7.1 Let A, Ã∈Cn×n and suppose that δ2(A) 6= 0. Then for every λ̃∈σ(Ã) there is
a λ∈σ(A) such that (

|λ−eλ|
δ2(A)

)n

1 +
(
|λ−eλ|
δ2(A)

)
+ . . .+

(
|λ−eλ|
δ2(A)

)n−1 ≤
‖A− Ã‖2
δ2(A)

.

In this section we give a new reformulation of Henrici’s theorem in terms of pseudospectra.
Moreover, we provide a variant of that theorem for block triangular matrices. To this end we
introduce the following functions.

Definition 5.7.2 For m ≥ 2, ρ > 0 and d ≥ 0 let hm(ρ, d) denote the positive zero of the
polynomial

h̃m,ρ,d(x) := ρ(dm−1 + xdm−2 + . . .+ xm−2d+ xm−1)− xm =

{
ρmdm−1 − dm if x = d,

ρxm−dm

x−d − xm otherwise.

We call the map hm : (0,∞)× [0,∞)→ (0,∞) the mth Henrici-function.

We discuss the Henrici-functions in Proposition 5.7.6 below. In particular we will show that
these functions are well defined, i.e. that each of polynomials h̃m,ρ,d(x) has exactly one positive
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zero. From the facts that limx→∞ hm,ρ,d(x) = −∞ and that h̃m,ρ,d(x) > 0 for small enough
x > 0 one concludes that

h̃m,ρ,d(x)

{
> 0 if x < hm(ρ, d),

< 0 if x > hm(ρ, d).
(5.22)

We now give our reformulation of Henrici’s theorem.

Theorem 5.7.3 Let ρ > 0 and A∈Cn×n. Then for every normalized unitarily invariant norm,

σ
‖·‖
C (A, ρ) ⊆

⋃

λ∈σ(A)

D(λ , hn(ρ, δ2(A)) ).

By claim (i) of Proposition 5.7.6 below we have that hn(ρ, δ2(A)) < ρ + δ2(A). Thus Henrici’s
theorem is an improvement of Proposition 5.3.7. However, for large n the improvement is rather

weak. This can be seen as follows. Theorem 5.7.3 implies that hn(ρ, d) ≥ r
(2,2)
n (ρ, d), where

r
(2,2)
n (ρ, d) is the radius of the pseudospectrum (to the level ρ) of the Jordan matrix Jn(λ, d)

defined in Section 5.3. By Proposition 5.3.7, the radius r
(2,2)
n (ρ, d) converges to ρ + d as n

tends to infinity. Moreover, Figure 5.1 indicates that the convergence is fast. Some graphs of
Henrici-functions are shown in the Figure 5.6.

According to claim (i) of Proposition 5.2.5 we have for every block upper triangular matrix
A as in Notation 5.6.3 and every norm on CnA×nA ,

σ
‖·‖
C (A, ρ) ⊆ σ‖·‖

C (DA, ρ+ ‖RA‖ ),

where DA and RA denote the block diagonal part and the strictly block upper triangular part
of A, respectively. Henrici’s theorem for block triangular matrices improves this upper bound
for the case that the underlying norm is induced by an operator norm.

Theorem 5.7.4 Let A = [Ajk]j,k∈m be a block upper triangular matrix. Let ‖ · ‖ = ‖ · ‖α,α be
an operator norm on CnA×nA subordinate to an arbitrary norm ‖ · ‖α on CnA. Then we have
for every ρ > 0,

σ
‖·‖
C (A, ρ) ⊆ σ‖·‖

C (DA, hm(ρ, ‖RA‖) ).

Proof of Theorem 5.7.4 and Theorem 5.7.3: By Lemma 5.6.10 we have for any s 6∈ σ(A),

(sInA
−A)−1 = (sInA

−DA)−1
m−1∑

ℓ=0

(RA(sInA
−DA)−1)ℓ.

Let s∈σ‖·‖
C

(A, ρ) \ σ(A), and set x := ‖(sInA
−DA)−1‖−1, d := ‖RA‖. Then

ρ−1 ≤ ‖(sInA
−A)−1‖ ≤

m−1∑

ℓ=0

‖(sInA
−DA)−1‖ℓ+1‖RA‖ℓ =

m−1∑

ℓ=0

x−ℓ−1dℓ. (5.23)

Multiplication of (5.23) with ρxm and subtraction of xm yields

0 ≤ ρ
m−1∑

ℓ=0

xm−1−jdℓ − xm = h̃m,ρ,d(x).
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Thus, by (5.22), x ≤ hm(ρ, d). The latter implies that s ∈ σ‖·‖
C

(DA, hm(ρ, ‖RA‖) ). Thus
Theorem 5.7.4 is shown.

Now, the proof of Theorem 5.7.3 is as follows. Let Λ +R be a Schur form of A∈Cn×n such
that ‖R‖2 = δ2(A). Then for every normalized unitarily invariant norm,

σ
‖·‖
C

(A, ρ) = σ
(2)

C
(Λ +R, ρ) ⊆ σ(2)

C
(Λ, hn(ρ, ‖R‖2)) =

⋃
λ∈σ(A)D(λ , hn(ρ, δ2(A)) ). �

By combining Theorem 5.7.4, Corollary 5.6.7 and Proposition 5.2.4 we obtain

Corollary 5.7.5 Let A = [Ajk]j,k∈m be a block upper triangular matrix. Then we have for any
p∈ [1,∞] and any ρ > 0,

⋃

j∈m

σ
(p)

C (Ajj, ρ) ⊆ σ
(p)

C (A, ρ) ⊆
⋃

j∈m

σ
(p)

C (Ajj , hm(ρ, ‖RA‖p) ).

In the next proposition we list some basic properties of the Henrici-functions.

Proposition 5.7.6 The Henrici-functions hm are well-defined, i.e. each of the polynomials
h̃m,ρ,d (where m ≥ 2, (ρ, d)∈(0,∞) × [0,∞) ) has exactly one zero in (0,∞), namely

hm(ρ, d) =




ρ if d = 0,

d

φ−1
m

“
d
ρ

” if d > 0, (5.24)

where φ−1
m denotes the inverse of the strictly increasing function

φm : (0,∞)→ (0,∞), φm(x) :=

m∑

ℓ=1

xℓ.

The Henrici-functions hm are real analytic on (0,∞)×(0,∞) and continuous on (0,∞)× [0,∞).
They have the following properties.

(i) For all m ≥ 2 and all (ρ, d)∈(0,∞) × [0,∞),

ρ ≤ hm(ρ, d) < ρ+ d.

(ii) The function (m,ρ, d) 7→ hm(ρ, d) is increasing in all variables. Precisely,

if ρ1 < ρ2 then hm(ρ1, d) < hm(ρ2, d),
if d1 < d2 then hm(ρ, d1) < hm(ρ, d2),
if m1 < m2 then hm1(ρ, d) < hm2(ρ, d)

for every m,m1,m2≥ 2, ρ, ρ1, ρ2∈(0,∞), d, d1, d2∈ [0,∞).

(iii) The functions

ρ 7−→ hm(ρ, d) − ρ, ρ∈(0,∞)

are increasing for all d > 0, m≥ 2. Moreover, limρ→∞(hm(ρ, d) − ρ) = d.

(iv) For all (ρ, d)∈(0,∞) × [0,∞) we have limm→∞ hm(ρ, d) = ρ+ d.
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(v) The functions

d 7−→ hm(ρ, d)

d
d∈(0,∞)

are decreasing for all ρ > 0, m ≥ 2. Moreover,

lim
d→∞

hm(ρ, d)

d
= lim

d→∞
hm(ρ, d)

ρ+ d
= 0.

(vi) For all (d, ρ)∈ [0,∞) × (0,∞), m ≥ 2, we have

d1− 1
m ρ

1
m < hm(ρ, d) (5.25)

and

if ρ <
d

m
then hm(ρ, d) ≤ m 1

m d1− 1
m ρ

1
m . (5.26)

Remark 5.7.7 The functions φm occur in Henrici’s paper [38]. The estimate (5.26) can be
found in [86, Corollary,1.10]. The estimates (5.25) and (5.26) together imply that the functions
ρ 7→ hm(ρ, d) are of the order O(ρ1/m).

Before we give the (technical) proof of Proposition 5.7.6 we show, how Theorem 5.7.1 follows
from Theorem 5.7.3 and the formula (5.24). Let A, Ã∈Cn×n and assume that δ2(A) 6= 0 and
Ã 6= A. Let λ̃ be an eigenvalue of Ã which is not an eigenvalue of A. Set ρ := ‖A− Ã‖2. Then

λ̃∈σ(2)

C
(A, ρ). Thus, by Theorem 5.7.3 and formula (5.24) there exists an eigenvalue λ of A such

that

|λ− λ̃| ≤ hm(ρ, δ2(A)) =
δ2(A)

φ−1
n

(
δ2(A)

ρ

) .

Thus φ−1
n

(
δ2(A)

ρ

)
≤ δ2(A)

|λ−eλ| . Since the function φn is increasing, it follows that

δ2(A)

ρ
= φn

(
φ−1

n

(
δ2(A)

ρ

))
≤ φn

(
δ2(A)

|λ− λ̃|

)
=

n∑

ℓ=1

(
δ2(A)

|λ− λ̃|

)ℓ

. (5.27)

By multiplying (5.27) with the factor
(
|λ−eλ|
δ2(A)

)n

one obtains
(
|λ−eλ|
δ2(A)

)n
δ2(A)

ρ ≤ ∑n−1
ℓ=0

(
|λ−eλ|
δ2(A)

)ℓ

.

But this is equivalent to the inequality in Theorem 5.7.1.

Proof of Proposition 5.7.6: The functions φm : (0,∞)→ (0,∞), m ≥ 2, are strictly increas-
ing and surjective. Moreover, they are analytic and the derivatives φ′m have no zeros. Therefore,
the inverse functions φ−1

m : (0,∞)→ (0,∞) exist and are analytic. Let x, ρ, d > 0. Then

h̃m,ρ,d(x) = 0 ⇔ 0 =
d

xm
h̃m,ρ,d(x) =

d

xm

(
ρ

m−1∑

ℓ=0

dℓxm−1−ℓ − xm

)
= ρ

m∑

ℓ=1

(
d

x

)ℓ

− d

⇔ d

ρ
=

m∑

ℓ=1

(
d

x

)ℓ

= φm

(
d

x

)

⇔ φ−1
m

(
d

ρ

)
=
d

x

⇔ x =
d

φ−1
m

(
d
ρ

) .
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Thus hm(ρ, d) = d

φ−1
m

“
d
ρ

” is the only positive zero of h̃m,ρ,d and the functions hm are analytic

on (0,∞) × (0,∞). Furthermore we have hm(ρ, 0) = ρ since ρ > 0 is the only positive zero
of the polynomial x 7→ h̃m,ρ,0(x) = ρxm−1 − xm. In order to prove that hm is continuous on
(0,∞)× [0,∞) it remains to show that lim(ρ,d)→(ρ0,0) hm(ρ, d) = ρ0 for all ρ0 > 0. However, we

have for every y > 0 that y =
∑m

ℓ=1

(
φ−1

m (y)
)ℓ
> φ−1

m (y) > 0. Therefore

lim
y→0

y

φ−1
m (y)

= lim
y→0

(
1 +

m−1∑

ℓ=1

(
φ−1

m (y)
)ℓ
)

= 1.

Thus for every ρ0 > 0,

lim
(ρ,d)→(ρ0,d)

hm(ρ, d))= lim
(ρ,d)→(ρ0,0)

ρ

(
d
ρ

)

φ−1
m

(
d
ρ

) = ρ0.

(i). Let ρ, d > 0. We have h̃m,ρ,d(0) = ρdm−1 > 0 and limx→∞ h̃m,ρ,d(x) = −∞. Since hm(ρ, d)

is the only positive zero of the continuous function x 7→ h̃m,ρ,d(x) it follows that

h̃m,ρ,d(x) > 0 if x∈( 0, hm(ρ, d) ),

h̃m,ρ,d(x) < 0 if x∈(hm(ρ, d),∞ ).
(5.28)

Now (i) follows from the inequalities

h̃m,ρ,d(ρ) = ρ(dm−1 + ρdm−2 + . . .+ ρm−2d+ ρm−1)− ρm > 0,

h̃m,ρ,d(ρ+ d) = ρ
(ρ+ d)m − dm

(ρ+ d)− d − (ρ+ d)m = −dm < 0.

(ii). For every x∈(0,∞) the map

(ρ, d) 7→ h̃m,ρ,d(x), (ρ, d)∈(0,∞) × [0,∞)

is strictly increasing in the variables ρ and d. Thus, if x = hm(ρ1, d1) and ρ1 < ρ2, d1 < d2,
then h̃m,ρ2,d1(x) > 0 and h̃m,ρ1,d2(x) > 0. Hence, by (5.28), x < hm(ρ2, d1) and x < hm(ρ1, d2).
Let m1,m2 ≥ 2 and m1 < m2. Then φm1(x) < φm2(x) for all x > 0. It follows that φ−1

m1
(y) >

φ−1
m2

(y) for all y > 0. Thus, for d > 0,

hm1(ρ, d) =
d

φ−1
m1

(
d
ρ

) < d

φ−1
m2

(
d
ρ

) = hm2(ρ, d).
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(iii). We have for all ρ, d > 0 and all y ≥ 0,

h̃m,ρ,d(ρ+ y) = ρ

m−1∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ − (ρ+ y)m

= (ρ+ y)

m−1∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ − (ρ+ y)m − y
m−1∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ

= (ρ+ y)

m−2∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ − y
m−1∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ

= d

m−1∑

ℓ=1

dm−1−ℓ(ρ+ y)ℓ − y
m−1∑

ℓ=0

dm−1−ℓ(ρ+ y)ℓ

= (d− y)
m−1∑

ℓ=1

dm−1−ℓ(ρ+ y)ℓ − ydm−1

= dm−1

(
(d− y)

m−1∑

ℓ=1

(
ρ+ y

d

)ℓ

− y
)

= dm−1

(
(d− y)φm−1

(
ρ+ y

d

)
− y

)
. (5.29)

Now let ρ0, d > 0 and y := hm(ρ0, d) − ρ0, i.e. h̃m,ρ0,d(ρ0 + y) = 0. Then d− y > 0 by (i), and
(5.29) yields that for all ρ > ρ0,

h̃m,ρ,d(ρ+ y) > 0.

By (5.28) this is equivalent to

ρ+ y < hm(ρ, d),

Hence,

y = hm(ρ0, d)− ρ0 < hm(ρ, d)− ρ.
So the function ρ 7→ hm(ρ, d) − ρ is increasing. From (5.29) we obtain that for all y∈ [0, d),

lim
ρ→∞

h̃m,ρ,d(ρ+ y) =∞.

Hence, for large ρ, h̃m,ρ,d(ρ+ y) > 0, and consequently hm(ρ, d) > ρ+ y. Thus

lim
ρ→∞

(hm(ρ, d) − ρ) = d.

(iv). Let ρ ≥ 0, d > 0 and y∈(max{0, d−ρ}, d). Then d−y > 0 and limm→∞ φm−1

(ρ+y
d

)
=∞

since ρ+y
d > 1. From (5.29) we obtain that for some m0∈N,

h̃m,ρ,d(ρ+ y) > 0 for all m ≥ m0.

Equivalently,

ρ+ y < hm(ρ, d) for all m ≥ m0.

This and the fact that hm(ρ, d) < ρ+ d yield limm→∞ hm(ρ, d) = ρ+ d.
(v) follows from (5.24) and the fact that the functions φ−1

m are strictly increasing with limy→∞ φ−1
m (y) =
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∞.
(vi). Let x1 := d

( ρ
d

) 1
m . Then

h̃m,ρ,d(x1) = ρ

m−1∑

ℓ=0

xℓ
1d

m−1−ℓ − xm
1 = ρ

m−1∑

ℓ=0

xℓ
1d

m−1−ℓ − ρdm−1 > 0,

so hm(ρ, d) > x1. Suppose now that ρ
d <

1
m and let x2 := d

(mρ
d

) 1
m < d. Then

h̃m,ρ,d(x2) = ρ
m−1∑

ℓ=0

xℓ
2d

m−1−ℓ − xm
2 < ρmdm−1 − xm

2 < 0,

so hm(ρ, d) < x2. �

5.8 A theorem of Ruhe

In [80] Ruhe proved a refinement of Henrici’s theorem for the case that the distance of one
eigenvalue of A to the other eigenvalues is large compared to δ2(A). However, Ruhe’s theorem
does not seem to be fully correct. At least the proof in [80] is incomplete. In this section we
provide a corrected version of Ruhe’s theorem in the language of pseudospectra. Moreover, we
generalize it to block triangular matrices and discuss its consequences. We need some notation.

Notation 5.8.1 Let B∈Cn×n be partitioned as follows.

B =



B11 . . . B1m
...

...
Bm1 . . . Bmm


 , Bjk∈Cnj×nk .

Then its norm compression with respect to a Hölder p-norm is given by

〈B〉p :=



‖B11‖p . . . ‖B1m‖p

...
...

‖Bm1‖p . . . ‖Bmm‖p


∈Rm×m

It is easily verified that ‖B‖p ≤ ‖〈B〉p‖p and that 〈B〉p ≤ C implies ‖〈B〉p‖p ≤ ‖C‖p. Our
proof of Ruhe’s theorem is based on the following estimate for the p-norm of a block triangular
matrix.

Theorem 5.8.2 Let A = [Ajk]j,k∈m be a block upper triangular matrix. Then we have for every
s∈C \ σ(A) and every p∈ [1,∞],

∥∥(sInA
−A)−1

∥∥
p
≤
∥∥(sInA

−DA)−1
∥∥

p
+

m−1∑

ℓ=1

cℓ(s)
∥∥∥(〈RA〉p)ℓ

∥∥∥
p
,

where

cℓ(s) = max
1≤j1<j2...<jℓ<jℓ+1≤m

ℓ+1∏

ν=1

∥∥(sI −Ajνjν )−1
∥∥

p
.
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Proof: By Lemma 5.6.10 we have (sInA
− A)−1 = (sInA

− DA)−1
∑m−1

ℓ=0 Eℓ
s, where Es =

RA(sInA
−DA)−1. Thus,

‖(sInA
−A)−1‖p ≤ ‖(sInA

−DA)−1‖p +

m−1∑

ℓ=1

‖(sInA
−DA)−1Eℓ

s‖p

≤ ‖(sInA
−DA)−1‖p +

m−1∑

ℓ=1

‖〈(sInA
−DA)−1Eℓ

s〉p‖p. (5.30)

The block in the jth block row and kth block column of Es is (Es)jk = Ajk(sI − Akk)
−1 for

j 6= k and (Es)kk = 0. Since Es is strictly block upper triangular the block (Eℓ
s)jk in the jth

block row and kth block column of Eℓ
s satisfies

(Eℓ
s)jk =

∑

j<j2<j3...jℓ<k

(Es)jj2(Es)j2j3 . . . (Es)jℓk, ℓ ≥ 2.

Thus, for ℓ∈m− 1 the entry in the jth row and kth column of 〈(sInA
−DA)−1Eℓ

s〉p∈Cm×m is

(〈(sInA
−DA)−1Eℓ

s〉p)jk = ‖(sInj −Ajj)
−1(Eℓ

s)jk‖p
≤

∑

j<j2<j3...jℓ<k

‖(sInj −Ajj)
−1(Es)jj2(Es)j2j3 . . . (Es)jℓ,k‖p

≤
∑

j<j2<j3...jℓ<k

gjj1...jℓk (‖Ajj2‖p ‖Aj2j3‖p . . . ‖Ajℓ,k‖p), (5.31)

where

gjj2...jℓk := ‖(sInj −Ajj)
−1‖p

(∏ℓ
ν=2 ‖(sInjν

−Ajνjν )−1‖p
)
‖(sInk

−Akk)
−1‖p.

We have gjj2...jℓk ≤ cℓ(s). The matrix 〈RA〉p = 〈A − DA〉p = 〈A〉p − 〈DA〉p is strictly upper
triangular. Hence the entry in the jth row and kth column of (〈RA〉p)ℓ is

( (〈RA〉p)ℓ )jk =
∑

j<j2<j3...jℓ<k

(‖Ajj2‖p ‖Aj2j3‖p . . . ‖Ajℓk‖p),

Thus (5.31) yields that 〈(sInA
−DA)−1Eℓ

s〉p ≤ cℓ(s) (〈RA〉p)ℓ. The latter implies

‖〈(sInA
−DA)−1Eℓ

s〉p‖p ≤ cℓ(s)‖ (〈RA〉p)ℓ ‖p.
Now, the Theorem follows from the inequality (5.30). �

Remark 5.8.3 The proof above is inspired by the proofs in [36]. See also [37].

By Henrici’s Theorem for block triangular matrices (Theorem 5.7.4) we have for every Hölder
p-norm

σ
(p)

C (A, ρ) ⊆
⋃

j∈m

σ
(p)

C (Ajj , hm(ρ, ‖RA‖p) ). (5.32)

The next theorem is a refinement of this result. It implies Ruhe’s theorem (see Corollary 5.8.6
below). In order to simplify notation we set for x ≥ 0,

βm(x) :=

m−1∑

ℓ=0

xℓ =

{
m if x = 1,
1−xm

1−x otherwise.
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Theorem 5.8.4 Let p∈ [1,∞] and let A = [Ajk]j,k∈m be an block upper triangular matrix. Let
ρ > 0 and r > hm(ρ, ‖RA‖p). Let i∈m and suppose that

σ
(p)

C (Ajj, r) ∩ σ
(p)

C (Aii, hm(ρ, ‖RA‖p) ) = ∅

for all j∈m \ {i}. Then

σ
(p)

C (A, ρ) ⊆ σ(p)

C

(
Aii, βm

(
‖〈RA〉p‖p

r

)
ρ
)
∪

⋃

j∈m\{i}
σ

(p)

C (Ajj, hm(ρ, ‖RA‖p) ).

Proof: Suppose that s∈σ(p)

C
(A, ρ) but s 6∈ σ(p)

C
(Ajj, hm(ρ, ‖RA‖p) ) for all j 6= i. Then (5.32)

yields that s∈σ(p)

C
(Aii, hm(ρ, ‖RA‖p) ). Therefore ‖(sI −Aii)

−1‖p > hm(ρ, ‖RA‖p)−1 > r−1. By

assumption we have s 6∈ σ(p)

C
(Ajj , r ) for j 6= i. This implies that for j 6= i,

‖(sI −Ajj)
−1‖ < r−1 < ‖(sI −Aii)

−1‖p

Hence
∥∥(sIn −DA)−1

∥∥
p

= ‖(sI −Aii)
−1‖p, and the numbers

cℓ(s) = max
1≤j1<j2...<jℓ+1≤m

ℓ+1∏

ν=1

∥∥(sI −Ajν )−1
∥∥

p

satisfy cℓ(s) ≤ rℓ‖(sI −Aii)
−1‖p. Thus

ρ−1 ≤
∥∥(sIn −A)−1

∥∥
p

(since s∈σ(p)

C (A, ρ))

≤
∥∥(sIn −DA)−1

∥∥
p
+

m−1∑

ℓ=1

cℓ(s)
∥∥∥(〈RA〉p)ℓ

∥∥∥
p

(by Theorem 5.8.2)

≤
∥∥(sIn −DA)−1

∥∥
p
+

m−1∑

ℓ=1

cℓ(s) ‖〈RA〉p‖ℓp

= ‖(sI −Aii)
−1‖p βm

(
‖〈RA〉p‖p

r

)
.

Thus ‖(sI −Aii)
−1‖p ≥

(
βm

(
‖〈RA〉p‖p

r

)
ρ
)−1

. Thus s∈σ(p)

C

(
Aii, βm

(
‖〈RA〉p‖p

r

)
ρ
)
. �

In order to discuss the just proved Theorem let us combine it with the lower estimate

⋃

j∈m

σ
(p)

C (Ajj, ρ) ⊆ σ
(p)

C (A, ρ). (5.33)

For j ∈m and ρ ≥ 0 set Kj(A, ρ) := σ
(p)

C
(A, ρ) ∩ σ(p)

C
(Ajj , hm(ρ, ‖RA‖p) ). Then by (5.32) and

(5.33),

σ
(p)

C (A, ρ) =
⋃

j∈m

Kj(A, ρ)

and

σ
(p)

C (Ajj , ρ) ⊆ Kj(A, ρ) ⊆ σ
(p)

C (Ajj , hm(ρ, ‖RA‖p) ).

We thus have the following corollary to Theorem 5.8.4.
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Corollary 5.8.5 Let p∈ [1,∞] and let A = [Ajk]j,k∈m be an block upper triangular matrix. Let
ρ > 0 and let r > hm(‖RA‖p, ρ). Let i∈m and suppose that

σ
(p)

C (Ajj , r) ∩ σ
(p)

C (Aii, hm(ρ, ‖RA‖p) ) = ∅

for all j∈m \ {i}. Then, with the notation above, Ki(A, ρ) ∩
⋃

j∈m\{i}Kj(A, ρ) = ∅ and

σ
(p)

C (Aii, ρ) ⊆ Ki(A, ρ) ⊆ σ
(p)

C

(
Aii, βm

(
‖〈RA〉p‖p

r

)
ρ
)
.

If the quotient ‖〈RA〉p‖p/r is small then βm(‖〈RA〉p‖p/r) is close to 1. Hence, Corollary 5.8.5
yields that if ‖〈RA〉p‖p is small compared with r then the Hausdorff-distance of Ki(A, ρ) and

σ
(p)

C
(Aii, ρ) is small, as well. In particular, the following holds: Let Az be the matrix which is

obtained from A by replacing the diagonal block Aii with Aii − zIni , z∈C. Then the Hausdorff

distance of Ki(Az, ρ) and σ
(p)

C
(Aii − zIni , ρ) tends to 0 as z tends to infinity.

We are now in the position to give our version of Ruhe’s result. It is a consequence of
Corollary 5.8.5 and the trivial fact that for a 1× 1 matrix [λ]∈C1×1, σ

(2)

C
([λ], ρ) = D(λ, ρ).

Corollary 5.8.6 Let λ1, . . . , λn ∈ C be the eigenvalues of A ∈ Cn×n. Let Kj(ρ) denote the

connected component of σ
(2)

C
(A, ρ) containing the eigenvalue λj , j∈n. Let R∈Cn×n be a strictly

upper triangular matrix occuring in a Schur form of A such that ‖R‖2 = δ2(A). Let i∈n and
r > hn(ρ, δ2(A)). Suppose that

|λi − λj| > r + hn(ρ, δ2(A)) for all j ∈ n \ {i}.

Then Ki(ρ) ∩
⋃

j∈n\{i}Kj(ρ) = ∅ and D(λi, ρ) ⊆ Ki(A, ρ) ⊆ D
(
λi, βn

(
‖ |R| ‖2

r

)
ρ
)
.

In the original theorem of Ruhe the norm ‖ |R| ‖2 is replaced by δ2(A) = ‖R‖2. But there is a
gap in the original proof in this respect. Note, however, that ‖ |R| ‖2 ≤ δF (A), the departure
from normality of A with respect to Frobenius norm. Corollary 5.8.6 confirms what we already
have seen in the 2 × 2 case, namely that not only the departure from normality but also the
distance of the eigenvalues of A determines the sensitivity of its spectrum: The departure from
normality of A may be arbitrarily large. If the mutual distance of the eigenvalues is large
compared with the departure from normality, then the pseudospectrum of A to the level ρ is
close to the pseudospectrum of a normal matrix to the same level.
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Figure 5.5: The boundaries of the pseudospectra σ
(2)

C
(A, 0.5) (dashed) and σ

(2)

C
(DA + 2RA, 0.5)

(solid), where A is the matrix defined in (5.19).
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Chapter 6

Spectral value sets for real

perturbations

In this and the next chapter we study spectral value sets and µ-functions for real matrix per-
turbations. If the underlying norm is the spectral norm then the corresponding µ-functions
are called real perturbation values. This chapter splits into two parts. The first part is basic.
Here we display the theory of real perturbation values as it was developed in [7, 8, 9]. Some of
the properties of real perturbation values follow from general principles. In order to bring out
these principles we introduce higher µ-functions. This gives us the necessary background for our
further considerations in the second part of this chapter in which we discuss special properties
of real spectral value sets and real µ-functions.

6.1 Real µ-functions and real perturbation values

In this chapter we present the basic theory of real spectral value sets. These are sets of the form.

σ
‖·‖
R (A,B,C, ρ) :=

⋃

∆∈Rl×q, ‖∆‖≤ρ

σ(A+B∆C),

where (A,B,C)∈Ln,l,q and ‖·‖ is a norm on Rl×q. Note that we do not presume that the matrices
(A,B,C) are real. This might seem to be unnatural since we consider real perturbations only.
However, most of the theory below goes through for arbitrary complex matrix triples (A,B,C).
The sets

σ
‖·‖
R (A, ρ) := σ

‖·‖
R (A, In, In, ρ), A∈Cn×n

are called real pseudospectra. By Theorems 2.4.5 and 2.4.9 we have for ρ > 0,

σ
‖·‖
R (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | µ

‖·‖
R (G(s)) ≥ ρ−1 },

σ
‖·‖
R (A, ρ) = { s∈C | µ̃‖·‖

R (sIn −A) ≤ ρ },

where G(s) = C(sIn −A)−1B and

µ
‖·‖
R (M) :=

(
min{ ‖∆‖ | ∆∈Rl×q, 1∈σ(∆M) }

)−1
, M ∈Cq×l, (6.1)

µ̃
‖·‖
R (M) := min{ ‖∆‖ | ∆∈Rn×n, M −∆ is singular }, for M ∈Cn×n. (6.2)

99
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The most important problem in the theory of real spectral value sets is to find computable
formulas for the real µ-functions µ

‖·‖
R

(M) and µ̃
‖·‖
R

(M). To the best of our knowledge this
problem has been solved only for the following cases.

(a) The matrix M is either a row or a column vector. The underlying norm ‖ · ‖ is arbitrary.

(b) The matrix M has arbitrary size. The underlying norm ‖ · ‖ is the spectral norm.

The solution for the case (a) has been found by Hinrichsen and Pritchard [48]. We will come
back to this in Section 7.7. The long standing problem (b) to find a computable formula for the
real µ-function with respect to spectral norm has been solved by Qiu, Bernhardsson, Rantzer,
Davison, Young and Doyle in [78]. They have shown the following theorem.

Theorem 6.1.1 Let ‖ · ‖ denote the spectral norm. Then, for every M ∈Cq×l,

µ
‖·‖
R (M) = inf

γ∈(0,1]
σ2

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
, (6.3)

where σ2(·) denotes the second largest singular value. Let M ∈Cn×n. Then

µ̃
‖·‖
R (M) = sup

γ∈(0,1]
σ2n−1

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
, (6.4)

where σ2n−1(·) is the second smallest singular value.

The function to be minimized in (6.3) is always quasiconvex [78]. The function to be maximized

in (6.4) is always quasiconcave. Thus the quantities µ
‖·‖
R

(M) and µ̃
‖·‖
R

(M) can be calculated by
means of the above formulas using a bisection algorithm. This method has been used to generate
some of the pictures in this work. Other pictures of real spectral value sets have been made by
applying explicite formulas which can be given for special matrices. We will derive such formulas
in Chapter 7. In our opinion the original proof of Theorem 6.1.1 in [78] is dissatisfying because
it does not yield insight into the geometry behind the formulas (6.3) and (6.4). However, in
[9] Bernhardsson, Qiu and Rantzer provided an alternative and more elegant proof of Theorem
6.1.1. This proof connects the real µ-problem with hermitian-symmetric inequalities which we
will be introduced below. The proof in [9] also yields formulas for the computation of the so
called real perturbation values. The latter are defined as follows.

Definition 6.1.2 Let M ∈Cq×l. The real perturbation values of M of first kind are

τk(M) :=
(

inf{ ‖∆‖2 | ∆∈R l×q, dim ker(Il −∆M) ≥ k }
)−1

, k∈N. (6.5)

The real perturbation values of M of second kind are

τ̃k(M) := inf{ ‖∆‖2 | ∆∈R q×l, rank(M −∆) < k }, k∈N. (6.6)

In the next section we will show that the infimum in (6.5) is always attained, and that the
infimum in (6.6) is attained if the set { ‖∆‖2 | ∆ ∈ R q×l, rank(M − ∆) < k } is
nonempty. If this set is empty then τ̃(M) = ∞. Obviously, k1 < k2 implies τk1(M) ≥ τk2(M)
and τ̃k1(M) ≥ τ̃k2(M). Moreover, τk(M) = τ̃k(M) = 0 if k > rankM . For square matrices
M ∈Cn×n we use the notation τ̃min(M) := τ̃n(M). Then

τ̃min(M) = inf{ ‖∆‖2 | ∆∈R n×n, M −∆ is singular }.
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With these notations we have for the real µ-functions with respect to spectral norm,

τ1(M) = µ
‖·‖
R (M) for M ∈Cq×l,

τ̃min(M) = µ̃
‖·‖
R (M) for M ∈Cn×n.

In [9] the following generalization of Theorem 6.1.1 has been shown.

Theorem 6.1.3 Let M ∈Cq×l and let k∈N. Then

τk(M) = inf
γ∈(0,1]

σ2 k

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
, (6.7)

τ̃k(M) = sup
γ∈(0,1]

σ2 k−1

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
. (6.8)

We emphazise that we will not apply Theorem 6.1.3 or its special case, Theorem 6.1.1, in our
further considerations concerning real spectral value sets. However, for the sake of completeness
we will give the full proof of Theorem 6.1.3, partly at the end of this section and partly in the
appendix.

We now give a brief outline of the chapter. In the remainder of the present section we dis-
cuss analogies between the real perturbation values and the singular values of a matrix. In
doing so we provide a characterization of real perturbation values by hermitian-symmetric in-
equalities. This characterization yields the basis for the proof of Theorem 6.1.3. Moreover, it
will be our main tool in deriving explicite formulas for real spectral value sets of special ma-
trices in the next chapter. In the present section some important statements remain unproved.
The missing proofs will be given in Section 6.5 after some preliminary consideration in Sections
6.2-6.4. In these sections we study the real µ-problem from a general point of view. Here we
introduce higher µ-functions and discuss them for the case that the underlying norm is unitarily
invariant. In Sections 6.6-6.9 we deal with the standard µ again. We give an easily computable
lower bound for real µ and derive criteria under which the real and the complex µ coincide.
Finally, in Section 6.9 we consider continuity properties of real µ-functions.

We now continue with displaying the theory of real perturbation values. Below we will show
that the singular values of M ∈Cq×l satisfy 1

σk(M) =
(

inf{ ‖∆‖2 | ∆∈C l×q, dim ker(Il −∆M) ≥ k }
)−1

(6.9)

= inf{ ‖∆‖2 | ∆∈C q×l, rank (M −∆) < k }, (6.10)

Thus if we replace in the definition of the real perturbation values the sets R l×q and R q×l by
C l×q and C q×l we obtain the real perturbation values. Furthermore, the relations (6.9) and
(6.10) imply that

τk(M) ≤ σk(M) ≤ τ̃k(M). (6.11)

If M is real then the infima in (6.9) and (6.10) are attained by a real matrices ∆. Thus

τk(M) = σk(M) = τ̃k(M) if M ∈Rq×l. (6.12)

1The relation (6.10) is a special case of the Schmidt-Mirsky Theorem, also called the Eckard-Young Theorem,
see [86, Theorem 4.18].
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In the sequel we denote by Gn,k the Grassmann-manifold of k-dimensional complex subspaces
of Cn. It is well known [62] that the following max-min-formulas hold for the singular values of
M ∈Cq×l.

σk(M) = max
X∈Gl,k

min
06=x∈X

‖Mx‖2
‖x‖2

= min
X∈Gl,l−k+1

max
06=x∈X

‖Mx‖2
‖x‖2

, k∈ l.

For the real perturbation values we have the following max-min resp. min-max characterization
which will be shown in Section 6.5.

Theorem 6.1.4 [9] Let M ∈Cq×l and k∈ l. Then

τk(M) = max
X∈Gl,k

min
x∈X
‖ℜ(Mx)‖2
‖ℜx‖2

, (6.13)

τ̃k(M) = min
X∈Gl,l−k+1

max
x∈X

‖ℜ(Mx)‖2
‖ℜx‖2

, (6.14)

where by convention,

‖ℜ(Mx)‖2
‖ℜx‖2

:=

{
0 if ‖ℜx‖2 = ‖ℜ(Mx)‖2 = 0,

∞ if ‖ℜx‖2 = 0, ‖ℜ(Mx)‖2 > 0.

In order to state the next analogy between singular values and real perturbation values we need
more notation.

Notation 6.1.5 Let Hn := { H ∈Cn×n | H∗ = H } be the set of hermitian n × n matrices.
If H ∈Hn then we denote by λ1(H) ≥ λ2(H) ≥ . . . ≥ λn(H) its eigenvalues in nonincreasing
order. By i≥(H) we denote the positive semi-definite inertia of H, i.e.

i≥(H) := max{ k∈N0 | ∃X ∈Gn,k : ∀x∈X : x∗Hx ≥ 0 }.

It is a basic result of linear algebra that for any H∈Hn,

i≥(H) =

{
0 if λ1(H) < 0,

max{ k∈n | λk(H) ≥ 0 } otherwise.

Using this it is easily seen that the eigenvalues of H ∈Hn can be characterized in the following
way.

λk(H) = max{ t∈R | i≥(H − tIn) ≥ k }
= min{ t∈R | i≥(tIn −H) ≥ n− k + 1 }.

Since the singular values of M ∈ Cq×l are the square roots of the eigenvalues of the positive
semi-definite matrix M∗M , it follows that

σk(M) = max{ t ≥ 0 | i≥(M∗M − t2Il) ≥ k } (6.15)

= min{ t ≥ 0 | i≥(t2Il −M∗M) ≥ l − k + 1 }. (6.16)

An analogous statement for real perturbation values uses hermitian-symmetric inequalities.
These are inequalities of the form

x∗Hx • |xTSx|, •∈{>,<,≥,≤}, x∈Cn,

where H∈Cn×n is a hermitian matrix and S∈Cn×n is a complex symmetric matrix.
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Notation 6.1.6 By

HSn := { (H,S)∈Cn×n × Cn×n | H∗ = H, ST = S }

we denote the set of n× n hermitian-symmetric matrix pairs. For (H,S)∈HSn we set

i≥(H,S) := max{ k∈N0 | ∃X ∈Gn,k : ∀x∈X : x∗Hx ≥ |xTSx| }

Note that i≥(H, 0) = i≥(H). Below we will see that the quantity i≥(H,S) is closely related to
the inertia of a hermitian pencil. We now consider the sets

Tk(M) := { t ≥ 0 | i≥(M∗M − t2Il , MTM − t2Il) ≥ k },
T̃k(M) := { t ≥ 0 | i≥(t2Il −M∗M , t2Il −MTM) ≥ l − k + 1 }, M ∈C q×l.

In Section 6.5 we will prove the following analog to the formulas (6.15) and (6.16). It relates
the real perturbation values to hermitian symmetric inequalities.

Theorem 6.1.7 Let M ∈C q×l and k∈ l. Then τk(M) = max Tk(M) and Tk(M) = [0, τk(M)].
If T̃k(M) = ∅ then τ̃k(M) = ∞. Otherwise we have τ̃k(M) = min T̃k(M) and T̃k(M) =
[τ̃k(M), ∞).

By specializing Theorem 6.1.7 to τ1(·) and τ̃min(·) we obtain

Corollary 6.1.8 For any M ∈C q×l,

τ1(M) = max{ t ≥ 0 | ∃x∈Cl\{0} : x∗(M∗M − t2Il)x ≥ |xT (MTM − t2Il)x| }.

If M ∈Cn×n is a square matrix then

τ̃min(M) = inf{ t ≥ 0 | ∃x∈Cl\{0} : x∗(t2Il −M∗M)x ≥ |xT (t2Il −MTM)x| }. (6.17)

If the set { t ≥ 0 | ∃x∈Cl\{0} : x∗(t2Il −M∗M)x ≥ |xT (t2Il −MTM)x| } is nonempty then
the infimum in (6.17) is attained. Otherwise τ̃min(M) =∞.

The proposition below is a supplement to the Theorems 6.1.4 and 6.1.7. It in particular states
how to construct a real matrix ∆ of minimal spectral norm satisfying dimker(Il − ∆M) ≥ k
resp. rank(M −∆) < k from the solution of a hermitan symmetric inequality. By A† we denote
the Moore-Penrose generalized inverse of A.

Proposition 6.1.9 Let M ∈Cq×l and k∈ l.

(i) For any k-dimensional subspace X0 of Cl the following conditions are equivalent.

(a) The hermitian-symmetric inequality

x∗(M∗M − τk(M)2 Il)x ≥ |xT (MTM − τk(M)2 Il)x |

holds for all x∈X0.

(b) We have

min
x∈X0

‖ℜ(Mx)‖2
‖ℜx‖2

= τk(M).
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If τk(M) = 0 then there is no ∆ ∈ Rl×q such that dimker(Il − ∆M) ≥ k. Suppose that
τk(M) > 0. Let X0 be any k-dimensional subspace of Cl satisfying the conditions (a) and
(b) above, and let X0 be any matrix whose columns form a basis of X0. Set

∆0 := [ℜX0 ℑX0 ] [ℜ(MX0) ℑ(MX0) ]† ∈ Rl×q.

Then
dim ker(Il −∆0M) ≥ k and ‖∆0‖2 = τk(M)−1.

(ii) If τ̃k(M) = ∞ then there is no ∆ ∈ Rq×l such that rank(M − ∆) < k. Suppose that
τ̃k(M) <∞. Then for any (l−k+1)-dimensional subspace X̃0 of Cl the following conditions
are equivalent.

(ã) The hermitian-symmetric inequality

x∗(τ̃k(M)2 Il −M∗M)x ≥ |xT (τ̃k(M)2 Il −MTM)x |

holds for all x∈X̃0.

(̃b) We have

max
x∈ eX0

‖ℜ(Mx)‖2
‖ℜx‖2

= τ̃k(M).

Let X̃0 be any (l− k+ 1)-dimensional subspace of Cl satisfying the conditions (ã) and (̃b),
and let X̃0∈Cl×(l−k+1) be any matrix whose columns form a basis of X̃0. Set

∆̃0 := [ℜ(MX̃0) ℑ(MX̃0) ] [ℜX̃0 ℑX̃0 ]† ∈ Rl×q.

Then
rank(M − ∆̃0) < k and ‖∆̃0‖2 = τ̃k(M).

We will show Proposition 6.1.9 in Section 6.5. For comparison we give the analogous statement
for the singular values. It is based on a singular value decomposition

M =
∑

j∈l σj(M)ujv
∗
j (6.18)

of M ∈Cq×l, where v1, . . . , vl form an orthogonal basis of Cl, u1, . . . , uq are pairwise orthogonal
unit vectors in Cq and uj = 0 if l > q and j > q.

Proposition 6.1.10 Let M ∈Cq×l have a singular value decomposition as in (6.18). Then the
following statements hold for any k∈ l.

(i) The k-dimensional subspace X0 := span{v1, . . . , vk} satisfies

min
x∈X0\{0}

‖Mx‖2
‖x‖2

= σk(M).

Moreover,
x∗(M∗M − σk(M)2Il)x ≥ 0 for all x∈X0.

If σk(M) = 0 then there is no matrix ∆∈Cl×q such that dim ker(Il −∆M) ≥ k. Suppose
σk(M) > 0. Let

∆0 :=

k∑

j=1

σj(M)−1vju
∗
j

Then dim ker(Il −∆0M) ≥ k and ‖∆0‖2 = σk(M)−1.
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(ii) The (l − k + 1)-dimensional subspace X̃0 = span{vk, . . . , vl} satisfies

max
x∈ eX0\{0}

‖Mx‖2
‖x‖2

= σk(M)

Moreover,
x∗(σk(M) Il −M∗M)x ≥ 0 for all x∈X̃0.

Let

∆̃0 :=
l−k+1∑

j=l

σj(M)ujv
∗
j .

Then rank(M − ∆̃0) < k and ‖∆̃0‖2 = σk(M).

All statements of Proposition 6.1.10 are easily verified. Observe that Proposition 6.1.10 implies
that

σk(M) ≤
(

inf{ ‖∆‖2 | ∆∈C l×q, dimker(Il −∆M) ≥ k }
)−1

, (6.19)

σk(M) ≥ inf{ ‖∆‖2 | ∆∈C q×l, rank (M −∆) < k }. (6.20)

We claimed in the begining of our considerations that equality holds in (6.19) and (6.20). In
order to see this suppose first that ∆∈Cl×q is such that dimker(Il −∆M) ≥ k. Then there is a
k-dimensional subspace X0 such that ∆Mx = x for all x∈X0. This implies ‖∆‖2‖Mx‖2 ≥ ‖x‖2
for x∈X0 and therefore

‖∆‖−1
2 ≤ min

06=x∈X0

‖Mx‖2
‖x‖2

≤ max
X∈Gl,k

min
06=x∈X

‖Mx‖2
‖x‖2

= σk(M).

Hence, σk(M) ≥
(

inf{ ‖∆‖2 | ∆∈C l×q, dimker(Il −∆M) ≥ k }
)−1

. Now suppose that ∆∈
Cq×l satisfies rank (M −∆) < k. Then dim ker(M −∆) ≥ l − k + 1. Thus ∆x = Mx for all x
in an (l − k + 1)-dimensional subspace X0. Hence

‖∆‖2 ≥ max
06=x∈X0

‖Mx‖2
‖x‖2

≥ min
X∈Gl,l−k+1

max
06=x∈X

‖Mx‖2
‖x‖2

= σk(M).

Therefore, σk(M) ≤ inf{ ‖∆‖2 | ∆∈C q×l, rank (M −∆) < k }. We thus have shown the
relations (6.9) and (6.10). These imply the inequalities (6.11). If M is real then the singular
vectors in (6.18) can be taken to be real. Hence, the matrices ∆0 and ∆̃0 defined in Proposition
6.1.10 are real. Thus, the identities in (6.12) hold.

We are now going to show how the formulas (6.7) and (6.8) for the computation of the
real perturbation values are obtained using hermitian-symmetric inequalities. To this end we
need the result below which relates the quantity i≥(H,S) to the inertia of the hermitian pencil[
H 0

0 H

]
+ α

[
0 S
S 0

]
, α∈R.

Theorem 6.1.11 (Bernhardsson, Qiu, Rantzer [8, 9]) Let (H,S)∈HSn and k∈n. The follow-
ing assertions are equivalent.

(a) i≥(H,S) ≥ k.

(b) i≥

([
H αS

αS H

])
≥ 2 k for all α ∈ (−1, 0).
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(c) λ2k

([
H αS

αS H

])
≥ 0 for all α ∈ (−1, 0).

We will refer to this important and deep result as the BQR-Theorem. The interested reader
can find its proof and some additional remarks in the appendix. Note that the equivalence
(b) ⇔ (c) is trivial. The implication (a) ⇒ (b) can be easily obtained from Lemma 6.4.2 in
the next section. The implication (b) ⇒ (a) is the hard part of the Theorem. We close this
section by showing how the formulas (6.7) and (6.8) can be derived from Theorem 6.1.7 and the
BQR-Theorem by means of some simple congruence transformations. Set

Dn,α :=
1√
2

[
1√
1+α

In
i√

1−α
In

1√
1+α

In − i√
1−α

In

]
n∈N, α∈(−1, 1).

These matrices satisfy

D−1
n,α =

1√
2

[ √
1 + α In

√
1 + α In

−i
√

1− α In i
√

1− α In

]
,

D−∗
n,αD

−1
n,α =

[
In α In
α In In

]
(where D−∗

n,α :=
(
D−1

n,α

)∗
)

and, for every A∈Cq×n,

D−1
q,α

[
A 0

0 A

]
Dn,α =


 ℜA −

√
1+α
1−α ℑA√

1−α
1+α ℑA ℜA


 .

Let M ∈Cq×l, k∈n. Then the following equivalences hold for every t ≥ 0.
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τk(M) ≥ t ⇔ i≥(M∗M − t2Il , MTM − t2Il) ≥ k

(by Theorem 6.1.7)

⇔ λ2k

([
M∗M − t2Il α (MTM − t2Il)

α (MTM − t2Il) M∗M − t2Il

])
≥ 0 ∀α ∈ (−1, 0)

(by the BQR-Theorem)

⇔ λ2k

([
M 0

0 M

]∗ [
Iq α Iq
α Iq Iq

] [
M 0

0 M

]
− t2

[
Il α Il
α Il Il

])
≥ 0 ∀α ∈ (−1, 0)

⇔ λ2k

([
M 0

0 M

]∗
D−∗

q,αD
−1
q,α

[
M 0

0 M

]
− t2D−∗

l,α D
−1
l,α

)
≥ 0 ∀α ∈ (−1, 0)

⇔ λ2k

(
D∗

l,α

([
M 0

0 M

]∗
D−∗

q,αD
−1
q,α

[
M 0

0 M

]
− t2D−∗

l,α D
−1
l,α

)
Dl,α

)
≥ 0 ∀α ∈ (−1, 0)

(since congruence transformations do not change the signs
of the eigenvalues of a symmetric matrix)

⇔ λ2k

((
D−1

q,α

[
M 0

0 M

]
Dl,α

)∗(
D−1

q,α

[
M 0

0 M

]
Dl,α

)
− t2 I2l

)
≥ 0 ∀α ∈ (−1, 0)

⇔ λ2k

((
D−1

q,α

[
M 0

0 M

]
Dl,α

)∗(
D−1

q,α

[
M 0

0 M

]
Dl,α

))
≥ t2 ∀α ∈ (−1, 0)

⇔
√
λ2k

((
D−1

q,α

[
M 0

0 M

]
Dl,α

)∗(
D−1

q,α

[
M 0

0 M

]
Dl,α

))
≥ t ∀α ∈ (−1, 0)

⇔ σ2 k




 ℜM −

√
1+α
1−α ℑM√

1−α
1+α ℑM ℜM




 ≥ t ∀α ∈ (−1, 0)

⇔ σ2 k

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
≥ t ∀γ ∈ (0, 1)

⇔ infγ∈(0,1) σ2 k

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
≥ t

Thus

τk(M) = inf
γ∈(0,1)

σ2 k

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
= inf

γ∈(0,1]
σ2 k

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
.

The right equation holds since the function to be minimized is continuous.

Analogously we have for every t ≥ 0,
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τ̃k(M) ≤ t ⇔ i≥(t2Il −M∗M , t2Il −MTM) ≥ l − k + 1

(by Theorem 6.1.7)

⇔ λ2(l−k+1)

[
t2Il −M∗M α (t2Il −MTM)

α (t2Il −MTM) t2Il −M∗M

]
≥ 0 ∀α ∈ (−1, 0)

(by the BQR-Theorem)

⇔ −λ2k−1

[
M∗M − t2Il α (MTM − t2Il)

α (MTM − t2Il) M∗M − t2Il

]
≥ 0 ∀α ∈ (−1, 0)

(since λj(H) = −λn+1−j(−H) for H = H∗∈C n×n)

⇔ λ2k−1

[
M∗M − t2Il α (MTM − t2Il)

α (MTM − t2Il) M∗M − t2Il

]
≤ 0 ∀α ∈ (−1, 0)

⇔ λ2k−1

((
D−1

q,α

[
M 0

0 M

]
Dl,α

)∗(
D−1

q,α

[
M 0

0 M

]
Dl,α

)
− t2 I2l

)
≤ 0 ∀α ∈ (−1, 0)

⇔ σ2 k−1


 ℜM −

√
1+α
1−α ℑM√

1−α
1+α ℑM ℜM


 ≤ t ∀α ∈ (−1, 0)

⇔ σ2 k−1

[
ℜM −γ ℑM

γ−1 ℑM ℜM

]
≤ t ∀γ ∈ (0, 1)

⇔ supγ∈(0,1) σ2 k−1

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
≤ t

Thus

τ̃k(M) = sup
γ∈(0,1)

σ2 k−1

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
= sup

γ∈(0,1]
σ2 k−1

([
ℜM −γ ℑM

γ−1ℑM ℜM

])
.

6.2 Generalized µ-functions

In this section we define higher µ-functions with respect to arbitrary perturbation structures.
Moreover, we introduce the concept of ν-functions and show how µ can be obtained by mini-
mizing ν over a certain set of matrix pairs. We think that real µ-functions and in particular
real perturbation values are best understood in this framework. ν-functions with respect to
unitarily invariant norms will be discussed in some detail in the next sections. At the end of
our considerations we will obtain the proofs of Theorem 6.1.4, Theorem 6.1.7 and Proposition
6.1.9. As a byproduct we get additional information about the real µ which is needed later on.

Definition 6.2.1 Let M ∈Cq×l and k∈n. We define generalized µ-functions by

µ
‖·‖
∆,k(M) := ( inf{ ‖∆‖ | ∆∈∆, dim ker(Il −∆M) ≥ k } )−1 , (6.21)

µ̃
‖·‖
∆,k(M) := inf{ ‖∆‖ | ∆∈∆, rank(M −∆) < k }, (6.22)
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where (∆, ‖ · ‖)∈Pl,q resp. (∆, ‖ · ‖)∈Pq,l.

The functions µ
‖·‖
∆,k(·) and µ̃

‖·‖
∆,k(·) are natural generalizations of both the µ-functions defined in

Section 2.4, and the real perturbation values. We have

τk(M) = µ
‖·‖2
Rl×q,k(M), τ̃k(M) = µ̃

‖·‖2
Rq×l,k(M), µ

‖·‖
∆ (M) = µ

‖·‖
∆,1(M),

and if l = q =: n and M ∈Cn×n,

µ̃
‖·‖
∆ (M) = µ̃

‖·‖
∆,n(M).

By (6.9) and (6.10) we also have for all M ∈Cq×l, k∈N,

σk(M) = µ
‖·‖2
Cl×q,k(M) = µ̃

‖·‖2
Rq×l,k(M).

Let us discuss some basic properties of the generalized µ-functions.

(a) We have µ̃
‖·‖
∆,k(M) = ∞ (resp. µ

‖·‖
∆,k(M) = 0) if and only if there is no ∆∈∆ satisfying

rank(M −∆) < k (resp. dim ker(Il −∆M) ≥ k). Moreover, µ̃
‖·‖
∆,k(M) = µ

‖·‖
∆,k(M) = 0 if

k > rankM .

(b) For 1 ≤ k ≤ min{q, l} let m
(k)
q,l : C q×l → C denote the function which maps A = [aij ]∈Cq×l

to the sum of the moduli of all its subdeterminants of kth order, i.e.

m
(k)
q,l (A) =

∑

1≤i1<i2<...ir≤q
1≤j1<j2<...js≤l

∣∣det([airjs ]r,s∈k)
∣∣ .

From the equivalence

dim kerA ≥ l − k + 1 ⇔ rank(A) < k ⇔ m
(k)
q,l (A) = 0

we obtain

µ̃
‖·‖
∆,k(M) = inf{ ‖∆‖ | ∆ ∈∆, m

(k)
q,l (M −∆) = 0 },

and analogously,

µ
‖·‖
∆,k(M) =

(
inf{ ‖∆‖ | ∆ ∈∆, m

(l−k+1)
l,l (Il −∆M) = 0 }

)−1
.

The functions (∆,M) 7→ m
(l−k+1)
l,l (Il −∆M) and (∆,M) 7→ m

(k)
q,l (M −∆) are continuous.

Thus Lemma 1.7.1 yields the following.

(i) With the convention min ∅ =∞ the infima in (6.21) and (6.22) are minima.

(ii) The functions µ̃
‖·‖
∆,k : Cl×q → [0,∞] are lower semi-continuous.

(iii) The functions µ
‖·‖
∆,k : Cq×l → [0,∞) are upper semi-continuous.

(c) By using the Tarski-Seidenberg Theorem (see Chapter 3) the following statement is easily
verified: If the underlying norm ‖ · ‖ : spanR ∆ → R is a semi-algebraic function and ∆

is a semi-algebraic subset of Cq×l (rep. Cl×q) then the maps µ̃
‖·‖
∆,k : C q×l → [0,∞], (resp.

the maps µ
‖·‖
∆,k : C q×l → [0,∞)) are semi-algebraic functions. Hence they are analytic on

an open and dense semi-algebraic subset of Cq×l.
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(d) Suppose l = q =: n and let M ∈ Cn×n be nonsingular. Then the relation M − ∆ =
(In −∆M−1)M implies that rank(M −∆) < k if and only if rank(In −∆M−1) < k. The
latter holds if and only if dim ker(In −∆M−1) ≥ n+ 1− k. Thus we have

µ̃
‖·‖
∆,k(M) =

(
µ

‖·‖
∆,n+1−k(M

−1)
)−1

.

(e) Let Eλ(A) denote the eigenspace of A∈Cn×n, n∈N, to the eigenvalue λ∈C. Let M ∈Cq×l,
∆∈Cl×q. It is easily seen that the maps

φM : E1(∆M)→ E1(M∆), φM (x) := Mx

ψ∆ : E1(M∆)→ E1(∆M), ψ∆(x) := ∆x

are linear isomorphisms, and φ−1
M = ψ∆. From this we obtain the following further char-

acterizations of µ
‖·‖
∆,k(M).

µ
‖·‖
∆,k(M) = ( min{ ‖∆‖ | ∆ ∈∆, dim ker(Il −∆M) ≥ k } )−1

= ( min{ ‖∆‖ | ∆ ∈∆, dim E1(∆M) ≥ k } )−1

= ( min{ ‖∆‖ | ∆ ∈∆, dim E1(M∆) ≥ k } )−1

= ( min{ ‖∆‖ | ∆ ∈∆, dim ker(Iq −M∆) ≥ k } )−1

(f) Suppose that ∆ is a real or complex vector space, and let M ∈∆. Then for ∆∈Cl×q we
have that ∆∈∆ if and only if X := M −∆∈∆. Thus we can rewrite Definition (6.22) in
the form

µ̃
‖·‖
∆,k(M) = min{ ‖M −X‖ | X∈∆, rank(X) < k }.

Thus µ̃
‖·‖
∆,k(M) is the distance of M to the set { X∈∆ | rank(X) < k }.

The following quantities are closely related to the generalized µ-functions.

Definition 6.2.2 Let (∆, ‖ · ‖)∈Pl,q and let k∈N. We set

ν
‖·‖
∆,k(X,Y ) := inf{ ‖∆‖ | ∆∈∆, ∆X = Y }, where (X,Y )∈Cl×k × Cq×k. (6.23)

Here are some basic properties of the functions ν
‖·‖
∆,k.

(a) We have ν
‖·‖
∆,k(X,Y ) =∞ if and only if there is no ∆∈∆ satisfying ∆X = Y .

(b) The function (∆, (X,Y )) 7→ ∆X−Y is continuous. Hence, Lemma 1.7.1 yields the follow-
ing.

(i) With the convention min ∅ =∞ the infimum in (6.23) a minimum.

(ii) The functions ν
‖·‖
∆,k : Cl×k × Cq×k → [0,∞] are lower semi-continuous.

(c) If the underlying norm ‖ · ‖ : spanR ∆ → R is a semi-algebraic function and ∆ is a semi-

algebraic subset of Cl×q then the functions ν
‖·‖
∆,k : Cl×k×Cq×k → [0,∞] are semi-algebraic.

(d) For every nonsingular matrix P ∈Ck×k we have

ν
‖·‖
∆,k(XP,Y P ) = ν

‖·‖
∆,k(X,Y ) (6.24)



6.2. GENERALIZED µ-FUNCTIONS 111

The next proposition connects the functions ν
‖·‖
∆,k(·, ·) with the generalized µ-functions. In order

to state it we need more notation. By Gn,k we denote the set of X∈Cn×k whose columns form a
basis of a k-dimensional subspace of Cn, i.e. Gn,k := { X∈Cn×k | rank(X) = k }. By STn,k we
denote the Stiefel-manifold of all orthogonal k-frames in Cn, i.e. STn,k := { X∈Cn×k | X∗X =
Ik }. Note that Gn,k is open, STn,k is compact, and

Gn,k = { XP | X∈STn,k, P ∈Gk,k }. (6.25)

Moreover, { range (X) | X∈Gn,k } = { range (X) | X∈STn,k } = Gn,k, the Grassmann manifold
of k-dimensional subspaces of Cn.

Proposition 6.2.3 Let (∆, ‖ · ‖)∈Pl,q. Then

(i) For every M ∈Cq×l, k∈ l,

µ
‖·‖
∆,k(M) =

(
min

X∈STl,k

ν
‖·‖
∆,k(MX,X)

)−1

(6.26)

=

(
min

X∈Gl,k

ν
‖·‖
∆,k(MX,X)

)−1

(6.27)

(ii) For every M ∈Cl×q, k∈q,

µ̃
‖·‖
∆,k(M) = min

X∈STq,q+1−k

ν
‖·‖
∆,q+1−k(X,MX) (6.28)

= min
X∈Gq,q+1−k

ν
‖·‖
∆,q+1−k(X,MX). (6.29)

Proof: Since the function ν
‖·‖
∆,k(·, ·) is lower semi-continuous and ST l,k is compact the minimum

in (6.26) is attained. By (6.24) and (6.25) the right hand sides of the equations (6.26) and (6.27)
coincide. Let X be a k-dimensional subspace of Cl and let X∈Gl,k be any matrix whose columns
form a basis of X . Then the following equivalences hold.

X ⊆ ker(Il −∆M) ⇔ (Il −∆M)X = 0 ⇔ ∆MX = X.

Therefore

min
X∈Gl,k

ν
‖·‖
∆,k(MX,X) = min

X∈Gl,k

min{ ‖∆‖ | ∆∈∆, ∆MX = X }

= min{ ‖∆‖ | ∆∈∆, ∃X ∈ Gl,k : ∆MX = X }
= min{ ‖∆‖ | ∆∈∆, dim ker(Il −∆M) ≥ k }
= µ

‖·‖
∆,k(M)−1.

Thus (6.26) and (6.27) are shown. The proof of (6.28) and (6.29) is analogous if one uses the
equivalence

rank(M −∆) < k ⇔ dimker(M −∆) ≥ q + 1− k. �

To the best of our knowledge there is no general method available to compute the quantities
ν

‖·‖
∆,k(X,Y ) for arbitrary (∆, ‖ · ‖) ∈ Pl,q , k ∈N and (X,Y ) ∈Cl×k × Cq×k. However, explicit

formulas can be given in the following cases.
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(a) k = 1, ∆ = Fl×q, (X,Y )∈Fl×Fq, and the underlying norm ‖ ·‖ is rank-1-compatible with
an operator norm.

(b) k is arbitrary, ∆ = Fl×q, and the norm ‖ · ‖ is unitarily invariant.

The case (b) will be discussed in the next two sections. For case (a) we have the following result.
We use the notation

ν
‖·‖
F (x, y) := ν

‖·‖
Fq×l,1(x, y).

Proposition 6.2.4 Let ‖ · ‖α be a norm on Fq and ‖ · ‖β be a norm on Fl, F∈{R,C}. Let ‖ · ‖
be a norm on Fl×q which is rank-1-compatible with the operator norm ‖ · ‖α,β . Let x∈Fq\ {0},
y ∈ Fl. Then there is w ∈ Fq satisfying wTx = 1 and ‖w‖Dα = ‖x‖−1

α . Set ∆0 = ywT . Then

∆0x = y, and ν
‖·‖
F

(x, y) = ‖∆0‖ = ‖∆0‖α,β = ‖y‖β/‖x‖α.

Proof: The relation ∆x = y implies ‖∆‖ ≥ ‖∆‖α,β ≥ ‖y‖β/‖x‖α. The existence of the vector
w follows from the Hahn-Banach theorem. �

Let us remark that Theorem 2.5.2 and Corollary 2.5.3 can be derived by combining Propositions
6.25 and 6.2.4. We leave this to the reader as an exercise.

Next, we discuss the connection between ν-functions with respect to real and complex per-
turbation structures.

Definition 6.2.5 A perturbation structure (∆, ‖ · ‖)∈Pl,q is said to be conjugation invariant if
it satisfies the following conditions.

• If ∆∈∆ then ∆∈∆ and ℜ∆∈∆.

• For every ∆∈∆, ‖∆‖ = ‖∆‖.

For a conjugation invariant perturbation structure we set ∆R := ∆ ∩ Rl×q.

Observe that if (∆, ‖ · ‖) ∈ Pl,q is conjugation invariant then (∆R, ‖ · ‖R) ∈ Pl,q, where ‖ · ‖R
denotes the restriction of the norm ‖ · ‖ : spanR(∆) → [0,∞) to the vector space spanR(∆R).
In the sequel we will not distinguish these norms in our notation and denote both ‖ · ‖ and
‖ · ‖R by the same symbol ‖ · ‖. The simplest examples of conjugation invariant perturbation
structures are the pairs (Cl×q, ‖·‖), where ‖·‖ is a unitarily invariant norm or an operator norm
subordinate to absolute norms. In the proof of the proposition below we will use the following
elementary fact. Let

Wk :=

[
1
2Ik

1
2iIk

1
2Ik − 1

2iIk

]
, k∈N. (6.30)

Then for every X∈Cn×k,

[X X ]Wk = [ℜX ℑX ] (6.31)

Proposition 6.2.6 Let (∆, ‖ · ‖)∈Pl,q be a conjugation invariant perturbation structure. Then
for any X∈Cl×k, Y ∈Cq×k,

ν
‖·‖
∆R,k(X,Y ) = ν

‖·‖
∆,2k( [X X ], [Y Y ] ) = ν

‖·‖
∆,2k( [ℜX ℑX], [ℜY ℑY ] ).
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Proof: Let ∆∈∆R be such that ∆X = Y . Then ∆X = Y , ∆ℜX = ℜY and ∆ℑX = ℑY .
Thus ∆[X X] = [Y Y ] and ∆[ℜX ℑX] = [ℜY ℑY ]. Thus ν

‖·‖
∆R,k(X,Y ) ≥ ν‖·‖

∆,2k([X X ], [Y Y ])

and ν
‖·‖
∆R,k(X,Y ) ≥ ν‖·‖

∆,2k([ℜX ℑX], [ℜY ℑY ]). However, from (6.24) and (6.31) it follows that

ν
‖·‖
∆,2k([ℜX ℑX], [ℜY ℑY ]) = ν

‖·‖
∆,2k([X X ]Wk, [Y Y ]Wk) = ν

‖·‖
∆,2k([X X], [Y Y ]).

Suppose there is no ∆∈∆R such that ∆X = Y . Then ν
‖·‖
∆,2k([X X ], [Y Y ]) = ν

‖·‖
∆R,k(X,Y ) =

∞. Supppose ν
‖·‖
∆,2k([X X ], [Y Y ]) < ∞. Then there is a ∆0 ∈ ∆ satisfying ‖∆0‖ =

ν
‖·‖
∆,2k([X X], [Y Y ]) and ∆0[X X] = [Y Y ]. The latter implies that ∆0X = Y and ∆0X = Y .

Hence, (ℜ∆0)X = Y . We have ℜ∆0∈∆R and ‖ℜ∆0‖ ≤ (1/2)(‖∆0‖ + ‖∆0‖) = ‖∆0‖. There-

fore, ν
‖·‖
∆R,k(X,Y ) ≤ ν‖·‖

∆,2k([X X ], [Y Y ]). In summary, ν
‖·‖
∆R,k(X,Y ) = ν

‖·‖
∆,2k([X X ], [Y Y ]). �

By combining Proposition 6.2.6 with Proposition 6.2.3 we obtain the following corollary.

Corollary 6.2.7 Let (∆, ‖ · ‖)∈Pl,q be a conjugation invariant perturbation structure and let
k∈N. Then

(i) For every M ∈Cq×l, k∈ l,

µ
‖·‖
∆R,k(M) =

(
min

X∈Gl,k

ν
‖·‖
∆,2k( [MX MX ], [X X] )

)−1

=

(
min

X∈Gl,k

ν
‖·‖
∆,2k( [ℜ(MX) ℑ(MX)], [ℜX ℑX] )

)−1

(ii) For every M ∈Cl×q,k∈q,

µ̃
‖·‖
∆R,k(M) = min

X∈Gq,q+1−k

ν
‖·‖
∆,2(q+1−k)( [X X], [MX MX ] )

= min
X∈Gq,q+1−k

ν
‖·‖
∆,2(q+1−k)( [ℜX ℑX], [ℜ(MX) ℑ(MX)] ).

6.3 The functions ν
‖·‖

F,k(X, Y ) for unitarily invariant norms

In this section we discuss the functions ν
‖·‖
F,k(X,Y ) := ν

‖·‖
Fq×l,k

(X,Y ) for unitarily invariant norms.
We need the following lemma.

Lemma 6.3.1 Let ∆0,∆1∈Fl×q and suppose that (ker ∆1)
⊥ ⊆ ker ∆0. Then, for every unitarily

invariant norm, ‖∆0‖ ≤ ‖∆0 + ∆1‖.
Proof: Let U ∈Fk×k be the unitary matrix satisfying Uξ = −ξ for all ξ∈(ker ∆1)

⊥ and Uξ = ξ
for all ξ∈ker ∆1. Let ξ0∈(ker ∆1)

⊥ ⊆ ker ∆0 and ξ1∈ker ∆1. Then

∆0U(ξ0 + ξ1) = ∆0(−ξ0 + ξ1) = ∆0ξ1 = ∆0(ξ0 + ξ1).

∆1U(ξ0 + ξ1) = ∆1(−ξ0 + ξ1) = −∆1ξ0 = −∆1(ξ0 + ξ1).

Thus ∆0U = ∆0 and ∆1U = −∆1. Therefore, by the unitary invariance of the norm, ‖∆0−∆1‖ =
‖(∆0 + ∆1)U‖ = ‖∆0 + ∆1‖. Hence, by convexity, ‖∆0‖ ≤ 1

2 (‖∆0 + ∆1‖+ ‖∆0 −∆1‖) =
‖∆0 + ∆1‖. �
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Proposition 6.3.2 Let (X,Y )∈Fl×k×Fq×k and let ‖ · ‖ be a unitarily invariant norm on Fl×q.

(i) Suppose that kerX 6⊆ ker Y . Then there exists no matrix ∆ ∈ Fl×k satisfying ∆X = Y .

Thus ν
‖·‖
F,k(X,Y ) =∞.

(ii) Suppose that kerX ⊆ kerY . Then there is a unique matrix ∆0∈Fl×q satisfying ∆0X = Y

and (rangeX)⊥ ⊆ ker ∆0. We have ∆0 = Y X† and ν
‖·‖
F,k(X,Y ) = ‖∆0‖.

Proof: (i). Suppose that ∆X = Y for some ∆∈Fl×q. Let ξ ∈ kerX. Then 0 = ∆Xξ = Y ξ.
Thus ξ∈kerY . Thus kerX ⊆ kerY .

(ii). Suppose that kerX ⊆ ker Y . Set ∆0 := Y X†. We show that ∆0X = Y and
(rangeX)⊥ ⊆ ker ∆0. By definition of the Moore-Penrose generalized inverse we have

X†(Xξ) = ξ for ξ∈(kerX)⊥, and X†x = 0 for x∈(rangeX)⊥.

Thus ∆0x = 0 for x∈range(X)⊥. Every ξ∈Fk has a decomposition ξ = ξ1+ξ2 with ξ1∈(kerX)⊥

and ξ2∈kerX. The assumption kerX ⊆ kerY yields Y ξ2 = 0. Thus, for every ξ∈Fk,

∆0Xξ = Y X†Xξ1 + Y X†Xξ2 = Y ξ1 = Y ξ1 + Y ξ2 = Y ξ.

Hence, ∆0X = Y , and therefore ν
‖·‖
F,k(X,Y ) ≤ ‖∆0‖.

Now, let ∆∈Fq×k be any matrix satisfying ∆X = Y . Then we have for the matrix ∆1 :=
∆ − ∆0 that rangeX ⊆ ker ∆1. The latter implies (ker ∆1)

⊥ ⊆ (rangeX)⊥ ⊆ ker ∆0. Thus,

Lemma 6.3.1 yields, ‖∆0‖ ≤ ‖∆0 + ∆1‖ = ‖∆‖. Therefore, ν
‖·‖
F,k(X,Y ) = ‖∆0‖.

Finally, suppose that ∆ satisfies the additional condition (rangeX)⊥ ⊆ ker ∆. Then we also
have (rangeX)⊥ ⊆ ker ∆1. Hence Fk = (rangeX) ⊕ (rangeX)⊥ ⊆ ker ∆1. Thus ∆1 = 0, i.e.
∆ = ∆0. �

The unitarily invariant norm ‖Y X†‖ is a function of the singular values of Y X†. The next
proposition in particular states that the nonzero singular values of Y X† coincide with the square
roots of the nonzero eigenvalues of the hermitian pencil P (λ) = Y ∗Y −λX∗X, λ∈C. Note that
the pencil P (λ) is singular (i.e. det(P (λ)) ≡ 0) if and only if {0} 6= kerX ⊆ kerY .

Proposition 6.3.3 Let (X,Y ) ∈ Fl×k×Fq×k, m := rankX and r := rankY . Assume that
kerX ⊆ ker Y . Then r ≤ m. Moreover, there exist a basis ξ1, . . . , ξm ∈ Fl of (kerX)⊥ and
nonnegative real numbers λ1 ≥ λ2 ≥ . . . ≥ λm ≥ 0 such that (Y ∗Y )ξj = λj(X

∗X)ξj for all j∈m
and ξ∗j (X

∗X)ξk = 0 for j 6= k. We have λj 6= 0 if and only if j ∈ r. For j ∈ r set uj :=
Y ξj

‖Y ξj‖2
,

vj :=
Xξj

‖Xξj‖2
. Then

Y X† =
∑

j∈r

√
λj ujv

∗
j

is a singular value decomposition of Y X†. Thus σj(Y X
†) =

{√
λj if j∈r

0 otherwise.

Proof: For any matrix X ∈ Fl×k we have (kerX)⊥ = (kerX∗X)⊥ = rangeX∗X. Hence,
(kerX)⊥ is an invariant subspace of X∗X and ker (X∗X)† = (kerX)⊥. By definition of the
Moore-Penrose inverse the linear endomorphism (kerX)⊥ ∋ ξ 7→ (X∗X)†ξ is the inverse to the
linear endomorphism (kerX)⊥ ∋ ξ 7→ (X∗X)ξ. The assumption kerX ⊆ ker Y implies that
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(kerX)⊥ ⊇ (ker Y )⊥ = (ker Y ∗Y )⊥ = rangeY ∗Y . Thus (X∗X)(X∗X)†(Y ∗Y ) = Y ∗Y . Using
these facts it is straightforward to verify that the linear operator

f : (kerX)⊥ → (kerX)⊥, f(ξ) := (X∗X)†(Y ∗Y )ξ

is selfadjoint and positive semi-definite with respect to the inner product

〈·|·〉 : (kerX)⊥ × (kerX)⊥ → F, 〈ξ1|ξ2〉 := ξ∗1(X
∗X)ξ2.

Thus there is a basis ξ1, . . . , ξm of (kerX)⊥ such that f(ξj) = λjξj, λ1 ≥ . . . ≥ λm ≥ 0, and

〈ξj |ξk〉 =

{
1 if j = k

0 otherwise.

The latter implies that the vectors vj = Xξj/‖Xξj‖2, j ∈ m, form an orthonormal basis of
rangeX with respect to the canonical inner product of Fl. We have

(Y ∗Y )ξj = (X∗X)(X∗X)†(Y ∗Y )ξj = (X∗X)f(ξj) = λj(X
∗X)ξj , j∈m.

This implies ξ∗k(Y ∗Y )ξj = λj〈ξk|ξj〉 = 0 for k 6= j and ‖Y ξj‖2 =
√
λj‖Xξj‖2 for all j ∈m. Let

r′ := max{ j∈m | λj > 0} and ∆0 :=
∑

k∈r′
√
λk ukv

∗
k, where uk = Y ξk/‖Y ξk‖2. Then

u∗kuj =

{
1 if j = k

0 otherwise

Thus,
√
λ1, . . . ,

√
λr′ are the singular values of ∆0 and the vk, uk are corresponding singular

vectors. We show that ∆0 = Y X† and r′ = rankY : For any ξ∈ (kerX)⊥ we have X†Xξ = ξ.
Thus the vectors vj, j∈m satisfy

Y X†vj = Y X† Xξj
‖Xξj‖

=
Y ξj
‖Xξj‖2

=

{
λjuj = ∆0vj if j ≤ r′,
0 = ∆0vj otherwise.

Thus ∆0x = Y X†x for all x∈ rangeX. Moreover, we have for x∈ (rangeX)⊥ that ∆0x = 0 =
Y X†x. Thus ∆0 = Y X† and r′ = rank∆0 = rank (Y X†) ≤ rankY. However, the linear map
ξ 7→ Y ξ, where ξ∈(kerY )⊥ ⊇ (kerX)⊥ = range (X†) is injective. Thus r′ = rankY . �

We now specialize the results of the latter two propositions to the case that the matrix X has
full column rank.

Corollary 6.3.4 Let (X,Y )∈Fl×k×Fq×k and suppose that kerX = {0}. Let ∆0 = Y X†. Then

(i) We have ∆0 = Y (X∗X)−1X∗ and ∆0X = Y .

(ii) For all unitarily invariant norms, ν
‖·‖
F,k(X,Y ) = ‖∆0‖.

(iii) The eigenvalues of (X∗X)−1(Y ∗Y ) are nonnegative.

(iv) Let λj((X
∗X)−1(Y ∗Y )), j∈k denote the eigenvalues of (X∗X)−1(Y ∗Y ) in nonincreasing

order. Then

σj(∆0) =
√
λj((X∗X)−1(Y ∗Y )), j∈k.
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Proof: The first claim holds since X† = (X∗X)−1X∗ if X has full column rank. Claim (ii) is
a special case of Proposition 6.3.2. The claims (iii) and (iv) follow from Proposition 6.3.3. �

The next corollary deals with the case when Y ∗Y is a scalar multiple of X∗X.

Corollary 6.3.5 Let (X,Y )∈ Fl×k×Fq×k and suppose that Y ∗Y = t2X∗X, where t > 0. Let
r = rankX and ∆0 = Y X†. Then

(i) We have kerX = ker Y and ∆0X = Y .

(ii) The singular values of ∆0 satisfy σj(∆0) =

{
t if j∈r,
0 otherwise.

Proof: The first relation in (i) holds since kerX = kerX∗X and ker Y = ker Y ∗Y . The second
relation in (i) follows from the first and Proposition 6.3.2. (ii). Let λj ≥ 0 and ξj ∈ (kerX)⊥

be as in Proposition 6.3.3. The relations (Y ∗Y )ξj = λj(X
∗X)ξj and Y ∗Y = t2X∗X yield that

0 = (λj − t2)(X∗X)ξj . Thus t =
√
λj = σj(∆0). �

So far we dealt with ν
‖·‖
R,k(X,Y ) only for the special case that X and Y are real matrices. We

now drop this restriction.

Proposition 6.3.6 Let X∈Cl×k, Y ∈Cq×k and ∆0 := [Y Y ] [X X ]†. Then

(i) We have ∆0 = [ℜY ℑY ] [ℜX ℑX]†∈R2q×2l.

(ii) The following statements are equivalent.

(a) ker[X X ] ⊆ ker[Y Y ].

(b) ker[ℜX ℑX] ⊆ ker[ℜY ℑY ].

(c) There exists ∆∈Rq×l such that ∆X = Y .

(d) ∆0X = Y .

(e) ν
‖·‖
R,k(X,Y ) 6=∞ for any norm ‖ · ‖ on Rq×l.

(iii) For every unitarily invariant norm we have

ν
‖·‖
R,k(X,Y ) =

{
‖∆0‖ if ker[X X] ⊆ ker[Y Y ],

∞ otherwise.

= ν
‖·‖
C,2k([X X ], [Y Y ])

= ν
‖·‖
C,2k([ℜX ℑX], [ℜY ℑY ]).

Proof: (i). Let A := [ℜX ℑX]Wk, where Wk is the matrix defined in (6.30). Using the fact
that

√
2Wk is unitary it is easily checked that the matrix Z := W−1

k [ℜX ℑX]† satisfies the
Penrose conditions AZA = A, ZAZ = Z, (AZ)∗ = AZ, (ZA)∗ = ZA. Thus W−1

k [ℜX ℑX]† =
([ℜX ℑX]Wk)

†. Hence,

[Y Y ] [X X]† = ([ℜY ℑY ]Wk)([ℜX ℑX]Wk)
† (6.32)

= ([ℜY ℑY ]Wk)W
−1
k [ℜX ℑX]† (6.33)

= [ℜY ℑY ][ℜX ℑX]†. (6.34)
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(ii). The equivalence (c) ⇔ (e) is obvious, and the equivalence (a) ⇔ (b) follows from (6.31).
The remaining equivalences are immediate from Proposition 6.3.2 and the fact that conditions
(c), (d) can be rewritten in the form

(c′) There exists ∆∈Rq×l such that ∆[ℜX ℑX] = [ℜY ℑY ].

(d′) ∆0[ℜX ℑX] = [ℜY ℑY ].

Claim (iii) follows by combining Proposition 6.2.6 with Proposition 6.3.2. �

6.4 The functions ν
‖·‖

F,k(X, Y ) for spectral norm

We now give useful characterizations of ν
‖·‖
F,k(X,Y ) with respect to spectral norm. In doing so

we use the conventions

a
0 =∞ for a > 0, 0

0 = 0, min ∅ =∞. (6.35)

and the notation
ν

(2)

F,k(X,Y ) := ν
‖·‖2
F,k (X,Y ), F = C or R.

Proposition 6.4.1 Let (X,Y )∈Fl×k × Fq×k. Then

ν
(2)

F,k(X,Y ) = max

{ ‖Y ξ‖2
‖Xξ‖2

∣∣∣ ξ∈Fk

}

= min{ θ ≥ 0 | the matrix θ2X∗X − Y ∗Y is positive semi-definite }.

Proof: Suppose first that kerX 6⊆ kerY . Then there is ξ0∈Fk such that Xξ0 = 0 and Y ξ0 6= 0.
Thus ‖Y ξ0‖2/‖Xξ0‖2 = ∞, and we have ξ∗0(θ2X∗X − Y ∗Y )ξ0 < 0 for all θ ≥ 0. Hence, the
proposition holds in this case. Suppose now, that kerX ⊆ kerY . Then, for every ξ∈Fk, Xξ = 0
implies Y ξ = 0. Therefore,

max
ξ∈Fk

‖Y ξ‖2
‖Xξ‖2

= max
ξ∈kerX⊥

‖Y ξ‖2
‖Xξ‖2

=: c.

We obviously have,

c = max{ θ ≥ 0 | ∀ ξ∈Fk : θ2‖Xξ‖22 − ‖Y ξ‖22 ≥ 0 }
= max{ θ ≥ 0 | ∀ ξ∈Fk : ξ∗(θ2X∗X − Y ∗Y )ξ ≥ 0 }.

Let ∆0 = Y X†. Then by Proposition 6.3.2, ∆0X = Y . Each vector x∈Fl has a decomposition
x = Xξ + x̃, where ξ∈Fk and x̃∈(rangeX)⊥. We have

‖∆0x‖2
‖x‖2

=
‖∆0(Xξ + x̃)‖2
‖Xξ + x̃‖2

=
‖Y ξ‖2√

‖Xξ‖22 + ‖x̃‖22
≤ ‖Y ξ‖2‖Xξ‖2

.

Thus ‖∆0‖2 ≤ c. On the other hand, ∆0Xξ = Y ξ implies ‖∆0‖2 ‖Xξ‖2 ≥ ‖Y ξ‖2 for all ξ.
Therefore, ‖∆0‖ ≥ c. �

Now, we consider ν
(2)

R,k(X,Y ) for not necessarily real matrices X, Y . To this end we need the
lemma below which brings hermitian-symmetric inequalities into play. It is a slight variant of a
lemma by Fitzgerald and Horn [29].
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Lemma 6.4.2 Let (H,S)∈HSn and let X be a subspace of Cn. The following assertions are
equivalent.

(a) x∗Hx ≥ |xTSx| for all x∈X .

(b)

[
x
y

]∗ [
H S

S H

] [
x
y

]
≥ 0 for all

[
x
y

]
∈ X × X .

Proof: Note first that for every x, y∈Cn,
[
x
y

]∗ [
H S

S H

] [
x
y

]
= x∗Hx+ y∗Hy + 2ℜ(xTSy). (6.36)

Let z∈C be such that xTS(zx) = −|xTSx|. Then
[
x
zx

]∗ [
H S

S H

] [
x
zx

]
= 2(x∗Hx− |xTSx|).

Thus (b) implies (a). Suppose now that condition (a) holds. Then

(x+ y)∗H(x+ y) ≥ |(x+ y)TS(x+ y)| ∀x, y∈X ,
(x− y)∗H(x− y) ≥ |(x− y)TS(x− y)| ∀x, y∈X .

Addition of these inequalities yields

2(x∗Hx+ y∗Hy) ≥ |(x+ y)TS(x+ y)|+ |(x− y)TS(x− y)|
≥ |(x+ y)TS(x+ y)− (x− y)TS(x− y)|
= 4 |ℜ(xTSy)|
≥ −4ℜ(xTSy).

Now, (b) follows from the identity (6.36). �

The next proposition relates the quantity ν
(2)

R,k(X,Y ) to the pencils

Rθ(X,Y ) := θ2[ℜX ℑX]T [ℜX ℑX]− [ℜY ℑY ]T [ℜY ℑY ]

=

[
θ2(ℜX)T (ℜX)− (ℜY )T (ℜY ) θ2(ℜX)T (ℑX)− (ℜY )T (ℑY )
θ2(ℜX)T (ℑX)− (ℜY )T (ℑY ) θ2(ℑX)T (ℑX)− (ℑY )T (ℑY )

]

and

Cθ(X,Y ) := θ2[X X ]∗ [X X]− [Y Y ]∗ [Y Y ] =

[
θ2X∗X − Y ∗Y θ2XTX − Y TY

θ2XTX −XTX θ2X∗X − Y ∗Y

]
.

Note that these pencils are congruent since Rθ(X,Y ) = W ∗
kCθ(X,Y )Wk, where Wk is the matrix

in (6.30).

Proposition 6.4.3 Let (X,Y )∈Cl×k × Cq×k. Then the following identitites hold.

ν
(2)

R,k(X,Y ) = min { θ ≥ 0 | Rθ(X,Y ) is positive semi-definite }
= min { θ ≥ 0 | Cθ(X,Y ) is positive semi-definite }
= min

{
θ ≥ 0

∣∣∣ ∀ ξ∈C k : ξ∗(θ2X∗X − Y ∗Y )ξ ≥ | ξT (θ2XTX − Y TY )ξ |
}

= max
ξ∈Ck

‖ℜ(Y ξ)‖2
‖ℜ(Xξ)‖2

.
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Proof: According to Proposition 6.3.6 we have ν
(2)

R,k(X,Y ) = ν
(2)

C,2k([ℜX ℑX], [ℜY ℑY ]) =

ν
(2)

C,2k([X X], [Y Y ]). Thus the first two identities follow by applying Proposition 6.4.1 to the

matrix pairs ([ℜX ℑX], [ℜY ℑY ]) resp. ([X X ], [Y Y ]). Then, the third identity follows from
Lemma 6.4.2. We prove the fourth. Since Rθ(X,Y ) is a real matrix, it is positive semi-definite
if and only if ξ̃TRθ(X,Y )ξ̃ ≥ 0 for all real vectors ξ̃ ∈R2k. Write ξ̃ in the form ξ̃ = [ξT

1 , ξ
T
2 ]T

with ξ1, ξ2∈Rk. Set ξ := ξ1 − iξ2. Then a direct computation yields

ξ̃TRθ(X,Y )ξ̃ = θ2‖ℜ(Xξ)‖22 − ‖ℜ(Y ξ)‖22.

This implies the last identity of the proposition. �

6.5 Proof of Theorems 6.1.4 and 6.1.7 and Proposition 6.1.9

We are now in the position to give the proof of Theorems 6.1.4 and and 6.1.7 and Proposition
6.1.9: From Proposition 6.4.3 it follows, that for all (X,Y )∈Cl×k ×Cq×k,

(ν
(2)

R,k(X,Y ))−1 =

(
max
ξ∈Ck

‖ℜ(Y ξ)‖2
‖ℜ(Xξ)‖2

)−1

= min
ξ∈Ck

‖ℜ(Xξ)‖2
‖ℜ(Y ξ)‖2

, (6.37)

and

(ν
(2)

R,k(X,Y ))−1 =
(
min

{
θ ≥ 0

∣∣∣ ∀ ξ∈C k : ξ∗(θ2X∗X − Y ∗Y )ξ ≥ | ξT (θ2XTX − Y TY )ξ |
})−1

= max

{
1

θ

∣∣∣ θ ≥ 0, ∀ ξ∈C k : ξ∗(θ2X∗X − Y ∗Y )ξ ≥ | ξT (θ2XTX − Y TY )ξ |
}

= max

{
1

θ

∣∣∣∣ θ ≥ 0, ∀ ξ∈C k : ξ∗(X∗X − 1

θ2
Y ∗Y )ξ ≥ | ξT (XTX − 1

θ2
Y TY )ξ |

}

= max
{
t ≥ 0

∣∣∣ ∀ ξ∈C k : ξ∗(X∗X − t2Y ∗Y )ξ ≥ | ξT (XTX − t2Y TY )ξ |
}
.

(6.38)

Let M ∈Cq×l, X ∈Cl×k and X = range(X). On replacing in (6.37) and (6.38) the pair (X,Y )
by the pair (MX,X) we obtain

(ν
(2)

R,k(MX,X))−1 = min
x∈X
‖ℜ(Mx)‖2
‖ℜx‖2

(6.39)

= max
{
t ≥ 0

∣∣ ∀x∈X : x∗(M∗M − t2Il)x ≥ |xT (MTM − t2Il)x |
}
.

(6.40)

From Proposition 6.3.6 it follows that

(ν
(2)

R,k(MX,X))−1 =





‖ [ℜX ℑX] [ℜ(MX) ℑ(MX)]† ‖−1
2 if ker [ℜ(MX) ℑ(MX)]

⊆ ker [ℜX ℑX],

0 otherwise.

(6.41)
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According to Proposition 6.2.3 we have τk(M) = maxX∈Gl,k
(ν

(2)

R,k(MX,X))−1. Combining the
latter with (6.39) resp. (6.40) we obtain the identities

τk(M) = max
X∈Gl,k

min
x∈X
‖ℜ(Mx)‖2
‖ℜx‖2

, (6.42)

and

τk(M) = max
X∈Gl,k

max
{
t ≥ 0

∣∣ ∀x∈X : x∗(M∗M − t2Il)x ≥ |xT (MTM − t2Il)x |
}

= max
{
t ≥ 0

∣∣ ∃X ∈ Gl,k : ∀x∈X : x∗(M∗M − t2Il)x ≥ |xT (MTM − t2Il)x |
}

= max{ t ≥ 0 | i≥(M∗M − t2Il , MTM − t2Il) ≥ k }
= max Tk(M), (6.43)

where Tk(M) = { t ≥ 0 | i≥(M∗M − t2Il , MTM − t2Il) ≥ k }. Claim (i) of Proposition 6.1.9
then follows from (6.39), (6.40) and (6.41).

Analogously we obtain from Proposition 6.3.6 and 6.4.3 the relations

ν
(2)

R,k(X,MX) = max
x∈X

‖ℜ(Mx)‖2
‖ℜx‖2

(6.44)

= max
{
t ≥ 0

∣∣ ∀x∈X : x∗(t2Il −M∗M)x ≥ |xT (t2Il −MTM)x |
}

(6.45)

=





‖ [ℜ(MX) ℑ(MX)] [ℜX ℑX]† ‖2 if ker [ℜX ℑX]

⊆ ker [ℜ(MX) ℑ(MX)],

∞ otherwise,

(6.46)

where k∈ l, X∈Cl×(l−k+1), X = rangeX. By Proposition 6.2.3 we have

τ̃k(M) = min
X∈Gl,l−k+1

ν
(2)

R,k(X,MX).

Combining this with (6.44),(6.45),(6.46) we obtain Claim (ii) of Proposition 6.1.9 and

τ̃k(M) = max
X∈Gl,l−k+1

min
x∈X
‖ℜ(Mx)‖2
‖ℜx‖2

and τ̃k(M) = min T̃k(M),

where T̃k(M) = { t ≥ 0 | i≥(t2Il −M∗M , t2Il −MTM) ≥ l− k+ 1 }. In order to complete the
proof of Theorem 6.1.7 it remains to show that the following statements hold for every k∈ l.

(a) Tk(M) is an interval and 0∈Tk(M).

(b) If T̃k(M) 6= 0 then T̃k(M) is an interval and sup T̃k(M) =∞.

Let us prove claim (a). Observe that by the Cauchy-Schwarz-inequality we have for any y∈Cn,

y∗y = ‖y‖2‖y‖2 ≥ |y∗y| = |yT y| (6.47)

This implies x∗M∗Mx ≥ |xTMTMx| for all x∈Cl. Thus 0∈Tk(M) for all k∈ l. Assume now
that t0∈Tk(M) for some k∈ l . Let t∈ [0, t0] and let X be a k-dimensional subspace of Cl such
that

x∗(M∗M − t20Il)x ≥ |xT (MTM − t20Il)x | for all x∈X .
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By (6.47) we have

(t20 − t2)x∗x ≥ (t20 − t2)|xTx| for all x∈Cl.

Addition of the latter two inequalities yields that

x∗(M∗M − t2Il)x ≥ |xT (MTM − t20Il)x |+ (t20 − t2)|xTx|
≥ |xT (MTM − t20Il)x+ (t20 − t2)xTx |
= |xT (MTM − t2Il)x | for all x∈X .

Thus t∈Tk(M), and the proof of (a) is complete.
(b). Analogously one shows that t0 ∈ T̃k(M) implies that t∈ T̃k(M) for any t > t0. The latter
implication is equivalent to (b). The details are left to the reader.

6.6 The function ν
‖·‖

R (x, y)

In Section 6.3 we dealt with ν
‖·‖
R,k(X,Y ) for unitarily invariant norms and arbitrary k. We now

discuss the case k = 1 in detail. Throughout this section,

ν
‖·‖
F (x, y) := ν

‖·‖
F,1(x, y) = min{‖∆‖ | ∆∈Fq×l, ∆x = y }, (x, y)∈Cl × Cq.

According to Proposition 6.2.6 we have for any norm on Cl×q satisfying ‖∆‖ = ‖∆‖ that

ν
‖·‖
R (x, y) = ν

‖·‖
C,2( [x x], [y y]) = ν

‖·‖
C,2( [ℜx ℑx], [ℜy ℑy]).

By Proposition 6.2.3 we have for any M ∈Cq×l and any norm on Rl×q,

µ
‖·‖
R (M) =

(
min

x∈Cl\{0}
ν

‖·‖
R (Mx,x)

)−1

, (6.48)

and, if q = l =: n,

µ̃
‖·‖
R (M) = min

x∈Cn\{0}
ν

‖·‖
R (x,Mx), (6.49)

where µ
‖·‖
R

(·) and µ̃
‖·‖
R

(M) are the real µ-functions defined in (6.1) resp.(6.2). In this section

we consider only unitarily invariant norms. Our aim is to give explicit formulas for ν
‖·‖
R

(x, y)
and the matrix ∆0∈Rl×q of minimal norm satisfying ∆0x = y. We start with a lemma on the
Gramians

[x x]∗[x x] =

[
‖x‖22 xTx
xTx ‖x‖22

]
, [ℜx ℑx]T [ℜx ℑx] =

[
‖ℜx‖22 (ℜx)T (ℑx)

(ℑx)T (ℜx) ‖ℑx‖22

]
.

Note that [ℜx ℑx]T [ℜ ℑx] = W ∗
1 [x x]∗[x x]W1 where W1 is the matrix defined in (6.30).

Lemma 6.6.1 Let x∈Cl\{0}. Then the following conditions are equivalent.

(i) The vectors x and x are linearly dependent.

(ii) The vectors ℜx and ℑx are linearly dependent over R.

(iii) There exists z∈C \ {0} such that zx∈Rl.
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(vi) ‖x‖22 = |xTx|.

(v) rank

([
‖x‖22 xTx
xTx ‖x‖22

])
= 1.

(vi) rank

[
‖ℜx‖22 (ℜx)T (ℑx)

(ℑx)T (ℜx) ‖ℑx‖22

]
= 1.

Proof: We have

det

([
‖ℜx‖22 (ℜx)T (ℑx)

(ℜx)T (ℑx) ‖ℑx‖22

])
= ‖ℜx‖22‖ℑx‖22 − |(ℜx)T (ℑx)|2,

det

([
‖x‖22 xTx
xTx ‖x‖22

])
= ‖x‖42 − |xTx|2 = ‖x‖22‖x‖22 − |x∗x|4.

Thus the equivalences (i) ⇔ (iv) ⇔ (v) and (ii) ⇔ (vi) follow from the Cauchy-Schwarz
inequality.

(i)⇔ (iii). Suppose x and x are linearly dependent. Then there is a z∈C such that z2x = x
and |z| = 1. This implies zx = z−1x = z x = zx. Thus zx∈Rl. On the other hand, if zx∈Rl,
z 6= 0, then zx− zx = 0. Thus x and x are linearly dependent. (ii)⇔ (iii). Let λ1, λ2∈R and
z = λ1 + iλ2. Then

ℑ(zx) = λ2(ℜx) + λ1(ℑx).

The equivalence (ii)⇔ (iii) follows from this relation. �

In the proposition below we treat ν
‖·‖
R

(x, y) for the case when x and x are linearly dependent.

Proposition 6.6.2 Let (x, y)∈ (Cl\ {0}) × Cq. Set ∆0 := ‖x‖−2
2 yx∗. Then ∆0x = y. Suppose

that x and x are linearly dependent. Then the following assertions are equivalent.

(i) There is a z∈C\{0} such that zx∈Rl and zy∈Rq.

(ii) The matrix ∆0 is real.

(iii) There is a real matrix ∆∈Rq×l such that ∆x = y.

(iv) We have ∆0 = [y y][x x]†.

(v) We have

[
‖y‖22 yTy

yTy ‖y‖22

]
= t2

[
‖x‖22 xTx

xTx ‖x‖22

]
, where t = ‖y‖2/‖x‖2.

(vi) For any norm on Rq×l: ν
‖·‖
R

(x, y) 6=∞.

(vii) For any normalized unitarily invariant norm: ν
‖·‖
R

(x, y) = ‖∆0‖2 = ‖y‖2

‖x‖2
.

Proof: By Lemma 6.6.1 the linear dependence of x and x implies that rank

([
‖x‖22 xTx

xTx ‖x‖22

])
=

1 and z x∈Rl for some z∈C \ {0}. The latter yields the implications (iii)⇒ (i)⇒ (ii)⇒ (iii).
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The equivalence (iii) ⇔ (vi) and the implication (i) ⇒ (v) are trivial. If y = 0 then the
implication (v)⇒ (i) is trivial, as well. Suppose now, that y 6= 0 and (v) holds. Then

rank

([
‖y‖22 yTy

yTy ‖y‖22

])
= rank

([
‖x‖22 xTx

xTx ‖x‖22

])
= 1.

Thus, by Lemma 6.6.1, wy∈Rq for some w∈C\{0}. Moreover, (v) implies ‖x‖22 yTy = ‖y‖22 xTx.

Hence, ‖x‖22(w y)T (w y) = ‖y‖22(zx)T(zx)
(

w
z

)2
and therefore

(
w
z

)2
> 0. Thus z

w ∈ R, and
z y = z

wwy ∈R. Thus (v) implies (i). The first of the implications (iv) ⇒ (vii) ⇒ (vi) ⇒ (i)
follows from Proposition 6.3.6, the second is trivial and the third has already been shown. It re-

mains to prove that (i) implies (iv). However, if z x 6= 0 is a real vector then ker [x x] = C

[
z
−z

]

and (ker [x x])⊥ = C

[
z
z

]
. Moreover, range [x x] = C(z x). The matrix P := 1

2

[
z
z

]
(z x)∗

‖z x‖2
2

satisfies

P ([x x]u) = u for all u∈ (ker [x x])⊥ and Pv = 0 for all v∈ (range [x x])⊥. Thus P = [x x]†. If
the vector z y is real then [y y]P = ∆0. Thus (i) implies (iv). The proof is complete. �

In the next proposition we give explicit formulas for ν
‖·‖
R

(x, y) when x and x are linearly inde-
pendent.

Proposition 6.6.3 Let ‖ · ‖ be a unitarily invariant norm on Cl×q and let be ||| · ||| the absolute
and symmetric norm on Rmin{l,q} such that ‖∆‖ = ||| [σ1(∆), . . . , σmin{l,q}(∆) ]T ||| for all ∆∈
Cl×q. Let (x, y) ∈ (Cl \ {0}) × Cq. Suppose the vectors x and x are linearly independent. Let
∆0 = [y y][x x]†. Then

(i) The matrix ∆0 satisfies ∆0x = y. Moreover, ∆0 has the following representations.

∆0 = [y y]

[
‖x‖22 xTx

xTx ‖x‖22

]−1 [
x∗

xT

]

= (‖x‖42 − |xTx|2)−1 [y y]

[
‖x‖22 −xTx

−xTx ‖x‖22

][
x∗

xT

]

= [ℜy ℑy][ℜx ℑx]†

= [ℜy ℑy]
[
‖ℜx‖22 (ℜx)T (ℑx)

(ℜx)T (ℑx) ‖ℑx‖22

]−1 [
(ℜx)T
(ℑx)T

]

= h−1 [ℜy ℑy]
[
‖ℑx‖22 −(ℜx)T (ℑx)

−(ℜx)T (ℑx) ‖ℜx‖22

][
(ℜx)T
(ℑx)T

]
,

where h = ‖ℜx‖22‖ℑx‖22 − ((ℜx)T (ℑx))2.
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(ii) We have ν
‖·‖
R

(x, y) = ‖∆0‖ = ||| [σ1(∆0), σ2(∆0), 0 . . . , 0 ]T ||| and

σj(∆0)
2 = λj



[
‖x‖22 xTx

xTx ‖x‖22

]−1 [
‖y‖22 yTy

yTy ‖y‖22

]
 j = 1, 2

=
‖x‖22‖y‖22 − 2ℜ(xTx yTy) + (−1)j+1d1

‖x‖42 − |xTx|2

= λj



[
‖ℜx‖22 (ℜx)T (ℑx)

(ℜx)T (ℑx) ‖ℑx‖22

]−1 [ ‖ℜy‖22 (ℜy)T (ℑy)
(ℜy)T (ℑx) ‖ℑy‖22

]


=
(1/2)(‖ℑx‖22‖ℜy‖22 + ‖ℑy‖22‖ℜx‖22)− ((ℜx)T (ℑx))2 + (−1)j+1d2

‖ℜx‖22‖ℑx‖22 − ((ℜx)T (ℑx))2 ,

where λ1(·), λ2(·) are the eigenvalues of the matrix in question and

d1 := ( ‖x‖22‖y‖22 −ℜ(xTx yTy) )2 − (‖x‖42 − |xTx|2)(‖y‖42 − |yTy|2)

d2 := ( (1/2)(‖ℑx‖22‖ℜy‖22 + ‖ℑy‖22‖ℜx‖22)− ((ℜx)T (ℑx))2 )2

−(‖ℑx‖22‖ℜx‖22 − ((ℜx)T (ℑx))2)(‖ℑy‖22‖ℜy‖22 − ((ℜy)T (ℑy))2).

(iii) Assume that [
‖y‖22 yTy

yTy ‖y‖22

]
= t2

[
‖x‖22 xTx

xTx ‖x‖22

]

for some t ≥ 0. Then σ1(∆0) = σ2(∆0) = t and ν
‖·‖
R

(x, y) = ‖∆0‖ = t|||[1, 1, 0, . . . , 0]T |||.
Proof: This follows by applying Corollaries 6.3.4 and 6.3.5 to the matrix pairs (X,Y ) =
( [x x], [y y] ) resp. (X,Y ) = ( [ℜx ℑx], [ℜy ℑy] ). �

6.7 A lower bound for µ
‖·‖

R (M)

The aim of this section is to establish the following Proposition which gives an easily computable
lower bound for µ

‖·‖
R

(M) provided that the underlying norm is unitarily invariant.

Proposition 6.7.1 Let ‖·‖ be a unitarily invariant norm on Cl×q, min{l, q} ≥ 2, and let ||| · ||| be
the absolute and symmetric norm on Rmin{l,q} such that ‖∆‖ = ||| [σ1(∆), . . . , σmin{l,q}(∆) ]T |||
for all ∆∈Cl×q. Then for any M ∈Cq×l,

µ
‖·‖
R (M) ≥ σ2(M)/|||[1, 1, 0, . . . , 0]T |||.

In the corollary below µF
R
(·) denotes the real µ-function with respect to Frobenius norm, ‖ · ‖F .

Corollary 6.7.2 For every M ∈Cq×l we have τ1(M) ≥ σ2(M) and µF
R
(M) ≥ σ2(M)/

√
2.

Proof: This follows from Proposition 6.7.1 and the fact that

‖∆‖2 = ‖[σ1(∆), . . . , σmin{l,q}(∆) ]T ‖∞, ‖∆‖F = ‖[σ1(∆), . . . , σmin{l,q}(∆) ]T ‖2. �

The first statement of the corollary can be generalized: One always has τk(M) ≥ σ2k(M). The
proof is given in the appendix. In order to show Proposition 6.7.1 we need the following Lemma.
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Lemma 6.7.3 Let M ∈Cq×l and let X be a 2-dimensional subspace of Cl. Let a = minx∈X\{0}
‖Mx‖2

‖x‖2

and b = maxx∈X\{0}
‖Mx‖2

‖x‖2
. Then there exists a t0∈ [a, b] and an x0∈X \{0} such that

[
‖Mx0‖22 (Mx0)T (Mx0)

(Mx0)
T (Mx0) ‖Mx0‖22

]
= t20

[
‖x0‖22 xT

0 x0

xT
0 x0 ‖x0‖22

]
. (6.50)

Proof: Let v1, v2 be a basis of X . Consider the quadratic forms

qt(z1, z2) := (z1v1 + z2v2)
T (MTM − t2Il)(z1v1 + z2v2) z1, z2∈C, t ≥ 0

= α(t)z2
1 + 2β(t)z1z2 + γ(t)z2

2 ,

where

α(t) = vT
1 (MTM − t2Il)v1, β(t) = vT

1 (MTM − t2Il)v2, γ(t) = vT
2 (MTM − t2Il)v2.

Let xt := γ(t)v1 − (β(t) + s(t))v2, where s(t) denotes the square root of β(t)2 − α(t)γ(t) with
nonnegative imaginary part. Then xt is a continuous function of t ≥ 0 and we have

(Mxt)
T (Mxt)− t2xT

t xt = xT
t (MTM − t2Il)xt = qt(γ(t),−(β(t) + s(t)) ) = 0. (6.51)

Assume that α(t)2 + β(t)2 + γ(t)2 6= 0 for all t∈ [a, b]. This implies xt 6= 0 for all t∈ [a, b]. Thus,
the function

f : [a, b]→ R, f(t) :=
‖Mxt‖2
‖xt‖2

− t

is well defined. Moreover, f is continuous and satisfies f(a) ≥ 0, f(b) ≤ 0. Hence, there is a
t0∈ [a, b] such that f(t0) = 0. Set x0 := xt0 . Then we have t0 = ‖Mx0‖2/‖x0‖2 and, by (6.51),
(Mx0)

T (Mx0) = t20 x
T
0x0. The latter two relations are equivalent to (6.50).

Suppose now, there is a t0∈ [a, b] such that α(t0)
2 + β(t0)

2 + γ(t0)
2 = 0. Then qt0 ≡ 0. By

continuity of the function x 7→ ‖Mx‖2/‖x‖2, x∈X\{0} there is an x0 = z01 v1 + z02 v2∈X \{0}
satisfying ‖Mx0‖2/‖x0‖2 = t0. We have (Mx0)

T (Mx0) − t20 xT
0x0 = qt0(z01, z02) = 0. Thus t0

and x0 satisfy (6.50). �

Proof of Proposition 6.7.1: Let v1, v2 ∈ Cl \{0} be singular vectors to the largest singular
values of M , i.e. (M∗M)vk = σk(M)2vk, k = 1, 2 and v∗1v2 = 0. Then we have for the
2-dimensional subspace X := span{v1, v2} that

min
x∈X\{0}

‖Mx‖2
‖x‖2

= σ2(M) and max
x∈X\{0}

‖Mx‖2
‖x‖2

= σ1(M).

By Lemma 6.7.3 there exist x0 ∈ X \{0} and t0 ∈ [σ2(M), σ1(M)] such that (6.50) holds. By
Proposition 6.6.2 and claim (iii) of Proposition 6.6.3 the matrix ∆0 := [x x] [Mx Mx]† satisfies

σ1(∆0) = 1/t0 σ2(∆0) =

{
1/t0 if Mx and Mx are linearly independent,

0 otherwise.

Thus,

1/µ
‖·‖
R

(M) ≤ ν‖·‖
R

(Mx0, x0) = ‖∆0‖ ≤ 1
t0
|||[1, 1, 0, . . . , 0]T ||| ≤ 1

σ2(M) |||[1, 1, 0, . . . , 0]T ||| �



126 CHAPTER 6. SPECTRAL VALUE SETS FOR REAL PERTURBATIONS

6.8 Equality of µ
‖·‖

R (M) and µ
‖·‖

C (M).

In this section we address the question in which cases the equality µ
‖·‖
R

(M) = µ
‖·‖
C

(M) holds.
We are motivated by the following fact.

Proposition 6.8.1 Let ‖ · ‖ be an arbitrary norm on Cl×q. Let (A,B,C) ∈ Ln,l,q, G(s) =

C(sIn −A)−1B and EG := { s∈C\σ(A) | µ‖·‖
R

(G(s)) = µ
‖·‖
C

(G(s)) }. Then, for all ρ ≥ 0,

σ
‖·‖
C (A,B,C, ρ) ∩ EG ⊆ σ

‖·‖
R (A,B,C, ρ).

Proof: Obvious. �

Our first result is for the case that M resp. G(s) is a real matrix.

Proposition 6.8.2 Let ‖·‖α and ‖·‖β be norms on Cq resp. Cl, and let ‖·‖ be a norm on Cl×q

which is rank-1-compatible with the operator norm ‖ · ‖α,β . Suppose that one of the following
conditions holds.

(a) l = 1.

(b) The norm ‖ · ‖β is absolute and q = 1.

(c) The norm ‖ · ‖β is absolute and ‖ · ‖α is a weighted maximum norm, i.e. there are weights
r1, . . . , rm > 0 such that ‖y‖α = maxj∈m rj|yj| for all y∈Cq .

(d) α = β =: p∈ [1,∞].

Then

(i) For every M ∈Rq×l : µ
‖·‖
R

(M) = µ
‖·‖
C

(M) = ‖M‖β,α.

(ii) For every (A,B,C)∈Ln,l,q and every ρ ≥ 0,

σ
‖·‖
C (A,B,C, ρ) ∩ ℜG ⊆ σ

‖·‖
R (A,B,C, ρ),

where
ℜG := { s∈C\σ(A) | G(s)∈Rq×l }

is the realness locus of G(s) = C(sIn −A)−1B.

Proof: (i) By Theorem 2.5.2 we have for a real matrix M , µ
‖·‖
F

(M) = maxx∈Fl
‖Mx‖α

‖x‖β
,

F∈{R,C}. But, by Proposition 1.6.1 the two maxima coincide if one of the conditions (a)− (d)
is satisfied. Claim (ii) is a consequence of (i) and Proposition 6.8.1. �

Note that the realness locus ℜG is the intersection of the sets ℜgjk
= { s∈C\σ(A) | ℑ(gjk(s)) =

0 }, where gjk(s) is the entry in the jth row and kth column of G(s). The sets ℜgjk
are easily

seen to be real algebraic curves (with finitely many points removed). If the matrices A,B,C are
real then ℜG contains the real axis.

Next we consider the case when the underlying norm is the spectral norm and the matrix
M is not necessarily real. The Proposition below is a refinement of a result by Lewkowicz [71].
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Proposition 6.8.3 For any M ∈Cq×l the following holds.

(i) If σ1(M) = σ2(M) then τ1(M) = σ1(M).

(ii) Suppose σ1(M) 6= σ2(M) and let (u, v)∈Cq×Cl be a pair of left and right singular vectors of
M to the largest singular value (i.e. Mv = σ1(M)u, u∗M = σ1(M)v∗, ‖v‖2 = ‖u‖2 = 1).
Then τ1(M) = σ1(M) if and only if uTu = vT v.

Assume that the latter condition is fulfilled. Then the real matrix ∆0 := [Mv Mv]†[v v] =
σ1(M)−1[u u]†[v v] satisfies ∆0Mv = v. The singular values of ∆0 are σ1(∆0) = σ1(M)−1

and σ2(∆0) =

{
σ1(M)−1 if u and u are linearly independent

0 otherwise

Proof: Claim (i) follows from Corollary 6.7.2 and the trivial fact that σ1(M) ≥ τ1(M).
(ii). By Corollary 6.1.8 we have τ1(M) ≥ σ1(M) if and only if there is an x 6= 0 such that

x∗(M∗M − σ1(M)2Il)x ≥ |xT (MTM − σ1(M)2Il)x| (6.52)

The hermitian matrix M∗M − σ1(M)2Il is negative semi-definite and we have x∗(M∗M −
σ1(M)2Il)x = 0 if and only if M∗Mx = σ1(M)2x. The latter implies that x = zv for some
z ∈C\{0}, since σ1(M) > σ2(M). Thus (6.52) holds if and only if there is a z ∈C\{0} such
that x = zv and 0 = xT (MTM − σ1(M)2Il)x = z2σ1(M)2(uTu − vT v). This proves the first
statement of Claim (ii). Suppose now that uTu = vT v. Then (Mx)T (Mx) = σ1(M)2 xTx, and
therefore [

‖Mv‖22 (Mv)T (Mv)
(Mv)T (Mv) ‖Mv‖22

]
= σ1(M)2

[
‖v‖22 vT v
vT v ‖v‖22

]
.

Thus, the second statement of Claim (ii) follows from Proposition 6.6.2 and Claim (iii) of
Proposition 6.6.3. �

We now give an application of Proposition 6.8.3 to spectral value sets. For l, q ∈ N let Ml,q

denote the set of matrices of the form

[
M1 −M2

M2 M1

]
, where M1,M2 ∈Cq×l. The following facts

are easily verified.

(a) Ml,q is a complex vector space.

(b) If M ∈Ml,q, N ∈Mp,l then MN ∈Mp,q. In particular,Mn,n is an algebra for every n∈N.

(c) If M ∈Mn,n is invertible, then M−1∈Mn,n
2

(d) Let M1,M2∈Cq×l, x1, x2∈Cl and y1, y2∈Cq. Then the following equivalence holds.

[
M1 −M2

M2 M1

] [
x1

x2

]
=

[
y1

y2

]
⇔

[
M1 −M2

M2 M1

] [
−x2

x1

]
=

[
−y2

y1

]
.

2To see this, recall the following argument: Let λn +
Pn−1

k=0 akλk be the characteristic polynomial of M ∈Mn,n.
Then a0 = (−1)ndet(M). By the Cayley-Hamilton theorem, Mn +

Pn−1
k=0 akMk = 0. Hence, if M is invertible,

then − 1
a0

`
Pn

k=1 akMk−1
´

M = I . Thus, the matrix M−1 = − 1
a0

`
Pn

k=1 akMk−1
´

, being a polynomial in M is
an element of the algebra Mn,n.
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(e) Let M1,M2∈Cq×l, x1, x2∈Cl and y1, y2∈Cq. Suppose the vectors

[
x1

x2

]
and

[
−x2

x1

]
are lin-

early dependent. Then x2 = zx1 with z = i or z = −i. If, in addition,

[
M1 −M2

M2 M1

] [
x1

x2

]
=

[
y1
y2

]
then y2 = zy1, as well.

Proposition 6.8.4 If M ∈Ml,q then τ1(M) = σ1(M).

Proof: Let v = [vT
1 vT

2 ]T ∈ C2l and u = [uT
1 uT

2 ]T ∈ C2q be a pair of normed left and right
singular vectors to the largest singular values of M , i.e.

[
M1 −M2

M2 M1

] [
v1
v2

]
= σ1(M)

[
u1

u2

]
,

∥∥∥∥
[
v1
v2

] ∥∥∥∥
2

=

∥∥∥∥
[
u1

u2

] ∥∥∥∥
2

= 1.

This implies

[
M1 −M2

M2 M1

] [
−v2
v1

]
= σ1(M)

[
−u2

u1

]
,

∥∥∥∥
[
−v2
v1

] ∥∥∥∥
2

=

∥∥∥∥
[
−u2

u1

] ∥∥∥∥
2

= 1.

Thus, the vectors ṽ = [−vT
2 vT

1 ]T and ũ = [−uT
2 uT

1 ]T also form a pair of normed left and right
singular vectors to the largest singular value of M . If v and ṽ are linearly independent, then
σ1(M) = σ2(M), and therefore τ1(M) = σ1(M). If v and ṽ are linearly dependent then, by the

remark (e) above, v =

[
v1
zv1

]
and u =

[
u1

zu1

]
for z = i or z = −i. Consequently, vT v = uTu = 0.

Thus τ1(M) = σ1(M). �

Corollary 6.8.5 Let (Ak, Bk, Ck)∈Ln,l,q, k = 1, 2, and let ρ ≥ 0. Then

σ
(2)

R

([
A1 −A2

A2 A1

]
,

[
B1 −B2

B2 B1

]
,

[
C1 −C2

C2 C1

]
, ρ

)
= σ

(2)

C

([
A1 −A2

A2 A1

]
,

[
B1 −B2

B2 B1

]
,

[
C1 −C2

C2 C1

]
, ρ

)
.

Proof: From the remarks (a), (b), (c) above it follows that the rational matrix function

G(s) =

[
C1 −C2

C2 C1

](
sI −

[
A1 −A2

A2 A1

])−1 [
B1 −B2

B2 B1

]

satisfies G(s)∈Ml,q. Hence, σ1(G(s)) ≡ τ1(G(s)). �

6.9 Continuity of real µ-functions

In [9] the following theorem has been shown for the real perturbation values.

Theorem 6.9.1 Let M0∈Cq×l. If rank(ℑM0) ≥ 2k − 1 then the kth real perturbation value of
first kind, τk : Cq×l → R, is continuous at M0.

In particular Theorem 6.9.1 states that if M0 ∈Cq×l is nonreal then the real µ-function µ
(2)

R
=

τ1 : Cq×l → R is continuous at M0. The main goal of this section is to show the following
generalization of this result.
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Theorem 6.9.2 Let ‖ · ‖ : Rl×q → R be a norm with the following property.

(g) For every pair (u, v)∈(Rq\{0}) × (Rl\{0}) there exists a rank-1-matrix ∆0∈Rl×q such that

∆0u = v and ‖∆0‖ = min
{
‖∆‖

∣∣ ∆∈Rl×q, ∆u = v
}
.

Then the real µ-function

µ
‖·‖
R : Cq×l → R, µ

‖·‖
R (M) =

(
min{ ‖∆‖ | ∆∈Rl×q, 1∈σ(∆M) }

)−1

is continuous at all M0∈Cq×l\Rq×l.

Note that by Proposition 6.2.4 all norms which are rank-1-compatible with an operator norm
have property (g). Before we prove Theorem 6.9.2 we state a consequence for real spectral value
sets and give a more specific result for real perturbation values.
Recall that by Proposition 2.2.4 and Theorem 2.4.5 for any (A,B,C) ∈ Ln,l,q, ρ > 0, the set

σ
‖·‖
R

(A,B,C, ρ) is the topological closure of

◦
σ

‖·‖
R (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | µ

‖·‖
R (G(s)) > ρ−1 }, G(s) = C(sIn −A)−1B.

Corollary 6.9.3 Suppose that the underlying norm ‖ · ‖ : Rl×q → R has property (g). Then

for any (A,B,C)∈Ln,l,q, ρ > 0, the set
◦
σ

‖·‖
R

(A,B,C, ρ) \ (σ(A) ∪RG) is open, where RG is the
realness locus of G(s).

Proof: This is immediate from Theorem 6.9.2. �

Proposition 6.9.4 The maximum real perturbation value τ1 : Cq×l → R is discontinuous at
M0∈Cq×l if and only if M0∈Rq×l and σ1(M0) 6= σ2(M0).

Proof: Since the spectral norm has property (g), the function τ1(·) is continuous at all nonreal
matrices by Theorem 6.9.2. In the sequel let M0 ∈Rq×l be real. Then τ1(M0) = σ1(M0). For
all M ∈Cq×l we have σ1(M) ≥ τ1(M) ≥ σ2(M), see Corollary 6.7.2 for the second inequality.
Since the functions Cq×l ∋M 7→ σk(M) are continuous it follows that τ1 is continuous at M0 if
σ1(M0) = σ2(M0). In the next chapter (see Proposition 7.2.4) we will show that for z∈C,

τ1(zM0) =

{
|z|σ1(M0) if z∈R,

|z|
√
σ1(M0)σ2(M0) otherwise.

Thus, the function M 7→ τ1(M) is discontinuous at M0 if σ1(M0) 6= σ2(M0). �

We are now going to prove Theorem 6.9.2. Since µ-functions are always upper semi-continuous
(see Section 2.4 and Section 6.2) we only have to show that µ

‖·‖
R

(·) is lower semi-continuous at
M0∈Cq×l\Rq×l. We distinguish 3 cases, labeled by (Ck), k = 1, 2, 3. The first case is

(C1) µ
‖·‖
R

(M0) = 0.

If µ
‖·‖
R

(M0) 6= 0 then there is ∆0∈Rl×q and x0∈Cl\{0} such that

‖∆0‖−1 = µ
‖·‖
R (M0) and ∆0M0x0 = x0. (6.53)
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Note that the identity ∆0M0x0 = x0 is equivalent to the pure real equation

∆0 [ℜ(M0x0) ℑ(M0x0)] = [ℜ(x0) ℑ(x0)]. (6.54)

We distinguish the cases

(C2) The vectors ℜ(M0x0) and ℑ(M0x0) are linearly independent.

(C3) The vectors ℜ(M0x0) and ℑ(M0x0) are linearly dependent.

The assumption that the underlying norm has property (g) is only needed in the case (C3).

In the case (C1) the continuity at M0 of the upper semi-continuous function µ
‖·‖
R

: Cq×l →
[0,∞] is consequence of the following fact. We leave its easy proof to the reader.

Proposition 6.9.5 Let T be a topological space and let f : T → R be an upper semi-continuous
function. Suppose that f attaines a local minimum at θ0∈T . Then f is continuous at θ0.

Now, we treat the case (C2). We show that in this case there is a neighborhood V ⊂ Cq×l of

M0 and a continuous function Ψ : V → Rl×q, M
Ψ7−→ ∆M , satisfying ∆M0 = ∆0 and ∆M (Mx0) =

x0 for every M ∈V. The latter implies that on V the function µ
‖·‖
R

(·) is bounded from below by

the continuous function M 7→ ‖∆M‖−1. Since ‖∆M0‖−1 = ‖∆0‖−1 = µ
‖·‖
R

(M0) this proves the

lower semi-continuity of µ
‖·‖
R

(·) at M0.
The construction of the function Ψ is based on the following lemma.

Lemma 6.9.6 Suppose that ∆0X0 = Y0, where (X0, Y0,∆0)∈Rq×k × Rl×k × Rl×q and Y0 6= 0.
If the columns of X0 are linearly independent then there is an open neighborhood U ⊂ Rq×k of
X0 and a continuous function

Φ:U ×Rℓ×k → Rl×q, (X,Y )
Φ7−→ ∆X,Y

such that ∆X0,Y0 = ∆0, and ∆X,YX = Y for every (X,Y )∈U × Rl×k.

Proof: Consider the bilinear map

β : Rl×q × Rq×k → Rl×k β(∆,X) := ∆X.

Since the columns of X0 are linearly independent, the matrix XT
0 X0 is nonsingular. We have

β(Y (XT
0 X0)

−1X0, X0) = Y for every Y ∈Rl×k. Thus, the linear map β(·,X0) : Rl×q → Rl×k

is onto. Since Y0 6= 0 and β(∆0,X0) = ∆0X0 = Y0, the matrix ∆0 is not contained in the
kernel of β(·,X0). Hence we can find a subspace S of Rl×q such that S contains ∆0 and the
restriction β(·,X0)|S is bijective. After choosing bases in both spaces S and Rl×k the linear
maps β(·,X)|S : S → Rl×k, X∈Rq×l, are represented by matrices AX whose coefficients depend
analytically on the entries of X. We have det(AX0) 6= 0, and therefore det(AX) 6= 0 for all X in
an open neighborhood U ⊂ Rq×k of X. Thus β(·,X)|S is bijective for all X∈U . For X∈U and
Y ∈Rℓ×k set Φ(X,Y ) := ∆X,Y := (β(·,X)|S)−1 Y. Then Φ has the required properties. �

We formulate the construction of the function Ψ, mentioned above, as a corollary.

Corollary 6.9.7 Let x0 ∈ Cl, y0 ∈ Cq, M0 ∈ Cq×l and ∆0 ∈ Rl×q. Suppose that the vectors
ℜ(M0x0) and ℑ(M0x0) are linearly independent. Then there is a an open neighborhood V ⊂ Cq×l

of M0 and a continuous function V ∋M 7→ ∆M ∈Rl×q satisfying ∆M0 = ∆0 and ∆M(Mx0) = x0

for every M ∈V.
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Proof: Set X0 = [ℜ(M0x0) ℑ(M0x0)] and Y0 = [ℜx0 ℑx0]. By Lemma 6.9.6 there is an
open neighborhood U ⊂ Rq×2 of X0 and a continuous function U × Rl×2 ∋ (X,Y ) 7→ ∆X,Y

satisfying ∆X,YX = Y and ∆X0,Y0 = ∆0. Let V ⊂ Cq×l be an open neighborhood of M0 such
that [ℜ(Mx0) ℑ(Mx0)]∈U for every M ∈V. Set ∆M := ∆[ℜ(Mx0) ℑ(Mx0)], [ℜx0 ℑx0]. Then the

map V ∋M 7→ ∆M ∈Rl×q has the required properties. �

Thus, the proof for the case (C2) is complete. Next, we treat the case (C3). We need a lemma.

Lemma 6.9.8 Let u∈Cq, v∈Cq and ∆∈Rl×q be such that ∆u = v. Suppose that ℜu and ℑu
are linearly dependent. Then

(i) There is z∈C\{0} such that the vectors zu and zv are both real.

(ii) If v is a real vector and v 6= 0 then u is a real vector as well.

Proof: Claim (i) is part of Proposition 6.6.2. However, let us recall the argument. Since
ℜu and ℑu are linearly dependent there is (λ1, λ2) ∈R2\{0} such that λ2u1 + λ1u2 = 0. Set
z := λ1 + iλ2. Then ℑ(zu) = λ2u1 + λ1u2 = 0. Thus zu∈Rq. Now, the relation ∆u = v and
the realness of ∆ imply zv = ∆(zu)∈Rl.

(ii). If v is real then ∆u = v implies ∆(ℑu) = 0 and ∆(ℜu) = v. Now, v 6= 0 yields that
ℜu 6= 0. Since ℜu and ℑu are linearly dependent we have ℑu = λ(ℜu) for some λ ∈ R. The
relation λv = ∆(λℜu) = ∆(ℑu) = 0 yields λ = 0. Thus u is real. �

In case (C3) we have that ∆0M0x0 = x0 6= 0, where ℜ(M0x0) and ℑ(M0x0) are linearly
dependent. Thus, according to the first claim of Lemma 6.9.8, we may assume that the vectors
x0 6= 0 and M0x0 6= 0 are both real. The relation ‖∆0‖−1 = µ

‖·‖
R

(M0) implies that

‖∆0‖ = min
{
‖∆‖

∣∣∣ ∆∈Rl×q, ∆M0x0 = x0

}
.

Since the norm ‖ · ‖ has property (g), we may assume that ∆0 has rank 1. Then ∆0 can be
written in the form ∆0 = x0w

T where w∈Rq and wTM0x0 = 1. It follows that

∆T
0M

T
0 w = w(xT

0 M
T
0 w) = w. (6.55)

Now, we have again two cases.

(a) The vectors ℜ(MT
0 w) and ℑ(MT

0 w) are linearly independent.

Let us define a ’dual’ norm ‖ · ‖d : Rq×l → R by ‖∆T ‖d := ‖∆‖ for every ∆ ∈ Rl×q.
The equivalence

1∈σ(∆M) ⇔ 1∈σ(M∆) = σ((M∆)T ) = σ(∆TMT )

implies that µ
‖·‖d

R
(MT ) = µ

‖·‖
R

(M) for all M ∈Cq×l. Thus, the function µ
‖·‖
R

(·) is continuous

at M0 if and only if the function µ
‖·‖d

R
(·) is continuous at MT

0 . However, if ℜ(MT
0 w) and

ℑ(MT
0 w) are linearly independent, then we have case (C2) for the dual norm ‖ · ‖d. Thus

µ
‖·‖
R

(·) is continuous at M0.
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(b) The vectors ℜ(MT
0 w) and ℑ(MT

0 w) are linearly dependent.

In this case equation (6.55) and the second claim of Lemma 6.9.8 yield that MT
0 w is

real. Thus, wTM0x ∈ R\{0} for every x in an open neighborhood W ⊂ Rl of x0. Set
∆x := (wTM0x)

−1xwT , x∈W. Then ∆x is a real matrix and ∆xM0x = x for every x∈W.
The function W ∋ x 7→ ∆x∈Rl×q is continuous. Moreover, ∆x0 = ∆0, and consequently,

‖∆x0‖−1 = ‖∆0‖−1 = µ
‖·‖
R

(M0).

Now, let ǫ > 0 be given. By assumption, M0 is nonreal. Thus arbitrarily close to x0 we
can find an x1∈W satisfying ℑ(M0x1) 6= 0. By continuity, we can choose x1 such that

‖∆x1‖−1 ≥ ‖∆x0‖−1 − ǫ

2
= µ

‖·‖
R (M0)−

ǫ

2
. (6.56)

We have ℑ(M0x1) 6= 0 and ∆x1M0x1 = x1∈Rl. Thus the vectors ℜ(M0x1) and ℑ(M0x1)
are linearly independent by claim (ii) of Lemma 6.9.8. Hence, by Corollary 6.9.7 (with x0

replaced by x1) there is an open neighborhood V ⊂ Cq×l of M0 and a continuous function
V ∋ M 7→ ∆M satisfying ∆M0 = ∆x1 and ∆M(Mx1) = x1 for every M ∈ V. The latter

implies that ‖∆M‖−1 ≤ µ
‖·‖
R

(M) for M ∈V. By continuity there is a neighborhood V ′ of
M0 such that ‖∆x1‖−1 − ǫ

2 = ‖∆M0‖−1 − ǫ
2 ≤ ‖∆M‖−1 for every M ∈V ′. By combining

this with (6.56) we obtain

µ
‖·‖
R (M0)− ǫ ≤ ‖∆x1‖−1 − ǫ

2
≤ ‖∆M‖−1 ≤ µ‖·‖

R (M), ∀M ∈V ′.

Thus, we have shown that the function µ
‖·‖
R

(·) is lower semi-continuous at M0, and the
proof of Theorem 6.9.2 is complete. ✷



Chapter 7

Real spectral value sets for special

matrices

This chapter deals with real spectral value sets of special matrices. In the first section we give
a formula for the largest real perturbation value of block diagonal matrices. The proof of this
formula is based on the characterization of real perturbation values by hermitian-symmetric
inequalities. As an application we determine in Sections 7.2 and 7.3 the real spectral value
sets of diagonal matrices and real pseudospectra of normal matrices. Section 7.4 is about real
pseudospectra of 2× 2 matrices with respect to arbitrary unitarily invariant norms. Finally, in
the last section we consider root sets of uncertain polynomials.

7.1 A formula for block diagonal matrices

For any direct sum of matrices Mj ∈Cqj×lj the largest singular value satisfies

σ1

(⊕
j∈mMj

)
= max

j∈m
σ1(Mj). (7.1)

From this fact it follows that for any family of matrix triples (Aj , Bj , Cj)∈Lnj ,lj ,qj
, j∈m,

σ
(2)

C

(⊕
j∈mAj ,

⊕
j∈mBj ,

⊕
j∈mCj , ρ

)
=
⋃

j∈m

σ
(2)

C (Aj , Bj , Cj , ρ) .

Unfortunately, (7.1) fails in most cases if one replaces σ1 by τ1. Here is a simple counterexample:
There is no real number ∆∈R such that ∆i = 1. Thus the 1× 1-matrix [i] satisfies τ1([i]) = 0.

However, Proposition 6.8.3 yields τ1([i] ⊕ [i]) = τ1

([
i 0
0 i

])
= σ1

([
i 0
0 i

])
= 1. Observe that

for the largest real perturbation value of direct sums we always have

τ1

(⊕
j∈mMj

)
≥ max

j∈m
τ1(Mj), Mj ∈Cqj×lj . (7.2)

To see this, assume without loss of generality that maxj∈mτ1(Mj) = τ1(M1) > 0, and let
∆0 ∈Rl1×q1 be such that ‖∆0‖−1

2 = τ1(M1) and 1∈σ(∆0M1). Set ∆1 := ∆ ⊕ O, where O is a
zero matrix of appropriate dimension such that the product ∆1 (

⊕
j∈mMj) is well defined. Then

‖∆1‖2 = ‖∆0‖2 and 1∈σ
(
∆1 (

⊕
j∈mMj)

)
, whence τ1

(⊕
j∈mMj

)
≥ τ1(M1).

133
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The aim of this section is to prove an analog to (7.1) which is more precise then the inequality
(7.2). We need the following fact.

Fact: Let HS0
n denote the set of (H,S) ∈HSn with the property that for every x∈Cn\{0},

xTSx = 0 implies x∗Hx < 0. For (H,S)∈HS0
n we set x∗Hx

|xT Sx| := −∞ if xTSx = 0, x 6= 0. With

this convention the map

HS0
n × (Cn\{0}) ∋ ((H,S), x) 7−→ x∗Hx

|xTSx|

becomes continuous. Therefore, the map

HS0
n ∋ (H,S) 7−→ max

x∈Cn

‖x‖2=1

x∗Hx
|xTSx| = max

x∈Cn\{0}

x∗Hx
|xTSx|

is well defined and continuous.✷

By Corollary 6.1.8 we have for any M ∈Cq×l,

τ1(M) = max{ t ≥ 0 | ∃x∈C\{0} : x∗(M∗M − t2Il)x ≥ |xT (MTM − t2Il)x| }.

Thus t > τ1(M) implies (M∗M − t2Il,MTM − t2Il) ∈ HS0
l . Therefore, the function

τ1(M) < t 7−→ φM (t) := max
x∈Cl\{0}

x∗(M∗M − t2Il)x
|xT (MTM − t2Il)x|

(7.3)

is well defined and continuous. If t > σ1(M) then φM (t) < 0. For matrix pairsM1∈Cq1×l1, M2∈
Cq2×l2 we define

T (M1,M2) := { t > max{τ1(M1), τ1(M2)} | φM1(t) + φM2(t) ≥ 0 }.

The set T (M1,M2) is contained in the intervall [ 0,max{σ1(M1), σ1(M2)} ]. If T (M1,M2) 6= ∅
then by continuity max T (M1,M2) exists. We now state the main result of this section.

Theorem 7.1.1 Let Mj ∈Cqj×lj , j∈m, m ≥ 2. Then

τ1

(⊕
j∈mMj

)
= max

1≤j<k≤m
τ1 (Mj ⊕Mk) . (7.4)

Moreover,

τ1(M1 ⊕M2) =

{
max{τ1(M1), τ1(M2)} if T (M1,M2) = ∅,
max T (M1,M2) otherwise.

(7.5)

In the latter case a real matrix ∆0 ∈ R(l1+l2)×(q1+q2) satisfying ‖∆0‖2 = 1/τ1(M1 ⊕M2) and
1∈σ(∆0(M1 ⊕M2)) can be obtained as follows: Let t0 = max T (M1,M2) and let yk ∈Clk \{0}
be such that φMk

(t0) =
y∗

k(M∗
k Mk−t20Ilk

)yk

|yT
k (MT

k Mk−t20Ilk
)yk |

, k ∈ {1, 2}. Let wk ∈ C \ {0} be a square root of

yT
k (MT

k Mk − t20Ilk)yk. Set x1 := w−1
1 y1, x2 := i w−1

2 y2 and ∆0 :=

[
x1 x1

x2 x2

] [
M1x1 M1x1

M2x2 M2x2

]†
.

Then ∆0 has the required properties.
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As a corollary to Theorem 7.1.1 we obtain the following result on real spectral value sets of
block diagonal matrices with respect to the spectral norm.

Corollary 7.1.2 For any family of matrix triples (Aj , Bj , Cj)∈Lnj ,lj ,qj
, j∈m, m ≥ 2, ρ ≥ 0,

σ
(2)

R

(⊕
j∈mAj ,

⊕
j∈mBj ,

⊕
j∈mCj, ρ

)
=

⋃

1≤j<k≤m

σ
(2)

R (Aj ⊕Ak, Bj ⊕Bk, Cj ⊕ Ck, ρ)

⊇
⋃

j∈m

σ
(2)

R (Aj , Bj , Cj, ρ) .

Proof of Corollary 7.1.2: LetG(s) =
(⊕

j∈mCj

)(
sI −⊕j∈mAj

)−1 (⊕
j∈mBj

)
andGj(s) =

Cj(sIlj −A)−1Bj , j∈m. Then Theorem 7.1.1 yields

τ1(G(s)) = τ1(
⊕

j∈mGj(s)) = max
1≤j<k≤m

τ1 (Gj(s)⊕Gk(s)) ≥ max
j∈m

τ1(Gj(s)).

This implies the result. �

The proof of Theorem 7.1.1 is based on a Proposition 7.1.4 below which in turn is a consequence
of the following lemma.

Lemma 7.1.3 Let λ1, . . . , λm∈R and z1, . . . , zm∈C be such that

∑
j∈mλj ≥

∣∣∣
∑

j∈mzj

∣∣∣ . (7.6)

Then at least one of the following conditions (a) and (b) holds.

(a) λj ≥ |zj | for some j∈m.

(b)
λj

|zj | + λk
|zk| ≥ 0 for some j, k∈m with j 6= k and |zj | 6= 0 6= |zk|.

Proof: The claim is obvious if m = 1, so let m ≥ 2. Suppose that (7.6) holds and neither (a)
nor (b) is satisfied. Then we have for some j0∈m,

0 ≤ λj0 < |zj0 | and λj < −
λj0

|zj0|
|zj | for all j 6= j0.

This yields the contradiction

∑
j∈mλj <

λj0

|zj0|


|zj0 | −

∑

j 6=j0

|zj |


 ≤ λj0

|zj0 |
∣∣∣
∑

j∈mzj

∣∣∣ <
∣∣∣
∑

j∈mzj

∣∣∣ .
�

Proposition 7.1.4 Let Hj ∈ C nj×nj be hermitian and Sj ∈ C nj×nj be symmetric matrices,
j∈m, m ≥ 2. Then the following assertions (i) and (ii) are equivalent.

(i) There is x∈Cn\{0}, n =
∑

k∈m nk, such that

x∗
(⊕

j∈mHj

)
x ≥

∣∣∣xT
(⊕

j∈mSj

)
x
∣∣∣ . (7.7)
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(ii) One of the following conditions holds.

(a) There is j∈m and xj ∈Cnj \{0} such that x∗jHjxj ≥ |xT
j Sxj |.

(b) There are j, k∈m j 6= k, and xj ∈Cnj , xk∈Cnk such that xT
j Sjxj 6= 0 6= xT

k Skxk and

x∗jHjxj

|xT
j Sjxj|

+
x∗kHkxk

|xT
j Skxk|

≥ 0.

Proof: Let x = [xT
1 . . . x

T
m]T 6= 0, xj ∈Cnj , and J = { j ∈m | xj 6= 0 }. Then the inequality

(7.7) reads
∑

j∈Jx
∗
jHjxj ≥

∣∣∣
∑

j∈Jx
T
j Sjxj

∣∣∣ .

Thus, (i) implies (ii) by Lemma 7.1.3. Obviously, (a) implies (i). Suppose now, that (b) holds.
Let wj , wk 6= 0 be square roots of xT

j Sjxj and xT
k Skxk respectively. Set x̃j := w−1

j xj and

x̃k := i w−1
k xk. Then

x̃∗jHjx̃j + x̃∗kHkx̃k =
x∗jHjxj

|xT
j Sjxj |

+
x∗kHkxk

|xT
j Skxk|

≥ 0, and x̃T
j Sj x̃j + x̃T

k Skx̃k = 0

Set x̃ℓ := 0∈Cnℓ , ℓ∈m\{j, k}, and x̃ := [x̃T
1 . . .x̃

T
m]T . Then x̃∗

(⊕
ℓ∈mHℓ

)
x̃ ≥

∣∣∣x̃T
(⊕

ℓ∈mSℓ

)
x̃
∣∣∣ .

Thus (b) implies (i). �

Proof of Theorem 7.1.1: First, recall that by Theorem 6.1.7 and Corllary 6.1.8 we have for
any t ≥ 0 and any complex matrix M that t ≤ τ1(M) if and only if there is a vector x 6= 0 such
that x∗(M∗M − t2I)x ≥ |x∗(MTM − t2I)x|.

Let t ≥ 0. Then t ≤ τ1
(⊕

j∈JMj

)
if and only if there is an x 6= 0 such that

x∗
((⊕

j∈mMj

)∗ (⊕
j∈mMj

)
− t2I

)
x ≥

∣∣∣∣x
T

((⊕
j∈mMj

)T (⊕
j∈mMj

)
− t2I

)
x

∣∣∣∣ ;

equivalently,

x∗
(⊕

j∈m(M∗
j Mj − t2Ilj )

)
x ≥

∣∣∣xT
(⊕

j∈m(MT
j Mj − t2Ilj )

)
x
∣∣∣ .

By Proposition 7.1.4 this is equivalent to the statement (At) below.

(At) The number t fulfills one of the following conditions.

(a) There is j∈m and xj ∈Cnj\{0} such that x∗j(M
∗
j Mj−t2Ilj)xj ≥ |xT

j (MT
j Mj−t2Ilj )xj |.

(b) There are j, k ∈m j 6= k, and xj ∈Cnj , xk ∈Cnk such that xT
j (MT

j Mj − t2Ilj)xj 6=
0 6= xT

k (MT
k Mk − Ilk)xk and

x∗j(M
∗
j Mj − t2Ilj )xj

|xT
j (MT

j Mj − t2Ilj )xj|
+

x∗k(M
∗
kMk − t2Ilk)xk

|xT
j (MT

k Mk − t2Ilk)xk|
≥ 0.

But the statement (At) is equivalent to the assertion (Bt):
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(Bt) There is a pair j, k∈m, j < k, such that one of the following conditions holds.

(ajk) There is an xj∈Cnj \{0} such that x∗j(M
∗
j Mj − t2Ilj )xj ≥ |xT

j (MT
j Mj − t2Ilj )xj |

or,
there is an xk∈Cnk \{0} such that x∗k(M

∗
kMk − t2Ilk)xk ≥ |xT

k (MT
k Mk − t2Ilk)xk|.

(bjk) Condition (ajk) fails and there are xj ∈Cnj , xk∈Cnk such that xT
j (MT

j Mj−t2Ilj )xj 6=
0 6= xT

k (MT
k Mk − t2Ilk)xk and

x∗j (M
∗
j Mj − t2Ilj)xj

|xT
j (MT

j Mj − t2Ilj )xj |
+

x∗k(M
∗
kMk − t2Ilk)xk

|xT
j (MT

k Mk − t2Ilk)xk|
≥ 0.

Condition (Bt) is in turn equivalent to the statement (Ct):

(Ct) There is a pair j, k∈m, j < k, satisfying one of the following conditions.

(a′jk) t ≤ max{τ1(Mj), τ1(Mk)}
(b′jk) t > max{τ1(Mj), τ1(Mk)} and t∈T (Mj ,Mk).

Thus, we have shown that the equivalence

t ≤ τ1
(⊕

j∈mMj

)
⇔ (Ct). (7.8)

holds for all t ≥ 0. In particular, we have for the case m = 2,

t ≤ τ1(M1 ⊕M2) ⇔





t ≤ max{τ1(M1), τ1(M2)}
or

t > max{τ1(M1), τ1(M1)} and t∈T (M1,M2).

This yields Formula (7.5), i.e.

τ1(M1 ⊕M2) =

{
max{τ1(M1), τ1(M2)} if T (M1,M2) = ∅,
max T (M1,M2) otherwise.

Hence, for arbitrary m the assertion (Ct) is equivalent to the statement

(Dt) There is a pair j, k∈m, j < k, such that t ≤ τ1(Mj ⊕Mk).

On replacing (Ct) by (Dt) in (7.8) we obtain Formula (7.4).

Suppose now, that T (M1,M2) 6= ∅ and let t0 = τ1(M1 ⊕ M2). Then the continuity of the
function t 7→ φM1(t)+φM2(t) yields φM1(t0)+φM2(t0) = 0. Hence, the vectors y1, y2, mentioned
in the theorem, satisfy

y∗1(M
∗
1M1 − t20Il1)y1

|yT
1 (MT

1 M1 − t20Il1)y1|
+

y∗2(M
∗
2M2 − t20Il2)y2

|yT
2 (MT

2 M2 − t20Il2)y2|
= 0.

Let x = [xT
1 xT

2 ]T where x1 = w−1
1 y1, x2 = iw−1

2 y2 and wk =
√
yT

k (MT
k Mk − t20Ilk)yk. Then

x∗((M1 ⊕M2)
∗(M1 ⊕M2)− t20)x = x∗1(M

∗
1M1 − t20II1)x1 + x∗2(M

∗
2M2 − t20II1)x2 = 0,

xT ((M1 ⊕M2)
T (M1 ⊕M2)− t20)x = xT

1 (MT
1 M1 − t20II1)x1 + xT

2 (MT
2 M2 − t20II1)x2 = 0.
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Hence,
[

‖(M1 ⊕M2)x‖22 xT (M1 ⊕M2)T (M1 ⊕M2)x
xT (M1 ⊕M2)

T (M1 ⊕M2)x ‖(M1 ⊕M2)x‖22

]
= t20

[
‖x‖22 xTx
xTx ‖x‖22

]
.

Thus Propositions 6.6.2 and claim (iii) of Proposition 6.6.3 yield that ∆0(M1 ⊕M2)x = x and
‖∆0‖2 = t−1

0 , where

∆0 = [x x ][(M1 ⊕M2)x (M1 ⊕M2)x ]†

=

[
x1 x1

x2 x2

] [
M1x1 M1x1

M2x2 M2x2

]†
∈ R(l1+l2)×(q1+q2).

�

Next, we consider the minimal real perturbation value, τ̃min(·), of direct sums. By Corollary
6.1.8 we have for any square matrix M ∈Cn×n,

τ̃min(M) = min{ t ≥ 0 | ∃x∈Cn\{0} : x∗(t2In −M∗M)x ≥ |xT (t2In −MTM)x| }.
Moreover, τ̃min(M) = 0 if and only if M is singular. Thus, for nonsingular M ∈Cn×n the interval
[0, τ̃min(M) ) is nonempty, and t∈ [0, τ̃min(M) ) implies that (t2In−M∗M, t2In−MTM) ∈ HS0

n.
Hence, the function

[0, τ̃min(M) ) ∋ t 7−→ φ̃M (t) := max
x∈Cn\{0}

x∗(t2In −M∗M)x

|xT (t2In −M∗M)x| (7.9)

is well defined and continuous. For a pair of square matrices M1∈Cn1×n1 , M2∈Cn2×n2 let

T̃ (M1,M2) := { t ≥ 0 | t < min{τmin(M1), τmin(M2)}, φ̃M1(t) + φ̃M2(t) ≥ 0 }
Theorem 7.1.5 Let Mj ∈Cnj×nj , j∈m, m ≥ 2. Then

τ̃min

(⊕
j∈mMj

)
= min

1≤j<k≤m
τ̃min (Mj ⊕Mk) . (7.10)

Moreover,

τ̃min(M1 ⊕M2) =

{
min{τ̃min(M1), τ̃min(M2)} if T̃ (M1,M2) = ∅,
min T̃ (M1,M2) otherwise.

In the latter case a real matrix ∆0 ∈ R(n1+n2)×(n1+n2) satisfying ‖∆0‖2 = τ̃min(M1 ⊕M2) and
det((M1⊕M2)−∆0) = 0 can be obtained as follows: Let t0 = min T̃ (M1,M2) and let yk∈Cnk\{0}
be such that φ̃Mk

(t0) =
y∗

k(t20Ilk
−M∗

k Mk)yk

|yT
k (t20Ink

−MT
k Mk)yk |

, k ∈ {1, 2}. Let wk ∈ C \ {0} be a square root of

yT
k (t20Ink

−MT
k Mk)yk. Set x1 := w−1

1 y1, x2 := i w−1
2 y2 and ∆0 :=

[
M1x1 M1x1

M2x2 M2x2

] [
x1 x1

x2 x2

]†
.

Then ∆0 has the required properties.

Theorem 7.1.5 can be proved in the same way as Theorem 7.1.1 via Proposition 7.1.4 . An al-
ternative method to show Theorem 7.1.5 is by using Theorem 7.1.4 and the fact that τ̃min(M) =
τ1(M

−1)−1. The details are left to the reader.

Either from Theorem 7.1.5 or by specializing Corollary 7.1.2 we obtain

Corollary 7.1.6 Let Aj ∈Cnj×nj , j∈m, m ≥ 2. Then for any ρ ≥ 0,

σ
(2)

R

(⊕
j∈mAj , ρ

)
=

⋃

1≤j<k≤m

σ
(2)

R (Aj ⊕Ak, ρ) ⊇
⋃

j∈m

σ
(2)

R (Aj , ρ) .
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7.2 τ1 for diagonal matrices

In this section we give explicit formulas for the maximum real perturbation value of diagonal
matrices. Theorem 7.1.1 yields that for any diagonal matrix

τ1( diag(a1, . . . , an) ) = max
1≤j<k≤n

τ1( diag(aj , ak) ).

Thus it is enough to consider the 2× 2 case.

Proposition 7.2.1 Let a1, a2∈C and |a1| ≥ |a2|. Then

τ1(diag(a1, a2)) =





|a1| if a1∈R,

|a2| if a1 6∈R, a2∈R,

t0(a1, a2), if a1 6∈R, a2 6∈R,

where t0(a1, a2) is the zero of the strictly decreasing function

t 7→ |a1|2 − t2
|a2

1 − t2|
+
|a2|2 − t2
|a2

2 − t2|
, t ≥ 0.

The zero t0(a1, a2) can be calculated as follows: Let α := (ℑa1)
2 − (ℑa2)

2. If α = 0 then

t0(a1, a2) =

√
|a1|2 + |a2|2

2
. (7.11)

If α 6= 0 set β := α−1((ℜa1)
2(ℑa2)

2 − (ℜa2)
2(ℑa1)

2), γ := α−1(|a2|2(ℑa1)
2 − |a1|2(ℑa2)

2) and

ζ := |a1|2−β
|a2

1−β| + |a2|2−β
|a2

2−β| . Then

t0(a1, a2) =

√
β + sign(ζ)

√
β2 − γ. (7.12)

In the proof of Proposition 7.2.1 and of Proposition 7.4.2 in the next section we will use the
easily verified

Lemma 7.2.2 Let m1,m2, d1, d2 ∈R be such that mk + dk > 0 and mk − dk ≥ 0 . Then the
following equivalence holds.

√
m1 − d1

m1 + d1
−
√
m2 − d2

m2 + d2
= 0 ⇔ m1d2 −m2d1 = 0.

Proof of Proposition 7.2.1: For a 1× 1-matrix [a] = a∈C we have

τ1(a) =

{
σ1(a) = |a|, if a∈R

0 otherwise.

Moreover, the function φ, defined in (7.3) reads in the 1× 1 case:

φa(t) = max
x∈C\{0}

x(|a|2 − t2)x
|x(a2 − t2)x| =

|a|2 − t2
|a2 − t2| , t ≥ 0, t2 6= a2.
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If a∈R then φa(t) is not defined for t = |a|, and φa(t) =

{
1 if t < |a|,
−1 if t > |a|.

If a is nonreal then φa is defined for all t ≥ 0. By differentiating φa, using the fact that
|a2 − t2|2 = t4 − 2ℜ(a2)t2 + |a|4, one obtains

φ′a(t) =
−2t(|a|2 −ℜ(a2))(|a|2 + t2)

|a2 − t2|3 .

Thus, the function φa is strictly decreasing. Moreover, φa(0) = 1, φa(|a|) = 0 and limt→∞ φa(t) =
−1. We need the following representation of φa for a 6∈ R. Set

ma(t) := |a|4 − 2(ℜa)2t2 + t4, da(t) := 2(ℑa)2t2.

Then (|a|2 − t2)2 = ma(t)− da(t) and |a2 − t2|2 = ma(t) + da(t). Therefore

φa(t) =





√
ma(t)−da(t)
ma(t)+da(t) if t ≤ |a|,

−
√

ma(t)−da(t)
ma(t)+da(t) if t > |a|.

We have to distinguish the following three cases which are illustrated in Figure 7.1. Note that,
by assumption, |a1| ≥ |a2|.

• a1 is real. Then max{τ1(a1), τ1(a2)} = |a1| and for t > |a1|, φa1(t) + φa2(t) < 0. Thus
Theorem 7.1.1 yields τ1(diag(a1, a2)) = |a1|.

• a1 is nonreal and a2 is real. Then max{τ1(a1), τ1(a2)} = |a2| and for t > |a2|, φa1(t) +
φa2(t) < 0. Thus τ1(diag(a1, a2)) = |a2|.

• a1 and a2 are both nonreal. Then max{τ1(a1), τ2(a2)} = 0. Moreover, the function
t 7→ φa1(t)+φa2(t) is strictly decreasing and has a unique zero t0. We have |a2| ≤ t0 ≤ |a1|,
and Theorem 7.1.1 yields τ1(diag(a1, a2)) = t0. It remains to verify the formulas for the
computation of t0. For |a2| ≤ t ≤ |a1| we have

φa1(t) + φa2(t) =

√
ma1(t)− da1(t)

ma1(t) + da1(t)
−
√
ma2(t)− da2(t)

ma2(t) + da2(t)
.

Hence, by Lemma 7.2.2, t0 is a zero of the polynomial

p(t) := (ma1(t) da2(t)−ma2(t) da1(t) ) (1/2)t−2

= ( |a1|4 − 2(ℜa1)
2t2 + t4) (ℑa2)

2 − ( |a2|4 − 2(ℜa2)
2t2 + t4) (ℑa1)

2

= ((ℑa2)
2− (ℑa1)

2) t4 − 2((ℜa1)
2(ℑa2)

2 − (ℜa2)
2(ℑa1)

2) t2

+|a1|4(ℑa2)
2 − |a2|4(ℑa1)

2
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Let α = (ℑa2)
2 − (ℑa1)

2. If α = 0 then we obtain

t20 =
1

2

|a1|4(ℑa2)
2 − |a2|4(ℑa1)

2

(ℜa1)2(ℑa2)2 − (ℜa2)2(ℑa1)2

=
1

2

|a1|4 − |a2|4
(ℜa1)2 − (ℜa2)2

=
1

2

(ℜa1)
4 − (ℜa2)

4 + 2((ℜa1)
2 − (ℜa2)

2)(ℑa1)
2

(ℜa1)2 − (ℜa2)2

= (1/2)((ℜa1)
2 + (ℜa2)

2 + 2(ℑa1)
2)

= (1/2)(|a1|2 + |a2|2)
If α 6= 0 then t20 equals one of the numbers

θk = β + (−1)k
√
β2 − γ, k = 1, 2,

where β = α−1((ℜa1)
2(ℑa2)

2 − (ℜa2)
2(ℑa1)

2), γ = α−1(|a2|2(ℑa1)
2 − |a1|2(ℑa2)

2). If
φa1(β) + φa2(β) < 0 then t20 = θ1. Otherwise t20 = θ2. �
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t
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t

a1 6∈R, a2∈R

|a1| = τ1|a2|

φa2

ր

↑
φa1

տր տ|a1|ր
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↓
φa2

←φa1

a1∈R, a2 6∈R

a1 6∈R, a2 6∈R

ր
|a2|

ւ
|a1|

տ
τ1

ր
φa2

ւ
φa1

Figure 7.1: Computation of τ1(diag(a1, a2)).

There is an interesting special case of Proposition 7.2.1:

Corollary 7.2.3 Let r1 ≥ r2 ≥ 0 and z∈C. Then

τ1(diag(zr1, zr2)) =

{
|z|r1 if z∈R,

|z|√r1 r2 otherwise.
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Proof: If z∈R or r2 = 0 then the result is immediate from Proposition 7.2.1. Otherwise one
has to verify that t0 := |z|√r1 r2 is the zero of the function

t 7→ |zr1|
2 − t2

|z2r21 − t2|
+
|zr2|2 − t2
|z2r22 − t2|

, t ≥ 0.

However, we have

|zr1|2 − t20
|z2r21 − t20|

+
|zr2|2 − t20
|z2r22 − t20|

=
|r1| − |r2|
|wr1 − r2|

+
|r2| − |r1|
|wr2 − r1|

, w := z2/|z2|,

and, since |w| = 1, w−1 = w,

|wr1 − r2| = |wr1 − r2 | = |w| |wr1 − r2| = |r1 − wr2|.
�

The next proposition is an extension of Corollary 7.2.3. We have already used it in the proof of
Proposition 6.9.4.

Proposition 7.2.4 Let R∈Rn×n be a real matrix, and let z∈C. Then

τ1(zR) =

{
|z|σ1(R) if z∈R,

|z|
√
σ1(R)σ2(R) otherwise.

Proof: LetR = UΣV T be a singular value decomposition of R with Σ = diag(σ1(R), . . . , σn(R))
and real orthogonal matrices U, V ∈ Rn×n. Then by Theorem 7.1.1 and the invariance of the
real perturbation values under multiplication with real orthogonal matrices,

τ1(zR) = τ1(zΣ) = max
1≤j<k≤n

τ1( diag(zσj(R), zσk(R)) ).

Now, Corollary 7.2.3 yields the result. �

7.3 Examples

In this section we give some examples of real spectral value sets with respect to spectral norm,

σ
(2)

R (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | τ1(G(s)) ≥ ρ−1 }, G(s) = C(sI −A)−1B.

Moreover, we compare them with their complex counterparts

σ
(2)

C (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | σ1(G(s)) ≥ ρ−1 }.

The examples are based on the results of the last section.
In the following let R ∈ Rq×l \{0} be a real matrix and let g(s) ∈ C be a strictly proper

rational function. Moreover, let (A,B,C) ∈ Ln′,l′,q′ be a minimal realization of the rational
matrix function G(s) := g(s)R, i.e. G(s) = C(sI − A)−1B. Then the realness locus of G(s) is
ℜG = { s ∈ C | ℑ(g(s)) = 0 }. Thus, ℜG is a real algebraic curve with finitely many points
removed. By Proposition 7.2.4 we have
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τ1(G(s)) =




|g(s)|σ1(R) = σ1(G(s)) if s∈ℜG,

|g(s)|
√
σ1(R)σ2(R) otherwise.

(7.13)

Thus

σ
(2)

C (A,B,C, ρ) = σ(A) ∪ { s∈C\σ(A) | |g(s)|σ1(R) ≥ ρ−1 },

σ
(2)

R (A,B,C, ρ) = σ(A) ∪ { s∈ℜG | |g(s)|σ1(R) ≥ ρ−1 }

∪ { s∈C\(σ(A) ∪ ℜG) | |g(s)|
√
σ1(R)σ2(R) ≥ ρ−1 }.

Thus, we have σ
(2)

R
(A,B,C, ρ) = I(R, ρ)∪B(R, ρ), where I(R, ρ) := ℜG ∩ σ

(2)

C
(A,B,C, ρ) is the

intersection of the complex spectral value set with the realness locus of G and

B(R, ρ) := { s∈C\(σ(A) ∪ ℜG) | |g(s)|
√
σ1(R)σ2(R) ≥ ρ−1}.

It can be shown that ∂B(R, ρ) = ∂(intB(R, ρ)) and int(σ
(2)

R
(A,B,C, ρ)) ⊆ cl (B(R, ρ)). In our

concrete examples we consider the following matrices and rational functions.

Rκ := diag(1, κ), κ∈ [0, 1],

gr(s) :=
((s + 1

2)2 + 1)((s + 2)2 + 1) + r

s((s− 1)2 + 1)((s + 1)2 + 4)
, r ≥ 0.

Note that σ1(Rκ) = 1 and σ2(Rκ) = κ. Figure 7.2 shows the spectral value sets corresponding
to the perturbation level ρ = 2 and the rational matrix function

G(s) = g0(s)R1/4 = diag(g0(s), (1/4)g0(s)). (7.14)

The left picture of Figure 7.2 is a plot of the realness locus ℜG. The picture in the middle
shows the sets ℜG, B(R1/4, 2) (shaded region) and the boundary of the complex spectral value

set σ
(2)

C
(A,B,C, 2) (dashed curve). In the picture on the right one sees the real spectal value set

σ
(2)

R
(A,B,C, 2). The crosses mark the poles of g0.
In Figure 7.3 we vary the second singular value κ of Rκ. The corresponding rational functions

are

Gκ(s) := g0(s)Rκ = diag( g0(s), κ g0(s) ). (7.15)
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Figure 7.2: Real and spectral values sets to the rational matrix function G(s) defined in (7.14).
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Figure 7.3: Real and complex spectral value sets to the functions Gκ(s) defined in (7.15).

The pictures in Figure 7.3 show the sets ℜGκ , B(Rκ, 2) and the boundary

∂σ
(2)

C (Aκ, Bκ, Cκ) = {s∈C | Gκ(s) = 1/2 } (dashed curve),

where κ∈{0, 0.1, 0.25, 0.5, 0.64, 1} and (Aκ, Bκ, Cκ, 2) is a minimal realization of Gκ. Note that
the complex spectral value set corresponding to Gκ does not depend on κ. Note further that
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Figure 7.4: Real and complex spectral value sets to the functions Gr(s) defined in (7.16).
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the corresponding real spectral value set coincides with the complex one if κ = 1. It coincides
with the I(Rκ, 2) if κ = 0.

In Figure 7.4 we vary the rational function in the second component of G. More precisely,
the pictures in Figure 7.4 show the real spectral value sets and the boundaries of its complex
counterparts (dashed curves) for the perturbation level ρ = 2 and the rational functions

Gr(s) = diag(g0(s), (1/4)gr(s)), (7.16)

where r = 0, 2, 40. Note that the formula (7.13) is not applicable to these examples (for κ 6= 0).
The plots have been generated using the Proposition 7.2.1.

7.4 Normal matrices

In this section we determine the real pseudospectra of real normal matrices. The underlying
norm is the spectral norm. Recall that by Corollary 5.3.8 a complex pseudospectrum of a normal
matrix A∈Cn×n is just a union of disks: σ

(2)

C
(A , ρ ) =

⋃
λ∈σ(A)D(λ, ρ). The structure of real

pseudospectra of normal matrices is more complicated. However, it turns out that each real
pseudospectrum of a real normal matrix is a union of disks, of pseudospectra of 2× 2 diagonal
matrices, and of pseudospectra of the form σ

(2)

R
(N(a, b, λ) , ρ ), where

N(a, b, λ) =



a −b 0
b a 0
0 0 λ


 , a, b, λ∈R.

More precisely, the following holds.

Theorem 7.4.1 Let A∈R n×n, n ≥ 2, be normal with real eigenvalues λ1, . . . , λp and nonreal
eigenvalues a1 ± ib1, . . . , aq ± ibq (aj , bj ∈R, bj > 0) counting multiplicities. Then

σ
(2)

R (A , ρ ) =
⋃

1≤j<k≤p

σ
(2)

R ( diag(λj , λk) , ρ ) ∪
⋃

1≤j<k≤q

(D(a+ ib, ρ) ∪ D(a− ib, ρ))

∪
⋃

1≤j≤q
1≤k≤p

σ
(2)

R (N(aj , bj , λk) , ρ ) .

If A has no real (resp. nonreal) eigenvalues then the corresponding unions are not present.

Proof: Since A is real and normal there is a real orthogonal matrix Q such that

Q−1AQ = diag(λ1, . . . , λp)⊕
⊕

j∈q

[
aj −bj
bj aj

]
.

However, real pseudospectra with respect to spectral norm are invariant under similarity trans-
formations with real orthogonal matrices. Hence, σ

(2)

R
(A , ρ ) = σ

(2)

R

(
Q−1AQ , ρ

)
. By applying

Corollary 7.1.6 to the block diagonal matrix Q−1AQ we obtain

σ
(2)

R (A , ρ ) =
⋃

1≤j<k≤p

σ
(2)

R ( diag(λj , λk) , ρ ) ∪
⋃

1≤j<k≤q

σ
(2)

R

([
aj −bj
bj aj

]
⊕
[
ak −bk
bk ak

]
, ρ

)

∪
⋃

1≤j≤q
1≤k≤p

σ
(2)

R (N(aj, bj , λk) , ρ ) .
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The matrix

[
aj −bj
bj aj

]
⊕
[
ak −bk
bk ak

]
is permutation similar toAjk :=

[
diag(aj , ak) −diag(bj , bk)
diag(bj , bk) diag(aj , ak)

]
,

and by Corollary 6.8.5 the real and the complex pseudospectra of Ajk coincide. Thus

σ
(2)

R

([
aj −bj
bj aj

]
⊕
[
ak −bk
bk ak

]
, ρ

)
= σ

(2)

R (Ajk, ρ)

= σ
(2)

C (Ajk, ρ) (by Corollary 6.8.5)

=
⋃

λ∈σ(Ajk)D(λ, ρ) (by Corollary 5.3.8)

= D(aj + ibj , ρ) ∪D(aj − ibj , ρ)
∪D(ak + ibk, ρ) ∪ D(ak − ibk, ρ). �

In the remainder of this section we analyze the structure of the sets σ
(2)

R
(diag(λ1, λ2), ρ) and

σ
(2)

R
(N(aj , bj , λk) , ρ ). To this end we compute the corresponding minimum real perturbation

values.

Proposition 7.4.2 Let λ1, λ2∈R and s∈C. Then

τ̃min ( diag(λ1 − s, λ2 − s) ) =





min{|s − λ1|, |s − λ2|} if ℑs = 0,
√(
ℜs− λ1+λ2

2

)2
+
(

λ1−λ2
2

)2
+ (ℑs)2 otherwise.

Proof: The case ℑs = 0 is trivial since then

τ̃min ( diag(λ1 − s, λ2 − s) ) = σmin ( diag(λ1 − s, λ2 − s) ) .

The formula for ℑs 6= 0 can be derived from Theorem 7.2.1 using the fact that

τ̃min (diag(λ1 − s, λ2 − s)) = 1/ τ1
(
diag((λ1 − s)−1, (λ2 − s)−1

)
.

However, we give a proof via Theorem 7.1.5 since we will need a part of this proof later on. We
first treat the case when s is pure imaginary.

Let λ, y∈R, y 6= 0. Then we have for the 1× 1-matrix [λ− iy] = λ− iy that τ̃min(λ− iy) =∞.
Moreover, the function φ̃ defined in (7.9) satisfies

φ̃λ−iy(t) = max
x∈C\{0}

x(t2 − |λ− iy|2)x
|x(t2 − (λ− iy)2)x| =

t2 − |λ− iy|2
|t2 − (λ− iy)2|

=





√
(t2−|λ−iy|2)2
|t2−(λ−iy)2|2 =

√
mλ,y(t)−y2t2

mλ,y(t)+y2t2 if t ≥ |λ− iy|

−
√

(t2−|λ−iy|2)2
|t2−(λ−iy)2|2 = −

√
mλ,y(t)−y2t2

mλ,y(t)+y2t2 otherwise,

where
mλ,y(t) := t4 − 2λ2t2 + (λ2 + y2)2.

By differentiating φλ−iy one shows that 0 ≤ t 7→ φ̃λ−iy(t) is strictly increasing. Moreover, we

have φ̃λ−iy(0) = −1, φ̃λ−iy(|λ− iy|) = 0, and limt→∞ φ̃λ−iy(t) = 1.
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Let λ1, λ2 ∈ R be such that |λ1 − iy| ≥ |λ2 − iy|. Then Theorem 7.1.5 yields that t0 :=
τ̃min ( diag(λ1 − iy, λ2 − iy) ) equals the unique zero of the increasing function 0 < t 7→ φ̃λ−iy1(t)+

φ̃λ2−iy(t). If λ2
1 = λ2

2 then t0 = |λ1 − iy|2 =
√
λ2

1 + y2. Otherwise t0 is contained in the open
interval ( |λ2 − iy|, |λ1 − iy| ). Therefore

0 = φ̃λ1−iy(t0) + φ̃λ2−iy(t0)

=

√
mλ2,y(t)− y2t20
mλ2,y(t) + y2t20

−
√
mλ1,y(t)− y2t20
mλ1,y(t) + y2t20

.

Equivalently (according to Lemma 7.2.2),

0 = mλ1,y(t0)−mλ1,y(t0)

= 2(λ2
2 − λ2

1)t
2
0 + (λ2

2 + y2)2 − (λ2
1 + y2)2

= 2(λ2
2 − λ2

1)( t
2
0 − y2 − (1/2)(λ2

1 + λ2
2)).

Thus

t20 = (λ2
1 + λ2

2) + y2 =

(
λ1 + λ2

2

)2

+

(
λ1 − λ2

2

)2

+ y2.

On replacing in the computations above y by ℑs 6= 0 and λk by λk−ℜs one obtains the formula
in the proposition. �

Proposition 7.4.2 yields that the pseudospectrum

σ
(2)

R (diag(λ1, λ2), ρ) = { s∈C | τ̃min (diag(s− λ1, s− λ2) ) ≤ ρ }

is either the union of two intervals or the union of a disk and an interval. The precise statement
is as follows. We leave its easy proof to the reader.

Corollary 7.4.3 Let λ1, λ2∈R and ρ ≥ 0.

(i) If ρ ≤ 1
2(λ1 + λ2) then

σ
(2)

R (diag(λ1, λ2), ρ) = [λ1 − ρ, λ1 + ρ] ∪ [λ2 − ρ, λ2 + ρ].

(i) If ρ > 1
2(λ1 + λ2) then

σ
(2)

R (diag(λ1, λ2), ρ) = D
(

λ1+λ2
2 , rρ

)
∪ [min{λ1, λ2} − ρ,max{λ1, λ2}+ ρ],

where

rρ =

√
ρ2 −

(
λ1−λ2

2

)2
.

Observe that D
(

λ1+λ2
2 , rρ

)
is the largest disk with center λ1+λ2

2 lying in the complex pseu-

dospectrum σ
(2)

C
(diag(λ1, λ2), ρ) = D(λ1, ρ) ∪ D(λ2, ρ). This is illustrated in Figure 7.5.

It remains to compute the pseudospectra

σ
(2)

R (N(a, b, λ) , ρ ) = { s∈C | τ̃min (N(a, b, λ) − sI3) ≤ ρ }.



148 CHAPTER 7. REAL SPECTRAL VALUE SETS FOR SPECIAL MATRICES

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

ρ = 0.9 ρ = 1.2 ρ = 2.5

Figure 7.5: The real pseudospectra σ
(2)

C
(diag(−1, 1), ρ), ρ = 0.9, 1.2, 2.5. The dashed curves are

the boundaries of the corresponding complex pseudospectra.

In the next proposition we use the notation

S(a, b, λ) := { s∈C | |λ− s| < min{|a+ ib− s|, |a− ib− s|} }.
In words, S(a, b, λ) is the set of s∈C whose distance to the real eigenvalue of N(a, b, λ) is less
then the distance to the nonreal eigenvalues. If λ 6= a then S(a, b, λ) is an angle in the complex
plane, see Figure 7.6. If λ = a then S(a, b, λ) is a stripe symmetric to the real axis.
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−15

−10
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0

5
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15

Figure 7.6: The real pseudospectrum σ
(2)

R
(N(a, b, λ), ρ) for a = 0, b = 7, λ = 6, ρ = 6. The

dashed lines are the boundary of S(a, b, λ).

Proposition 7.4.4 Let a, b, λ∈R and s∈C.

(i) If ℑs = 0 then τ̃min(N(a, b, λ) − sI3) = min{|a+ ib− s|, |λ− s|}.

(ii) If ℑs 6= 0 and s 6∈ S(a, b, λ) then

τ̃min(N(a, b, λ) − sI3) = min{|a+ ib− s|, |a− ib− s|}.
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(iii) If ℑs 6= 0 and s∈S(a, b, λ),

τ̃min(N(a, b, λ)−sI3) =

√
(a−ℜs)2 + b2 + (λ−ℜs)2

2
+

(a−ℜs)2 − b2 − (λ−ℜs)2
(a−ℜs)2 + b2 − (λ−ℜs)2 (ℑs)2.

In case (iii) we have τ̃min(N(a, b, λ) − sI3) < min{ |a + ib− s|, |a− ib− s| }.

Corollary 7.4.5 Let a, b, λ∈R. Then we have for all ρ ≥ 0,

σ
(2)

R (N(a, b, λ) , ρ ) ⊇ [λ− ρ, λ+ ρ] ∪ D(a+ ib, ρ) ∪ D(a− ib, ρ).

Equality holds if and only if D(a+ ib, ρ) ∩ S(a, b, λ) = ∅.

A gallery of pseudospectra σ
(2)

R
(N(a, b, λ), ρ) computed by means of the formulas in Proposition

7.4.4 is shown in Figure 7.7.
For the proof of Proposition 7.4.4 we need lemma on the quotient of a hermitian and a

symmetric form in the 2× 2 case.

Lemma 7.4.6 Let H ∈C2×2 be a hermitian matrix and S ∈C2×2 be a nonsingular symmetric
matrix. Then

(i) There are linearly independent vectors v1, v2∈C2 such that

{ x∈C2 | xTSx = 0 } = Cv1 ∪ Cv2. (7.17)

(ii) Let v1, v2 ∈C2 be linearly independent vectors satisfying (7.17). Suppose that v∗1Hv1 < 0
and v∗2Hv2 < 0. Set x∗Hx

|xT Sx| := −∞ for x∈Cv1 ∪ Cv2, and

x0 :=

(
w
√
|v∗2Hv2|

)
v1 +

√
|v∗1Hv1| v2, w :=

{
1 if v∗1Hv2 = 0,

v∗1Hv2/|v∗1Hv2| otherwise.

Then

max
x∈C2\{0}

x∗Hx
|xTSx| =

x∗0Hx0

|xT
0 Sx0|

=
|v∗1Hv2| −

√
(v∗1Hv1)(v

∗
2Hv2)

|vT
1 Sv2|

.

Proof: (i) Let S =

[
s11 s12
s12 s22

]
, x =

[
x1

x2

]
. Then xTSx = s11x

2
1 + 2s12x1x2 + s22x

2
2, and, since

S is assumed to be nonsingular, 0 6= det(S) = s11s22 − s212. Suppose first that s11 = 0. Then
s12 6= 0 and xTSx = (2s12x1 + s22x2)x2. Thus, xTSx = 0 if and only if x is a scalar multiple

of one of the linearly independent vectors v1 =
[
1 0

]T
, v2 =

[
−s22 2s12

]T
. Assume now, that

s11 6= 0. Then xTSx = 0 if and only if x2 = x1ζk, k = 1 or k = 2, where ζ1, ζ2 ∈ C are the
solutions of the quadratic equation s11ζ

2 + 2s12ζ + s22 = 0. The discriminant of this equation
coincides with −det(S) 6= 0. Thus ζ1 6= ζ2. Thus (7.17) holds for the linearly independent

vectors vk =
[
1 ζk

]T
, k = 1, 2.

(ii). Let v1,v2 be vectors as in (i). Then each x∈C2 can be written in the form x = z1v1+z2v2,
zk ∈C, and we have xTSx = 2(vT

1 Sv2)z1z2 and x∗Hx = h1|z1|2 + h2|z2|2 + 2ℜ(h3z1z2), where
hk := v∗kHvk, k = 1, 2 and h3 := v∗1Hv2. Thus, if z1 6= 0 6= z2,

x∗Hx
|xTSx| =

h1|z1|2 + h2|z2|2 + 2ℜ(h3z1z2)

2|(vT
1 Sv2)z1z2|

= (2|vT
1 Sv2|)−1

(
h1|z|+ h2|z|−1 + 2ℜ(h3 z |z|−1)

)
, z := z1/z2.
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Since, by assumption, h1, h2 < 0, the function 0 6= z 7→ h1|z| + h2|z|−1 attains its maximum,
−2
√
h1h2, at z if |z| =

√
|h2|/|h1|. The function 0 6= z 7→ ℜ(h3 z |z|−1) attains its maximum,

|h3|, at z if z = λh3, λ ≥ 0. This completes the proof of (ii). �

Proof of Proposition 7.4.4: Claim (i) follows from the fact that for real s,

τmin(N(a, b, λ) − sI3) = σmin(N(a, b, λ) − sI3).

In the proof of (ii) and (iii) we first assume that s is purely imaginary, i.e. s = iy, y∈R\{0}.
Set Ay :=

[
a− iy −b
b a− iy

]
. Then N(a, b, λ)− iyI3 = diag(Ay, λ− iy) = Ay⊕ [λ− iy]. Therefore,

by Theorem 7.1.5,

τ̃min(N(a, b, λ) − iyI3) =

{
min{τ̃min(Ay), τ̃min(λ− iy)} if T̃ = ∅,
min T̃ otherwise,

where
T̃ := { 0 ≤ t < min{τ̃min(Ay), τ̃min(λ− iy)} | φ̃λ−iy(t) + φ̃Ay(t) ≥ 0 },

and

φ̃λ−iy(t) = max
x∈C\{0}

x(t2 − |λ− iy|2)x
|x(t2 − (λ− iy)2)x| =

t2 − |λ− iy|2
|t2 − (λ− iy)2| ,

φ̃Ay(t) = max
x∈C2\{0}

x∗Htx

|xTStx|
, Ht := t2I2 −A∗

yAy, St := t2I2 −AT
y Ay.

We have τ̃min(λ− iy) =∞. Hence, either T̃ = ∅ and τ̃min(N(a, b, λ)− iyI3) = τ̃min(Ay), or T̃ 6= ∅
and τ̃min(N(a, b, λ)−iyI3) = min T̃ . Let us determine τ̃min(Ay). A straightforward computation
yields that for all t∈R,

St = (t2 − (a2 + b2 − 2ayi− y2))I2,

Ht =

[
t2 − (a2 + b2 + y2) 2iby

−2iby t2 − (a2 + b2 + y2)

]
.

Hence for every x = [x1 x2]
T ∈C2,

xTStx = (t2 − (a2 + b2 − 2ayi− y2))(x2
1 + x2

2),

x∗Htx = (t2 − (a2 + b2 + y2))(|x1|2 + |x2|2) + 4ℜ(iyb x1 x2)

Suppose that t2 < a2 + b2 + y2 − 2|yb| = a2 + (|b| − |y|)2. Then for every x 6= 0,

x∗Htx < −2|yb|(|x1|2 + |x2|2) + 4ℜ(iyb x1 x2)

≤ −2|yb|(|x1|2 + |x2|2) + 4 |yb| |x1| |x2|
= −2|yb|(|x1|2 − |x2|2)2
≤ 0.

Thus for t <
√
a2 + (|b| − |y|)2 the hermitian-symmetric inequality x∗Htx ≥ |xTStx| has no solu-

tion x 6= 0. Therefore τ̃min(Ay) ≥
√
a2 + (|b| − |y|)2. On the other hand if t =

√
a2 + (|b| − |y|)2

and x = [−sign(yb) i]T then x∗Htx = 0 = |xTStx|. Thus

τ̃min(Ay) =
√
a2 + (|b| − |y|)2 = min{|a+ ib− iy|, |a− ib− iy|}. (7.18)
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Next, we compute φ̃Ay(t). Set v1 := [1 i]T , v2 := [1 − i]T . Then the following identities hold for
all t∈R.

v∗1Stv1 = 0,

v∗2Stv2 = 0,

v∗1Stv2 = 2|t2 − (a2 + b2 − 2ayi− y2)|,

v∗1Htv1 = 2(a2 + b2 + y2 − t2)− 4by = 2(t2 − (a2 + (b+ y)2)),

v∗2Htv2 = 2(a2 + b2 + y2 − t2) + 4by = 2(t2 − (a2 + (b− y)2))
v∗1Htv2 = 0.

In the sequel let 0 ≤ t < τ̃min(Ay). Then φ̃Ay(t) is well defined. Moreover,

v∗kHtvk < |v∗kStvk| = 0, k = 1, 2.

If t2 = a2 + b2 − 2ayi − y2 then St = 0 and therefore x∗Htx < |xTStx| = 0 for all x 6= 0. Thus
φ̃Ay(t) = −∞. If t2 6= a2 + b2 − 2ayi− y2 then St is nonsingular, and Lemma 7.4.6 yields

φ̃Ay(t) =
|v∗1Htv2| −

√
(v∗1Htv1)(v

∗
2Htv2)

|vT
1 Stv2|

= −
√

(v∗1Htv1)(v
∗
2Htv2)

|vT
1 Stv2|

< 0.

Let us compute an explicite formula for φ̃Ay(t). Set

mAy(t) := t4 − 2(a2 + b2) t2 + (a4 + b4 + y4 + 2a2b2 + 2a2y2 − 2b2y2).

Then

(1/4) (v∗1Htv1)(v
∗
2Htv2) = (t2 − (a2 + (b+ y)2))(t2 − (a2 + (b− y)2))

= t4 − 2(a2 + b2 + y2) t2 + (a2 + (b+ y)2)(a2 + (b− y)2)
= t4 − 2(a2 + b2 + y2) t2 + (a4 + b4 + y4 + 2a2b2 + 2a2y2 − 2b2y2).

= mAy(t)− 2y2t2.

and

(1/4) |vT
1 Stv2|2 = (t2 − a2 − b2 + y2)2 + 4a2y2

= t4 − 2(a2 + b2 − y2) t2 + (y2 − a2 − b2)2 + 4a2y2

= t4 − 2(a2 + b2 − y2) t2 + (a4 + b4 + y4 + 2a2b2 + 2a2y2 − 2b2y2)

= mAy(t) + 2y2t2.

Thus,

φ̃Ay(t) = −
√

(v∗1Htv1)(v∗2Htv2)

|vT
1 Stv2|

= −
√
mAy(t)− 2y2t2

mAy(t) + 2y2t2
.

Recall from the proof of Proposition 7.4.2 that

φ̃λ−iy(t) =





√
mλ,y(t)−y2t2

mλ,y(t)+y2t2
if t ≥ |λ− iy|

−
√

mλ,y(t)−y2t2

mλ,y(t)+y2t2
otherwise,

where
mλ,y(t) := t4 − 2λ2t2 + (λ2 + y2)2.

We have φ̃λ−iy(t) + φ̃Ay(t) < 0 for t < min{ |λ− iy|, τ̃min(Ay)}. Now there are two cases:



152 CHAPTER 7. REAL SPECTRAL VALUE SETS FOR SPECIAL MATRICES

• Suppose |λ− iy| ≥ τ̃min(Ay). Then φ̃Ay(t)+ φ̃λ−iy(t) < 0 for all t < τ̃min(Ay). Thus, T̃ = ∅
and

τ̃min(N(a, b, λ) − iyI3) = τ̃min(Ay) = min{|a+ ib− iy|, |a− ib− iy|}. (7.19)

• Suppose, |λ− iy| < τ̃min(Ay). Then T̃ 6= ∅ and min T̃ = τ̃min(N(a, b, λ) − iyI3) =: t0. The
number t0 is the smallest zero of the function

[ |λ− iy|, τ̃min(Ay) ) ∋ t 7−→ φ̃λ−iy(t) + φ̃Ay(t) =

√
mλ,y(t)− y2t2

mλ,y(t) + y2t2
−
√
mAy(t)− 2y2t2

mAy(t) + 2y2t2
.

By Lemma 7.2.2 the zeros of this function are zeros of the polynomial t 7→ (mAy(t) −
mλ,y(t))y

2t2. Since t0 6= 0, it follows that

0 = mAy(t0)−mλ,y(t0)

= −2(a2 + b2 − λ2)t20 + a4 + b4 − λ4 + 2a2b2 + 2(a2 − b2 − λ2)y2

= −2(a2 + b2 − λ2)t20 + (a2 + b2 − λ2)(a2 + b2 + λ2) + 2(a2 − b2 − λ2)y2.

Thus,

τ̃min(N(a, b, λ) − iyI3) = t20 =
a2 + b2 + λ2

2
+
a2 − b2 − λ2

a2 + b2 − λ2
y2. (7.20)

The latter equation completes the proof of the proposition for the case that s = iy is pure
imaginary. However, we have for arbitrary s∈C,

N(a, b, λ) − sI3 = N(a−ℜs, b, λ−ℜs)− (ℑs)I3.

Thus we obtain the full statement of the proposition on replacing in (7.4) and (7.20) y by ℑs,
a by a−ℜs and λ by λ−ℜs. �

7.5 The 2×2 case

In this section we discuss real pseudospectra of real 2 × 2 matrices with respect to unitarily
invariant norms. These sets yield lower bounds for the pseudospectra of matrices of larger size.
More generally, we have the following result whose proof is analogous to the proof of Corollary
5.2.8.

Proposition 7.5.1 Let V ∈Rn×k be a real matrix whose columns form an orthonormal basis of
an invariant subspace of A∈Rn×n. Then we have for every unitarily invariant norm and every
ρ ≥ 0,

σ
‖·‖
R (V TAV, ρ) ⊆ σ‖·‖

R (A, ρ).

The Proposition below treats the case of 2-dimensional invariant subspaces.

Proposition 7.5.2 Let A∈Rn×n and ρ ≥ 0.
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Figure 7.7: Real spectral value sets σR(A, ρ), where A∈R 3×3 is normal.

(i) Let x ∈ Rn \ {0} be a generalized eigenvector of A such that (A − λIn)ν−1x 6= 0 and
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(A− λIn)νx = 0, λ∈R, ν ≥ 2. Then

σ
‖·‖
R

([
λ δx
0 λ

]
, ρ

)
⊆ σ‖·‖

R (A, ρ), (7.21)

where

δx :=

(‖(A − λIn)ν−2x‖22
‖(A − λIn)ν−1x‖22

− | ( (A − λIn)ν−2x)T (A− λIn)ν−1x |2
‖(A− λIn)ν−1x‖42

)− 1
2

.

(ii) Let x1, x2∈Rn \ {0} be eigenvectors of A to the eigenvalues λ1, λ2 ∈ R. If λ1 6= λ2 then

σ
‖·‖
R

([
λ1 δx1,x2

0 λ2

]
, ρ

)
⊆ σ‖·‖

R (A, ρ),

where

δx1,x2 := |λ1 − λ2| cotφ, φ := arccos
|xT

1 x2|
‖x1‖2‖x2‖2

.

(iii) Let x∈Cn \ {0} be an eigenvector of A to the nonreal eigenvalue a + ib (a, b∈R, b > 0).
Then

σ
‖·‖
R

([
a −θx b

θ−1
x b a

]
, ρ

)
⊆ σ‖·‖

R (A, ρ),

where

θx :=

√
‖x‖22 + |xTx|
‖x‖22 − |xTx| .

Proof: The proofs of (i) and (ii) are analogous to the proofs of Propositions 5.5.6 and 5.5.7. We
therefore only prove claim (iii). Let x 6= 0 be an eigenvector of A to the eigenvalue a+ ib, b 6= 0.
Then x is an eigenvector of A to the eigenvalue a− ib. Thus x and x are linearly independent.
Hence, by the Cauchy-Schwarz-inequality, |xTx| = |x∗x| < ‖x‖2‖x‖2 = ‖x‖22. Thus θx is well
defined. The continuous functions z 7→ g1(z) := ℑ(z2 xTx), z 7→ g2(z) := ℜ(z2 xTx), z ∈ C,
satisfy gk(iz) = −gk(z), gk(−z) = gk(z). Thus there is z∈C \ {0} such that ℑ(z2 xTx) = 0 and
ℜ(z2 xTx) ≥ 0. Set x0 := zx and x1 := ℜx0 and x2 := ℑx0. Then xT

1 x2 = (1/2)ℑ(xT
0 x0) = 0

and ‖x1‖22 − ‖x2‖22 = ℜ(xT
0 x0) ≥ 0. Thus |xT

0 x0| = ‖x1‖22 − ‖x2‖22 and

θ2
x =
‖x‖22 + |xTx|
‖x‖22 − |xTx| =

‖x0‖22 + |xT
0 x0|

‖x0‖22 − |xT
0 x0|

=
‖x1‖22 + ‖x2‖22 + (‖x1‖22 − ‖x2‖22)
‖x1‖22 + ‖x2‖22 − (‖x1‖22 − ‖x2‖22)

=

(‖x1‖2
‖x2‖2

)2

.

From the relation Ax0 = (a+ ib)x0 we obtain

Ax1 = ax1 − bx2, Ax2 = bx1 + ax2.

Let v1 := x1/‖x1‖2, v2 := −x2/‖x2‖2. Then v1, v2 form an orthonormal basis of the A-invariant
subspace span{x1, x2}, and we have

Av1 = av1 + θ−1
x bv2, Av2 = −θx bv1 + av2.

Thus, V ∗AV =

[
a −θx b

θ−1
x b a

]
, where V = [v1 v2]. �

If A∈R2×2 then the inclusions in Proposition 7.5.2 become equalities. The matrices

[
λ1 δ
0 λ2

]
,

[
a −θb
θ−1 b

]
are the real Schur forms of real 2× 2 matrices. More precisely, the following holds.
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(i) If A∈R2×2 has different real eigenvalues λ1, λ2 or a real eigenvalue λ1 = λ2 of algebraic

multiplicity 2 then there is an orthogonal matrix V ∈R2×2 such that V TAV =

[
λ1 δ
0 λ2

]
,

δ ≥ 0.

(ii) If A∈R2×2 has conjugate complex eigenvalues a ± ib, b 6= 0, then there is an orthogonal

matrix V ∈R2×2 and such that V TAV =

[
a −θAb

θ−1
A b a

]
, θA ≥ 1.

The number δ in case (i) coincides with the departure of normality of A defined in (5.11), i.e.

δ = δ(A) =
√

tr(ATA)− (1/2)(tr(A)2 + |tr(A)2 − 4det(A)|), (7.22)

If A has nonreal eigenvalues then by calculating the right hand side of (7.22) one obtains the
following relation between δ(A) and θA.

δ(A) = |b|
√
θ2
A + θ−2

A − 2 . (7.23)

Thus δ(A) is an increasing function of θA, and θA = g((δ(A)/|b|)2 + 2) where g(·) is the inverse
of the strictly increasing function θ 7→ θ2 + θ−2, θ ≥ 1.

The next Theorem is the main result of this section. It shows how the function

s 7−→ µ̃
‖·‖
R (A− sI2), A∈R2×2, s∈C

can be calculated by solving a 1-parameter minimization problem provided that the underlying
norm is unitarily invariant.

Theorem 7.5.3 Let ‖ · ‖ be an a unitarily invariant norm on C2×2 and let ||| · ||| be the absolute
and symmetric norm on R2×2 such that ‖X‖ = ||| [σmax(X), σmin(X)]T ||| for all X ∈R2×2. Let

A =

[
a c
b d

]
∈ R2×2 and s ∈ C.

(i) If s∈R then

µ̃
‖·‖
R (A− sI2) = σmin(A− sI2) =

∣∣∣∣
√(

s− a+d
2

)2
+
(

b−c
2

)2 −
√(

a−d
2

)2
+
(

b+c
2

)2
∣∣∣∣

(ii) Suppose s 6∈ R. For η ∈ R \ (−ℑs,ℑs) set

f(η) :=

√(
ℜs− a+d

2

)2
+
(
η − b−c

2

)2
,

g(η) :=

∣∣∣∣
√
η2 − (ℑs)2 −

√(
a−d
2

)2
+
(

b+c
2

)2
∣∣∣∣ ,

ψ(η) :=

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
f(η) + g(η)
f(η)− g(η)

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ .

Moreover, let

R := max
{

|b−c|
2 ,

(
a−d
2

)2
+
(

b+c
2

)2
+ (ℑs)2

}
.
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Then we have
µ̃

‖·‖
R (A− sI2) = min{ ψ(η) | |ℑs| ≤ |η| ≤ R }.

Let η0∈R be such that |ℑs| ≤ |η0| ≤ R and ψ(η0) = µ̃
‖·‖
R

(A− sI2). Then a real matrix ∆0

with ‖∆0‖ = µ̃
‖·‖
R

(A− sI2) and s∈σ(A+ ∆0)) is given by

∆0 =

[
q(η0)

a−d
2 q(η0)

b+c
2 − η0

q(η0)
b+c
2 + η0 −q(η0)

a−d
2

]
−A+ (ℜs)I2,

where

q(η0) :=
√
η2
0 − (ℑs)2

/√(
a−d
2

)2
+
(

b+c
2

)2
.

By means of Theorem 7.5.3 real pseudspectra of 2 × 2 matrices can be computed numerically.
Figure 7.8 shows some examples for different norms. For the spectral norm the computation can
be simplified by using the following explicite formula which generalizes the result of Proposition
7.4.2.

Theorem 7.5.4 Let A =

[
a c
b d

]
∈ R2×2 and s ∈ C \R. Then

τ̃min(A− sI2) =

√
(
ℜs− a+d

2

)2
+

(
|b−c|

2 −
√ (

b+c
2

)2
+
(

a−d
2

)2
+ (ℑs)2

)2

.

A real matrix ∆0 with ‖∆‖ = τ̃min(s I2 −A) and s∈σ(A+ ∆0) is given by

∆0 =




ℜs− a+d
2 −

(
c−b
2 + κ

√(
b+c
2

)2
+
(

a−d
2

)2
+ (ℑs)2

)

c−b
2 + κ

√(
b+c
2

)2
+
(

a−d
2

)2
+ (ℑs)2 ℜs− a+d

2




where κ :=

{
1 if c− b ≤ 0,

−1 if c− b > 0.

Observe that the matrix ∆0 in Theorem 7.5.4 is normal. It has been used in [51] to construct
lower bounds for real pseudospectra. However, the optimality of ∆0 has not been shown in that
paper.

For the proof of Theorem 7.5.3 and Theorem 7.5.4 we need the following three lemmas.

Lemma 7.5.5 Let y∈R\{0}. Then

{
X∈R 2×2

∣∣ iy∈σ(X)
}

=

{ [
ξ ζ − η

ζ + η −ξ

] ∣∣∣∣ ξ, η, ζ∈R, η2 − ξ2 − ζ2 = y2

}
.

Proof: This follows from the equivalence

iy∈σ(X) ⇔ ( tr(X) = 0, and det(X) = y2 ),

which holds for all X∈R 2×2
�

For the next lemma we need some notation.
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Notation 7.5.6 In the sequel,

R :=

{ [
x −y
y x

] ∣∣∣∣ x, y∈R

}
, S :=

{ [
x y
y −x

] ∣∣∣∣ x, y∈R

}
.

For A =

[
a c
b d

]
∈R2×2 we set AR :=

[
a+d
2 − b−c

2
b−c
2

a+d
2

]
, AS :=

[
a−d
2

b+c
2

b+c
2 −a−d

2

]
.

Lemma 7.5.7 The following statements hold.

(i) We have the direct decomposition R 2×2 = R⊕S with accompanying projections A 7→ AR∈
R, A 7→ AS ∈S.

(ii) For all x, y∈R and every v∈R2,
∥∥∥∥
[
x −y
y x

]
v

∥∥∥∥
2

=

∥∥∥∥
[
x y
y −x

]
v

∥∥∥∥
2

=
√
x2 + y2 ‖v‖2.

Thus, ∥∥∥∥
»

x −y

y x

–

∥∥∥∥
2

=

∥∥∥∥
»

x y

y −x

–

∥∥∥∥
2

=
√
x2 + y2.

(iii) The singular values of A∈R2×2 are

σmax(A) = ‖A‖2 = ‖AR‖2 + ‖AS‖2, σmin(A) = | ‖AR‖2 − ‖AS‖2 |.

Proof: Claims (i) and (ii) are easily checked. Claim (iii) could be verified by a straightforward
computation. However, we prefer the following more geometric proof: (iii) follows from (ii) if
AR = 0 or AS = 0. So let AR 6= 0, AS 6= 0. Then det(AR) > 0,det(AS) < 0 and hence
det(ASA

−1
R ) < 0, so the pencil AS − λAR has a positive and a negative eigenvalue, i.e. there

are λ+ > 0, λ− < 0, v+, v−∈R 2 \ {0} such that

ASv+ = λ+ARv+, ASv− = λ−ARv−.

We have

| ‖AR‖2 − ‖AS‖2 | ‖v−‖2 = | ‖AR‖2 ‖v−‖2 − ‖AS‖2 ‖v−‖2 |
= | ‖AR v−‖2 − ‖AS v−‖2 |
= | ‖AR v−‖2 − |λ−| ‖AR v−‖2 |
= |1− |λ−| | ‖AR v−‖2
= |1 + λ− | ‖AR v−‖2
= ‖ (1 + λ−)AR v−‖2
= ‖AR v− +AS v−‖2
= ‖Av−‖2,

and for all v∈R 2,

| ‖AR‖2 − ‖AS‖2 | ‖v‖2 = | ‖AR‖2 ‖v‖2 − ‖AS‖2 ‖v‖2 |
= | ‖AR v‖2 − ‖AS v‖2 |
≤ ‖AR v +AS v‖2
= ‖Av‖2.



158 CHAPTER 7. REAL SPECTRAL VALUE SETS FOR SPECIAL MATRICES

Thus | ‖AR‖2 − ‖AS‖2 | = minv 6=0
‖Av‖2

‖v‖2
= σmin(A). Analogously one obtains the relations

(‖AR‖+ ‖AS‖2) ‖v+‖2 = ‖Av+‖2 and ‖AR‖2 + ‖AS‖2 = maxv 6=0
‖Av‖2

‖v‖2
= σmax(A). �

Lemma 7.5.8 Let |||·||| be an absolute and symmetric norm on R2 and let φ(x, t) =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
x+ t
x− t

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ ,

where x, t∈R. Then the functions x 7→ φ(x, t), t 7→ φ(x, t) are increasing on [0,∞). They are
decreasing on (−∞, 0].

Proof: We have for every x, t∈R,

φ(−x, t) =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
−x+ t
−x− t

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
−x− t
−x+ t

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
| − x− t|
| − x+ t|

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
x+ t
−x+ t

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ = φ(x, t),

and, analogously, φ(x,−t) = φ(x, t). Thus, the claim follows from convexity of the functions
x 7→ φ(x, t), t 7→ φ(x, t). �

Proof of Theorem 7.5.3 and Theorem 7.5.4: Let A =

[
a c
b d

]
∈R 2×2 and s∈R. Then we

have according to Corollary 2.5.5 and Lemma 7.5.7,

µ̃
‖·‖
R (A− sI2) = σmin(A− sI2) = | ‖(A− sI2)R‖ − ‖(A− sI2)S‖ |

=

∣∣∣∣∣∣

√(
s− a+ d

2

)2

+

(
b− c

2

)2

−
√(

a− d
2

)2

+

(
b+ c

2

)2

∣∣∣∣∣∣
.

Next, we are going to determine µ̃
‖·‖
R

(A − sI2) for s 6∈ R. Let y := ℑs 6= 0 and Dy := { η ∈
R | |η| ≥ |y| }. For η∈Dy set

Pη := { [ξ η]T | ξ2 + ζ2 = η2 − y2 }, Xη,ξ,ζ :=

[
ξ ζ − η

ζ + η −ξ

]

Then by Lemma 7.5.5,
{
X∈R 2×2

∣∣ iy∈σ(X)
}

=
{
Xη,ξ,ζ | η∈Dy, [ξ η]T ∈Pη

}
. Thus

µ̃
‖·‖
R (A− s I2) = min

{
‖∆‖ | ∆∈R 2×2, s∈σ(A+ ∆)

}

= min
{
‖∆‖ | ∆∈R 2×2, iy∈σ(A− (ℜs)I2 + ∆)

}

= min
{
‖X −A+ (ℜs)I2‖ | X∈R 2×2, iy∈σ(X)

}

= min
{
‖Xη,ξ,ζ −A+ (ℜs)I2‖ | η∈Dy, [ξ η]T ∈Pη

}

= min { ψ(η) | η∈Dη } ,

where
ψ(η) = min

{
‖Xη,ξ,ζ −A+ (ℜs)I2‖ | [ξ η]T ∈Pη

}
.

We determine ψ(η). Set α := (ℜs)I2 − a+d
2 , β := b−c

2 , γ := a−d
2 , δ := b+c

2 . Then

(Xη,ξ,ζ −A+ (ℜs)I2)R =

[
α −(η − β)

η − β α

]
,

(Xη,ξ,ζ −A+ (ℜs)I2)S =

[
ξ − γ ζ − δ
ζ − δ −(ξ − γ)

]
,
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and, by Lemma 7.5.7,

‖(Xη,ξ,ζ −A+ (ℜs)I2)R‖2 =
√
α2 + (η − β)2 =: f(η)

‖(Xη,ξ,ζ −A+ (ℜs)I2)S‖2 =
√

(ξ − γ)2 + (ζ − δ)2 =: h(ξ, ζ),

σmax(Xη,ξ,ζ −A+ (ℜs)I2) = f(η) + h(ξ, ζ),

σmin(Xη,ξ,ζ −A+ (ℜs)I2) = |f(η)− h(ξ, ζ)|.
Thus

‖Xη,ξ,ζ −A+ (ℜs)I2‖ =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
σmax(Xη,ξ,ζ −A+ (ℜs)I2)
σmin(Xη,ξ,ζ −A+ (ℜs)I2)

] ∣∣∣∣
∣∣∣∣
∣∣∣∣

=

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
f(η) + h(ξ, ζ)
|f(η)− h(ξ, ζ)|

] ∣∣∣∣
∣∣∣∣
∣∣∣∣

=

∣∣∣∣∣

∣∣∣∣∣

∣∣∣∣∣

[
f(η) + h(ξ, ζ)

f(η)− h(ξ, ζ)

] ∣∣∣∣∣

∣∣∣∣∣

∣∣∣∣∣ (since the norm ||| · ||| is absolute)

= φ(f(η), h(ξ, ζ)),

where for all x, t∈R,

φ(x, t) =

∣∣∣∣
∣∣∣∣
∣∣∣∣
[
x+ t
x− t

] ∣∣∣∣
∣∣∣∣
∣∣∣∣ .

By Lemma 7.5.8 the function 0 ≤ t 7→ φ(f(η), t) is increasing. Therefore,

ψ(η) = min
{
‖Xη,ξ,ζ −A+ (ℜs)I2‖ | [ξ η]T ∈Pη

}

= min
{
φ(f(η), h(ξ, ζ)) | [ξ η]T ∈Pη

}

= φ(f(η), g(η)),

where

g(η) := min
{
h(ξ, ζ) | [ξ ζ]T ∈Pη

}

= min
{ √

(ξ − γ)2 + (ζ − δ)2 | [ξ ζ]T ∈Pη

}

= min
{
‖ [ξ ζ]T − [γ δ]T ‖2

∣∣ ξ, ζ∈R, ‖ [ξ ζ]T ‖2 =
√
η2 − y2

}
.

The minimum is attained for the vector
[
ξ(η)
ζ(η)

]
:= q(η)

[
γ
δ

]
, q(η) :=

√
η2 − y2

√
γ2 + δ2

,

and we have

g(η) = h(ξ(η), ζ(η)) =

∣∣∣∣
√
η2 − y2 −

√
γ2 + δ2

∣∣∣∣ .

A matrix ∆η∈R2×2 satisfying s∈σ(A+ ∆η) and ‖∆η‖ = ψ(η) is given by

∆η := Xη,ξ(η),ζ(η) −A+ (ℜs)I2

=

[
q(η)γ q(η)δ − η

q(η)δ + η −q(η)γ

]
−A+ (ℜs)I2.
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Next, we show that minη∈Dy ψ(η) is attained for some η0 in the interval [−R, R], where R =

max
{
|β| ,

√
γ2 + δ2 + y2

}
. The functions f, g : Dy → R is differentiable on the set

D′
y :=

{
η∈R

∣∣∣ |η| > |y|, α2 + (η − β)2 6= 0,
√
η2 − y2 6=

√
γ2 + δ2

}

and we have

f ′(η) =
η − β√

α2 + (η − β)2
, g′(η) = sign

(√
η2 − y2 −

√
γ2 + δ2

) η√
η2 − y2

.

The derivatives satisfy f ′(η), g′(η) ≥ 0 if η ≥ R. and f ′(η), g′(η) ≤ 0 if η ≤ −R. Hence,

f(R) ≤ f(η), g(R) ≤ g(η) if η ≥ R
f(−R) ≤ f(η), g(−R) ≤ g(η) if η ≤ −R.

Thus, Lemma 7.5.8 yields

ψ(R) = φ(f(R), g(R)) ≤ φ(f(η), g(η)) = ψ(η) if η ≥ R,
ψ(−R) = φ(f(−R), g(−R)) ≤ φ(f(η), g(η)) = ψ(η) if η ≤ −R.

Thus minη∈Dy ψ(η) is attained for some η0 satisfying |η0| ≤ R. Next, we determine τ̃min(A−sI2),
i.e. we consider the special case in which ||| · ||| is the maximum norm on R2. In this case

ψ(η) = φ(f(η), g(η)) = f(η) + g(η).

The derivatives of f and g satisfy

|f ′(η)| ≤ 1, |g′(η)| > 1, sign(g′(η)) = sign
(√

η2 − y2 −
√
γ2 + δ2

)
sign(η).

Hence we have for η∗ :=
√
γ2 + δ2 + y2 and all η∈D′

y,

ψ′(η) = (f + g)′(η)





< 0 if η < −η∗,
> 0 if − η∗ < η < −|y|,
< 0 if |y| < η < η∗,

> 0 if η∗ < η.

These inequalities together with the continuity of ψ and the fact that the set Dy \D′
y is finite

yield that the local minima of ψ : Dy → R are at the points ±η∗. Thus

τ̃min(A− sI2) = inf { ψ(η) | η∈Dy }

= min {ψ (−η∗) , ψ (η∗)}

= min

(
r

α2 +
“

p

γ2 + δ2 + y2 − β
”2

,

r

α2 +
“

−
p

γ2 + δ2 + y2 − β
”2

)

=

√
α2 +

(
|β| −

√
γ2 + δ2 + y2

)2

=

v

u

u

u

t

„

a + d

2

«2

+

0

@

|b − c|

2
−

s

„

b + c

2

«2

+

„

a − d

2

«2

+ y2

1

A

2

.
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Finally, note that q(±η∗) = 1. Thus, a matrix ∆±η∗ ∈ R2×2 satisfying s ∈ σ(A + ∆±η∗) and
‖∆±η∗‖2 = ψ(±η∗) is given by

∆±η∗ =

[
γ δ − (±η∗)

δ + (±η∗) −γ

]
−A+ (ℜs)I2 = (ℜs)I2 −AR +

[
0 −(±η∗)

(±η∗) 0

]
.

�

We now give an application of the just proved result. Let Aδ :=

[
λ1 δ
0 λ2

]
∈R2×2. In Section

5.5 it has been shown that 0 ≤ δ1 < δ2 implies σ
(2)

C
(Aδ1 , ρ) ⊂ σ

(2)

C
(Aδ2 , ρ). Moreover, it has

been proved that
⋃

δ≥0 σ
(2)

C
(Aδ, ρ) = C for any ρ > 0. The former statement also holds for

real pseudospectra while the latter does not, as the next proposition shows. We continue with
denoting by

δ(A) =
√

tr(ATA)− (1/2)(tr(A)2 + |tr(A)2 − 4 det(A)| )
the departure from normality of the 2× 2 matrix A.

Proposition 7.5.9 For any ρ > 0 the following assertions hold.

(i) Let A,B∈R 2×2 with σ(A) = σ(B) and δ(A) < δ(B). Then σ
(2)

R
(A, ρ) ⊂ σ(2)

R
(B, ρ).

(ii) Let (Ak)k∈N0
be a sequence in R 2×2 satisfying σ(Ak) = σ(A0) for every k∈N and

limk→∞ δ(Ak) =∞. Then

⋃

k∈N

σ
(2)

R (Ak, ρ) = R ∪ { s∈C | | ℜs− (1/2) tr(A0) | ≤ ρ } .

Proof: Let λ1, λ2, a, b∈R. For s∈C and δ ≥ 0 we set

f1(s, δ) :=

∣∣∣∣∣

√(
ℜs− λ1+λ2

2

)2
+
(

δ
2

)2 −
√(

λ1−λ2
2

)2
+
(

δ
2

)2
∣∣∣∣∣ ,

f2(s, δ) :=

√√√√(ℜs− λ1+λ2
2

)2
+

(
δ
2 −

√(
λ1−λ2

2

)2
+
(

δ
2

)2
+ (ℑs)2

)2

,

f3(s, δ) :=

∣∣∣∣
√

(ℜs− a)2 +
(

δ
2

)2
+ b2 − δ

2

∣∣∣∣ ,

f4(s, δ) :=

√

(x− a)2 +

(√(
δ
2

)2
+ b2 −

√(
δ
2

)2
+ (ℑs)2

)2

.

Then, by applying Theorem 7.5.4 to the real Schur form of A∈R2×2 we obtain after a direct
computation:

• If σ(A) = {λ1, λ2} then

τ̃min(A− sI2) = τ̃min

([
λ1 δ(A)
0 λ2

]
− sI2

)
=

{
f1(s, δ(A)) if s∈R,

f2(s, δ(A)) otherwise.
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• If σ(A) = {a+ ib, a− ib} then (using relation (7.23)),

τ̃min(A− sI2) = τ̃min

([
a −θA b

θ−1
A b a

]
− sI2

)
=

{
f3(s, δ(A)) if s∈R,

f4(s, δ(A)) otherwise.

Thus, the claim is a consequence of the following easily verified facts.

• For each s∈C the functions 0 ≥ δ 7→ fk(s, δ), k = 1, . . . , 4 are strictly decreasing and

lim
δ→∞

f1(s, δ) = lim
δ→∞

f3(s, δ) = 0,

lim
δ→∞

f2(s, δ) =

∣∣∣∣ℜs−
λ1 + λ2

2

∣∣∣∣ ,

lim
δ→∞

f4(s, δ) = |ℜs− a| .
�

From claim (i) of Proposition 7.5.9 we obtain the following corollary.

Corollary 7.5.10 Let A∈R2×2 be normal. Then for any nonsingular S∈R2×2 and any ρ > 0,

σ
(2)

R (A, ρ) ⊆ σ(2)

R (SAS−1, ρ). (7.24)

In the next section we discuss the question whether (7.24) holds for all normal A ∈ Rn×n, n
arbitrary.

7.6 Two conjectures

In Section 5.3 we have shown, that if A∈Cn×n is normal then for any nonsingular S∈Cn×n,

σ
(2)

C (A, ρ) ⊆ σ(2)

C (SAS−1, ρ).

We conjecture that this statement holds with C replaced by R:

Conjecture 7.6.1 Let A∈Rn×n be normal. Then for any nonsingular S∈Rn×n and any ρ > 0,

σ
(2)

R (A, ρ) ⊆ σ(2)

R (SAS−1, ρ).

In the last section we have seen that Conjecture 7.6.1 holds true for n = 2. Below we will show
that Conjecture 7.6.1 is closely related to the following.

Conjecture 7.6.2 Let Mk∈Cqk×lk , k = 1, 2 and M3∈Cq1×l2 . Then the function

[0,∞) ∋ r 7−→ τ1

([
M1 rM3

0 M2

])

is increasing.

Conjecture 7.6.2 has been confirmed by numerous numerical experiments. However, all our at-
tempts to find a proof failed. We now discuss the consequences of Conjecture 7.6.2. In particular
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Schatten-1-norm Frobenius norm spectral norm
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Figure 7.8: Pseudospectra σ
‖·‖
R

(A, ρ) of 2 × 2 matrices. Upper row: ρ = 1, σ(A) = {−1, 1},
δ(A) = 5. Lower row: ρ = 1.3, σ(A) = {−i, i}, δ(A) = 0.
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Figure 7.9: The sets { s∈C \ R | τ̃min(sI − A) = ρ }, A∈R 2×2. Left: σ(A) = {−1, 1}, ρ = 1.3
and δ(A)∈{0, 1.5, 10, 20, 100}. Right: σ(A) = {−i, i}, ρ = 1.3 and δ(A)∈{0, 1.25, 10, 20, 100}
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we show that Conjecture 7.6.2 together with an additional assumption implies Conjecture 7.6.1.
Let Ak∈Cnk×nk , k = 1, 2, and A3∈Cn1×n2. Set

Ar :=

[
A1 rA3

0 A2

]
, r ≥ 0.

Then, for any s 6∈ σ(Ar) = σ(A1) ∪ σ(A2) we have

(sIn1+n2 −Ar)
−1 =

[
sIn1 −An1 −A2

0 sIn2 −An2

]−1

=

[
(sIn1 −An1)

−1 r (sIn1 −An1)
−1A2(sIn2 −An2)

−1

0 (sIn2 −An2)
−1

]
.

Thus, the Conjecture 7.6.2 implies that the function

[0,∞) ∋ r 7−→ τ1( (sIn1+n2 −Ar)
−1 ) = (τ̃min(sIn1+n2 −Ar))

−1

is increasing. Since the real pseudospectra of Ar satisfy

σ
(2)

R (Ar , ρ ) = σ(Ar) ∪ { s∈C\σ(Ar) | τ̃min(sIn1+n2 −Ar) ≤ ρ }.

we obtain the following result.

Corollary 7.6.3 Suppose the Conjecture 7.6.2 holds true. Then 0 ≤ r1 ≤ r2 implies that

σ
(2)

R (Ar1 , ρ ) ⊆ σ(2)

R (Ar2 , ρ ) , ρ ≥ 0. (7.25)

Corollary 7.6.3 is the real counterpart to claim (a) of Proposition 5.6.1. The latter has been
extended to the multiparamenter case in Theorem 5.6.6. Let us state the real analog to that
Theorem. For r = [r1, . . . , rm−1]

T ∈ [0,∞)m−1 consider the block upper triangular matrices

Ar :=




A11 r1A12 r1r2A13 r1r2r3A13 . . . r1r2r3 . . . rm−1A1m

A22 r2A23 r2r3A24 r2r3 . . . rm−1A2m

A33 r3A34 r3 . . . rm−1A3m

. . .
...

0
Am−1,m−1 rm−1Am−1 m

Amm




,

where Ajk∈Cnj×nk .

Proposition 7.6.4 Let r, r′ ∈ [0,∞)m−1. Suppose Conjecture 7.6.2 holds true. Then r′ ≤ r

(componentwise) implies that σ
(2)

R
(Ar′ , ρ ) ⊆ σ(2)

R
(Ar , ρ ) for all ρ ≥ 0. In particular we have

σ
(2)

R (Ar , ρ ) ⊇ σ(2)

R (A0 , ρ ) = σ
(2)

R

(⊕
j∈mAjj , ρ

)
=

⋃

1≤j<k≤m

σ
(2)

R (Ajj ⊕Akk , ρ ) .

Proof: This follows from Proposition 5.6.1 and the fact that for each index k ≤ m − 1 the

matrix Ar can be written in the form Ar =

[
Â1k(r) rk Â3k(r)

0 Â2k(r)

]
, where the matrices Âjk(r) do
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not depend on the component rk of r. ( Observe that we used the same argument as in the
proof of Theorem 5.6.6). �

We remind the reader of the real Schur form of a real square matrix (see e.g. [61]). Let
A∈Rn×n, n ≥ 2, have real eigenvalues λ1, . . . , λp and nonreal eigenvalues a1 ± ib1, . . . , aq ± ibq
(aj , bj ∈R, bj > 0) counting multiplicities. Then there is an orthogonal matrix Q∈Rn×n such
that QAQ−1 is block upper triangular and the block diagonal D of QAQ−1 is of the form

D = diag(λ1, . . . , λp)⊕
⊕

j∈q

[
aj −θjbj

θ−1
j bj aj

]
, θj ≥ 1.

If Conjecture 7.6.2 holds then Proposition 7.6.4 yields

σ
(2)

R (A, ρ ) = σ
(2)

R

(
QAQ−1, ρ

)

⊇ σ
(2)

R (D, ρ )

=
⋃

1≤j<k≤p

σ
(2)

R

( [
λ1 0
0 λ2

]
, ρ

)
∪

⋃

1≤j<k≤q

σ
(2)

R

( [
aj −θj bj

θ−1

j bj aj

]
⊕
[
ak −θk bk

θ−1

k bk ak

]
, ρ

)

∪
⋃

j∈q,k∈p

σ
(2)

R (N(aj , bj , θj, λk), ρ ) , (7.26)

where

N(a, b, θ, λ) :=




a −θ b
θ−1b a 0

0 0 λ


 , for a, b, λ∈R, θ ≥ 1.

The inclusion 7.26 can be simplified using the fact that

σ
(2)

R

( [
aj −θj bj

θ−1

j bj aj

]
⊕
[
ak −θk bk

θ−1

k bk ak

]
, ρ

)
⊇ σ

(2)

R

( [
aj −θj bj

θ−1

j bj aj

]
, ρ

)
∪ σ(2)

R

( [
ak −θk bk

θ−1

k bk ak

]
, ρ

)

(by Corollary 7.1.6)

⊇ σ
(2)

R

( [
aj −bj
bj aj

]
, ρ

)
∪ σ(2)

R

( [
ak −bk
bk ak

]
, ρ

)

(by Proposition 7.5.9)

= D(aj + ibj , ρ) ∪ D(ak + ibk, ρ).

Hence,

σ
(2)

R (A, ρ ) ⊇
⋃

1≤j<k≤p

σ
(2)

R

( [
λ1 0
0 λ2

]
, ρ

)
∪
⋃

j∈q

D(aj + ibj , ρ)

∪
⋃

j∈q,k∈p

σ
(2)

R (N(aj , bj , θj, λk), ρ ) . (7.27)

We now claim the following:
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Claim 7.6.5 For all a, b, λ∈R, s∈C the function

1 ≤ θ 7−→ τ̃min(N(a, b, θ, λ)− sI3)

is decreasing.

The claim can be shown by means of the methods used in the proof of Proposition 7.4.4. However,
the computations are tedious and will not be given here. The claim implies that for any ρ ≥ 0,

σ
(2)

R (N(a, b, θ, λ), ρ ) ⊇ σ(2)

R (N(a, b, 1, λ), ρ ) .

By combining this with (7.27) we obtain

Proposition 7.6.6 Let A ∈Rn×n, n ≥ 2, have real eigenvalues λ1, . . . , λp and nonreal eigen-
values a1 ± ib1, . . . , aq ± ibq (aj , bj ∈R, bj > 0) counting multiplicities. Suppose that Conjecture
7.6.2 and Claim 7.6.5 hold. Then for any ρ ≥ 0,

σ
(2)

R (A, ρ ) ⊇
⋃

1≤j<k≤p

σ
(2)

R

([
λ1 0
0 λ2

]
, ρ

)
∪
⋃

j∈q

D(aj + ibj , ρ) ∪
⋃

j∈q,k∈p

σ
(2)

R (N(aj , bj , θj, λk), ρ )

= σ
(2)

R (A0, ρ ) , (7.28)

where

A0 := diag(λ1, . . . , λp)⊕
⊕

j∈q

[
aj −bj
bj aj

]
.

Equation (7.28) holds by Theorem 7.4.1. Assume now that A is diagonalizable. Then there is
a nonsingular matrix S ∈Rn×n such that A = SA0S

−1 and the inclusion in Proposition 7.6.6
reads

σ
(2)

R

(
SA0S

−1, ρ
)
⊇ σ(2)

R (A0, ρ ) .

Hence, Conjecture 7.6.2 and Claim 7.6.5 together imply Conjecture 7.6.1.
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7.7 Root sets of uncertain polynomials

We mentioned in Section 6.1 that a computable formula for µ
‖·‖
R

(M) and arbitrary M ∈ Cq×l

is known only for the case that the underlying norm is the spectral norm. However, if M is a
column or a row vector then one has the following result which holds for arbitrary norms. It

reduces the computation of µ
‖·‖
R

(M) to a 1-parameter optimization problem.

Theorem 7.7.1 [42, 48, 53] Let M ∈ Cm×1 (M ∈ C1×m) and let ‖ · ‖ be a norm on R1×m

(Rm×1). Furthermore let x = ℜM , y = ℑM . Then

µ
‖·‖
R

(M) = min
t∈R

‖x− t y‖D (7.29)

where ‖ · ‖D denotes the dual to the norm ‖ · ‖.

In other words, Theorem 7.7.1 states that µ
‖·‖
R

(x+ iy) equals the distance of the vector x∈Rm

to the one-dimensional vector space Ry with respect to the norm ‖ · ‖D. By means of this result
one can compute root sets of interval polynomials or, more generally, root sets of polynomials
whose coefficients are subject to linear real perturbations. We are now going to discuss this in
detail. In doing so we also deal with complex perturbations.

Let p and q1, . . . qm be polynomials of arbitrary degree with complex coefficients. We consider
perturbations of the nominal polynomial p of the form

p(s) ❀ pδ(s) := p(s)−
m∑

j=1

δjqj(s), δ = [δ1, . . . , δm]∈F1×m. (7.30)

The associated root sets with respect to the perturbation level ρ ≥ 0 and the underlying norm
‖ · ‖ on F1×m are defined by

R‖·‖
F (p; q1, . . . , qm, ρ) := { s∈C | ∃ δ∈F1×m : (‖δ‖ ≤ ρ and pδ(s) = 0 ) }.

If the degree of the polynomials qj is less than the degree of p then the root setsR‖·‖
F

(p; q1, . . . , qm, ρ)
are spectral value sets. This can be seen as follows. Without loss of generality we may assume
that p is monic. Then p and the polynomials qj of degree deg(qj) < deg(p) =: n can be written
in the form

p(s) = sn +

n∑

k=1

aks
k−1, qj(s) =

n∑

k=1

cjks
k−1

with coeffients ak, cjk∈C. The polynomials pδ then are

pδ(s) = p(s)−
m∑

j=1

δj qj(s) = sn +

n∑

k=1

ak(δ) s
k−1,

where

ak(δ) := ak −
m∑

j=1

δj cjk.
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The roots of pδ coincide with the eigenvalues of its companion matrix Aδ ∈Cn×n. This matrix
can be written in the form



0 1

. . .
. . .

0 1
−a1(δ) −an−1(δ) −an(δ)




︸ ︷︷ ︸
=Aδ

=




0 1

. . .
. . .

0 1
−a1 −an−1 −an




︸ ︷︷ ︸
=A0

+




0
...
...
0
1




︸︷︷︸
=:en

[δ1 . . . δm]




c11 . . . c1m
...

...

...
...

cm1 . . . cmm




︸ ︷︷ ︸
=:C

Thus, we have for all ρ ≥ 0,

R‖·‖
F (p; q1, . . . , qm, ρ) = σ

‖·‖
F (A0, en, C, ρ)

= σ(A0) ∪ { s∈C\σ(A0) | µ
‖·‖
F (C(sIn −A0)

−1en) ≥ ρ−1 }. (7.31)

The vector C(sIn − A0)
−1en can be written in a more explicite form: For s ∈ C let ŝ =

[ 1 s s2 . . . sn−1 ]T . Then (sIn −A0)ŝ = p(s) en. Thus,

C(sIn −A0)
−1en = C( p(s)−1ŝ )

= p(s)−1Cŝ

= p(s)−1[ q1(s) q2(s) . . . qm(s) ]T .

By combining this with (7.31) we obtain

R‖·‖
F (p; q1, . . . , qm, ρ) = R(p) ∪ { s∈C\R(p) | f(s) ≥ ρ−1 }, (7.32)

where R(p) denotes the set of roots of p and

f(s) := µ
‖·‖
F ( p(s)−1[ q1(s) q2(s) . . . qm(s) ]T ). (7.33)

However, the derivation of (7.32) via spectral value sets is somewhat indirect. There is an
alternative method which also works for the case that deg(qj) ≥ deg(p) for some j∈m:

Note first that the definition of µ for a column vector M ∈Cm×1 = Cm reads

µ
‖·‖
F (M) =

(
min{‖δ‖ | δ∈F1×m, 1∈σ(δM) }

)−1
(7.34)

=
(

min{‖δ‖ | δ∈F1×m, δM = 1 }
)−1

. (7.35)

Observe further that if s 6∈ R(p) then 0 = pδ(s) = p(s)−∑m
j=1 δj qj(s) if and only if

[ δ1 δ2 . . . δm ] p(s)−1[ q1(s) q2(s) . . . qm(s) ]T = 1.

Thus, the function f defined in (7.33) satisfies

f(s) = µ
‖·‖
F ( p(s)−1[ q1(s) q2(s) . . . qm(s) ]T )

=
(

min{‖δ‖ | δ∈F1×m, δ p(s)−1 [ q1(s) q2(s) . . . qm(s) ]T = 1 }
)−1

=
(

min{‖δ‖ | δ∈F1×m, pδ(s) = 0 }
)−1

.

This yields (7.32). We remark that with an analogous reasoning one can treat spectral value
sets of matrix polynomials. This has been done in [23, 40, 41, 44]. We note further, that if
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deg(pδ) is not constant for all δ ∈Fm satisfying ‖δ‖ ≤ ρ then the root set R‖·‖
F

(p; q1, . . . , qm, ρ)
is unbounded. The proof is left to the reader.

We now discuss µ-functions of column vectors in detail. If M ∈ Fm = Fm×1 and ‖ · ‖ is a
norm on F1×m then

µ
‖·‖
F (M) =

(
min{‖δ‖ | δ∈F1×m, δM = 1 }

)−1
= max

δ∈F1×m

‖δ′‖=1

|δ′M | = ‖M‖D. (7.36)

For the case M ∈Cm, F = R, we have by Theorem 7.7.1,

µ
‖·‖
R (M) = min

t∈R

‖x− t y‖D,

where x = ℜM , y = ℑM . Let us give the proof. The relation δ(x + iy) = 1 with δ ∈ R1×m

implies δx = 1 and δy = 0. Thus δ 6= 0 and 1 = δ(x− ty) for all t∈R. Hence,

1 = |δ(x− ty)| ≤ ‖δ‖ ‖x − ty‖D, for all t∈R.

Consequently, ‖δ‖−1 ≤ mint∈R ‖x− t y‖D. Since this inequality holds for all δ satisfying δM = 1
we conclude

µ
‖·‖
R (M) ≤ min

t∈R

‖x− t y‖D. (7.37)

We show that the latter inequality is actually an equality. Assume first that x = t0 y for some
t0∈R. Then there is no δ such that δx = 1 and δy = 0. Thus µ

‖·‖
R

(M) = 0 = mint∈R ‖x− t y‖D.

If y = 0 then mint∈R ‖x− t y‖D = ‖x‖D = ‖M‖D = µ
‖·‖
R

(M). The latter equation is (7.36). The
remaining case is that x and y are linearly independent. In this case there is a linear functional
g : spanR{x, y} → R such that g(x) = 1, g(y) = 0. Its operator norm with respect to the norm
‖ · ‖D is

|‖g‖| = max
(λ1,λ2)∈R2\{0}

|g(λ1x− λ2y)|
‖λ1x− λ2y‖D

= max
(λ1,λ2)∈R2\{0}

|λ1|
‖λ1x− λ2y‖D

= max
(λ1,λ2)∈R2\{0}

λ1 6=0

1

‖x− (λ2/λ1)y‖D

=

(
min
t∈R

‖x− ty‖D
)−1

By the Hahn-Banach theorem g can be extended to a linear functional g̃ : Rm → R with the
same operator norm, |‖g̃‖| = |‖g‖|. Let δ ∈R1×m be such that g̃(ξ) = δξ for all ξ ∈Rm. Then

‖δ‖ = (‖δ‖D)D = maxξ 6=0
|δξ|
‖ξ‖D = |‖g̃‖| = |‖g‖|. Thus, equality holds in (7.37). ✷

Since ‖ · ‖D2 = ‖ · ‖2 we have for x, y∈Rm,

µ
(2)

R (x+ iy) = min
t∈R

‖x− ty‖2 =
√
‖x‖22 − (xT y)2. (7.38)

The proposition below treats the µ-problem for the maximum norm.
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Proposition 7.7.2 Let x = [x1 . . . xm]T ∈Rm and y = [ y1 . . . ym]T ∈Rm \ {0}. Then

µ
(∞)

R (x+ iy) = min
k∈m
yk 6=0

‖x− (xk/yk)y‖1. (7.39)

Proof: Since ‖ · ‖D∞ = ‖ · ‖1 we have by Theorem 7.7.1 that µ
(∞)

R
(x+ iy) = mint∈R h(t), where

h(t) := ‖x− ty‖1 =
m∑

k=1

|xk − tyk|.

Let P = { xk/yk | k∈m, yk 6= 0 }. Then R \ P is a disjoint union of intervals. The closures of
these intervals cover R. Let J be such an interval with the property that mint∈R h(t) is attained
at cl(J). Since J ∩P = ∅ the functions t 7→ xk − tyk, k∈m, do not change sign on J . Hence the
restriction h|cl(J) is an affine function and attains its minimum at ∂J ⊆ P . �

By using (7.38) and (7.39) the sets root setsR‖·‖α

R
(p; q1, . . . , qm, ρ), α∈{0,∞}, can be determined

numerically. An example is given in Figure 7.10. It extends an example from [42]. The figure

shows the root sets R‖·‖α

R
(p; q1, q2, ρ) and the boundaries of R‖·‖α

C
(p; q1, q2, ρ) (dashed curves) for

α = 2,∞, and the polynomials

p(s) = (s+ 2)2(s+ 0.5 + 0.5i)(s + 0.5 − 0.5i)

= s4 + 5 s3 + 8.5 s2 + 6 s+ 2, (7.40)

q1(s) = s2 + 4 s+ 3.25,

q2(s) = 1.5 s + 1.

We now consider root sets of interval polynomials. The latter are defined as follows. Let
α = [ α1 . . . αn+1]

T ∈Rn+1, β = [ β1 . . . βn+1]
T ∈Rn+1 be real vectors such that α ≤ β (conpo-

nentwise). Then the interval polynomial P[α, β] is the set of polynomials p of the form

p(s) =
n+1∑

k=1

aks
k−1, αk ≤ ak ≤ βk.

The corresponding root sets are

R[α, β] := { s∈C | p(s) = 0 for some p∈P[α, β] }.

Let

pc(s) :=

n+1∑

k=1

αk + βk

2
sk−1, qj(s) :=

βj − αj

2
sj−1, j∈n+ 1.

The polynomial pc is called the center polynomial of P[α, β]. We have

P[α, β] = { pc +
∑n+1

j=1 δj qj | ∀j∈n+ 1 : δj ∈R, |δj | ≤ 1 },

and therefore

R[α, β] = R‖·‖∞
R (pc; q1, . . . , qn+1, 1) = R(pc) ∪ { s∈C\R(pc) | fα,β(s) ≥ 1 },
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where R(pc) is the set of roots of pc and

fα,β(s) := µ
(∞)

R ( pc(s)−1[ q1(s) q2(s) . . . qn+1(s) ]T ). (7.41)

The function fα,β(s) can be evaluated via Formula (7.39). The complex counterpart to R[α, β]
is the set

RC[α, β] := { s∈C | p(s) = 0 for some p∈PC[α, β] },
where

PC[α, β] := { pc +
∑n+1

j=1 δj qj | ∀j∈n+ 1 : δj ∈C, |δj | ≤ 1 }.

Figure 7.11 shows the sets R[α(κ), β(κ)] and the boundaries of the sets RC[α(κ), β(κ)], κ = 1, 2,
where

α(1) = [ 1.5 − 9 7.5 4.5 1 ]T ,

β(1) = [ 2.5 21 9.5 5.5 1 ]T , (7.42)

α(2) = [ 1.5 − 6 8.5 4.5 0.5 ]T ,

β(2) = [ 2.5 18 8.5 5.5 1.5 ]T .

In both cases the center polynomial is the polynomial p defined in (7.40).
Figure 7.12 shows the root set of the interval polynomial

pδ(s) =

12∏

k=1

(s+ k) +

12∑

j=1

δj s
j−1, δj ∈R, |δj | ≤ 7 for all j∈12. (7.43)

The figure indicates that the roots −2 and −1 of the center polynomial are insensitive to per-
turbations.
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Figure 7.10: The root sets R‖·‖α

R
(p; q1, q2, ρ) for the polynomials p, q1, q2 defined in (7.40). Upper

row: α =∞. Lower row: α = 2. The crosses mark the zeros of p.
.
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Figure 7.11: The root sets of the interval polynomials R[α(κ), β(κ)] and the boundaries of the
sets RC[α(κ), β(κ)] (dashed curves) for α(κ), β(κ) defined in (7.42).
.
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Figure 7.12: The root set of the interval polynomial defined in (7.43). The crosses mark the
zeros of the center polynomial.
.



Appendix A

Hermitian-symmetric inequalities

The appendix deals with hermitan-symmetric inequalities. The material is organized as follows.
In Section A.1 we derive a lower bound for the positive semi-definite inertia of a hermitian sym-
metric matrix pair. The latter yields a lower bound for real perturbation values which extends the
result of Corollary 6.7.2. In Section A.2 we discuss the canonical form for hermitian-symmetric
matrix pairs. The canonical form is needed in the proof of the BQR-theorem (Theorem 6.1.11)
which will be given in Section A.3.

Recall from Chapter 6 the notation

HSn =
{

(H,S)
∣∣ H,S∈C n×n, H∗ = H, ST = S

}
,

and for (H,S)∈HSn,

i≥(H,S) = max{ k∈N0 | There exists a k-dimensional subspace X of C n

such that x∗Hx ≥ |xTSx| for all x∈X },
i≥(H) = max{ k∈N0 | There exists a k-dimensional subspace X of C n

such that x∗Hx ≥ 0 for all x∈X }.

In the sequel ⌊·⌋ denotes the entire function, i.e. for all x∈R, ⌊x⌋ = max{ k∈Z | k ≤ x }.

A.1 Lower bounds for i
≥
(H, S) and τk(M)

The aim of this section is to derive the following estimates.

Proposition A.1.1 For all (H,S)∈HSn, i≥(H,S) ≥ ⌊i≥(H)/2⌋.

Proposition A.1.2 For every M ∈C q×l and k∈N, τk(M) ≥ σ2k(M).

The proof is based on the lemma below.

Lemma A.1.3 Let S∈C n×n be a symmetric matrix. Then each subspace X of C n contains a
subspace X ′ of dimension dimX ′ ≥ ⌊dimX/2⌋ such that xTSx = 0 for all x∈X ′.

Proof: The mapping X × X ∋ (x, y) 7→ xTSy is a symmetric bilinear form on X of rank r,
say. As is well known (see e.g. [32]) X has a basis B = (x1, . . . , xk) such that

xT
j Sxl =

{
1 if j = l ≤ r,
0 otherwise.

174
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For j = 1, . . . , ⌊r/2⌋ set x′j := xj + i x⌊r/2⌋+j
. Then X ′ := span {x′1, . . . , x′⌊r/2⌋, xr+1, . . . , xk} has

the required properties. �

Proof of Propositions A.1.1 Let (H,S) ∈ HSn and let X ⊆ Cn be a subspace such that
dimX = i≥(H) and x∗Hx ≥ 0 for all x∈X . By the lemma above X contains a subspace X ′

of dimension dimX ′ ≥ ⌊dimX/2⌋ such that xTSx = 0 for every x ∈ X ′. The latter implies
x∗Hx ≥ |xTSx| for x∈X ′. Hence i≥(H,S) ≥ dimX ′ ≥ ⌊i≥(H)/2⌋. �

Proof of Proposition A.1.2 Let M ∈ Cq×l and k ∈ N. If 2k > min{l, q} then σ2k(M) = 0,
and the statement of Proposition A.1.2 is trivial. Assume that 2k ≤ min{l, q}. Choose pairwise
orthogonal and normalized right singular vectors v1, . . . , v2k to the 2 k largest singular values of
M , i.e. vectors such that

M∗M vj = σ2
j (M) vj , v∗i vj =

{
1 if i = j,

0 otherwise,
i, j∈2k.

Then we have for every x ∈ X := span{v1, . . . , v2 k} that x∗(M∗M − σ2
2 k(M)Il)x ≥ 0. Thus

i≥(M∗M − σ2
2 k(M)Il) ≥ 2k. Now, Proposition A.1.1 yields,

i≥(M∗M − σ2
2 k(M)Il, M

TM − σ2
2 k(M)Il ) ≥ k.

Hence, τk(M) ≥ σ2k(M) by Theorem 6.1.7. �

A.2 The canonical form of hermitian-symmetric matrix pairs

In this section we discuss the canonical form for hermitian-symmetric matrix pairs under the
simultaneous congruence transformations

(H,S) 7−→ (P ∗HP , P TSP ), P ∈C n×n invertible.

The geometric meaning of such transformations is the following. Let V be an n-dimensional
complex vector space endowed with a hermitian form h : V × V → C and a symmetric bilinear
form s : V ×V → C. Let B be a basis of V and let [v]B∈C n denote the vector of the coordinates
of v∈V with respect to B. Then (as is well known) there exists a pair (H,S)∈HSn such that

h(v,w) = [v]∗BH [w]B , s(v,w) = [v]TB S [w]B for all v,w∈V.

Let B′ be a second basis of V and suppose that the change of coordinates [v]B′ 7→ [v]B is given
by [v]B = P [v]B′ for all v∈V , where P is an invertible n× n matrix. Then

h(v,w) = [v]∗B′P ∗HP [w]B′ , s(v,w) = [v]TB′P TSP [w]B′ for all v,w∈V.

Thus the pairs (H,S) and (P ∗HP , P TSP ) represent the same pair of forms, (h, s), in different
coordinates.

In order to understand the canonical form which will be given below one first has to un-
derstand another issue, namely the basics of the theory of antilinear operators. An antilinear
operator between complex vector spaces V1 and V2 is a map f : V1 → V2 with the properties

f(λv) = λf(v), f(v + w) = f(v) + f(w) for all v,w∈V1, λ∈C.
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Let C∈C n×n. Then the map

fC : C n → C n fC(x) := C x

is antilinear. Conversely, let f : V → V be an antilinear operator, where V is an n-dimensional
complex vector space with basis B. Then there exists a matrix C∈C n×n such that

[f(v)]B = C[v]B = fC([v]B)

for all v∈V . Let B′ be a second basis of V , and let P be the matrix with [v]B = P [v]B′ for all
v∈V . Then we have

[f(v)]B′ = P−1CP [v]B′ .

Thus the matrices C and P−1CP represent the same antilinear operator with respect to different
bases. Transformations of the form

C 7−→ P−1CP, P ∈C n×n invertible

are called consimilarity transformations (see [61, Section 4.6 ]). The square f2 = f ◦ f of an
antilinear operator f : V → V is a linear. For the squares of the operators fC , C ∈C n×n, we
have that

f2
C(x) = fC(fC(x)) = CfC(x) = CCx = CCx for all x∈C n.

Thus CC is the matrix belonging to the linear operator f2
C . The theory of antilinear operators

is well developed [35, 61, 57, 58, 59, 60, 66]. In particular there are several canonical forms for a
matrix C under consimilarity transformations which can be obtained from the Jordan canonical
form of CC. The connection of hermitian-symmetric matrix pairs with antilinear operators and
consimilarity transformations is the following.

Proposition A.2.1 Let (H,S)∈HSn, where S is invertible, and let C := S−1H. Then

x∗Hy = (Cx)TSy for all x, y∈C n.

Moreover, for all invertible P ∈C n×n,

P ∗HP = (P−1CP )T (P TSP ).

LetOH,S :=
{

(P ∗HP , P TSP ) | P ∈C n×n invertible
}

denote the kongruence orbit of (H,S)∈
HSn. The canonical form problem for hermitian-symmetric matrix pairs is, to find a set
F ⊂ ⋃n∈N

HSn and a bijective map Φ : { OH,S | (H,S)∈HSn, n∈N } → F such that the
elements of F have a structure, which is as simple as possible. Φ(OH,S) is then said to be a
canonical form of (H,S). Proposition A.2.1 indicates that this problem is closely related to
consimilarity transformations. A canonical form for hermitian-symmetric matrix pairs (H,S),
where S is invertible, is given in the theorem below. In order to formulate it we introduce the
following notation.

Notation A.2.2 For m∈N and Aj , Bj , Cj ∈C nj×nj , A,B,C∈C n×n let

m⊕

j=1

(Aj , Bj , Cj) := ( diag(A1, . . . , Am) , diag(B1, . . . , Bm) , diag(C1, . . . , Cm) )

⊕m(A,B,C) := (diag(A, . . . , A︸ ︷︷ ︸
m−times

),diag(B, . . . , B︸ ︷︷ ︸
m−times

),diag(C1, . . . , C︸ ︷︷ ︸
m−times

) ).
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(Direct sum of matrix triples)

Moreover, let Ek denote the k × k permutation matrix with 1’s on the antidiagonal,

Ek :=



0 1

. .
.

1 0


∈{0, 1}k×k, E1 = [1],

and let Jk(µ) denote the Jordan block

Jk(µ) :=




µ 1
. . .

. . .

1
µ


∈C k×k.

Note that

Jk(µ)TEk = EkJk(µ) =

2

6

6

6

4

0 µ

1

. .
.

. .
.

µ 1 0

3

7

7

7

5

.

The theorem below has been shown in [66, 63], see also [6].

Theorem A.2.3 Let (H,S) ∈ HSn, where S is invertible, and let C := S−1H. Then the
spectrum of CC is symmetric to the real axis and the negative eigenvalues of CC have even
algebraic multiplicity. Let r denote the number of (pairwise different) nonnegative eigenvalues
of CC and let s denote the number of that (pairwise different) eigenvalues of CC which are ei-
ther negative or have positive imaginary part. Then there exists an invertible P ∈C n×n such that

(P TSP , P−1CP , P ∗HP )

=
r⊕

j=1

n⊕

k=1

⊕n
+

jk ( Ek, Jk(λj) , Ek Jk(λj) )

⊕
r⊕

j=1

n⊕

k=1

⊕n
−
jk ( Ek, −Jk(λj) , −Ek Jk(λj) )

⊕
s⊕

j=1

⌊n
2
⌋⊕

k=1

⊕mjk

( [
Ek 0
0 Ek

]
,

[
0 Jk(νj)

Jk(νj) 0

]
,

[
0 Ek Jk(νj)

Ek Jk(νj) 0

] )
,

where

(a) λ1, . . . , λr ≥ 0 and λ2
1, . . . , λ

2
r are the (pairwise different) nonnegative eigenvalues of CC,

(b) ν1, . . . , νs ∈C \ R and ν2
1 , . . . , ν

2
s are the (pairwise different) eigenvalues of CC which are

either negative or have positive imaginary part,

(c) n−jk = 0 if λj = 0 and k is odd.



178 APPENDIX A. HERMITIAN-SYMMETRIC INEQUALITIES

If one of the numbers r, s, n+
jk, n

−
jk,mjk∈N is zero then the accompanying sum is to be omitted.

In such a decomposition the multiplicities n+
jk, n

−
jk,mjk of the blocks are uniquely determined by

H and S.

Remark A.2.4 Another canonical form for hermitian-symmetric pairs (H,S) with det(S) 6= 0
can be found in [59, 60]. A canonical form for the case det(S) = 0 has been given in [27]. See
also [66].

We will not reproduce the lengthy proof of Theorem A.2.3 here. For our purpose, the proof of the
BQR-theorem, we only need the canonical form in the generic case, whose proof is comparatively
simple. The canonical form for the generic case is given in the next theorem. We need a further
notation.

Notation A.2.5

HS+
n := { (H,S)∈HSn | det(S) 6= 0, all eigenvalues of CC are simple ,

where C := S−1H}.

We will show at the end of this section that HS+
n is an open and dense subset of HSn.

Theorem A.2.6 Let (H,S)∈HS+
n and C = S−1H. Then CC has no negative eigenvalues, the

nonreal eigenvalues of CC occur in conjugate complex pairs and there exists an invertible matrix
P ∈C n×n such that

P−1CP = diag(λ1, . . . , λr)⊕
s⊕

k=1

[
0 νk,
νk 0

]
,

P TSP = In,

P ∗HP = diag(λ1, . . . , λr)⊕
s⊕

k=1

[
0 νk

νk 0

]
,

where

(a) λ1, . . . , λr∈R and λ2
1, . . . , λ

2
r are the real eigenvalues of CC,

(b) ℑν1, . . . ,ℑνs > 0 and ν2
1 , . . . , ν

2
s , ν1

2, . . . , νs
2 are the nonreal eigenvalues of CC.

The columns of P form a basis of eigenvectors of CC.

Proof: (following the proof in [9])

(i) Suppose z∈Cn \{0} is an eigenvector of CC to the eigenvalue µ∈C, i.e. CCz = µz. Then

CC(Cz) = CCCz = Cµz = µCz.

Thus either Cz is an eigenvector of CC to the eigenvalue µ or Cz = 0. The latter can
happen only if µ = 0. Suppose now, that µ is real. Then the assumption that the
eigenvalues of CC are simple implies that Cz is a scalar multiple of z, say Cz = λz, λ∈C.
Hence, |λ|2x = λCx = Cλx = CCx = µx. Thus µ is nonnegative.

(ii) It is easily verified that the following relation holds for C = S−1H.

S(CC) = CTSC = (CC)TS. (A.1)

Suppose that z1, z2 ∈ C n \ {0} are eigenvectors of CC, i.e. CCzk = µkzk with µk ∈ C,
k = 1, 2. Then the relations (A.1) yield
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µ1 z
T
1 Sz2 = (CCz1)

TSz2 = zT
1 (CC)TSz2 = zT

1 S(CC)z2 = µ2 z
T
1 Sz2.

This implies

zT
1 Sz2 = 0 if µ1 6= µ2. (A.2)

(iii) Let µ1, . . . , µr be the real eigenvalues of CC and let µr+1, . . . µr+s be the eigenvalues of
CC with positive imaginary part. By (i) and our assumption that the eigenvalues of CC
are algebraically simple, there exists an invertible matrix

Q = [u1, . . . , ur, v1, Cv1, . . . , vs, Cvs]∈C n×n, r + 2s = n,

whose columns form a basis of eigenvectors of CC, i.e.

CCuj = µjuj 1 ≤ j ≤ r,
CCvj = µr+jvj 1 ≤ j ≤ s,

CC(Cvj) = µr+j Cvj 1 ≤ j ≤ s.

Since µj 6= µk 6= µj for 1 ≤ j < k ≤ r+ s and µr+j 6= µr+j for 1 ≤ j ≤ s we have by (A.2)
that the eigenvectors are pairwise orthogonal with respect to the symmetric bilinear form
associated with S. Hence,

QTSQ = diag
(
uT

1 Su1, . . . , u
T
r Sur, v

T
1 Sv1, (Cv1)

TS(Cv1), . . . , v
T
s Svs, (Cvs)

TS(Cvs)
)
.(A.3)

(A.4)

Furthermore, (A.1) yields that for 1 ≤ j ≤ s,

(Cvj)
TS(Cvj) = vT

j C
TSCvj = vT

j S(CC)vj = µr+j vT
j Svj .

(iv) Since S is invertible, all diagonal elements of QTSQ are nonzero. Choose αj , βj , νj ∈C\{0}
such that

α2
j = uT

j Suj for 1 ≤ j ≤ r,
β2

j = vT
j Svj for 1 ≤ j ≤ s,

ν2
j = µr+j for 1 ≤ j ≤ s,

and define

xj := α−1
j uj for 1 ≤ j ≤ r,

yj := β−1
j vj for 1 ≤ j ≤ s,

zj := ν−1
j β−1

j Cvj for 1 ≤ j ≤ s
= ν−1

j Cyj,

and

P := [x1, . . . , xr, y1, z1, . . . , ys, zs]

= Q diag
(
α−1

1 , . . . , α−1
r , β−1

1 , ν−1
1 β−1

1 , . . . , β−1
s , ν−1

s β−1
s

)
.
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By (A.4) we have

QTSQ = diag(α2
1, . . . , α

2
r , β

2
1 , ν

2
1β

2
1 , . . . , βs, ν2

sβ
2
s ).

Therefore,
P TSP = In.

Moreover, the vectors yj, zj satisfy

Cyj = νj zj , Czj = νj yj. (A.5)

Since the vectors xj are eigenvectors of CC to real eigenvalues our considerations in (i)
yield that

Cxj = λjxj (A.6)

with λj ∈ C, |λj|2 = µj. The relations (A.5) and (A.6) are equivalent to the matrix
equation

P−1CP = diag(λ1, . . . , λr)⊕
s⊕

k=1

[
0 νk

νk 0

]
.

Consequently,

P ∗HP = (P−1CP )T (P TSP ) = diag(λ1, . . . , λr)⊕
s⊕

k=1

[
0 νk

νk 0

]
.

Since P ∗HP is hermitian we have that λ1, . . . , λr∈R.
�

For the proof of the BQR-theorem we also need the following fact.

Proposition A.2.7 The set HS+
n is an open and dense subset of HSn.

Proof: For A ∈C n×n let adj(A) denote the classical adjoint of A∈C n×n. If A is invertible
then A−1 = adj(A)/det(A). Moreover let dis(A) denote the discriminant of the characteristic
polynomial χ

A
(s) = det(sIn−A). Then dis(A) being the resultant of χ

A
and χ′

A
is a polynomial

in the entries of A and we have dis(A) 6= 0 if and only if all eigenvalues of A are simple. Now
define for all (H,S)∈HSn,

p(H,S) := dis( adj(S)H adj(S)H ).

Then p is a polynomial in the real and complex parts of the entries of H and S. If det(S) 6= 0
and C = S−1H then det(S)C = adj(S)H and consequently |det(S)|2CC = adj(S)H adj(S)H.
Thus HS+

n = { (H,S)∈HSn | det(S) 6= 0, p(H,S) 6= 0 }. The complement of HS+
n

HSn \ HS+
n = { (H,S)∈HSn | det(S) p(H,S) = 0 }

is a real algebraic subset of HSn. So either HS+
n is open and dense in HSn or HS+

n = ∅. The
latter fails since ( In , diag(1, . . . , n) )∈HS+

n .
�
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A.3 Proof of the BQR-Theorem

In this section we derive the BQR-theorem (Theorem 6.1.11) which states that for each k ∈N

and each (H,S)∈HSn the following statements (Ak) and (Bk) are equivalent.

(Ak) There exists a k-dimensional subspace X of C n such that x∗Hx ≥ |xTSx| for all x∈X .

(Bk) For all α∈(−1, 0): λ2k

([
H αS

αS H

])
≥ 0.

Since [
In 0
0 −In

]−1 [
H αS

αS H

] [
In 0
0 −In

]
=

[
H −αS
−αS H

]

we have for all α∈R,

λ2k

([
H αS

αS H

])
= λ2k

([
H −αS
−αS H

])

Thus in (Bk) the interval (−1, 0) can be replaced by the interval (0, 1). Furthermore by con-
tinuity of the eigenvalues, the interval (0, 1) can be replaced by the closed interval [0, 1]. In
summary, condition (Bk) is equivalent to the following conditon (B′

k).

(B′
k) For all α∈ [0, 1]: λ2k

([
H αS

αS H

])
≥ 0.

The conditions (Ak) and (B′
k) can be rewritten in the following form.

(Ak) i≥(H,S) ≥ k.

(B′
k) minα∈[0,1] i≥

([
H αS

αS H

])
≥ 2k.

Thus the theorem below is just a reformulation of the BQR-theorem.

Theorem A.3.1 For every (H,S)∈HSn:

i≥(H,S) =

⌊
1

2
min

α∈[0,1]
i≥

([
H αS

αS H

]) ⌋
. (A.7)

We split the proof of the BQR-theorem in two lemmas and a proposition.

Lemma A.3.2 Let (H,S)∈HSn. Then, for every k∈n, condition (Ak) implies (B′
k). Equiva-

lently,

i≥(H,S) ≤
⌊

1

2
min

α∈[0,1]
i≥

([
H αS

αS H

]) ⌋
. (A.8)

Proof: Let X be a k-dimensional subspace of C n such that x∗Hx ≥ |xTSx| for all x∈X . Then
we also have x∗Hx ≥ |xT (αS)x| for all x∈X and all α∈ [0, 1]. Now Lemma 6.4.2 yields that

[
x
y

]∗ [
H αS

αS H

] [
x
y

]
≥ 0 for all

[
x
y

]
∈X ′ :=

{ [
ξ
η

]
| ξ, η∈X

}
.

X ′ is a complex vector space of dimension dimX ′ = 2k. Thus (B′
k) holds. �
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Lemma A.3.3 Suppose there is a dense subset Dn of HSn such that (B′
k) implies (Ak) for all

(H,S)∈Dn. Then (B′
k) implies (Ak) for all (H,S)∈HSn.

Proof: Let (H,S) ∈ HSn and suppose that condition (B′
k) holds for (H,S). Then for all

α∈ [0, 1] and all j∈N,

λ2k

([
H + (1/j)In αS

αS H + (1/j)In

])
= λ2k

([
H αS

αS H

])
+

1

j
> 0.

From the continuity of eigenvalues and the conpactness of the interval [0, 1] it follows that there
is an ǫ∈(0, 1/j) such that

min
α∈[0,1]

λ2k

([
H ′ αS′

αS′ H ′

])
> 0

for all (H ′, S′)∈HSn satisfying ‖H + (1/j)In−H ′‖2 + ‖S−S′‖2 < ǫ. Since Dn is dense in HSn

there is (Hj, Sj)∈Dn satisfying ‖H + (1/j)In −Hj‖2 + ‖S − Sj‖2 < ǫ. Thus

min
α∈[0,1]

λ2k

([
Hj αSj

αSj Hj

])
> 0.

Hence, condition (B′
k) holds for (Hj , Sj)∈Dn. By assumption this implies that there exists a

k-dimensional subspace Xj of Cn such that x∗Hjx ≥ |xTSjx| for all x∈Xj. Let Xj ∈Cn×k be a
matrix whose columns form an orthogonal basis of Xj . Then XT

j Xj = Ik, rangeXj = Xj and

(Xjξ)
∗Hj(Xjξ) ≥ |(Xjξ)

TSj(Xjξ)| for all ξ∈Ck. (A.9)

The set of X ∈Cn×k satisfying X∗X = Ik is compact. Thus the sequence Xj has a convergent
subsequence. Let X0 ∈Cn×k denote its limit. Then X∗

0X0 = Ik, i.e. the columns of X0 form
an orthogonal basis of the k -dimensional subspace X0 := rangeX0. Since the sequence (Hj, Sj)
converges to (H,S) it follows from (A.9) that

(X0ξ)
∗H(X0ξ) ≥ |(X0ξ)

TS(X0ξ)| for all ξ∈Ck.

Equivalently, x∗Hx ≥ |xTSx| for all x∈X0. Thus we have shown that for every pair (H,S)∈HSn,
condition (B′

k) implies (Ak). �

We are now going to show the equivalence of (Ak) and (B′
k) for all (H,S)∈HS+

n . Since HS+
n is

dense in HSn this concludes the proof of the BQR-theorem.

Proposition A.3.4 Let (H,S)∈HS+
n . Then there exists an invertible matrix

P = [x1, . . . , xr, y1, z1 . . . , ys, zs]∈C n×n, xk, yk, zk∈C n,

such that

P TSP = In,

P ∗HP = diag(λ1, . . . , λρ, λρ+1, . . . , λρ+ℓ, λρ+ℓ+1, . . . , λr)⊕
⊕s

k=1

[
0 νk

νk 0

]
,

(A.10)

where

• 1 > λ1 ≥ . . . ≥ λρ ≥ −1,
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• λρ+j ≥ 1 for 1 ≤ j ≤ ℓ,

• λj < −1 for ρ+ ℓ+ 1 ≤ j ≤ r

• νk∈C \R with ℑνk > 0 for all k∈s.

Moreover, (A.7) holds for the pair (H,S) with

i≥(H,S) =

⌊
1

2
min

α∈[0,1]
i≥

([
H αS

αS H

]) ⌋
= m+ ℓ+ s,

where

m := max{ q∈N0 | 2q ≤ ρ and λj + λ2q+1−j ≥ 0 for all j∈q }.

A subspace X ⊆ Cn of maximal dimension such that x∗Hx ≥ |xTSx| for all x∈X is given by

X = span { xk + i x2m+1−k | k∈m } ⊕ span{xρ+1, . . . , xρ+ℓ} ⊕ span { yk + i zk | k∈s } .

Proof: The existence of the matrix P is guaranteed by Theorem A.2.6. Each x∈X can be
written in the form

x =

m∑

k=1

αk(xk + i x2m+1−k) +

ℓ∑

k=1

βk xρ+k +

t∑

k=1

γk(yk + i zk) αk, βk, γk∈C,

and (A.10) yields

x∗Hx =
m∑

k=1

|αk|2
[
1
i

]∗ [
λk 0
0 λ2m+1−k

] [
1
i

]
+

ℓ∑

k=1

|βk|2λρ+k +
s∑

k=1

|γk|2
[
1
i

]∗ [
0 νk

νk 0

] [
1
i

]

=

m∑

k=1

|αk|2 (λk + λ2m+1−k)︸ ︷︷ ︸
≥0

+

ℓ∑

k=1

|βk|2 λρ+k︸︷︷︸
≥1

+

s∑

k=1

|γk|2 2ℑ(νk)︸ ︷︷ ︸
≥0

≥
ℓ∑

k=1

|βk|2 ≥
∣∣∣∣∣

ℓ∑

k=1

β2
ℓ

∣∣∣∣∣ ,

xTSx =

m∑

k=1

α2
k

[
1
i

]T [
1 0
0 1

] [
1
i

]

︸ ︷︷ ︸
=0

+

ℓ∑

k=1

β2
k +

s∑

k=1

γ2
k

[
1
i

]T [
1 0
0 1

] [
1
i

]

︸ ︷︷ ︸
=0

=

s∑

k=1

β2
k.

Thus x∗Hx ≥ |xTSx| for all x∈X and hence i≥(H,S) ≥ dimX = m+ ℓ+ s. By Lemma A.3.2

we have

⌊
1
2 minα∈[0,1] i≥

([
H αS

αS H

])⌋
. Thus the proposition is proved if we can show that

m+ ℓ+ s ≥
⌊

1

2
min

α∈[0,1]
i≥

([
H αS

αS H

]) ⌋
. (A.11)
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We now compute i≥

([
H αS

αS H

])
for α ∈ R. First note that there is a permutation matrix

Q∈{0, 1}2n×2n such that for all α∈R,

Q∗
[
P 0

0 P

]∗ [
H αS

αS H

] [
P 0

0 P

]
Q = Q∗

[
P ∗HP αIn
αIn P ∗HP

]
Q

=
r⊕

k=1

[
λk α
α λk

]
⊕

s⊕

k=1




0 νk

νk 0
α 0
0 α

α 0
0 α

0 νk

νk 0




︸ ︷︷ ︸
=:Hk(α)

.

Since a congruence transformation does not change the inertia of a hermitian matrix, it follows
that

i≥

([
H αS

αS H

])
= i≥

(
r⊕

k=1

[
λk α
α λk

])

︸ ︷︷ ︸
=:g(α)

+
t∑

k=1

i≥ (Hk(α)) .

We are now going to evaluate this sum.

1. A matrix of the form

[
λ α
α λ

]
has the eigenvalues λ±α since

[
λ α
α λ

] [
1
±1

]
= (λ±α)

[
1
±1

]
.

Thus for all α∈R,

g(α) = # { k∈r | λk − α ≥ 0 }+ # { k∈r | λk + α ≥ 0 } .
Now we have to distinguish three cases: For k ∈ {ρ + 1, . . . , ρ + ℓ} we have λk ≥ 1 and
therefore λk ± α ≥ 0 for all α ∈ [0, 1]. For k ≥ ρ + ℓ + 1 we have λk < −1 and hence
λk±α < 0 for α∈ [0, 1]. If k∈ρ then λk∈ [−1, 1) and one of the eigenvalues λk±α changes
its sign in the interval [0, 1]. Thus we have for α∈ [0, 1], g(α) = 2ℓ+ f(α), where

f(α) = #
{
k∈ρ | λk − α ≥ 0

}
+ #

{
k∈ρ | λk + α ≥ 0

}
.

2. In order to determine i≥(Hk(α)) we argue as follows. Let

X+ :=








z1
iz1
z2
−iz2




∣∣∣∣∣∣∣∣
z1, z2∈C




, X− :=








z1
−iz1
z2
iz2




∣∣∣∣∣∣∣∣
z1, z2∈C




.

Then dimX+ = dimX− = 2 and a straightforward calculation (using the fact that ℑνk > 0)
shows that x∗Hk(α)x > 0 for every x∈X+\{0} and x∗Hk(α)x < 0 for every x∈X−\{0},
α ∈ R. We conclude that Hk(α) has two positive and two negative eigenvalues. Thus
i≥(Hk(α)) = 2 for all α∈R.

So far we have shown that

i≥

([
H αS

αS H

])
= f(α) + 2ℓ+ 2s for all α∈ [0, 1],

Thus (A.11) is proved if we can find an α0∈ [0, 1] such that ⌊(1/2)f(α0)⌋ ≤ m, where

m = max{ q∈N0 | 2q ≤ ρ and λk + λ2q+1−j ≥ 0 for all j∈q }.
However, by definition of m one of the following conditions holds.
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(a) ρ ≥ 2(m+ 1) and there exists a j0 ≤ m+ 1 such that λj0 + λ2(m+1)+1−j0 < 0;

(b) ρ = 2m;

(c) ρ = 2m+ 1.

In Case (a) we can take α0 := 1
2(λj0 − λ2(m+1)+1−j0)∈ [0, 1] since then

λj0 − α0 = λ2(m+1)+1−j0 + α0 =
1

2
(λj0 + λ2(m+1)+1−j0) < 0,

and consequently the eigenvalues

λk − α0, where j0 ≤ k ≤ r,
λk + α0, where 2(m+ 1) + 1− j0 ≤ k ≤ r

are negative. Thus

f(α0) = #
{
k∈ρ | λk − α ≥ 0

}
+ #

{
k∈ρ | λk + α ≥ 0

}

≤ (j0 − 1) + (2(m+ 1)− j0) = 2m+ 1

and hence ⌊(1/2)f(α0)⌋ ≤ m. In the cases (b) and (c) we can take α0 = 1 since λk − 1 < 0 for
all k∈ρ and therefore f(1) ≤ ρ ≤ 2m+ 1. �
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