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In tro duction

Relativ e extensions of algebraic n um b er �elds are a basic concept in algebraic n um b er

theory and ha v e b een theoretically w ell�studied. The classic aim is to �nd an absolute

�eld extension o v er Q whic h is isomorphic to the relativ e extension. If this connection

is established the problem can b e considered solv ed.

This is not the case in computational algebraic n um b er theory . The di�erence b e-

t w een absolute and relativ e extension is mirrored in di�eren t represen tations. The

pit y is that a relativ e extension do es not ha v e a relativ e in tegral basis in general.

But there is the notion of a pseudob asis , whic h go es bac k to the theorem [O'M63,

Ÿ81:3]. The pseudobasis replaces the in tegral basis and is su�cien t for computational

purp oses although quite a few problems m ust b e solv ed.

A more general approac h deals with �nitely generated mo dules o v er in tegral domains

whic h can b e represen ted with pseudobases. There are in�nitely man y di�eren t pseu-

dobases for one mo dule, and the o v erall sub ject of this thesis is to giv e e�cien t al-

gorithms to pro duce a go o d pseudobasis (whic h is called normal form) of a giv en

mo dule. As in tegral bases are represen ted b y matrices, pseudobases are represen ted

b y pseudomatrices, whic h can b e seen as a generalization. The normal form for pseu-

domatrices can b e seen as a generalization of the Hermite normal form (HNF) for

matrices.

The earliest algorithmic approac h is in [BP91], whic h is based on the �almost� con-

structiv e pro of in [O'M63]. Another algorithm is giv en in [Coh96], including a con-

v en tion for a unique normal form. Relativ e normal form algorithms are implemen ted

in KANT ([DFK

+

97]) and in gp ([BCDO98]).

In [BP91] and [Coh96], only the case of the ring of in tegers of an algebraic n um b er

�eld o v er Q is dealt with. But, for man y parts of the theory , generalizations are

p ossible. As the most general case, w e will consider in tegral domains. Sometimes

w e require the existence of in v erse ideals and factorizations of ideals, whic h is w ell�

de�ned only in Dedekind rings. The main asp ect of this w ork is the implemen tation

of algorithms. These algorithms are giv en for orders in algebraic n um b er �elds o v er

Q whic h will b e called algebraic n um b er rings .

The ring of in tegers of an algebraic n um b er �eld (or the maximal order of an algebraic

n um b er �eld), referred to in the follo wing as o

K

, is an algebraic n um b er ring and a

Dedekind ring.

The �rst c hapter presen ts algorithms for ideals o v er maximal orders of algebraic

4



INTR ODUCTION 5

n um b er �elds. Some de�nitions and prop ositions with non�constructiv e pro ofs are

giv en for more general rings.

The second c hapter deals with the theory of reducing fractional elemen ts with ideals

o v er in tegral domains. The latter part giv es reducing metho ds for algebraic n um b er

rings.

The third c hapter deals with the theory of the represen tation of �nitely generated

mo dules o v er in tegral domains with matrices. A completely satisfying result (whic h

is the pro of of the unique existence of a normal form) can only b e obtained for

Euclid ean rings.

The fourth c hapter deals with the theory of pseudomatrices o v er in tegral domains.

F or Dedekind rings w e obtain a satisfactory correlation of pseudomatrices and

�nitely generated mo dules. F or maximal orders, normal form algorithms are giv en.

The �fth c hapter in tro duces an imp ortan t application of the normal form algorithms:

the relativ e ideals.

The sixth c hapter giv es results of practical in v estigations with the author's imple-

men ted v ersions of normal form algorithms and also a comparison to the implemen ted

v ersion in [BCDO98].

I w ould lik e to refer the reader to the index if an y notation or sym b ol is unclear.

First of all I w ould lik e to thank m y sup ervisor Prof. Mic hael E. P ohst. He p oin ted me

to the sub ject of this w ork and help ed me in all stages of the w ork with explanations,

commen ts, and criticisms.

I w ould lik e to thank Prof. Henri Cohen for b eing m y second referee, for giving me

an ear for questions, and for the hospitalit y at the Univ ersité Bordeaux.

The KANT pro ject has giv en m y w ork a solid framew ork. Most of all I'd lik e to

appreciate the help of Dr. Claus Fiek er for supp ort and collab oration in man y asp ects,

Dr. Mario Dab erk o w for the in tro duction to the relativ e normal forms, Florian Hess

for the in tro duction to the KANT system, Carsten F riedric hs and Jürgen Klüners for

stim ulating con v ersations, Oliv er V oigt for the tec hnical supp ort, and all the KANT

group.

I am greatly indebted to Catherine Ro egner for revising the text of the thesis to

impro v e the English.

Last but not least I thank Brigitte T rewin for her lo v e.

The t yp esetting has b een done with [Kn u86], using [Kop92 ] and [GMS94], with the

aid of [Tho] and [Ned94 ].



Chapter 1

Ideals in algebraic n um b er rings

This c hapter con tains v arious algorithms dealing with ideals and algebraic n um b ers

in orders of an algebraic n um b er �eld. They form the basis for the normal form

algorithms for pseudomatrices in c hapter 4 and for their e�cien t implemen tation.

In the �rst four sections a collection of e�orts is giv en to impro v e the e�ciency of

the arithmetic and basic functions for ideals o v er algebraic n um b er rings as theoret-

ically describ ed in [PZ93, pp. 396�408] and in [Coh95, pp. 186�193, 202�204]. The

description in [vS87, pp. 23�96] is closest to the actual implemen tation in KANT .

The rest of the c hapter consists of detailed form ulations, impro v emen ts, and gener-

alizations of algorithms for algebraic n um b ers and ideals whic h are based on either

[BP91] or [Coh96].

The algorithms are supplemen ted with general form ulations of de�nitions, prop osi-

tions, and metho ds for in tegral domains (comm utativ e unital rings without non trivial

zero divisors) or Dedekind rings, where applicable.

As usual the follo wing de�nitions on ideals are used.

De�nition 1.0.1:

Let D b e an integral domain and K its quotient �eld. A D �mo dule a contained in D ,

including the zero ideal (denoted 0 D ), is called an integral D �ideal .

A nonzero D �mo dule a � K is called a fractional D �ideal i� there exists a � 2 D such

that � a is a D �ideal.

1.1 Represen tations of ideals o v er algebraic n um b er rings

Let K b e a �nite algebraic �eld extension of Q , whic h will b e called an algebraic

n um b er �eld .

Let O b e an order of K . Let 
 = ( !

1

; : : : ; !

n

) b e a Z �basis of O :

O =

n

X

i =1

Z !

i

: (1.1.1)
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1.2. ARITHMETIC F OR IDEALS OF ALGEBRAIC NUMBERS 7

This basis can b e view ed as a Q �v ec tor space basis of K :

K =

n

X

i =1

Q !

i

:

F ractional O �ideals are presen ted b y a nonzero in tegral O �ideal a and a denomi-

nator d 2 N as

a

d

.

There are t w o basic principles for represen ting an in tegral O �ideal: either as a Z �

basis (of n elemen ts of O ) or as an O �generating system (where t w o elemen ts of O

su�ce � therefore it is called a t w o�elemen t presen tation).

An in tegral O �ideal a can b e represen ted as n algebraic n um b ers �

i

2 K , for i 2 N

n

,

or equiv alen tly , a matrix A = ( A

1

; : : : ; A

n

) o v er Z (where the columns A

1

; : : : ; A

n

of

A satisfy �

i

= 
 A

i

):

a =

n

X

i =1

�

i

Z =

n

X

i =1


 A

i

Z : (1.1.2)

This is called the basis presen tation of a . F or practical purp oses, it is v ery useful

if A is in upp er triangular Hermite normal form (HNF). See the general de�ni-

tion 3.2.4.

An in tegral ideal a can also b e represen ted b y a natural n um b er a and an algebraic

in teger � 2 O as a = a O + � O , whic h is called t w o�elemen t presen tation .

Similarly , a principal ideal is represen ted with a single algebraic n um b er � as a = � O .

It is p ossible to con v ert the basis presen tation in to the t w o�elemen t presen tation and

vice�v ersa (describ ed in [vS87, pp. 40�41]).

1.2 Arithmetic for ideals of algebraic n um b ers

Let O b e an order of an algebraic n um b er �eld. Since fractional algebraic n um b ers

alw a ys ha v e natural denominators, it is easy to base fractional on in tegral ideal

arithmetic:

Algo rithmic idea 1.2.1: Basing fractional a rithmetic on integral a rithmetic

Let a and b b e t w o fractional ideals. Let d

1

b e the denominator of a and d

2

b e the

denominator of b . Let d

3

b e the maximal natural factor of d

1

a (see de�nition 1.3.5),

d

4

the maximal natural factor of d

2

b . Let d

5

= gcd( d

2

; d

3

) and d

6

= gcd ( d

1

; d

4

) . Then

ab =

(

d

1

d

5

a )(

d

2

d

6

b )

d

1

d

6

d

2

d

5

and

d

1

d

5

a � O ;

d

2

d

6

b � O ;

d

1

d

6

2 N ;

d

2

d

5

2 N :

Let d = lcm ( d

1

; d

2

) . Then

a + b =

d a + d b

d

:

These form ulas are used to base the arithmetic of fractional ideals on in tegral ideals.

Therefore w e ma y con�ne our e�orts to metho ds for in tegral ideals.



8 CHAPTER 1. IDEALS IN ALGEBRAIC NUMBER RINGS

1.2.1 Sp ecial m ultiplicati on algorithms

If w e analyze the computation run times (this is demonstrated in section 6.5) of the

subfunctions of a normal form algorithm, w e realize that a great part of the total

run time is used for ideal m ultiplication. Therefore it is essen tial to optimize ideal

m ultiplication for e�cien t normal form implemen tations.

W e w an t to m ultiply t w o ideals. Ideals can b e giv en in either basis presen tation

or t w o�elemen t presen tation. So w e ha v e three p ossible cases for the presen tations

of the t w o ideals: t w o basis presen tations, a basis presen tation and a t w o�elemen t

presen tation, and t w o t w o�elemen t presen tations.

Since it is p ossible to con v ert the basis presen tation in to the t w o�elemen t�presenta-

tion and vice�v ersa, it is su�cien t to ha v e a m ultiplication algorithm for one of the

three cases, sa y to m ultiply t w o ideals in basis�presentation.

F rom the asp ect of e�ciency , this is not satisfactory , since the con v ersion of the ideal

presen tation is not an easy task. Indeed, it is p ossible to �nd sp ecial m ultiplication

algorithms for eac h of the three cases for the presen tations of the t w o ideals. Th us,

for eac h ideal m ultiplication, the question arises of whether it is b etter to use the

giv en presen tations or if it is w orth computing another presen tation for one or b oth

of the ideals.

This question is mo di�ed if w e use a particular ideal in a program or a computational

session not for just one m ultiplication, but also for other computations. Then it

migh t b e b etter to compute another presen tation, ev en though this migh t not b e

preferable for one m ultiplication. In practice man y ideals are giv en in more than

one presen tation. This raises another question: Whic h of the sp ecial m ultiplication

algorithms is b est, regardless of an y computational costs for presen tation con v ersion?

There is another m ultiplication metho d. It uses a sp ecial case of a t w o�elemen t

presen tation, whic h is called normal presen tation. The m ultiplication of t w o ideals

giv en in t w o compatible normal presen tations is extremely fast, but the creation of

t w o compatible normal presen tations is relativ ely exp ensiv e.

Belo w are more detailed descriptions of the di�eren t algorithms. In section 6.2 results

of exp erimen ts are giv en and, in conclusion, the heuristics used in KANT to ha v e a

go o d o v erall p erformance of ideal m ultiplication are discussed.

Algo rithmic idea 1.2.2: Basis p resentations algo rithm

The m ultiplication of t w o basis presen tations is describ ed in detail in [vS87 , p. 35].

It in v olv es the m ultiplication of eac h of the Z �basis elemen ts of the �rst ideal with

eac h of the Z �basis elemen ts of the second ideal, resulting in n

2

algebraic n um b ers

whic h form a Z �generating set for the pro duct. With an HNF calculation this is

transformed to a Z �basis of the pro duct.

Man y e�orts ha v e b een done to impro v e in teger HNF computations: for the mo d-

ular metho d see [HHR93], for a formal analysis see [KB79] and [CC82], for other

approac hes see [Hop94], [PB74], and [F ru76], and for Blankinship 's metho d see

[Bla63 ], [HM94].
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Algo rithmic idea 1.2.3: Mixed p resentations algo rithm

This algorithm is suggested in [Coh95, p. 188]. Let a = a O + � O and b = �

1

Z + � � � +

�

n

Z . Because b is an ideal w e ha v e O b = b . Then

ab = a O b + � O b = a b + � b = a�

1

Z + � � � + a�

n

Z + � �

1

Z + � � � + � �

n

Z :

Therefore a�

1

; : : : ; a�

n

; � �

1

; : : : ; � �

n

is a Z �generating system for ab , and w e com-

pute the HNF to get a basis for ab . So the algorithm in v olv es 2 n m ultiplications of

algebraic n um b ers and an HNF of an n � 2 n matrix.

This algorithm is so fast that [Coh95, p. 188] prefers the determination of a t w o�

elemen t�presentation and a mixed presen tations algorithm to the basis�presentations

algorithm in case only the t w o Z �bases are giv en. See section 6.2 for the author's

results.

Algo rithmic idea 1.2.4: F our generato rs algo rithm

Let a = a O + � O and b = b O + � O with a; b 2 Z and � ; � 2 O . Then ab =

ab O + a� O + b� O + � � O , whic h giv es an O �generating set of four elemen ts. With

the represen tation matrices of the algebraic n um b ers ab , a� , b� , and � � , w e get a

Z �generating system of ab with 4 n elemen ts. W e then apply the HNF algorithm to

get a Z �basis.

This algorithm requires one m ultiplication of algebraic n um b ers (the m ultiplication

of a rational in teger with an algebraic n um b er can b e neglected in complexit y , since

it needs only n in teger m ultiplications as opp osed to 2 n

2

� n in teger m ultiplications

and additions for a m ultiplication of t w o in tegral algebraic n um b ers, whic h can b e

seen in [Klü97 , lemma 3.5]), three represen tation matrix computations for algebraic

n um b ers (the represen tation matrix of the rational in teger ab is the iden tit y ma-

trix m ultiplied b y ab and its computation can b e neglected in complexit y), and an

HNF computation of an n � 4 n matrix. But, the HNF computation b eha v es more

lik e a HNF computation of an n � 3 n matrix b ecause of the simple form of the

represen tation matrix of ab .

Algo rithmic idea 1.2.5: No rmal p resentations algo rithm

Normal presen tations are only de�ned for the maximal order o

K

of an algebraic

n um b er �eld K . The algorithms are describ ed in detail in [PZ93 , pp. 400�406]. The

main results are cited b elo w:

De�nition 1.2.6:

Let P b e a set of p rime numb ers, P

K

the set of all p rime o

K

�ideals dividing any of the

ideals po

K

where p 2 P . (Prime ideals a re nonzero integral ideals which a re not equal to

any p ro duct of t w o nontrivial integral ideals.)

Let a b e an integral o

K

�ideal. The pair ( a; � ) 2 N � K

�

is called a P �no rmal p resen-

tation of a i� the follo wing four conditions a re satis�ed:

1. a = ao

K

+ � o

K

;

2. a =

Q

p 2P

K

p

v

p

( a )

where v

p

( a ) 2 Z is the p -adic valuation of a ;

3. ao

K

=

Q

p 2P

K

p

v

p

( a )

where v

p

( a ) � 0 ;
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4. no p 2 P

K

o ccurs in the p rime ideal facto rization of � a

� 1

.

Prop osition 1.2.7:

Let P b e a set of p rime numb ers, let a and b b e integral o

K

�ideals. If ( a; � ) and ( b; � ) a re

P �no rmal p resentations of a and b resp ectively , then ( ab; � � ) is a P �no rmal p resentation

of ab .

Theo rem 1.2.8:

Let a; b 2 N , � 2 o

K

, � 6= 0 , and a = ao

K

+ b

� 1

� o

K

b e an integral o

K

�ideal. Let P b e

the set of all p rime numb ers dividing ab . Then a has a P �no rmal p resentation.

If it can b e assumed that the t w o factors are b oth in normal presen tation of the

same set of prime ideals, then the m ultiplication is incomparably fast. A `heuristic'

algorithm to compute the normal presen tation is giv en in [PZ93 , p. 405]

B ERNSTEIN 's ideas

A t this p oin t, it is w orth men tioning another in teresting approac h, the �lazy lo-

calization� , presen ted in [Ber96], whic h requires further in v estigation. In the form

presen ted the algorithms are designed for equation orders of algebraic n um b er �elds.

Usually the maximal order is not an equation order. The naïv e approac h to calcu-

late with non�equation orders in v olv es switc hing from ideals presen ted in a equation

order to ideals presen ted in the maximal order. This is time�consuming and w ould

destro y the b ene�ts of the metho d.

1.2.2 In v erse ideals

Theorem (5.6) in [PZ93 , p. 269] implies the equiv alence of the existence of in v erse

ideals for ev ery fractional ideal (whose de�nition do es not include the zero ideal)

and the Dedekind prop ert y of a ring. Unlik e addition and m ultiplication, w e must

insist on the order O b eing the maximal order O = o

K

since the maximal order is

the only order whic h is a Dedekind ring, as prop osed in [Coh95, p. 184].

Algo rithmic idea 1.2.9: Inversion with the multiplicato r ring

This algorithm is relativ ely new and is only published in [F ri97 , pp. 93�98]. It is

describ ed there in the con text of relativ e ideals, but it is v alid for absolute ideals as

w ell. The algorithm is no w used in KANT since it app ears to b e the most e�cien t

one.

Algo rithmic idea 1.2.10: Inversion with the di�erent

An e�cien t algorithm whic h uses the di�eren t of the algebraic n um b er �eld is giv en

in [Coh95, pp. 202�204]. The relev an t statemen ts are cited b elo w:

De�nition 1.2.11:

The di�erent d ( K ) of an algeb raic numb er �eld K with the maximal o rder o

K

is the

integral o

K

�ideal

�

� 2 K j T r

K = Q

( � o

K

) � Z

	

� 1

� o

K

;
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where T r

K = Q

denotes the trace of the rep resentation matrix of an algeb raic numb er in

K over Q .

Prop osition 1.2.12:

Let ( !

i

)

i 2 N

n

b e an integral basis of the algeb raic numb er �eld K with the maximal o rder

o

K

and the di�erent d . Let the nonzero integral D �ideal a b e given in basis p resentation

as A 2 o

n � n

K

as in (1.1.2) . Let T =

�

T r

K = Q

( !

i

!

j

)

�

i;j 2 N

n

. Then the columns of the matrix

( A

t

T )

� 1

fo rm a Z �basis of the ideal a

� 1

d

� 1

.

The algorithm to compute the di�eren t is giv en in [Coh95, p. 204].

Algo rithmic idea 1.2.13: Ideal inversion with no rmal p resentations

Another metho d uses the determination of the normal presen tation. The follo wing is

a consequence of a theorem in [PZ93, p. 406]:

Theo rem 1.2.14:

Let P b e a set of p rime numb ers. Let a b e an integral o

K

�ideal with the P �no rmal p re-

sentation ( a; � ) . Then there exists d 2 N such that (1 ; d�

� 1

) is a P �no rmal p resentation

of a

� 1

.

1.3 Minim um and norm of an ideal

The rest of this c hapter will include di�eren t generalization lev els. This should b e

clari�ed b y the use of di�eren t sym b ols for the ring used: D refers to an in tegral

domain or a Dedekind ring, O to an y order, and o

K

to the maximal order in an

algebraic n um b er �eld K .

De�nition 1.3.1:

Let D

c

� D b e t w o integral domains, K

c

and K the quotient �elds of D

c

and D ,

resp ectively , with the p rop erties

K

c

\ D = D

c

(1.3.1)

8 �

1

2 D 9 �

2

2 D ; d 2 D

c

: d = �

1

�

2

: (1.3.2)

Let a b e a fractional D �ideal. Then the D

c

� minimum ideal of a is the fractional D

c

�ideal

a \ K

c

.

The minimum of the zero ideal in D is the zero ideal in D

c

.

Pr o of that the D

c

�minimum ide al is inde e d a D

c

�ide al.

Firstly , let a b e a nonzero in tegral D �ideal. a \ K

c

is ob viously a comm utativ e ring

since a and K

c

are. Because of D

c

� K

c

, w e ha v e D

c

( a \ K

c

) � K

c

. a b eing an

ideal implies D a � a , and therefore D

c

a � a and D

c

( a \ K

c

) � a . W e th us get

D

c

( a \ K

c

) � a \ K

c

. F rom prop ert y (1.3.1) and a � D , w e conclude that a \ K

c

� D

c

.

Therefore a \ K

c

is an in tegral D

c

�ideal.
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Secondly , let a b e a fractional D �ideal. By de�nition, there exists a � 2 D suc h that

� a is an in tegral D �ideal. Prop ert y (1.3.2) yields a d 2 D

c

suc h that d a is an in tegral

D �ideal. It follo ws that d a \ K

c

= d ( a \ K

c

) is an in tegral D

c

�ideal. Hence a \ K

c

is

a fractional D

c

�ideal, whic h completes the pro of.

The de�nition of the minim um ideal co v ers

� the notion of the minim um of a nonzero in tegral ideal in an order D = O of

an algebraic n um b er �eld o v er Q , whic h is in tro duced in [PZ93, p. 398]. The

minim um of the in tegral O �ideal a is the natural n um b er min ( a \ N ) .

This is a sp ecial case of the general de�nition where D

c

= Z and K

c

= Q .

The minim um ideal of a is an in tegral Z �ideal and therefore a principal ideal

generated b y a natural n um b er, whic h is the minim um.

� the generalization to fractional ideals, whic h is used in KANT . Again let D =

O b e an order of the algebraic n um b er �eld o v er Q . Let

a

d

b e a fractional

ideal, where a is a nonzero in tegral O �ideal and d 2 N . The minim um of

a

d

is

the minim um of the set a \ N divided b y d .

� the minim um ideal of a relativ e ideal, where D

c

is the maximal order of an

algebraic n um b er �eld K

c

o v er Q , K an algebraic �eld extension of K

c

, and D

an order of K . The minim um ideal of a relativ e ideal is describ ed in section 5.4.

Algo rithmic idea 1.3.2: Computing the minimum of an integral ideal

Let D = O b e an order of the algebraic n um b er �eld K and a b e a nonzero in tegral

O �ideal. W e w an t to compute the minim um of a (whic h is the p ositiv e generator of

the Z �minim um ideal).

Let a b e giv en in basis presen tation as in (1.1.2): with a Z �basis ( �

1

; : : : ; �

n

) whic h

corresp onds to a matrix A in upp er triangular Hermite normal form.

Since ( �

1

; : : : ; �

n

) is also a Q �v ec tor space basis for K , w e can �nd b

i

2 Q with

i 2 N

n

suc h that

1 =

n

X

i =1

b

i

�

i

:

Let c 2 a \ Q . Then c =

P

n

i =1

cb

i

�

i

. Since ( �

1

; : : : ; �

n

) is a basis of the ideal a , this

is equiv alen t to 8 i 2 N

n

cb

i

2 Z . W e conclude that

a \ Q =

n

\

i =1

1

b

i

Z : (1.3.3)

Let the basis matrix of a and its in v erse b e written as

A =

�

a

ij

�

i;j 2 N

n

; A

� 1

=

�

�a

ij

�

i;j 2 N

n

:

If w e can �nd c

i

2 K , where i 2 N

n

, suc h that

n

X

i =1

c

i

!

i

= 1
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then w e ha v e

n

X

j =1

�

j

n

X

i =1

c

i

�a

j i

= 1

with

b

j

=

n

X

i =1

c

i

�a

j i

2 K where

n

X

i =1

b

i

�

i

= 1 :

Therefore �nding a represen tation of the m ultiplicativ e iden tit y can b e split up in

t w o subtasks; �nding a represen tation of the m ultiplicativ e iden tit y in the basis of

O and the in v ersion of the represen tation matrix of a .

If the basis 
 has the prop ert y !

1

= 1 , form ula (1.3.3) for the minim um ideal

simpli�es to

a \ Q =

1

�a

11

Z :

Since A w as assumed to b e in upp er triangular HNF, the en try a

11

of A satis�es

a

11

= �a

� 1

11

. Therefore the minim um ideal of a is a

11

Z . The minim um (as a natural

n um b er) is then simply a

11

.

De�nition 1.3.3:

Let D b e a D EDEKIND ring. The no rm of a fractional D �ideal

a

d

, where a is an integral

D �ideal, and d 2 N is the ca rdinalit y of the ring

D

=

a

divided b y d

n

.

(This de�nition is equiv alen t to the one giv en as a generalization to fractional ideals

in [Coh95, p. 185].)

Algo rithmic idea 1.3.4: Computing the no rm of an integral ideal

If D = o

K

is a maximal order of an algebraic n um b er �eld K , the norm of an ideal

is the determinan t of the basis matrix A (see (1.1.2) ) whic h is the pro duct of the

diagonal en tries in case A is in HNF.

De�nition 1.3.5:

Let a b e an integral ideal. The maximal natural facto r of a is the maximum of all

m 2 N such that

a

m

is an integral ideal.

Algo rithmic idea 1.3.6: Computing the maximal natural facto r of an integral ideal

If D = O is an order of an algebraic n um b er �eld K , the maximal natural factor

can b e determined b y computing the minim um of the ideal and �nding its prime

factorization. Starting with m = 1 , for eac h factor p of this prime factorization it is

c hec k ed whether

a

pm

is an in tegral ideal.
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1.4 Mo dular HNF computations for addition and

m ultiplication of ideals o v er algebraic n um b er �elds

This is a mo di�cation applicable to all algorithms for ideals o v er an order D = O of

an algebraic n um b er �eld K whic h apply an HNF computation to obtain a basis of

the resulting ideal, notably addition and m ultiplication.

Algo rithmic idea 1.4.1: Mo dula r ideal additions and multiplications

Let a b e a nonzero in tegral ideal and m its minim um as a natural n um b er. Then

m O � a . Let �

1

; : : : ; �

m

b e a Z �generating set of a , giv en as a matrix ( m

ij

)

i 2 N

n

;j 2 N

m

,

where �

j

=

P

n

i =1

m

ij

!

i

. T o transform the generating set to a basis in HNF w e can

use the n um b er m for mo dular HNF computations.

Note that this is m uc h b etter than using the gcd of rank minors of a (not HNF)

matrix represen ting the sum and pro duct, resp ectiv ely , of the t w o ideals. The rank

minor gcd is usually m uc h larger b ecause it do es not pro�t from the fact that the

matrices represen t ideals.

The follo wing prop osition allo ws an in tegral m ultiple of the minim um of the sum and

the pro duct of t w o ideals to b e computed.

Prop osition 1.4.2:

Let a and b b e nonzero integral O �ideals. Then

min ( a + b ) j gcd

�

min ( a ) ; min ( b )

�

and min ( ab ) j min ( a ) min ( b ) :

Pr o of.

a + b � a = ) ( a + b ) \ N � a \ N

= ) ( a + b ) \ N � ( a \ N ) + ( b \ N )

pro v es the �rst statemen t.

Let c 2 ( a \ N )( b \ N ) . Then 9 a 2 a \ N ; 9 b 2 b \ N suc h that c = ab . Ob viously

c 2 N and c 2 ab , whic h pro v es the second statemen t.

1.5 Primitiv e elemen ts

De�nition 1.5.1:

Let D b e an integral domain. Let a b e a nontrivial integral ideal. The element a 2 D is

called a p rimitive element of a i� a 2 a n a

2

.

Prop osition 1.5.2:

F o r any invertible nontrivial integral ideal over an integral domain D , there exists a

p rimitive element.

Pr o of. a is in tegral or equiv alen tly a � D . a is not trivial; therefore a 6= D .

Assume a = a

2

. Since a is in v ertible w e can m ultiply b y a

� 1

on b oth sides and

conclude a = D whic h is a con tradiction.
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Algo rithmic idea 1.5.3: Computing a p rimitive element of an integral ideal

If D is a Dedekind ring, ev ery fractional D �ideal is in v ertible. Therefore for an y

non trivial in tegral ideal, there exists a primitiv e elemen t.

In maximal orders o v er algebraic n um b er �elds, the follo wing algorithmic ideas can

b e used to compute the primitiv e elemen t of an in tegral ideal. If an ideal is giv en in

t w o�elemen t presen tation, it is easy to see that one of the t w o generators of the ideal

m ust b e primitiv e. (Assume this is not the case. Then b oth generators are in a

2

and

the whole of a is in a

2

, whic h is a con tradiction to the fact that a is in tegral and not

trivial.)

The algorithm therefore in v olv es the computation of a

2

(whic h is v ery easy) and

t w o c hec ks on mem b ership of an algebraic n um b er in an ideal. F or this w e ha v e

to transform the t w o�elemen t presen tation in to an HNF�basis presen tation (whic h

in v olv es the determination of the represen tation matrices of t w o algebraic n um b ers

and an HNF computation of a 2 n � n matrix). The part with the biggest complexit y

is the HNF computation.

If the ideal is giv en in HNF�basis presen tation, b y the same argumen tation as ab o v e

it is clear that at least one of the basis elemen ts m ust b e primitiv e. So w e simply

c ho ose the basis elemen t whic h is not an elemen t of a

2

. Here the computation of a

2

,

whic h in v olv es an HNF computation of an n

2

� n matrix, is the most di�cult part.

The question is: Giv en the basis presen tation of a , is it w orth determining a t w o�

elemen t presen tation and using the former metho d? Exp erimen ts sho w that this is

almost alw a ys the case.

1.6 Idemp oten ts for coprime ideals

Prop osition 1.6.1:

Let D b e an integral domain. Let S b e a �nite set of cop rime integral ideals in D ; e.g.,

X

a 2S

a = 1 D ;

where 1 D denotes the trivial integral D �ideal generated b y 1.

Then, fo r every a 2 S , there exists a

a

2 D satisfying

X

a 2S

a

a

= 1 :

The pro of is trivial from the de�nition of the sum of ideals.

Let D = O b e an order of an algebraic n um b er �eld K giv en with a Z �basis


 = ( !

1

; : : : ; !

n

) with the prop ert y !

1

= 1 . The follo wing algorithm constructs

the idemp oten t elemen ts:
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Algo rithm 1.6.2: Idemp otents fo r integral ideals

Input: A set of m cop rime O �ideals given in HNF�basis p resentation matrices A

i

on

some Z �basis 
 = ( !

1

; : : : ; !

n

) of O with the p rop ert y !

1

= 1 .

Output: Algeb raic numb ers a

a

2 a ( a 2 S ) rep resented in the basis 
 with

P

a 2S

a

a

= 1 .

Steps:

1: Concatenate the basis matrices of the ideals: A :=

�

A

1

j � � � j A

m

�

.

2: Apply an HNF algo rithm to A which yields a T such that H = AT is a concate-

nation of an identit y matrix with n ( m � 1) zero columns at the end

1

.

3: Extract the �rst column of T and split it ho rizontally in m vecto rs of length n :

T

1

; : : : ; T

m

.

4: Compute the vecto rs U

i

:= A

i

T

i

fo r i = 1 ; : : : ; m . They rep resent elements a

i

of

K rega rding the Q �basis of K . Because T is a matrix over Z , the a

i

satisfy

a

i

2 a

i

; i = 1 ; : : : ; m , and

P

m

i =1

a

i

= 1 .

5: End.

Pr o of. It is imp ortan t here that the �rst elemen t of the in tegral basis 
 of K equals

1. Because of this the �rst canonical v ector

E

1

=

0

B

B

B

@

1

0

.

.

.

0

1

C

C

C

A

represen ts indeed the 1 in K .

W e ha v e

H =

0

B

B

@

1

0

.

.

.

0 � � � 0

0 1

1

C

C

A

= AT =

�

A

1

j � � � j A

m

�

T :

The �rst column of H is E

1

, so the �rst column B of T satis�es A B = E

1

.

E

1

=

�

A

1

j � � � j A

m

�

0

B

@

T

1

.

.

.

T

m

1

C

A

= ) E

1

=

m

X

i =1

A

i

T

i

F or i 2 N

m

, the v ector T

i

represen ts an elemen t of the ideal a

i

b ecause A

i

is a basis

of a

i

. The v ectors A

i

T

i

represen t elemen ts a

i

of O suc h that a

i

2 a

i

. Moreo v er the

sum of the a

i

is 1. So this pro v es the v alidit y of the algorithm.

The complexit y of this algorithm is determined b y the complexit y of the HNF com-

putation.

1 . H is the iden tit y matrix since the ideals are assumed to b e coprime. Moreo v er, this is the c hec k

if the ideals are indeed coprime.
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1.7 Appro ximation theorem

T o form ulate the appro ximation theorem, w e need the follo wing notion of a sp ecial

class of v aluations (one v aluation for ev ery prime ideal p of a Dedekind ring), the

p �adic v aluation in [Coh95, p. 184].

De�nition 1.7.1:

Let D b e a D EDEKIND ring and p a nonzero p rime D �ideal.

The p �adic valuation is the map

v

p

: I

K

[ f 0 D g

y

! Z [ f1g

which satis�es

8 a 2 I

K

: a � p

v

p

( a )

; a 6� p

v

p

( a )+1

and

v

p

(0 D ) = 1 :

The p �adic v aluation is de�ned for elemen ts of K as:

v

p

: K ! Z [ f1g

� 7! v

p

( � D ) :

(1.7.1)

Prop osition 1.7.2:

Let D b e a D EDEKIND ring. Let P b e the set of all nonzero p rime ideals in D and S b e a

�nite subset of P . Let ( e

p

)

p 2S

2 Z

S

b e integral exp onents. Then there exists an a 2 K

such that

v

p

( a )

(

= e

p

if p 2 S

� 0 if p 2 P n S :

a is called the appro ximation of the fractional D �ideal a =

Q

p 2S

p

e

p

whic h satis�es

v

p

( a ) =

(

e

p

if p 2 S

0 if p 2 P n S :

Both the pro of for Dedekind rings and the algorithm for maximal orders of algebraic

n um b er �elds split naturally in t w o parts: to solv e the problem for nonnegativ e

exp onen ts and to base the general problem on the solution for p ositiv e exp onen ts.

y . 0 D denotes the zero ideal (the ideal only con taining zero), and I

K

denotes the group of fractional

D �ideals, whic h excludes the zero ideal
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1.7.1 Appro ximation for nonnegativ e exp onen ts

The appro ximation theorem for nonnegativ e exp onen ts can b e form ulated in the

more general con text of in tegral domains with the follo wing mo di�cation of the ab o v e

notion of v

p

:

De�nition 1.7.3:

Let D b e an integral domain and p an invertible p rime D �ideal.

The p �adic valuation is the map

v

p

: I

D

! Z

� 0

[ f1g

with v

p

(0 D ) = 1

z

. If a 2 I

D

n f 0 D g , then v

p

( a ) is the integer which satis�es

a � p

v

p

( a )

and a 6� p

v

p

( a )+1

:

Since p w as assumed to b e in v ertible, w e ha v e for all v 2 Z

� 0

, p

v +1

� p

v

. A nonzero

in tegral D �ideal a satis�es a � D = p

0

. Therefore w e de�ned a prop er map v

p

for

ev ery in v ertible prime ideal p . With the prop erties giv en in [Coh95, p. 184] w e see

that the map v

p

is an exp onen tial v aluation of I

D

in the sense of [PZ93 , p. 248].

This de�nition is equiv alen t to the de�nition 1.7.1 if D is a Dedekind ring. Again

the p �adic v aluation is de�ned for elemen ts of D according to form ula (1.7.1).

Prop osition 1.7.4:

Let D b e a Dedekind domain. Let P b e the set of all invertible p rime ideals in D and

S b e a �nite subset of P . Let ( e

p

)

p 2S

2 ( Z

� 0

)

S

. Then there exists an a 2 K such that

v

p

( a )

(

= e

p

if p 2 S

� 0 if p 2 P n S :

Pr o of. The idea is to consider for eac h p 2 S the ideal pro duct

a

p

=

Y

q 2S nf p g

q

e

q

+1

:

Then the a

p

are nonzero in tegral ideals whic h sum to 1 D . By prop osition 1.6.1, there

exist a

p

2 a

p

whose sum is equal to 1.

By prop osition 1.5.2, and since all p 2 P are assumed to b e in v ertible, p con tains a

primitiv e elemen t b . W e set b

p

= b

e

p

2 p

e

p

n p

e

p

+1

.

F or all nonzero in tegral ideals a and b w e ha v e v

p

( ab ) = v

p

( a ) + v

p

( b ) . Moreo v er

v

p

( b

p

) = 1 yields

v

p

( b

e

p

p

) = e

p

;

z . I

D

denotes the D �mo dule of in tegral D �ideals including the zero ideal
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hence, the elemen t

a =

X

p 2S

a

p

b

p

satis�es

v

p

( a )

(

= e

p

if p 2 S

� 0 if p 2 P n S .

Algo rithm 1.7.5: Non�negative app ro ximation

Input: ( e

p

)

p 2S

2 ( Z

� 0

)

S

.

Output: a 2 K such that v

p

( a ) = e

p

fo r p 2 S and v

p

( a ) � 0 fo r p 2 P n S .

Steps:

1: Set a

p

:=

Q

q 2S nf p g

q

e

q

+1

fo r all p 2 S

2

.

2: Apply algo rithm 1.6.2 to a

p

; p 2 S , obtain a

p

; p 2 S with

Q

p 2S

a

p

= 1 .

3: Find p rimitive elements c

p

; p 2 S , fo r the ideals a

p

; p 2 S , as describ ed in 1.5.2 .

4: Set b

p

:= c

e

p

p

; p 2 S .

5: Set a :=

P

p 2S

a

p

b

p

.

6: End.

The complexit y of this algorithm is determined b y the complexit y of �nding the

idemp oten ts (see section 1.6).

1.7.2 Simple assem bling

Let D b e a Dedekind ring. Let S b e a �nite set of prime ideals of D , and let

( e

p

)

p 2S

2 Z

S

. The follo wing algorithm �nds an a 2 K suc h that v

p

( a ) = e

p

for p 2 S .

Ho w ev er, it do es not guaran tee that v

p

( a ) � 0 for p 62 S . The idea of the algorithm

is to split the p ositiv e and negativ e v alues of e

p

, to compute a separate a

p os

and a

neg

for the p ositiv e and negativ e v alues, resp ectiv ely , and to divide a

p os

b y a

neg

.

Algo rithm 1.7.6: Simple assembling

Input: ( e

p

)

p 2S

2 Z

S

.

Output: a 2 K such that v

p

( a ) = e

p

fo r p 2 S .

Steps:

1: Set S

p os

:=

�

p 2 S j e

p

� 0

	

S

neg

:= S nS

p os

.

2: Set f

p

:=

(

e

p

if p 2 S

p os

0 if p 2 S

neg

.

2 . If D is a Dedekind ring, then w e can use ideal in v ersions to sa v e computation time: set

a :=

Q

q 2S

q

e

q

+1

and a

p

:= ap

� e

p

� 1

for all p 2 S
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3: Set g

p

:=

(

0 if p 2 S

p os

� e

p

if p 2 S

neg

.

4: Apply algo rithm 1.7.5 to S together with f

p

; p 2 S to obtain a

p os

and to S

together with g

p

; p 2 S to obtain a

neg

.

5: Set a := a

p os

=a

neg

.

6: End.

It is clear that if there is an y e

p

< 0 , w e can �nd a prime ideal p 2 P n S with

v

p

( a

neg

) > v

p

( a

p os

) . This p satis�es v

p

( a ) < 0 .

1.7.3 Corrected assem bling

Let D b e a Dedekind ring. On the basis of algorithm 1.7.6, it is p ossible to mo dify

the result a to guaran tee v

p

( a ) � 0 for all prime ideals p 62 S .

This is done b y m ultiplying a n um b er c 2 N � D to a with the prop ert y that

v

p

( c )

(

= 0 p 2 S

� � v

p

( a ) p 2 P n S :

De�nition 1.7.7:

Let D b e a D EDEKIND ring. The set S of p rime D �ideals is called complete i� fo r every

p rime numb er p such that there is a p rime ideal p 2 S over p , it follo ws that every p rime

ideal over p is in S .

Algo rithm 1.7.8: Co rrection of the simple assembling

Input: ( e

p

)

p 2S

2 Z

S

, and S fo rms a complete set of p rime ideals.

Output: a 2 K such that v

p

( a ) = e

p

fo r p 2 S and v

p

( a ) � 0 fo r p 62 S .

Steps:

1: Apply algo rithm 1.7.6 to S and ( e

p

)

p 2S

to obtain a

p os

and a

neg

.

2: Set c := j N ( a

neg

) j

Q

p 2S

neg

N ( p )

e

p

y

.

3: The result is a := ca

p os

a

� 1

neg

.

4: End.

Pr o of. First w e assure that c has indeed zero v aluations on the prime ideals in S .

a

neg

can b e written as

^

a

Q

p 2S

neg

p

� e

p

, where

^

a is an in tegral ideal, b ecause of the

prop erties of algorithm 1.7.5. Moreo v er v

p

(

^

a ) = 0 for p 2 S .

Let p 2 S , p b e the prime n um b er suc h that p D � p . Then the norm of a prime ideal

p is alw a ys a p o w er of p . It follo ws v

p

( N (

^

a )) = 0 for p 2 S since S is a complete set

of prime ideals. By construction, w e ha v e

c =

N ( a

neg

)

Q

p 2S

neg

N ( p )

� e

p

= N

 

a

neg

Q

p 2S

neg

p

� e

p

!

= N (

^

a ) :

y . N () denotes the norm of an ideal, see de�nition 1.3.3.
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(See [PZ93, p. 381] for prop erties of the norm of an ideal in a Dedekind ring.)

Let q 2 P n S . Then

v

q

�

Y

p 2S

neg

p

e

p

�

= 0

since q is a prime ideal. This yields

v

q

�

Y

p 2S

neg

N ( p )

e

p

�

= 0

b ecause S is a complete set of prime ideals. It follo ws that

v

q

( c ) = v

q

( N ( a

neg

)) and v

q

(

c

a

neg

) = 0 ;

and hence

v

q

( a ) = v

q

( c

a

p os

a

neg

) � 0 :

This completes the pro of of the v alidit y of the algorithm.

1.7.4 Complete algorithm

T o �nish the algorithm for the appro ximation theorem, it is necessary to extend a

set of prime ideals to a complete set of prime ideals:

Algo rithm 1.7.9: App ro ximation

Input: a D EDEKIND ring D , a set S of p rime ideals, and ( e

p

)

p 2S

2 Z

S

.

Output: a 2 K such that v

p

( a ) = e

p

fo r p 2 S and v

p

( a ) � 0 fo r p 62 S .

Steps:

1: Collect all the p rime numb ers that the p rime ideals of S a re over in a list L .

2: Set: S

comp

:= S .

3: Lo op: p 2 L .

4: Check if S contains all p rime ideals over p . If so go to the next lo op cycle.

5: F acto rize the D �ideal p D . Add every p rime ideal p which is not in S to S

comp

together with e

p

:= 0 .

6: Apply algo rithm 1.7.8 to S

comp

and ( e

p

)

p 2S

comp

to obtain a , which is the result.

7: End.

1.8 Existence pro ofs and algorithms for other problems for

ideals

Prop osition 1.8.1 ([Coh96 , Co rolla ry 1.8]):

Let D b e a D EDEKIND ring. Let a and b b e t w o nonzero integral D �ideals. Then there

exist
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� an � 2 K such that � a is an integral ideal cop rime to b , and

� another � 2 K such that � a

� 1

is an integral ideal cop rime to b .

The pro of can b e found in the men tioned article.

Algo rithm 1.8.2: Solving � a � 1 D ; � a + b = 1 D in �

Input: Non zero integral ideals a and b .

Output: � 2 K such that � a � 1 D and � a + b = 1 D .

Steps:

1: Prime facto rize b , let the p rime ideals dividing b b e S .

2: Apply algo rithm 1.7.9 to obtain � 2 K with v

p

( � ) = � v

p

( a ) fo r p 2 S and

v

p

( � ) � 0 fo r all p rime ideals p not in S .

3: End.

Algo rithm 1.8.3: Solving � a � 1 D ; � a

� 1

+ b = 1 D in �

Input: Non zero integral ideals a and b .

Output: � 2 K such that � a � 1 D and � a + b = 1 D .

Steps:

1: Prime facto rize ab , let the p rime ideals dividing ab b e S .

2: Apply algo rithm 1.7.5 to obtain � 2 D with v

p

( � ) = v

p

( a ) fo r p 2 S and

v

p

( � ) � 0 fo r all p rime ideals p not in S .

3: End.

The complexit y is determined b y the complexit y of the factorization of the ideals b

for algorithm 1.8.2 resp. ab , for algorithm 1.8.3. Apart from the factorizations, the al-

gorithms are p olynomial. Algorithm 1.8.3 needs only the nonnegativ e appro ximation,

whic h is m uc h easier than the general appro ximation needed for algorithm 1.8.2.

Prop osition 1.8.4 ([Coh96 , Prop osition 1.11]):

Let D b e a D EDEKIND ring, and let a and b b e t w o fractional D �ideals. Then there exist

�

1

2 a ; �

2

2 b and �

1

2 a

� 1

; �

2

2 b

� 1

such that

�

1

�

1

� �

2

�

2

= 1 :

The pro of is immediate with the construction of the follo wing algorithm and prop o-

sitions 1.6.1 and 1.8.1.

The follo wing algorithm computes the required elemen ts in a maximal order of an

algebraic n um b er �eld.

Algo rithm 1.8.5: Finding �

1

2 a ; �

2

2 b ; �

1

2 a

� 1

; �

2

2 b

� 1

with �

1

�

1

� �

2

�

2

= 1

Input: F ractional ideals a and b .

Output: Algeb raic numb ers �

1

2 a ; �

2

2 b and �

1

2 a

� 1

; �

2

2 b

� 1

such that �

1

�

1

�

�

2

�

2

= 1 .

Steps:

1: If either a o r b is not integral, set d = lcm (den ( a ) ; den( b )) . W e execute the

algo rithm with the ideals d a and d b to obtain �

0

1

2 d a ; �

0

2

2 d b and �

0

1

2

a

� 1

d

; �

0

2

2

b

� 1

d

such that �

0

1

�

0

1

� �

0

2

�

0

2

= 1 . Return with �

1

=

�

0

1

d

, �

2

=

�

0

2

d

,

�

1

= d�

0

1

, �

2

= d�

0

2

.
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2: Apply algo rithm 1.8.3 to obtain � 2 D such that � a

� 1

� D and � a

� 1

+ b = D .

3: Apply algo rithm 1.6.2 to obtain 
 2 � a

� 1

and � 2 b such that � + 
 = 1 .

4: Return with �

1

= � , �

2

= � , �

1

=




�

, �

2

= � 1 .

5: End.

The complexit y of this algorithm is determined b y the complexit y of the algorithm

to compute idemp oten ts of coprime ideals and the complexit y to �nd elemen ts whic h

mak e ideals coprime, whic h w as describ ed ab o v e.

Another algorithmic idea for the case a = b that uses the normal presen tation of an

ideal w as giv en in [BP91] implicitly .

Algo rithm 1.8.6: Finding �

1

; �

2

2 a ; �

1

; �

2

2 a

� 1

with �

1

�

1

� �

2

�

2

= 1

Input: A fractional ideal a .

Output: Algeb raic numb ers �

1

; �

2

2 a and �

1

; �

2

2 a

� 1

such that �

1

�

1

� �

2

�

2

= 1 .

Steps:

1: If a is not integral, set d = den ( a ) . Execute the algo rithm with the ideal d a to

obtain �

0

1

; �

0

2

2 d a and �

0

1

; �

0

2

2

a

� 1

e

such that �

0

1

�

0

1

� �

0

2

�

0

2

= 1 . Return with

�

1

=

�

0

1

d

, �

2

=

�

0

2

d

, �

1

= d�

0

1

, �

2

= d�

0

2

.

2: Compute the t w o no rmal p resentation of a as a = a D + � D .

3: Compute a

� 1

with the t w o no rmal p resentation as a

� 1

= D + b�

� 1

, where

b 2 Z ; ( a; b ) = 1 .

4: Apply the extended E UCLID ean algo rithm to obtain r ; s 2 Z such that ar + bs = 1 .

5: Return with �

1

= ar , �

2

= � , �

1

= � 1 , �

2

= sb�

� 1

.

6: End.

The metho ds to compute and in v ert a normal presen tation are describ ed in [PZ93,

pp.400�406]. Apart from the prop erties of the presen tation of the in v erse ideal, the

pro of of this algorithm is trivial. The most di�cult part of this algorithm is the

determination of the normal presen tation (see de�nition 1.2.6).

Prop osition 1.8.7 ([Coh96 , Theo rem 1.2]):

Let D b e a D EDEKIND ring. Let a and b b e t w o fractional D �ideals, and let a; b 2 K not

b oth equal to zero. Set d = a a + b b . Then there exist u 2 ad

� 1

and v 2 bd

� 1

such that

au + bv = 1 .

The pro of is easy using prop osition 1.6.1 and the constructions of the follo wing

algorithm.

Algo rithm 1.8.8: Solving au + bv = 1 with d = a a + b b in u 2

a

d

; v 2

b

d

Input: F ractional D �ideals a , b ; a; b 2 K .

Output: d = a a + b b , u 2 ad

� 1

, v 2 bd

� 1

such that au + bv = 1 .

Steps:

1: If a = 0 return u = 0 , v =

1

b

.

2: If b = 0 return u =

1

a

, v = 0 .

3: Compute d = a a + b b , c

1

= a ad

� 1

, and c

2

= b bd

� 1

.

4: Apply algo rithm 1.6.2 to obtain e 2 c

1

, f 2 c

2

such that e + f = 1 .

5: Return u =

e

a

and v =

f

b

.
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6: End.

Pr o of. (V alidit y of the algorithm) Let a; b 6= 0 . Since a a � d , the ideal c

1

is in tegral,

and the same applies to c

2

. F rom the construction, it follo ws that c

1

+ c

2

= 1 D , and

therefore the algorithm 1.6.2 is applicable.

This algorithm is p olynomial since algorithm 1.6.2 is.

Let O b e an order of an algebraic n um b er �eld K of degree n . Let 
 b e a Z �basis of

O as in form ula 1.1.1. The follo wing algorithm giv es a solution of an equation if it

exists.

Algo rithm 1.8.9: Solving

P

k

i =1

�

i

�

i

= � in �

i

Input: � ; �

1

; : : : ; �

k

2 K ; k 2 N .

Output: �

1

; : : : ; �

n

2 D such that

P

k

i =1

�

i

�

i

= � .

Steps:

1: Compute d = lcm

�

den ( � ) ; den( �

1

) ; : : : ; den( �

k

)

�

.

2: Compute the rep resentation matrices of the algeb raic numb ers d�

1

; : : : ; d�

k

, and

concatenate them to a matrix M .

3: Compute the upp er column HNF of M with transfo rmation matrix T . Let the

�rst n columns, the nontrivial pa rt, of MT b e H . Let the �rst n columns of

T b e denoted with T

0

2 K

k n � n

.

4: Let A b e the rep resentation vecto r of d� : d� = 
 A . Solve the matrix equation

H C = A in C 2 Q

n

.

5: If C 62 Z

n

, return with the message that the equation cannot b e solved.

6: Compute the vecto r B = T

0

C .

7: Split B =

0

B

@

b

1

.

.

.

b

k

n

1

C

A

2 D

k n

into vecto rs B

i

=

0

B

@

b

n ( i � 1)+1

.

.

.

b

ni

1

C

A

2 D

n

vertically , fo r

i 2 N

k

, rep resenting the algeb raic numb ers �

i

= 
 B

i

.

8: End.

Pr o of. Consider the ideal a = d�

1

D + � � � + d�

k

D . A solution to the equation exists

i� d� 2 a . Using the Z �basis presen tation matrix H of a , it is easy to decide whether

d� 2 a . The rest of the pro of deals with the transformation of a linear com bination

in the Z �basis of a to a linear com bination in the generating set �

1

; : : : ; �

n

of a .

The matrix M represen ts the ideal a . H is another represen tation of a whic h allo ws

the linear com bination H C = A to b e computed easily b ecause of its triangular

shap e. Consequen tly ,

d� = 
 A = 
 H C : (1.8.1)

The algorithm constructed H and T with

MT = ( H j 0 j � � � j 0) and MT

0

= H : (1.8.2)
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M = ( M

1

j � � � j M

k

) consists of k n � n �matrices M

i

satisfying 
 M

i

Z

n

= d�

i

D .

Since �

i

= 
 B

i

, this giv es

d�

i

�

i

= 
 M

i

B

i

: (1.8.3)

W e conclude that

k

X

i =1

d�

i

�

i

=

k

X

i =1


 M

i

B

i

(form ula (1.8.3))

= 


 

k

X

i =1

M

i

B

i

!

= 
 M B

= 
 MT

0

C

= 
 H C (form ula (1.8.2))

= d� (form ula (1.8.1) ) :



Chapter 2

Reducing algebraic n um b ers with ideals

This c hapter deals with the follo wing general task: Let D b e an in tegral domain (a

comm utativ e unital ring without non trivial zero divisors), K its quotien t �eld, and a

b e a fractional D �ideal. Assume the statemen t: �if the elemen t � 2 K has a certain

prop ert y so has � + � for an y � 2 a �. The task is to �nd a � + � whic h is �small�

regarding a certain notion of size.

The mo dulo calculus is a w ell�kno wn theory addressing a similar task � in elemen-

tary n um b er theory , D = Z . The basic steps can b e applied to more general rings as

w ell.

The problem is to extend the theory of mo dulo calculus to fr actional ideals and

to fr actional elemen ts, but there is no canonical w a y to do this. In fact the usual

fractional extension is not what w e need for the general task men tioned ab o v e. In

the sequel a distinction will b e made b et w een the mo dulo c alculus , whic h is the usual

fractional extension, and the r e duc e c alculus .

The �rst section deals with the case D = Z to clarify the di�erence b et w een the

mo dulo and reduce calculi. The second section states the basic de�nitions and prop o-

sitions for the general case of an in tegral domain D . The third section deals with the

sp ecial case of orders of algebraic n um b er �elds, including detailed algorithms most

of whic h are implemen ted in KANT .

2.1 Reduce calculus for the rational n um b ers

This section go es bac k to elemen tary n um b er theory . The w ell�kno wn mo dulo cal-

culus deals with a relation de�ned b y

a �

m

b ( )

Def

9 c 2 Z : a � b = cm where a; b 2 Z ; m 2 N : (2.1.1)

This is an equiv alence relation, and for m > 1 the classes form the �nite unital ring

Z

m

. F or the units of this ring (whic h are the rational in tegers coprime to m ) the

m ultiplication has an in v erse op eration. F rom no w on let m > 1 .

26
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It mak es sense to write fractions with denominators coprime to m in the mo dulo

calculus. W e ha v e Ferma t 's prop osition

1

1

c

�

m

c

' ( m ) � 1

; where c 2 Z ; ( c; m ) = 1 : (2.1.2)

F rom a di�eren t standp oin t it is p ossible to sa y that the relation �

m

is extende d

to the set of rational n um b ers whose denominators are coprime to m , whic h will b e

denoted b y

Z

( m )

=

Def

�

a

n

j a 2 Z ; n 2 N ; ( a; n ) = 1 ; ( n; m ) = 1

	

: (2.1.3)

With S =

�

n 2 Z j ( n; m ) = 1

	

, in [PZ93, p. 226] this set is called the S �lo calization

of Z , in [Lan94 , c h. I I,Ÿ4] it is called quotien t ring of Z b y S .

T ogether with form ulas (2.1.1) and (2.1.2) , w e ha v e de�ned a new relation whic h

will b e denoted b y �

M

m

. The sup erscript only refers to the b eha vior of the relation on

fractional n um b ers. The sup erscript M should indicate that it refers to the extension

of the M o dulo calculus to w ards fractional elemen ts. Another sup erscript R refers to

the R educe calculus, whic h will b e de�ned later.

The relation �

M

m

is an equiv alence relation on the elemen ts of Z

( m )

. It has exactly m

equiv alence classes whic h form the �nite unital comm utativ e ring

Z

( m )

=

�

M

m

, whic h is

isomorphic to the ring Z

m

.

But this is not the only p ossible extension of the relation �

m

to w ards Q :

a �

R

m

b ( )

Def

9 c 2 Z where a � b = cm where a; b; m 2 Q : (2.1.4)

The relations �

R

m

and �

M

m

are iden tical for in tegral n um b ers. But, if denominators

o ccur, they are v ery di�eren t:

1

2

�

M

5

3 but

1

2

6�

R

5

3 . Although

12

5

�

R

5

�

13

5

, w e cannot

write

12

5

in connection with �

M

5

b ecause it is not w ell�de�ned. And

1

3

�

R

3

4

10

3

is true,

but �

M

3

4

is not de�ned at all.

If a; b; m 2 Q and d is the least common denominator of a , b , and m then

a �

R

m

b ( ) ad �

M

md

bd: (2.1.5)

2.1.1 Mo dulo and reduce functions

In tegral mo dulo functions �x represen tativ es of the classes of

Z

=

�

m

. They come in

t w o �a v ors (as smallest p ositiv e and smallest absolute) and can b e assumed to b e

kno wn.

T o �x represen tativ es of the classes of

Z

( m )

=

�

M

m

w e use the follo wing de�nition, whic h

is a simple extension from the in tegral mo dulo functions.

1 . ' denotes the Euler phi�function



28 CHAPTER 2. REDUCING ALGEBRAIC NUMBERS WITH IDEALS

De�nition 2.1.1 (Mo dulo function):

Let m 2 N . Then w e de�ne t w o functions

+

mo d

M

m

: Z

( m )

! Z

� 0

(2.1.6)

a 7! b with a �

M

m

b and 0 � b < m (2.1.7)

(referring to the residue system of Z

m

with the smallest nonnegative values) and

�

mo d

M

m

: Z

( m )

! Z (2.1.8)

a 7! b with a �

M

m

b and �

m

2

< b �

m

2

(2.1.9)

(referring to the residue system of Z

m

with the smallest absolute values). The notation

mo d

M

m

refers to either

+

mo d

M

m

o r to

�

mo d

M

m

b y convention.

W e extend mo d

M

m

( a ) to a nonp ositive m b y

mo d

M

m

( a ) =

Def

(

mo d

M

� m

( a ) if m < 0

a if m = 0 :

A mo dulo function mo d

M

is a family

mo d

M

: Z ! Q

Z

m 7! mo d

M

m

of such functions.

De�nition 2.1.2 (Reduce function):

Let m 2 Q and let mo d

M

b e a �xed mo dulo function.

mo d

R

m

: Q ! Q

a 7!

mo d

M

md

( ad )

d

;

where d is the least common denominato r of a and m . A reduce function is a family

of functions

mo d

R

: Q ! Q

Q

m 7! mo d

R

m

A reduce function mo d

R

satis�es

a �

R

m

b ( ) mo d

R

m

( a ) = mo d

R

m

( b ) ; where a; b; m 2 Q :

T o in v estigate the structure of

Q

=

�

R

m

, w e �rst let a; m 2 Q and a the class of a

regarding �

R

m

. W e can de�ne addition with

a + b =

Def

a + b
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This de�nition is indep enden t of the c hoice of the represen tativ es: Let a

1

; a

2

; b

1

; b

2

2

Q , a

1

�

R

m

a

2

, b

1

�

R

m

b

2

. There exist c

1

; c

2

2 Z suc h that a

1

� a

2

= c

1

m and b

1

� b

2

= c

2

m .

Therefore ( a

1

+ b

1

) � ( b

1

+ b

2

) = ( c

1

+ c

2

) m , and th us a

1

+ b

1

�

R

m

a

2

+ b

2

.

The usual construction of m ultiplication

a � b =

Def

a � b;

ho w ev er, dep ends up on the c hoice of represen tativ es:

F or m = 7 ,

�

3

2

� �

2

3

�

=

�

3

2

2

3

�

= 1 : While, on the other hand,

3

2

�

R

7

17

2

and

�

17

2

� �

2

3

�

=

�

17

2

2

3

�

=

�

17

3

�

6= 1 :

Th us, this de�nition of m ultiplication with the usual construction do es not lead to

a m ultiplication with the usual prop erties, so that

Q

=

�

R

m

can only b e considered as

an additiv e Abel ean comm utativ e group.

2.2 Reduce calculus in in tegral domains

Let D b e an in tegral domain (a comm utativ e unital ring without non trivial zero

divisors). Let K b e the �eld of fractions of D as de�ned in [Lan94, c h. I I, Ÿ4] .

D can b e em b edded in K , e.g. an elemen t of K whic h can b e represen ted as

�

1

is

iden ti�ed with � 2 D . These elemen ts will b e called in tegral elemen ts, as opp osed to

all elemen ts of K whic h are called fractional elemen ts.

An elemen t � 2 K can b e represen ted b y (usually in�nitely) man y sym b olic fractions.

T o pic k one of them, the general notion of denominator will b e needed.

De�nition 2.2.1:

A denominato r mapping is a function: den : K ! D n f 0 g with the p rop ert y 8 � 2

K ; den( � ) � 2 D .

There exists at least one denominator mapping � this is a simple consequence of

the selection axiom of set theory .

Ev ery elemen t � 2 K can b e represen ted b y the fraction

den ( � ) �

den ( � )

, where den( � ) � 2 D

and den( � ) 2 D .

Example 2.2.2. L et D b e an algebr aic numb er ring. N c an b e emb e dde d in D . F or

every � 2 K , it is p ossible to �nd a natur al numb er d such that d� 2 D . Conse quently,

the denominator should b e de�ne d as the le ast natur al numb er d which satis�es d� 2

D .
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2.2.1 Mo dulo calculus

De�nition 2.2.3:

Let D b e an integral domain and K its quotient �eld. Let a denominato r mapping den

b e �xed acco rding to de�nition 2.2.1.

Let � ; � 2 K and a a nonzero integral D �ideal. � is called congruent � mo dulo a ,

denoted � �

M

a

� , i�

� den ( � ) D + a = 1 D ;

2

� den ( � ) D + a = 1 D , and

� den ( � ) den( � ) � � den ( � ) den ( � ) � 2 a .

Example 2.2.4. L et D = Z . This de�nition of the mo dulo r elation is c onsistent

with the mo dulo c alculus in Z . Every nonzer o inte gr al ide al is gener ate d by a natur al

numb er, let a b e the Z �ide al gener ate d by m 2 N : a = m Z .

Example 2.2.5. L et D b e a ring of algebr aic numb ers over Z , let the denominator b e

�xe d as in example 2.2.2. We want to c onstruct an element in D which is e quivalent

to




d

wher e 
 2 D ; d 2 N . We c an invert the denominator d mo dulo the nonzer o

inte gr al D �ide al a , e.g. �nd a p ositive inte ger n that nd �

M

a

1 . This last pr op erty is

e quivalent to nd �

M

a \ Z

1 . The ide al a \ Z is princip al and gener ate d by a natur al numb er

m , so we have n := d

' ( m ) � 1

. As in the inte ger c ase this is only p ossible if d and m

ar e c oprime which is implie d by a + d D = 1 D .

Prop osition 2.2.6:

Let D b e an integral domain and a a nonzero integral D �ideal. Let D

( a )

b e the set of

fractional elements whose denominato r is cop rime to a :

D

( a )

:=

�

�

�

2 K j � ; � 2 D ; � 6= 0 ; � D + a = 1 D

	

:

With S =

�

� 2 K j � D + a = 1 D

	

, in [PZ93 , p. 226] this set is called the S �lo calization

of D , in [Lan94 , ch. I I, Ÿ4] it is called quotient ring of D b y S .

Then �

M

a

is an equivalence relation on D

( a )

.

The quotient

D

( a )

=

�

M

a

is a unital commutative ring isomo rphic to

D

=

�

M

a

.

Pr o of. Re�exivit y is trivial b ecause 0 is an elemen t of ev ery ideal. Symmetry is trivial

b ecause � 1 is alw a ys a unit in D . T ransitivit y is easy b ecause, for �

1

� �

2

2 a and

�

2

� �

3

2 a , b y the de�nition of an ideal, �

1

� �

3

= ( �

1

� �

2

) + ( �

2

� �

3

) 2 a .

The last statemen t uses the fact that

D

=

a

is a unital comm utativ e ring. In ev ery

equiv alence class there are in tegral elemen ts. This clearly de�nes a 1�1 corresp on-

dence whic h is an isomorphism.

2 . � D denotes the fractional D �ideal generated b y � 2 K ; 1 D is the trivial ideal generated b y 1.
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De�nition 2.2.7:

Let D b e an integral domain. A mo dulo function is a family of functions

mo d

M

: I

D

n f 0 D g

y

! D

( a )

D

a 7! mo d

M

a

;

where fo r any integral D �ideal a the function mo d

M

a

: D

( a )

! D satis�es the p rop erties

8 � ; � 2 D

( a )

; � �

M

a

� ( ) mo d

M

a

( � ) = mo d

M

a

( � ) and

mo d

M

a

( � ) lies in the same class of

D

( a )

=

�

M

a

as �:

F or an y in tegral domain D , there exists suc h a mo dulo function � this is an imme-

diate consequence of the selection axiom of set theory and the fact that �

M

a

is an

equiv alence relation and splits D

( a )

in disjoin t classes.

2.2.2 Reduce calculus

Again the relation �

M

a

can b e seen as an extension of the in tegral mo dulo calculus

to K , and again this is not the only p ossible extension.

De�nition 2.2.8:

Let � ; � 2 K and let a b e a fractional D �ideal o r the zero ideal. Then � �

R

a

� i� � � � 2 a .

Remark:

Let � ; � 2 D and let a b e a nonzero in tegral D �ideal. Then � �

R

a

� ( ) � �

M

a

� .

The �

M

a

relation can b e de�ned in terms of the �

R

a

relation:

Lemma 2.2.9:

Let � , � 2 K and a b e a fractional D �ideal. Let � b e a common multiple of the

denominato rs of � , � , and a . Then

� �

R

a

� ( ) � � �

M

� a

� � :

Prop osition 2.2.10:

�

R

a

is an equivalence relation fo r any fractional D �ideal a .

Pr o of. Re�exivit y is trivial b ecause 0 is an elemen t of ev ery ideal. Symmetry is

trivial b ecause � 1 is alw a ys a unit in D . T ransitivit y can b e sho wn with the ideal

prop erties.

y . {0 D } denotes the zero ideal (the ideal only con taining zero) and I

D

denotes the set of in tegral

D �ideals with the zero ideal.
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De�nition 2.2.11:

Let D b e an integral domain and K its quotient �eld. A reduce function is a family of

functions

mo d

R

: I

K

z

! K

K

a 7! mo d

R

a

;

where fo r any a 2 I

K

the function mo d

R

a

: K ! K satis�es the p rop erties

8 � ; � 2 K ; � �

R

a

� ( ) mo d

R

a

( � ) = mo d

R

a

( � ) and (2.2.1)

mo d

R

a

( � ) �

R

a

� : (2.2.2)

An element � 2 K is called reduced (mo dulo the fractional D �ideal a ) i� mo d

R

a

( � ) = � .

Prop osition 2.2.12:

Let D b e any integral domain and K its quotient �eld.

� There exists a reduce function mo d

R

.

� F o r any reduce function mo d

R

, any fractional D �ideal, and any � 2 K , the

element mo d

R

a

( � ) 2 K is reduced.

� Let a b e a fractional D �ideal and mo d

R

a reduce function. In every class of

K

=

�

R

a

there exists exactly one reduced element.

Pr o of. The �rst statemen t is a consequence of the selection axiom of set theory and

the fact that �

R

a

is a equiv alence relation and splits K in disjoin t classes.

F or the second statemen t, let � = mo d

R

a

( � ) . F rom prop ert y (2.2.2) w e kno w � 2

�

�

K

=

�

R

a

�

and � �

R

a

� . By prop ert y (2.2.1) , mo d

R

a

( � ) = mo d

R

a

( � ) , whic h completes

the pro of.

The third statemen t follo ws from the second statemen t and prop ert y (2.2.1) .

Reduce functions are v ery imp ortan t for computational applications. If there is an

e�cien t algorithm to compute the reduce function, it can b e used to decide the

relation �

R

a

.

If K has a strict ordering < and an y subset of K con tains a minim um regarding < ,

a reduce function can b e de�ned using this ordering

red

a

( � ) =

Def

min

<

f � 2 K j � �

R

a

� g :

If w e ha v e a mo dulo function for in tegral ideals and elemen ts, w e can construct a

reduce function with the follo wing lemma.

z . I

K

denotes the group of fractional D �ideals without the zero ideal.
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Lemma 2.2.13:

Let D b e an integral domain and K its quotient �eld. Let mo d

M

b e a mo dulo function

as in de�nition 2.2.7 . Let a b e a fractional D �ideal and � 2 K . Letting � 2 D b e the

p ro duct of the denominato rs of a and � ,

mo d

R

a

( � ) =

Def

mo d

M

� a

( � � )

�

2 K ;

is a reduce function.

2.3 Represen tativ es in algebraic n um b er rings

Let K b e a �nite algebraic �eld extension of Q . Let O b e an order of K . This is a

sp ecial case of the previous section since K is the quotien t �eld of O .

Let 
 = ( !

1

; : : : ; !

n

) b e a Z �basis of O . An � 2 O is represen ted b y a v ector

A =

0

B

@

a

1

.

.

.

a

n

1

C

A

with a

1

; : : : ; a

n

2 Z

as

� =

n

X

i =1

a

i

!

i

= 
 A : (2.3.1)

The problem of �nding reduce functions can b e dealt with in t w o steps:

� Finding mo dulo functions for in tegral algebraic n um b ers and in tegral ideals.

(This is the main sub ject of this section.)

� Constructing a reduce function from an in tegral mo dulo function. (This is

simply done with lemma 2.2.13.)

There is a v ariet y of p ossible mo dulo functions to c ho ose from in algebraic n um b er

rings, the classi�cation of whic h is dealt with in the next subsection. The k ey for this

classi�cation is the notion of qualit y .

2.3.1 Qualit y measuremen ts of represen tations of algebraic n um b ers

It is imp ortan t to stress that w e are not talking ab out the qualit y of algebraic n um b ers

� the reduce functions are not indep enden t of the basis that the algebraic n um b ers

are presen ted with.

A qualit y measuremen t can b e either

� a relation >

�

, where the qualit y of the represen tations of t w o algebraic n um-

b ers (and not the n um b ers themselv es) is compared or
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� a function

� : Z

n

! R

� 0

:

If w e ha v e a qualit y function � , w e can de�ne a qualit y relation >

�

as

A >

�

B ( )

Def

� ( A ) > � ( B ) :

The aim of the qualit y relation/function is that small v alues of � resp. small rep-

resen tations of algebraic n um b ers regarding >

�

should corresp ond to computational

�desirable� algebraic n um b ers.

What do w e exp ect from a go o d qualit y function?

It should

1. measure ho w m uc h memory space is required to store the represen tation, with

small v alues of � corresp onding to little required memory space;

2. giv e a prediction on the time and memory e�ciency of computations with

the represen tation, with small v alues of � corresp onding to fast and e�cien t

computations;

3. giv e a prediction on the qualit y of the results of arithmetic with the repre-

sen tations; i.e., the represen tation of the sum/pro duct of algebraic n um b ers

with small v alues of � of their represen tations should also ha v e a small v alue

of � ;

4. giv e results indep enden t from the basis 
 ; ev en an �o dd� basis should not

destro y the usefulness of the qualit y function, in whic h case w e can sp eak

of the qualit y of an algebraic n um b er and not only of the qualit y of the

represen tation;

5. b e computationally inexp ensiv e to decide >

�

resp. compute � ;

6. b e easy to select (for a represen tation A of a giv en algebraic n um b er) another

represen tation B of an algebraic n um b er with B <

�

A .

In the sequel di�eren t p ossible qualit y functions/relations are in tro duced, none of

whic h is p erfect. F or eac h of them commen ts are pro vided on ho w eac h of the criteria

for a qualit y function/relation giv en ab o v e is satis�ed b y the particular qualit y func-

tion/relation. The commen ts are based on b oth practical observ ations and theoretical

considerations.

V ector norm of the represen tation

This qualit y function is either the 1�norm (

n

P

i =1

j a

i

j ), 2�norm (

r

n

P

i =1

a

2

i

), or the 1 �

norm ( max fj a

i

jg ) of the represen tation v ector A .

Ev aluation of the criteria:

1. P erfect. The v ector norm of the represen tation is a go o d estimate of the

memory space required, in particular the 1�norm.
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2. P erfect. Addition of algebraic n um b ers in v olv es v ector addition of the repre-

sen tation. Multiplication is usually done with a m ultiplication table � the

actual m ultiplication in v olv es a matrix m ultiplication with the represen tation

v ector.

3. P erfect for addition. Go o d for m ultiplication if the basis 
 is suc h that the

en tries of the m ultiplication table are small.

4. Basis dep enden t.

5. V ery easy for the 1�norm and the 1 �norm; relativ ely easy for the 2�norm.

6. T rivial since the norms are monotone in eac h of the co e�cien ts of the repre-

sen tation.

Lexicographic ordering of the represen tation

This is a qualit y relation, only , de�ned as:

0

B

@

a

1

.

.

.

a

n

1

C

A

>

�

0

B

@

b

1

.

.

.

b

n

1

C

A

( )

Def

9 i 2 N

n

:

�

�

j a

i

j > j b

i

j or a

i

= � b

i

> 0

�

and 8 j 2 N

n

; j > i ! a

j

= b

j

�

Ev aluation of the criteria:

1. Bad. There are in�nitely man y algebraic n um b ers with a lo w er qualit y than

e.g. an y basis elemen t of 
 whic h is not a rational n um b er.

2. Bad for the same reason as criteria 1. On the other hand, there is a nice

feature. If the �rst basis elemen t !

1

is 1 (ev ery order in a n um b er �eld has a

basis with this prop ert y ,) then the represen tations with the lo w est qualities

are represen tations whic h represen t the rational in tegers.

3. Go o d for addition, bad for m ultiplication.

4. Basis dep enden t.

5. V ery easy to decide.

6. T rivial since the norms are monotone in eac h of the co e�cien ts of the repre-

sen tation.

Complex absolute v alue/ T

1

�norm/ro oted T

2

�norm

These t w o qualit y functions are based on the �eld em b eddings of the algebraic n um-

b er �eld K in to the complex n um b ers C via a monomorphism

� : K , ! C :

The complex absolute v alue

� ( A ) =

�

�

� (
 A )

�

�

can serv e as a qualit y function.
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� dep ends on the c hoice of a particular em b edding � and usually there exist di�eren t

em b eddings.

An approac h to o v ercome the dep endency is to consider the conjugate �elds of K .

[Coh95, Theorem 4.1.8] states that there are exactly n �eld em b eddings, where n is

the degree of K . Let � b e the set of all �eld em b eddings � : K , ! C . Then w e ha v e

t w o qualit y functions whic h dep end neither on a �eld em b edding nor on the basis 
 :

T

1

�norm � ( A ) = T

1

(
 A ) =

P

� 2 �

�

�

� (
 A )

�

�

and

ro oted T

2

�norm � ( A ) =

p

T

2

(
 A ) =

q

P

� 2 �

�

�

� (
 A )

�

�

2

.

Ev aluation of the criteria for the ab o v e qualit y functions:

1. Go o d if the basis is relativ ely �w ell�b eha v ed�, but still reasonable if not.

2. Go o d, in particular for m ultiplication.

3. Excellen t for the m ultiplication b ecause w e ha v e the m ultiplicativit y for b oth

� . F or addition w e ha v e the triangle inequalit y . This is a bad estimate if the

algebraic n um b ers are close to b eing orthogonal, but reasonable in practice.

4. Basis indep enden t b ecause the v alue is not based on the represen tation, but

on the algebraic n um b er itself. But the complex absolute v alue is dep enden t

of the c hoice of the �eld em b edding of K in C . The T

1

/ro oted T

2

�norm is

indep enden t on the c hoice of the em b edding.

5. More exp ensiv e than the represen tation v ector norm and the lexicographic

ordering.

W e need the appro ximated complex v alues of the basis elemen ts !

1

; : : : ; !

n

,

whic h are not di�cult to obtain and also imp ortan t for other algorithms with

O , so that they are lik ely to b e giv en an yw a y . Th us, the complex absolute

v alue is quite easy to compute.

F or the T

1

/ro oted T

2

�norm w e need the complex v alues of the conjugates

and some real n um b er computations. Because the precision is not required to

b e high, this should not b e m uc h more exp ensiv e than the complex absolute

v alue.

6. Di�cult.

Norm

The norm of an algebraic n um b er is the determinan t of its represen tation matrix,

whic h is the basis matrix of the principal O �ideal generated b y this algebraic n um b er.

Ev aluation of the criteria:

1. Bad. Units of O ha v e norm 1, but usually there are in�nitely man y of them.

Of course almost all of them can b e said to b e incredibly h uge. But the

problem with units is only the tip of the iceb erg. In general there is only a

w eak correlation of the norm and the memory space.

2. Bad, as ab o v e.

3. P erfect for the m ultiplication b ecause the norm is m ultiplicativ e. Bad for

addition: the sum of t w o units migh t ha v e a h uge norm.
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4. Basis indep enden t.

5. The computation of the represen tation matrix in v olv es a matrix m ultiplica-

tion and a determinan t calculation. This is more exp ensiv e than all other

qualit y functions considered in this section.

6. Di�cult. Probably as di�cult as unit computation (see [Coh95, Algorithm

4.9.9]).

Comparison

In most cases the v ector norm of the represen tation is the reasonable c hoice for a qual-

it y function regarding the criteria giv en. Because of the e�cien t algorithm 2.3.1, the

lexicographic order is a go o d alternativ e for the task of reducing algebraic n um b ers

mo dulo ideals. If w e require the qualit y function to b e indep enden t of the represen-

tation of the algebraic n um b er, then the T

1

/ro oted T

2

�norm should b e preferred.

2.3.2 HNF basis reduction

This subsection describ es one imp ortan t mo dulo function � the HNF basis reduc-

tion.

Let a b e an in tegral ideal. W e use the Z �basis (as in equation 1.1.2) �

1

; : : : ; �

n

for a ,

where �

i

2 O . The �

i

ha v e represen tations in the basis 
 of O suc h that

a =

n

X

i =1

Z �

i

=

n

X

i =1

Z

n

X

j =1

a

ij

!

j

: (2.3.2)

The ideal a is said to b e represen ted b y the Z �matrix A = ( a

ij

)

i;j 2 N

n

.

Because of the elemen tary algebraic prop erties of an ideal, this matrix can b e trans-

formed to an upp er triangular HNF whic h still represen ts a basis for a .

Denote the pro jection of the i -th comp onen t of the v ector

0

B

@

a

1

.

.

.

a

n

1

C

A

, whic h is an epi-

morphism from K

n

to K , b y pr

i

: K

n

� K , i.e.

pr

i

0

B

@

a

1

.

.

.

a

n

1

C

A

= a

i

:
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Algo rithm 2.3.1: HNF reduction of an algeb raic numb er mo dulo an ideal

Input: An HNF basis of an integral ideal �

1

: : : �

n

and an integral algeb raic numb er �

rep resented as a vecto r.

Output: A canonical rep resentative � of the class of � in

O

=

�

M

a

.

Steps:

1: Init � := � .

2: Lo op i = n; : : : ; 1 .

3: Find q 2 Z that

�

�

pr

i

( � � q �

i

)

�

�

is minimal

3

.

4: Assign � := � � q �

i

.

5: The rep resentative of � 's class is no w in � .

6: End.

Remarks:

(1) The uniqueness is guaran teed in a v ery straigh tforw ard w a y . The algorithm

returns the smallest represen tation regarding the lexicographic order men tioned

in the previous subsection.

(2) The algorithm is relativ ely fast. The complexit y is as follo ws (coun ting in teger

op erations only and disregarding the size of the in tegers): n divisions, n ( n +

1) = 2 � n

2

= 2 m ultiplications and additions.

(3) Co e�cien t gro wth of the in termediate en tries of the represen tation of � ma y

o ccur, most of all the �rst en try , whic h su�ers from n � 1 relativ ely uncon trolled

additions. Let N b e an upp er b ound on the absolute v alues of the HNF matrix

en tries and of the en tries of the v ector. The w orst case m ultiplicator of the �rst

lo op can b e N (although this is v ery unlik ely). So the co e�cien ts of the v ector

are no w b ounded b y N

2

. Iterating this consideration, w e see that the co e�cien t

size is roughly b ounded b y N

n � 1

.

This consideration ignores the fact that the matrix is in HNF. Sa y the �rst

m ultiplicator has a large absolute v alue (close to N ) and the p en ultimate en try

a

n � 1 ;n

of the last column of the HNF matrix has large absolute v alue (close to

N ) as w ell. Then the ( n � 1) -st en try of b is no w close to N

2

. But b ecause the

p en ultimate diagonal en try a

n � 1 ;n � 1

is larger than a

n � 1 ;n

, the second m ultiplica-

tor m ust actually b e smaller than N . This though t can b e extended analogously

to all en tries of the v ector: if the en try has signi�can t gro wth b ecause of large

en tries in the matc hing ro w of the HNF matrix, the diagonal en try is large as

w ell and k eeps the m ultiplicator small. So the en tries of the v ector are usually

not larger than N

2

.

In practice co e�cien t gro wth do es not cause an y trouble.

3 . It is p ossible to tak e another con v en tion here: �nd q 2 Z suc h that pr

i

( � � q �

i

) has its minimal

nonnegativ e v alue. This con v en tion de�nes another p ossible HNF reduction.
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2.3.3 General basis reduction

The next three subsections describ e a class of mo dulo functions whic h is a general-

ization of the HNF basis reduction.

Let a b e an in tegral ideal with Z �basis as in equation (2.3.2) . There is a m uc h more

general metho d of reducing an elemen t mo dulo this ideal not requiring the HNF

prop ert y of the basis matrix of a . This algorithm is based on the fact that the ideal

basis can b e considered as a v ector space basis of the �eld K .

Algo rithm 2.3.2: General basis reduction of an algeb raic numb er mo dulo an ideal

Input: A basis of an integral ideal �

1

; : : : ; �

n

and an integral algeb raic numb er � rep re-

sented as a vecto r.

Output: A rep resentative � of the class of � in

O

=

�

M

a

.

Steps:

1: Rep resent � as a linea r combination of the �

1

: : : �

n

with rational co e�cients

q

1

; : : : ; q

n

: � =

P

n

i =1

q

i

�

i

.

2: Assign � = � �

P

n

i =1

b q

i

e �

i

.

3: End.

Remarks:

(1) The sym b ol b q e denotes the nearest in teger to q preferring q �

1

2

to q +

1

2

in case

q is exactly an in teger plus a half. So �

1

2

< q � b q e �

1

2

.

(2) The algorithm pro vides an elemen t of the class of � b ecause

P

n

i =1

b q

i

e �

i

is an

elemen t of the ideal a . This elemen t is uniquely determined b ecause �

1

; : : : ; �

n

is a basis of K so the q

i

are uniquely determined.

(3) The complexit y of this algorithm is determined b y the complexit y of �nding the

linear com bination for � .

(4) If � �

M

a

0 the algorithm returns � = 0 .

(5) Consider an y qualit y function � satisfying

� � ( A + B ) � � ( A ) + � ( B ) for A ; B 2 K

n

(triangle inequalit y) and

� � ( � A ) = j � j � ( A ) for A 2 K

n

; � 2 K (linearit y with resp ect to m ultiplica-

tion).

Examples are the norm of the represen tation and the ro oted T

1

/ T

2

�norm. Then

the qualit y of � (iden tifying the qualit y of an algebraic n um b er as the qualit y

of its represen tation here) is b ounded

� ( � ) = �

 

n

X

i =1

( q

i

� b q

i

e ) �

i

!

�

n

X

i =1

j q

i

� b q

i

ej � ( �

i

) �

1

2

n

X

i =1

� ( �

i

) :

The practical v alue of this algorithm is that w e are able to c ho ose an ideal basis

with elemen ts of a b etter qualit y than the HNF basis. The inequalit y guaran tees

a go o d qualit y of the reduced elemen t.

So our problem splits in to t w o other problems: ho w to �nd a go o d ideal basis and

ho w to compute the co e�cien ts for a linear com bination. W e b egin with the latter.
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2.3.4 Finding linear com binations

As �

1

; : : : ; �

n

is a Z �basis for the ideal a , it is also a �eld basis for K as a Q �v ector

space. An elemen t � 2 K is represen ted in the basis 
 as

P

n

i =1

a

i

!

i

with a

i

2 Q . So

what w e ha v e to do is nothing more than a basis transformation.

Because �

1

; : : : ; �

n

are giv en in the basis 
 , w e ha v e a Q �matrix M with

( �

1

; : : : ; �

n

) = ( !

1

; : : : ; !

n

) M :

So w e ha v e

� = 


0

B

@

a

1

.

.

.

a

n

1

C

A

= ( �

1

; : : : ; �

n

) M

� 1

0

B

@

a

1

.

.

.

a

n

1

C

A

;

whic h giv es us the linear com bination as the result of an in v ersion of a rational matrix

and a matrix m ultiplication.

2.3.5 Finding a small ideal basis

Usually the HNF reduced basis for an ideal is represen ted b y a reasonably small

matrix. There are smaller bases

4

, but in general it is cum b ersome to minimize an y size

measure. W e ha v e to �nd a trade�o� b et w een computation costs and basis qualit y .

The LLL�algorithm is a go o d metho d to get a matrix whic h represen ts a b etter

basis at reasonable computation costs. See [Coh95, p. 81] or [PZ93, sec. 3.3] for

in tro ductions.

The LLL�algorithm is p olynomial, but usually m uc h slo w er than HNF computation.

It is esp ecially useful if the b etter basis is not just used to reduce a single algebraic

n um b er. There are di�eren t v ersions of LLL to b e tak en in to consideration. The

Gram�Schmidt �co e�cien ts migh t b e computed either with rational arithmetic or

appro ximated real arithmetic, for instance. The details will not b e discussed here.

Henri Cohen suggests in [Coh96] another metho d called partial reduction, whic h is

supp osed to b e more quic kly than LLL and still ha v e co e�cien ts with prett y small

absolute v alues, although nothing can b e pro v en as with LLL. The exp erimen ts

p erformed did not seem v ery promising, so this approac h w as not follo w ed.

2.3.6 Reducing algebraic n um b ers with rationals

If the ideal to reduce with is a principal ideal with a rational generator, there is an

ob vious reduce algorithm whic h is m uc h easier than the ab o v e algorithms.

4 . Let � b e a qualit y function. The size of a basis �

1

; : : : ; �

n

is measured b y the sum of the � �v alues

of the v ectors represen ting �

i

for i 2 N

n

.
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Algo rithmic idea 2.3.3: Reducing algeb raic numb ers with rationals

If the algebraic n um b er 
 A (where 
 = ( !

1

; : : : ; !

n

) is the basis of O and A =

0

B

@

a

1

.

.

.

a

n

1

C

A

a rational v ector) is to b e reduced b y r 2 Q w e can use the reduce function

mo d

R

r

(
 A ) = 


0

B

@

mo d

R

r

( a

1

)

.

.

.

mo d

R

r

( a

n

)

1

C

A

:

Of the qualit y functions considered in subsection 2.3.1 w e observ e that

� the algorithm minimizes the qualit y function �v ector norm of the represen ta-

tion�;

� as the HNF�basis of an ideal generated b y a rational n um b er is a diagonal

matrix, the result is the same as the result of the HNF�reduction algorithm.

Therefore it giv es the �rst n um b er considering the lexicographic order, also.



Chapter 3

Equiv alence and normal forms of matrices

Let D b e an in tegral domain (a comm utativ e unital ring without non trivial zero

divisors) and K its quotien t �eld. This c hapter deals with the imp ortan t corresp on-

dance of �nitely generated K �mo dules and classes of matrices o v er K . The k ey is to

de�ne an equiv alence relation � on K

n � m

suc h that

K

n � m

=

�

is isomorphic to the

D �mo dule of �nitely generated D �mo dules of rank not larger than n . The ev en more

general approac h is to extend the equiv alence relation to matrices of di�eren t size,

the set

S

m 2 N

K

n � m

. This isomorphism is an imp ortan t theoretic concept for the un-

derstanding of the structure of the mo dule of �nitely generated mo dules. Ev en more

imp ortan t though for the practical in v estigation is that mo dules can b e represen ted

b y matrices.

The relation � comes in three �a v ours: the

� mo dule de�nition is aimed at the represen tation mapping,

� transformation de�nition is aimed at e�cien t algorithms,

� matrix m ultiplication de�nition supplies an additional theoretic bac kground,

�rst of all the use of the determinan t.

The equiv alence of these three de�nitions p erfects the corresp ondance of mo dules and

matrices. Unfortunately , the equiv alence do es not hold for the generalit y of in tegral

domains � w e will deal with the question of ho w m uc h can b e done.

3.1 Matrix equiv alence de�nitions

De�nition 3.1.1:

Let M = ( A

1

; : : : ; A

m

) 2 K

n � m

, where the A

i

a re the m columns of M . Then the

(�nitely generated) D �mo dule rep resented b y the matrix M is

Mo d ( M ) =

Def

D A

1

+ � � � + D A

m

� K

n

:

Tw o matrices M

1

and M

2

a re called mo dule equivalent i� their rep resented mo dules

a re equal:

M

1

�

mo d

M

2

( )

Def

Mo d ( M

1

) = Mo d ( M

2

) :

42
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Note that this de�nition includes matrices with a di�eren t n um b er of columns.

De�nition 3.1.2:

Tw o matrices a re called transfo rmation equivalent : M

1

�

trafo

M

2

i� M

1

can b e

transfo rmed to M

2

with a �nite numb er of transfo rmation steps. A single transfo rmation

step from M to M

0

is (assuming M 2 K

n � m

) either

1. the p ermutation of t w o columns i and j :

M = ( A

1

; : : : ; A

i � 1

; A

i

; A

i +1

; : : : ; A

j � 1

; A

j

; A

j +1

; : : : ; A

m

)

and

M

0

= ( A

1

; : : : ; A

i � 1

; A

j

; A

i +1

; : : : ; A

j � 1

; A

i

; A

j +1

; : : : ; A

m

) ;

2. the transfo rmation of t w o columns A

i

and A

j

( i 6= j ) involving four scala r

co e�cients c

1

; c

2

; c

3

; c

4

2 D satisfying c

1

c

4

� c

2

c

3

= 1 :

M = ( A

1

; : : : ; A

i � 1

; A

i

; A

i +1

; : : : ; A

j � 1

; A

j

; A

j +1

; : : : ; A

m

)

and

M

0

= ( A

1

; : : : ; A

i � 1

; c

1

A

i

+ c

2

A

j

; A

i +1

; : : : ; A

j � 1

;

c

3

A

i

+ c

4

A

j

; A

j +1

; : : : ; A

m

) ;

3. the multiplication of a unit � in the ring D to column A

i

:

M = ( A

1

; : : : ; A

i � 1

; A

i

; A

i +1

; : : : ; A

m

)

and

M

0

= ( A

1

; : : : ; A

i � 1

; � A

i

; A

i +1

; : : : ; A

m

) ;

4. the insertion of a zero column

1

b efo re p osition i 2 N

m

o r as the last column:

M = ( A

1

; : : : ; A

i � 1

; A

i

; : : : ; A

m

)

and

M

0

= ( A

1

; : : : ; A

i � 1

;

0

B

@

0

.

.

.

0

1

C

A

; A

i

; : : : ; A

m

) ;

o r

1 . shorthand for a column with only zero en tries
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5. the deletion of a zero column at p osition i 2 N

m +1

:

M = ( A

1

; : : : ; A

i � 1

;

0

B

@

0

.

.

.

0

1

C

A

; A

i +1

; : : : ; A

m +1

)

and

M

0

= ( A

1

; : : : ; A

i � 1

; A

i +1

; : : : ; A

m

)

with the convention that at least one column must remain.

Remark:

F or Euclid ean rings the second transformation can b e replaced b y the simpler

transformation:

the addition of the q �fold of a column A

i

to a column A

j

for q 2 D ; i 6= j , where

M = ( A

1

; : : : ; A

i � 1

; A

i

; A

i +1

; : : : ; A

j � 1

; A

j

; A

j +1

; : : : ; A

m

)

and

M

0

= ( A

1

; : : : ; A

i � 1

; A

i

; A

i +1

; : : : ; A

j � 1

; A

j

+ q A

i

; A

j +1

; : : : ; A

m

) :

The Euclid ean algorithm guaran tees that this transformation can express the

more general second transformation of de�nition 3.1.2. But this is not p ossible

in case of non� Euclid ean rings. The pro of of theorem 4.5.6 requires the more

expressiv e transformation, and it seems v ery lik ely that a pro of of this theorem

w ould not b e p ossible without it.

De�nition 3.1.3:

Tw o matrices over K a re matrix multiplication equivalent , M

1

�

mat

M

2

, i� there

exist matrices T and U over D such that M

2

= M

1

T and M

1

= M

2

U .

Remarks:

(1) This de�nition includes matrices of di�eren t sizes. Ob viously T and U ha v e to

ha v e the correct dimensions for the equalities to b e true.

(2) Another notion of the matrix m ultiplication de�nition requires the unimo dular-

it y of T and do es not require a matrix U . But this notion excludes matrices of

di�eren t sizes therefore this de�nition w ould not b e as general.

(3) The de�nitions here are form ulated as c olumn equiv alence. The analogue r ow

equiv alence can b e de�ned either directly (with a few mo di�cations of the col-

umn equiv alence de�nitions) or based on the column equiv alence de�nitions:

Tw o matrices are mo dule resp. transformation resp. matrix m ultiplication ro w

equiv alen t i� their transp osed matrices are mo dule resp. transformation resp.

matrix m ultiplication column equiv alen t .
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(4) There is another notion of matrix equiv alence. Again three di�eren t notions of

equiv alence can b e de�ned. The mo dule equiv alence requires only that the rep-

resen ted mo dules are isomorphic but not equal. The transformation equiv alence

allo ws column and ro w transformations. The matrix m ultiplication demands the

equalities: M

2

= T

1

M

1

T

2

and M

1

= U

1

M

2

U

2

. The equiv alence of those three

equiv alence relations for Euclid ean domains leads to the Smith normal form.

It is not imp ortan t for this thesis, so the details will not b e giv en here.

3.2 Equiv alence of the de�nitions

3.2.1 �

trafo

= ) �

mo d

Lemma 3.2.1:

If t w o matrices over K a re transfo rmation equivalent, then they a re mo dule equivalent.

Pr o of. W e ha v e to sho w that an application of a transformation of an y t yp e do es not

c hange the generated mo dule. This is trivial for the transformation of t yp es 4 and 5

b ecause the zero mo dule is the neutral elemen t of the op eration �+� in the mo dule

of D �mo dules. It is trivial for transformation of t yp e 1 b ecause �+� is comm utativ e.

It is trivial for transformation of t yp e 3 b ecause, for an y D �unit � and an y D �mo dule

M , w e ha v e �M = M .

F or transformations of t yp e 2 (with the notation of de�nition 3.1.2), with the co ef-

�cien ts c

1

; c

2

; c

3

; c

4

2 D and with A

i

; A

j

2 K

n

for i; j 2 N

m

w e ha v e

D ( c

1

A

i

+ c

2

A

j

) � D c

1

A

i

+ D c

2

A

j

� D A

i

+ D A

j

and

D ( c

3

A

i

+ c

4

A

j

) � D c

3

A

i

+ D c

4

A

j

� D A

i

+ D A

j

:

On the other hand, let B

i

= c

1

A

i

+ c

2

A

j

and B

j

= c

3

A

i

+ c

4

A

j

. Since c

1

c

4

� c

2

c

3

= 1 ,

w e ha v e A

i

= c

4

B

i

� c

2

B

j

and A

j

= c

1

B

j

� c

3

B

i

. W e conclude

D A

i

= D ( c

4

B

i

� c

2

B

j

) � D c

4

B

i

+ D c

2

B

j

� D B

i

+ D B

j

and

D A

j

= D ( c

1

B

j

� c

3

B

i

) � D c

1

B

j

+ D c

3

B

i

� D B

i

+ D B

j

:

Therefore

D B

i

+ D B

j

= D A

i

+ D A

j

;

whic h completes the pro of.
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3.2.2 �

trafo

= ) �

mat

Lemma 3.2.2:

If t w o matrices over K a re transfo rmation equivalent then they a re matrix multiplication

equivalent.

Pr o of. Let M 2 K

n � m

. W e relate ev ery transformation t yp e to an elemen tary

matrix with the in ten tion that the e�ect of the m ultiplication with the related

matrix is iden tical to the transformation itself:

� The p erm utation of t w o columns i and j relates to an iden tit y matrix of

degree m except the diagonal elemen ts on p ositions ( i; i ) and ( j; j ) , whic h are

zero, and the elemen ts on p ositions ( i; j ) and ( j; i ) , whic h are one:

0

B

B

B

B

B

B

B

B

B

@

i j

1 0

.

.

.

i 0 1

.

.

.

j 1 0

.

.

.

0 1

1

C

C

C

C

C

C

C

C

C

A

:

It is easy to see that m ultiplication with this matrix p erm utates A

i

and A

j

.

� The scaled transformation of t w o columns relates to the iden tit y matrix of

degree m except for the four p ositions ( i; i ) ; ( i; j ) ; ( j; i ) ; ( j; j ) , con taining the

scalar factors c

1

; c

2

; c

3

; c

4

:

0

B

B

B

B

B

B

B

B

B

@

i j

1 0

.

.

.

i c

1

c

2

.

.

.

j c

3

c

4

.

.

.

0 1

1

C

C

C

C

C

C

C

C

C

A

:

Again it is easy to see that m ultiplication accomplishes the men tioned trans-

formation.

� The m ultiplication of the i -th column with the unit � relates to the iden tit y
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matrix of degree m except that the i -th diagonal elemen t is � :

0

B

B

B

B

@

i

1 0

.

.

.

i �

.

.

.

0 1

1

C

C

C

C

A

:

The m ultiplication with this matrix m ultiplies the i -th column with � .

� The insertion of a zero column at p osition i relates to an iden tit y matrix with

an inserted zero column at p osition i . It is a matrix in D

m � m +1

:

0

B

B

B

B

B

B

@

i � 1 i i + 1

1 0

.

.

.

i � 1 1 0 0

i 0 0 1

.

.

.

0 1

1

C

C

C

C

C

C

A

:

� The deletion of a zero column i relates to an iden tit y matrix where the i -th

column is remo v ed. It is a matrix in D

m � m � 1

:

0

B

B

B

B

B

B

B

B

@

i � 1 i

1 0

.

.

.

i � 1 1 0

i 0 0

i + 1 0 1

.

.

.

0 1

1

C

C

C

C

C

C

C

C

A

:

Because of the asso ciativit y of matrix m ultiplication, for an y n um b er of elemen tary

matrices T

i

w e ha v e

( : : : ( M

1

T

1

) � � � � � T

z

) = M

1

( T

1

� � � � � T

z

) :

It is easy to see that for an y of the ab o v e transformation matrices there is another

one whic h rev erts its e�ect. The pro duct of those in v erse transformation matrices

results in U .

Note that the elemen tary matrix relating to the �delete zero column� transformation

ma y not b e applied in a general situation (lik e the other transformation matrices)

but only if there is a zero column at the correct p osition. In this pro of, ho w ev er, w e

start with a v alid transformation and this relates to a v alid elemen tary matrix.
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3.2.3 �

mat

( ) �

mo d

Lemma 3.2.3:

Tw o matrices over K a re matrix equivalent if and only if they a re mo dule equivalent.

Pr o of. �

mat

= ) �

mo d

Let M

1

= ( A

1

; : : : ; A

m

1

) 2 K

n � m

1

and M

2

= ( B

1

; : : : ; B

m

2

) 2 K

n � m

2

. By

assumption, for an y i 2 N

m

2

there are t

ij

2 D suc h that B

i

=

P

m

1

j =1

t

ij

A

j

,

hence B

i

2 D A

1

+ : : : D A

m

1

and

D B

1

+ � � � + D B

m

2

� D A

1

+ � � � + D A

m

1

:

The same conclusion can b e dra wn for A

i

2 D B

1

+ : : : D B

m

2

. Hence,

D B

1

+ � � � + D B

m

2

= D A

1

+ � � � + D A

m

1

:

�

mo d

= ) �

mat

Let M

1

= ( A

1

; : : : ; A

m

1

) and M

2

= ( B

1

; : : : ; B

m

2

) . By assumption,

D A

1

+ � � � + D A

m

1

= D B

1

+ � � � + D B

m

2

:

Therefore for an y i 2 N

m

2

,

B

i

2 D A

1

+ � � � + D A

m

1

;

hence, for an y j 2 N

m

1

; i 2 N

m

2

there exist t

ij

2 D suc h that

B

i

=

m

1

X

j =1

t

ij

A

j

; where i 2 N

m

2

and M

2

= M

1

T with T = ( t

ij

)

i 2 N

m

2

;j 2 N

m

1

. On the other hand, w e ha v e for

an y i 2 N

m

1

:

A

i

2 D B

1

+ � � � + D B

m

2

;

hence, there exist u

ij

2 D for an y i 2 N

m

1

; j 2 N

m

2

suc h that

A

i

=

m

2

X

j =1

u

ij

B

j

; where i 2 N

m

1

:

With U = ( u

ij

)

i 2 N

m

1

;j 2 N

m

2

, w e ha v e M

1

= M

2

U .
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3.2.4 �

mat

= ) �

trafo

This is b y far the most di�cult part of the equiv alence pro of whic h in general fails if

the ring do es not ha v e sp ecial prop erties. An imp ortan t aid for the equiv alence pro of

and man y other things is the follo wing de�nition.

De�nition 3.2.4 (H ERMITE no rmal fo rm):

Let D b e an integral domain and K its quotient �eld. Let a reduce function acco rding to

de�nition 2.2.11 b e �xed. Let S � K b e a set of rep resentatives fo r the classes of

K

�

=

D

�

where K

�

denotes the multiplicative group of K and D

�

the group of multiplicative units

of D .

A matrix M = ( a

ij

)

i 2 N

n

;j 2 N

m

2 K

n � m

is in H ERMITE no rmal fo rm i� there exists a

strictly increasing map � : N

m

! N

n

with the p rop erties

� 8 i 2 N

n

; j 2 N

m

; i > � ( j ) = ) a

ij

= 0 (diagonal fo rm)

� 8 j; k 2 N

m

; k > � ( j ) = ) a

� ( j ) k

is reduced (see de�nition 2.2.11) mo dulo the

ideal generated b y a

� ( j ) j

.

� 8 j 2 N

m

, the (diagonal) element a

� ( j ) j

2 S .

This de�nition is a generalization of the w ell�kno wn Hermite normal form of ma-

trices o v er principal ideal rings, as for instance is giv en in [PZ93 , p. 179]. The main

prerequisite for the generalization is the in tro duction of reduce functions in sec-

tion 2.2.

W e can pro v e that ev ery mo dule equiv alence class con tains at most one matrix in

Hermite normal form. (It is a sp ecial case of the prop osition 4.4.4.)

The problem is to pro v e that ev ery mo dule equiv alence class con tains at le ast one

matrix in Hermite normal form. If it is p ossible to sho w that for ev ery matrix there

exists a c hain of elemen tary transformations whic h results in a matrix in Hermite

normal form, w e w ould ha v e sho wn t w o things:

� Ev ery mo dule equiv alence class con tains exactly one matrix in Hermite nor-

mal form.

� Tw o matrices whic h are mo dule equiv alen t are also transformation equiv alen t.

An imp ortan t approac h is the Ga uss�Jord an algorithm. Most imp ortan tly , this

algorithm only w orks with Euclid ean rings. It can b e mo di�ed to w ork for principal

ideal domains, using the follo wing lemma.

Lemma 3.2.5:

In a p rincipal ideal domain the gcd of t w o elements alw a ys exists.

Pr o of. Let D b e a principal ideal domain and a; b 2 D . Consider the ideal a D + b D .

Ev ery D �ideal is principal, therefore a D + b D has a principal generator c 2 D .

a D � c D , hence a 2 c D and c j a , lik ewise c j b . A d 2 D dividing b oth a and d

generates an ideal d D � a D + b D = c D whic h implies d j c .
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If there is an algorithm whic h �nds the principal generator for an y giv en ideal then

the pro of of the lemma is constructiv e. There are Ga uss�Jord an algorithm v ersions

whic h use the gcd instead of remainder division as in [KB79], [CC82 ], or [Hop94 ]. In

algebraic n um b er rings, �nding a principal generator of an ideal is generally not an

easy task; for go o d metho ds see [Hes96 , pp. 75�77].

[PZ93, p. 179] pro v es the existence of the Hermite normal form in principal ideal

domains with a di�eren t constructiv e metho d.

The results of the next c hapter will pro vide still another pro of of theorem 4.5.6,

whic h is based on the more general pseudomatrices. This pro of is constructiv e and

uses metho ds for pseudomatrices.

3.2.5 Summary

The pro v en statemen ts ab out the three matrix equiv alence de�nitions are summa-

rized in the follo wing picture:

�

mat

�

trafo

�

mo d

-

alw a ys

�

alw a ys

�

�

�

�

�

�	

only for

principal ideal

domains

�

�

�

�

�

��

alw a ys

@

@

@

@

@

@R

alw a ys

The question is still op en if the equiv alence of the matrix equiv alence de�nitions

holds for more general rings. One h yp othesis is that this is the case for Dedekind

domains but not for in tegral domains although there is neither pro of nor dispro of so

far.



Chapter 4

The theory of pseudomatrices

Let D b e an in tegral domain (a comm utativ e unital ring without non trivial zero

divisors) and K its quotien t �eld. Finitely generated D �mo dules in K

n

(where n 2 N )

can b e represen ted b y matrices o v er D with n ro ws. This w as the sub ject of the last

c hapter. The equiv alence of the three equiv alence relations for matrices and the

existence of the normal form can only b e sho wn if D is a principal ideal domain.

This c hapter generalizes the concept of D �matrices to D �pseudomatrices. The de�-

nitions of the three matrix equiv alence relations for pseudomatrices and the normal

form are an analogue of those for matrices. The adv an tage of the generalization is

that equiv alence of the three equiv alence relations and the existence of the normal

form can not only b e sho wn for principal ideal domains, but for the more general

Dedekind rings. Although the complete theoretical solution can only b e obtained

for Dedekind rings, de�nitions and prop ositions in the more general con text of

in tegral domains will b e giv en, where p ossible.

The idea of pseudomatrices can b e found in [O'M63, Ÿ81:3]. This theorem pro v es the

existence of a �nite sum of pro ducts of an ideal and an mo dule as a replacemen t

for in tegral bases whic h do not exist in general in the case of Dedekind rings. This

sum w as named pseudobasis in [Coh96] b y Henri Cohen. Matrices represen t bases of

�nitely generated mo dules � analogously pseudomatrices represen t pseudobases.

4.1 The de�nition of pseudomatrices

De�nition 4.1.1:

Let D b e an integral domain and K = Q ( D ) its quotient �eld. Let n; m 2 N and

A = ( A

1

; : : : ; A

m

) =

0

B

@

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

C

A

b e an ( n � m ) �matrix over K with column vecto rs A

1

; : : : ; A

m

in K

n

.

51
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Let a

1

; : : : ; a

m

b e m fractional D �ideals

1

. Then the scheme fo rmed b y

M =

�

a

1

: : : a

m

A

�

=

�

a

1

: : : a

m

A

1

: : : A

m

�

=

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

is called a pseudomatrix over D with n ro ws and m columns.

a

1

; : : : ; a

m

a re called the co e�cient ideals of M .

The notion of pseudomatrices w as in tro duced in [Coh96, Th. 2.5]. Analogous to the

de�nition of the op erator Mo d for matrices in de�nition 3.1.1 w e de�ne

De�nition 4.1.2:

Let D b e an integral domain and let

M =

�

a

1

: : : a

m

A

1

: : : A

m

�

b e a pseudomatrix over D with n ro ws. Then the D �mo dule

Mo d ( M ) =

m

X

i =1

a

i

A

i

� K

n

is called the mo dule generated b y the pseudomatrix M .

F or ev ery �nitely generated D �mo dule in K

n

there exists a pseudomatrix whic h

represen ts it. Let A

1

; : : : ; A

m

b e the m generators of the mo dule M . Then

Mo d

��

1 D : : : 1 D

A

1

: : : A

m

� �

= M :

( 1 D is an abbreviation for the D �ideal generated b y 1.)

De�nition 4.1.3:

Tw o pseudomatrices M and N over an integral domain D a re called mo dule equivalent

(written M �

mo d

N ) i� Mo d ( M ) = Mo d ( N ) .

It is easy to see that this an equiv alence relation. A v ery imp ortan t aim is to de�ne

and to construct c anonic al r epr esentatives of the e quivalenc e classes of the r elation

�

mo d

.

The set of matrices o v er K can b e considered a subset of the set of pseudomatrices

o v er D via the iden ti�cation map A 7!

�

1 D : : : 1 D

A

�

, where A is a matrix o v er K .

This mak es sense b ecause the mo dules whic h are represen ted b y A and M are equal:

Mo d ( A ) = Mo d ( M ) . Therefore the concept of the represen tation of D �mo dules in

K

n

b y pseudomatrices is a generalization of the concept of the represen tation b y

matrices.

1 . The zero ideal is not a fractional D �ideal b y con v en tion of de�nition 1.0.1 .
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De�nition 4.1.4:

A pseudomatrix

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

is called integral if fo r every i 2 N

n

and j 2 N

m

the ideal a

ij

a

j

is an integral ideal.

Lemma 4.1.5:

A pseudomatrix M is integral i� Mo d ( M ) � D

n

.

4.2 T ransformations on pseudomatrices

T ransformations on pseudomatrices are de�ned in analogy to transformations on ma-

trices. Most imp ortan tly , an application of a transformation should not c hange the

mo dule generated b y the pseudomatrix. This is pro v ed in the subsequen t prop osi-

tion 4.2.3.

De�nition 4.2.1:

Let M and N b e t w o pseudomatrices of the same numb er n of ro ws. They a re called

transfo rmation equivalent (written M �

trafo

N ) i� N can b e p ro duced from M b y

a �nite numb er of applications of elementa ry transfo rmations which a re:

S W AP :

Sw aps the columns i and j of M :

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : a

j

: : : a

i

: : :

: : : A

j

: : : A

i

: : :

�

:

P USH F A CTOR :

This transfo rmation involves only one column and its ideal. The nonzero facto r

e 2 K is pushed from the ideal a

i

( a

i

is divided b y e ) to the column A

i

( A

i

is

multiplied b y e ):

�

: : : a

i

: : :

: : : A

i

: : :

�

!

�

: : :

a

i

e

: : :

: : : e A

i

: : :

�

:

T W O SCALED :

This transfo rmation changes t w o columns without mo difying the co e�cient ide-

als:

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where B

i

; B

j

2 K

n

and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

; c

4

2 D ; c

2

a

i

� a

j

; c

3

a

j

� a

i

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ;

B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:
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C OLLECT :

This transfo rmation collects the ideals of t w o columns of M :

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : 1 D : : : a

i

a

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where B

i

; B

j

2 K

n

and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

2 a

i

; c

2

2 a

j

; c

3

a

j

� D ; c

4

a

i

� D ;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ; B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

S PREAD :

This is the inverse transfo rmation of the C OLLECT transfo rmation. It ma y only b e

applied if the co e�cient ideal of the i -th column is D :

�

: : : 1 D : : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : b

i

: : : b

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where b

i

and b

j

a re fractional D �ideals, B

i

; B

j

2 K

n

, and c

1

; c

2

; c

3

; c

4

2 K satisfy

b

i

b

j

= a

j

; c

1

b

i

� D ; c

2

2 b

j

; c

3

b

j

� D ; c

4

2 b

i

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ; B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

I NSERT ZERO COLUMN :

This transfo rmation app ends a zero column together with an a rbitra ry fractional

ideal to M :

�

a

1

: : : a

m

A

1

: : : A

m

�

!

2

6

6

6

4

a

1

: : : a

m

a

A

1

: : : A

m

0

B

@

0

.

.

.

0

1

C

A

3

7

7

7

5

where a is an a rbitra ry fractional D �ideal.

D ELETE ZERO COLUMN :

This transfo rmation deletes the last column of M , if it is a zero column, together

with its (a rbitra ry) co e�cient ideal:

2

6

6

6

4

a

1

: : : a

m

a

A

1

: : : A

m

0

B

@

0

.

.

.

0

1

C

A

3

7

7

7

5

!

�

a

1

: : : a

m

A

1

: : : A

m

�

fo r any fractional D �ideal a . This transfo rmation must not b e applied if M has

only one column.
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The actual de�nition of pseudomatrices forbids pseudomatrices with no columns

whic h is just one p ossible con v en tion. T o deal with pseudomatrices whose matrix

con tains only zero en tries (as coun terpart of the zero mo dule whic h is represen ted

b y it) m ust b e arti�cial at some p oin t � either in this de�nition of transformations

or in all statemen ts ab out pseudomatrices, where the pseudomatrix with no columns

at all w ould ha v e b e dealt with as a sp ecial case.

Other forms of the de�nition of elemen tary transformations w ould ha v e b een p ossible.

Here, the transformations are c hosen for their simplicit y , while still b eing expressiv e

and reasonable, ev en for non� Dedekind rings.

Lemma 4.2.2:

Let D b e an integral domain. F o r every transfo rmation of pseudomatrices over D , there

exists an inverse transfo rmation.

Pr o of. Ob viously Inser t zer o column and Delete zer o column are in v erse to

eac h other. The Sw ap transformation is in v erse to itself.

Let the Tw o scaled transformation b e describ ed as

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where B

i

; B

j

2 K

n

and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

; c

4

2 D ; c

2

a

i

� a

j

; c

3

a

j

� a

i

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ;

B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

The in v erse transformation is a Tw o scaled transformation whic h is describ ed as

�

: : : a

i

: : : a

j

: : :

: : : B

i

: : : B

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

;

where

d

1

= c

4

; d

2

= � c

2

;

d

3

= � c

3

; d

4

= c

1

;

�

d

1

d

2

d

3

d

4

�

=

�

c

1

c

2

c

3

c

4

�

� 1

;

A

i

= d

1

B

i

+ d

2

B

j

;

A

j

= d

3

B

i

+ d

4

B

j

:

W e can conclude

c

4

2 D = ) d

1

2 D ;

c

2

a

i

� a

j

= ) d

2

a

i

� a

j

;

c

3

a

j

� a

i

= ) d

3

a

j

� a

i

;

c

1

2 D = ) d

4

2 D :

The Collect transformation with the parameters c

1

; c

2

; c

3

; c

4

is in v erse to the

Spread transformation with the parameters c

4

; � c

2

; � c

3

; c

1

. These parameters can
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b e sho wn to satisfy the prop erties required b y the Spread transformation analo-

gously to the Tw o scaled transformation.

The Spread transformation is in v erse to a Collect transformation in a similar

w a y .

Prop osition 4.2.3:

Let M and N b e t w o pseudomatrices over an integral domain D with the same numb er

of ro ws. If they a re transfo rmation equivalent, then they a re mo dule equivalent:

M �

trafo

N = ) M �

mo d

N :

Pr o of. W e ha v e to sho w that the transformations Sw ap, Push f a ctor, Tw o

scaled, Collect, Spread, Inser t zer o column, and Delete zer o col-

umn of de�nition 4.2.1 do not c hange the represen ted mo dule of a pseudomatrix M

with n ro ws.

It is trivial for the Sw ap and Push f a ctor transformations.

Let A b e the zero v ector of length n , a an y fractional D �ideal. Then a A is the zero

mo dule. Therefore the Inser t zer o column and Delete zer o column do not

c hange the represen ted mo dule.

Let a Tw o scaled transformation b e describ ed b y

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where B

i

; B

j

2 K

n

and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

; c

4

2 D ; c

2

a

i

� a

j

; c

3

a

j

� a

i

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ;

B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

W e ha v e to sho w that

a

i

A

i

+ a

j

A

j

= a

i

B

i

+ a

j

B

j

:

By lemma 4.2.2 it su�ces to sho w that

a

i

B

i

+ a

j

B

j

� a

i

A

i

+ a

j

A

j

:

W e can sho w

a

i

B

i

= a

i

( c

1

A

i

+ c

2

A

j

) � a

i

c

1

A

i

+ a

i

c

2

A

j

� a

i

A

i

+ a

j

A

j

and similarly a

j

B

j

� a

i

A

i

+ a

j

A

j

.

Let a Collect transformation b e describ ed b y

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : 1 D : : : a

i

a

j

: : :

: : : B

i

: : : B

j

: : :

�

;
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where B

i

; B

j

2 K

n

and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

2 a

i

; c

2

2 a

j

; c

3

a

j

� D ; c

4

a

i

� D ;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ; B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

W e ha v e to sho w that

a

i

A

i

+ a

j

A

j

= D B

i

+ a

i

a

j

B

j

:

By lemma 4.2.2 it su�ces to sho w that

D B

i

+ a

i

a

j

B

j

� a

i

A

i

+ a

j

A

j

:

W e ha v e

c

1

2 a

i

= ) c

1

A

i

2 a

i

A

i

c

2

2 a

j

= ) c

2

A

j

2 a

j

A

j

= ) D B

i

= D ( c

1

A

i

+ c

2

A

j

) � a

i

A

i

+ a

j

A

j

and

c

3

a

j

2 D = ) c

3

a

i

a

j

A

i

2 a

i

A

i

c

4

a

i

2 D = ) c

4

a

i

a

j

A

j

2 a

j

A

j

= ) a

i

a

j

B

i

= a

i

a

j

( c

3

A

i

+ c

4

A

j

) � a

i

A

i

+ a

j

A

j

:

whic h pro v es the claim for the Collect transformation.

Lik ewise, it can b e pro v ed that the Spread transformation do es not c hange the

represen ted mo dule.

4.2.1 Existence of parameters for the transformations

Let D b e a Dedekind ring. W e ask the question whether there exist parameters for

ev ery elemen tary transformation t yp e of de�nition 4.2.1 suc h that the transformation

ma y b e applied.

Ob viously , Inser t zer o column can alw a ys b e applied and Delete zer o col-

umn only if the last column is indeed zero. It is easy to see that parameters are quite

arbitrary for the transformations Push f a ctor, Sw ap, Tw o Scaled .

The Spread transformation cannot alw a ys b e applied b ecause one of the co e�cien t

ideals of M m ust b e D . F rom the prop osition 4.2.4 b elo w and the existence of the

in v erse transformation in lemma 4.2.2 it follo ws that if one co e�cien t ideal of M

is indeed 1 D , parameters can b e found to apply the Spread transformation. This

lea v es us with the task of sho wing the follo wing prop osition:
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Prop osition 4.2.4:

Let D b e a D EDEKIND ring. F o r every t w o fractional D �ideals a

i

and a

j

, it is p ossible to

�nd c

1

2 a

i

, c

2

2 a

j

, c

3

2 a

� 1

j

, and c

4

2 a

� 1

i

such that

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 :

These co e�cients satisfy the requirements of a C OLLECT transfo rmation of de�nition 4.2.1.

If D is a maximal order of a n um b er �eld, algorithm 1.8.5 giv es a constructiv e pro of.

If D is not an algebraic n um b er ring, prop osition 1.8.4 pro v es the existence.

4.2.2 Sp ecial transformations

There are other imp ortan t transformations b esides the elemen tary transformations.

General Tw o Columns :

This transformation c hanges t w o columns

�

a

i

A

i

�

and

�

a

j

A

j

�

of M while the rest

of the matrix sta ys constan t:

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : b

i

: : : b

j

: : :

: : : B

i

: : : B

j

: : :

�

;

where a

i

and a

j

m ust b e in v ertible and where b

i

and b

j

are fractional D �ideals,

B

i

; B

j

2 K

n

, and c

1

; c

2

; c

3

; c

4

2 K satisfy

c

1

b

i

� a

i

; c

2

b

i

� a

j

; c

3

b

j

� a

i

; c

4

b

j

� a

j

;

e :=

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= c

1

c

4

� c

2

c

3

6= 0 ; a

i

a

j

= e b

i

b

j

;

B

i

= c

1

A

i

+ c

2

A

j

; B

j

= c

3

A

i

+ c

4

A

j

:

Unimodular :

Sp ecial case of General tw o columns where e = 1 . It is otherwise iden-

tical.

The Sw ap, Push f a ctor, Collect, Spread, Unimodular , and Tw o scaled

transformations are all sp ecial cases of the General tw o columns transformation.

The e�ect of a General tw o columns transformation can also b e obtained b y an

application of a Unimodular and a Push f a ctor transformation.

The question is if the General tw o columns transformation can b e based on the

elemen tary transformations. It can b e answ ered p ositiv ely for Dedekind rings:

Prop osition 4.2.5:

Let D b e a D EDEKIND ring. Any one application of the U NIMODULAR transfo rmation can

b e reduced to one C OLLECT , one S PREAD , and one T W O SCALED transfo rmation application

in this o rder.
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Pr o of. Since D is a Dedekind ring ev ery ideal is in v ertible. Let the Unimodular

transformation b e describ ed b y

�

B

i

B

j

�

=

�

c

1

c

2

c

3

c

4

��

A

i

A

j

�

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= 1 ; a

i

a

j

= b

i

b

j

;

c

1

2 a

i

b

� 1

i

; c

2

2 a

j

b

� 1

i

; c

3

2 a

i

b

� 1

j

; c

4

2 a

j

b

� 1

j

:

F rom prop osition 4.2.4, it is clear that there are d

1

, d

2

, d

3

, and d

4

suc h that

�

�

�

�

d

1

d

2

d

3

d

4

�

�

�

�

= 1 ; d

1

2 a

i

; d

2

2 a

j

; d

3

2 a

� 1

j

; d

4

2 a

� 1

i

:

This transforms

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

= )

�

: : : D : : : a

i

a

j

: : :

: : : C

i

: : : C

j

: : :

�

;

where

�

C

i

C

j

�

=

�

d

1

d

2

d

3

d

4

��

A

i

A

j

�

:

As an easy deduction of prop osition 4.2.4 (b ecause unimo dular matrices can b e

in v erted), it is clear that there exists a Spread transformation with

�

�

�

�

e

1

e

2

e

3

e

4

�

�

�

�

= 1 ; e

1

2 b

� 1

i

; e

2

2 b

j

; e

3

2 a

� 1

j

; e

4

2 a

i

whic h transforms

�

: : : D : : : a

i

a

j

: : :

: : : C

i

: : : C

j

: : :

�

= )

�

: : : b

i

: : : b

j

: : :

: : : D

i

: : : D

j

: : :

�

;

where

�

D

i

D

j

�

=

�

e

1

e

2

e

3

e

4

� �

C

i

C

j

�

:

These t w o transformations applied together form a transformation

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

= )

�

: : : b

i

: : : b

j

: : :

: : : D

i

: : : D

j

: : :

�

;

where

�

D

i

D

j

�

=

�

f

1

f

2

f

3

f

4

��

A

i

A

j

�

and

�

f

1

f

2

f

3

f

4

�

=

�

e

1

e

2

e

3

e

4

� �

d

1

d

2

d

3

d

4

�

:

F or this transformation w e can c hec k

�

�

�

�

f

1

f

2

f

3

f

4

�

�

�

�

= 1 ; a

i

a

j

= b

i

b

j

;

f

1

2 a

i

b

� 1

i

; f

2

2 a

j

b

� 1

i

; f

3

2 a

i

b

� 1

j

; f

4

2 a

j

b

� 1

j

:
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The co e�cien ts

�

g

1

g

2

g

3

g

4

�

=

�

c

1

c

2

c

3

c

4

� �

f

4

� f

2

� f

3

f

1

�

satisfy the requiremen ts for the Ma trix Tw o Scaled transformation since

g

1

= c

1

f

4

� c

2

f

3

2 a

j

b

� 1

i

a

i

b

� 1

j

= 1 D

g

2

= � c

1

f

2

+ c

2

f

1

2 a

i

a

j

b

� 2

i

= b

� 1

i

b

j

g

3

= c

3

f

4

� c

4

f

3

2 a

i

a

j

b

� 2

j

= b

� 1

j

b

i

g

4

= � c

3

f

2

� c

4

f

1

2 a

j

b

� 1

i

a

i

b

� 1

j

= 1 D :

Another transformation is the follo wing:

Add q -times :

This transformation adds the q �fold of A

i

to A

j

:

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

+ q A

i

: : :

�

;

where q 2 K satis�es q a

j

� a

i

.

This transformation is a sp ecial case of the Tw o scaled transformation. The ques-

tion is whether the Tw o scaled transformation can b e seen as a series of other

transformations. If D w ere a Euclid ean ring, it w ould b e p ossible to determine a

n um b er of Add q �times transformations in a pro cess similar to the Euclid ean algo-

rithm whic h is equiv alen t to a Tw o scaled transformation. Since w e are in terested

in non� Euclid ean rings, the Tw o scaled transformation is used as an elemen tary

transformation and the Add q �times transformation is no longer imp ortan t.

4.2.3 Sp ecial problems for non�D EDEKIND rings

In the General tw o columns transformation in subsection 4.2.2 the ideals a

i

and a

j

requested to b e in v ertible? The answ er is that the transformation should at

least qualify the statemen ts of lemma 4.2.2 and prop osition 4.2.3, i.e. an applica-

tion of it should b e rev ersible and should not c hange the mo dule generated b y the

pseudomatrix.

W e assume the in v erse transformation to b e a General tw o columns transfor-

mation:

�

: : : b

i

: : : b

j

: : :

: : : B

i

: : : B

j

: : :

�

!

�

: : : a

i

: : : a

j

: : :

: : : A

i

: : : A

j

: : :

�

;

where

d

1

:=

c

4

e

; d

2

:= �

c

2

e

; d

3

:= �

c

3

e

; d

4

:=

c

1

e

A

i

= d

1

B

i

+ d

2

B

j

; A

j

= d

3

B

i

+ d

4

B

j

:
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W e ha v e

d

1

d

4

� d

2

d

3

=

1

e

6= 0 ; and a

i

a

j

1

e

= b

i

b

j

:

F rom c

4

b

j

� a

j

(hence c

4

a

i

b

j

� a

i

a

j

) and e b

i

b

j

= a

i

a

j

, w e conclude c

4

a

i

b

j

� e b

i

b

j

.

But unless the ideal b

j

is in v ertible, w e cannot conclude d

4

a

i

� b

i

, whic h w e w ould

need for a v alid General tw o columns transformation.

W e only need the follo wing simple prop ert y:

Lemma 4.2.6:

Let D b e an integral domain and a

1

and a

2

t w o fractional ideals. Then a := a

1

a

2

is

invertible i� a

1

and a

2

a re invertible.

Pr o of. If a

1

and a

2

are in v ertible, then a

0

:= a

� 1

2

a

� 1

1

is the in v erse of a .

Let a

� 1

b e the in v erse of a . Then a

0

:= a

� 1

a

2

is the in v erse of a

1

since

a

0

a

1

= a

� 1

a

2

a

1

= 1 D ;

and lik ewise a

2

is in v ertible.

Since w e require the ideals a

i

and a

j

to b e in v ertible, w e ha v e pro v ed that the Gen-

eral tw o columns transformation is rev ersible and do es not c hange the generated

mo dule.

4.3 Matrix m ultiplication equiv alence de�nition

There is another imp ortan t equiv alence relation for pseudomatrices.

De�nition 4.3.1:

Let D b e an integral domain, let

M =

�

a

1

: : : a

m

A

�

and N =

�

b

1

: : : b

l

B

�

b e t w o pseudomatrices with n ro ws. Then M and N a re matrix multiplication equiva-

lent , M �

mat

N , i� there exists a matrix T = ( t

ij

)

i;j

2 K

m � l

such that B = AT and fo r

every i 2 N

m

; j 2 N

l

w e have t

ij

b

j

� a

i

, and there exists a matrix U = ( u

ij

)

i;j

2 K

l � m

such that A = BU and fo r every i 2 N

l

; j 2 N

m

w e have u

ij

a

j

� b

i

.

Prop osition 4.3.2:

Tw o pseudomatrices a re mo dule equivalent i� they a re matrix equivalent.
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Pr o of. = )

Assume

�

a

1

: : : a

m

A

1

: : : A

m

�

�

mo d

�

b

1

: : : b

l

B

1

: : : B

l

�

:

F or ev ery j 2 N

l

w e ha v e b

j

B

j

�

P

m

i =1

a

i

A

i

. Hence there exist t

ij

2 K suc h that

t

ij

b

j

� a

i

and B

j

=

P

m

i =1

t

ij

A

i

. The matrix T =

�

t

ij

�

i 2 N

m

;j 2 N

l

satis�es B = AT . On

the other hand there exist u

ij

2 K suc h that u

ij

a

j

� b

i

and for ev ery j 2 N

m

w e

ha v e A

j

=

P

l

i =1

u

ij

B

i

. With U =

�

u

ij

�

i 2 N

l

;j 2 N

m

w e ha v e A = BU whic h completes

one direction of the pro of.

( =

Let the t w o pseudomatrices b e matrix m ultiplication equiv alen t. Then w e ha v e T =

( t

ij

)

i 2 N

j

2 K

m � l

suc h that B = AT and for ev ery i 2 N

m

; j 2 N

l

w e ha v e t

ij

b

j

� a

i

.

It follo ws that

b

j

B

j

=

m

X

i =1

t

ij

b

j

A

i

2

m

X

i =1

a

i

A

i

and

l

X

j =1

b

j

B

j

�

m

X

i =1

a

i

A

i

:

W e ha v e U = ( u

ij

)

i 2 N

l

;j 2 N

m

2 K

l � m

suc h that A = BU , and for ev ery i 2 N

l

; j 2 N

m

w e ha v e u

ij

a

j

� b

i

. It follo ws that

a

j

A

j

=

l

X

i =1

u

ij

a

j

B

i

2

l

X

i =1

b

i

B

i

and

m

X

j =1

a

j

A

j

�

l

X

i =1

b

i

B

i

;

whic h completes the pro of.

4.4 Normal forms of pseudomatrices

W e w an t to ha v e a description of �nitely generated mo dules b y pseudomatrices.

Since di�eren t pseudomatrices ma y represen t the same mo dule, w e are in terested

in ho w to decide if t w o pseudomatrices are mo dule equiv alen t. T ransformations of

pseudomatrices approac h the algorithmic solution to this question.

In the last section, sev eral questions w ere left op en. If t w o pseudomatrices are mo d-

ule (or equiv alen tly matrix m ultiplication) equiv alen t, are they also transformation

equiv alen t? In other w ords, for an y t w o pseudomatrices whic h represen t the same

�nitely generated mo dule, do es there alw a ys exist a course of transformations whic h

transforms one to the other? This question b ecomes easier if w e �x one pseudomatrix

in eac h class of pseudomatrices (regarding the mo dule equiv alence) � the normal

form.

Once de�ned, the normal form m ust satisfy the follo wing prop erties to b e useful at

all:
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� Uniqueness: If t w o mo dule equiv alen t pseudomatrices are in the normal form,

then they are equal.

� Existence: F or an y giv en pseudomatrix, there exists a pseudomatrix in the

normal form whic h is mo dule equiv alen t to the giv en pseudomatrix.

� Constructabilit y: F or an y giv en pseudomatrix, there exists a course of trans-

formations whic h transforms it to a pseudomatrix in normal form.

If these prop erties hold, it follo ws immediately that t w o mo dule equiv alen t pseudo-

matrices are also transformation equiv alen t.

4.4.1 The de�nition of the C OHEN �H ERMITE normal form

The follo wing de�nition is based on the pap er [Coh96]. Henri Cohen calls it Her-

mite normal form there b ecause it can b e seen as a generalization of the Hermite

normal form. Ho w ev er it includes con v en tions whic h are not the only ones p ossible.

[BP91] use a di�eren t con v en tion (although this is not explicitly stated there, it is a

consequence of the giv en algorithm).

De�nition 4.4.1:

A pseudomatrix over a D EDEKIND ring D

M =

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

is in C OHEN �H ERMITE no rmal fo rm (CHNF) rega rding a �xed reduce function (as in de�ni-

tion 2.2.11) if there exists a strictly increasing map � : N

m

! N

n

(therefo re n � m � 1 )

with the p rop erties:

1. 8 i 2 N

n

; j 2 N

m

; i > � ( j ) = ) a

ij

= 0 (triangula r fo rm);

2. 8 i 2 N

m

; a

� ( i ) i

= 1 (ones on the diagonal); and

3. 8 i; j 2 N

m

; j > i = ) a

� ( i ) j

is reduced mo dulo the ideal

a

i

a

j

.

By abuse of language w e will sa y �triangular form� if w e w an t to p oin t to the prop ert y

a

l k

= 0 for k 2 N

m

and l 2 N

n

n N

k

. W e will call the en tries a

� ( k ) k

= 1 for k 2 N

m

�diagonal en tries�.



64 CHAPTER 4. THE THEOR Y OF PSEUDOMA TRICES

The �rst t w o prop erties describ e the form of the CHNF pseudomatrix as

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

a

1

: : : a

m � 1

a

m

a

11

a

1 ;m � 1

a

1 m

.

.

.

.

.

.

.

.

.

a

� (1) � 1 ; 1

1

.

.

.

.

.

.

.

.

.

1 a

� ( m � 1) ;m

.

.

.

.

.

.

0 a

� ( m ) � 1 ;m

1

.

.

.

0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

: (4.4.1)

The last prop ert y implies that a reduce function according to de�nition 2.2.11 m ust

b e �xed to de�ne the CHNF. F or di�eren t reduce functions, di�eren t pseudomatrices

are in CHNF. F rom no w on let a reduce function b e �xed.

T o pro v e the uniqueness of the CHNF, w e need the follo wing lemmas:

Lemma 4.4.2:

A pseudomatrix M =

�

a

1

: : : a

m

A

1

: : : A

m

�

in CHNF is a pseudobasis fo r Mo d ( M ) . This

means that there is no pseudomatrix N with few er columns than M and Mo d ( N ) =

Mo d ( M ) .

Pr o of. This is immediate b ecause of the triangular form of the CHNF, whic h implies

that for no i 2 N

m

w e ha v e A

i

2

P

j 2 N

m

nf i g

a

j

A

j

.

Lemma 4.4.3:

Let the i -th ro w ideal of the pseudomatrix

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

b e the ideal

P

m

j =1

a

ij

a

j

. Let

pr

i

: K

n

� K

0

B

@

a

1

.

.

.

a

n

1

C

A

7! a

i
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b e the epimo rphism to the i -th comp onent of a vecto r.

Then the i -th ro w ideal of a pseudomatrix M is equal to the ideal pr

i

(Mo d ( M ) ) .

Pr o of. Let c 2 pr

i

(Mo d ( M )) . Then there exists an A 2 Mo d ( M ) with c = pr

i

( A ) .

A can b e represen ted with a

j

2 a

j

for j 2 N

n

as A =

P

n

j =1

a

j

A

j

. W e conclude

c =

n

X

j =1

a

j

a

ij

2

m

X

j =1

a

ij

a

j

:

Let c 2

P

m

j =1

a

ij

a

j

. Then there exist a

j

2 a

j

for j 2 N

n

suc h that c =

P

n

j =1

a

j

a

ij

.

Therefore

c =

n

X

j =1

a

j

pr

i

( A

j

) = pr

i

(

n

X

j =1

a

j

A

j

) 2 pr

i

(Mo d ( M ) ) :

Prop osition 4.4.4 (Uniqueness of the CHNF):

If t w o mo dule equivalent pseudomatrices a re in CHNF they a re equal.

Pr o of. Let M and N b e t w o mo dule equiv alen t pseudomatrices in CHNF.

By de�nition 4.1.3, M and N m ust ha v e the same n um b er of ro ws to b e mo dule

equiv alen t. F rom lemma 4.4.2 it follo ws that they ha v e to ha v e the same n um b er of

columns. By lemma 4.4.3, for ev ery ro w i , the i -th ro w ideal of M and N m ust b e

equal.

W e use induction on the n um b er m of columns of the pseudomatrix M .

Induction start. Let m =1 and

M =

2

6

6

6

6

6

6

6

6

6

6

6

6

4

0

B

B

B

B

B

B

B

B

B

@

a

1

a

11

.

.

.

a

� (1) � 1 ; 1

1

0

.

.

.

0

1

C

C

C

C

C

C

C

C

C

A

3

7

7

7

7

7

7

7

7

7

7

7

7

5

; N =

2

6

6

6

4

0

@

b

1

b

11

.

.

.

b

n 1

1

A

3

7

7

7

5

:

Since all ro w ideals of M and N are equal, it follo ws that for � (1) + 1 � i � n w e

ha v e b

i 1

= 0 and b

� (1)1

6= 0 . N is in CHNF, hence b

� (1)1

= 1 and a

1

= b

1

. Again b y

the equalit y of the ro w ideals, w e conclude for i 2 N

� ( 1)

that a

i 1

= b

i 1

�

i

, where the

�

i

are units of D . As M and N are mo dule equiv alen t, all �

i

are equal in pairs. But

a

� (1)1

= b

� (1)1

= 1 , therefore �

� (1)

= 1 . W e conclude that a

i 1

= b

i 1

for all i 2 N

n

,

whic h �nishes the induction start.
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Induction step. Let the notations of M b e as in (4.4.1) and the notations of N

lik ewise with b

ij

in place of a

ij

and b

ij

in place of a

ij

.

Let M

0

resp. N

0

b e the pseudomatrices M resp. N after remo ving their last columns.

By the de�nition of the CHNF, it is clear that M

0

and N

0

are also in CHNF.

The ro ws � ( m � 1) + 1 ; : : : ; n of the pseudomatrix M

0

con tain only zero en tries. The

last column of M con tains nonzero elemen ts at most at p ositions � ( m � 1) + 1 ; : : : ; n ,

of whic h at least the en try at p osition � ( m ) equals one.

Therefore Mo d ( M

0

) con tains all the elemen ts of Mo d ( M ) whic h ha v e zero en tries

at p ositions � ( m � 1) + 1 ; : : : ; n . The same is true for Mo d ( N

0

) and Mo d ( N ) . Since

Mo d ( M ) = Mo d ( N ) , this giv es

Mo d ( M

0

) = Mo d ( N

0

) :

By the induction assumption, w e conclude that

M

0

= N

0

: (4.4.2)

Since all ro w ideals of M and N are equal (lemma 4.4.3) and the diagonal en tries of

a CHNF satisfy a

� ( m ) m

= 1 , b

� ( m ) m

= 1 (as in the argumen tation in the induction

start) w e yield a

m

= b

m

.

It is left to sho w a

k m

= b

k m

for k 2 N

n

. By de�nition, for the en tries at p osition

k > � ( m ) w e simply ha v e a

k m

= b

k m

= 0 . The diagonal en try satis�es a

� ( m ) m

=

b

� ( m ) m

= 1 . F or the follo wing conclusions, let k iterate o v er the remaining en tries.

Iteration of k from � ( m ) � 1 to 1. Assume that a

k +1 ;m

= b

k +1 ;m

, : : : , a

� ( m ) � 1 ;m

=

b

� ( m ) � 1 ;m

has already b een sho wn and also assume a

k m

6= b

k m

. Let

C = A

m

� B

m

=

0

B

B

B

B

B

B

B

@

c

1

= a

1 m

� b

1 m

.

.

.

c

k

= a

k m

� b

k m

0

.

.

.

0

1

C

C

C

C

C

C

C

A

(4.4.3)

b e the di�erence v ector of the last columns A

m

of M and B

m

of N . W e ha v e the

form ula

a

m

C = a

m

( A

m

� B

m

) � a

m

A

m

+ a

m

B

m

� Mo d ( M ) : (4.4.4)

Consider t w o cases: the index k migh t or migh t not b e in the image set � ( N

m

) of M .

In other w ords, I c hec k if there exists a column index r suc h that a

k r

= 1 or not.
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Case 1: k 2 � ( N

m

)

Let r b e the column n um b er with � ( r ) = k . W e kno w that the matrices of

b oth M and N ha v e the en try one at p osition ( k ; r ) .

Let A

r

b e the r �th column of the matrix of M . A

r

has a one at p osition

k and zeros at the p ositions with a higher index than k . C has the en try

c

k

= a

k m

� b

k m

at p osition k and zeros at the p ositions with higher index

than k . Only the summand a

r

A

r

of the sum Mo d ( M ) =

P

m

i =1

a

i

A

i

could giv e

a con tribution to the en try of C at p osition k . More precisely:

a

m

c

k

� a

r

: (4.4.5)

On the other hand, the de�nition of the CHNF requires b oth a

k m

and b

k m

to

b e reduced mo dulo the ideal

a

r

a

m

, whic h is the third prop ert y .

But b y prop osition 2.2.12 and form ula (4.4.5) , w e obtain a

k m

= b

k m

whic h is

a con tradiction to the ab o v e assumption.

Case 2: k 62 � ( N

m

)

Let l b e the smallest index with k < l � n and l = � ( r ) . Again consider

the di�erence v ector of form ula (4.4.4) . But ho w should an y elemen t of a

m

C

b e expressed as a linear com bination Mo d ( M ) =

P

i =1

m a

i

A

i

? The columns

A

1

; : : : ; A

r � 1

ha v e zero at p osition k and can not con tribute to a p ossible

c

k

6= 0 . The columns A

r

; : : : ; A

m

are not zero at p osition k but they are also

nonzero at p ositions > k . The triangular form of the matrix of M guaran tees

that an y nonzero elemen t of

P

i = r

m a

i

A

i

has at least one nonzero en try among

the p ositions � ( r ) ; : : : ; � ( m ) . It follo ws that this case can not o ccur under the

assumption c

k

6= 0 .

Both cases lead to a con tradiction, therefore w e ha v e sho wn a

k m

= b

k m

for an y k 2

N

n

. T ogether with equation (4.4.2) w e obtain M = N , whic h �nishes the induction

step.

Remark:

The question arises if there are other p ossible con v en tions for a normal form of

a pseudomatrix except the one giv en in De�nition 4.4.1.

The triangular form is the crucial factor to guaran tee uniqueness, existence, and

constructabilit y . As argumen ted in man y pap ers ab out the in teger HNF, it has

no practical v alue to de�ne a normal form of in teger matrices whic h is not a

triangular form.

Consider the matrix equiv alen t to a giv en matrix where the sum of the v ector

norms of the columns is minimal. The construction is v ery hard, assumably

a NP�complete problem. (The problem is related to the problem of �nding a

unique Steinitz form, see section 4.6.)

F or triangular forms, the normal form con v en tion includes t w o separate p oin ts:

norming the diagonal en tries and norming the non�diagonal en tries.
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In de�nition 4.4.1, the freedom to c ho ose a reduce function implies the freedom

for an y con v en tion of the non�diagonal elemen ts. F or algebraic n um b er �elds,

at least 2 con v en tions are useful. One demands non�diagonal en tries to ha v e a

represen tation with the least p ossible p ositiv e co e�cien ts. The other one de-

mands non�diagonal en tries to ha v e a represen tation with co e�cien ts with the

least absolute v alue. See section 2.3.

According to de�nition 4.4.1, the diagonal en tries are one but could b e an y

fractional algebraic n um b er while the co e�cien t ideal of its column is divided

b y the same algebraic n um b er. F rom the theoretical p oin t of view this one is the

natural c hoice, and it is satisfying from the algorithmic p oin t of view since it

is v ery easy to transform a normal form with ones on the diagonal to a normal

form with an y other con v en tion.

Dr. Claus Fiek er (in priv ate con v ersation) p oin ted to the fact that, for certain

applications using the normal form as a basis of a n um b er �eld lattice, other

con v en tions for the diagonal en tries migh t b e more useful. It is not b e dealt with

here since it is more a prop ert y of the algorithms using the normal form than a

feature of the normal form itself.

4.5 The existence of the normal form

4.5.1 The C OHEN algorithm

Let D b e a Dedekind ring. Then the follo wing algorithm describ es the construction

of a pseudomatrix in CHNF whic h is (transformation) equiv alen t to a giv en arbitrary

pseudomatrix.

F rom the theoretical p oin t of view this algorithm serv es t w o purp oses:

� The explicit computation of the CHNF in maximal orders of algebraic n um-

b er �elds o v er Q . It is based on the explicit algorithms 1.8.8 in step 9 and

algorithm 2.3.1 as an implemen tation of a reduce function de�ned in de�-

nition 2.2.11 in step 13. And of course on the implemen tations of addition,

m ultiplication, and in v ersion of algebraic n um b ers and ideals in maximal or-

ders o v er algebraic n um b er �elds.

� The existence pro of in Dedekind rings based on the existence pro of of prop o-

sition 1.8.7 in step 9 and of prop osition 2.2.12 in step 13.

Algo rithm 4.5.1: CHNF computation, C OHEN

Input: Pseudomatrix M =

�

a

1

: : : a

m

A

1

: : : A

m

�

=

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

.

Output: Pseudomatrix M

0

=

�

b

1

: : : b

r

B

1

: : : B

r

�

in CHNF, the rank r , the map � , a

transfo rmation matrix T with ( A

1

; : : : ; A

m

) T = (0 ; : : : ; 0 ; B

1

; : : : ; B

r

) .
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Steps:

1: i := m; T := Id

m

2 K

m � m

2: Lo op k := n; : : : ; 1

3: T ry to select a j 2 N

i

such that a

k j

6= 0 . If not p ossible, goto next lo op cycle

in step 2.

4: If j 6= i sw ap columns

�

a

i

A

i

�

with

�

a

j

A

j

�

of M and columns i and j ( T

i

and

T

j

) of T . This is a S W AP transfo rmation.

5: Set A

i

:=

1

a

k i

A

i

, a

i

:= a

k i

a

i

, T

i

:=

1

a

k i

T

i

. This is an application of the P USH

F A CTOR transfo rmation.

6: Lo op j := 1 ; : : : ; i � 1 .

7: If a

k j

= 0 goto next lo op cycle in step 6.

8: d := a

k j

a

j

+ a

i

.

9: Find u 2 a

j

d

� 1

and v 2 a

i

d

� 1

such that a

k j

u + v = 1 (algo rithm 1.8.8).

10: Set A

j

:= A

j

� a

k j

A

i

, A

i

:= u A

j

+ v A

i

, T

j

:= T

j

� a

k j

T

i

, T

i

:= u T

j

+ v T

i

.

Set a

j

:= a

j

a

i

d

� 1

, a

i

:= d . This is an application of the U NIMODULAR

transfo rmation.

11: Goto next lo op cycle in step 6.

12: Lo op j := i + 1 ; : : : ; m .

13: Reduce a

k j

mo dulo the ideal

a

i

a

j

to a .

14: If a

k j

6= a then set q = a � a

k j

, A

j

:= A

j

+ q A

i

, T

j

:= T

j

+ q T

i

. This is

an application of the A DD Q -TIMES transfo rmation.

15: Goto next lo op cycle in step 12.

16: Set ^� ( i ) := k , i := i � 1 .

17: Goto next lo op cycle in step 2.

18: Delete all zero columns of M .

19: The rank of the pseudomatrix is r := n � i .

20: Set � ( j ) := ^� ( j + i ) fo r all j = 1 ; : : : ; r .

21: End.

This algorithm is a generalization (for mo dules of not necessarily full rank) on the

basis of the algorithm describ ed in [Coh96, Algorithm 2.6].

Pr o of. Since M is sub ject to v alid transformations, prop osition 4.2.3 ensures that

Mo d ( M ) is constan t in the course of the algorithm.

Steps 4 and 5 guaran tee the en try at p osition ( i; k ) of M to b e 1.

The lo op in step 6 eliminates all en tries of the k -th ro w at columns 1 ; : : : ; i � 1 , and

from prop osition 1.8.7, it follo ws that parameters can b e found.

The lo op in step 12 reduces the en tries of the k -th ro w at columns i + 1 ; : : : ; m to

satisfy the third prop ert y in the de�nition of the CHNF, b y prop osition 2.2.12.
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Remarks:

(1) The freedom to c ho ose a piv ot en try in step 3 of the algorithm is the main factor

to increase the e�ciency of the algorithm with go o d heuristics. An y nonzero

en try w ould do but the problem is that co e�cien t gro wth slo ws do wn further

arithmetic computation. Therefore it is imp ortan t to c ho ose a piv ot en try whic h

can b e exp ected to pro duce the least co e�cien t gro wth. A suggestion for a

reasonable heuristics is:

� The piv ot en try should b e �small� since it directly a�ects the co e�cien t

gro wth. F or the notion of size, see 2.3.1, where the 1�norm of the co e�cien t

v ector represen ting the piv ot en try is su�cien t here. This should b e the

primary heuristics.

� The com bined size of the en tries of the piv ot column, called column size

here, also a�ects the co e�cien t gro wth. The sum of the 1�v ector norms of

the represen tations of the en tries of the piv ot column is a go o d measure.

This should b e the secondary heuristics.

� An in teresting re�nemen t is to accept a little larger piv ot size (primary

heuristics) for a considerable smaller column size (secondary heuristics).

� The secondary heuristics can b e re�ned further: A little larger column size

can b e acceptable if the column has more zero en tries.

(2) F or in teger matrices, a m uc h more extensiv e approac h, called preview stra-

tegy , is describ ed in [Hop94 , section 3.4]. A t this stage of the dev elopmen t it

is not a hop eful approac h for pseudomatrices o v er Dedekind domains. In teger

HNF computation is v ery fast, the only trouble is the co e�cien t explosion. So

the gap b et w een HNF computation �at a glance� and �to di�cult to compute�

is relativ ely large. CHNF computation for pseudomatrices o v er algebraic n um-

b er �elds is slo w since the underlying arithmetics is for algebraic n um b ers, not

in tegers! Therefore only normal forms of reasonably sized pseudomatrices will

b e computable at all. The actual gain b y a clev er heuristics is therefore m uc h

smaller for CHNF computations. Therefore only c heap heuristic computations

are acceptable at all.

(3) The b est remainder strategy , in tro duced in [HHR93 ], has mark ed a large

step forw ard for in teger HNF computations. The question arises if it is also

applicable for pseudomatrices o v er Dedekind domains. The idea of the b est

remainder strategy is as follo ws.

The en tries except one of a ro w m ust b e cleared. This is not approac hed directly

b y using the gcd of the ro w. Instead, a piv ot is c hosen, all en tries of the ro w are

reduced (using a factor obtained with a remainder division) with this piv ot. Only

if the piv ot is already the gcd of this ro w the ro w is �nished, otherwise another

piv ot is c hosen and the pro cess is rep eated. The correctness of the Euclid ean

algorithm assures that the pro cess terminates.

This is the problem for Dedekind rings, where the correctness of the Euclid ean

algorithm cannot b e guaran teed, pro vided that an analogy of the remainder
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division is used b y selecting a certain measure for an algebraic n um b er.

An immediate consequence from the existence of the CHNF and prop osition 4.4.4 is

Co rolla ry 4.5.2:

If t w o pseudomatrices over a D EDEKIND ring a re mo dule equivalent, then they a re also

transfo rmation equivalent.

F o r each class of mo dule equivalent pseudomatrices, there exists exactly one pseudomatrix

in CHNF.

4.5.2 The B OSMA �P OHST algorithm

This algorithm w as in tro duced in the pap er [BP91] and w as the �rst algorithm

to compute a normal form o v er a maximal order in an algebraic n um b er �eld. It is

form ulated there in the con text of relativ e extensions but can b e seen as an algorithm

to transform a giv en pseudomatrix in to the CHNF.

This form ulation has a p eculiarit y . The input is not a general pseudomatrix but one

with only trivial co e�cien t ideals. Using the algorithm to compute a t w o elemen t

represen tation of an ideal (see [vS87, pp.40�41]), it is not di�cult to transform a

giv en pseudomatrix in to one with trivial co e�cien t ideals.

Algo rithm 4.5.3: CHNF computation, B OSMA �P OHST

Input: Pseudomatrix M =

�

1 D : : : 1 D

A

�

.

Output: Pseudomatrix M

0

in CHNF.

Steps:

1: Initialize D

( n )

:= A .

2: Lo op t := n; : : : ; 1 .

3: D

( t )

can b e written as D

( t )

= ( D

1

; : : : ; D

m

) =

0

B

B

B

B

B

B

B

@

d

11

� � � d

1 m

.

.

.

.

.

.

d

t 1

� � � d

tm

0 � � � 0

.

.

.

.

.

.

0 � � � 0

1

C

C

C

C

C

C

C

A

.

4: Let a

t

b e the ideal generated b y d

t 1

; : : : ; d

tm

. If a

t

is the zero ideal, then

D

( t � 1)

:= D

( t )

, B

t

:= 0 , and go to the next lo op cycle.

5: Apply algo rithm 1.8.6 to �nd e

1

; e

2

2 a

t

and f

1

; f

2

2 a

� 1

t

such that

e

1

f

1

+ e

2

f

2

= 1 :

6: Apply algo rithm 1.8.9 to �nd g

1

; : : : ; g

m

2 D such that

P

m

i =1

d

ti

g

i

= e

1

and

h

1

; : : : ; h

m

2 D such that

P

m

i =1

d

ti

h

i

= e

2

.
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7: Set C

1

:=

0

B

B

B

B

B

B

B

B

B

@

P

m

i =1

g

i

d

1 i

.

.

.

P

m

i =1

g

i

d

t � 1 ;i

e

1

0

.

.

.

0

1

C

C

C

C

C

C

C

C

C

A

and C

2

:=

0

B

B

B

B

B

B

B

B

B

@

P

m

i =1

h

i

d

1 i

.

.

.

P

m

i =1

h

i

d

t � 1 ;i

e

2

0

.

.

.

0

1

C

C

C

C

C

C

C

C

C

A

.

8: Let B

t

:= f

1

C

1

+ f

2

C

2

.

9: Let D

( t � 1)

:= ( D

0

1

; : : : ; D

0

m

) , where D

0

i

:= D

i

� d

it

B

t

fo r i 2 N

m

. Go to the

next lo op cycle.

10: Let M

0

=

�

a

1

: : : a

n

B

1

: : : B

n

�

. Delete all columns of M

0

whose co e�cient ideal is

the zero ideal.

11: Reduce all the entries ab ove the diagonal of the pseudomatrix M

0

, as describ ed

in the algo rithm 4.5.1 in the lo op from step 12.

12: End.

Pr o of. In step 5 w e constructed e

i

and f

i

suc h that e

1

f

1

+ e

2

f

2

= 1 , therefore B

t

has

a one in p osition t . Hence step 9 guaran tees that D

( t � 1)

has indeed the form whic h

is prop osed in step 3.

F rom the construction of the g

i

and h

i

, it b ecomes clear that w e actually constructed

C

1

= D

( t )

0

B

@

g

1

.

.

.

g

m

1

C

A

and C

2

= D

( t )

0

B

@

h

1

.

.

.

h

m

1

C

A

:

and therefore w e kno w C

1

; C

2

2 Mo d

�

D

( t )

�

. F rom f

1

; f

2

2 a

� 1

t

, w e conclude that

f

1

a

t

� D and f

2

a

t

� D . Hence

a

t

B

t

= a

t

( f

1

C

1

+ f

2

C

2

) � Mo d

�

D

( t )

�

: (4.5.1)

A simple induction (on t b eginning with n and decreasing) sho ws Mo d

�

D

( t )

�

�

Mo d ( A ) . The induction start is trivial b ecause A = D

( n )

. Assume Mo d

�

D

( t )

�

�

Mo d ( A ) . By form ula (4.5.1) it follo ws that a

t

B

t

� Mo d ( A ) . On the other hand,

ev ery column of D

( t )

is an elemen t of Mo d ( A ) ; hence, b y construction in step 9, all

the columns of D

( t � 1)

are elemen ts of Mo d ( A ) , whic h �nishes the induction.

Let E b e an arbitrary elemen t of Mo d

�

D

( t )

�

. Then there exist k

i

2 D suc h that

E =

P

m

i =1

k

i

D

i

. By the de�nition of the D

0

i

in step 9, it follo ws that

E =

m

X

i =1

k

i

( D

0

i

+ d

it

B

t

) =

m

X

i =1

k

i

D

0

i

+ B

t

m

X

i =1

k

i

d

it

2 a

t

B

t

+ Mo d

�

D

( t � 1)

�
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since a

t

=

P

m

i =1

D d

it

. With form ula (4.5.1) and the easy consequence from algorithm

step 9, Mo d

�

D

( t � 1)

�

� Mo d

�

D

( t )

�

, and w e conclude that

Mo d

�

D

( t )

�

= a

t

B

t

+ Mo d

�

D

( t � 1)

�

: (4.5.2)

Equation (4.5.2) iterativ ely applied

Mo d ( A ) = a

1

B

1

+ � � � + a

n

B

n

:

The triangular form of ( B

1

; : : : ; B

n

) is another consequence of form ula (4.5.1) . The

ones on the diagonal are already men tioned.

4.5.3 Discussion of the di�erences of b oth algorithms

The Cohen algorithm has the freedom to c ho ose a piv ot en try , con trary to the

Bosma�Pohst algorithm. This migh t b e an adv an tage, giv en a go o d piv oting strat-

egy .

The c hain of actions of the Bosma�Pohst algorithm can b e seen as n (where n

is the n um b er of ro ws) complex pseudomatrix transformations. Therefore it can b e

assumed that the in termediate en try gro wth is less than in the Cohen algorithm.

This view is supp orted b y the practical in v estigation in section 6.4.

In the next c hapter the concept of algorithms with reduction will b e in tro duced. Here

a dra wbac k of the complex pseudomatrix transformations in the Bosma�Pohst

algorithm b ecomes apparen t. The Cohen algorithm uses the simpler elemen tary

transformations and therefore enables the reduction after ev ery transformation step.

There is roughly one transformation for ev ery matrix en try .

In sections 6.3 and 6.4 it is demonstrated ho w b oth algorithms b eha v e practically .

4.5.4 Consequences of the existence of the normal form for matrices

o v er principal ideal rings

The existence of the CHNF for pseudomatrices has implications on the existence of

the HNF for matrices o v er principal ideal domains. It is not really necessary since

the pro of (e.g. in [PZ93 , p. 179]) is p ossible without the theory of pseudomatrices.

Ho w ev er, see the argumen tation in subsection 3.2.4. The alternativ e pro of is in tended

to clarify the relationship of matrices and pseudomatrices.

Lemma 4.5.4:

Let D b e a p rincipal ideal domain (which implies D is a D EDEKIND ring) and K its quotient

�eld. F o r every matrix M over K , there exists a matrix in H ERMITE no rmal fo rm which is

mo dule equivalent to M .
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Pr o of. W e consider the pseudomatrix M consisting of M and the trivial ideal for

ev ery pseudomatrix column. There exists a course of pseudomatrix transformations

whic h transform M in to a pseudomatrix N in CHNF. Since D is a principal ideal

domain, w e can transform this N in to another pseudomatrix N

0

with a triangular

matrix and trivial ideals with some Push F a ctor transformations. Let N b e the

matrix of the pseudomatrix N

0

. Then N is clearly in the Hermite normal form b y

de�nition 3.2.4.

With the equation

2

Mo d ( M ) = Mo d ( M ) = Mo d ( N ) = Mo d ( N

0

) = Mo d ( N ) ;

the pro of is completed.

But w e can do more than that. Let D b e a principal ideal domain and K its quotien t

�eld. Consider the pseudomatrix M =

�

a

1

: : : a

m

A

1

: : : A

m

�

, where a

i

is a fractional

D �ideal and A

i

2 K

n

for i 2 N

m

. F or ev ery ideal a

i

for i 2 N

m

, w e can �nd an a

i

2 K

whic h generates a

i

. It mak es sense to consider the matrix

M =

�

a

1

A

1

; : : : ; a

m

A

m

�

(whic h will b e called a corresp onding matrix to M in the sequel) since w e kno w

Mo d ( M ) = Mo d ( M ) . There migh t b e more than one p ossible generator for a giv en

ideal. Therefore there are usually man y matrices corresp onding to M .

W e kno w that all generators of a giv en principal ideal only di�er b y a factor whic h

is a unit of D . Therefore the columns of t w o matrices corresp onding to M also di�er

b y a factor whic h is a unit in D .

Consider the de�nition 3.1.2, the transformation n um b er 3 allo ws the m ultiplication

of a unit in D . Therefore any two matric es c orr esp onding to the same pseudomatrix

ar e tr ansformation e quivalent.

Therefore w e are able to pro v e the follo wing fact.

Lemma 4.5.5:

Let D b e a p rincipal ideal domain. Tw o matrices co rresp onding to (pseudomatrix) trans-

fo rmation equivalent pseudomatrices a re (matrix) transfo rmation equivalent.

Pr o of. It is su�cien t to pro v e the lemma for a pseudomatrix M and another pseudo-

matrix N pro duced from M b y a single elemen tary transformation of de�nition 4.2.1.

F or the Sw ap transformation, there is a corresp onding transformation in de�ni-

tion 3.1.2 (n um b er 1).

2 . Compare the di�eren t notions of Mo d for matrices in de�nition 3.1.1 and for pseudomatrices

in de�nition 4.1.2
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F or the Push F a ctor transformation, there is nothing to pro v e b ecause M and

N corresp ond to the iden tical matrix (pro vided that the same generators of the

co e�cien t ideals are used.)

F or the Tw o scaled transformation, there is a corresp onding transformation in

de�nition 3.1.2 (n um b er 3). Assume the same notations as in de�nition 4.2.1. Let

the ideals a

i

and a

j

resp. b e generated b y elemen ts a

i

; a

j

2 K resp. F or transformation

3 of de�nition 3.1.2 the parameters

d

1

:= c

1

2 D ;

d

2

:=

c

2

a

i

a

j

2 D ;

d

3

:=

c

3

a

j

a

i

2 D ;

d

4

:= c

4

2 D

are used to transform the corresp onding matrices.

F or the Collect transformation, the corresp onding matrix transformation is again

n um b er 3 of de�nition 3.1.2. Let the ideals a

i

and a

j

resp. b e generated b y elemen ts

a

i

; a

j

2 K resp. The parameters are

d

1

:=

c

1

a

i

2 D ;

d

2

:=

c

2

a

j

2 D ;

d

3

:= c

3

a

j

2 D ;

d

4

:= c

4

a

i

2 D :

The Spread transformation can b e dealt with analogous to the Collect transfor-

mation.

F or the Inser t zer o column transformation, there is a corresp onding transforma-

tion in de�nition 3.1.2 (n um b er 4).

F or the Delete zer o column transformation, there is a corresp onding transfor-

mation in de�nition 3.1.2 (n um b er 5).

No w w e ha v e pro v ed the follo wing theorem

Theo rem 4.5.6:

Let D b e a p rincipal ideal domain. F o r every matrix there exists a course of elementa ry

transfo rmations which transfo rm the matrix to a matrix in H ERMITE no rmal fo rm.

Pr o of. Let M b e a matrix o v er K , the quotien t �eld of D . Let a reduce function b e

�xed.

Let M b e the pseudomatrix whic h consists of M and trivial ideals. M can b e trans-

formed to a pseudomatrix N in CHNF considering the c hosen reduce function. Let
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N b e an y matrix corresp onding to N . Lemma 4.5.5 guaran tees that M and N are

transformation equiv alen t.

According to de�nition 3.2.4 of the HNF and de�nition 4.4.1 w e kno w that N is

in HNF except for the condition on the diagonal en tries. This condition can b e

satis�ed with at most one application for ev ery column of the transformation 3 in

de�nition 3.1.2.

4.6 Steinitz forms

T riangular forms are not the only desirable forms in the class of equiv alen t pseu-

domatrices. Another aim is to �nd the smallest p ossible pseudomatrix with trivial

co e�cien t ideals. This is equiv alen t to the task of �nding a minimal D �generating

system of a giv en �nitely generated D �mo dule.

Let M b e a pseudomatrix with n ro ws and rank n . Let

M

0

=

�

a

1

: : : a

n

A

1

: : : A

n

�

b e the CHNF of M . W e kno w that in general it is not p ossible to �nd an equiv alen t

pseudomatrix with n columns whic h has only trivial co e�cien t ideals. If this w ould

b e the case, ev ery relativ e extension w ould ha v e a relativ e in tegral basis. But this is

not the case, as argumen ted in [BP91].

F or the ideals a

i

with i 2 N

n

, w e can �nd the t w o�elemen t presen tations

a

i

= �

i

D + �

i

D :

Therefore M

0

giv es a D �generating set for Mo d ( M ) of 2 n elemen ts:

Mo d ( M ) =

n

X

i =1

�

�

i

A

i

D + �

i

A

i

D

�

:

But w e can do b etter than that! It is p ossible to �nd a pseudomatrix M

0 0

with n

columns whic h has trivial co e�cien t ideals with the exception of one ideal. The ideal

class of this ideal is an imp ortan t in v arian t of Mo d ( M ) and is called the Steinitz

class. Therefore pseudomatrices of the describ ed form will b e referred to as Steinitz

forms, with the con v en tion that at most the last co e�cien t ideal ma y b e non trivial.

F rom the Steinitz form

M

00

=

�

1 D : : : 1 D b

B

1

: : : B

n � 1

B

n

�
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w e can construct a minimal D �generating system of Mo d ( M ) . If b is a principal

ideal generated b y b then

Mo d ( M ) = b B

n

D +

n � 1

X

i =1

B

i

D

whic h is ev en a D �basis. Otherwise, letting b = � D + � D ,

Mo d ( M ) = � B

n

D + � B

n

D +

n � 1

X

i =1

B

i

D :

A di�cult question is ho w to c ho ose a unique Steinitz normal form from the the

set of all Steinitz forms. Unfortunately , uniqueness can not b e obtained in the

relativ ely natural w a y lik e the CHNF. The follo wing example sho ws that there are

pseudomatrix classes where all Steinitz forms are not triangular forms.

Example 4.6.1. L et � b e a r o ot of the inte gr al p olynomial x

3

+ 42 x + 154 . L et K b e

the algebr aic numb er �eld K = Q [ � ] . The maximal or der o

K

of K is gener ate d by the

p owers of � . The class gr oup is isomorphic to C

3

� C

3

� C

3

. Its gener ators ar e the

prime ide als p

1

= 2 D + � D , p

2

= 3 D + (1 + � ) D , and p

3

= 7 D + � D .

The ide als a

1

= p

1

p

2

and a

2

= p

1

p

3

ar e also nonprincip al. L et a r e duc e function b e

�xe d such that one is r e duc e d mo dulo the ide al a

1

a

� 1

2

, and let

M =

2

6

4

�

a

1

a

2

1 1

0 1

�

3

7

5

:

Then M is in CHNF. L emma 4.4.3 states that al l mo dule e quivalent pseudomatric es

have the same r ow ide als. The r ow ide als of M ar e a

1

+ a

2

= p

1

and a

2

, b oth of which

ar e not princip al.

Assume

N =

2

6

4

�

1 D b

1 b

0 1

�

3

7

5

is a triangular pseudomatrix in a S TEINITZ form which is mo dule e quivalent to M .

By lemma 4.4.3, the se c ond r ow ide al of M and N is e qual, and ther efor e b = a

2

.

The e quality of the �rst r ow ide al gives us b a

2

+ D = a

1

. Sinc e M is inte gr al, by

lemma 4.1.5, N is also inte gr al. Ther efor e b a

2

� D and we c onclude b a

2

= a

1

. But

this would imply b p

3

= p

2

which is a c ontr adiction to the fact that p

2

and p

3

b elong

to di�er ent ide al classes.

Ther efor e, in this ther e is no triangular pseudomatrix in a S TEINITZ form N .
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The example implies that the triangular shap e cannot b e used for the de�nition of

a Steinitz normal form.

A p ossible c hoice of a Steinitz normal form is the Steinitz form with the least

com bined size (see subsection 2.3.1 for the notion of the qualit y of algebraic n um-

b ers for instance) of the en tries. This notion w ould b e impractical b ecause it w ould

probably b e an exp onen tially hard problem to compute.

The follo wing algorithm computes a Steinitz form. It is imp ortan t that D is a

Dedekind ring b ecause it is so for algorithm 1.8.5.

Algo rithm 4.6.2: S TEINITZ fo rm computation

Input: Pseudomatrix M .

Output: Pseudomatrix in S TEINITZ fo rm: M

0

=

�

1 D : : : 1 D b

B

1

: : : B

n � 1

B

n

�

.

Steps:

1: T ransfo rm M into its CHNF M

0

=

�

a

1

: : : a

n

A

1

: : : A

n

�

:

2: Lo op i = 1 ; : : : ; n � 1 .

3: If a

i

is a p rincipal ideal, generated b y a

i

2 K , apply a P USH F A CTOR transfo r-

mation with the pa rameter a

i

, and go to the next lo op step.

4: Apply algo rithm 1.8.5 to the ideals a

i

and a

i +1

which yields the pa rameters

fo r a C OLLECT transfo rmation which is applied to M

0

.

5: M

0

holds the required S TEINITZ fo rm.

6: End.

Remarks:

(1) It is p ossible to record a transformation matrix � it is based on the transfor-

mation matrix of the CHNF computation and the elemen tary matrix b elonging

to the Collect and Push f a ctor transformations.

(2) The step 3 do es not require �If and only if �. This is imp ortan t for algebraic

n um b er �elds, where the decision if an ideal is principal migh t b e v ery di�cult

to obtain. The standard implemen tation in v olv es an en umeration of probably

exp onen tial complexit y . It is p ossible to impro v e this with metho ds describ ed

in [Hes96 ] in cases where class group computations are feasible. But still it is

exp ensiv e.

In the recen t implemen tation there is a fast c hec k on principalit y , where a few

elemen ts of the ideal are tested if they generate the ideal. This c hec k has pro v ed

to b e e�ectiv e and c heap. A negativ e result do es not guaran tee that the ideal in

question is not principal � but this is not required b y this algorithm.

The adv an tage of using a principal ideal is ob vious: the Collect transformation

migh t cause a co e�cien t gro wth whic h can sum up considerably .

(3) It is not really necessary for i to go from 1 to n � 1 . An y other order w ould do

as go o d, whic h op ens the p ossibilit y of a heuristic decision. But the order from

1 to n � 1 is v ery go o d since the �rst columns of a pseudomatrix in CHNF are



4.7. THE DETERMINANT OF A PSEUDOMA TRIX 79

v ery sparse. If Collect transformations are required this strategy diminishes

co e�cien t gro wth and preserv es part of the sparsit y of the CHNF. Assuming a

full rank pseudomatrix the resulting pseudomatrix con tains at least

( n � 1)( n � 2)

2

zero en tries (compared to

n ( n � 1)

2

zero en tries of the CHNF).

4.7 The determinan t of a pseudomatrix

De�nition 4.7.1:

Let M =

�

a

1

: : : a

n

A

�

b e a squa re pseudomatrix with n columns and ro ws over an

integral domain D . Then the determinant of M is de�ned as the fractional D �ideal (o r

the zero ideal)

det M =

Def

det A

n

Y

i =1

a

i

:

De�nition 4.7.2:

Let M =

�

a

1

: : : a

m

A

�

b e a pseudomatrix with n ro ws and m columns over an

integral domain D . Let r 2 N with r � m; r � n . Let A

0

b e an r � r submatrix of

A and i

1

; : : : ; i

r

the indices of the columns of A which a re columns of A

0

. Then the

pseudomatrix

�

a

i

1

: : : a

i

r

A

0

�

is called an r �subpseudomatrix of M . The determinant

of this r �subpseudomatrix is called an r �mino r .

De�nition 4.7.3:

The r �mino r sum of a (p ossibly not squa re) pseudomatrix M is the sum of the de-

terminants of all r �subpseudomatrices of M . If no r �subpseudomatrices exist (b ecause

r > min ( m; n ) ), then the r �mino r sum is the zero ideal p er convention.

Remark:

W e cannot exp ect minor sums of nonsquare matrices to ob ey the m ultiplicativit y

la w. Therefore they should not b e view ed as a generalization of the determinan t

although minor sums ha v e imp ortan t applications similar to determinan ts. They

allo w co e�cien t reduction of matrices during successiv e matrix transformation.

The follo wing example demonstrates the main problem to de�ne a determinan t�

lik e function for nonsquare matrices:

Example 4.7.4. L et D b e an inte gr al domain, K its quotient �eld. L et M b e the set

of al l nontrivial matric es (at le ast one r ow and one c olumn) over D . Consider

�

1

1

�

(1 1) =

�

1 1

1 1

�

and (1 1)

�

1

1

�

= (2) :

So how should a multiplic ative function det : M ! D b e de�ne d? In any c ase it

c annot b e c onsistent with

�

�

1 1

1 1

�

�

= 0 and j 2 j = 2 .
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De�nition 4.7.5:

Let r b e the maximum of all natural numb ers such that the r �mino r sum of M is not

the zero ideal. r is called the rank of M . The rank mino r sum of M is the r �mino r

sum of M .

Lemma 4.7.6:

The determinant of a squa re pseudomatrix do es not change up on applications of the size

p reserving elementa ry transfo rmations.

Pr o of. It su�ces to sho w that the General transformation (see subsection 4.2.2)

do es not c hange the determinan t.

The pro duct of the co e�cien t ideals c hanges b y

1

e

. The transformation of the matrix

can b e view ed as the m ultiplication of an elemen tary matrix as in subsection 3.2.2.

The determinan t of the elemen tary transformation matrix equals e . Therefore the

determinan t of the matrix of the pseudomatrix c hanges b y e and the determinan t of

the whole pseudomatrix sta ys constan t.

Prop osition 4.7.7:

The r �mino r sum of a pseudomatrix do es not change up on applications of the elementa ry

transfo rmations.

Pr o of. Let M b e a pseudomatrix b efore M

0

resulting from an application of a trans-

formation.

It is pro v ed �rst that the insertion of a zero column do es not c hange the r �minor

sum. The set of r �subpseudomatrices of M

0

con tains the r �subpseudomatrices of

M and some pseudomatrices whose determinan t is zero b ecause they con tain a zero

column. This is true ev en if the set of r �subpseudomatrices of M is empt y and that

of M

0

is not. If b oth sets are empt y , b oth r �minors are zero p er con v en tion.

If a zero column is deleted, the set of r �subpseudomatrices of M con tains the r �

subpseudomatrices of M

0

and some pseudomatrices whose determinan t is zero b e-

cause they con tain a zero column. The equalit y is correct ev en if one or b oth sets of

r �subpseudomatrices are empt y .

It is left to sho w that an application of a transformation of the General t yp e do es

not c hange the r �minor sum.

Let

M =

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

:
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Let � b e the set of all injections from N

r

to N

m

. Let 	 b e the set of all injections

from N

r

to N

n

. F or � 2 � and  2 	 , let

M

� 

=

2

6

6

6

6

4

0

B

@

a

�

(1) : : : a

�

( m )

a

� (1)  (1)

: : : a

� (1)  ( m )

.

.

.

.

.

.

a

� ( n )  (1)

: : : a

� ( n )  ( m )

1

C

A

3

7

7

7

7

5

:

Then the r �minor sum of M is

X

� 2 �

X

 2 	

det ( M

� 

) :

Applying a General tw o columns transformation to M results in the pseudo-

matrix M

0

. This transformation in v olv es t w o columns A

i

and A

j

together with their

co e�cien t ideals a

i

and a

j

. The rest of the pseudomatrix M is constan t. The v ariables

of this transformation are four elemen ts c

1

; : : : ; c

4

2 K .

�

B

i

B

j

�

=

�

c

1

c

2

c

3

c

4

��

A

i

A

j

�

;

�

�

�

�

c

1

c

2

c

3

c

4

�

�

�

�

= e; a

i

a

j

= e b

i

b

j

;

c

1

2 a

i

b

� 1

i

; c

2

2 a

j

b

� 1

i

; c

3

2 a

i

b

� 1

j

; c

4

2 a

j

b

� 1

j

: (4.7.1)

The question is ho w the summands in the ideal sum

P

� 2 �

P

 2 	

det ( M

� 

) are

a�ected b y the General transformation of columns i and j .

Because the column transformation c hanges ev ery en try of a column sim ultaneously ,

w e can use the simple implication

8  2 	 ;

X

� 2 �

det ( M

� 

) =

X

� 2 �

det ( M

0

� 

)

= )

X

� 2 �

X

 2 	

det ( M

� 

) =

X

� 2 �

X

 2 	

det ( M

0

� 

)

and sho w the equalit y for ev ery  2 	 . In the sequel let  2 	 b e �xed.

Let � 2 � . If neither i nor j is in the image set of � , then ob viously det ( M

� 

) =

det ( M

0

� 

) . If b oth i and j are in the image set of � , then w e can apply lemma 4.7.6

and w e ha v e again det ( M

� 

) = det ( M

0

� 

) .

This simple 1�1 corresp ondence is not true for those summands where exactly one of

i and j is in the image set of � . Without loss of generalit y w e can assume i 2 Im � .

There exists a �

0

2 � suc h that Im �

0

= Im � n f i g [ f j g . It is clear that if w e can

sho w det M

� 

+ det M

�

0

 

= det M

0

� 

+ det M

0

�

0

 

, w e can deduce

P

� 2 �

det ( M

� 

) =

P

� 2 �

det ( M

0

� 

) .
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Applying the de�nition of the determinan t for pseudomatrices and dividing the ideals

whic h are equal on b oth sides, this lea v es us to sho w

a

i

det

�

: : : A

i

: : :

�

+ a

j

det

�

: : : A

j

: : :

�

= b

i

det

�

: : : B

i

: : :

�

+ b

j

det

�

: : : B

j

: : :

�

where the four matrix patterns denote the same matrix except for one column at a

certain p osition whic h is A

i

, A

j

, B

i

, and B

j

resp.

W e ha v e

b

i

det

�

: : : B

i

: : :

�

+ b

j

det

�

: : : B

j

: : :

�

= b

i

det

�

: : : c

1

A

i

+ c

2

A

j

: : :

�

+ b

j

det

�

: : : c

3

A

i

+ c

4

A

j

: : :

�

:

Since the determinan t of matrices is linear in ev ery column, w e ha v e

b

i

det

�

: : : B

i

: : :

�

+ b

j

det

�

: : : B

j

: : :

�

= b

i

�

c

1

det

�

: : : A

i

: : :

�

+ c

2

det

�

: : : A

j

: : :

�

�

+ b

j

�

c

3

det

�

: : : A

i

: : :

�

+ c

4

det

�

: : : A

j

: : :

�

�

:

F or a fractional D �ideal o v er an in tegral domain D , w e kno w

a ( a + b ) � a a + a b; where a; b 2 K ;

therefore

b

i

det

�

: : : B

i

: : :

�

+ b

j

det

�

: : : B

j

: : :

�

� ( b

i

c

1

+ b

j

c

3

) det

�

: : : A

i

: : :

�

+ ( b

i

c

2

+ b

j

c

4

) det

�

: : : A

j

: : :

�

:

Because of the mem b ership requiremen ts on c

1

; : : : ; c

4

in form ula (4.7.1) , w e conclude

that

b

i

det

�

: : : B

i

: : :

�

+ b

j

det

�

: : : B

j

: : :

�

� a

i

det

�

: : : A

i

: : :

�

+ a

j

det

�

: : : A

j

: : :

�

:

Up to this p oin t, w e ha v e only pro v ed that the r �minor sum of M

0

is con tained

in the r �minor sum of M . But there is an in v erse transformation from M

0

to M

(lemma 4.2.2) whic h yields the opp osite con tainmen t.
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4.8 Reduction of pseudomatrices

Let D b e a Dedekind ring and K its quotien t �eld. Let M b e a pseudomatrix

o v er D . The normal form algorithm 4.5.1 or 4.5.3 transform M ssuccessiv ely in to its

normal form:

M = M

1

� ! � � � � ! M

k

� ! M

k +1

� ! � � � � ! M

z

=

2

6

6

6

6

4

0

B

@

c

1

: : : c

n

1

�

.

.

.

0 1

1

C

A

3

7

7

7

7

5

:

In ev ery step k 2 N

z � 1

the prop ert y Mo d ( M

k

) = Mo d ( M

k +1

) is satis�ed.

This section describ es mo di�cations to this algorithm resulting from the insertion of

a reduction step

red

R

� � � ! after ev ery step:

M

k

red

R

� � � ! M

0

k

� ! M

k +1

:

The purp ose of this is as follo ws: The normal form algorithm directly approac hes the

triangular form of the pseudomatrix without care ab out the size (see subsection 2.3.1

for the meaning of size in the case of algebraic n um b er rings) of the en tries of the in-

termediate pseudomatrices M

k

. If the pseudomatrix is large and di�cult, the gro wth

of the en tries of M

k

causes the algorithm to fail from memory and calculation time

problems. Reduction steps will a v oid or dela y the en try explosion.

4.8.1 The general reduction pro cess

Let R b e a pseudomatrix whic h satis�es Mo d ( R ) � Mo d ( M ) . Only pseudomatrices

of a v ery simple form are useful here � w e will consider only diagonal forms. red

R

denotes a reduction (de�ned b elo w in de�nition 4.8.1) of M

k

using the submo dules

of R suc h that

Mo d ( M

k

) + Mo d ( R ) = Mo d ( M

0

k

) + Mo d ( R ) : (4.8.1)

Actually , it seems more natrural to demand Mo d ( M

k

) = Mo d ( M

0

k

) . But the ab o v e

equation is more general and allo ws a reduction pro cess, whic h has pro v ed to b e v ery

e�ectiv e.

De�nition 4.8.1 (Reduction of pseudomatrices):

Let R b e a pseudomatrix with Mo d ( R ) � Mo d ( M ) . A p rop er reduction red

R

is any

�nite numb er of single reduction step applications. In a single reduction step, w e cho ose a
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column

2

6

6

6

4

0

@

r

r

1

.

.

.

r

n

1

A

3

7

7

7

5

of R , a column

2

6

6

6

4

0

@

a

a

1

.

.

.

a

n

1

A

3

7

7

7

5

of M , and an element q 2

r

a

. W e replace

the column

2

6

6

6

4

0

@

a

a

1

.

.

.

a

n

1

A

3

7

7

7

5

of M with the column

2

6

6

6

4

0

@

a

a

1

+ q r

1

.

.

.

a

n

+ q r

n

1

A

3

7

7

7

5

.

This de�nition do es not sp ecify a metho d to reduce. It only giv es a frame for the

allo w ed op erations.

Lemma 4.8.2:

F o r any reduction of the ab ove kind, the equation (4.8.1) holds.

Pr o of. It will b e sho wn that the equation holds for ev ery single reduction step. Let the

notations b e as in the ab o v e de�nition. Let M b e the pseudomatrix b efore reduction,

M

0

after.

Mo d

2

6

6

6

4

0

@

a

a

1

+ q r

1

.

.

.

a

n

+ q r

n

1

A

3

7

7

7

5

� Mo d

2

6

6

6

4

0

@

a

a

1

.

.

.

a

n

1

A

3

7

7

7

5

+ Mo d

2

6

6

6

4

0

@

a

q r

1

.

.

.

q r

n

1

A

3

7

7

7

5

= a

0

B

@

a

1

.

.

.

a

n

1

C

A

+ q a

0

B

@

r

1

.

.

.

r

n

1

C

A

� a

0

B

@

a

1

.

.

.

a

n

1

C

A

+ r

0

B

@

r

1

.

.

.

r

n

1

C

A

� Mo d ( M ) + Mo d ( R ) :

On the other hand,

Mo d

2

6

6

6

4

0

@

a

a

1

.

.

.

a

n

1

A

3

7

7

7

5

= Mo d

2

6

6

6

4

0

@

a

a

1

+ q r

1

� q r

1

.

.

.

a

n

+ q r

n

� q r

n

1

A

3

7

7

7

5

� Mo d

2

6

6

6

4

0

@

a

a

1

+ q r

1

.

.

.

a

n

+ q r

n

1

A

3

7

7

7

5

+ Mo d

2

6

6

6

4

0

@

a

q r

1

.

.

.

q r

n

1

A

3

7

7

7

5

� Mo d ( M

0

) + Mo d ( R ) :
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The general principles of reduction are

Tw o�phase metho d W e c ho ose R suc h that Mo d ( R ) � Mo d ( M ) . This implies

Mo d ( M ) = Mo d ( M

z

) + Mo d ( R ) . After w e transformed M in to its normal

form M

z

(with reduction mo dulo R ), w e kno w that the concatenation N :=

M

z

+ R satis�es Mo d ( N ) = Mo d ( M ) . Therefore w e can apply the normal

form algorithm to N , this time without reduction. The �rst normal form

application with reduction is called �rst phase and the second normal form

application without reduction second phase .

Strict equalit y metho d W e c ho ose an R suc h that, for ev ery step, Mo d ( M

k

) =

Mo d ( M

0

k

) is guaran teed. If M

z

is in the required normal form, then w e are

�nished b ecause Mo d ( M ) = Mo d ( M

z

) .

In practice it is m uc h to o di�cult to ensure Mo d ( M

k

) = Mo d ( M

0

k

) in ev ery

step.

Determinan t reduction metho d W e use

R =

2

6

6

6

6

4

0

B

@

d : : : d

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

where d is an in tegral m ultiple of the rank minor sum of M , pro vided M

has full rank (see de�nition 4.7.5). As w ell as in the t w o�phase metho d the

resulted CHNF is not equiv alen t to M . But there is a metho d to construct

the correct CHNF whic h is simpler than another CHNF computation without

reduction. It is describ ed in [Coh96, p.16].

The dra wbac k of this metho d is that there usually are diagonal reducers

whose generated mo dule is m uc h larger than the reducer obtained with the

determinan t.

4.8.2 Suitable reducers

A reducer R should represen t a large Mo d ( R ) , on the one hand, so that there are

man y options to reduce the giv en pseudomatrix. On the other hand, R should b e

of a v ery simple form, suc h that the algorithm whic h uses the reducer can b e fast

and e�cien t. This can b e con tradictory , so there has to b e a go o d trade�o� b et w een

b oth.

Ob viously the pseudomatrix itself is a v alid reducer of it, but this w ould b e v ery

impractical. Three di�eren t t yp es of reducers will b e in tro duced. Only reducers with

a diagonal matrix will b e used here since they allo w for the reduction of a single

en try separately .

F or a diagonal reducer the t w o�phase metho d is v ery useful. The second phase is

relativ ely c heap since R is v ery sparse and M

z

is already in normal form. This is

demonstrated practically in section 6.6. In the �rst phase w e ha v e a maxim um of
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reduction p ossibilities compared with the strict equalit y metho d and the determian t

reduction metho d.

The follo wing is based on the t w o�phase metho d.

General diagonal reducer

R =

2

6

6

6

6

4

0

B

@

r

1

: : : r

n

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

where r

i

is a fractional D �ideal for i 2 N

m

. The underlying metho d is as follo ws: Let

2

6

6

6

4

0

@

a

1

: : : a

m

a

11

: : : a

1 m

.

.

.

.

.

.

a

n 1

: : : a

nm

1

A

3

7

7

7

5

b e the pseudomatrix to reduce.

red

R

� � � ! do es not c hange the ideals a

i

, but ev ery single

en try a

ij

of the matrix is reduced with the follo wing pro cedure:

2

6

6

6

6

4

0

B

@

: : : a

j

: : :

.

.

.

� � � a

ij

� � �

.

.

.

1

C

A

3

7

7

7

7

5

red

R

� � � !

2

6

6

6

6

4

0

B

@

: : : a

j

: : :

.

.

.

� � � a

ij

+ r

ij

� � �

.

.

.

1

C

A

3

7

7

7

7

5

with r

ij

2

r

i

a

j

;

whic h is ob viously a v alid reduction as in de�nition 4.8.1.

But ho w can w e c ho ose a go o d r

ij

for whic h a r e duction indeed tak es place? In

c hapter 2 I sp ecify the notion of reduce functions and giv e di�eren t algorithms. No w

let a reduce function mo d

R

(see de�nition 2.2.11) b e �xed. Then

r

ij

= mo d

R

r

i

a

j

( a

ij

) � a

ij

:

One�ideal reducer

R =

2

6

6

6

6

4

0

B

@

r : : : r

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;
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where r is a fractional D �ideal. This reducer is a sp ecial case of the general diagonal

reducer. The algorithmic adv an tage of its simplicit y is as follo ws:

A basic step in the reduction pro cess

2

6

6

6

6

4

0

B

@

: : : a

j

: : :

.

.

.

� � � a

ij

� � �

.

.

.

1

C

A

3

7

7

7

7

5

red

R

� � � !

2

6

6

6

6

4

0

B

@

: : : a

j

: : :

.

.

.

� � � a

ij

+ r

ij

� � �

.

.

.

1

C

A

3

7

7

7

7

5

; where r

ij

2

r

a

j

;

uses the ideal quotien t

r

a

j

to reduce the a

ij

. Before w e can do that, w e ha v e to

compute the ideal quotien t

r

a

j

of r and a

j

. Ideal division is computationally relativ ely

exp ensiv e.

F or one column of M , w e ha v e to do only one ideal division instead of n . The

algorithm 4.5.1 frequen tly c hanges only the en tries of the matrix and not the ideals.

A basic computational idea is not to divide the t w o ideals for ev ery en try , but to

store the ideal quotien t un til the ideal a

j

c hanges.

So in this case w e ha v e to store m ideals, whic h is mo derate. Compare this to the

general diagonal reducer case where w e had to store mn ideals, whic h can b e con-

sidered in tolerable. The ideals are usually stored with a Z �basis, whic h requires n

2

in tegers (and some more O( n ) information whic h is unimp ortan t) for a total of mn

3

in tegers. Compare this to a whole pseudomatrix whic h requires m ideals ( n

2

in tegers

eac h) and mn algebraic n um b ers ( n in tegers eac h) whic h totals to 2 mn

2

in tegers. So

storing the ideal quotien ts raises the memory complexit y b y one p o w er!

If w e ha v e a general reducer

R =

2

6

6

6

6

4

0

B

@

r

1

: : : r

n

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

w e can simply transform this to a one�ideal reducer

R

0

=

2

6

6

6

6

4

0

B

@

r : : : r

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

where r := lcm f r

1

; : : : ; r

n

g ;

satisfying Mo d ( R

0

) � Mo d ( R ) b ecause r � r

i

; 8 i 2 N

n

. As the price for the more

e�cien t reduction metho d Mo d ( R

0

) is p ossibly smaller than Mo d ( R ) , this translates

to less reduction p o w er.
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Rational reducer

R =

2

6

6

6

6

4

0

B

@

r D : : : r D

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

where r D denotes the ideal generated b y the rational n um b er r .

The p oin t in using this ev en simpler reducer is to ha v e no ideal division at all. Instead

of reducing an algebraic n um b er with the ideal

r D

a

, w e reduce with the ideal

r den( a ) �

r D

a

;

where den() denotes the denominator of the ideal.

It is easy to see that this is correct b ecause

a den( a ) is an in tegral ideal

= ) a den( a ) � 1 D

= ) den ( a ) D �

1

a

= ) r den ( a ) D �

r D

a

:

So one p oin t of this algorithm is that w e sa v e the ideal divisions. Another one is

still more imp ortan t: It is m uc h easier to reduce an algebraic n um b er with a rational

n um b er than to reduce with an ideal, whic h w as describ ed in subsection 2.3.6.

The metho d can b e re�ned to increase the reduction p o w er at the exp ense of some

extra computation time:

Let e b e the maximal natural factor of a den( a ) (see de�nition 1.3.5),

e = max

�

e 2 N j a den ( a ) � e D

	

:

Then

r den( a )

e

D �

r D

a

;

whic h means that w e ma y reduce ev en b y the rational n um b er

r den ( a )

e

instead of

r den ( a ) .
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If w e ha v e a one�ideal reducer

R =

2

6

6

6

6

4

0

B

@

r : : : r

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

w e ha v e the rational reducer

R

0

=

2

6

6

6

6

4

0

B

@

r D : : : r D

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

;

where r is the minim um of the ideal r (see de�nition 1.3.1). Again Mo d ( R

0

) is

p ossibly smaller than Mo d ( M ) whic h translates to less reduction p o w er.

Exp erimen ts to compare the e�ciency of the di�eren t reducers can b e found in

section 6.3.

4.8.3 Obtaining reducers

In imp ortan t applications (lik e relativ e ideals), w e can assume reducers to b e kno wn

in adv ance. If this is not the case, w e obtain a reducer with the metho d b elo w.

Unfortunately , the reducers obtained with this metho d are usually quite bad.

Prop osition 4.8.3:

Let M b e an integral pseudomatrix with n ro ws and m columns. Let d b e the n �mino r

sum of M (see de�nition 4.7.3). Then d D

n

� Mo d ( M ) .

Pr o of. Since M is in tegral, b y lemma 4.1.5, Mo d ( M ) � D

n

. If n > m , the n �minor

sum is zero, whic h pro duces a zero pseudomatrix as a reducer whic h is equiv alen t to

no reduction at all. Th us, there is nothing to pro v e. The rank of M m ust b e n for d

not to b e zero.

By prop osition 4.7.7, the n �minor sum is not altered b y applications of elemen tary

transformations. Since w e established the equiv alence of mo dule and transformation

equiv alence, w e kno w that the n �minor sum of M equals the n �minor sum of the

CHNF M

0

of M . Since M w as in tegral, so is its CHNF.

It remains to pro v e the theorem for square matrices in CHNF. Let

M =

2

6

6

6

6

4

0

B

@

a

1

: : : a

n

1

�

.

.

.

0 1

1

C

A

3

7

7

7

7

5

and d =

n

Y

i =1

a

i

:
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W e ha v e to sho w

8 i 2 N

n

; d E

i

� Mo d ( M ) ;

where E

i

denotes the i -th canonical v ector in D

n

.

Since M is in tegral and has at least one en try equal to one in ev ery column, w e ha v e

a

i

� D , for an y i 2 N

n

. Let d

i

:=

Q

i

j =1

a

j

. It is su�cien t to pro v e

8 i 2 N

n

; d

i

E

i

� Mo d ( M ) : (4.8.2)

W e pro v e that b y induction o v er i , starting from 1.

F or i = 1 w e see that the �rst column of M is iden tical to

�

a

1

E

1

�

, so there is nothing

to pro v e.

Let 4.8.2 b e pro v ed for all j 2 N

i � 1

. Let the j -th en try of the i -th column of M b e

denoted b y c

j

. Then the i -th column of M can b e written as:

A

i

= E

i

+

i � 1

X

j =1

c

j

E

j

:

Let j 2 N

i � 1

. Since M is assumed to b e in tegral, w e ha v e a

i

c

j

� D . By the de�nition

of d

i

, w e conclude

d

i

c

j

� d

i

a

� 1

i

� d

j

and

d

i

c

j

E

j

� d

j

E

j

� Mo d ( M ) b y induction assumption.

By de�nition, a

i

A

i

� Mo d ( M ) . By de�nition of d

i

, this giv es d

i

A

i

� Mo d ( M ) .

No w

d

i

E

i

= d

i

 

A

i

�

i � 1

X

j =1

c

j

E

j

!

� d

i

A

i

+

i � 1

X

j =1

d

i

c

j

E

j

� Mo d ( M )

whic h �nishes the induction step and the pro of.

De�nition 4.8.4:

The denominato r of a pseudomatrix M (over an algeb raic numb er �eld over Q ) is the

minimal natural numb er d such that d M is an integral pseudomatrix.
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Co rolla ry 4.8.5:

Let d b e the denominato r of a pseudomatrix M with n ro ws and d b e the n �mino r sum

of d M . Then

d

d

D

n

� Mo d ( M ) :

In other w o rds

2

6

6

6

6

4

0

B

@

d

d

: : :

d

d

1

0

.

.

.

0 1

1

C

A

3

7

7

7

7

5

is a p rop er one�ideal reducer fo r M .

The reducer obtained b y this corollary is tested in section 6.4.

4.9 The mo dule of pseudomatrices

De�nition 4.9.1:

Let

M =

�

a

1

: : : a

m

A

1

: : : A

m

�

and N =

�

b

1

: : : b

l

B

1

: : : B

l

�

b e t w o pseudomatrices with the same numb er of ro ws. Addition is de�ned as the con-

catenation

M + N =

Def

�

a

1

: : : a

m

b

1

: : : b

l

A

1

: : : A

m

B

1

: : : B

l

�

:

Let a 2 K . Scala r multiplication is de�ned as

a M =

Def

�

a a

1

: : : a a

m

A

1

: : : A

m

�

:

These de�nitions are consisten t with addition and scalar m ultiplication of D �

mo dules:

Mo d ( M ) + Mo d ( N ) = Mo d ( M + N ) and

a Mo d ( M ) = Mo d ( a M ) :

(4.9.1)

It is easily seen that the pseudomatrices with a �xed n um b er of ro ws form a D �

mo dule with these de�nitions.
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4.10 Dual pseudomatrices and in tersection of mo dules

De�nition 4.10.1:

Let M =

�

a

1

: : : a

n

A

�

b e a squa re pseudomatrix with n ro ws and rank n . Then the

dual pseudomatrix is the pseudomatrix M

0

=

�

a

� 1

1

: : : a

� 1

n

�

A

tr

�

� 1

�

.

F or in v ertible square matrices A o v er �elds w e ha v e ( A

tr

)

� 1

= ( A

� 1

)

tr

and therefore

M = M

0 0

.

Lemma 4.10.2:

Let M b e a pseudomatrix and C 2 K

n

. Then

C 2 Mo d ( M ) ( ) 8 D 2 Mo d ( M

0

) : C

tr

D 2 D :

Pr o of. Let the notation of M and M

0

b e as in de�nition 4.10.1.

Let C 2 K

n

. Since A is in v ertible, there are unique a

i

2 K , for i 2 N

n

, suc h that

C = A

0

B

@

a

1

.

.

.

a

n

1

C

A

:

Then,

C 2 Mo d ( M )

( ) A

0

B

@

a

1

.

.

.

a

n

1

C

A

2 Mo d ( M )

( ) 8 i 2 N

n

; a

i

2 a

i

( ) 8 i 2 N

n

; 8 b

i

2 a

� 1

i

: a

i

b

i

2 D

( ) 8 b

i

2 a

� 1

i

; where i 2 N

n

;

n

X

i =1

a

i

b

i

2 D

( ) 8 b

i

2 a

� 1

i

; where i 2 N

n

; ( a

1

; : : : ; a

n

) A

tr

( A

tr

)

� 1

0

B

@

b

1

.

.

.

b

n

1

C

A

2 D

( ) 8 b

i

2 a

� 1

i

; where i 2 N

n

;

0

B

@

A

0

B

@

a

1

.

.

.

a

n

1

C

A

1

C

A

tr

( A

tr

)

� 1

0

B

@

b

1

.

.

.

b

n

1

C

A

2 D

( ) 8 B 2 Mo d ( M

0

) ; C

tr

B 2 D



4.10. DUAL PSEUDOMA TRICES AND INTERSECTION OF MODULES 93

since

Mo d ( M

0

) =

8

>

<

>

:

( A

tr

)

� 1

0

B

@

b

1

.

.

.

b

n

1

C

A

�

�

�

�

�

�

�

b

i

2 a

� 1

i

; 8 i 2 N

n

9

>

=

>

;

:

Prop osition 4.10.3:

Let M and N b e t w o pseudomatrices with n ro ws and columns of rank n . Then

Mo d ( M ) \ Mo d ( N ) = Mo d ( R

0

) ;

where R is the CHNF of the pseudomatrix M

0

+ N

0

.

Pr o of. Let C 2 K .

C 2 Mo d ( M ) \ Mo d ( N )

( ) C 2 Mo d ( M ) and C 2 Mo d ( N )

( ) 8 B 2 Mo d ( M

0

) ; C

tr

B 2 D and

8 E 2 Mo d ( N

0

) ; C

tr

E 2 D ; b y lemma 4.10.2

( ) 8 B 2 Mo d ( M

0

) + Mo d ( N

0

) ; C

tr

B 2 D

( ) 8 B 2 Mo d ( M

0

+ N

0

) ; C

tr

B 2 D ; b y (4.9.1)

( ) C 2 Mo d ( R

0

) ; where R is the normal form of M

0

+ N

0

,

b y lemma 4.10.2.

F or the last conclusion w e needed the fact that the rank of M and N is n whic h

implies that the rank of M

0

+ N

0

also equals n . Then the normal form R is square

and has rank n , therefore lemma 4.10.2 ma y b e applied.



Chapter 5

Relativ e ideals

F or an in tro duction to relativ e extensions in algebraic n um b er �elds see [BP91].

See [DP98] for applications whic h stress the imp ortance of computations in relativ e

extensions in connection with the computation of sub�elds in [Klü97 ].

The arithmetic of relativ e ideals is one imp ortan t application of the normal form

algorithm o v er algebraic n um b er rings. In [F ri97 ] the round�t w o�algorithm is dev el-

op ed for the computation of a pseudobasis of the relativ e maximal order where the

arithmetic of relativ e ideals pla ys an imp ortan t role.

What is mean t b y relativ e ideals? A relativ e ideal is an ideal in an order of an

algebraic n um b er �eld as describ ed in c hapter 1. The terminology �relativ e� refers

to a sp ecial presen tation of this ideal using a non trivial sub�eld. Relativ e ideal is a

shorthand for ideal in relativ e represen tation.

5.1 Relativ e ideals in algebraic n um b er �elds

Let K b e an algebraic n um b er �eld o v er Q with �nite degree [ K : Q ] = m > 1 and

L b e a �nite algebraic extension of K with degree [ L : K ] = n > 1 . Let o

K

b e the

ring of in tegers of K , whic h is a Dedekind domain.

Let O b e an order of L . Then O do es not alw a ys ha v e an o

K

�basis. But, at least O

has a presen tation

O =

n

X

i =1

c

i

!

i

; where c

i

are fractional o

K

�ideals and !

i

2 L , (5.1.1)

whic h is a relativ e pseudobasis of O . 
 = ( !

1

; : : : ; !

n

) is also a basis for L as a

K �v ector space.

An algebraic n um b er � 2 L can b e represen ted as

� =

n

X

i =1

a

i

!

i

; where a

i

2 K ;

whic h is called the relativ e represen tation of the algebraic n um b er � .

94
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De�nition 5.1.1:

An O �ideal A with at least one of the follo wing p resentations is called an ideal in

relative rep resentation o r, sho rtly , a relative ideal .

pseudobasis p resentation A = a

1

�

1

+ � � � + a

n

�

n

, where a

i

is a fractional o

K

�ideal

and �

i

2 L a re algeb raic numb ers in relative rep resentation fo r all i 2 N

n

.

t w o�element p resentation A = O �

1

+ O �

2

, where �

1

; �

2

2 L a re algeb raic numb ers

in relative rep resentation.

generalized t w o�element p resentation A = O a

1

�

1

+ O a

2

�

2

, where a

1

and a

2

a re

fractional o

K

�ideals and �

1

; �

2

2 L a re algeb raic numb ers in relative rep resenta-

tion.

5.2 Basic functions

Relativ e ideals can b e seen as a generalization of the ideals as they are describ ed

in c hapter 1, whic h are called absolute ideals in this c hapter

1

. The presen tations

there are based on the presen tation of in tegral algebraic n um b ers as v ectors o v er Z .

This leads to the represen tation of in tegral ideals with matrices o v er Z .

In this c hapter w e deal with algebraic n um b ers represen ted as v ectors of algebraic

n um b ers, whic h leads to the presen tation of ideals as pseudomatrices of algebraic

n um b ers and ideals. The main complication is that w e cannot use matrices o v er o

K

to represen t relativ e ideals if o

K

is not a principal ideal domain.

W e are able to generalize the algorithms for absolute ideals, to relativ e ideals but

quite a few problems ha v e to solv ed.

5.2.1 The corresp onding absolute order

Since L can b e view ed as an algebraic n um b er �eld o v er Q , O has a Z �basis

O =

nm

X

i =1

�

i

Z ; where �

i

2 L for i 2 N

nm

: (5.2.1)

Assumption 5.2.1. Writing �

i

2 L in formula (5.2.1) and !

i

2 L in (5.1.1) ac-

tual ly me ans two di�er ent things: in the former, algebr aic numb ers ar e pr esente d

as ve ctors over Q and in the latter, as ve ctors with entries over K , which ar e pr e-

sente d as ve ctors over Q themselves. In the se quel I wil l identify b oth pr esentations,

assuming that the tr ansformation b etwe en b oth is wel l�establishe d.

The c omputational c onne ction b etwe en di�er ent r epr esentations of one algebr aic num-

b er �eld is not trivial. First of al l it dep ends on the way the algebr aic numb er �eld is

pr esente d. Se e [Dab93 ] for the b ackgr ound of the ide as which have b e en implemente d

in KANT .

1 . Absolute ideals are relativ e ideals in the sp ecial case K = Q .
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The basis � = ( �

1

; : : : ; �

nm

) can b e obtained from the represen tation in form ula

(5.1.1) . Let the o

K

�ideals c

1

; : : : ; c

n

b e giv en b y Z �bases

c

i

=

m

X

j =1

c

ij

Z ; where c

ij

2 K for i 2 N

n

; j 2 N

m

:

Then

O =

n

X

i =1

 

m

X

j =1

c

ij

Z

!

!

i

=

n

X

i =1

m

X

j =1

c

ij

!

i

Z :

5.2.2 T ransformation from relativ e to absolute ideals

Let the ideal A b e giv en b y an o

K

�pseudobasis, A = a

1

�

1

+ � � � + a

n

�

n

, where a

i

is a

fractional o

K

�ideal and �

i

2 L for i 2 N

n

. Let the a

i

b e giv en b y Z �bases,

a

i

= a

i 1

Z + � � � + a

im

Z ; where a

ij

2 K ; i 2 N

n

; j 2 N

m

:

Then w e ha v e a Z �generating system of A as:

A =

n

X

i =1

m

X

j =1

�

i

a

ij

Z :

If A is giv en in the generalized t w o�elemen t presen tation

A = O a

1

�

1

+ O a

2

�

2

;

where a

1

and a

2

are fractional o

K

�ideals and �

1

; �

2

2 L , then w e ha v e to use the

pseudobasis of O :

O =

n

X

i =1

c

i

!

i

; c

i

fractional o

K

�ideals ; !

i

2 L ; for i 2 N

m

:

Let the o

K

�ideals a

1

; a

2

; c

1

; : : : ; c

n

b e giv en b y Z �bases,

a

l

=

m

X

j =1

a

l j

Z ; where a

l j

2 K for l = 1 ; 2 ; j 2 N

m

; and

c

i

=

m

X

j =1

c

ij

Z ; where c

ij

2 K for i 2 N

n

; j 2 N

m

:
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Then

A =

 

n

X

i =1

!

i

m

X

j =1

c

ij

Z

!  

m

X

k =1

a

1 k

Z

!

�

1

+

 

n

X

i =1

!

i

m

X

j =1

c

ij

Z

!  

m

X

k =1

a

2 k

Z

!

�

2

=

2

X

l =1

n

X

i =1

m

X

j =1

m

X

k =1

c

ij

a

l k

�

l

!

i

Z :

whic h is a set of 2 m

2

n Z �generators for A whic h can b e reduced to a Z �basis with

a HNF computation.

If the ideals a

1

and a

2

are trivial the ab o v e form ula simpli�es to

A =

2

X

l =1

n

X

i =1

m

X

j =1

c

ij

�

l

!

i

Z

and only 2 mn Z �generators ha v e to b e considered.

5.2.3 T ransformation from absolute ideals in relativ e ideals

If the ideal is giv en in t w o�elemen t presen tation, nothing is to b e done using assump-

tion 5.2.1. If the ideal is giv en as a Z �basis, w e ha v e nm Z �generators. These are also

o

K

�generators. They can b e reduced to a o

K

�pseudobasis with a CHNF computation.

5.3 Arithmetic in relativ e ideals

Let the relativ e ideals A and B b e represen ted as

A = a

1

�

1

+ � � � + a

n

�

n

and B = b

1

�

1

+ � � � + b

n

�

n

:

Then

A + B = a

1

�

1

+ � � � + a

n

�

n

+ b

1

�

1

+ � � � + b

n

�

n

:

This is a presen tation with 2 n summands. The normal form algorithm is able to �nd

fractional o

K

�ideals c

1

; : : : ; c

n

and 


1

; : : : ; 


n

2 L suc h that

a

1

�

1

+ � � � + a

n

�

n

+ b

1

�

1

+ � � � + b

n

�

n

= c

1




1

+ � � � + c

n




n

;

whic h giv es us a pseudobasis of the relativ e ideal A + B .

With the same notations as ab o v e, w e ha v e for the pro duct

AB =

n

X

i =1

n

X

j =1

a

i

b

j

�

i

�

j

:
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So w e m ultiply eac h a

i

b

j

and �

i

�

j

, whic h giv es us a presen tation with n

2

summands.

The normal form algorithm can reduce this to a pseudobasis.

W e can also use the t w o other algorithms in tro duced in subsection 1.2.1 for relativ e

ideals.

F or the mixed m ultiplication, let B b e presen ted with an o

K

�basis as ab o v e and

A = O �

1

+ O �

2

, where �

1

; �

2

2 L . B b eing an ideal implies O B = B . Therefore

AB = O �

1

B + O �

2

B = �

1

B + �

2

B =

2

X

k =1

n

X

i =1

b

i

( �

k

�

i

) :

whic h is to b e reduced b y the normal form algorithm.

One imp ortan t prerequisite for the four generator m ultiplication metho d is the exis-

tence of the represen tation matrix for algebraic elemen ts in relativ e extensions, see

[P au96]. Let A = O �

1

+ O �

2

and B = O �

1

+ O �

2

, where �

1

; �

2

; �

1

; �

2

2 L . Then

AB = O �

1

�

1

+ O �

2

�

1

+ O �

1

�

2

+ O �

2

�

2

:

An e�cien t algorithm for in v ersion and division of relativ e ideals in the relativ e

maximal order is dev elop ed in [F ri97 , pp. 93�98].

5.4 Computing the minim um of a relativ e ideal

Let A b e represen ted as A = a

1

�

1

+ � � � + a

n

�

n

. W e w an t to compute the o

K

�minim um

ideal of de�nition 1.3.1 whic h will simply b e called minim um in the follo wing. The

general metho d, in analogy to the algorithm 1.3.2, uses the fact that ( �

1

; : : : ; �

n

) is

a K �v ector space basis for L . Therefore there exist b

i

2 K , where i 2 N

n

, suc h that

n

X

i =1

b

i

�

i

= 1 :

Let c 2 K \ A . Then c =

P

n

i =1

cb

i

�

i

. Since a

1

�

1

+ � � � + a

n

�

n

is indeed a pseudobasis

this is equiv alen t to 8 i 2 N

n

: cb

i

2 a

i

. W e conclude that

K \ A =

n

\

i =1

a

i

b

i

:

Since the �

i

are giv en in the basis 
 , w e are giv en a matrix M whic h satis�es

( �

1

; : : : ; �

n

) = 
 M . Let the in v erse of this matrix b e M

� 1

=

�

m

ij

�

i;j 2 N

n

. If w e can

�nd c

i

2 K , where i 2 N

n

, suc h that

P

n

i =1

c

i

!

i

= 1 , then w e ha v e

n

X

j =1

�

j

n

X

i =1

c

i

m

j i

= 1 ;
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whic h pro vides

b

j

=

n

X

i =1

c

i

m

j i

2 K with

n

X

i =1

b

i

�

i

= 1 :

If the basis 
 has the prop ert y !

1

= 1 and the matrix M is the matrix of a pseudo-

matrix in CHNF, the ab o v e form ula for the minim um simpli�es to:

K \ A = a

1

:

So the only di�cult part is to �nd a represen tation of the 1. Ho w this can b e done de-

p ends on the represen tation of the order O . W e can apply the normal form algorithm

to a generating system of O whic h giv es us another pseudobasis O with the �rst basis

elemen t equal to 1. W e can use the basis transformation to get a represen tation of

the 1 in the original represen tation.

5.5 Using the minim um for arithmetic

In analogy to section 1.4 w e can impro v e the e�ciency of ideal arithmetic b y using

the minim um ideals.

Let A b e a relativ e ideal and m its o

K

�minim um ideal of de�nition 1.3.1. Then w e

ha v e m O � A . Therefore m O is a reducer of A in the sense of de�nition 4.8.1.

If w e add or m ultiply t w o relativ e ideals with the ab o v e metho ds, w e get a generating

pseudomatrix whic h is sub jected to a normal form computation. The follo wing lemma

pro vides a go o d reducer for this normal form computation:

Lemma 5.5.1:

Let A and B b e (fractional) ideals in the o rder O . Then

min A + B � min A + min B and

min AB � min A min B :

(5.5.1)

5.6 Least common m ultiplier for relativ e ideals

F or ideals A and B o v er a maximal order w e ha v e the prop ert y

lcm ( A ; B ) =

AB

A + B

;

this can also b e used to compute the lcm of relativ e ideals.

There is a more sophisticated metho d to compute the lcm using the algorithm de-

v elop ed in section 4.10. Let M

1

and M

2

b e the pseudomatrices represen ting A and

B . Prop osition 4.10.3 giv es us a pseudomatrix N whic h satis�es

Mo d ( N ) = Mo d ( M

1

) \ Mo d ( M

2

) :

Since lcm ( A ; B ) = A \ B , w e conclude that N represen ts lcm ( A ; B ) .



Chapter 6

Examples

6.1 General remarks

Not all the exp erimen ts of this c hapter ha v e b een p erformed on the same computer.

T o compare computation times of di�eren t computers the test program �relidmark�

is used. This idea is similar to �GAPstones�, whic h is used to compare the run time

for GAP programs on di�eren t computers. The �relidmark� n um b er is in v ersely

prop ortional to the computation time. The test �le con tains creation of absolute and

relativ e orders, computations of class groups, and m ultiplication of relativ e ideals.

The �GAPstones� n um b er only measures the sp eed of in teger arithmetics. Therefore

it is indep enden t on an y impro v emen ts of the GAP system. In opp osition, �relid-

mark� is dep enden t on the sp eed of v arious n um b er theoretic algorithms in KANT .

The �relidmark� is normed to b e equal to the �GAPstones� n um b er on the HP series

700 computers whic h are mainly used for the dev elopmen t of KANT . The computers

used for the exp erimen ts range from 74000 to 259000 relidmark.

6.2 Comparison of the di�eren t m ultiplication algorithms

for absolute ideals

Let p 2 Z [ x ] b e an irreducible p olynomial of degree n 2 N . A ro ot � of this p olynomial

generates an in tegral domain O = Z [ � ] whic h is a �nitely generated Z �mo dule. Let

K b e the quotien t �eld of O . Then O is an order of K , called an equation order.

Let o

K

b e a maximal order of an algebraic n um b er �eld K . There exists a Z �basis


 = ( !

1

; : : : ; !

n

) for o

K

.

This situation is called an absolute extension and is the starting p oin t for most of

the algebraic n um b er theoretic computations in KANT . Algebraic n um b ers and ideals

o v er o

K

are represen ted in this basis 
 .

100
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Aim

Ho w do es the time e�ciency of di�eren t m ultiplication algorithms for absolute ideals

dep end on the degree of the algebraic n um b er �eld and the size of the ideals?

The answ er will giv e heuristics for the question of ho w to use the di�eren t m ulti-

plication algorithms to increase the o v erall time e�ciency of the m ultiplication for

absolute ideals.

Notations

Presen tations of an ideal

The follo wing abbreviations for ideal presen tations, in tro duced in section 1.1 are used

in the tables.

b asis

The Z �basis presen tation, where the matrix represen ting the ideal is assumed

to b e in HNF.

2elt

The t w o�elemen t presen tation where one elemen t is assumed to b e rational,

or

normal

normal presen tation.

T ransformations

Using one presen tation of an ideal it is p ossible to compute another presen tation.

The follo wing abbreviations for presen tation transformations are used in the tables.

b asis ! 2elt

pro duces a t w o�elemen t presen tation of an ideal giv en b y a basis presentation,

2elt ! b asis

pro duces a basis presen tation of an ideal giv en b y a t w o�elemen t presentation,

2elt ! normal

pro duces a normal presen tation of an ideal giv en b y a t w o�elemen t presenta-

tion, and

b asis ! normal

pro duces a normal presen tation of an ideal giv en b y a basis presentation.

Because a normal presen tation is a sp ecial t w o�elemen t presen tation, the transforma-

tion normal ! 2elt is trivial and the transformation normal ! b asis can b e considered

iden tical to the transformation 2elt ! b asis b ecause there is no sp ecial algorithm.
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Multiplication algorithms

F our di�eren t m ultiplication algorithms w ere discussed in subsection 1.2.1 whic h are

tabulated as

b asis mult

m ultiplication using the t w o Z �bases of the ideals. F rom the algorithm it is

clear that a p erm utation of the t w o factors do es not mak e a di�erence in

computation costs.

mixe d mult

m ultiplication using one Z �basis and one t w o�elemen t presen tation. F rom

the algorithm, it is clear that a p erm utation of the t w o factors migh t mak e a

di�erence in computation costs.

four mult

m ultiplication using the t w o�elemen t presen tations of b oth ideals. F rom the

algorithm it is clear that a p erm utation of the t w o factors do es not mak e a

di�erence in computation costs.

normal mult

m ultiplication of t w o ideals in normal presen tation. This m ultiplication migh t

in v olv e another transformation of the presen tations whose computation costs

are added to the actual m ultiplication costs (whic h are v ery lo w). Again it

is clear that a p erm utation of the t w o factors do es not mak e a di�erence in

computation costs.

Design of the test

Six di�eren t n um b er �elds from degree 3 to 33 are used. They are giv en b y their

maximal orders. F or ev ery n um b er �eld, sev eral ideal test sets are used. Eac h ideal

test set con tains ideals of roughly the same computational di�cult y . F or ev ery ideal

test set the a v erage of the computation times of randomly c hosen ideals is used.

6.2.1 Example n um b er �elds

Num b er �elds are tabulated b y their degrees, only one n um b er �eld for eac h degree

is used.

The n um b er �eld is de�ned b y a ro ot � of a p olynomial o v er Z . Because the di�eren t

ro ots of an irreducible p olynomial are algebraically equiv alen t, it is not imp ortan t

whic h of the di�eren t ro ots of the p olynomial p the ro ot � actually is. The in tegral

basis (whic h is a basis of the maximal order o

K

of K ) is giv en, where it do es not

include h uge co e�cien ts. It is expressed in the p o w ers of � . F or the complete example

generation, giv en as KASH programs, see [Hop]. Note that the actual in tegral basis

is not really relev an t for the signi�cance of the result since man y randomly c hosen

ideals are used, whic h should eliminate an y e�ects of p eculiarities of the maximal

order basis.
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n um b er �eld of degree 3 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

3

+ �

2

+ 81 � + 1 = 0 . It has discriminan t -529444 and class n um b er 104.

The p o w ers of � form a basis of the maximal order o

K

.

n um b er �eld of degree 6 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

6

+ 3 �

5

� 3115 �

4

� 6235 �

3

+ 2271309 �

2

+ 13868999 � � 219506499 = 0 . It

has discriminan t 11

4

� 263513

4

and class n um b er 4.

The maximal order o

K

has the basis

(1 ; �; �

2

; �

3

; �

4

;

! =

1004429297+909886177 � +35605 971 77 �

2

+1574028943 �

3

+2829966955 �

4

+ �

5

3858758129

) :

n um b er �eld of degree 9 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

9

� 30 �

8

+ 291 �

7

� 835 �

6

� 573 �

5

� 2661 �

4

+ 5256 �

3

+ 3435 �

2

+ 90 � � 10394 .

It has discriminan t 2

6

� 3

15

� 5

3

� 409

3

.

The maximal order o

K

has a basis

(1 ; �; �

2

; �

3

; �

4

; �

5

; �

6

;

!

8

=

�

2

+ �

3

+ �

4

+ �

5

+ �

6

+ �

7

2

; !

9

=

�

192482556886936+63967537 3349 38 � +1 8683 832 2514 37 �

2

+119111891060334 �

3

+

172319480755568 �

4

+19755909260520 �

5

+155411992372966 �

6

+62922522292402 �

7

+ �

8

�

211316676965006

:

n um b er �eld of degree 12 Let K b e the n um b er �eld Q [ � ] where � satis�es

�

12

� 2 �

11

+ 4 �

10

� 8 �

9

+ 13 �

8

+ 53 �

7

+ 120 �

6

� 100 �

5

+ 168 �

4

� 46 �

3

�

12 �

2

+ 14 � + 7 = 0 . It has discriminan t

5 � 7 � 101 � 137 � 2211914545643954724725365004821 9957 31 . The p o w ers of �

form a basis of the maximal order o

K

.

n um b er �eld of degree 18 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

18

+ 103 �

17

+ 5654 �

16

+ 208051 �

15

+ 5656080 �

14

+ 118519143 �

13

+

1952386178 �

12

+ 25254464067 �

11

+ 253773392888 �

10

+ 1934686349631 �

9

+

10684964678644 �

8

+ 38972994689559 �

7

+ 110317002224976 �

6

+

47679505774513 �

5

+ 6617690323691 �

4

+ 1913538554456 �

3

+

1118923004758 �

2

� 222202371528 � + 9309104652 = 0 . The �eld has

discriminan t

� 2

4

� 3

10

� 7

12

� 53

6

� 400237 � 73783647915044072969714969939 50825 8643 . The

basis of the maximal order is not giv en explicitly here b ecause it w ould �ll

sev eral pages.

This n um b er �eld is also presen ted as a relativ e extension. In

subsection 6.3.1 it is lab eled �3 o v er 6�.

n um b er �eld of degree 25 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

25

� 10 �

23

+ 16 �

22

+ 108 �

21

� 15 �

20

� 790 �

19

+ 1072 �

18

+ 5124 �

17

�

5608 �

16

� 7984 �

15

� 758 �

14

+ 93156 �

13

+ 37420 �

12

� 240436 �

11

�

101240 �

10

+ 182046 �

9

+ 2012960 �

8

+ 16972 �

7

� 2449224 �

6

� 3922137 �

5

+

1881886 �

4

+ 21697150 �

3

+ 18723708 �

2

+ 25162760 � � 6466833 = 0 . The �eld
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has discriminan t

� 2

20

� 3 � 11

20

� 17

5

� 19 � 547 � 4230289192683304949 01848 5547 00645 5230 71739 43 .

Again the basis of the maximal order will not b e giv en.

This n um b er �eld is also presen ted as a relativ e extension. In

subsection 6.3.1 it is lab eled �5 o v er 5�.

n um b er �eld of degree 33 Let K b e the n um b er �eld Q [ � ] , where � satis�es

�

33

� 84 �

29

+ 171 �

27

+ 1347 �

25

+ 3 �

24

� 6300 �

23

+ 6 �

22

+ 37565 �

21

+ 210 �

20

�

166482 �

19

� 918 �

18

+ 305595 �

17

� 4896 �

16

� 188758 �

15

+ 22650 �

14

+

7323 �

13

� 31791 �

12

+ 939 �

11

+ 13872 �

10

� 290 �

9

+ 687 �

8

� 1455 �

7

� 105 �

6

+

696 �

5

+ 90 �

4

+ 12 �

3

+ 12 �

2

+ 8 = 0 . The basis of the maximal order and the

discriminan t will not b e giv en.

This n um b er �eld is also presen ted as a relativ e extension. In

subsection 6.3.1 it is lab eled �11 o v er 3�.

6.2.2 Ideal test sets

The ideals to compare the run times are c hosen randomly from ideal test sets. The

ideal test sets con tain ideals of a similar computational di�cult y . They are pro duced

in a generalized pro cess as follo ws.

W e start with the list of all prime ideals o v er the 11 smallest prime n um b ers whic h

range from 2 to 37. This list of ideals is the �rst test set whic h is denoted as test

set 0. T o pro duce the test set 1 eac h ideal of the test set 0 is m ultiplied with one

randomly c hosen ideal of the test set 0. The test set 1 con tains the same n um b er of

ideals as the test set 0, and eac h factors in to 2 prime ideals.

In the same w a y , the test set 2 is pro duced. Th us, it con tains ideals whic h factor

in to 4 prime ideals and so forth. This pro cess yields test sets n , where n 2 Z

� 0

, eac h

con taining only ideals whic h factor in 2

n

prime ideals. A test set with ev en simpler

ideals is called test set 0

0

. It con tains the smallest 12 ideals from test set 0. Usually ,

it con tains prime ideals o v er 2, 3, 5, and 7.

The decomp osition b eha viour of the ideals in one test set is v ery similar. This is not

a problem for our purp oses.

6.2.3 Num b er of rep etitions p er test set

F or small examples the computation time is to o small to b e measured con�den tly .

Randomly c hosen ideals from the same ideal test sets migh t di�er in their computa-

tional di�cult y . F or b oth reasons the pro cess of c ho osing 2 ideals from a giv en test set

randomly and measuring the computation time is rep eated. An y computation time

en try in the table alw a ys refers to the a v erage computation time of those rep etitions.

The n um b er of rep etitions p er test set is c hosen suc h that the total running time of a

test series do es not exceed a few min utes since longer computations tend to fragmen t

the memory , whic h slo w do wn further computations. This ma y blur the results of

the test.
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6.2.4 Computation times

The table con tains t w o sorts of computation times, times for actual m ultiplications

(assuming that the necessary presen tation of the ideals are already giv en) and times

for presen tation transformations.

A complex m ultiplication metho d ma y either use the a v ailable presen tations or trans-

form one or b oth presen tations to apply other algorithms, whatev er is faster. The

preferable complex m ultiplication metho d for eac h of the ideal test sets is giv en in

the computation time table b y the typ efac e of the multiplic ation c omputation times

as follo ws:

b oldface This is the least a v erage computation time. The metho d b elonging to this

v alue is to b e preferred.

italic The metho d b elonging to this v alue should not b e used. Ev en if the necessary

presen tation for another metho d is not giv en, it is w orth it to transform the

presen tation.

normal face The metho d b elonging to this v alue should b e used if the necessary

presen tations are a v ailable and the necessary presen tations for a faster metho d

are not.

Blank spaces mean that the particular metho d w as not included in the test run.

All times are giv en in milliseconds. A HP9000 series 700 computer with relidmark

124000 (see subsection 6.1) w as used for the exp erimen t.

n um b er �eld iden ti�ed b y its degree

n um b er of the ideal test set

rep etitions p er ideal test set

time (in ms ) for the time (in ms ) for the transformation

m ultiplication t yp e b asis ! 2elt ! 2elt ! b asis !

b asis mixe d four normal 2elt b asis normal normal

3 0

0

1000 0.99 1.16 1.56 1.00 1.16 0.55 0.75 1.66

3 0 1000 1.22 1.04 1.65 0.49 0.80 1.94 13.26 1.80

3 1 500 1.36 1.28 2.16 4.46 1.20 3.02 13.20 2.78

3 2 200 2.90 2.55 4.35 21.60 1.50 3.10 11.95 4.15

3 3 100 5.6 4.0 7.7 55.8 4.5 2.4 12.7 13.6

3 4 100 10.9 7.7 16.8 80.9 5.8 3.7 20.4 31.4

3 5 100 18.4 14.1 28.4 157.1 9.5 4.0 40.9 104.2

3 6 50 35.6 26.6 54.8 345.6 19.0 6.2 85.4 231.4

3 7 50 81.2 60.2 125.0 1073.8 32.0 9.6 316.0 508.6

3 8 50 224.6 165.2 347.2 1705.0 71.6 19.2 1050.6 1686.2

3 9 20 741.5 511.0 1077.0 8.0 387.5 56.5 3010.0 2793.0

3 10 10 2450 1714 3485 19 640 182 1310 2234

3 11 10 9236 5945 12648 58 5287 684 24437 25307
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n um b er �eld iden ti�ed b y its degree

n um b er of the ideal test set

rep etitions p er ideal test set

time (in ms ) for the time (in ms ) for the transformation

m ultiplication t yp e b asis ! 2elt ! 2elt ! b asis !

b asis mixe d four normal 2elt b asis normal normal

6 0

0

1000 7.35 4.59 5.94 11.43 2.51 1.61 4.56 8.63

6 0 500 8.18 5.00 6.96 9.92 3.26 6.22 17.54 9.22

6 1 200 11.15 6.75 11.20 49.10 3.05 8.55 17.75 9.70

6 2 100 33 15.3 25.9 88.3 4.9 9.2 18.6 13.6

6 3 100 60.9 25.2 44.7 101.9 8.9 11.1 24.6 24.4

6 4 100 121.2 43.8 83.8 206.4 18.0 15.7 40.5 49.4

6 5 50 217.0 76.0 148.6 270.6 31.0 21.0 61.2 90.2

6 6 20 420.0 144.0 283.0 414.5 73.5 36.0 600.0 190.0

6 7 10 983 331 660 645 131 65 204 378

6 8 10 2546 882 1755 9 432 142 2469 1302

6 9 10 8107 2727 5408 22 859 411 10319 1829

6 10 10 26005 9037 17472 43 3582 1352 2112 5266

9 0

0

200 23.90 15.05 16.35 100.60 11.50 3.30 14.90 29.80

9 0 200 27.15 18.45 24.75 225.35 7.30 13.55 33.05 26.75

9 1 100 35.6 22.6 32.1 909.5 14.3 13.4 33.6 36.1

9 2 50 53.6 27.6 37.6 1226.8 18.8 10.0 28.2 54.6

9 3 50 160.4 52.0 83.6 1341.8 60.2 16.4 34.0 86.0

9 4 20 254.5 76.0 126.5 2150.0 126.0 22.5 248.0 408.0

9 5 20 486.5 130.5 232.0 232.5 211.5 35.5 92.5 1217.0

9 6 10 929 233 428 223 1044 56 151 651

9 7 10 2029 493 913 182 923 112 592 1576

9 8 10 5151 1225 2298 11 2378 248 726 308315

12 0

0

100 48.9 12.3 16.5 6.6 9.9 5.3 2.9 20.9

12 0 100 53.0 12.3 19.4 60.0 8.1 7.3 11.0 19.8

12 1 100 71.5 20.3 42.8 514.4 10.8 18.4 22.9 26.4

12 2 50 239.6 52.8 111.8 315.4 17.0 20.4 28.0 38.0

12 3 20 476.5 95.5 191.0 740.0 51.0 32.5 63.0 91.0

12 4 20 1078.5 197.5 373.5 7268.5 126.5 60.5 145.5 283.0

12 5 10 2149 375 715 16711 368 100 258 660

12 6 10 4046 695 1325 6712 621 173 557 1181

12 7 10 8696 1542 2821 4724 1161 337 1070 2710

12 8 5 24518 4184 7606 18946 3038 780 3694 4530
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n um b er �eld iden ti�ed b y its degree

n um b er of the ideal test set

rep etitions p er ideal test set

time (in ms ) for the time (in ms ) for the transformation

m ultiplication t yp e b asis ! 2elt ! 2elt ! b asis !

b asis mixe d four normal 2elt b asis normal normal

18 0

0

100 162.0 154.2 82.6 351.9 27.9 16.4 48.7 76.0

18 0 50 194.8 157.6 87.2 260.0 28.0 18.8 42.0 81.8

18 1 20 282.5 171.5 132.0 1341.5 36.5 26.0 70.0 96.5

18 2 20 582.5 219.0 223.0 1779.5 58.0 34.5 70.0 128.5

18 3 20 1655.5 382.0 472.0 3495.5 125.0 73.0 132.5 265.0

18 4 10 2557 530 670 5629 322 136 156 430

18 5 5 4748 836 1170 70086 730 214 268 1482

18 6 5 7794 1216 1838 1760 4078 322 602 10216

18 7 5 19438 2742 4500 40 5548 734 1306 2642

18 8 5 47632 6364 10732 68 6782 1366 4432 5482

25 0

0

100 499.9 520.6 147.7 301.3 116.2 32.6 35.5 184.7

25 0 50 595.6 526.4 164.8 372.0 67.2 36.2 37.2 158.8

25 1 20 837.0 560.5 245.0 1302.5 134.5 61.5 103.0 266.0

25 2 20 2006.0 672.5 486.0 9155.5 125.0 72.5 164.0 343.5

25 3 10 4854 996 1032 40245 262 105 229 478

25 4 5 8064 1382 1524 106222 1014 250 638 2072

25 5 10 14716 2236 2597 4409 524

25 6 5 27442 3512 4698 5540 800

33 0

0

50 2191.6 1549.2 459.6 3586 260 85.4 498.2 1887.4

33 0 20 2293.5 1560 348.5 1716 305 74 160 1987

33 1 10 3072 2005 1242 134462 283 251 1549 2081

33 2 5 6854 2378 1838 353198 366 300 2050 2218

33 3 10 16426 3281 2968 980 432

33 4 10 27442 5673 4366 6612 981

33 5 5 50616 7658 7714 4146 1476

Discussion

The follo wing heuristic rules for ideal m ultiplication strategies can b e dra wn from

the table.

� F or n um b er �elds of degree up to ab out 15 the mixed presen tation metho d is

usually b est. If the necessary presen tations are not a v ailable, it is w orth it to

compute a presen tation, usually . The four m ultiplication metho d should b e

a v oided.

� In n um b er �elds from ab out degree 15 on, the four m ultiplication metho d is

b est for smaller ideals and the mixed m ultiplication for larger ideals. If the

necessary presen tations are not a v ailable it is w orth computing the presen ta-

tions since the b asis ! 2elt and 2elt ! b asis are relativ ely fast.
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� F or small n um b er �elds and small ideals the transformations are exp ensiv e

and the di�erences b et w een the b asis, mixe d, and four m ultiplication are

small. The m ultiplication should b e done with the a v ailable transformations.

� Normal m ultiplication should not b e used as a general metho d for m ultipli-

cation. It is o ccasionally v ery fast but usually m uc h slo w er than the other

metho ds.

� The v ery fast computation times for the test ideal sets of around 8 ha v e

the follo wing explanation. The ideal test sets con tain only ideals whose

minim um is a p o w er pro duct of prime n um b ers up to 37. A pro duct of

256 prime ideals (referring to test set n um b er 8) is v ery lik ely to ha v e

all those prime n um b ers dividing its minim um. If ideal a of this test set

is giv en in normal presen tation, it is actually P �normal, where P is the

set of the prime n um b ers dividing the minim um of a .

The normal m ultiplication has the t w o di�cult problems of �nding nor-

mal presen tations and making the normal presen tation of t w o ideals

compatible. After this, the actual m ultiplication is v ery c heap. Normal

presen tations of ideals in ideal test set 8 are v ery lik ely to b e compatible

already . Therefore the small computation time is more or less an artifact

of the w a y the ideal test sets are pro duced.

� The small time for the actual m ultiplication is lev eled o� b y the large

time to pro duce the normal presen tation.

� There is one exception to the previous statemen t: the order of degree 6,

ideal test set 10. In this case the normal m ultiplication is the fastest no

matter in whic h presen tation the ideals are giv en. Under similar circum-

stances a single normal m ultiplication is usually quite fast compared with

the other m ultiplication metho ds. But for some ideals it is v ery hard to

�nd a normal presen tation resulting in an enormous computation time

whic h raises the a v erage time considerably . (This happ ened in the case

of the order of degree 6, ideal test set 9, the time for the transformation

2elt ! normal .)

� In some ro ws of the table the time for the transformation b asis ! normal

is larger than the time for the transformations b asis ! 2elt and 2elt !

normal com bined. Ob viously , the transformation b asis ! normal can b e

replaced b y the transformations b asis ! 2elt and 2elt ! normal . The im-

plemen ted algorithms to compute 2elt and normal presen tations include

random c hoices. In this case the e�ect of luc ky/unluc ky c hoices on the

computation time is v ery strong since it is exp ensiv e to c hec k if the ele-

men ts in question indeed generate the ideal/are in normal presen tation.

The trouble is that it can not b e determined in advanc e whic h is faster:

b asis ! normal or b asis ! 2elt and 2elt ! normal com bined.
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6.3 Comparison of di�eren t normal form algorithms with

reduction using relativ e ideal arithmetic

Aim

T o compare the computation times for the di�eren t normal form algorithms imple-

men ted in KANT on pseudomatrices with go o d reducers kno wn in adv ance (lik e in

relativ e ideal arithmetic).

Design

The o v erwhelming part of the computation costs of relativ e ideal arithmetic are

consumed b y the normal form computation. Th us, the time for the relativ e ideal

m ultiplication instead of the normal form computation time is used, for con v enience.

The actual mo dules fed in to the normal form algorithm result from the basis m ulti-

plication algorithm (mark ed as test op eration *) and of the basis addition (mark ed

as test op eration +), describ ed in section 5.3.

Let n b e the relativ e degree of the relativ e extension. The pseudomatrix whose CHNF

is to b e computed, for

� addition, has dimension n � 2 n and is v ery sparse, n ( n � 1) en tries are zero,

since it is the concatenation of t w o matrices already in CHNF;

� m ultiplication, has dimension n � n

2

and is v ery dense since its columns are

represen tations of pro ducts of algebraic n um b ers. Dep ending on the size of

en tries of the m ultiplication table for the order, its en tries can b e large ev en

if the ideals are relativ ely small.

Compared metho ds

The follo wing metho ds w ere compared and tabulated using the giv en abbreviations.

C1 Cohen algorithm (algorithm 4.5.1) with a one�ideal reducer (see

subsection 4.8.2).

B1 Bosma�Pohst algorithm (algorithm 4.5.3) with a one�ideal reducer (see sub-

section 4.8.2).

C Cohen algorithm (algorithm 4.5.1) without reduction

B Bosma�Pohst algorithm without reduction

Cg Cohen algorithm (algorithm 4.5.1) with a general diagonal reducer (see subsec-

tion 4.8.2).

Cr Cohen algorithm (algorithm 4.5.1) with a rational reducer (see subsection 4.8.2).
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6.3.1 Example relativ e n um b er �elds

The general situation is as follo ws:

Let K = Q [ � ] b e an algebraic n um b er �eld, where � satis�es a certain in tegral

p olynomial equation with rational co e�cien ts of degree n . Let 
 = ( !

1

; : : : ; !

m

) b e

a Z �basis of the maximal order o

K

of the n um b er �eld L .

Let L = K [ � ] b e an algebraic n um b er �eld extension of K , where � satis�es a certain

p olynomial equation of degree m with co e�cien ts in K . The maximal order o

L

of L

do es not alw a ys ha v e a K �basis, but at least a K �pseudobasis o

L

= c

1

�

1

+ � � � + c

m

�

m

,

where c

i

is a fractional D �ideal and � 2 L for i 2 N

m

. The �

i

can b e expressed in the

p o w ers of � . o

L

also has a Z �basis of degree nm . This is the corresp onding absolute

extension.

In the examples, the relativ e orders used are tabulated b y the degrees n and m as

m o v er n , for eac h degree com bination, only one n um b er �eld to w er is used.

relativ e n um b er �eld of degree 3 o v er 3 Let K b e the n um b er �eld Q [ � ] ,

where � satis�es �

3

� 10 �

2

� 3 � � 2 = 0 . It has discriminan t � 8180 and class

n um b er 2. The p o w ers of � form a basis of the maximal order o

K

.

Let L b e the n um b er �eld K [ � ] , where � satis�es �

3

� 3 = 0 . It has the

relativ e discriminan t 243 o

K

. The p o w ers of � form a basis of the maximal

order o

L

.

The absolute represen tation of this n um b er �eld can b e found in

subsection 6.2.1 as the n um b er �eld of degree 9.

relativ e n um b er �eld of degree 3 o v er 6 Let K b e the n um b er �eld Q [ � ] ,

where � satis�es �

6

+ 5 �

5

� 6 �

4

� 53 �

3

+ 3 �

2

+ 206 � + 244 = 0 . It has

discriminan t � 182099043 and class n um b er 18. A basis of o

K

is

(1 ; �; �

2

; �

3

; !

5

=

�

4

+ �

2

; !

6

=

�

5

+596 �

4

+140 �

3

+487 �

2

+120 � +1256

2740

) .

Let L b e the n um b er �eld K [ � ] , where � satis�es

�

3

+ (18 + � ) �

2

+ (13 + 6 � + 34 �

2

+ �

3

) � + 51 + 25 � + �

2

= 0 . It has the

relativ e discriminan t ( � 460552395 + 207692333 � � 184201393 �

2

�

58798978 �

3

� 461579366 !

5

+ 1056396040 !

6

) o

K

. The p o w ers of � form a

basis of the maximal order o

L

.

relativ e n um b er �eld of degree 6 o v er 3 Let K b e as in the n um b er �eld

denoted with 3 o v er 3. Let L b e the n um b er �eld K [ � ] , where � satis�es

�

6

+ (1 + � ) �

5

+ ( � 1 + 2 � � 4 �

2

) �

4

+ (5 � 5 � � 11 �

2

) �

3

+ (1 + 3 �

2

) �

2

+ (1 +

� � 3 �

2

) � + ( � � � �

2

) = 0 . It has the relativ e discriminan t

(319743143192792 + 1351078531895460 � � 134055393145420 �

2

) o

K

.

The maximal order o

L

has no basis in this case but a pseudobasis:

o

L

= o

K

+ � o

K

+ �

2

o

K

+ �

3

o

K

+ �

4

o

K

+ ( � + �

2

+ �

4

+ �

5

)( o

K

+

� + �

2

2

o

K

) .

The absolute represen tation of this n um b er �eld can b e found in

subsection 6.2.1 as the n um b er �eld of degree 18.

relativ e n um b er �eld of degree 5 o v er 5 Let K b e the n um b er �eld Q [ � ] ,

where � satis�es �

5

+ �

4

� 4 �

3

� 14 �

2

+ 3 � + 1 = 0 . It has discriminan t
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� 3982352 and class n um b er 5. A basis of o

K

is

(1 ; �; �

2

; !

4

=

�

3

� �

2

� � � 1

2

; !

5

=

�

4

+1

2

) .

Let L b e the n um b er �eld K [ � ] , where � satis�es

x

5

� 2 �

3

+ (2 + � � !

5

) �

2

+ (13 + 6 � + �

2

) � + (25 + � � 2 �

2

� !

5

) = 0 . It has

the relativ e discriminan t

(859894333 + 788062556 � � 3775373724 �

2

+ 405937120 !

4

+ 1052770984 !

5

]) o

K

.

The p o w ers of � form a basis of the maximal order o

L

.

The absolute represen tation of this n um b er �eld can b e found in

subsection 6.2.1 as the n um b er �eld of degree 25.

relativ e n um b er �eld of degree 11 o v er 3 Let K b e the n um b er �eld Q [ � ] ,

where � satis�es �

3

+ 42 � + 154 = 0 . It has discriminan t � 936684 and class

n um b er 27. The p o w ers of � form a basis of the maximal order o

K

.

Let L b e the n um b er �eld K [ � ] , where � satis�es

�

11

+ ( � � + �

2

) �

7

+ (1 � 2 �

2

) �

5

+ �

3

+ (1 + � ) �

2

+ 2 = 0 . It has the relativ e

discriminan t ( � 50266071787814254375329953712 20 �

221444363423665666228617713495 2 � �

181441187670086041490986084120 �

2

) o

K

.

The maximal order o

L

has no basis in this case but only a pseudobasis:

o

L

= o

K

+ � o

K

+ �

2

o

K

+ �

3

o

K

+ �

4

o

K

+ �

5

o

K

+ �

6

o

K

+ �

7

o

K

+ �

8

o

K

+ �

9

o

K

+

( � + �

2

+ �

4

+ �

10

)( o

K

+

�

2

2

o

K

) .

The absolute represen tation of this n um b er �eld can b e found in

subsection 6.2.1 as the n um b er �eld of degree 33.

6.3.2 Ideal test sets

The ideal test sets are generated in analogy to the sets for absolute ideals in subsec-

tion 6.2.2.

Again 0 refers to prime ideals o v er small prime n um b ers (view ed as absolute ideals).

1 refers to pro ducts of 2 prime ideals, 2 to pro ducts of 4 prime ideals and so on.

As describ ed in 6.2.3 t w o ideals are c hosen randomly from the ideal test set a certain

n um b er of times (en tered in a separate column). The a v erage of the computation

times of all rep etitions is used for the particular metho d.

6.3.3 Relativ e times

T o impro v e the clarit y of the table it do es not con tain the computation times for

eac h of the metho ds directly but as factors in relation to the fastest metho d. The

fastest metho d can b e iden ti�ed as the column with the relativ e time 1. The actual

time (in milliseconds) of the fastest metho d is en tered in a separate column.

Note that in these test di�eren t computers w ere used. Th us, the computation time

of the fastest metho d m ust b e seen in relation to the sp eed of the computer (column

mark ed relidmark, see subsection 6.1).

If no factor is en tered in the table the particular metho d w as excluded from the test

run, for t w o p ossible reasons:
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� Metho ds lik ely to b e v ery slo w w ere excluded, suc h that either a complete

test run w as p ossible at all, or suc h more rep etitions w ere p ossible to increase

the reliabilit y of the result.

� Metho d �Cg� w as o ccasionally excluded b ecause of its high correlation to the

�C1� metho d.

Note that on sev eral o ccasions t w o test runs ha v e b een p erformed for the same

ideal test set. The �rst run included all metho ds, with only a small rep etition coun t

p ossible. The second run excluded the slo w er metho ds to obtain a higher rep etition

n um b er.

base �eld degree

relativ e degree

ideal test set

test op eration

time of the fastest metho d for this example (in ms)

relidmark of the computer used, *1000

rep etition coun t

time in relation to the fastest metho d

C1 B1 C B Cg Cr

3 3 0 + 7.7 74 400 6.03 11.93 4.59 5.31 4.85 1

3 3 1 + 18.0 74 400 2.97 5.82 2.36 2.85 2.62 1

3 3 2 + 49.1 74 400 1.60 2.01 1 1.18 1.71 1.08

3 3 3 + 129.0 74 400 1.68 2.41 1 1.11 2.19 1.4

3 3 4 + 270.3 74 400 1.67 3.18 1 2.21 2.38 1.54

3 3 5 + 589.6 74 400 1.72 16.80 1 10.38 2.57 1.53

3 3 6 + 393.8 234 211 2 15.71 1 9.21 2.89 1.73

3 3 0 * 121 74 400 1.78 1.84 1.68 1 2.04 2.01

3 3 1 * 276.2 74 400 1.35 1.41 1.64 1 1.67 1.57

3 3 2 * 839.4 74 400 1 1.47 1.48 1.34 1.43 1.06

3 3 3 * 522.5 234 400 1.07 4.54 1.79 3.46 1.52 1

3 3 4 * 943.1 234 267 1.19 9.53 2.08 6.8 1.73 1

3 3 5 * 1722 234 129 1.15 12.11 2.39 8.44 1.69 1

3 3 6 * 4232 234 66 1.11 6.82 2.91 8.6 1.63 1

6 3 0 + 18.8 100 400 10.42 16.68 5.99 10.95 6.8 1

6 3 1 + 62.9 100 400 4.39 6.77 2.41 9.36 3 1

6 3 2 + 445 100 400 1.69 2.5 1 6.52 1.71 1.01

6 3 3 + 765.4 230 113 1.46 3.4 1 10.84 2.29 1.25

6 3 0 * 2152 100 203 1 2.06 4.19 9.15 1.29 1.54

6 3 1 * 4786 104 87 1 2.6 6.54 10.43 1.5 1.49

6 3 2 * 7662 104 21 1 4.37 12.67 13.01 1.41 1.34

6 3 3 * 11638 230 100 1 7.55 8.34 20.3 1.42 1.06
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base �eld degree

relativ e degree

ideal test set

test op eration

time of the fastest metho d for this example (in ms)

relidmark of the computer used, *1000

rep etition coun t

time in relation to the fastest metho d

C1 B1 C B Cg Cr

3 6 0 + 14.4 110 400 6.52 25.08 6.81 11.8 6.47 1

3 6 1 + 100.8 110 400 1.64 3.54 1.13 2.48 1.76 1

3 6 2 + 342.9 110 400 1.73 2.68 1 2.36 2.18 1.06

3 6 0 * 1258 110 25 1 1.65 469 2.63 1.67 1.24

3 6 1 * 2511 221 18 1.2 1.12 225 2.08 2.04 1

3 6 2 * 4287 230 10 1.13 1.85 545 26.8 2.71 1

3 6 2 * 5044 100 96 1.24 3.2 2.51 1

5 5 0 + 13.6 124 400 7.55 27.8 8.49 16.0 6.42 1

5 5 1 + 68.8 124 400 2.69 8.31 2.54 6.17 2.43 1

5 5 2 + 369.9 124 246 1.39 3.47 1.04 25.8 1.63 1

5 5 3 + 582 221 24 1.39 35.5 1 54.7 2.46 1.23

5 5 0 * 1854 124 5 1 8.44 844 55.3 1.51 1.63

5 5 0 * 4056 124 273 1 3.82 1.39 1.14

5 5 1 * 4560 230 7 1 11.8 967 370 2.33 1.24

5 5 1 * 8118 230 171 1.11 4.67 1

5 5 2 * 7695 230 2 1 44.6 2868 880 2.81 1.21

5 5 2 * 6783 230 20 1.02 33.8 1

5 5 3 * 10488 230 6 1 97.0 1.18

3 11 0 + 32.5 200 400 5.25 28.0 5.8 15.75 5.42 1

3 11 1 + 823.4 200 170 2.06 3.51 1.16 2.8 2.7 1

3 11 2 + 539.6 200 23 2.05 49.4 1 6.03 3.24 1.2

3 11 0 * 14856 200 13 1.27 1.24 7.39 2.15 1

3 11 1 * 22091 200 17 1 4.38 2.35 1.12

3 11 2 * 70649 234 51 1 15.8 2.60 1.14

3 11 3 * 35730 230 1 1 1742 3.57 3.07

Discussion

� Metho d C1 wins for m ultiplication of large ideals and large orders. It is rel-

ativ ely fast in all test so it migh t b e used as a general metho d for CHNF

computation. The w orst factors for this metho d app ear for the addition of

small ideals. This is due to the ob vious fact that reduction is not w orth wile

if the pseudomatrix is sparse and has en tries of small absolute v alue.

� Metho d B1 is alw a ys slo w er than C1 (with the exception of one test run, but

with an insigni�can t di�erence). Therefore the Bosma�Pohst algorithm is
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not particularly suited for reduction, although, for large examples, it is b etter

than the Bosma�Pohst algorithm without reduction.

� Metho d Cr wins for addition of small ideals for all orders. This is partly due

to the fact that one is detected as a reducer and can b e used e�cien tly . It

also wins for m ultiplications of small ideals and small orders, in particular if

the base �eld is large and the relativ e degree is small. These results can b e

explained b y the fact that Cr includes a c heap reduction, whic h migh t not b e

as e�ectiv e as the reduction in C1.

� Metho d C wins the addition of larger ideals. Reduction seems not b e e�ectiv e

if the pseudomatrix has not man y columns but the reducer is v ery large. This

migh t b e due to the fact that the Cohen algorithm can use the sparsit y of

the example pseudomatrices e�cien tly .

� Metho d B wins m ultiplication of small ideals for small orders. It is particularly

e�ectiv e if the base �eld is simple.

� Metho d Cg has a high correlation to C1 and slo w er in most cases, whic h is

not surprising from the algorithm.

All en tries of one ro w of the table is tak en from one KANT �session. If the examples are

large, the whole session required up to sev eral hours. If this is the case, strange things

migh t happ en (see the example order degrees 5 o v er 5, ideal test set 1, op eration *).

The �rst run included all metho ds and only 7 rep etitions w ere p ossible. In the second

run metho ds C, B, and Cg w ere excluded to obtain 171 rep etitions. The in teresting

p oin t is that metho d C1 is relativ ely slo w er than in the �rst run, and metho d Cr is

faster. The explanation could b e as follo ws.

Large computations tend to fragmen t the memory . If m uc h memory is consumed

and the memory is fragmen ted, the allo cation of new memory is m uc h more di�cult.

This promotes implemen tations whic h do not allo cate memory as frequen tly . This

seems to b e the case here: metho d C1 is more a�ected b y the fragmen ted memory

than metho d Cr.

Since the comparison of algorithms, not implemen tations, are in tended this e�ect

blurs the result. Th us, the strength of this e�ect sho ws the limitations of the approac h

to compare algorithms with actual implemen tations.

6.4 Comparison of di�eren t normal form algorithms

without reducers kno wn in adv ance

Aim

T o compare the di�eren t normal form algorithm implemen ted in KANT for pseudo-

matrices, where reducers are not kno wn, as opp osed to the previous section. The

results will form a basis for heuristics for the question of whic h of the algorithms is

b est to apply in di�eren t situations.
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Design

Compared metho ds

The follo wing metho ds w ere compared and tabulated using the abbreviations giv en:

C Cohen algorithm (algorithm 4.5.1) without reduction,

B Bosma�Pohst algorithm (algorithm 4.5.3) without a reduction,

C1 Cohen algorithm (algorithm 4.5.1) with a one ideal reducer (see

subsection 4.8.2) obtained with the metho d of corollary 4.8.5,

B1 Bosma�Pohst algorithm (algorithm 4.5.3) with a one ideal reducer (see sub-

section 4.8.2) obtained with the metho d of corollary 4.8.5,

Cr Cohen algorithm (algorithm 4.5.1) with a rational reducer (see subsection 4.8.2)

obtained with the metho d of corollary 4.8.5,

Br Bosma�Pohst algorithm (algorithm 4.5.3) with a rational reducer (see subsec-

tion 4.8.2) obtained with the metho d of corollary 4.8.5.

r F or information, the last column of the table con tains the time necessary for the

preparation of the reducer obtained with the metho d of corollary 4.8.5.

6.4.1 Randomly generated pseudomatrices

Starting from algebraic n um b er �elds in absolute presen tation of degree 2, 3, 5, and

10, relativ e extensions with a relativ e degree of 2, 3, 5, and 10 are de�ned o v er eac h

of the four base �elds to pro duce an arra y of 16 relativ e n um b er �elds.

The base �elds ha v e the prop ert y that

� the generating p olynomial has co e�cien ts with small absolute v alue;

� the order generated b y the p olynomial is the maximal order of the n um b er

�eld;

� the class group is non trivial.

F urther details of the �elds will not b e giv en here, they will b e describ ed in [Hop].

The relativ e extensions are pro duced with random p olynomials whic h

� are relativ ely sparse, ab out half of the co e�cien ts are zero;

� ha v e co e�cien ts of the base �eld with a represen tation of in tegers with rela-

tiv ely small absolute v alues.

The relativ e degree corresp onds to the n um b er of ro ws of the �nal example pseudo-

matrix whic h is recorded in the table.

F or eac h relativ e order an ideal A is c hosen suc h that A \ Z is either 2 Z or 64777 Z .

In the table this is indicated as �ideals o v er 2� or �ideals o v er 64777�. Using the

pseudobasis

M =

�

a

1

: : : a

n

A

1

: : : A

n

�

for eac h of the ideals, 2 n random elemen ts a

i

2 a

i

, for i 2 N

n

, are c hosen randomly

to pro duce 2 n elemen ts of Mo d ( M ) . The pseudomatrix N formed b y these elemen ts
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together with trivial ideals is the example pseudomatrix. N is v ery lik ely to b e

equiv alen t to M . This pseudomatrix has ob viously a v ery go o d reducer, the minim um

of the ideal A , but it will not b e used in this test.

The table con tains relativ e times, describ ed in subsection 6.3.3.

base �eld degree

pseudomatrix dimension

ideal o v er

time of the fastest metho d for this example (in ms)

relidmark of the computer used, *1000

time in relation to the fastest metho d

C B C1 B1 Cr Br r

2 2 � 4 2 8 190 2.38 1 10.5 10 10.5 9.5 8

2 2 � 4 64777 16 210 1 1.31 6.69 7.44 5.88 7.25 4.25

3 2 � 4 2 27 190 2.56 1 4.81 4.78 5.04 4.48 4.04

3 2 � 4 64777 11 210 3.73 1 9.45 9.82 11.09 9.55 7.82

5 2 � 4 2 27 190 3.96 1 8.67 9.22 10.37 8.89 8

5 2 � 4 64777 32 210 9.06 1 8.56 8.69 10.19 8.06 6.5

10 2 � 4 2 590 190 15.61 1 10.31 10.36 11.29 10.34 10.03

10 2 � 4 64777 6822 187 2.17 1 1.69 1.35 1.68 1.32 1.08

2 3 � 6 2 22 190 2.27 1 6.59 5.36 5.68 5.09 4

2 3 � 6 64777 22 210 3.05 1 9.14 7.05 7.5 6.64 4.59

3 3 � 6 2 162 190 1.13 1 1.3 1.15 1.25 1.11 0.93

3 3 � 6 64777 28 210 9.21 1 5.96 6.29 7.14 6.25 4.64

5 3 � 6 2 148 190 18.13 1 3.22 3.24 3.54 3.11 2.64

5 3 � 6 64777 124 210 3.89 1 4.03 4.23 4.32 3.84 2.61

10 3 � 6 2 12430 190 18.57 49.19 1.06 1 1.16 1.02 0.94

10 3 � 6 64777 13810 187 4.79 1.85 1.42 3.62 1 2.15 0.59

2 5 � 10 2 43 190 7.56 1 4.98 4.95 4.72 4.77 3.77

2 5 � 10 64777 43 210 4 1 7.49 6.91 6.51 6.3 3.88

3 5 � 10 2 413 190 322.31 1.05 1.04 1.06 1.16 1 0.68

3 5 � 10 64777 420 210 25.24 1 1.67 2.38 1.64 1.79 0.64

5 5 � 10 2 890 190 2794.46 1.89 1 1.13 1.06 1.07 0.8

5 5 � 10 64777 1220 237 20125.44 1 8.7 5.11 8.6 0.65

10 5 � 10 2 18610 190 6.85 1 1 1.25 1.13 0.92

10 5 � 10 64777 42170 237 2.66 1 2.57 2.69 1.7 0.55

2 10 � 20 2 1180 190 1.14 1 1.07 1.01 1.72 0.53

2 10 � 20 64777 980 210 1 1.17 1.77 27.93 2.4 0.59

3 10 � 20 2 1970 190 105.59 1 1.27 1.2 1.94 0.59

3 10 � 20 64777 2990 160 37.15 1 2.57 118 3.68 0.56

5 10 � 20 2 5840 190 20.95 1.01 1.27 1 1.29 0.8

5 10 � 20 64777 13680 160 12.07 1 4.43 171.1 4.02 0.68

10 10 � 20 2 50160 190 1 1.21 1176.52 4.19 0.8

10 10 � 20 64777 86460 210 1 36.5 18.74 0.35
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Discussion

A considerable part (half to almost all, with the exception of one case) of the com-

putation time of the metho ds whic h use a reducer is consumed b y the computation

of the reducer.

Tw o metho ds share the smallest computation times: the Bosma�Pohst algorithm

without reduction and the Cohen algorithm with reduction using an ideal as a

reducer.

If the dimension of the pseudoam trix is small the Bosma�Pohst algorithm with-

out reduction is fastest. If the dimension of the pseudoam trix is large the Cohen

algorithm using reduction is fastest.

F or medium dimensions (5 � 10) the size of the base �eld is imp ortan t. F or smaller

base �elds the Bosma�Pohst algorithm without reduction is faster, for larger base

�elds the Cohen algorithm with reduction is faster.

6.5 On the imp ortance of absolute ideal m ultiplications in

the relativ e normal form computations

Aim

This test demonstrates the imp ortance of the e�ciency of the m ultiplication of ab-

solute ideals for the e�ciency of the CHNF.

Design

The results of the pro�ling options of the GNU�C compiler are used. The pro�le

con tains the accum ulated time for all absolute ideal m ultiplications and the total

time for a CHNF�application.

The m ultiplication of relativ e ideals (giv en as pseudomatrices) in v olv es the creation

of a large pseudomatrix. The CHNF computation of this pseudomatrix forms the

actual example pseudomatrix for this test.

Use some relativ e ideals in relativ e orders already used in the test in section 6.3.1.

Example 1

Use the relativ e n um b er �eld of subsection 6.3.1 iden ti�ed b y the degrees 11 o v er 3.

a

1

= 14911 o

K

+ (( � 5604 � 2114 � � 13622 �

2

) + ( � 5882 + 4444 � + 5883 �

2

) � + ( � 13010 �

9472 � � 12973 �

2

) �

2

+ ( � 6978 + 6600 � � 11612 �

2

) �

3

+ (4038 + 7534 � + 12453 �

2

) �

4

+

(7552 + 11432 � � 9802 �

2

) �

5

+ (2078 + 8988 � + 11884 �

2

) �

6

+ (13834 + 6258 � � 2750 �

2

) �

7

+

(7218 � 1806 � + 13108 �

2

) �

8

+ ( � 12502 � 4584 � � 322 �

2

) �

9

+ ( � 6330 � 10558 � �

321 �

2

) � ) = 2 o

K
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a

2

= 101269 o

K

+ ((10419 � 27252 � � 25219 �

2

) + (4246 + 33055 � + 21907 �

2

) � + ( � 48621 �

14073 � � 5214 �

2

) �

2

+ (35102 + 20495 � + 9289 �

2

) �

3

+ ( � 15012 + 14703 � + 36679 �

2

) �

4

+

(36843 + 12524 � + 21543 �

2

) �

5

+ (45036 + 37594 � � 2870 �

2

) �

6

+ (2711 + 19750 � �

40548 �

2

) �

7

+ (47920 � 35796 � + 34136 �

2

) �

8

+ ( � 27599 + 32510 � � 15622 �

2

) �

9

+

(16609 + 42785 � + 1365 �

2

) � ) = 2 o

K

The total relativ e ideal m ultiplication uses 38.27s. 6707 absolute ideal m ultiplications

used 27.16s. This is a share of 71%.

Example 2

Use the relativ e n um b er �eld of subsection 6.3.1 iden ti�ed b y the degrees 5 o v er 5.

a

1

= 5865 o

K

+ (( � 353 � 2463 � + 854 �

2

+ 1236 �

3

+ 2555 ! ) + ( � 1813 � 2250 � + 2381 �

2

�

2722 �

3

� 1222 ! ) � + (303 + 2181 � + 745 �

2

+ 2560 �

3

� 2135 ! ) �

2

+ (2496 � 1598 � �

2679 �

2

+ 833 �

3

+ 1997 ! ) �

3

+ (2438 + 2904 � � 1249 �

2

+ 2553 �

3

� 2611 ! ) �

4

) o

K

a

2

= 1615 o

K

+ ((434 � 497 � � 387 �

2

+ 430 �

3

� 255 ! ) + (155 � 125 � + 442 �

2

+ 450 �

3

�

638 ! ) � + ( � 429 + 328 � � 133 �

2

� 365 �

3

+ 122 ! ) �

2

+ (93 + 710 � + 728 �

2

� 425 �

3

+

245 ! ) �

3

+ ( � 384 + 118 � � 377 �

2

+ 726 �

3

� 474 ! ) �

4

) o

K

The total relativ e ideal m ultiplication uses 11.87s. 645 absolute ideal m ultiplications

used 9.25s. This is a share of 78%.

Discussion

These results clearly stress the imp ortance of the absolute ideal m ultiplication algo-

rithms. Since an imp ortan t aim of this w ork is to impro v e the e�ciency of the normal

form algorithm, the results motiv ate the e�orts for the absolute ideal arithmetic.

6.6 Comparison of the t w o phases in the reduced normal

form algorithm

Aim

On page 85 the t w o�phases�metho d w as in tro duced. This test compares the running

time of eac h of the t w o phases. It w as men tioned that the second phase is not to o

exp ensiv e. This test serv es as an argumen t to this opinion.

Design of the test

The relativ e n um b er �elds of subsection 6.3.1, the ideal test set, describ ed in subsec-

tion 6.3.2, and the random pseudomatrices of subsection 6.4.1.

A pseudomatrix generated b y this metho d features a go o d reducer: the minim um of

the relativ e ideal (see section 5.4).
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An exp erimen tal v ersion of KASH w as used whic h has the option of only executing

the �rst phase of a normal form computation.

All computation times (in milliseconds) are the result of a single execution of the

standard CHNF�algorithm on a HP900 series 700 computer with 124000 relidmark,

see subsection 6.1.

base �eld degree

relativ e degree

relativ e ideal test set

time of the �rst phase total time p ercen tage

3 3 0 70 90 78

3 3 1 80 90 89

3 3 2 190 210 90

3 3 3 310 360 86

3 3 4 440 540 81

3 3 5 650 770 84

3 3 6 1180 1420 83

3 3 7 1750 2190 80

3 3 8 5230 6480 81

6 3 0 250 300 83

6 3 1 240 290 83

6 3 2 420 560 75

5 5 0 510 570 89

5 5 1 740 880 84

5 5 2 1310 1620 81

3 6 0 210 250 84

3 6 1 260 310 84

3 6 2 410 490 84

3 11 0 320 460 70

3 11 1 7400 10310 72

3 11 2 3080 3610 85

6.7 Comparison of the di�eren t m ultiplication algorithms

for relativ e ideals

Aim

This test is v ery similar to the comparisons of the di�eren t absolute ideal m ultipli-

cation algorithms in subsection 6.2, with relativ e in place of absolute.

The answ er will giv e heuristics for the question ho w to use the di�eren t m ultiplication

algorithms to increase the o v erall time e�ciency of the m ultiplication for relativ e

ideals.
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Design of the test

The design of this test is iden tical to the comparison of the absolute ideal m ultipli-

cation in section 6.2 with the follo wing exceptions:

� Normal presen tations and normal m ultiplications are not used. These algo-

rithms are not y et implemen ted in KANT .

� The relativ e orders of subsection 6.3.1 are used. The ideal test sets are pro-

duced with the metho d describ ed in subsection 6.3.2.

base �eld degree

relativ e degree

n um b er of the ideal test set

rep etitions p er ideal test set

sp eed of the computer in 1000*relidmark

time (in ms ) for

m ultiplication of t yp e transformation

b asis mixe d four b asis ! 2elt 2elt ! b asis

3 3 0

0

100 78 145.8 81.7 94.6 18.9 68.8

3 3 0 100 78 189.6 114 163.4 22.5 80.4

3 3 1 100 78 416.9 260.4 365.8 29.4 179.8

3 3 2 50 78 731.6 469.6 612.8 32.2 269.8

3 3 3 50 78 1420 980.2 1307.6 46.6 403.2

3 3 4 20 78 2430.5 1647 2261 64 572.5

3 3 5 20 78 3969 2796.5 4112.5 106.5 1116

3 3 6 10 78 9204 6440 9538 182 2436

3 3 7 10 78 14332 10857 16969 300 4354

3 3 8 10 78 43961 30480 53723 613 11926

6 3 0

0

50 186 433.8 199.2 219.6 48.6 308.2

6 3 0 50 186 497.8 280.8 349.4 58.2 361.2

6 3 1 50 186 887.6 522 657.8 68.8 558.4

6 3 2 50 186 2051 1261 1661.4 91.8 846.8

6 3 3 50 190 4443 3010.4 4429.8 117.6 2277.4

6 3 4 20 190 10779 7328 10882 292 4398.5

6 3 5 20 190 23529 15824 24038 723.5 7236

5 5 0

0

50 186 2249.4 824.6 1219.8 700.4 733.4

5 5 0 50 186 3322.8 2028.4 2856.6 1148.8 1475

5 5 1 20 186 5259.5 3009 3629 466.5 1840

5 5 2 20 186 7096.5 2888 4348.5 217 1618

5 5 3 20 190 16878 6666.5 10080.5 321.5 4549

5 5 4 20 190 33915.5 12932 23740.5 398.5 8808
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base �eld degree

relativ e degree

n um b er of the ideal test set

rep etitions p er ideal test set

sp eed of the computer in 1000*relidmark

time (in ms ) for

m ultiplication of t yp e transformation

b asis mixe d four b asis ! 2elt 2elt ! b asis

3 6 0

0

100 186 786.1 209.9 308.4 69.7 156

3 6 0 100 186 1762.6 444.7 629.2 136.1 279.2

3 6 1 20 186 2186.5 649 926.5 105 439.5

3 6 2 20 186 3119.5 1002 1265.5 119 570

3 6 3 10 190 8231 2614 3695 223 1439

3 6 4 10 190 12819 4292 6120 206 1790

3 6 5 10 190 27112 8923 14338 372 3696

3 6 6 10 190 62876 20206 29037 989 8313

3 11 0

0

50 186 8403.6 1449.8 2104 895.2 1157.8

3 11 0 20 186 11053 1838.5 2744.5 1073 1097.5

3 11 1 20 186 24323.5 6008 6557 1785 2958.5

3 11 2 10 186 33079 13080 8237 1960 4090

3 11 3 10 190 85828 19537 21860 3766 9327

Discussion

The table sho ws that the mixed presen tation metho d is quite sup erior. But subse-

quen t tests drew another picture:

� There are h uge run time di�erences for the mixed m ultiplication algorithm

for all of the tested relativ e orders except for the order 3 o v er 3. F or the order

3 o v er 6 they di�er b y a factor of 200, for the order 6 o v er 3 b y a factor 4000,

and for the order 5 o v er 5 b y a factor of 5000. Some ideal m ultiplications in

order 11 o v er 3 could not b e �nished whic h guaran tees a factor of at least

1000000.

� The run time di�erences are the result of ill�b eha v ed t w o�elemen t presen ta-

tions. Ideals with w ell�b eha v ed t w o elemen t presen tations can e�cien tly b e

m ultiplied with an y ideal giv en in basis presen tation.

� The randomly c hosen ideals in the ab o v e table seemed to ha v e missed the

extremely ill�b eha v ed t w o�elemen t presen tations in most cases. This app ears

as a go o d a v erage p erformance of the algorithm.

� Ill�b eha v ed t w o�elemen t presen tations do not o ccur for absolute ideals.

Therefore they app ear to b e a prop ert y of relativ e presen tations of algebraic

n um b ers.

� Ill�b eha v ed t w o�elemen t presen tations also trouble the four generators m ul-

tiplication algorithm.
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6.8 Comparison of the e�ciency of relativ e ideal

m ultiplication to absolute ideal m ultiplication

Aim

Whic h is faster, the relativ e or the absolute m ultiplication? Ho w do es it dep end on

the size of the algebraic n um b er �eld and the ideals? Is it therefore w orth dealing

with relativ e extensions for the purp ose of ideal m ultiplications?

Design

The 16 relativ e n um b er �elds in tro duced in subsection 6.4.1 are used and tabulated

as m o v er n , where m is the relativ e degree and n the degree of the base �eld.

F or eac h relativ e order �v e ideals A are c hosen suc h that A \ Z is 2 Z , 14 Z , 174 Z ,

1296 Z , or 88642 Z . The ideal is tabulated in the column �ideals o v er� with the cor-

resp onding natural n um b er.

Using the metho d of subsection 5.2.2, for eac h relativ e ideal a corresp onding absolute

ideal is obtained.

The test compares the running times (�times for m ult�) of the m ultiplication of t w o

ideals in relativ e represen tation (�rel�) and in absolute represen tation (�abs�). The

tabulated times are measured in milliseconds on the same computer, with 190000

relidmark. T ransformation times from absolute to relativ e represen tations and vice�

v ersa are not considered. The last column con tains the quotien t of the time for the

relativ e m ultiplication b y the time for the absolute m ultiplication.

F or b oth relativ e and absolute m ultiplication only one algorithm is used (the one

whic h is the default for KANT computations). It is a com bined algorithm using the

heuristics obtained from the tests in sections 6.2 and 6.7.

F or the smaller examples, the table con tains the a v erage time of up to 10 m ultipli-

cations of randomly c hosen ideals.
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base �eld degree

relativ e extension degree

ideals o v er

times for m ult quotien t

rel abs rel/ abs

2 2 2 14 1.0 13.5

2 2 21 26 1.5 17.1

2 2 455 35 1.8 18.8

2 2 60214 47 4.0 11.7

2 2 1125443 43 4.8 8.83

2 3 2 22 3.2 7.12

2 3 21 65 4.4 14.8

2 3 455 114 6 19.0

2 3 60214 174 20 8.52

2 3 1125443 106 26 3.97

2 5 2 143 15 9.2

2 5 21 281 21 13.2

2 5 455 470 36 12.9

2 5 60214 708 96 7.31

2 5 1125443 558 147 3.78

2 10 2 1183 170 6.93

2 10 21 4142 488 8.48

2 10 455 7653 720 10.6

2 10 60214 10133 1556 6.50

2 10 1125443 8533 2510 3.39

3 2 2 19 3.7 5.16

3 2 21 38 5 7.62

3 2 455 56 7.5 7.58

3 2 60214 99 23 4.29

3 2 1125443 115 30 3.77

3 3 2 57 13 4.38

3 3 21 81 15 5.2

3 3 455 121 30 4.06

3 3 60214 347 86 4

3 3 1125443 412 108 3.79

3 5 2 292 63 4.58

3 5 21 521 81 6.42

3 5 455 860 162 5.29

3 5 60214 1783 544 3.27

3 5 1125443 1770 667 2.65

3 10 2 2770 380 7.28

3 10 21 5560 650 8.55

3 10 455 10560 1350 7.82

3 10 60214 12770 4740 2.69

3 10 1125443 9530 4440 2.14

base �eld degree

relativ e extension degree

ideals o v er

times for m ult quotien t

rel abs rel/ abs

5 2 2 53 20 2.66

5 2 21 126 30 4.22

5 2 455 176 43 4.07

5 2 60214 270 116 2.31

5 2 1125443 390 173 2.25

5 3 2 330 80 4.12

5 3 21 350 150 2.33

5 3 455 370 200 1.85

5 3 60214 800 530 1.50

5 3 1125443 1520 730 2.08

5 5 2 220 450 0.488

5 5 21 1510 540 2.79

5 5 453 2510 760 3.30

5 5 60214 3070 2770 1.10

5 5 1125443 3750 3250 1.15

5 10 2 8440 4340 1.94

5 10 21 16880 5410 3.12

5 10 453 14500 8870 1.63

5 10 60214 32230 37170 0.867

5 10 1125443 13830 25940 0.533

10 2 2 560 116 4.8

10 2 21 796 210 3.79

10 2 455 1443 300 4.81

10 2 60214 2343 1070 2.19

10 2 1125443 3413 1836 1.85

10 3 3 1010 1230 0.821

10 3 23 1080 1860 0.580

10 3 453 4510 1830 2.46

10 3 60213 6280 5420 1.15

10 3 1125443 10120 9570 1.05

10 5 3 5790 6600 0.877

10 5 21 20590 7030 2.92

10 5 455 25440 10460 2.43

10 5 60213 39530 30220 1.30

10 5 1125443 32780 66280 0.494

10 10 3 38360 91740 0.418

10 10 23 46560 688240 0.0676

10 10 453 65680 148030 0.443

10 10 60213 301960 295830 1.02
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Discussion

F or larger n um b er �elds the relativ e m ultiplication, for smaller n um b er �elds the

absolute m ultiplication is faster.

6.9 Comparison KASH and gp of mo dular and nonmo dular

relativ e normal form computations

Aim

There are pseudomatrix normal form algorithms implemen ted in gp , see [BCDO98 ].

By comparing running times, it is p ossible to ev aluate if the e�orts to impro v e the

e�ciency of normal form algorithms ha v e pro v ed to b e e�ectiv e.

Design

The pseudomatrices of subsection 6.4.1 are used. Again the degree of the base �eld,

the dimension of the pseudomatrix, and the minimal natural n um b er of the relativ e

ideal whic h is represen ted b y the pseudomatrix are tabulated.

The column mark ed �non-mo d� refers to the normal form algorithm without reduc-

tion. The column �det-mo d� refers to the com bined computation time for obtaining

a reducer with the gcd of a few minors and computing the normal form using this

reducer. The column �or-mo d� refers to normal form computation with a v ery go o d

reducer whic h is the minim um of the ab o v e relativ e ideal.

All computation times are in milliseconds on a computer with 149000 relidmark.

The follo wing abbreviations are used in the table.

non-mo d Using a normal form algorithm without a reducer.

det-mo d Using a reducer obtained with minor computations.

mo d Using a reducer assumed to b e kno wn in adv ance whic h is the minim um of the

relativ e ideal represen ted b y the pseudomatrix. This is not applicable to gp

since a reducer whic h is an in tegral m ultiple of the rank minor gcd is required

for the reduction algorithm.

1 The computation do es not terminate in an acceptable time whic h is at least 100

times of the time needed b y another time the test of a similar di�cult y .

o v er�o w A t ypical message in gp is: �The stac k o v er�o ws. Doubling the stac k size.�

If this message o ccurs with an initial stac ksize of 32MB, whic h is as m uc h as

the test computer as usually a v ailable for a gp pro cess, �o v er�o w� is tabulated.

error Other error messages, whic h indicate inconsistencies in the represen tations of

ideals or algebraic n um b ers.
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base �eld degree

pseudomatrix dimension

test ideals o v er

computation times in ms

KASH gp

non-mo d det-mo d mo d non-mo d det-mo d

2 2 � 4 2 10 120 20 10 50

2 2 � 4 64777 40 150 30 20 40

3 2 � 4 2 20 180 0 140 error

3 2 � 4 64777 10 170 20 90 70

5 2 � 4 2 30 330 20 550 510

5 2 � 4 64777 50 360 80 390 260

10 2 � 4 2 750 7990 210 14320 o v er�o w

10 2 � 4 64777 6960 13160 10 11900 9470

2 3 � 6 2 40 210 0 80 110

2 3 � 6 64777 30 260 70 50 110

3 3 � 6 2 240 330 0 430 error

3 3 � 6 64777 40 240 50 210 200

5 3 � 6 2 200 650 90 1790 790

5 3 � 6 64777 170 640 230 940 690

10 3 � 6 2 1586160 17730 10 100920 22340

10 3 � 6 64777 22920 22010 2230 27260 18590

2 5 � 10 2 60 300 40 320 error

2 5 � 10 64777 70 420 110 220 270

3 5 � 10 2 640 610 50 5440 880

3 5 � 10 64777 520 950 220 1000 790

5 5 � 10 2 2270 1450 240 8390 2270

5 5 � 10 64777 1 1600 360 14860 4510

10 5 � 10 2 270440 21890 90 970400 35590

10 5 � 10 64777 176250 49080 7240 295670 50010

2 10 � 20 2 1800 1810 490 23590 1530

2 10 � 20 64777 1310 1370 650 11590 1270

3 10 � 20 2 767640 2880 220 80890 error

3 10 � 20 64777 76640 2460 800 32320 3870

5 10 � 20 2 200150 5200 1130 951390 error

5 10 � 20 64777 117700 6730 3900 130140 15650

10 10 � 20 2 1 83520 1290 1 470480

10 10 � 20 64777 1 126380 70070 1 210690

Discussion

non�mo dular metho d While the implemen tation in KANT is faster on a v erage

and in more cases there are large run time di�erences in b oth directions. Large

computations su�er from sev eral irregularities:
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� F ragmen ted memory slo ws do wn the computation extremely if a larger

part of the a v ailable memory is used. This is in�uenced mainly b y the

structural decisions for the memory manageman t of the system.

� The b eha vior of basic algorithms (in teger HNF computation, long in teger

arithmetic) for large n um b ers b ecomes m uc h more imp ortan t for large

examples. The basic algorithms can b e implemen ted in sev eral v arian ts

none of whic h is p erfect for all examples. The v arian t c hosen has a great

e�ect of the run time for the normal form algorithm.

These irregularities a�ect gp and KANT to a di�eren t exten t. Therefore the

concept of comparing implemen tations in di�eren t systems with the aim of

comparing algorithms is quite restricted.

mo dular metho d with determinan t The computation times are quite similar.

non�mo dular metho d While not implemen ted in gp the times for this metho d are

v ery small. This stresses the imp ortance to obtain reducers in adv ance to the

normal form computation whic h is p ossible in man y applications.
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