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1554 FELIX LAZEBNIK AND ANDREW THOMASON

is listed for each dual pair, the numbers for a plane and its dual being the same.

The names of the planes and their descriptions are taken from Royle [20]. The
three self-dual planes are the Desarguesian plane PG(2,16) together with SEMI2
and SEMI4, the semifield planes with kernels Fy and Fy. The other planes are
HALL- the Hall plane, LMRH - the Lorimer-Rahilly plane, JOWK - the Johnson-
Walker plane, DSFP - the derived semifield plane, DEMP — the Dempwolff plane,
and MATH - the Mathon plane (together with their duals}.

It might be noted that one of the planes produced is not a translation plane,
namely MATH. Representative normalized plane functions are given for the three
self-dual planes in Table 3 and for the six non-self-dual planes in Table 4. Since
only the additive structure of Fyg is involved, the field can be regarded as IF3
under addition, and its elements thus correspond in a natural way to the numbers
0,...,15. These numbers are written in hexadecimal in Tables 3 and 4.

TaBLE 3. Normalized plane functions for some self-dual planes of order 16

PG(2,16) SEMI2 SEMI4
0000000000000000 0000000000000000 00000Q00000000000 .
0123466789%abcdef 0123456789abcdef 0123456789abcdef
02318ab9cefd4675 02318ab9cefd4675 02318ab9cefd4675
0312cfde47568b9%a 0312c£de47568b%a 0312cfded7568b9a
048¢62eabf3ITd9561 04¢8519dfb37ae62 049d51¢cBea73bf26
05a£278d369¢cidbe 05ebi4fa729c638d 05be14af63d4872c¢9
06bdeB5371ca9f24 06£9db2435¢caeB17 06acdb71248e£953
079ead34f86152¢ch 07da%e43bc612618 078f9%e16ad2534bc
08c4b37£d51966a2 084ce6a291d57£3b 08e6a24c7£91d53b
09e7£6185ch2a344d 096fa3¢5187eb2d4 09¢c5e72bf63a18d4
0af539c61bed28d7 0a7d6cib5£28394e 0ad728£5b16c934e
0bd67cal924feb3s ObBe297cd683f4al | 0bf46d49238c75eal
0c48d1966a2eb713 0c84b73f6ae2d1569 Qc7bf38495e26ald
0d6b94£f2e3857alc 0da7i25863491ch6 0d58b6e31c49a7£2
0e795b2cadd3£186 0ebb53d86a41i972¢ 0e4a793d5b1£2c68
0f5a1ed4b2d783¢c69 0f9678612db4bac3 0f693chbad2bdel8T

4.4. Computational method. Programs were written in the C language and were
run on 800MHz Pentium machines operating Red Hat Linux version 7.2, at the
Department of Pure Mathematics in Cambridge.

All the data for ¢ < 11 can be computed in less than a couple of seconds. For
¢ = 13 the orthomorphisms were found in about three seconds but the construction
and analysis of the graph Orth(IF;5) took a further twenty-five minutes.

For ¢ = 16, the list of 15296512 orthomorphisms was found in just under a day by
sixty machines working in paraliel. The analysis of the graph and the enumeration
of the K14’s, along with their orbits, was performed by thirteen machines acting in
parallel over a period of about four days (these machines being the available ones
with the required 380Mb of memory).

In order to find isomorphisms between the thirty-three orbits and to find isomor-
phisins between the planes produced by the above method and the known planes
listed on [20], the excellent nauty program of Brendan McKay [15] was used, via
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TABLE 4. Normalized plane functions for some non-self-dual planes

HALL LMRH JOWK
0000000000000000 0000000000000000 0000000000000000
0123456789abcdef 0123456789abederf 0123456789abcdef
02318ab9cefd4675 02318ab9cefd4756 02318ab9dfec5764
0312cfded7568b9a 0312cfded7568ab9 0312¢fde56479a8b
048¢62eb5£3a79d1 048d2e5a916c3£7p 049d51c8e473bf26
06af278cd691b43e 05a¢6b3d18c7£294 06be14af63d872c9
06bde85291c73fas 06bca4e35£917824d 06acdb71359fe842
079¢ad36186cf24b . 079fel184d63ab5c2 078£9e16bc34256ad
08¢4b37dab1£9¢62 08c637afe2b419d5 08c4e63ba25d19f7
09e7£61a2¢cb4538d 09e572c86bifdd3a 09eTa35¢2bf6d418
0afb39c46he2d817 0af7bd162c49583 0af56¢827db14e93
0bd67ca3e24915£8 0bd4£871a562936¢ 0bd629e5£41a837c
0c48d196fa25e7b3 0c4b19£573d826ae 0cE59b7£3482ea6d1
0d6b94£f1738e2ab¢ 0d685c92fa73eb4dl 0d7af294¢1856b3e
0e795b2£3448alch O0e7a934chbd256118 0e683d4ald7c2f1bb
0£521048bd736c29 0£59d62b348eacl? - 0£4b782d1e693¢cha

DSFP DEMP MATH
0000000000000000 0000000000000000 0000000000000000
012345678%abedef 0123456789abcdef 0123456789abcdef
02318ab%cefd4756 02318ab9cfde5764 02318ab9cefd6457
0312¢fde47568abg 0312cfded46759a8b 0312cfded756a9b8
04c9601ab53£d287 04e96bf35681ca2d7 049d51c8eb72£a63
050a2b7d3c941168 05ca2e94d1b76£38 05bel4af62d9378c
06£8e4a37bc295d1 06d8e14a97c2f5b3 06acdb71349e8£256
07dbalc4f269583e 07fbad2d1s69385¢ 0781£9e16bd3542¢a
084eb72£dal56¢93 087e36cba25d49f1 08e6b35dald4f7c2
096df24863beai’c 095d73ac2bf6841e 09¢5£63a28e4b17d
0a7£3d9614e82bc5 0adfbc726d831e95 0ad739¢45¢812bi6
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the dreadnaut utility. This program allows the user to compute certain invariants
of a graph which assist in establishing isomorphisms (or the absence of them} be-
tween graphs. Two invariants that are thought to work well with the graphs of
projective planes, called cellfano and cellfano?2, have been added to the library
of invariants in version 2.0 of nauty; the second of these new invariants was used in
the detection of isomorphisms between the planes in this study, and only about four
minutes were needed on average to determine whether two planes were isomorphic
{the time required being very much larger without the use of the invariant).
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