OPTIMIZATION AND TROPICAL GEOMETRY:
EXERCISES AND PROBLEMS 3

MICHAEL JOSWIG

Exercise 1. Consider the polyhedron P C K2, defined over the ordered field K of reverse
Puiseux series with real coefficients, given by the linear inequalities:

T+ 22 <2
twy < 14 Py
(1) tee < 1+ 32,
] < t2:132

T, x2 > 0.
Sketch P and its tropicalization (with respect to max).

Exercise 2. Let S = S4 p be the Shapley operator associated with a pair of matrices
A,B e Tx. Show that
(1) S is order-preserving, i.e., x <y implies S(x) < S(y) for all z,y € T .
(2) S is additively homogeneous, i.e., S(AL + z) = A1 + S(z) for all A € Tpax and
z € Tha
(3) S is continuous. In order to render this true: What is the suitable topology on the
set Tmax = R U {—00}? Assume that, whatever topology we choose for Tyax, we

take the induced product topology on T}

max*

Exercise 3. Let A, B € TX". We study the mean-payoff game on the bipartite digraph
D(A, B). Suppose that player Min chooses a fixed positional strategy, i.e., the choice of
Min’s next move only depends on the current position of the token, not on the entire history

of the game so far.

(1) What is then the optimal strategy for player Max? Do you recognize the classical
combinatorial optimization problem which this corresponds to?
(2) What is the complexity of finding such an optimal strategy for Max?

Exercise 4. Determine the value of the mean-payoff game associated with the tropicaliza-
tion of the linear inequalities .

kkk

Problem 5. Describe polymake’s mechanism for rule based computation [5] in terms of
AND/OR scheduling networks [7] and tropical linear programs.
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Problem 6. Like the classical simplex method also the tropical simplex method visits a
portion of a finite graph (i.e., by travelling along improving edges toward an optimal vertex).
In the tropical setting that graph formally depends on the given inequality description of
the tropical polyhedron formed by the feasible solutions, cf. |2, Proposition-Definition 3.10].

Do there exist matrices A, B, A’, B’ € T™"*" with A0z < BGOz +— A 0r<B oOx
such that the graphs induced by (A, B) and (A’, B') are distinct?

Problem 7. The article [3] contains a construction of a family of (nondegenerate) linear
programs LW () over convergent real Puiseux series such that, for ¢ > 0, the associated
ordinary linear programs over the reals have a central path (with respect to the log-barrier
interior point method) whose total curvature is exponential in . That parameter r simul-
taneously controls the dimension 2r and the number of constraints 3r + 1.

Does there exist another family of linear programs with similar properties but with arbi-
trarily many constraints in fixed dimension? What about the running time of interior point
algorithms on such a family of linear programs?

Problem 8. Develop quantifier elimination over the tropical semiring T, and study the algo-
rithmic complexity; cf. [I] and [6]. Pay attention to the special case of quadratic polynomials
and the connection to tropical semidefinite programming [4].
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