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Summary. This is a continuation of our previous work [9] on the investigation
of intermittency for the parabolic equation (9/0t)u = Hu on Ry x Z? associa-
ted with the Anderson Hamiltonian H = xkA + £(-) for homogeneous random
potentials £(-). For the Cauchy problem with nonnegative homogeneous initial
condition we study the second order asymptotics of the statistical moments
(u(t,0)?) and the almost sure growth of u(t,0) as t — co. We also deal with the
Lifshitz tails of the spectral distribution function (‘integrated density of states’)
of H. Here we mainly treat the important case of i.i.d. potentials and discuss
the crucial role of double exponential tails of £(0) for the formation of high
intermittent peaks of the solution u(t,-) with asymptotically finite size. The
challenging motivation for this paper was to achieve a better understanding of
the geometric structure of such high exceedances which in one or another sense
provide the main contribution to the solution. This is essential for different
asymptotic problems related to the parabolic Anderson model. The behavior of
the moments and the Lifshitz tails is also studied for correlated potentials.
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Introduction

This paper is a natural continuation of our article [9]. The subject is the same,
asymptotic analysis as t — oo of the parabolic Anderson problem with homo-
geneous random potential £(-):

?9_1; = kAu+E(r)u,  (t7) € Ry x 24,
u(0,z) = 1.

In [9] we used rather ‘soft’ qualitative arguments to prove intermittency for
the solution u under minimal conditions on the potential {(-). For a general
discussion of intermittency and further references see the lectures [11].

Roughly speaking, intermittency means that, in contrast with homogeniza-
tion, the spatial structure of w(¢,-) is highly irregular for large ¢. In one or
another sense the essential part of the solution is believed to consist of islands
of high peaks which are located far from each other. If this picture is true, then
the sizes of these islands as well as the heights and shapes of the corresponding
peaks will be crucial for different asymptotic questions related to our Anderson
problem. A detailed understanding of the geometric structure of intermittent
solutions will therefore be extremely useful.

The challenging stimulus for the present paper was the question about the
asymptotic size of the mentioned islands of high exceedances and its implica-
tions for different asymptotic problems. But, instead of directly investigating
the spatial structure of u(t,-), we will study the second order asymptotics of
the moments (u(t,z)P), p = 1,2,..., and the almost sure growth of u(t,z) as
t — oo for fixed x. We will also consider the Lifshitz tails of the spectral dis-
tribution function (‘integrated density of states’) associated with the Anderson
Hamiltonian

H=rA+ ().

In the larger part of the paper we will restrict ourselves to the important case
(especially popular in the theory of random operators) when the potential £(-)
consists of independent, identically distributed random variables unbounded
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from above. In this case the solution u(z,-) is known to develop an intermittent
behavior as t — 0o, see [9]. Implicitly, our results and their proofs will allow a
rather detailed insight into the geometry of the peaks.

In the i.i.d. case, a crucial role is played by double exponential tails with
parameter o, 0 < p < oo:

Prob(£(0) > r) = exp{—e"/}, r— 00.

Such tail behavior leads to islands of asymptotically finite size. In the case of
‘heavier’ tails (corresponding to ¢ = oo and including Gaussian potentials) the
islands consist of isolated single lattice sites. On the other hand, for ‘almost
bounded’ potentials (with faster decaying tails corresponding to o = 0) the
optimal peaks form very large flat islands. Qualitatively, the last situation is
similar to the picture presented by A.-S. Sznitman in a series of papers on
Brownian motion in a Poissonian environment, see e.g. [13] and [14].
In Section 1 we will prove that

(u(t,0)") = exp { H(pt) — 2dsx(7)pt +o(t) | (0.1)
as t — oo, where H is the cumulant generating function of £(0) and

CH(pt) . <ept£(0)>

is supposed to be finite for ¢ > 0. The last condition guarantees the existence of
all statistical moments of the (homogeneous and ergodic) solution u(t,-). The
shapes of the high exceedances of the solution determine the function x which
may be expressed in terms of a variational problem. We will see that x(0) = 0,
0 < x(p) < 1for0 < p < oo, and x(co) = 1. In the case when ¢ = oo, the
factor exp{—2dkpt} in (0.1) may be easily explained by use of the Feynman-Kac
formula

u(t, 0) = Eq exp { /0 tf(x(s)) ds}, (0.2)

where z(t) is simple random walk on Z? with generator kA. Namely, this factor
will appear if the random walk is forced to stay at 0 until time ¢. Indeed,

t
u(t,0) > Eg exp {/ £(x(s)) ds} LI(z(s) = 0 for s € [0,¢])
0
= ¥ Py(2(s) = 0 for s € [0,1])
— etf(O)—2dm€
and therefore
(u(t,O)p> > eH(pt)—Qdmpt_

Hence, in this case the random walk prefers to stay at one and the same lattice
site for almost all the time. This makes it plausible that for ¢ = oo the islands
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of high exceedances consist of single lattice sites and that in general x(o/k) is
closely related to the size of these islands. In fact, the solution to the mentio-
ned variational problem, which is given by a nonlinear difference equation, is
expected to determine the nonrandom shape of the relevant peaks. Note also
that the simple universal bounds

eH (pt)—2drpt (u(t,0)?) < H(pt)

are valid for arbitrary homogeneous potentials £(-) with finite cumulant gene-
rating function H, see [9] for a proof of the upper bound.
In Section 2 we will show under reasonable regularity assumptions that

u(t,0) = exp {tw(d logt) — 2d/<cx(§)t + o(t)} (0.3)
as t — oo for almost all realizations of the random potential £(-). Thereby the
function 9 is again fully determined by the tail behavior of the distribution of
€(0). In fact, ¥(dlogt) describes the almost sure asymptotics of the maximum of
the potential £(+) in a ball of radius ¢ as ¢ — co. Note that for unbounded from
above potentials the moments (u(t,0)?) grow much faster then the solution
u(t,0) itself, which is one more manifestation of intermittency. Hence, the
leading terms in the asymptotic formulas (0.1) and (0.3) are totally different.
But the second order correction terms, which contain the essential information
about the geometry of the relevant peaks, coincide. This means that in both
cases the advantageous peaks have the same shape but different heights. This
coincidence is closely related to the special properties of the double exponential
distribution and will be explained below.

In Section 3 we will prove under certain restrictions that the tail N()\) =
1 — N(A) of the spectral distribution function N of the Anderson Hamiltonian
‘H satisfies
log N(\) ~ log FF ()\ + 2dnx(§)>

as A — oo, where F'(\) := Prob(£(0) > A). Here again the correction term
2drx(0/K) appears. For general background information on Lifshitz tails we
refer to Pastur and Figotin [12].

Section 4 contains an alternative proof of (0.1) for 0 < p < oo which makes
the role of the geometry of high peaks more transparent. After that our results
for the moments and the Lifshitz tails will be generalized to a large class of
correlated potentials £(+). In such generality, the proofs are more involved and
rely on a large part on the ideas and results of the previous sections. We do not
intend to treat the general case from the very beginning, since this would have
made it more difficult for the reader to extract the basic ideas and techniques.

Conceptionally our results are closely related to the spectral analysis of the
Anderson Hamiltonian H. According to localization theory (see e.g. Aizenman
and Molchanov [1]), the upper part of the spectrum of H in [2(Z?) consists of
a complete system of exponentially localized (random) eigenfunctions e,, corre-
sponding to (non-isolated) eigenvalues A,. Hence, one may try to expand the
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solution wu(t,-) of our Cauchy problem in a Fourier series with respect to these
eigenfunctions:

u(t,) = e (en, Den(-).

This suggests the following general picture known in the physics literature, see
e.g. Lifshitz, Gredescul, and Pastur [10]:

(i) The main contribution to the solution u(t,-) and its statistical moments
is given by local maxima of the potential £(-) of height comparable with
the asymptotic formulas (0.1) and (0.3), respectively.

(ii) The main contribution to the Feynman-Kac representation (0.2) of the
solution is given by those trajectories of the random walk z(s), s € [0, ],
which spend the overwhelming time near these high exceedances of the
potential.

(iii) The eigenvalues responsible for the asymptotics of u(¢,0) and (u(t, 0)P) are
‘generated’ by these local maxima, and the corresponding eigenfunctions
are localized nearby and produce the high peaks of the solution u(t, ).
Since the relevant maxima are separated from each other by a huge di-
stance, these eigenfunctions may be considered as ground states corre-
sponding to such peaks (‘potential wells’). Of course, the eigenfunctions
are not strictly positive, but their negative parts (caused by interaction
between distinct maxima) are very small and may be evaluated by means
of an appropriate cluster expansion.

Let us now explain how and why the double exponential tails enter this
picture in the i.i.d. case. The fundamental property of the double exponential
distribution is that

Prob ({(z) > h + ¢(x), |z] < R) = exp _ehle Z eP()/e
lz|<R

This means that, independent of their common height h, two local peaks of the
potential of the form h+ ¢(-) and h+ @(-) occur with the same frequency if and

only if
Z eP(T)/e — Z eP@)/e

lz|<R lz|<R

Because of the above spectral theoretical considerations, we conclude from this
that, both for u(¢,0) and (u(t,0)P), the shape ¢(-) of the typical peaks (normali-
zed by 3 e#(*)/¢ = 1) maximizes the principle eigenvalue A\(¢) of the operator
kA 4+ ¢(-) among all shapes ¢(-) with

D ep@le =1, (0.4)

T
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The corresponding positive eigenfunction describes the shape of the advanta-
geous peaks of the solution u(t, -) near the relevant local maxima of the potential.
We will see in Section 2 that under the constraint (0.4) the maximum of A(@)
coincides with the term —2dkx(o/x) in (0.1) and (0.3). For technical reasons, in
Section 1 we will describe x by means of a different, but equivalent, variational
problem. For ¢ — oo, the shapes ¢(-) in (0.4) become more and more J-like.
But for ¢(0) = 0 and p(x) = —o0, = # 0, the principle eigenvalue A(¢) equals
—2dk in accordance with x(co) = 1. If o — 0, then @(-) becomes more and
more flat. But A(¢) = 0 for ¢ = 0, which makes it plausible that x(0) = 0.

1. Asymptotics of the statistical moments

1.1. Statement of the result

This section deals with the random Cauchy problem

du(t, ) d
i = rlulto) H{(@ulto),  (ho) ERe XL
u(0,7) = up(x), €2

for the Anderson tight binding Hamiltonian
H = kA4 ().
Thereby x denotes a positive diffusion constant and A is the lattice Laplacian:
Afx):= > [y -f@)], zez’
y: ly—z|=1

The potential {(-) and the nonnegative initial datum wug(-) are random fields on
a joint probability space. The underlying probability measure and expectation
will be denoted by Prob(-) and (-), respectively.

We will assume throughout that the field £(-) consists of independent, iden-
tically distributed random variables whose cumulant generating function H is
finite on the positive half-axis:

H(t) :=log <et€(0)> < 00 for t > 0.

The field ug(-) is supposed to be nonnegative, homogeneous, and independent
of £(-). We further require that

0 < (up(0)P) < o0 forp=1,2,... (1.2)

The above assumptions guarantee that a.s. the Cauchy problem (1.1) ad-
mits a unique nonnegative solution u. For each ¢ > 0, u(t,-) is a spatially
homogeneous random field, and

0 < (u(t,z)?) < o0 for p=1,2,... and (t,z) € Ry x Z%.
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If, in addition, ug(+) is ergodic, then wu(t,-) is also ergodic for all ¢. For details
see [9], Sections 2 and 3.

The objective of this section is to study the asymptotic behavior of the
moments (u(t,z)P), p = 1,2,..., as t — oo under the following regularity
assumption on the cumulant generating function H.

Assumption (H). There exists g, 0 < p < 00, such that
lim H(ct) — cH(t)

t— 00 t

= pclogc (1.3)
for all ¢ € (0,1).

In order to explain the meaning of this assumption let us consider the case
when the potential is double exponentially distributed with parameter p, 0 <
o < o0

Prob(£(0) > r) = exp{—e'/?}, reR

Then H(t) = log'(pt+1) = ot log(ot)—ot+o(t), and (1.3) is fulfilled. Therefore,
roughly speaking, for 0 < ¢ < oo, Assumption (H) tells us that the upper tail of
the distribution of £(0) behaves like that of a double exponential distribution. In
the case p = oo the tail is ‘heavier’, i.e. we are ‘beyond’ the double exponential
situation. Finally, o = 0 means that the tail decays faster than in the double
exponential case, and we will say that the potential £(-) is ‘almost bounded.’

Remark 1.1. a) If 0 < p < oo, then Assumption (H) says that the function
exp{H (t)/t} is regularly varying with exponent p.

b) If 0 < p < oo, then the convergence in (1.3) is uniform on [0, 1]. For
0 = oo, the convergence to —oo is uniform on each compact subset of (0,1).
This follows from the observation that the function on the left of (1.3) is convex
in c.

By P(Z) we will denote the space of probability measures on Z. We next
introduce the Donsker-Varadhan functional S: P(Z) — Ry and the entropy
functional I: P(Z) — Ry defined by

Sp)==>_ (\/p(x +1) - \/p(fv)>2, p € P(Z),

TEZ

and
I(p) = - _p(z)logp(x), peP2),
TEZ
respectively. Our result will be described in terms of the cumulant generating
function H and the function

1
= — inf [S(p)+ ol(p)], 0<p<oo. 1.4
x() = 5 pep(z)[ (p) + oI (p)] <o (1.4)
One easily checks that y is strictly increasing and concave and 0 < x < 1.
Moreover, x(0) = 0 and lim,_,o x(0) = 1. Set x(c0) := 1.
We are now ready to state the main result of this section.
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Theorem 1.2. Let Assumption (H) be satisfied. Then

(u(t, 0)P) = exp {H(pt) . Qdmx(g)pt + o(t)} (1.5)
ast — oo forp=1,2,...

Remark 1.3. a) It will become obvious from the proof that the same asymptotics
holds true for (u(t,zy)...u(t,zp)), z1,...,2, € Z%, as well as for the moments
of the fundamental solution ¢(¢, z,y) of our Cauchy problem. One only has to
check that the large deviation principles of Lemma 1.5 below are also valid for
the correspondingly modified measures.

b) As explained in the Introduction, the asymptotics (1.5) allows the follo-
wing interpretation. For 0 < p < oo, the main contribution to the statistical
moments is given by high peaks of the solution u(t,-) which form islands of
asymptotically bounded size and unboundedly increasing distance. In the case
0 = 00, these islands consist of isolated single lattice sites, whereas for o = 0
the sizes of the islands grow unboundedly as ¢ — oc.

¢) For 0 < p < oo, the infimum in (1.4) is attained. A probability measure
on 7Z is a solution to this variational problem if and only if it is of the form
const U37 where v, is a nonnegative solution of the nonlinear difference equation

Av, + 2pv,logv, =0 on Z (1.6)
with minimal 1?-norm ||v,||2. Moreover,

x(0) = olog ||v,l|2-

For sufficiently large o, the minimal [?>-solution of (1.6) is unique modulo shifts.
For small p this is an open problem. As p | 0,

-2

x(0) =

og + + 0(o)

0
and v, has an asymptotically Gaussian shape of width 1/,/0. The proof of these
facts may be found in the forthcoming paper [8]. Note also that a similar pro-
blem occurs in Bolthausen and Schmock [2] in connection with the investigation
of self-attracting random walks. Let us further remark that, for 0 < p < oo,
the term 2dkx(o/r) in the expansion (1.5) is concave and strictly increasing as
a function of the diffusion constant x. This is obvious from (1.4).

d) A deeper analysis in the spirit of the almost sure considerations in Sec-
tion 2 indicates that the typical shapes of the above mentioned high peaks of
our solution are (time-dependent) multiples of v,/ ® --- ® v,/.. See also the
discussion at the end of Section 4.1.

To prove Theorem 1.2 we first remark that the logarithmic asymptotics of
the moments (u(t,0)?) is independent of the particular choice of the initial field
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uo(+). Under our general assumptions on the random fields &(-) and wug(-), we

have
(W(t00) _ o
o) = 0O

where w is the solution to our Cauchy problem with initial datum identically
one, see e.g. step 2 in the proof of Theorem 3.2 in [9]. We will therefore assume
from now on that ug is identically one.

As a next step towards the proof of Theorem 1.2, we will express the moments
of u(t,0) by means of local times of random walks on Z%. To this end, we exploit
the Feynman-Kac representation

(uo(0))” <

u(t, z) = By exp {/Ot £(x(s)) ds} , (1.7)

where (z(t),P;) denotes simple symmetric random walk on Z¢ with generator
kA and E, stands for expectation with respect to P,. Let p € N be fixed
until the end of the proof. Consider p independent copies z1(t), ..., x,(t) of the
random walk z(t), and denote by P5 and E probability and expectation given
z1(0) = --- = x,(0) = 0, respectively. Let

lti(2) ::/0 1(z;(s) =2) ds

be the local time of the i-th random walk spent at z € Z? during the time
interval [0, ], and introduce the total local time

l(2) == Z I (2).

It then follows from (1.7) that

u(t,0)” =Ff exp Y li(2)¢(2)

z€7Z4

Averaging over the random field £(+) leads to

(u(t,0)") = K exp {Z H(lt(z))} : (1.8)

We next note that the occupation time measures

satisfy the weak large deviation principle as ¢ — oo with rate function being a
d-dimensional analogue of the Donsker-Varadhan functional S, cf. Donsker and
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Varadhan [5]. In the next subsection we will explain how to get appropriate
upper and lower bounds for the expectation on the right of (1.8) by ‘compac-
tifying’ the state space of our random walks and then applying the full large
deviation principle for the corresponding occupation time measures. After that,
in Section 1.3, we will see how the variational expressions in these upper and
lower bounds fit together to arrive at (1.5).

1.2. Compactification and application of large deviations

Given R € N, let T := {—R, ..., R}% denote the centered lattice cube of length
2R + 1. By introducing the periodic distance

T L . o d
dR($7y) Ea zE(ZI?ZI—fl—ll)Zd|x Yy Z|, xayETRa

we may consider ']I“jf2 as d-dimensional lattice torus.
Let uf™ and «f° denote the solutions to the initial boundary value problem

for the equation

9)
8—7: = kAu+E(z)u on Ry x T

with periodic and zero boundary conditions, respectively, and initial datum
identically one. The following lemma enables us to reduce the study of the
moments to the consideration of a large finite box T%. This has the advantage
that the probability laws of the associated occupation time measures live on the
compact state space P(']I‘%).

Lemma 1.4. Let u be the solution to the Cauchy problem (1.1) with initial
datum ug = 1. Then

(u™°(t,0)7) < (u(t,0)?) < (u">"(t,0)?) (1.9)
forall ReEN, t>0, andp=1,2,...

The derivation of these bounds relies on probabilistic formulas for the moments
and only works for i.i.d. potentials. Rather than directly exploiting the bounds
(1.9), we will use later on the corresponding inequalities for their probabilistic
representations. But Lemma 1.4 explains the idea on a more analytic language.
Moreover, in Section 4.1 this simple lemma will be taken as starting point for a
totally different proof of Theorem 1.2.

We consider the ‘periodized’ local times

IR(2) = Z Ii(z + ), z € T%,
T€(2R+1)Z4
which may be regarded as total local times of p independent random walks on
']I‘dR with generator kA and periodic boundary conditions. Let
17(
L) =t
pt
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be the associated occupation time measures on TdR. Let further 7% denote the
first time when one of the random walks z1(t), ..., z,(t) exits T%.

We already know that the moments of the solution u to (1.1) with initial
datum up = 1 admit the representation (1.8). In analogy with this, we find that

(uO(t,007) =Eh exp{ > H(ly(2)) p L(rh > 1) (1.10)
and
(um(t,07) =Fpexpq Y H(f(2)) ¢ . (1.11)

Proof of Lemma 1.4. The lower bound for (u(t,0)P) is obvious from (1.8) and
(1.10). Since the cumulant generating function H is convex and H(0) = 0, we

have
iH()\k) <H (i Ak)
k=1 k=1

for all » € N and A\q,..., A, € R;. Hence,

ST H@() < Y H(F().

z€74 z€T$

Using this, we obtain the upper bound for (u(t,0)?) from the probabilistic re-
presentations (1.8) and (1.11). O

The main tools for deriving asymptotic formulas for the moments (1.10) and
(1.11) are large deviations for the occupation time measures of p independent
random walks on T% with zero and periodic boundary conditions (Lemma 1.5
below). That is, we will consider large deviations for the subprobability measu-
res

p(B) =P (Ly(") € B, 7} > t)

and the probability measures
R,m —
p " (B) =Py (Li(-) € B)

on P(T%). In this context, we need the Donsker-Varadhan functionals SL?’O and
ST on P(T%) defined by

SHp) = > (\/p(:v)—\/p(y))z, p € P(Th),

{zy}cz?
lz—y|=1
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and
2
st =Y (Vi@ -vel) . peP(Th),
{z,y}CTH
a7, (w,y)=1
respectively, where, by convention, in the first formula p(z) := 0 for = ¢ T%.

Note that these expressions coincide with the Dirichlet form at |/p of the ope-
rator —A on [?(T%) with either zero or periodic boundary condition.

We intend to apply the following finite dimensional large deviation results
which may be derived as particular cases from Donsker and Varadhan [4] or
Gértner [7].

Lemma 1.5. Giwven R € N, the following holds true as t — oo.
a) The subprobability measures uf“’o satisfy the full large deviation principle
. , R,0
with scale pt and rate function kS, .
b) The probability measures ,uf”“ satisfy the full large deviation principle
with scale pt and rate function fiSf’”.

Remark 1.6. Since the formulation of a large deviation principle for unnor-

malized measures may appear to be unconventional, let us remark that asser-

tion a) of Lemma 1.5 may be rephrased as follows. The probability measures

T OV 0(T4) satisfy the full large deviation principle with scale pt and rate
. R.,0 . R,0

function £S;"" — min(kS;"") and

. 1 RO /mvd \ __ . R,0
Jim = log 1y (Tg) = —min(kS;"").

We are now in a position to derive the desired asymptotic formulas for
(uf0(t,0)P) and (uf™(¢,0)P). Passing from the description by local times to
the description by occupation time measures, we may rewrite (1.11) in the form

(P (£,0)7) = HOOR exp d pt 3 H(L{(2)pt) = L () H(pt) |

e pt (1.12)

Let us first consider the case when 0 < p < oo. Then Remark 1.1 b) to As-
sumption (H) implies that the expression under the last sum becomes uniformly
close to oL (2)log LE(2) as t — oo, and we arrive at

(7 (,0)7) = T EOHUOE exp { —ptol (L))}, (1.13)

where Il is the entropy functional on P(T%):

IF(p) :==— > p(z)logp(z),  pe€ P(TE).
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We may now apply the Laplace-Varadhan method for the large deviation pro-
babilities of Lemma 1.5 b) to see that

B exp {—ptol F(LF())} = exp { —ptmin [sS]7 + oI +o(t)}. (1.14)

Combining (1.13) with (1.14), we arrive at assertion b) of the next lemma.

Lemma 1.7. Let Assumption (H) be satisfied. Then the following holds true
as t — oo for arbitrary R € N andp=1,2,...
a) If 0 < p < oo, then

(u™0(t,0)7) > exp {H (pt) — pt min [msf’o + ng] + o(t)} :
b) If 0 < o < oo, then

(u™T(t,0)P) < exp {H (pt) — pt min [msf’” + gff] + o(t)} :
c) If o = oo, then

<uR’0(t, 0)?) = exp {H (pt) — 2dkpt + o(t)}, (1.15)
and the same asymptotics is valid for (uf™(t,0)P).

The proof of assertion a) follows the same lines as that of b). Instead of
(1.11) and Lemma 1.5 b), one has to use (1.10) and Lemma 1.5 a), respectively.
To prove assertion ¢) assume that ¢ = co. The expression on the right of (1.15)
is a trivial lower bound for (uf°(¢, 0)?) which is obtained from (1.10) by forcing
all random walks z1(t),...,z,(t) to stay at 0 during the whole time interval
[0,¢]. In view of Lemma 1.4, it now only remains to show that the expression
on the right of (1.15) may also serve as an upper bound for (u®7™(¢,0)P). From
(1.12) and Remark 1.1 b) we conclude that

<uRﬂf (t,0)7) < cH(@t) [IP%’ (Lf(z) ¢ (e,1—¢) for all z € TdR) + 0(6_%)]

for any e € (0,1) and arbitrarily large v. Here we have also used that the
expression under the sum on the right of (1.12) is always nonpositive. But the
large deviation principle for LE(-) (Lemma 1.5 b)) tells us that the probability
on the right behaves like

exp{ — ptmin {kSF(p): p(2) ¢ (e,1 —¢) for all z € TH} + o(t)}.

Since the minimum in the exponent tends to 2dx as € — 0, this yields the correct
upper bound.

A combination of Lemma 1.4 with Lemma 1.7 ¢) proves Theorem 1.2 in the
case when p = co. To complete the proof for 0 < p < oo one has to show that the
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minima in the exponents on the right of the assertions a) and b) of Lemma 1.7
converge to the same limit as R — oo and that this limit equals 2dkx(o/k).
This final step will be carried out in the next subsection in Lemma 1.10.

1.3. Properties of associated variational problems

We first consider the d-dimensional Donsker-Varadhan functional S; and the
d-dimensional entropy functional I; defined by

si= Y (Ve - Vi) . per@d,

{zy}cz?
lz—y|=1
and
Li(p) :=—= > p(x)logp(x),  peP(Z?,
reZd

respectively. Note that S and Iy coincide, respectively, with the functionals S
and I introduced in Section 1.1.

We claim that our d-dimensional variational problems split into the sum of
d one-dimensional problems.

Lemma 1.8. For 0 < p < oo,
inf [Sq + ol4] = dinf [S + oI].

If 0 < o < 00, then the infimum on the left is attained at p € P(Z?) if and only
if p is a product measure,
d
l)::cgbph
i=1

and the infimum on the right is attained at oll p; € P(Z),i=1,...,d.

Proof. Given d > 1 and p with 0 < p < 0o, abbreviate

Fy:=S4+ oly.
We will show that
inf Fg, 1 = inf Fy + inf Fy. (1.16)
First observe that
Sa+1(pa ® p1) = Sa(pa) + S1(p1) (1.17)

and

Iiv1(pa ® p1) = Ii(pa) + I1(p1) (1.18)
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for all pg € P(Z?) and p; € P(Z). This implies that the expression on the left
of (1.16) does not exceed that on the right. To obtain the opposite inequality
fix p € P(Z*!) arbitrarily. Denote by pg and p; the marginals of the first d
and the last component of p, respectively, and consider the conditional laws

p(z,y) p(z,y)

palzly) == and pi(ylx) := , z,y) € Z¢ x 7.
d( |y) p1(y) 1(y| ) pd(x) ( y)
Then
Sar1(p) =D _ 1) Salpal-1v) + > pa(x)S1(p1(-|2))
yE7Z r€Zd
and

Topi(p) =Y prW)Ta(pal- 1) + D pa(x) 1 (pa(- |z))

YyEZL €74

+ Z Z( y)pa(z|y) log pa(x Iy)) — pa(7) log pa()

r€eZd | yEZ

Since the function xlogx, x > 0, is strictly convex, an application of Jensen’s
inequality shows that the expression in the square brackets is nonnegative and
vanishes identically if and only if p = pg ® p;. Hence,

Fapr(p) =D p1(W)Falpal-[9) + D pa(@)Fi(pa(- |z)). (1.19)
YEL €74

This yields the desired lower bound. Moreover, if 0 < ¢ < oo, then in (1.19)
equality holds only if p = pg ® p1. Together with (1.17) and (1.18), this shows
that the infimum on the left of (1.16) is attained at p if and only if p has the

form pg ® p; and the infima on the right are attained at pg; and pq, respectively.
Il

Remark 1.9. 1t is obvious from the above proof that assertions analogous to
Lemma 1.8 are valid for the functionals Sf’” + ol f and Sf’o + ol f considered
in Section 1.2.

Recall that the function x has been defined in (1.4). The next lemma fills
the outstanding gap in the proof of Theorem 1.2.

Lemma 1.10. For 0 < p < oo and each R € N,

min [Sf’” + gff] <inf[Sq + eol4] < min [Sf’o + gff] .
(1.20)

Moreover,

lim min [SR "+ ol ] = hm min [Sf’o + Q[f“]

R—o0

= 1nf [Sd + ol4] = 2dx/(p). (1.21)
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Proof. Because of Lemma 1.8 and Remark 1.9, it will be enough to consider
the case d = 1. For convenience, we will suppress the dimension index in our
notation.

The right inequality in (1.20) is obvious. To derive the left inequality, we fix
p € P(Z) arbitrarily and consider the ‘periodized’ measure

pr(z):= Y, plz+x), z€Tg
z€(2R+1)Z

It will then be enough to check that

ST (pr) < S(p) (1.22)
and

I*(pr) < I(p). (1.23)

As a consequence of the Cauchy-Schwarz inequality, we have

(Vo) —Vor@) < Y (Vi) - Vi a)

r€(2R+1)Z

for all y, z € Tg. This yields (1.22). Inequality (1.23) follows from the fact that
the function p(z) := —zlogz, x > 0, is concave and ¢(0) = 0 and therefore

ppr(2) < Y. ez + )

x€(2R+1)7Z

for all z € Tg.

To prove (1.21), let p € Tg be a measure at which the minimum of S&7 oI ®
is attained. Because of shift invariance, we may assume without loss of generality
that

2
— <
p(=R) +p(R) < 55—
Then 5
R,O _ R,ﬂ' — 2 _ <
S (p) — S (p) P(=R)Vp(R) < 57—
This implies that
. R, R . R, R
mm[S 0+QI]—m1n[S -|-QI]§2R+1.

Together with (1.20), this proves the convergence relations in (1.21). For d =1
the last equality on the right of (1.21)) is the definition of x. O
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2. Almost sure asymptotics

2.1. Statement of the result

In this section we will study the almost sure behavior of the solution u(t,z) to
our basic Cauchy problem (1.1) as t — oo for fixed x € Z<.

We will assume throughout that the potential £(-) consists of independent,
identically distributed random variables with continuous distribution function
F satisfying F(r) < 1 for all » (i.e. £(-) is unbounded from above a.s.). The
initial datum wug(+) is assumed to be nonnegative, a.s. not to vanish identically,
and to satisfy the growth condition

logl
lim sup 08 08+ UolT) (z)

<1 a.s. (2.1)

where log, z := log(z V e).
Let us introduce the non-decreasing function

1
= log ———, € R,
o) = log {7
and its left-continuous inverse

(s) := min{r: p(r) > s}, s> 0.

Note that v is strictly increasing and ¢(t(s)) = s for all s > 0. The function
¢ has been determined in such a way that the distribution of the field £(-)
coincides with that of ¢)(n(-)), where n(-) is a field of independent, exponentially
distributed random variables with mean 1. Hence, we may and will assume
without loss of generality that &(-) = ¢ (n(:)). This will allow us to study the
high peaks of £(-) by investigating those of the ‘standard’ field n(-).

We next formulate our crucial restriction on the tail behavior of the distri-
bution function F'.

Assumption (F). There exists g, 0 < p < oo, such that

lim [1)(cs) — 1(s)] = ologe (2.2)

§—> 00

for all ¢ € (0,1). If p = oo, then we demand in addition that

lim [¢(s+logs) —(s)] = 0. (2.3)

§—> 00

Roughly speaking, if 0 < p < 0o, then assumption (2.2) requires that the upper
tail of F' behaves like that of a double exponential distribution with parameter
0. The case o = 0 is that of an ‘almost bounded’ potential. If o = oo, then
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we are ‘beyond’ the double exponential tails, and (2.3) mainly restricts the tails
to be not as ‘heavy’ as for exponentially distributed variables. In particular,
problem (1.1) admits a unique nonnegative solution u, and this solution is given
by the Feynman-Kac formula

uit.0) = Egoxp { [ e(a(6)) s} ol (2.4)

cf. [9], Sections 2 and 3. This sounds very similar to what was assumed in the
previous section. In fact, we will prove later (Lemma 2.3 below) that Assump-
tion (F) is slightly stronger than Assumption (H). The latter was imposed on
the cumulant generating function in Section 1.1.

Remark 2.1. The following assertions are easily verified.
a) For 0 < p < o0, (2.2) says that e¥ is regularly varying with exponent g.
b) Condition (2.3) is equivalent to

lim [1(s+ clogs) —(s)]=0 for all c € R.

S§—>00

If 0 < p < 00, then (2.3) follows from (2.2). As a consequence of (2.3), 1(s) =

o(s/logs).
c¢) Assumption (F) implies that

for all # € R
r—oo  (r)

(with the obvious definition of ef/¢ for p = 0 and ¢ = o) and

p(r) +logp(r) < o(r + B)

for each B > 0 and all sufficiently large r. If F(r) is strictly increasing for large
r, then the converse is also true.
d) If 0 < p < o0, then

Y(e(r)) =r+o(1) as r — 00.

The almost sure asymptotics of u(t, z) as ¢ — oo will now be characterized in
terms of the function ¢ and the function xy which was introduced in Section 1.1
by means of the Donsker-Varadhan functional S and the entropy functional I.

Theorem 2.2. Let Assumption (F) be satisfied. If d = 1, suppose in addition
that (log(1 4 £(0)7)) < co. Then almost surely

u(t,0) = exp {w(dlogt)t — 2d/<cx(§)t + o(t)} as t — oo.
(2.5)
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The leading term in this asymptotic expansion is related to the maximum of the
potential £(-) along those paths of the random walk z(¢) which give the main
contribution to the Feynman-Kac formula (2.4). As we will see,

max ¢ (z) = 1 (dlogt) + o(1) a.s.

|| <t
For ‘heavy’ tails violating assumption (2.3), this non-random asymptotics breaks
down and the second order term in (2.5) is expected to be superimposed by
random fluctuations.

Although the leading terms in the expansion of (u(t, 0)) and u(¢, 0) are totally
different, the second order terms coincide. As explained in the Introduction, this
comes from the fact that, in the double exponential case, the typical shapes of
high exceedances of &(-) which contribute to (u(¢,0)) and u(t,0), respectively,
are the same independent of their different height. Our proof also indicates the
following interpretation. Assume that 0 < ¢ < oo and that the minimal /-
solution v, of equation (1.6) is unique modulo shifts. Let the initial total mass
> up(x) be finite a.s. Then, as t — oo, the main contribution to the total mass
of u(t,-) will be given by widely spaced high peaks the local shapes of which
consist of (time-dependent) multiples of v,/ ® - - - ®wv,/,;,. These peaks of u(t,-)
correspond to high exceedances of the potential £(+) of the form

P(dlogt) — 2drx(o/K) + 20108 (Vy/ @ -+ @ Vyy4) - (2.6)

The proof of Theorem 2.2 will be broken down into several steps. In the
Sections 2.2-2.4 we will collect all the ingredients necessary for the proof which
will then be fit together in Section 2.5.

We close this subsection by revealing the precise relationship between As-
sumption (F) and Assumption (H) from Section 1.1. As before, assume that
the distribution function F' is continuous and F(r) < 1 for all . Let H denote
the associated cumulant generating function.

Lemma 2.3. Assume that H(t) < oo for allt > 0 or, equivalently, 1 (s) = o(s)
as s — Q.
a) If 0 < p < 0o, then the following two conditions are equivalent:

slggo [(cs) —(s)] = eloge  forall c € (0,1) (2.7)
and
Jim [? — @} =plogc  forall ce (0,1). (2.8)

Moreover, either of them implies that

H(t)
t
b) Suppose that o = oo. Then assumption (2.7) implies (2.8). If ¥(s) is
continuously differentiable and 1)’ (s) is strictly decreasing for large s, then (2.8)
also implies (2.7).

= (t) + olog o — 0+ o(1) as t — 0o. (2.9)
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Without additional regularity assumptions on ¢ like that in assertion b), (2.7)
does not follow from (2.8) when ¢ = co. To construct a counterexample consider
the discrete distribution function F' with mass at e” and ‘Gaussian-like’ tail
1— F(e") = exp{—e?"}, n € N.

Proof of Lemma 2.3. 1° Recall that £(0) = 1 (n(0)), where n(0) is exponentially
distributed with mean 1. Using this, we find that

H() — t/oo exp {t [¢(ct) — ]} de, t>0.
0

An application of the Laplace method yields

1 H 1 1
Sup [Ylet) —c] =7 < # < sup [w(ct) — 0] + ~ log —

(2.10)

for 6 € (0,1) and all £ > 0. Indeed,

1

B+ 1
H® > t/ﬁ exp {[1(ct) — c]} de > exp {t lw(ﬂt) - B - ;} }
for all B > 0. This gives the lower bound for H(t)/t. On the other hand,

eH®) = t/ exp {t [1p(ct) — Oc]} e~ (1=t e
0

< ! exp {t sup [¢(ct) — 96]}
1-0 c>0
for # € (0,1). This is the upper bound.
We are now going to prove assertion a). It will be sufficient to verify that
both (2.7) and (2.8) imply (2.9).
20 We first show that (2.7) implies (2.9) for 0 < p < co. Since 1 is increasing,
it follows from (2.7) that

Plct) = o(t) + [0+ ou(1)]log c + 0u (1),

where 0,(1) and 0, (1) tend to zero as t — oo uniformly in ¢ > 0. Substituting
this in (2.10) and noting that sup,.q[elogc — c] = plog ¢ — o, we obtain (2.9).

3% We next show that (2.8) implies (2.9) for 0 < ¢ < oo. To this end, we
introduce the shifted distribution functions

FAr):zF(@—H‘), reR t>0.

Then
[ e Futar) = exp {1 (3t) - pH()}.
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and it follows from assumption (2.8) that

lim llog/eﬂt’" Fiy(dr) = oBlog f =: G(B) for > 0.
t—oo t

Since the function G is continuously differentiable on (0,00) and has infinite
negative slope at 0, we conclude from this by a standard Cramer argument that
the probability measures associated with F; on the (left-compactified) space
[—00, 00) satisfy the full large deviation principle with scale ¢ and rate function
J being the Legendre transform of G:

s =eep {2 -1}, ael-x.00)

cf. e.g. Freidlin and Wentzell [6], Chap. 5. In particular,

1-F <@ —ologo+ Q) = exp {—(1+o(1))t},

@ (@ —ologo+ Q) = (1+o0(1))t.

Using (2.8) once more, one easily derives from this assertion (2.9).

4% We now assume that (2.8) is fulfilled for ¢ = 0. To avoid heavy notation
let us further assume that 1 is continuous and, hence, the supremum of ¢ (ct) —c
is attained at some point ¢; > 0 for sufficiently large ¢t. The modifications for
noncontinuous ¢ will be obvious. Using (2.10), we find that, for 5 > 1 and
6 € (0,1),

H(BY) _ H(OL) s [w(ct) _ %] — max [ (ct) — ] + o(1)

Gt ot
> <1 — %) ¢t +o(1).

Since, by assumption, the expression on the left tends to zero, we obtain ¢; — 0
as t — 00. Using (2.10) once more, we conclude that

FU) < wmane (et) — €] + (1) = th(ert) —cz + o)

< 9(6t) +o(1)
for all 6 € (0,1), i.e.

T < 1) + o). (2.11)

On the other hand, for arbitrary é > 0,

T > yot) 5+ o)
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1.e. H(t/5)

_ H(1)
Y(t) < =75 9+ o(l) =

t

+38+o(1),

and we arrive at the inequality opposite to (2.11). In this way we have shown
that (2.9) holds for ¢ = 0.

59 We now turn to the proof of assertion b). Let us first show that (2.7)
implies (2.8) if o = oco. To this end fix v and 6 with 0 < v < # < 1 arbitrarily.
Then (2.10) implies that

T = T 2 s vled) s lred) — (1),

It will therefore be enough to show that the expression on the right tends to
infinity as ¢ — oo. Since (2.7) holds for ¢ = 0o, both suprema on the right may
be taken over ¢ > 1 only for large t. Hence, we may continue as follows:

= sup [¢(ct) — c] —sup [Y(vyet) — ] +o(1)

e>1 c21
> inf [1b(s) — ¥ (vs)].

By assumption, the last expression tends to infinity as t — oo, and we are done.

6° It remains to consider the case when (2.8) is fulfilled for ¢ = oo, 1(s) is
continuously differentiable, and 1/(s) is strictly decreasing for large s. We will
again exploit inequality (2.10). Since H(t)/t — oo, the supremum of ¥ (ct) — ¢
is attained at some point ¢; (for large ¢) such that c¢;t — co. But

v(et) = .

and therefore our assumptions ensure that c;t varies continuously in £. We then
obtain for 0 < v < # < 1 the estimate

Héft) - Hgt) < sup [ih(et) — ] = sup[p(vet) — c] + o(1)

< p(eit) — p(yet) + o(1).

By assumption, the expression on the left tends to infinity as ¢ — co. Therefore
Y(egt) — P (yest) = oo as t — 0o

for all v € (0,1). Hence, (2.7) is valid for p = co. O

2.2. Percolation bounds

In dimension d > 2, there is no need to impose any restrictions on the lower tail
of the distribution function F'. As a consequence of a percolation effect, in the
Feynman-Kac representation (2.4) the random walk is able to bypass clusters
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of extremely negative peaks of the potential £(-). This subsection contains the
related notation and auxiliary results.

Given # € Z% and r > 0, let B,.(z) := {y € Z*: |y — 2| < r} denote the
closed ball in Z? with center 2 and radius r. Here and in the sequel | - | stands
for the lattice norm on Z¢. We will abbreviate B,.(0) by B,..

Given a natural number R, we will say that z,y € Z% are R-neighbors if
|z —y| < R. A subset W of Z% will be called R-connected if any two sites z,y
of W may be joined by a path z = 29 — 21 — -+ — 2, = y of R-neighbors
in W. The minimum of the lengths > |zx — zx—_1| of all such paths will be
denoted by d (z,y). Hence, d& (z,y) measures the distance of x and y inside
the R-connected set W. Each subset of Z% splits into R-connected components.

For each R € N, consider the random variables

¢r(2) == min &(x), z€ (2R +1)Z4.
zEBR(2)

Note that £g(+) is a field of i.i.d. random variables on the sublattice (2R + 1)Z¢.
Define the level sets

AT(R):={z€ 2R+ 1)Z% ¢r(2) > a}, ac€eR

Lemma 2.4. Suppose that d > 2. Then, for each R € N, one finds a level
a = ap such that the following holds true.

a) A.s. there exists a unique infinite (2R+1)-connected subset W+ = W (R)
of AT(R), and Prob(0 € WT) > 0.

b) There exists 9g > 1 such that a.s.

d2R+1 ,
lim sup dyi (2,y)

<Jpr
lyl—ooyew+ 1T — Y]

for allz € WT.

Proof. This repeats the proof given in [9], Section 2.4, with the random field
¢(-) on Z% replaced by £g(+) on the sublattice (2R + 1)Z4¢. O

We will assume from now on that, for each R € N, a level a = ag has been
chosen as in Lemma 2.4 and the level set AT (R) and the infinite percolation
cluster W (R) are defined accordingly.

As before, let (x(t),P,) denote random walk on Z¢ with generator kKA. By 7,
and 7(r) we denote the first hitting times of the site # € Z? and the complement
of the ball B, respectively.

Lemma 2.5. a) For arbitrary r > 0 and t > 0, we have

Po(r(r) < t) < 2% lexp {—rlog ﬁ + r} .
K
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b) Suppose that d > 2. Fix R € N arbitrarily. Then there exists 9p > 1 such
that for each t > 0 a.s.

oo { [ 6(ots)) ds b 172 < 1) > exp (0l o )

(2.12)
and
oo { [ 6(0(60) ds b 170 < ) > exp (-l g o)
0 (2.13)
for all sufficiently large © € UzEW+(R) Bgr(z). In dimension d = 1, cor-

responding estimates are valid a.s. for all sufficiently large |z| provided that
(log(1+£(0)7)) < oo.

This is a slight modification of Lemma 4.3 in [9]. The proof of part b) relies on
the percolation bound in Lemma 2.4 b).

2.3. High exceedances of the random potential

In this subsection we consider random fields &(-) which satisfy Assumption (F)
for some g € [0,00]. We will show that almost surely as ¢ — oo the high
exceedances of the field £(+) in the ball B; are of order ¢ (dlogt) and, for g €
(0, 00], form islands of bounded size which are separated from each other by an
arbitrarily large distance. After that we will prove that almost surely the set
of local peaks of the shifted potential £(-) — ¢(dlogt) in B; is asymptotically
described by the class of profiles h(-) for which

Z eh@)/e < 1,

T

Our results will first be formulated for the field 7(-) of independent, expo-
nentially distributed random variables with mean 1. As a corollary, we will then
obtain the corresponding statements for the transformed field £(-) = ¥(n(-)).

Let us begin with the almost sure behavior of the maxima of the field 7(-).

Lemma 2.6. We have

lim sup <1 a.s.

The proof of this classical result will be given for the sake of completeness only.

Proof of Lemma 2.6. Fix 6 > 1 and an increasing sequence (t,) of positive

numbers so that |B; | ~ 6™ as n — oo. Since
log|By,,,| —1log|By,| = o(loglog | By, |)

n+1 |
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and

it will be enough to prove the statement for the sequence (,,) instead of ¢. For
each ¢ > 1, we get

Prob < max n(x) > log |By, | + cloglog | By, |>

$6Btn
< |Bt,, | Prob (n(0) > log |By,| + cloglog|By, )
1 1
(log[B, [} (nlogf)°

and

Prob ( max 1(z) < log|B, | — cloglog | B, |>

B (log| By, )\ P! .
_ <1 _ W) < exp {—(log | By, |)°}
— exp {~(nlog8)°(1 + o(1))}.

Hence, the probabilities on the left of both inequalities are summable over n for

¢ > 1, and our assertion follows by an application of the Borel-Cantelli lemma.
O

Taking into account Remark 2.1 b), we obtain the corresponding result for the
transformed field £(-).

Corollary 2.7. Let Assumption (F) be satisfied. Then almost surely

grcréaéxf(x) = 9 (log|By|) + o(1) ast — oo.

Remark 2.8. Since |B;| behaves like (2¢)¢, we may replace in Lemma 2.6, and
therefore also in Corollary 2.7, log | B;| by dlogt. Corollary 2.7 therefore explains
the appearance of the term v (dlogt) in our considerations.

Given v > 0 and t > 0, consider the point process of high exceedances
E] == {x € By: n(z) > eV log|By|} .

We next want to show that almost surely for large ¢ the set EN‘? consists of islands
the size of which does not exceed e?. After that this result will be reformulated
in terms of the high exceedances of £(+).

Lemma 2.9. For each v > 0 and each natural number R, the following is true
almost surely. There exists a random time to = to(7y, R,n(-)) > 0 such that for
t > to each R-connected component of E] consists of at most €7 elements.
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Proof. Fix v > 0, R € N, and 6 > 1 arbitrarily. Consider an increasing sequence
(t,,) such that | By, | ~ 0™ as n — oco. Then

e Vlog|By, .| = e 7MW og | By, |, n — oo.

Because of this it will suffice to prove our lemma for the sequence (¢,) instead
of t.

Fix a natural number m > ¢7 arbitrarily and denote by A" the event that
EJ contains an R-connected subset of m elements. By the Borel-Cantelli lemma
it will be enough to check that

> "Prob (47™) < co. (2.14)

There are at most Cy, r|B¢| R-connected subsets of B; consisting of m elements,
where C), g is a positive constant which depends on m and R only. For each of
these sets the probability to be contained in E; equals

exp {—me ™" log|B:|} = |B,|~™ .
Therefore,
Prob (A]"™) < Ci.g|By, |7 " ~ Cypy g~ (M 70,
Since me~" > 1, we arrive at (2.14). O

Given v > 0 and ¢ > 0, consider now the point process
E} = {x € B;: £(x) > H}Baxf —'y} .
t

Corollary 2.10. Let Assumption (F) be satisfied for some o € (0,00]. Then
for each v > 0 and each natural number R, the following is true almost surely.
There exists a random time to = to(7y, R,&(-)) > 0 such that for t > to each
R-connected component of E] consists of at most eV elements.

In other words, for 0 < p < oo, the high exceedances of the potential £(-) form
islands of asymptotically bounded size which are located far from each other.
For o = o0, these islands shrink to single lattice sites as ¢ — oo.

Proof of Corollary 2.10. Suppose first that 0 < o < co. Then in Lemma 2.9
the point process EN‘? /¢ coincides in law with

{x € By: &(x) >0 (e_"’/glog |Bt|>}
and, by Assumption (F),
¥ (e77/210g |Bi]) = ¥ (log | Bil) — 7 + o(1).

Combining this with Corollary 2.7, we arrive at the desired result. The case
0 = oo may be treated similarly. [J
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We now turn to the investigation of the typical shapes of high peaks of the
field n(-) (resp. £(+)) in a large ball around 0.

Lemma 2.11. For each R € N and almost all realizations of the random field

(),

lim sup max ZyEBR(x) 1)

< 1. 2.15
t—oo TEB log |Bt| ( )

Proof. Fix @ > 1 arbitrarily and select an increasing sequence (¢,) so that
|Bt,| ~ 0™ as n — oo. It will be enough to prove (2.15) for the sequence
(t,,) instead of t. Fix further v > 1 arbitrarily. Then, applying Chebyshev’s
exponential inequality, we obtain

Prob | max Z n(y) >7210g|Btn|

ZEBtn
yEBR(7)

< B, [Prob (471 ) n(y) > vlog By, |
yEBR

< |B, |exp {—ylog|By, |} <exp YYD ny) >

YyEBR

|Br| |Br|
_ Y |Bt |1—fy ~ Y 9—(7—1)71.
v—1 ! v—1

Hence, the above probabilities are summable over n, and our assertion again
follows from the Borel-Cantelli lemma. [

Corollary 2.12. Let Assumption (F) be satisfied for some o € (0,00). Then
for each R € N and almost all realizations of the random field &(-),

lim sup max exp {[€(y) — w(log|BuI)] /o} < 1.

t—oo ZTEB:
yEBR(7)

Remark 2.13. The corresponding assertion for o = oo is obvious from Corol-
lary 2.7 and Corollary 2.10. In this case, given v < 0 < d and R € N, the
following holds true a.s. for sufficiently large ¢. In each ball Bgr(z), = € By, the
shifted potential () — ¢ (log|B¢|) exceeds v at not more than one lattice site
and does not exceed ¢ at all.

Proof of Corollary 2.12. Since n(-) = ¢(&(+)), the assertion of Lemma 2.11 may
be rewritten in the form

. v(€(y))
lim sup max <1 a.s. 2.16
ol e B, Z log|B| — (2.16)

yEBR(x)
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Assume that 0 < ¢ < co. It then follows from Remark 2.1 c) that

lim 2 (v(log | Bi|) + ) — ¢fle uniformly in 8 <
tooo log|By (2.17)

for each 3y. Because of Corollary 2.7, a.s. the field £(-) — v (log | B|) is bounded
from above on B, g uniformly for large ¢t. Taking this into account, we conclude
from (2.17) that a.s.

©(€(y))
log | By|

— exp {[£(y) — ¥ (log| Bi])] o} + o(1)

uniformly in y € Byyg as t — oo. Substituting this in (2.16), we arrive at the
desired result. [

We are now going to derive bounds on the profiles of high peaks opposite to
that given in Lemma, 2.11 and Corollary 2.12. To this end we will need to consi-
der percolation clusters. Recall that, for each R € N, we fixed a level @« = ag as
in Lemma 2.4 and denoted by AT (R) = AT (R) and W (R) the associated level
set on the sublattice (2R + 1)Z¢ and its infinite (2R + 1)-connected component,
respectively. We will assume without loss of generality that the random field
£(-) admits a representation of the form

E(x) = (1 - ()= () +((0)és (),  zeZf,

where the random variables ((z), {—(x), {4 (x) are mutually independent, ((z)
attains the values 0 and 1 with probability Prob({(z) < «) and Prob({(z) > «),
respectively, £_(x) < a < &4 (z), and the distributions of {_(x) and & (z) coin-
cide with the conditional laws of £(x) given &(z) < a and {(z) > «, respectively.
Note that ((z) = 1 if and only if £(z) exceeds the level a. Accordingly, the field
n(-) = p(&(+)) admits the decomposition

n(z) = (1= ¢(@)n-(2) + (@) (2), el (2.18)

where 1y (z) := p(£+(x)). In particular, we have n_(z) < ¢(a) < ni(z) and
Prob(ny(x) > s) = exp{p(a) — s} for s > ¢(a).

Lemma 2.14. a) Suppose that d > 2. Given a natural number R and a function
h: Bp — Ry with

> h(z) <1, (2.19)

rEBR

the following holds true a.s. There exists a positive (random) time to such that
for all t > to one finds a (random) site zo € W (R) such that Br(z0) C By and

n(zo + -) > h(-) log|Bi| on Bg. (2.20)

b) With WT(R) replaced by A*(R), the above assertion is also true in di-
mension d = 1.
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Proof. a) Fix R € N and h: B — Ry satisfying (2.19) arbitrarily. Suppose
without loss of generality that h is strictly positive. Since log |By, 41| ~ log|By|,
we may restrict ourselves to natural values of ¢t. For ¢t > R, define

W (R) := WH(R)N B;_g.

The balls Br(z), z € W;T(R), are pairwise disjoint and contained in B;. Recall
that Prob(0 € W+ (R)) > 0 (Lemma 2.4 a)). Hence, we conclude from Birkhoff’s
ergodic theorem that there exists a positive constant C'p such that a.s.

W (R)| > Cr|Bs| for sufficiently large t. (2.21)
Consider the events
E;,:={n(z+-) > h(-)log|B:| on Br},

t €N, z € (2R + 1)Z%. Using the decomposition (2.18) and taking into account
that ((z) = 1 for all x € Bg(2) if 2 € W7 (R), the events E; , coincide with

Ef, :={n4(z+-) > h(-)log|B;| on Bg}

for z € W;"(R). Therefore an application of the Borel-Cantelli lemma with
respect to the conditional law given ((-) reduces the proof of assertion a) to the
verification of

Since the random cluster W;"(R) depends on ¢(-) only and the events E;, are
mutually independent and independent of {(-), we obtain a.s.

Prob <mz€Wt+(R)(Et'|:z)c C()) = (1 — PI’Ob(Ej:O))
< exp {—|W; (R)| Prob(E;,) }
= oxp { W (R)elP1o()| |~ Teen M)}

C()) < 00 a.s. (2.22)

W, (R)

< exp { ~Cal B Brenn o)

for sufficiently large ¢, where Cr denotes a positive constant. On the bottom
line we have used the bound (2.21). Because of assumption (2.19), this proves
(2.22).

b) With several simplifications, the proof of part b) goes along the same
lines as that of part a). O

Corollary 2.15. Suppose that d > 2. Let Assumption (F) be satisfied for some
0 € [0,00). Fizx R € N arbitrarily. Then the following is valid for almost all
realizations of the random field £(-).



30 J. Gartner and S.A. Molchanov

a) If o = 0, then for each § > 0 there exists a positive (random) time to
such that for every t > to one finds a (random) site zo € W+ (R) such that
BR(Zo) g Bt and

E(zo+-) > Y(log|By|) — 6 on Bpg.
b) If 0 < o < o0, then for each function h: Br — R with

D ehlalle < (2.23)
rE€BR

there exists a positive (random) time toy such that for every t > toy one finds a
(random) site zo € WT(R) such that Br(zy) C B; and

&(z0 + ) > Y(log|B:|) + h(-) on Bpg.

c) With WT(R) replaced by AT (R), the above assertions are also true in
dimension d = 1.

For o = 0, assertion a) tells us that the size of the islands of high exceedances
of the potential £(-) grows unboundedly as t — oo.

Proof of Corollary 2.15. Since £(-) = (n), assertion (2.20) implies that
E(zo+ ) > ¥ (h(-)log|Bt|) on Bp. (2.24)
But, if o = 0, then
i (h(-)log |By|) = v (log | By|) + o(1)

independent of the specific choice of h: B — Ry provided that h is strictly
positive. This yields assertion a).

To prove b) we remark that assumption (2.23) is the same as (2.19) with
h(-) replaced by e")/e. Hence, instead of (2.24) we obtain

E(zo+-) > (eh(')/glog |Bt|) on Bpg.
But, since 0 < ¢ < 0o, Assumption (F) yields
¥ ("2 log|Byl) = v (log|Bil) + h() +0(1)  on Br,
and we are done.
To prove c¢), one has to use assertion b) of Lemma 2.14 instead of a). [

2.4. Related spectral problems

Given R > 0 and h: B — R, let us denote by Ag(h(-)) the principal eigenvalue
of the operator kA + h(:) in I?(Bg) with Dirichlet boundary condition. In
particular, A\;(£(+)) is the principal eigenvalue of the Anderson Hamiltonian

H=rA+E()

in [2(B;) with zero boundary condition. The aim of this subsection is to prove
the following theorem on the almost sure asymptotics of A¢(&(+)).
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Theorem 2.16. Let Assumption (F) be satisfied for some o € [0,00]. Then
almost surely

Y
M (E(0)) = Y(log |By|) — 2dmx(g) + o(1) as t — oo. (2.25)
Before carrying out the details, let us briefly explain the origin of formula

(2.25) in the case when 0 < p < co. We have seen in Section 2.3 that almost
surely the high peaks of £(-) in By are of the form

Y(log |Byl) + h(-),

where h: Br — R runs through the class of functions satisfying

D ehelle < (2.26)
r€EBR

and R is arbitrarily large. Since the islands of these peaks are located far from
each other, the upper part of the spectrum of H in I2(B;) is expected to split
into the union of the spectra on the single islands. Hence, as t — oo, A¢(£(+))
will be close to the upper boundary of

Ar (Y (log|Bt|) + h(-)) = ¢ (log|Bt]) + Ar(h(:))

taken over all profiles h: Bgp — R satisfying (2.26) for arbitrarily large R.
The next lemma shows that this variational expression equals v (log|By|) —
2dkx(0/k). Tt therefore makes plausible formula (2.25).

Let S% denote the Donsker-Varadhan functional on P(Bg) with Dirichlet
boundary condition, and let I be the corresponding entropy functional. These
functionals are defined in the same way as the functionals 55“’0 and [ f conside-
red in the Sections 1.2 and 1.3 with the only difference that they are now given
on P(Bg) instead of P(T%).

Lemma 2.17. If 0 < p < oo, then

sup Ar(h(-)) = — min [kS} + olR]
Seenp €h®)/e<1 P(Br)

for each R € N. Moreover,

. . 0
Rh_}rréo PI&I;) [kS% + oIg] = 2d/<;x(;).

Proof. Let us first note that

sup Ar(h(")) = sup Ar(h()). (2.27)
Yoeny eh(®)/e<1 Seeny, €@/ e=1
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This follows e.g. from the observation that Ag(h(:) + ¢) = Ar(h(+)) + ¢ for each
constant c. According to the variational principle for the largest eigenvalue,

Ar(h()) = sup Y (kAv(z) + h(z)o()) v(),

ol>=1 465

where, by convention, v(z) = 0 for z ¢ Bg. Since it is enough to take the
supremum over positive v, we may use the substitution v? =: p to rewrite it in
the form

Ar(h(-) = e [Z h(z)p(x) — HS%(p)] :

In other words, Ag is the Legendre transform of xS%. Using this, we find that
the supremum on the right of (2.27) equals

sup sup [ Z h(z)p(z) — olog Z eh(”)/gl — mS%(p)

pEP(BR) ZzeBR eh(®)/e=1 zEBR zEBR

Now observe that the expression in the square brackets does not change by
adding a constant to h. Therefore the inner supremum may be taken over all
h: Bp — R, and a straightforward computation shows that it coincides with
—0Ir(p). In this way we arrived at the first assertion of our lemma. Since
each ball Bgr may be embedded in between two tori T, and T4, , the second
assertion is a straightforward consequence of Lemma 1.10. [J

It may be seen from the above proof that the maximum of Ag(h(-)) over all
h with

> ehtelle = (2.28)

r€BR

is attained at A if and only if the square of the normalized positive eigenfunction
of KA + h(+) in [?(Bg) minimizes the functional kS% + olg, i.e. if

b KA/D
VP
where p € P(T%) is a minimizer of KS%+olr and the constant adjusts h to fulfill

(2.28). Now let R — oo and take into account Remark 1.3 ¢) and Lemma 1.10.
Then one finds that the relevant shapes of the potential should be of the form

+ const,

h = 2plog (vg/,{ Q- ® vg//{) — 2drx(0/k).

This is in accordance with our claims after Theorem 2.2.

We are now going to prove that the principal eigenvalue \;(£(-)) indeed may
be approached by the maximum of the principle eigenvalues on the islands of
high peaks provided that these islands are located far from each other. Since
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primarily this does not have to do anything with randomness, we will formu-
late the result in a nonrandom setting, although the proof will heavily rely on
probabilistic arguments.

Let B be a finite connected subset of Z¢. Fix x > 0 and a potential
V: B — R arbitrarily. We want to estimate the principle eigenvalue A9 of
the Hamiltonian

G=kA+V  inl*B)

with Dirichlet boundary condition by comparing it with the maximum of the
principle eigenvalues of G on the ‘islands of high peaks’ of V. To this end, let
Gi, i =1,...,m, denote connected subsets of B such that dist(G;,G;) > 1 for
i # j, where dist(-,-) denotes the lattice distance between subsets of Z¢. For
i=1,...,m, let g; be a (not necessarily connected) non-empty subset of G;.
Think of the g;’s as the sites of high exceedances of V' on some islands G; in a
surrounding ocean B. Let \; denote the principle eigenvalue of G in [(G;) with
Dirichlet boundary condition, and set

Amax ‘= MaxJ;, g¢:= Ugi, G = UGZ-.

Lemma 2.18. (Cluster expansion) Suppose that

max V < Apjax- (2.29)
B\g

Then the principle eigenvalue A9 of G in 1?(B) satisfies
Amax < 2\ < ¥
for all v > Apax for which

dist(B\G,g)
Y — )\max Y >‘ma.x
_— 1+ — —1 il- 2.
S [( + Sk ) ] >miax|G| (2.30)

Proof. Since the principle eigenvalue A9 depends on the potential ¥V monotoni-
cally, the lower bound A9 > A« is obvious from replacing V by —oo outside of
G. To prove the upper bound, we will apply some sort of cluster expansion of
the resolvent R, associated with G. We will show that, under (2.29) and (2.30),
~ belongs to the resolvent set of G. Using the probabilistic representation of the
resolvent and taking into account that B is finite, it will be enough to check
that

R 1(x) = E, /077 dt exp {/Ot ds [V (x(s)) — 7]} < 50 (2.31)

for all z € B. Here, as before, ((t),P;) denotes symmetric random walk on Z¢
with generator kA, and 7 is the first exit time from B:

n:=inf{t >0: z(t) ¢ B}.
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We next introduce stopping times 0 < g9 < 79 < 01 < T1... of successive visits
of the sets g and G¢ by our random walk:

oo = inf{t > 0: z(t) € g},

7; = inf{t > 0;: z(t) ¢ G},
oig1 = inf{t > 7;: z(t) € g}, i=0,1,2,...

We will use these stopping time cycles to estimate the resolvent from above by
a geometric series. First, we may rewrite (2.31) in the form

R =5 [ atew{ [ -1}

0

oo oi+1/AN t
+ ZEw / dt exp {/ ds [V (z(s)) — ’y]} .
i=0 TiAn 0 (2.32)
Since z(s) € B\ g for 0 < s < o¢ A n and because of (2.29), we have
oo /AN t
E, / dt exp {/ ds [V (z(s)) — 7]}
0 0
< /oo dteCmu—nt = 1 (2.33)
o 0 ’Y - )\max

for all z € B. Using the strong Markov property together with (2.29) and
Amax < v, we find for z = 0,1,2,... that

e [ it exp { [ as V(o) - 1}

~me{ [ as[V(a9) 51| o0 < )
«Engapyexn { [ ds V(a(s) ] U < )

X Eaor) /Omn dt exp {/Ot ds [V (x(s)) — 7]}

< (max By exp { [ as[V(a(6) =)} 2w <)

yeyg

7

« max E, /0 " gt exp { /0 " ds [V(a(s)) 7]} L @239

yeyg

Combining (2.32) with (2.33) and (2.34), we see that it will be enough to show
that, under the assumptions (2.29) and (2.30),

E, exp { /0 " s [V (a(s)) — 'y]} oy <) < 1 (2.35)
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and

E, /:W7 dt exp {/Ot ds [V (x(s)) — 7]} < 50 (2.36)

for all z € g¢.
Let us first prove assertion (2.35). Applying the strong Markov property, we
obtain for z € g:

B exp { [ dsV(a() =51 f o < )
=B exp { [ ds[Va(e) 21 2 < )

<Emyen{ [ s ale) -1} o0 <) .

To derive an appropriate bound for the last expectation, note that z(ry) € B\ G
and x(s) € B\ g for 0 < s < gp. But, by assumption (2.29), V—v < Apax—7 <
0 outside of g. Moreover, oy may be estimated from below by the sum of
dist(B\@G, g) independent exponentially distributed random variables with mean
(2dk)~. Hence, P,-a.s.

Baimy o { [ ds Va(s)) ]} oo <)

< 2k ) dist(B\G,9)

< E _(V_Amax)o'o <
- m(TO)e 2d/€+7_ >‘ma.x

(2.38)

Note that, P,-a.s. for x € g;, 79 coincides with the first exit time from G;. Thus,
forie {1,...,m} and = € g,

o
u(z) := E; exp {/ ds[V(z(s)) — 'y]} ) (2.39)
0
coincides with the solution to the boundary value problem

(KA+V —vy)u=0 in Gj,
u=1 on G5.

With the substitution v =: 1 4+ v, this turns into

(KA+V —y)v=~v-V inG;,

v=20 on Gj.
For v > A;, the solution exists and is given by
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where Rg) denotes the resolvent of G in [2(G;) with Dirichlet boundary condi-
tion. Since V < A; 4+ 2dk < v+ 2dk on G;, and because of the positivity of the
resolvent, we obtain

< 2dkROU(z) < 2dk (RO, 1 G;,
v(r) < 2dsRY(x) < H( N ,)Gi, T €
where (-, -)g, is the inner product in [?(G;). Using the spectral representation

of the resolvent (i.e. its Fourier expansion with respect to the orthonormal basis
of eigenfunctions of G in 1%(G})), we find that

This means that
2d
u(z) <1+ ﬁ)\ |G, z € G;. (2.40)
Y= As

Combining (2.37) with (2.38), (2.39), and (2.40), we arrive at
E, exp {/ ds[V(z(s)) — 7]} (o1 < n)
0

2dk N — Amax — dist(B\G,9)
< (14 ) (1 L Lmax
B ( " 7_)\max mlaX|G |> < + 2dk )

for z € g. But the expression on the right is less than 1 if and only if (2.30) is
fulfilled. This proves (2.35).

It remains to verify (2.36). Given i € {1,...,m} and z € g;, an application
of the strong Markov property and (2.33) yields

E, /OJW7 dt exp {/Ot ds [V (x(s)) — 7]}
—F, (/OTO +/T:/1\;\n> dt exp {/Ot ds [V (x(s)) — 7]}

- RPUG) + B { [7 s Vo)~ o1 1t <

X Ea(ry) /OJOM dt oxp {/Ot ds [V (z(s)) — 'y]}
—Eeo{ [ a1

’Y_ max

< Rgi)]l(x) +

Since v > A;, R,(f)]l(x) is finite. The finiteness of the expectation on the right
of the last estimate was shown before, see (2.39) and (2.40). Hence, we arrived
at (2.36). This completes the proof of our lemma. [

We have now collected all the auxiliary material for the proof of our theorem.
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Proof of Theorem 2.16. a) Lower bound. Let us first assume that 0 < o < oc.
Fix R € N and h: Bp — R with

Z eh(@/e -1

rEBR

arbitrarily. Corollary 2.15 b) (resp. ¢) in dimension one) tells us that a.s. for
sufficiently large ¢ there exists a site zg such that Bgr(zy) C B; and

E(zo+ ) > Y(log |B|) + h(:) on Bg.

This implies that
A(§(1) = (log|Be|) + Ar(h(:)).

From this we conclude that

litm inf [A¢(&(+)) — ¥ (log |Bt|)] > sup Ar(h(+)) a.s.
—00 EJ:GBR eh(z)/e<1

Together with Lemma 2.17, this yields the lower bound.
In the case o = 0, using Corollary 2.15 a) (resp. ¢)), we obtain

lim inf [Ae(€()) — ¥ (log |Be|)] > Ar(0).

But Ag(0) — 0 as R — oo, and we are done.
For o = oo, the lower bound follows from Corollary 2.7 and the fact that

Ac(€(+) > I%axf — 2dk.

The latter is obvious from the observation that, for each x € B, A¢+(§(+)) may
be estimated from below by the principal eigenvalue of H on the set {z} with
zero boundary condition which equals &(x) — 2dk.

b) Upper bound. We first treat the case 0 < p < oo. Fix § > 0 arbitrarily
and choose R € N so large that

Oy SN | s ey (2.41)
2dk 2dK Rl '

We know from Corollary 2.10 that a.s. for sufficiently large ¢ the level set
E; := {:E € B;: &(x) > IIlBaXf — 2dn}

splits into (2R+1)-connected clusters of size not exceeding e2#/¢, Given x € Ej,
denote by g, the (2R + 1)-connected component of E; which contains z, and let

G, = U Br(y) N By
YEGx
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denote its R-neighborhood in B;. By construction, the sets GG, are connected.
Moreover, any two of these sets either coincide or have a distance larger than one.
Let A, denote the principle eigenvalue of H in [?(G,) with Dirichlet boundary
condition. Since

Az 2rr(1}ax§—2d/~;, x € By,

and the potential in B, does not exceed maxp, £ — 2dx outside of B, = |, 9z,
we find that
A ‘= max \; > max .
max se B, x Bt\UzeEt gwf
Hence, we are in a situation where we may apply Lemma 2.18 to estimate
At(€(+)) from above. In our case g =, cp, 92, G = U,ep, G

dist(B; \ G,g) > R, and max |Gy < e21%/¢| Bp|.
HASY I

Because of (2.41), this means that condition (2.30) is fulfilled for v = Apax + 9.
Thus, we conclude from Lemma 2.18 that a.s. for large t,

M(EC)) < i, + 0. (2.42)

Now observe that each of the sets G, is contained in a ball of radius R’ :=
e2¥/eR. But, according to Corollary 2.12, we have

max 3 exp{[E(y) — d(log|Bi)]} < ¥/ (2.43)

P e B (a)
a.s. for large ¢. Since the principle eigenvalue depends on the potential mono-
tonically, we conclude from (2.42) and (2.43) that

A(€() — v (log|By[) < max Aps (E(z + ) — Y (log|Bel)) +0

< sup Ar(h) 46

ZyEBR’ eh(¥)/e<ed/e

= sup Ar'(h) + 20
ZyEBR/ ehw/e<1

a.s. for large t. Hence, for each § > 0 and all sufficiently large R,

lim sup [A¢(€(+)) — ¢ (log |Be|)] < sup Ari(h) +26  as.

t—o0 ZyEBR/ eh(y)/e<1
Combining this with Lemma 2.17, we arrive at the desired upper bound.

The proof for o = oo is similar. Given § > 0, one has to choose R so large
that (2.41) holds with e2#/¢ replaced by 1. A.s. for sufficiently large t, the
(2R + 1)-connected components of the level set E} consist of single lattice sites.
In particular, G, = Bgr(z), z € E;. Choose v < 0 arbitrarily. According to
Remark 2.13, a.s. for large ¢, the shifted potential £(-) — ¢ (log|Bt|) does not
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exceed v on Br(z)\ {z} and does not exceed 4 at site = for each 2 € E;. Hence,
applying Lemma 2.18, we find that

liir_l)sup At(€() — ¥ (log | Be|)] < Ar(hs) + 0 a.s.,

where hs~(0) = § and hs(z) = v for & € Bgr \ {0}. But Ag(hs~) tends to
0 — 2dk as v — —oo. Since § > 0 may be chosen arbitrarily small, this implies
the desired bound.

The proof in the case p = 0 is a straightforward consequence of Corollary 2.7
and the observation that

At(€(+)) < max¢.

By
O

We close this subsection with a modification of Theorem 2.16 which takes
into account the percolation effect explained in Section 2.2. Recall that AT (R)
and W+ (R) denote, respectively, the level set in the sublattice (2R + 1)Z¢ and
its infinite (2R + 1)-connected component considered in Lemma 2.4. For d > 2,
define

W (R) := U Bpr(2).
2eW+(R)NBi—_r

This is the R-neighborhood of the part of the infinite percolation cluster W+ (R)
in the ball B;_g. If d = 1, then we define W7 (R) by the same formula but with
WT(R) replaced by the level set AT(R). We denote by AE(£(+)) the principle

eigenvalue of our random Hamiltonian A in I2(W," (R)) with Dirichlet boundary
condition. Note that A (£(+)) < A (€(4)).

Corollary 2.19. Let Assumption (F) be satisfied for some g € [0,00]. Then
almost surely

lim inf lim inf [A(£(+)) — ¢(log | By|)] > —2dﬁx(§).

R—oo t—o00

This means that the principle eigenvalue A;(£(-)) is essentially ‘generated’ by
those islands of high peaks of the potential £(-) which are located in the R-
neighborhood of the cluster W (R) for large R.

Proof of Corollary 2.19. For 0 < p < oo and also for ¢ = 0, this repeats part a)
of the proof of Theorem 2.16. Namely, according to Corollary 2.15, in the proof
the lattice site zp may be assumed to belong to W+ (R). If ¢ = oo, then one has
to replace Corollary 2.7 by the asymptotic formula
=1 (log|B 1 S.ast —
pew X E@) =v(og|Bif) +o(1)  as.ast oo

which holds in dimension d > 2 and the corresponding formula with W+ (R)
replaced by AT(R) in dimension d = 1). To understand how to treat such a
restriction to the cluster WT(R), we refer to the proof of Lemma 2.14 where a
similar problem had been considered. The details are left to the reader. [
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2.5. Completion of the proof

We are now finally in a position to complete the proof of Theorem 2.2. Roughly
speaking, we will show by an application of the Feynman-Kac formula and the
spectral representation theorem that u(t,0) behaves like et (€() a5, as t — oco.
This combined with our asymptotic formula for the principle eigenvalue A¢(£(-))
will then yield the desired asymptotics of u(t,0).

To be precise, fix € > 0 arbitrarily and set

t

r(t) == Tlogt)i™e and 7(t) := t(logt)**e.

We want to show that under the assumptions of Theorem 2.2,

exp { (1 )M, (€()) + o(t) } < u(t,0) < exp {LArgey (€0)) + (1))
(2.44)

a.s. as t — oo for each R € N. We may then apply the asymptotic formulas
for the principle eigenvalues Ay (£(-)) and )\f(t) (¢(+)) obtained in Theorem 2.16
and Corollary 2.19, respectively. Substituting them in (2.44) and taking into
account that

¥ (log | By|) = 9(dlogt) + o(1),
¥ (log | Bry|) = t(dlogt) + o(1),

and v (dlogt) = o(t), we arrive at the desired asymptotics (2.5). The above
properties of 1 are obvious from Remark 2.1 b).

It now only remains to prove (2.44) by exploiting the Feynman-Kac repre-
sentation (2.4) of u(t,0). To derive the lower bound for u(t,0), fix R € N arbi-

trarily. Recall that W;'Et) (R) is the R-neighborhood of the part of the infinite
percolation cluster W (R) (resp. the level set AT(R) if d = 1) which is contai-
ned in the ball B,.y_gr. Let eft denote the normalized positive eigenfunction

corresponding to the principle eigenvalue )\f( 1 (€(+)) of the random Hamiltonian

H in lz(/V[Z?Et)(R)) with Dirichlet boundary condition. Let zq € W;Et) (R) be a

random site (depending on ¢ and R) at which e attains its maximum. Then
|zo] < r(t) and (eFf(z))? > |W;Et)(R)|_1 > |By#)|~*. Since the initial datum

1o 1s supposed a.s. not to vanish identically, we find a random site zq € Z¢
such that ug(xg) > 0 a.s. Let off denote the first exit time of the random walk
z(t) from W:Et)(R). As before, 7., and 7,, are the first hitting times of g

and zy, respectively. Repeatedly applying the strong Markov property to the
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Feynman-Kac representation of u(t,0), we find that

.02 Eoesp { [ e auf e, <)
X E,, exp {/OH £(z(w)) du} L(of >t 3,a(t —3) = 2)
< E,, exp {/OT £(z(u)) du} 1l (70 < 1)

< nt o exp { [ €w(u) du b 1(a(s) = 50) o) -

In other words, we have forced the random walk to hit 2o until time 1 and
then to stay in W:Et)(R) during a time period of length ¢ — 3 at the end of

which it has to return to zo. After that z(¢) is forced to move from zy to 0
during a time interval of length not exceeding 1. The remaining time has to be
spent in such a way that the random walk is at xg at time £. The expression
on the last line of (2.45) is independent of ¢ and strictly positive a.s. Since
|zo] < r(t) =t/(logt)'*e, an application of Lemma 2.5 b) shows that a.s. both
the first and the third expectation on the right are of order e®®*) as t — co. The
main asymptotics is therefore hidden in the second expectation. But this is the
probabilistic representation of the fundamental solution of H in l2(W;Et)(R))
with zero boundary condition considered at time t — 3 with starting point and
end point equal to zg. The spectral representation of the fundamental solution
shows that the considered expectation may be estimated from below by

R R
e300 D (B (5))2 > =) (5('))|B£(t)|_1-
In this way we arrive at the lower bound in (2.44).
To derive the upper bound, set R, (t) := n7(t) for n € N and ¢t > 0. As

before, let 7(R,(t)) denote the first exit time from the ball Bg ;). Then, using
the Feynman-Kac formula, we obtain

u(t,0) < Eg exp {/0 E(x(u)) du} wo(z ()N (T(F(t)) > t)
+ S Eaexp { [ €o)duun(o0)1(r(Ra0) < 1 < (R ().

(2.46)

We will show that the first term on the right provides the correct asymptotics
and the remaining sum tends to zero as t — oo a.s. First note that

v(s,x) :=E, exp {/Osf(x(u)) du} L(7(7(t)) > s), (s,z) € Ry x By,

is the solution of the initial boundary value problem for the parabolic equation

ov
% = Hv on R+ X BF(t)
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with initial datum ©(0,2) = 1 and Dirichlet boundary condition. Using the
spectral representation of v(t,-) (i.e. its Fourier expansion with respect to the
eigenfunctions of H in lz(B;(t)), we find that

(t,0) < > vt ) < MTOED B
$EBF(t)

Moreover, the growth condition (2.1) provides the bound

max ug < eo®) a.s. as t — oo.
T (t)

Consequently,

Eo exp { | et du} uo(a(1)1(r(7(1)) > 1) < exp {PAse) (€()) + 0(1)}

a.s. as t — oo. This is the desired upper bound. It remains to check that the
sum on the right of (2.46) tends to zero a.s. We obtain

S By exp { / () du} o (@(0) 1 (r(Ru(1) < t < T(Royr (1))

< Z exp {t max ¢+ max log, uo} Po (T(R,(t)) <t). (2.47)
n=1

BRn-{-l(t) BRn-{—l(t)

Using Corollary 2.7 and taking into account that 9 (s) = o(s) by Remark 2.1 b),
we find that a.s.

max & =1 (log|Bg,,,x|) + o(1) = o(log Ry41(t))

BRn+1(t)
as t — oo uniformly in n. Assumption (2.1) implies that a.s.

max log, up = o(Rp41(1))
BRn+1(t)

as t — oo uniformly in n. According to Lemma 2.5 a),

Bo (r(Rn(t)) < 1) < 21 exp {—Rn 010z D | g, <t>} .

Using these estimates and remembering that R, (t) = nt(logt)'*¢, one easily

checks that the sum on the right of (2.47) tends to zero a.s. as t — oc.
The proof of Theorem 2.2 is now complete.

Remark 2.20. A thorough analysis of the above proof shows that assump-
tion (2.1) may be replaced by the following slightly weaker growth condition:
There exist strictly positive random variables Cy and ¢y such that a.s.

]

d
W foralleZ.

log, uo(z) < Cp
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3. Lifshitz tails of the integrated density of states

In this section we will study the logarithmic tail behavior of the spectral dis-
tribution function (‘integrated density of states’) associated with the Anderson
Hamiltonian

H=rA+E(:).

As before, we will deal with potentials £(-) consisting of i.i.d. random variables
with double exponential tails. This case is of particular interest, since the up-
per part of the spectrum is expected to correspond to the principle eigenvalues
generated by sparsely distributed islands of high peaks of the potential which
have non-degenerate finite size. This constellation is crucial for the tail beha-
vior of the spectral distribution function and will enter its asymptotics via the
variational problem considered in Section 1.

We will assume throughout that the potential £(z), z € Z%, consists of i.i.d.
random variables with continuous distribution function F such that F(r) < 1
for all r and (e%(9)) < oo for all £ > 0. Later on we will require in addition that
Assumption (F) of Section 2 is fulfilled.

(R)

Given R > 1, let A{™ > A{® > ... > ()
R
12(T%) with Dirichlet boundary condition. The associated spectral distribution

function N®)(h) is defined as the relative number of eigenvalues not exceeding
h:

denote the eigenvalues of H in

Tl
N®(p) . Z 1 (A(R) < h) heR

The spectral distribution function N of H in 1?(Z%) may then be defined by
N(h) := lim NP (p), h e R

R— 00
It is well-known that this limit exists a.s. and is nonrandom as a consequence of
the ergodicity of £(-). Moreover, its Laplace transform coincides with the ‘trace’
of the fundamental solution ¢(¢,z,y) of H:

/ eth N(dh) = (q(£,0,0))  for £ > 0, (3.1)
provided that the expression on the right is finite for all ¢ > 0 which is certainly
true under our assumptions. Let N (h) := 1 — NB)(h) and N(h) := 1 —
N (h) denote the upper tails of the spectral distribution functions N and N,
respectively. Let further F'(h) := 1 — F(h) be the upper tail of the distribution
of £(0).
Note that
£() — ddi < H < ()

in the sense of positive definiteness in 2. This implies that

Z —ddrk > h) < NE(h) < — >~ 1(¢(w) > h),
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and the strong law of large numbers yields the trivial bounds
F(h+4dk) < N(h) < F(h), h € R. (3.2)

We remark that these bounds are universal in the sense that they are valid for
any homogeneous ergodic potential.

Recall that the function x is defined by the variational expression (1.4).
The following theorem provides a more precise description of the asymptotics
of N(h) than (3.2) because it takes into account the structure of the high peaks
of the potential £(-).

Theorem 3.1. Let Assumption (F) be satisfied for some o € [0, 00).
a) If 0 < p < oo, then

log N(h) ~ log F'(h + 2dkx(0/k)) as h — oo. (3.3)
b) If 0 =0, then
F(h+8) < N(h) < F(h) (3.4)
for arbitrary 6 > 0 and all sufficiently large h.

As can be seen from Remark 2.1 ¢), for 0 < ¢ < oo, log F((h) and log F/(h + c)
are not asymptotically equivalent for ¢ # 0. Hence, Theorem 3.1 is indeed an
improvement upon the universal bounds (3.2). On the other hand, for p = co
Remark 2.1 ¢) shows that log F'(h) and log F'(h+c) are asymptotically equivalent
for all c. In this case assertion (3.3) is equivalent to (3.2). But, since for p = 0o
the relevant islands of high exceedances of the potential consist of isolated single
peaks, one may use more direct probabilistic methods. An expansion with
respect to the ‘noise’ in a vicinity of such peaks will yield a much more accurate
asymptotics. This will be the subject of a separate paper.

In order to prove Theorem 3.1 we introduce the shifted spectral distribution
functions

H
Nt(h)::N($+h>, t>0,heR,

where, as before, H is the cumulant generating function of £(0). We will consider
Ng, t > 0, as probability measures on the left-compactified real line [—o0, 00).
We further abbreviate N;(h) := 1 — Ny(h). The following lemma provides the
key for our proof of Theorem 3.1.

Lemma 3.2. Let Assumption (H) be satisfied for some o € [0,00).
a) If 0 < o < 00, then the probability measures Ny on [—o00, 00) satisfy the full
large deviation principle ast — oo with scale t and rate function J: [—o00,00) —

Ry given by J(—o0) := 0 and

h + 2dkx(o/k)

J(h) = Qexp{ - 1} for h € R. (3.5)
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b) If 0 =0, then

hm log Ni(h) =0 for h < 0.

t—o0

Proof. We know from Remark 1.3 a) that the fundamental solution ¢(¢,x,y) of
H satisfies

(a(t,0,0)) = exp { H(t) = 2dmx(2)t +ot) |

as t — 0o. Because of (3.1), this implies that

%log/eﬁth Ny(dh) = H(Bt);BH() 2drx(— )B+0( )

for each B > 0. Together with Assumption (H), this yields

t—o0

lim %log / eP™h Ny (dh) = oBlog B — 2drx (= )B : G(B) (3.6)

for g > 0.

a) Suppose now that 0 < p < oco. Since the limiting function G is conti-
nuously differentiable on (0, 00) and G'(3) — —oo for  — 0, we conclude from
(3.6) that N satisfies the full large deviation principle with scale ¢ and rate
function J being the Legendre transform of G:

J(h) = sup (B —G(B)], h€R,

which coincides with (3.5). See e.g. Freidlin and Wentzell [6], Chap. 5, for
standard Cramer arguments of such type.

b) We now turn to the case o = 0. Fix 8 > 0 and § > 0 arbitrarily. We
conclude from (3.6) for o = 0 that

([ ) et

The first and the third integral decay exponentially fast as t — oo. For,
-5
/ Pt N, (dh) < e=Po

and

/ ePth Ny (dh) < e 70t / eBENh N, (dh)
4 —00

— 6—76t+o(t)

for v > 0. Here we have again used (3.6). Thus,

o
POt N, (= 5) > / P N (dh) = ).
-9
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Since > 0 may be chosen arbitrarily small, this shows that
1 <
Jim 2 log Ny(=6) =0,
and we are done. [
Proof of Theorem 3.1. Under our general suppositions on £(-), Assumption (H)

and Assumption (F) are equivalent for o € [0,00). This was pointed out in
Lemma 2.3. There it had also be shown that

H(t
w(t):¥—glogg+g+o(1) as t — 00.
According to Remark 2.1 d), ¥(¢(h)) = h + o(1). Hence, we conclude that
H(p(h
h:%—glogg—kngo(l) as h — oo. (3.7)

a) If 0 < p < 00, then we may combine (3.7) with assertion a) of Lemma 3.2
to find that

log N'(h — 2dkx(¢/k)) = log Ny (—olog 0 + 0 — 2dkx(o/k) + o(1))
~ —p(h) = log F(h)

as h — oco. Here we have also used that the rate function J is non-decreasing
and continuous and

J (—elog o+ 0 —2dkx(e/k)) = 1.

This clearly proves (3.3).
b) Suppose now that ¢ = 0. In this case (3.7) tells us that

_ H(p(h))
"= o(h)

From this and assertion b) of Lemma 3.2 we conclude that

log N(h — &) =log Ny (—6 + 0(1)) > —p(h) = log F(h)

+o(1) as h — oo.

for every 6 > 0 and all sufficiently large h. This yields the lower bound in (3.4).
The upper bound is the same as in (3.2). O

4. Another view on the moments and Lifshitz tails

4.1. An alternative proof

We have seen in Section 1.1 that the moments of the solution u to our Cauchy
problem with initial datum ug = 1 admit the probabilistic representation

(u(t,0)7) = <E€ expq Y L(2)€(2) >

z€7Z4
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Theorem 1.2 was proved by first ‘averaging’ over all realizations of the random
potential £(-) and then applying large deviations for the local times I;(-). In this
section we will go the other way round. We will first ‘average’ over I;(-) and
then apply large deviations for the high exceedances of the potential £(-). This
approach works well under Assumption (H) at least for 0 < o < oo. It has the
advantage of making transparent the role of the typical profiles of high peaks of
the potential and explains how to identify them in the same spirit as it had be
done for the almost sure asymptotics in Section 2.

As before, we will assume without loss of generality that ug = 1 and, hence,
(u(t, z)P) does not depend on x. It is obvious from the proof of Lemma 1.4 that
the bounds

<uR0txp>< (t,0)P <<uR”txp>

are valid not only for x = 0 but for arbitrary = € T%. This implies that

p p

uRO x) uR7T x) .
|Td|p< > e, > (u(t, 0)7) |Td< > ul(t, >(4_1)

er ETd

This form of the bounds has the advantage that the sums on the left and the
right may be estimated by means of their spectral representations with respect
to the eigenvalues and eigenfunctions of H in IQ(T%). For, given h: ']I‘jf2 — R,
let AZO(R(-)) and M7 (h(-)) denote the principle eigenvalues of the operator
KA + h(-) in [2(T%) with zero and periodic boundary conditions, respectively.

Then we obtain
Z uR’O(t,x) > etAR’O(é(-))
mET%

and R
S Tt 3) < T e €0,
meT%

Rough considerations indicate that the relevant exceedances of the potential
&(+) should be of height H(pt)/pt. This motivates us to introduce the shifted

potential
H{t)

&() =€) — rat t>0.
Then H( 9
R.,0 p R,0
e C0)
and
AR (6()) = 24 Amr (),

pt
With these observations and the above estimates we conclude from (4.1) that

|T% | ~Pet (Pt) <ept)\R,0(§pt('))> < (u(t,0)P) < |T4 [P~ L @) <6pt)\R"”(§pt(.))>.
(4.2)
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To obtain asymptotic formulas for the expectations on the left and the right it
remains to derive a large deviation principle for £ (-) and afterwards to apply
the Laplace-Varadhan method. Since &(0) — —oo0 as t — oo, we need to add
—00 to the real axis. We already know from step 3° of the proof of Lemma 2.3
that the distribution of &(0) on the left-compactified real line [—o0, o) satisfies
the full large deviation principle as ¢ — oo with scale ¢ and rate function

J(h) = Qexp{% _ 1}, h € [—o0,00).

Since the random variables & (z), x € ']I‘dR, are independent and identically
distributed, this implies the following result.

Lemma 4.1. Let Assumption (H) be satisfied for some o € (0,00). Then for
each R € N, the probability distributions of &(+) on [—oo, oo)T?% satisfy the full
large deviation principle as t — oo with scale t and rate function

JRe(h(.)) ;:g 3 et@e pTE s [—oo,00).
mET%

AE0 and AB™ may be considered as

continuous functionals on [—oo, oo)Tf%. If a potential h: T¢ — [—o0, 00) attains
the value —oo, then A®°(h(.)) and A7 (h(-)) are the principal eigenvalues of
KA+h(-) on T% \ {h = —oo} with Dirichlet boundary condition on the set where
h = —oo and zero or periodic boundary condition on the rest of the boundary.
The functionals A% and A®™ are not bounded from above. Therefore, in order
to be sure that the Laplace-Varadhan method is applicable, we still have to
check that

Now observe that the principle eigenvalues

]_ ,T
lim limsup — log <et>‘R EDT (A7 (&) > M)> = 0. (4.3)

The same will then be true for A%:0(&(-)). Since

AET(&() < max &(e) = max £(z) — ==,

wET% weT% t
we obtain

(N EOR (T () > M) )
< T [~ H® <et<<o>u <§(0) > 10 M>> |

Applying Chebyshev’s exponential inequality and taking into account Assump-
tion (H), we may continue as follows:

< |T4| o—2H(t)—Mt <62t§(0)>

= |T% | exp{—Mt + H(2t) — 2H (t)}
= exp{—Mt + 2(log 2)ot + o(t)}.
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This clearly proves (4.3). Now an application of the Laplace-Varadhan method
for the large deviation principle of Lemma 4.1 yields

<6ptAR’O (‘5pt('))> = exp {pt max [)\R’O - JR@} + O(t)}

and R
<6pt)\ ’W(gpt('))> = exp {pt max [)\R’ﬂ- - JRyg] + O(t)} :

Substituting this in (4.2), we arrive at the next lemma.

Lemma 4.2. Let Assumption (H) be satisfied for some o € (0,00). Then for
arbitrary R € N and p=1,2,... we have

(u(t,0)7) > exp { H(pt) + pt max [\ — Je] 4+ o(t)}

and
(u(t,0)?) < exp { H(pt) + pt max [\=" — J%2] + o(t)}

ast — oo.

Similarly to the proof of Lemma 2.17, we may now use the fact that A9 and
AT are, respectively, the Legendre transforms of the functionals me’O and

IﬁSf’W introduced in Section 1.2. Note that this makes sense even for potentials
which attain the value —oo. We obtain

max [)\R’O — JR’Q]

= max { max lzmeT%p(fv)h(a:) — JR,g(h(.))} — nvaO(p)} :

pEP(T‘}Q) he[—oo,oo)Tﬁl%

The inner maximum is attained for

h(:) = ologp(-) + 0 (4.4)
and equals —oIf(p). Hence,
max [\ — Jf¢] = —min [me’O + glf“] .
Correspondingly,
max [\ — JRe] = —min [me’“ + glf] .

This shows that Lemma 4.2 may be combined with Lemma 1.10 to arrive at the
assertion of Theorem 1.2 for 0 < o < .

The above arguments indicate that those peaks of the potential £(-) which
form the p-th moment have height comparable with

H](ft)t) = Hit) + ologp + o(1).
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Their shape is given by (4.4) with p(-) being a minimizer of the functional
Sq + ol4. In view of Lemma 1.10 and Remark 1.3 c), this means that those
peaks which contribute to the p-th moment are of the form

H(t
# + o(logp+1) — 2dﬁx(§) +201log (Vo) @ - ® Vy/4) -

The heights of these peaks differ for different values of p and are much larger
than the typical exceedances (2.6) for the almost sure asymptotics. But their
profiles coincide.

4.2. Generalization to correlated potentials

Until now we assumed that the potential £(-) consists of i.i.d. random varia-
bles. In the present section we will explain how our asymptotic results about
the moments and the Lifshitz tails may be extended to a large class of depen-
dent random fields. This may be considered as an important step towards the
investigation of the spatially continuous situation.

We will assume throughout that £(-) is a (not necessarily ergodic) homoge-
neous random field such that

H(t) :=log <et5(0)> < 00 for all ¢ > 0.

As before, we suppose that the initial field ug(-) is nonnegative, homogeneous,
independent of £(-), and satisfies (1.2). For general correlated potentials it
is unknown whether or not the nonnegative solution of our Cauchy problem
is unique a.s. In the following we consider the smallest nonnegative solution
which is given by the Feynman-Kac formula (2.4). For a detailed investigation
of existence and uniqueness see [9].

Let Pf(Z%) denote the space of probability measures on Z¢ with finite sup-
port. Let further 6, be the Dirac measure at z € Z%. We consider shift-invariant
functionals G;: Py(Z?) — R, t > 0, defined by

G(p) == log <eXp £y p(2)é(2) >

2€E74
As a consequence of Holder’s inequality, G; is convex. In particular,
Gt(p) < Gt(ao) = H(t) < 0o0.

We impose the following general regularity assumption on the tail behavior of
€(-) which replaces Assumption (H) of Section 1.

Assumption (G). For each p € P;(Z?), the (possibly infinite) limit

T(p) o= lim Zt00) = Gelp)

t— 00 t
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exists.

As a consequence of the mentioned properties of GGy, the functional I is shift-
invariant and concave. Moreover, 0 < I < oo and I(dy) = 0. We next introduce
the function

= inf [kSq+ 1], > 0,
xa (k) o [KSa + 1] i

where S; is the d-dimensional Donsker-Varadhan functional from Section 1.3.
Note that xg is concave and

0 < x¢(k) < 2dk, k> 0.

The left equality is valid if I = 0, and the right equality holds if I(p) = oo for
p not, being a Dirac measure.

We are now ready to formulate our result about the moments of the solution
u to the Cauchy problem (1.1).

Theorem 4.3. Let Assumption (G) be satisfied. Then
(u(t,0)P) = exp {H(pt) — xa(k)pt + o(t)}
ast — oo forp=1,2,...

We next want to illustrate this result by several examples. Its proof will be
postponed to the end of this section.

Ezample 4.4. a) Uncorrelated potentials. Theorem 1.2 is a particular case of
Theorem 4.3. Indeed, if the random variables ¢(z), € Z?, are independent
and identically distributed, then

Gi(p) =Y _ Hi(tp(2)).

Under these circumstances, Assumption (H) implies Assumption (G) with I =
ol;, where I; is the d-dimensional entropy functional introduced in Section 1.3.
Hence, taking into account Lemma 1.10, we find that

_ _ e
xa(k) = P;T(lzfd) 654 + ela] = 2dkx ().

b) Random clouds. Let n(-) be an i.i.d. random field such that
H,(t) :=log <et"(0)> < 00 for all t € R.

Given a function ¢: Z% — R with finite support, consider the random potential

&)=Y ely—x)nly), =€zt

y€ezZd
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Then the cumulant generating function H of £(0) has the form
H(t) =) Hy(te(y))
y

Let us first consider the case when ¢ is nonnegative. Suppose that the
cumulant generating function H, satisfies Assumption (H) for some o € [0, oo].
Then the function H also fulfills this assumption but with parameter 03, ¢ (y).
We obtain

Gi(p) =Y Hy(t(pxp)(y),  p€PHZY,

where ¢ x p denotes convolution of ¢ with p. Hence, if p is finite, then the
potential {(-) satisfies Assumption (G) with

I(p) = o[La(@ * p) — La(e)].

Assumption (G) is also fulfilled for o = oo. In this case I(p) = oo if p is not a
Dirac measure. This may be seen from the formula

Gi(do) — Ge(p) _ 3 {ZZP(Z)Hn(W(y —2)) = Hy(t(p * p)(y))

t ) t ©(45)

By convexity, the expression in the square brackets is always nonnegative. Now
suppose that |suppp| > 2. Then one finds y € Z“ such that supp p intersects
y — supp ¢ but is not entirely contained in that set. It will be enough to show
that, for this y, the term in the square brackets in (4.5) converges to +oo as

t — oo. Note that
0<y:= Z p(z) < 1.
Yy—zEsupp @

Hence, again by convexity,

S pHy ey - ) =1 Y Z@Hn@m )
> vH, (t > @w(y - Z))

= vH, (t%(go * p)(y)> -

Thus, for our particular lattice site y, the term in the square brackets on the
right of (4.5) may be estimated from below by

., Hy (tv" (o *p)(y)) — v~ "Hy (t(p * n)y)
/

But, since o = co and y~! > 1, this expression converges to infinity as ¢ — oo.
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If ¢ attains both positive and negative values, then the situation will be
more complex. Let us consider in detail the case when the random field 7(-) is
both unbounded from above and below and the cumulant generating functions
of n(0) and —n(0) satisfy Assumption (H) with finite nonnegative parameters
o+ and p_, respectively. Then we may use the decomposition

Gi(%0) — Ge(p) _ 3 Hy(te(y)) — |o(y) [ Hy(tsign o(y))

t t
Hy(t(p — * p)|Hy, (t sign (¢ *
-y (tlp*p)(y) — (¢ tp)l (tsign (¢ * p)(y))
+ el — o)~ 2t
+ et~ it ¥l 222,

where || - ||; denotes the {'-norm. Ast — oo, the first sum on the right converges
to —o_I4(¢~) — 04 I4(p™). The second sum converges to the same expression
with ¢ replaced by @=*p. The rest is either zero or converges to infinity, since the
terms in the square brackets are nonnegative and both H,(—t)/t and H,(t)/t
tend to infinity. But the sum of the two terms in the square brackets equals

Il = [l plll+

which is zero if and only if, for each y € Z%, supp p intersects at most one of the
two sets y —supp ¢~ and y —supp ¢ . Let D, denote the set of all probabilities
p € P;(Z%) with this property. Then the above considerations show that the
potential £(-) satisfies Assumption (G) with

I(p) = o- [La((p *p)7) — La(e7)]
+ o4 [Ta((e*p)T) — La(e™)]

if p € D, and I(p) = oo otherwise.

Let us finally cast a glance at the particular situation when supp ¢~ and
supp 1 are neighboring in each direction (i.e., for each e € Z? with |e| = 1,
there exist z,y € Z¢ such that z — y = e and ¢(z)p(y) < 0). Then p € D,
implies that all connected components of supp p consist of single lattice sites
and, therefore, Sy(p) = 2d. As a consequence, we obtain xg (k) = 2dk.

¢) Random plateaur. Let again n(-) be a field of i.i.d. random variables with
finite cumulant generating function H,. Given a finite subset V of Z<, consider
the potential

= - 1Y), VA
() r?yeagn(w ) T

Suppose that H,, satisfies Assumption (H) with o = co. This is true in particular
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for i.i.d. Gaussian fields n(-). We obtain

I <eXP {t > p(2)n(z - m(z))}> < Gi(P)
< Z <exp {th(z)n(z—m(z))}>_

m: supp p—V

Note that the upper and lower bounds differ at most by the constant factor
|V |Isuwpp Pl Moreover, the maximum on the left may be taken over all m: Z% —
V. For such m,

Y p(2)n(z = m(z)) =Y p(Dm(x))n(x),

where Dy, (2) := {z: 2 — m(2) = 2} and p(Dn(x)) = >_,cp,, (x)P(2). Taking
this into account, we find that

as t — oo. In particular, G¢(do) = H,(t) + O(1). Hence,

Gult) ~Go) _ 5 MDD Halt) — (D))
t m: 24V i

+o(1).

T

Since o = 0o, the minimum on the right is either zero or tends to infinity as
t — oo. It is zero if and only if there exist m: Z¢ — V and x € Z% such that
suppp C Dy,(x). But this happens if and only if suppp C x + V for some
x € Z%. We have therefore shown that Assumption (G) is fulfilled with I(p) = 0
if suppp C x4+ V for some = and I(p) = oo otherwise. Since the functional Sy
is shift-invariant, we conclude from this that

xa(k) =k min  Sy(p) = kA?(V),
supppCV
where A\°(V') denotes the smallest eigenvalue of —A in [?(V) with Dirichlet
boundary condition. If |[V]| > 2, then 0 < A%(V) < 2d.

As we will see later, our proof of Theorem 4.3 also works for the funda-
mental solution ¢(¢, z,y) of the Anderson Hamiltonian #. In particular, under
Assumption (G),

(q(t,0,0)) = exp{H(t) — xa(k)t + o(t)} as t — o0. (4.6)

This allows a straightforward generalization of our result about the Lifshitz
tails in Section 3. To be precise, assume that the potential £(-) is homogeneous
and ergodic. Suppose further that all exponential moments (et5(0)>, t >0, are
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finite, the distribution function F' of £(0) is continuous, and F'(r) < 1 for all r.
Recall that Assumption (F) was introduced in Section 2.1. As before, let F' and
N denote the tails of the distribution function F' and the spectral distribution
function N of our Hamiltonian #, respectively.

Theorem 4.5. Let Assumption (F) be satisfied for some o € [0,00). Let also
Assumption (G) be fulfilled.
a) If 0 < p < oo, then

log N(h) ~ log F(h + xa(k)) as h — oo.
b) If 0 =0, then
F(h+ xc(k) +06) < N(h) < F(h+ xc(k) — )
for arbitrary 6 > 0 and all sufficiently large h.

Almost word for word, the proof repeats that of Theorem 3.1 but with the
more general asymptotics (4.6) as starting point. In addition, we now have a
nontrivial upper bound in assertion b). Its proof is simple and left to the reader.

The rest of this section is devoted to the proof of Theorem /.3. As before,
we may and will assume without loss of generality that ug = 1. Let us begin
with a few preliminary remarks after which the proof of the lower bound will
turn out to follow closely that for i.i.d. potentials.

First, given p € P;(Z%) with I(p) < oo, observe that I(q) < oo for all ¢ with
suppg C suppp. Indeed, for such ¢ one finds v € (0,1) and r € Ps(Z?) such
that

p=vq+(1—7)r

Since I is concave and nonnegative, this implies that

s > I(p) = yI(q) + (1 - I(r) = 11(q).

Hence, I(q) is finite. Now, if I(p) < oo, then the restriction of the functional
I to {q € P;(Z%): suppq = suppp} is finite and continuous. This is obvious
from the concavity of I and the observation that the above set is convex and
open in its affine hull. In particular, there exists an open neighborhood U(p) of
pin {q € P;(Z%): suppq C suppp} = P(suppp) such that I is bounded and
continuous on U(p).

Next, we remark that

inf [kSq+1]= inf [kSq+1 4.7
p,f?m)[” a+ 1] pfffl(zd)[” a+1], (4.7)

where Py .(Z?) is the subset of P;(Z?) consisting of measures with connected
support. To see this, fix p € Ps(Z?) \ Py (Z?) arbitrarily and let Dy, ..., Dy,
denote the connected components of supp p. Then we find py,...,pm € Pf,c(Zd)
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with suppp; = D; fori=1,...,mand v1,...,7vy, € (0,1) with vy +- - -4, = 1

such that
m
p= Z’Yz’pi-
i=1

Since [ is concave, we have

> wil(pi).
i=1

Moreover, since the supports of the measures p; are separated from each other
by a distance larger than one, the functional Sy splits into parts:

= %iSa(p:).
i=1
Hence,

HSd HSd pz + I(pz)]

||M3

Z 1nf [£Sq+ I].
Py (Z)

This clearly proves (4.7).

Because of (4.7), the derivation of the lower bound reduces to the following
lemma.

Lemma 4.6. Let Assumption (G) be satisfied. Given q € Py(Z%), suppose that
1(q) is finite and supp q is connected. Then

(u(t,0)") > exp {H(pt) — pt [£Sa(q) + I(q)] — o(t)}
ast — oo forp=1,2,...

Proof. Because of shift-invariance, we may assume that 0 € suppgq. Let 7 be
the first time when one of our random walks z1 (), ..., z,(t) exits supp ¢. Then

(u(t,0)P) = <1Eg exp{ pt Y Li(2)&(2) >

=BG exp {Gpi (L4 () }

> eHPYED exp {—ptGpt((sO) — fpt(Lt(.)) } I(r > t).
p

We know from our preliminary remarks that there exists an open neighbor-
hood U(q) of q in {¢ € Ps(Z?): suppq C suppgq} such that I is bounded and
continuous on U(q). Moreover, U(g) may be chosen so that the convergence

G1(d0) — G1(9)
t

— I(q) as t — 0o
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in Assumption (G) is uniform in ¢ € U(g). This is again a consequence of
concavity. Hence, we obtain

(u(t,0)P) > eI P= BP exp {—ptI(Ly(-))} 1 (1 > t, Ly() € U(q)).

Since supp ¢ is connected, our assertion now follows by an application of the
large deviation principle for the occupation time measures L; on suppq with
killing on the complement of supp g, cf. assertion a) of Lemma 1.5. [

The proof of the upper bound is more subtle, mainly because the method of
‘periodization’ used in Section 1 breaks down for correlated potentials. Our way
out of this dilemma consists in deriving an upper bound for the moments by use
of Dirichlet boundary conditions. As in Lemma 1.4, let uf? denote the solution
of our initial boundary value problem on ']I‘% with zero boundary condition and
initial datum identically one. Let further

OT% =T \ Th_,

denote the boundary of T%. The next lemma provides the key for the derivation
of the upper bound.

Lemma 4.7. For each Re€ N andp=1,2,... we have

(ut, 0)7) < edmerpt+o®) $ (yRO(t 7P
wET%

as t — oo, where
ep = |0T%|/|TS] — 0

as R — 0.

Proof. 1° Fix R and p arbitrarily. We consider the periodic frame

o= U (z+ aTdR) .

z€(2R+1)74
Each lattice site is covered by exactly |0T%| of the shifted frames
®, =y + P, y € T%.

From this we conclude that for each ¢ > 0 there exists a (random) site y € T%
such that

Y Li(2) < |0T%|/ITh| = en.

zed,
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Because of this, using the probabilistic representation of the moments and the
homogeneity of the potential, we get

(u(t,0)F) = <E’5 exp {pt > Lt(Z)E(z)}>
< |T%| <E’5 exp {ptZLt(Z)f(Z)} 1 (Z Li(2) < 6R> >

2EP

< | T |edrerr? <1E€ exp {pt > Lt(z)fR(z)}> : (4.8)

where the potential £g(-) has been obtained by lowering £(-) on the frame ® by

an amount of dk:
&(z) —dr, ifz€ ®,
en(z) = ) .
£(2), otherwise.

20 We next introduce the centered cubes

V, = U (z+T%), r >0,
z€(2R+1)74
|2t |2 <
where 2%, ..., 2% are the components of z, and denote by 7P(r) the first time
when one of the random walks z1(t), ..., z,(t) leaves V.. We set
r(t) :=tlogt

and show that the paths of our random walks may be restricted to the cube
Vrt)- More precisely, we want to prove that

<IE8 exp {pt Z Li(2)€r(2) }>

< <1Eg exp {ptZLt(z)fR(z)} 1 (rP(r(t)) > t)> + =7t (4.9)

for arbitrary v > 0 and all sufficiently large ¢. With
R, (t) := nr(t), n €N,

we obtain

<Eg exp {pt S Lu(2)€n(2) }>

= <]Eg exp {ptZLt(Z)ER(Z)} W(rP(r(t)) > t)>

+ Z <E€ exp {ptZLt(z)ﬁR(z)} L(rP(R,(t)) <t < Tp(Rn+1(t)))> .
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The expression under the sum may be estimated from above by

<exp {pt max f(z)}> Pb (P (R, (1)) < t)
n+1(t)

< AVRp 2] TPV PG (77 (R (1) < 1)
Combining this with assertion a) of Lemma 2.5, one readily checks that the
above sum does not exceed

for arbitrary v > 0 and all sufficiently large ¢. This proves (4.9).
3% Next observe that the first term on the right of (4.9) coincides with the
p-th moment of ug(t) (t,0), where ug(t) is the solution of the initial boundary

value problem for our parabolic equation on V. with lowered potential {g(-),
Dirichlet boundary condition, and initial datum identically one. Therefore,
combining (4.8) with (4.9), we find that

(u(t, 0)P) < efnenpi+olt) [<ug(t)(t, 0)p> n eH(pt)—'yt]

for arbitrary v > 0. To get rid of the last exponential term we may take
v > (24 egr)dkp and use the trivial bound

eH(pt)—Zdnpt < <U(t,0)p>
which is obtained from the probabilistic representation of the p-th moment by
forcing all random walks to stay at 0 until time ¢. In this way we arrive at the

bound

(u(t, 0)7) < eternrito® (42 (1, 0)7). (4.10)
49 Now the spectral representation of “2(t) (t,-) yields
Upiay (£,0) < [Viy| eXrio (€r0)),
where )\Q(t) (€r(-)) denotes the principal eigenvalue of the operator

HE = kA + ER() in 12(Vy(s)

with zero boundary condition. Hence,
<u§3(t) (t, o)p> < o) <ept)‘?*(t) <6R<->>> . (4.11)

For each z € (2R + 1)Z%, let ABO(£(2 + -)) denote the principal eigenvalue of

HE = kA +€()  inP(z+T%)
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with zero boundary condition. A straightforward computation shows that, be-
cause of the special form of the potential £g(-),

Rt R
nht< @ Hl
z€(2R+1)24
|21, |2 < (2)

in the sense of positive definiteness in lz(W(t)). Consequently,

MpEr() < max - AE(g(z ).
2€(2R+1)z4
ER P EAIE<A())
Therefore

<eptA2(t) (€R(-))> < Vo)l <ept>\R’°(€(-))> i (4.12)
Using the spectral representation of u®9(¢,-), one finds that

eAIE) < N RO ), (4.13)
mET%

Thereby one also has to take into account that the eigenfunction corresponding
to the eigenvalue AF:0(£(+)) is positive. Combining (4.10)—(4.13), we finally
arrive at the assertion of our lemma. [

Because of the last lemma, it only remains to derive appropriate upper
bounds for the moments of 9. This will be done now.

Lemma 4.8. Let Assumption (G) be satisfied. Then, for each R € N, p =
1,2,..., andxe']I‘%, we have

(POt 2)7) < exp {H(m) ot min [8Sa(p)+ 1)) + o<t>}
pEP(ZY)
supppCT%
ast — 0.

Proof. Let us assume for simplicity that x = 0. Using the probabilistic repre-
sentation of the p-th moment, we find that

Gpt (90) — Gt (L ()
pt

<uR’0(t, 0)p> — H (@) Ef exp {—pt

}]1(7-1%>t).

Together with Assumption (G) this indicates that our assertion follows from the
upper bound in the Laplace-Varadhan method applied for the large deviation
principle of Lemma 1.5 a). The expression

G1(d0) — Gi(p)
t
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is nonnegative and converges to I(p) as t — oco. In general, this convergence
is not uniform and the limiting functional I is not continuous on P(T%). Ne-
vertheless, an analysis of the standard proof of the upper bound in the Laplace-
Varadhan method (see e.g. Deuschel and Stroock [3], Lemma 2.1.8) shows that
it will work if the following assertion is valid. For each p € P(T%) and § € (0,1)
there exists a neighborhood Us(p) of p in P(T%) such that

liminf inf Ct(00) = Gi(p)
t—00 HeUs(p) t

> (1— &) I(p). (4.14)

To prove this note that
Us(p) == {(L = y)p+r:0<y <3, 7€P(TH)}

is a neighborhood of p in P(T%) for any § € (0,1). Since the functionals G; are
convex, we obtain

G(d0) — Ge((1 =v)p+r) = (1 —7) (Ge(do) — Gi(p)) + v (Ge(do) — Gi(r))
> (1 =) (G(do) — Gi(p)) -
Hence,
g GG (g GONZCD) 1y

for all 6 € (0,1). This clearly implies (4.14). O

The proof of Theorem 4.3 is now complete.
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