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Introduction

The Hopf fibration was introduced by Heinz Hopf in 1931 in order
to show that the third homotopy group of the 2—dimensional sphere is
non-trivial. It is taken as an important example not only in topology
but in geometry, too. For example, it is well-known that the Hopf fi-
bration is the only submersion of S* to S? up to diffeomorphisms, and
it is also a non-trivial example of a Riemannian submersion. Later on,
it was shown that the Hopf map is the only Harmonic morphism up
to isometries of the round 3—sphere and up to Mobius transformations
on the 2—sphere.

The aim of this work is to show the uniqueness of the Hopf fibra-
tion under weaker geometrical conditions. It is assumed to be the only
conformal submersion of S3. We are going to prove this conjecture un-
der the restriction that the fibers are circles. Moreover, we are going
to show that it is the only submersive harmonic morphism of a con-
formally flat 3—sphere if the curvature of its horizontal distribution is
nowhere vanishing. A further result is the classification of conformally
flat circle bundles over compact oriented surfaces. In case of S? as total

space it gives us another uniqueness theorem for the Hopf fibration.

We start this work with a discussion of the Hopf fibration and give

some well-known geometrical and topological properties with proofs.

In the second chapter we investigate conformal fibrations whose
fibers are circles. We give a new description of the space of possibly
degenerated, oriented circles as a complex quadric. It is used to show
that the map, which assigns every base point to its fiber in the space
of circles, is a holomorphic curve. As a corollary the fibration on hand

is the Hopf map.

vii



viii INTRODUCTION

The third chapter is devoted to the theory of Riemannian submer-
sions. We collect formulas for the Levi-Civita connection and for the
Riemannian curvature tensor. We decompose the curvature tensor in
order to give obstructions for the 3—space being conformally flat. We

apply this to the case of Riemannian fibrations of 3—dimensional mani-

folds.

The topic of the fourth chapter are conformally flat circle bundles
over compact, oriented surfaces. We use the results of the previous
chapter to obtain partial differential equations, which must be satisfied
on the surface. Under the conditions on hand these equations are re-
duced to an ordinary differential equation. Using topological invariants

we solve it and classify conformally flat circle bundles.

In the last chapter we discuss the Chern-Simons functional for con-
formal 3-spaces, which is a global invariant. We recall basic facts about
harmonic morphisms. We apply Chern-Simons theory to the case of
a conformally flat 3—sphere admitting a harmonic morphism to com-
pute certain integrals of curvature functions. With these integrals we
can prove that the horizontal gradient of the curvature function of the
horizontal distribution vanishes. It is the key step to the classification
of submersive harmonic morphisms on conformally flat 3—spheres with

a nowhere vanishing curvature of its horizontal distribution.



CHAPTER 1

The Hopf Fibration

We start with some topological and geometrical properties of the
Hopf fibration.

1. The Hopf Map

The Hopf fibration is a map from the 3—dimensional sphere onto
the 2—sphere. It was introduced by Hopf [H] in order to show that the
third homotopy group of the 2—sphere is non-trivial.

Definition. The Hopf fibration 7: S — S? is the restriction of
the projection €2\ {0} — CP' to the sphere S% = {(z,w) € C? || z |2
+lwP=1}s

(z,w) € S C C*+ [2:w] € CP! = §%
We identify the complex projective space CP' with the 2—sphere

in the standard way, i.e.

1

Z . w G@Pll—)—
2wl ZE+wP

(|w|*—1]2*2w) € S>C R xC.

Obviously, the orientation of the complex space CP! is consistent with
the one of the sphere induced by the outer normal. A formula for the

Hopf fibration, considered as a map to S? C R x €, is given by

m(z,w) = (Jw[* = | z |*,2zw).

It follows from the first definition that the fibers of the Hopf map

are the circles given by
7 [z, w]) = {e(z,w) | €% € S'}.
As the kernel of 7: C?\ {0} — CP! at p = (z,w) is given by

kerd, 7 = {\(z,w) | \ € C} Cc C* = T,C?
1



2 I. THE HOPF FIBRATION
the kernel of 7: S® — 5% at p = (z,w) € S? is given by
kerd, 7 = {\i(z,w) | A € R} C (z,w)* = T,S>
Therefore, a result of Ehresman implies that 7 is a fiber bundle as

a submersion of a compact space. One can see it also more directly:

Consider the action
S%x St — 83 (z,w) - €% > (2€", we'?).
The orbits of this action are the fibers of the Hopf fibration, thus the
Hopf fibration becomes a principal S*—bundle, see for a definition.
Trivializations of this bundle over the affine sets CP'\{[1 : 0]} and
CP'\{[0 : 1]} are given by
ip

——(x1)
VIt | 2 |?

ele

Vit |w]?

([z : 1],€"%) —

and

([1: w], )

(1, w).

The 3—dimensional sphere is a Lie group, as one might see as fol-
lows: Consider S® C H as the subset of quaternions of length 1. The Eu-
clidean scalar product on H is given by < z,y >= Re (zy) = Re (zy),
where 7 is the conjugate quaternion of z € H. Since | zy |=| = || v |
the sphere S? C H is closed under multiplication in H. The identity is
1, and the inverse of z is given by x7! = ﬁi The tangent space at
1 can be identified with Im H. We trivialize the tangent bundle of the

Lie group S? via left translation, i.e.
peImH— zp € T,5° =2+ c H.

Then the integral curves of the vector field I € I'(T'S?) = I'(S?, Im H)
given by I, = 27 'iz € Im H are exactly the fibers of the Hopf fibration,

1

because of xzx~ iz = ix and the description of the kernel of the Hopf

fibration above. Obviously, this vector field is right invariant.

On the other hand, by considering integral curves of the left in-
variant vector field I with I, = xi, one obtains the conjugate Hopf

fibration given by 7(z0,21) = [20 : Z1]. Both maps, the Hopf and the
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conjugate Hopf fibration, differ only by the orientation reversing map
~ CP' — CP% [z : 21] — 20 : 4]

of the target spaces. We will show in the next section that each fibra-

tion of S? is homotopic to one of these two maps.

We give another description of the Hopf fibration. Consider the
map p: S* — SO(3) which is defined by its action

p(x)(n) = zpx™

on p € Im(H) = R3. Tt is well-known that this is the universal covering
of SO(3), therefore S? is the spin group Spin(3), see [Fx] for definitions.
If one takes p = 1, one obtains a map
f: 8 =S cImH;x — xiz ™'
The differential of f at € S? is given by
d, f(v) = zviz 4 zivZ,
so the left invariant vector field I spans the kernel ker d,, f at any point
p € S. Now it is easy to compute that
fo 718 = 8% i

differs from the Hopf fibration only by a constant transformation of the
2—sphere. For the same reasons f is the conjugate Hopf fibration up
to an element of SO(3) acting on S?. As their geometric properties are
equal we regard them as the same and we call fo ~! and f the Hopf

and the conjugate Hopf fibration, too.

2. The Topology of the Hopf Fibration

In this section we describe how to classify submersions w: S% — M
from S onto a manifold M of strictly lower dimension. Of course, M

must be compact and connected.

Proposition. There is no submersion from the 3—sphere onto a

manifold M with dimension 1.

PROOF. Since M is compact and connected we have M = S*. Fur-

ther, one can lift every map f: $® — S! to a function f: $% — R
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with eif = f, because the 3—dimensional sphere is simply connected.

Therefore f has critical values and cannot be a submersion. O

We now consider surfaces as target space for submersions. First we
show that M is diffeomorphic to a quotient of the sphere S2.

2.1. Lemma. If 7: S* — M is a submersion to a connected
2—manifold then M is diffeomorphic to S* or RP?. The later case

occurs if and only if the fibers are not connected.

PrROOF. The fibers of 7 are closed 1—dimensional submanifolds.
Let M be the space of the connected components of all fibers. It
is evident that M has an unique structure as a manifold such that
the map ¢: M — M, which assigns each component of a fiber to the
fiber, is a smooth covering map, and there exists an unique submersion

7:9% = M with co7 = .

If S% covers a surface M, then M has a finite fundamental group.

The only two compact surfaces with a finite fundamental group are S?
and RP2.

It remains to be proven that in the case that 7 has connected fibers,
the base is the 2—sphere. Let p € S% with n(p) = ¢ € M and F =
77 1(q) the fiber through p. Then, by taking p as base point in F and
53, and ¢ as base point in M, one gets the following exact sequence for

the Homotopy groups
o — T (F) — 7, (S?) — (M) — 1,1 (F)...
.. ——m (M) — mo(F) — mo(S?) — mo(M).
A proof can be found in [Br]. With F' = 5! we deduce from 7 (S?) = 0

and 7o(S') = 0 that m (M) = 0, but the only compact surface with
trivial fundamental group is the 2—sphere. Il

In the following we restrict ourselves to fibrations of S® with con-
nected fibers. We will show that they are homotopic to the Hopf or
the conjugate Hopf fibration.

Let m: S® — S? be a submersion, and equip S® with a Riemannian
metric such that the length of each fiber is 2. Note that the fibers
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are oriented, so there exists an unique vector field 7" in positive fiber
direction of length 1. We consider the following action of S! on S® :
Let ®: R x S% — S® be the flow of 7', then

S%x ST — % (g,€"%) = Dy(q)

is a well defined group action. The quotient map is 7 and S' — S® —

S? becomes a principal S'—bundle.

We consider the 1—dimensional complex representation p: St —
GL(C") and the associated complex line bundle L = S* x, C, see
for a definition. The complex line bundles over compact oriented
surfaces are characterized by their degree which is given by

1
o Jar
where [)] is the first Chern character of L or more elementary, € is the

(Im(C)—valued) curvature of any metric connection on L. A proof can
be found in [Pe].

It is well-known that the line bundle associated to the Hopf fibration
has degree —1. In fact it is the tautological bundle over CP', as we will
show below. The bundle associated to the conjugate Hopf fibration has
degree 1.

2.2. Theorem. Let L — M be a complex hermitian line bundle
over a compact oriented surface and denote by S(L) — M the asso-
ciated unitary frame bundle of L. Then the total space S(L) is diffeo-
morphic to S if and only if M = S? and the degree of L is £1.

PRrROOF. Clearly, the total space S(L) is a compact oriented mani-
fold of dimension 3. If it is diffeomorphic to S® we obtain from that
M = 8% because S(L) — M is a fibration with connected fibers. We

can choose two points N # S € 82, and trivializations
A= S(L)| S2\{N} =~y C X Sl

and
B = S(L)\SQ\{S} =5 C x Sl
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of S(L) such that the transition function is like
ol C\ {0} x 8" — C\{0} x 8% (2,¢) > (1/2,(2/ | 2 ) 7"e™),

where n is the degree of the associated line bundle L. We compute
the first fundamental group via the Seifert-Van Kampen Theorem, see
[Br]: We have i (A) = m(B) = Z and w1, (ANB) = Z2. Let p;: 7> — 7.
denote the projections onto the factors. For the embeddings1: ANB —
Aand j: ANB — B and the induced maps on the fundamental groups

one obtains:
L=py m(ANB)=7> - m(A) =7

and
je = —np1 +po: m(ANB) = 7% — 7 (A) = Z.

The free product of m(A) and 7 (B) with amalgation m (AN B) is
g2l =17\ (deg(L)7Z),

which is by Seifert-Van Kampen the first fundamental group m (S(L).
Therefore S(L) is simply connected, and consequently it is diffeomor-
phic to the 3—sphere, if and only if the degree is deg(L) = +1. O

2.3. Corollary. The space of fibrations S® — S? has exactly two
components. Any two fibrations my, ™ in the same component are ho-
motopically equivalent in the following sense: There is a smooth path
70 5% x [0;1] — S2%, which is a fibration for all t € [0;1] connecting g

and .

PRroOOF. For the proof note that any two hermitian metrics on a
line bundle over a surface can be deformed smoothly into each other,

and that any two line bundles of the same degree are isomorphic. [J

2.4. The linking number of the Fibers. We are going to in-
vestigate whether the fibers are linked with each other.

Definition. Let o, 3: S — R3 be oriented, embedded, closed and
disjoint curves in the Euclidean 3—space. The linking number {«, 5}
of a and (3 is defined as the mapping degree of
a(s) — A(t)

fap: St x St 8% (s,t) m.
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By the definition of the mapping degree, we can compute the linking

number as

1 1 1 :
a’ﬂ :—/ f; VOIQZ—/ —deta—ﬁ,a/,ﬁ,
{ } 47 Slx Sl & o 47 S1x Sl | o — 6 ’3 ( )

where ' denotes the derivative with respect to s and ~ the derivative
with respect to t. This formula was already known to Gauss. Note that

the mapping degree does not depend on the order of the curves, i.e.

{o, 0} = {6, a}.

There is another way to describe the linking number for more gen-
eral ambient spaces: Again, let o, 3: S — M be oriented, embedded,
closed and disjoint curves in a simply connected 3—space. The linking
number {a, f} of o and [ is defined as follows. Choose an embedding
of the unit disc

fA{zeCl||lz|<1} =M
such that the oriented curve « is given by the boundary map fis1 = «
and such that [ intersects f transversely. The intersection number of

f and (8 only depend on fs1 = «, and not on the embedding of f.

We only sketch why both definitions coincide: Choose a local ori-
entation preserving diffeomorphism z: U € M — R? such that o and
[ lie in U. We assume that a and f are the circle and the disc of radius
1 around O in the z — y plane. Whenever 3 intersects f at t;, there
is an unique point s; on the circle such that f, (s, t;) = €1 € S,
and the intersection is positive orientated if and only if the differential
d fap(si,t;) is orientation preserving. Therefore, the assertion easily
follows from the description of the mapping degree by counting the

signed preimages of a regular point.

Obviously, the linking number of any two fibers of the Hopf map
is the same. By taking the fibers 771([1 : 0]) and 7= *([1 : 1]), and the
stereographic projection S3 \ {(0,0,0,1)} — R3, the linking numbers

are determined to be 1.



8 I. THE HOPF FIBRATION
3. The Geometry of the Hopf Fibration

We briefly discuss the geometry of the Hopf fibration. We are going
to introduce many pretty properties of the Hopf fibration that makes

it so special.

The first observation is that the fibers of the Hopf map are great
circles, i.e. they are intersections of S® with 2—dimensional linear sub-
spaces. In fact, the first definition of the Hopf fibration shows that the
fiber through (z,w) € S* C C? is exactly the intersection of S* with
the complex linear subspace spanned by (z,w). Evidently, this shows

that the fibers are geodesics in the round sphere.

Next, we consider the map
f: 8% = 8%z ziz!

which differs from the conjugate Hopf fibration only by a isometry of
S%. We have d, f(v) = z(vi — iv)z~! and it follows that

1
5 e far: it C 1,8 — T S?

is an isometry for each x € S3. Therefore, if S? is equipped with the
metric of constant sectional curvature 4, the conjugate Hopf fibration
becomes a Riemannian submersion, see [[I] for a definition. The same
is valid for the Hopf fibration.

Instead of investigating the fibers of the Hopf fibration one can
study the preimages of closed curves in S2. Topologically they are tori,
but their geometry is much more interesting. The preimages of great
circles in S? are Clifford tori, which are believed to be the absolute
minimizers of the Willmore functional for tori. Moreover, Pinkall [Pi]
used this method to show that every compact Riemannian surface of
genus one can be conformally embedded in S?, such that after a stere-
ographic projection, the embedding is an algebraic surface in R?® of

degree eight at most.

Another nice feature of the Hopf fibration is obtained by considering

a locally defined harmonic functions f on S2. Its pull-back fox on S*
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is harmonic, too. That means that the Hopf fibration is a so called
harmonic morphism. It follows from a result in or more directly,
from the formulas in chapter [[TI}

3.1. The associated bundle. We are going to prove that the line
bundle associated to the Hopf fibration, i.e. the tautological bundle, is
a spin bundle of the Riemannian surface CP'. This will be done in a

different manner than usual in Riemannian geometry, see [Fr].

We recall the notation for holomorphic structures very briefly: The
canonical bundle of a Riemannian surface (M, J) consists of complex

valued and complex linear 1—forms
K,={w: T,M - C|iw=wo J},
and similarly for the anti-canonical bundle
K,={w: T,M — C |iw=—wo J}.
A complex linear first order differential operator
0: (L) - T'(K®L)
is called holomorphic structure on L if it satisfies the Leibniz rule
Afs)=0(f)®@s+ f®0s

for all functions f: M — C and sections s € I'(L). Here

- 1
a(f) = 5(df+idfoJ)

denotes the complex anti-linear part of d f. In fact, 9: I'(C) — I'(K)
defines the standard holomorphic structure on the trivial bundle C —
M. The use of holomorphic structures is due to the fact that the ker-
nel of 0 can be considered as the space of holomorphic sections in L.

Therefore we call (L,d) a holomorphic line bundle.

One of the most important examples of a holomorphic bundle is
the canonical bundle K — M equipped with the exterior differential

operator d as holomorphic structure: It is easy to show that

d: T(K) — Q*(M;C) =2T(K ® K)
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satisfies the Leibniz rule, and that the holomorphic sections are exactly
the 1—forms w which can be locally written as w = fdz, where f is

holomorphic, and z is a holomorphic coordinate.

Definition. A holomorphic line bundle (L, d) over a Riemannian
surface M is called spin bundle if the square (L® L, 9®0) is isomorphic

to the canonical bundle (K, d) as a holomorphic bundle.

Proposition. The complex line bundle L = S* x, C associated
to the Hopf fibration, where p is the standard representation p: S —
GL(CY) of S', is isomorphic to the tautological bundle. Equipped with

its standard holomorphic structure, it is a spin bundle.
PROOF. The tautological bundle ¥ is given by
{Az,w) € C*| X e C; [z:w] € CP'} — CP,

so the fiber of the tautological bundle over [z : w] € CP is equivalent
to the complex line [z : w] C C?. The (locally defined) holomorphic
sections of the tautological bundle are given by the (locally defined)
holomorphic maps f: CP' — C? with [f] = Id: CP' — CP'. We
define

O YRY - K

by ®((z,1) ® (2,1)) = dz and ®((1,w) ® (1,w)) = —dw. Clearly, it
is well-defined. The holomorphic sections are mapped to holomorphic

1—forms.

It remains to show that L = 3. A linear isomorphism is given by
(3.1) L=5"x,C— %[(z,w),\] = Az, w).
O

Remark. We will see in the next chapter (4.3)), that there exist a
holomorphic structure on L induced by the canonical CR holomorphic
structure on S3. It will be proved that this holomorphic structure is

equivalent to the one induced via |3.1}



CHAPTER 1II

Conformal Fibrations and Complex Geometry

In this chapter we show how to study conformal fibrations on mani-

folds of dimension 3 by using complex methods.

4. CR Manifolds

We start with a short introduction of CR (Cauchy-Riemann) mani-
folds. Many ideas in the theory of CR manifolds, and in fact the subject
of CR manifolds, are influenced by complex manifolds. We recall some

facts.

4.1. Complex Manifolds. A complex manifold (M, A) is given
by a even dimensional real manifold M with an sub-atlas A, such that
all transition functions V' C R** = C" — U C R = C" of A are
holomorphic. The most important example of a complex manifold is
the complex projective space CP". The affine coordinates provide an

atlas of holomorphic charts.

On complex manifolds one has the notation of holomorphic func-
tions, complex tangent vectors and so on. The definitions of the first
is clear. The definition of the second is technically the same as in the
real case, too. A complex linear derivative on the space of germs of
holomorphic functions is called a complex tangent vector. For each
point p € M this is a complex n—dimensional vector space which will
be denoted by TISLO) M. The relationship to the tangent space of the un-
derlying real manifold M can be described as follows: The complexified
tangent space T,M ® C is the set of complex linear derivatives on the
space of germs of complex-valued functions. Clearly, the complexified
tangent space also acts on germs of holomorphic functions. We denote
the kernel of this action by 7, ,SO’”M . We do the same with the space of
anti-holomorphic functions, i.e. functions f: U C M — C such that f
is holomorphic, and we obtain that the kernel of the action of T, M @ C

11
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on the space of anti-holomorphic functions can be identified with the

complex tangent space Tp(l’O)M . Moreover we get the decomposition
T,M®C=T"MoT"M,
and there is an unique operator
T TMC—TM@C

such that the complexified tangent space splits into the +i eigenspaces
of J. In fact, J is even defined on T'M, and with any holomorphic
chart ¢ = (zx + iyg)g=1, ., it is given by j(%) = i%. Note that
(TM,J) and (T M, i) are complex isomorphic.

This leads us directly to the following definition: An almost complex
structure J is an endomorphism J € End(TM) with J* = —1d.
A complex function is said to be holomorphic (with respect to J) if
dfoJ =idf. A deep result of Newlaender and Nirenberg is that on a
manifold with an almost complex structure there is an atlas consisting

of holomorphic functions if and only if the Nijenhuis tensor N given by

vanishes. Thus a complex manifold is obtained as the transition func-

tions are obviously holomorphic.

It would be tedious to discuss the geometry of complex manifolds
here. Whenever its methods or results are needed below, we will review

them shortly. As an introduction we refer to [GriHal.

4.2. CR manifolds. Before defining an abstract CR manifold we
shall consider an important example. Let M — FE be a real hyper-
surface of a n—dimensional complex manifold E. We define the Levi
distribution H, of M at p as

H, :=T,M N J(T,M),

where 7 is the complex structure of E. The restriction of J is a com-
plex structure on that space. We also consider the complex n — 1

dimensional spaces

TN =TM o CNTEOE
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and
TOUNM =TM o CNTOVE.

Then there is the complex linear isomorphism
1
H— TYWOM; X 5 (X —iJ (X))

as in the case of complex manifolds. Note that 709 M is an integrable

sub-bundle of TM & C.

Negating the question whether any two real hypersurfaces of C?
are (at least locally) biholomorphically equivalent was probably the
first result in CR geometry. Cartan [Cal] found invariants of CR
manifolds, which determine whether CR submanifolds are equivalent
via a holomorphic diffeomorphism. We only consider an invariant which
is easy to handle and plays a major role in the whole subject of CR
manifolds. The Levi form £ is given by the curvature of the Levi
distribution H :

L:HxH—TM/H;(X,Y)— [X,Y] mod H.

This is a skew-symmetric complex bilinear form, and, in the case of ori-
ented M, its index is an invariant of the CR structure. A CR structure

is called strictly pseudoconvex if the index is extremal, i.e. £(n — 1).

We give the definition of an abstract CR manifold.

Definition. A CR structure (of hypersurface type) on a manifold

M of dimension 2n — 1 is a complex sub-bundle
T cTM ®C
of complex dimension n — 1 which is (formally) integrable and satisfies
T30 A TN = {0}
Here we used
7OV .= TOOM = {5 | v e TWV M},

where z ® 2z := 2 ® z for all t ® z € TM ® C. Note that CR hypersur-

faces satisfy the integrability conditions automatically.
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As in the case of complex manifolds, there is another way to define

a CR manifold. Consider the 2n — 2 dimensional bundle
H:=Re{T"MoTOYM}y c TM
called the Levi distribution with the complex structure
J:H— H;J(v+7)=1i(v—7).
Then the integrability of 70?9 M can be written as
(JTX,)Y|+[X,JY]| eT'(H)
and
(XY - [IX,TJY|+TJITX,Y|+TX,JY]|=0.

The Levi form is defined as in the case of CR hypersurfaces. A function
f: M — C is called CR function or CR holomorphic if

df(TX) =id f(X)

for all X € H. Similarly, a map ¢: (M,H) — (N, f[) between CR
manifolds is called a CR map or CR holomorphic if

dyY(TX) = T d(X).
This is equivalent to

dyp(THM) c TOON.

The question whether every abstract CR manifold of hypersurface
type can be embedded as a hypersurface into a complex space can only
be answered in the affirmative in case of analytic CR structures, or
in case of strictly pseudo-convex CR structures with dimensions > 9.
A counterexample was given by Nirenberg in dimension 3. For more

details and references see [Bo] or [DT].

4.3. Example. The round 3—sphere S* C C? is obviously a CR
hypersurface of C2. We consider functions f: S® — C with the prop-
erty that f(pe®) = e % f(p) for all p € S® and ¥ € S! C C. Such
functions are exactly the sections of the associated bundle L = S® x,C
which gives us the tautological bundle of CP!, compare Every
such function can be extended to a function f: C?\ {0} — C via
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f(zp) = 271 f(p) for p € % and 0 # z € C. Obviously f is holomor-
phic if and only if f is CR holomorphic. One can obtain the associated
section sy of f of the tautological bundle > — CP! of CP! via

~

sp([z 1 w]) = f(z,w)(z,w).

That shows that s; is holomorphic if and only if f is CR holomorphic.

4.4. The Tangent Sphere Bundle. We end this section by illus-
trating the canonical CR structure of the tangent sphere bundle of an
oriented conformal 3—space (M, [g]). Note that the CR structure here
differs from the natural CR structure on the tangent sphere bundle of

a Riemannian manifold of arbitrary dimension.

For a metric g € [g] in the conformal class of M, the unit sphere
bundle of (M, g) is

SgM ={veTM|g(v,v) =1}
We identify the unit sphere bundles of two metric SyM ~ Scax, M via
veE SM ~ e M€ Seang M.

This gives us the tangent sphere bundle p: SM — M of the confor-
mal space (M, [g]). As an alternative it could have been defined as the
bundle of oriented lines in the tangent spaces. Note that it can be
considered as a (non-linear) sub-bundle of T'M if and only if we fix a
metric g € [g]. We denote the elements of the tangent sphere bundle by
[v] € SM. Any two representatives v and ¢ of [v] are positive multiples

of each other.

The Levi distribution of the tangent sphere bundle is defined by
H[U] = {X € T[U]SM | d[v] p(X) L U}.

At [v] € SM, the complex structure J on H is given as follows: Let
g € [g] be a metric in the conformal class and let v € T,M be a vector
of length 1 with respect to g. Consider the subspace V := v+ C T,M.
The tangent space of T,M can be canonically identified with T, M. By

using g one obtains an exact sequence

0=V —HCTySM —, V —0.
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On V there is the canonical complex structure given by the cross-
product J(w) = v X w with respect to the orientation and g. Due
to the Levi-Civita connection V9 there is an unique decomposition
T, TM =YV @& H, where the parts are isomorphic to T}, M, such that
the covariant derivative Vs for each section s € I'(T'M) is given by
the vertical part 7V d s of the derivative ds: TM — TTM, see or
[SW] for details. Of course, this splitting induces a decomposition of
the sequence above, so there exists an unique complex structure J on
H compatible with J on V and the sequence above. Note that the
vertical part of H and the complex structure restricted to it do not
depend on the choice of the splitting. To see that 7 is well-defined we

use the formula
Vx(eY)=eNVxY +Y - AX)

for the Levi Civita connection V of § = e**g and X LY € I'(T'M).
Therefore, the horizontal part H, NHYJ of the Levi distribution H, for

the new metric g can be identified with
{v-e?p.X®X|XeH,NHI},

where p, X € V, =2 T,(v)M. The complex structure defined on H via g
is compatible to the one on H defined by g, as

j(v e XD X)=0v-e T (pX) B T(X).

4.5. The Tangent Sphere Bundle of S3. Instead of proving
that the CR structure J satisfies the integrability conditions on every
tangent sphere bundle, we consider the special case of the conformally
flat S3, and verify that its tangent sphere bundle is in fact a CR hy-

persurface.

We need to recall some facts of the twistor projection 7: CP? — S4,
first. In general the twistor space P of a four dimensional Riemannian
manifold M is the bundle of almost complex structures compatible with
the metric. The total space of the twistor projection inherits a canon-
ical complex structure as follows: The fibers are round two spheres, as

for a fixed vector N of length 1 any almost complex hermitian structure



4. CR MANIFOLDS 17

J is determined by the unit vector J(N) of length 1 in N-+. Although
the identification with a 2-sphere is not canonical but rather depends
on the choice of N, the induced complex structure on the vertical space
V is well-defined. Using the embedding of the space of complex her-
mitian structures P into End(7'M) and the connection induced by the
Levi-Civita connection on End(7T'M), one obtains the horizontal bun-
dle as the tangents to parallel curves of complex structures, see [7| for
more detailed [SW]. This horizontal space projects isomorphic onto
the tangent space of M. The complex structure 7 lifts to the horizontal
space H7 at J. Combined with the complex structure on V it defines

the canonical almost complex structure on the twistor space.

There is a lovely description in case of the round S*. For details
of the quaternionic part consult [BFLPP02]. Consider H? as a right
vector space. Via the complex structure given by right multiplication

with 1 we can identify 12 = C*. The twistor projection is given by
m: CP? - S*~ HP';e € CP® — [ = ¢eH € HP',

which maps complex lines e to quaternionic lines el = e®ej. It matches
with the definition of the twistor fibration, as we describe now. Like in
the real or complex case, it is 7y HP' 2 Hompy/(1,H?/1) via d, p(v) =
(z +— v + 2H), where p: H? \ {0} — HP" is the canonical projection.
The round metric ¢ on HP?' is given by
2
9(ds p(v), ds p(w)) = o)

where ((,)) is the standard quaternionic hermitian inner product on

Re{{v,w)),

H2. Thus it is easy to see that every hermitian complex structure on
T, HP* = Homp(,H?/1) is given by post-composition with a quater-
nionic linear complex structure J € Endg(H?/1) or, as | and H?/[ are
both quaternionic 1—dimensional, by pre-composition with a quater-
nionic linear complex structure J € Endy(!). Hence the almost com-
plex hermitian structures on 7; HP! are exactly the quaternionic linear
complex structures on [. We can identify the complex line e € CP?
with hermitian structure on T, HP' given by pre-composition with

the unique complex structure J: | — [ such that

e={vel|J(v) =i}
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is the 1 eigenspace of J.

The round S C HP! is the space of isotropic lines of the indefinite

hermitian metric (,) given by
<’U, U)> = V1W1 — VaW>.

Then the real quadric Q := 771(S%) € CP? is the set of isotropic lines
of

(,): C* x C* = C; (2,w) = Zw, + Zyws — Z3ws — Z4wy
in C*. Evidently that is a CR hypersurface of CP?. Let N be the
oriented unit normal vector field of S < S* = HP'. There is an one-
to-one correspondence between almost complex hermitian structures

and elements of the unit sphere bundle via
(4.1) J € End(T; HP') — [J(N)] € S;S°.

We need a better understanding of the map above. Fix the embedding
v €S CHwr [z:1] € HP. Using ({,)) we can identify

Tipqy HP' = Homy ([ : 1); H?/[z : 1]) = Hom([z : 1], [z : 1]*)

and obtain for the oriented unit normal vector N, at z € S° — HP!

the quaternionic homomorphism which maps (x,1) to %(x,—1). The

2
tangent bundle of S? is given by T'S® = §3 x Im H via left translation.
The tangent vector u € ImH at x € S? corresponds to quaternionic lin-
ear mapping which assigns %(:1:, —1)p to (x,1). Therefore, the almost
complex hermitian structure of T,y HP' = Hom([z : 1],[z : 1]4),
which maps N to the vector given by pu € Im H, is the complex struc-
ture J € End([z : 1)) with J(z,1) = (z,1)p via pre-composition.
The complex line e corresponding to the tangential vector p at x is

determined to be
(4.2) e={(x, DA\ | T(z, DA = (x, 1)1} = {(x, )X | pA = Ai}.

It remains to show that the mapping in is C'R holomorphic. Note
that the vertical spaces of both bundles are contained in the respective
Levi distributions, and the complex structures restricted to them are
clearly the same by the description of the complex structure on the
vertical space of the twistor space. The intersection of the Levi dis-

tribution and the horizontal space of @ is given by J (N )+, where N
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is the (horizontal lift of the) oriented unit normal field of S% — HP*.
The complex structure on it is defined by J(v) = J (V) x v. Therefore
it remains to show that the horizontal bundles correspond, where the
horizontal bundle of SS? is given by the Levi-Civita connection of the
round metric of S3. It is easily deduced by the definition together with
Vx(J(N)) = (VxT)(N)+T(VxN) and the fact that the unit normal
field N of S in S* is parallel.

5. Conformal Submersions

Conformal submersions are generalizations of Riemannian submer-

sions as conformal immersions to isometric ones:

Definition. A submersion 7: P — M between Riemannian mani-
folds (P, g) and (M, h) is called conformal if for each p € P the restric-

tion of the differential to the complement of its kernel
d,7: kerd, at - TrpyM
is conformal.

Of course, the definition does not depend on the representative of
a conformal class. The Hopf fibration is a basic example. We call ¥V =
ker d 7 the vertical space and its orthogonal complement H = kerd 7+

the horizontal space.

5.1. Proposition. A submersion between Riemannian manifolds
1s conformal if and only if the differential at a point, restricted to the
horizontal space, is conformal and the Lie derivative of any wvertical

field on the metric restricted to the horizontal space is conformal, that
means for all V € T'(kerd7) and X,Y € kerd 7+

ﬁvg(X7 Y) = U(V)g(Xa Y),
where v(V') does only depend on V.

ProOF. We only show that the condition is satisfied for the Lie

derivative, the other direction follows by backtracking the proof below.
Let X,Y € I'(H) be the horizontal lifts of vector fields X, Y € T'(TM).
Then [X,V] € V and [Y,V] € V for any vertical field V, and we
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compute
v(V)g(X,Y) =V (g(X,Y))
=V (g(X.Y) — g([V. X],V) — g(X, V. Y])
= Evg(f(, y )

We used that g(X,Y) = Ah(X,Y) and v(V) = V - A for the first
equality. O

5.2. The CR structure of a fibered conformal 3—manifold.
Let m: P — M a submersion of a conformal oriented 3—space to an
oriented surface. We define a CR structure on P as follows: We set
H = H = kerdnt and define J: H — H to be the rotation by
% in positive direction. We extend J to T'P by setting J (1) = 0
for T € kerdn and call J € End(TP) the CR structure on P. Note
that J can be computed as follows: Fix a metric in the conformal
class and the unit length vector field T" in positive fiber direction, then

J(X)=Tx X.

Since conformal and complex structures correspond on oriented sur-

faces, one obtains:

Proposition. There exist local defined, non-constant holomorphic
functions on (P, H) which are constant along the fibers if and only if 7

1s a conformal submersion for a suitable conformal structure on M.

We come to a characterization of conformal submersions due to
Pinkall, which gives the opportunity to study them by using methods
of complex geometry. Another approach is done by [BaWo2].

Proposition. A submersion w: P — M between an oriented con-
formal 3—space to an oriented surface is conformal for a suitable com-
plex structure on M if and only if the map V, through which each point
in P is assigned to the oriented fiber direction [T| € SP, is CR holo-

morphic.

PRrROOF.