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Preface

This book is split in four parts. Part I is concerned was basic material
about certain ordinary differential equations, paths of Holder and variation
regularity and the rudiments of Riemann—Stieltjes - and Young integration.
Nothing here will be new to the specialists but the material seems to be
rather spread out in the literature and we hope it will prove useful to have
it collected in one place.

Part II is about the deterministic core of rough path theory, a la T.
J. Lyons, but actually inspired by the direct approach of A. M. Davie.
Although the theory can be formulated in a Banach setting, we have chosen
to remain in a finite-dimensional setting; our motivation for this decision
comes from the fact that the bulk of classic texts on Brownian motion and
stochastic analysis take place in a similar setting, and these are the grounds
on which we sought applications.

In essence, with rough paths one attempts to take out probability from
the theory of stochastic differential equations - to the extent possible. Prob-
ability still matters, but the problems are shifted from the analysis of the
actual SDEs to the analysis of elementary stochastic integrals, known as
Lévy’s stochastic area. In Part III we start a with detailed discussion
how multi-dimensional Brownian motion can be turned into a (random)
rough path; followed by a similar study for (continuous) semimartingales
and large classes of multi-dimensional Gaussian - and Markovian processes.

In Part IV we apply the theory of rough differential equations (RDEs),
path-by-path, with the (rough) sample paths constructed in Part III. In
the setting of Brownian motion or semimartingales, the resulting (random)
RDE solutions are identified as solutions to classical stochastic differential
equations. We then give a selection of applications to stochastic analysis in
which rough path techniques have proved useful.

The prerequisites for parts I and II are essentially a good command of
undergraduate analysis. Some knowledge of ordinary differential equations
(existence, uniqueness results) and basic geometry (vector fields, geodes-
ics) would be helpful, although everything we need is discussed. In part
III, we assume a general background on measure theoretic probability the-
ory and basics of stochastic processes such as Brownian motion. Stochastic
area (for Brownian motion) is introduced via stochastic integration, with
alternatives described in the text. In the respective chapters on semimartin-
gales, Gaussian - and Markovian processes, the reader is assumed to have
the appropriate background; most of which we have tried to collect in the
appendices. Part IV deals with applications to stochastic analysis, stochas-
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tic (partial) differential equations in particular. For a full appreciation of
the results herein, the reader should be familiar with the relevant back-
ground; textbook references are thus given whenever possible at the end of
chapters. Exercises are included throughout the text, often with complete
(or sketched) solutions.

It is our pleasure to thank our mentors, colleagues and friends. This book
would not exist without the teachings of our PhD advisors, S.R.S. Varadhan
and T.J. Lyons; both remained available for discussions at various stages
throughout the writing process. Once we approached completion, a coura-
geous few offered to do some detailed reading: M. Caruana, A. Deya, M.
Huesmann, J. Teichmann and S. Tindel. Many others offered their time and
support in various forms: G. Ben Arous, C. Borrell, F. Baudoin, R. Car-
mona, D. Chafai, T. Coulhon, L. Coutin, M. Davis, B. Davies, A. Davie,
D. Elworthy, M. Gubinelli, M. Hairer, B. Hambly, A. Iserles, I. Karatzas,
A. Lejay, D. Lépingle, P. Malliavin, P. Markowitch, J. Norris, Z. Qian, J.
Ramirez, J. Robinson, C. Rogers, M. Sanz-Sole, D. Stroock. This is also a
welcome opportunity to thank C. Obtresal, C. Schmeiser, R. Schnabl, W.
Wertz for their early teachings. The first author expresses his deep grati-
tude to the Department of Pure Mathematics and Mathematical Statistics,
Cambridge and King’s College, Cambridge, where the work on this book
was be carried out under ideal circumstances. Partial support from the
Leverhulme Trust and EPSRC grant EP/E048609/1 is gratefully acknowl-
edged. The second author would like to thank the Mathematical Institute,
Ozford and Magdalen College, Ozford, where work on the early drafts of
this book was undertaken.

Finally, it is our great joy to thank our loving families.

P.K. Friz' and N.B. Victoir
Cambridge and Hong Kong, April 2009

I Current affiliations: DPMMS, Cambridge and RICAM, Linz.



Introduction

One of the remarkable properties of Brownian motion is that we can use it
to construct (stochastic) integrals of the type

/...dB.

The reason this is remarkable is that almost every Brownian sample path
(Bt (w) : t € ]0,T)) has infinite variation and there is no help from the clas-
sical Stieltjes integration theory. Instead, It6’s theory of stochastic inte-
gration relies crucially on the fact that B is a martingale and stochastic
integrals themselves are constructed as martingales. If one recalls the ele-
mentary interpretation of martingales as fair games one sees that Itd in-
tegration is some sort of martingale transform in which the integrand has
the meaning of a gambling strategy. Clearly then, the integrand must not
anticipate the random movements of the driving Brownian motion and one
is led to the class of so-called previsible processes which can be integrated
against Brownian motion. When such integration is possible, it allows for
a theory of stochastic differential equations (SDEs) of the form?

d
W= VB W), YO = O
i=1

Without going into too much detail, it is hard to overstate the importance
of Itd’s theory: it has a profound impact on modern mathematics, both
pure and applied, not to speak of applications in fields such as physics,
engineering, biology and finance.

It is a natural question to ask whether the meaning of (x) can be ex-
tended to processes other than Brownian motion. For instance, there is
motivation from mathematical finance to generalize the driving process to
general (semi)martingales and luckily It6’s approach can be carried out
naturally in this context.

We can also ask for a Gaussian generalization, for instance by considering
a differential equations of form () in which the driving signal may be taken
from a reasonably general class of Gaussian processes. Such equations have
been proposed, often in the setting of fractional Brownian motion of Hurst
parameter H > 1/2 where H is the Hurst parameter?, as toy models to

2Here B = (Bl7 cey Bd) is a d-dimensional Brownian motion.
3Hurst parameter H = 1/2 corresponds to Brownian motion. For H > 1/2, one has
enough sample path regularity to use Young integration.



study the ergodic behavior of non-Markovian systems or to provide new
examples of arbitrage-free markets under transactions costs.

Or we can ask for a Markovian generalization. Indeed, it is not hard to
think of motivating physical examples (such as heat flow in rough media)
in which Brownian motion B may be replaced by a Markov process X¢
with uniformly elliptic generator in divergence form, say % ZZ j 0; (aij aj-),
without any regularity assumptions on the symmetric matrix (aij )

The Gaussian and Markovian examples have in common that the sample
path behavior can be arbitrarily close to Brownian motion (e.g. by taking
H =1/2 + ¢ resp. a uniformly e-close to the identity matrix ). And yet,
1to’s theory has a complete breakdown!

It has emerged over the last years, starting with the pioneering works of
T. Lyons [109], that differential equations driven by such non-semimartingales
can be solved in the rough path sense. Moreover, the so-obtained solutions
are not abstract non-sense but have firm probabilistic justification. For
instance, if the driving signal converges to Brownian motion (in some rea-
sonable sense which covers ¢ — 0 in the aforementioned examples) the
corresponding rough path solutions converge to the classical Stratonovich
solution of (x), as one would hope.

While this alone seems to allow for flexible and robust stochastic mod-
elling, it is not all about dealing with new types of driving signals. Even
in the classical case of Brownian motion, we get some remarkable insights.
Namely, the (Stratonovich) solution to (x) can be represented as a deter-
ministic and continuous image of Brownian motion and Lévy’s stochastic

area ' ‘
AT () = £ /Bdekf/ BdB?
2 0 0

alone. In fact, there is a "nice" deterministic map, the It6—Lyons map,
(Yo; x) — (0, yo; X)

which yields, upon setting x = (Bi, APk g kel ..., d}) a very pleas-
ant version to the solution of (). Indeed, subject to sufficient regularity of
the coefficients, we see that (*) can be solved simultaneously for all starting
points yg, and even all coefficients! Clearly then, one can allow the starting
point and coefficients to be random (even dependent on the entire future of
the Brownian driving signals) without problems; in stark contrast to Itd’s
theory which struggles with the integration of non-previsible integrands.
Also, construction of stochastic flows becomes a trivial corollary of purely
deterministic regularity properties of the It6—Lyons map.

This brings us to the (deterministic) main result of the theory: continuity
of the Ito6—Lyons map

X=m (07 Yo; X)

in "rough path"-topology. When applied in a standard SDE context, it
quickly gives an entire catalogue of limit theorems. It also allows to reduce



(highly non-trivial) results, such as the Stroock—Varadhan support theorem
or the Freidlin—Wentzell estimates, to relatively simple statements about
Brownian motion and Lévy’s area. Moreover, and at no extra price, all
these results come at the level of stochastic flows. The It6—Lyons map is
also seen to be regular in certain perturbations of x which include (but are
not restricted to) the usual Cameron—Martin space and so there is a natural
interplay with Malliavin calculus. At last, there is increasing evidence that
rough path techniques will play an important role in the theory of stochastic
partial differential equations and we have included some first results in this
direction.

All that said, let us emphasize that the rough path approach to (stochas-
tic) differential equation is not set out to replace Itd’s point of view. Rather,
it complements [td’s theory in precisely those areas where the former runs
into difficulties.

We hope that the topics discussed in this book will prove useful to
anyone who seeks new tools for robust and flexible stochastic modelling.






The Story in a Nutshell

0.1 From ordinary to rough differential equations

Rough path analysis can be viewed as a collection of smart estimates for
differential equations of type

d
dy =V (y)do <=y = Vi(y)i"

=1

Although a Banach formulation of the theory is possible, we shall remain
in finite dimensions here. For the sake of simplicity, let us assume that
the driving signal € C> ([0,T],R%) and that the coefficients V4, ...,V €
C> (R®,R®), that is bounded with bounded derivatives of all orders. We
are dealing with a simple time-inhomogenous ODE and there is no question
about existence and uniqueness of an R¢-valued solution from every starting
point yg € R®. The usual first order Euler approximation, from a fixed time-
s starting point y,, is obviously

t
yt_yszv;(ys)/ dx'.
s

(We now adopt the summation convention over repeated up-down indices.)
A simple Taylor expansion leads to the following step-2 Euler approxima-
tion,

t t r
Yo —Ys = Vi (ys)/ de’ + VlkakVJ (ys)/ / dz'dz?

S

:g(ye 7xs,t)

t t T
X5t = (/ daz,/ / d:c®dx> € R? @ R4, (1)

Let use now make the following Holder-type assumption: there exists c;
and « € (0,1] such that, for all s < ¢in [0,7] and all i,5 € {1,...,d},

t ) t T ) )
/dm’ //dwzd:ﬂj

Remark that f: [ daidad is readily estimated by €2 [t — s|?, where ¢ =
|| ;0,77 is the Lipschitz norm of the driving signal, and so (Hq) holds,

with

1/2

(H,) : % <clt—s|”. (2)




somewhat trivially for now, with ¢; = ¢ and o = 1. [We shall see later
that (H,) also holds for d-dimensional Brownian motion for any o < 1/2
and a random variable ¢; (w) < oo a.s. provided the double integral is
understood in the sense of stochastic integration. Nonetheless, let us keep
z deterministic and smooth for now.]

It is natural to ask how good exactly these approximation are. The an-
swer is given by Dawvie’s lemma which says that, assuming (H,) for some
a € (1/3,1/2], one has the "step-2 Euler estimate"

e — Ys — & (s, Xet)| < o [t — s|°

where § = 3a > 1. The catch here is uniformity: ca = ¢ (¢1) depends on
the x only through the Holder bound ¢y but not on its Lipschitz norm.
Since it is easy to see that (H,) implies

E (Yo, Xst) < cglt —s|%, ez =c3(c1),
the triangle inequality leads to
lyr —ys| < calt — s, ca=ca(cr). (3)

As always in analysis, uniform bounds allow for passage to the limit. We
therefore take z,, € C*° ([0, T],R?) with uniform bounds

t ) t T ) )
/ dzx;, / / dx; dz),

such that, uniformly in ¢ € [0, T,

t t T
(/ dx;,/ / dmidmi) — X = (X,El),x,(f)) € R @ R4,
0 o Jo

The limiting object x is a path with values in R? @ R4*? and the class of
(Rd @ Rdx‘i)—valued paths obtained in this way is precisely what we call
a-Hslder rough paths?.

Two important remarks are in order.

1/2

sup % <ci|t—s|”

n

(i) The condition a € (1/3,1/2] in Davie’s estimate is intimately tied
to the fact that the condition (H,) involves the first two iterated
integrals.

(ii) The space RY@R**? is not quite the correct state space for x. Indeed,
the calculus product rule d (mZmJ) = x'dz? + z7dx’ implies that®

sou([[ [[woar) =5 ([w)o([ a).

4To be completely honest: we call this a weak geometric a-Hélder rough path.

5 Sym (A) := % (A+ AT) | Anti(A) := % (A— AT) for A € Rx4,



FIGURE 1. We plot s — (:E;, mg) and the chord which connects (z), x%), on the
lower left side, say, with (zj,27) on the right side. The (signed) enclosed area
(here positive) is precisely Anti(x?))i’j.

This remains valid in the limit so that x (¢) must take values in
{X _ (x<1>’x(2)) € RY & RY*? ; Sym (X<2>) _ %Xu) . X(l)} .
We can get rid of this algebraic redundancy by switching from x to®
(x(l), Anti(x@))) cRY @ s0(d).

At least for a smooth path x(-), this has an appealing geometric
interpretation. Let (x?,z?) denote the projection to two distinct co-
ordinates (i, j); basic multi-variable calculus then tells us that

1 o ) ) t, . )
Anti(xg))m =3 (/0 (zf — o) da] — /0 (xg — mf)) dwé)

is the area (with multiplicity and orientation taken into account)
between the curve {(z%,27) : s € [0,¢]} and the chord from (z},x])
to (z, ).
Example 0.1 Consider d =2 and z,, (t) = (£ cos (2n*t) , L sin (2n%t)) €
R2. Then (H,) holds with o = 1/2; as may be seen by considering separately
the cases where 1/n is less resp. greater than (t — 8)1/2, Moreover, the

limiting rough path is
_ 0 0 ¢
«=((5)-(%0)) @

since we Tun around the origin essentially n’t/m times, sweeping out area
7/n? at each round.

6 As will be discussed in chapter 7, this is precisely switching from the step-2 free
nilpotent Lie group (with d generators) to its Lie algebra.



We are now ready for the passage to the limit on the level of ODEs. To
this end, consider (y™) C C (]0,7],R¢), obtained by solving, for each n,
the ODE

dy" =V (y")dz", y" (0) = yo.

By Davie’s lemma the sequence (y,) has a uniform a-Hslder bound ¢y
and by Arzela-Ascoli we see that (y,,) has at least one limit point in
C ([0,7],R¢). Each such limit point is called solution to the rough dif-
ferential equation (RDE) which we write as

dy = V(y)dx, y (0) = yo. (5)

The present arguments apply immediately for V € C%?, that is bounded
with two bounded derivatives, and more precisely for V € Lip? =ty > 1/q,
in the sense of Stein”. As in classical ODE theory, one additional degree
of regularity (e.g. V €Lip?,v > 1/a) then gives uniqueness® and we will

write
y = mwv) (0,905 %)

for such this unique RDE solution. At last, it should not be surprising from
our construction that the RDE solution map (a.k.a. [to-Lyons map)

x — 7(v) (0,905 %)

is continuous in x (e.g. under uniform convergence with uniform Holder
bounds).

Example 0.2 Assumex; = (fot dwi,f()t for dacjdxk>i7j)ke{lw7d} with smooth
x. Then

y = 7m(v) (0,905 %)
is the classical ODE solution to dy =V (y) dz, y(0) = yo.

Example 0.3 Assume x is given by (4) and V = (V1, V). Then
y = 7(wv) (0,%0;%)

can be identified as the classical ODE solution to
dy = [V, Vo] (y) dt

where [Vi, V| = Vii0;Vo — VE0; Vi is the Lie bracket of Vi and Vs.

"Writing v = || +{v} with integer |v| and {y} € (0, 1] this means that V is bounded
and has up to |y] bounded derivatives, the last of which is Holder with exponent {v}.

8 With more effort, uniqueness can be shown under Lip!/®-regularity.
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Example 0.4 Assume B = (Bl, .. .,Bd) is a d-dimensional Brownian
motion. Define enhanced Brownian motion by

t t
B; = (/ dBi,/ Bjod3k>
0 0 i,j,ke{1,...,d}

(where o indicates stochastic integration in Stratonovich sense). We shall
see that B is a a-Hélder rough path for o € (1/3,1/2) and identify

Y (w) := (v (0,0; B)

as solution to the Stratonovich stochastic differential equation’

d
dY =Y V;(Y)odB".
=1

0.2 Carnot—Caratheodory geometry

We now try to gain a better understanding of the results discussed in the
last section. To this end, it helps to understand the more general case of
Holder-type regularity with exponent o = 1/p € (0,1]. As indicated in
remark (i), this will require consideration of more iterated integrals and we
need suitable notation: given z € C* ([0, T],R%) we generalize (1) o'

t
X := Sy (m)o,t = <1,/ dm,/ dx®dx,...,/
0 A2 AR,

[0,¢]

dm®-~®dx>,

(6)
called step-N signature of x over the interval [0,¢], with values in
2 N
™ (RY) :=ReR'® (R) T o o (R)"".
Observe that we added a 0" scalar component in our definition of x; which
is always set to 1. This is pure convention but has some algebraic advan-
tages. To go further, we note that TV (]Rd) has the structure of a (trun-
cated) tensor-algebra with tensor-multiplication ®. (Elements with scalar
component equal to 1 are always invertible with respect to ®.) Computa-
tions are simply carried out by considering the standard basis (e;) of R% as
non-commutative indeterminants; for instance,

(a'e;) ® (bjej) =a'tl(e; @e;) # a't (e; @ e;)

9A drift term Vp (y) dt can be trivially included by consider the time-space process
(¢, B).

IOAFO ) denotes the k-dimensional simplex over [0, ¢]
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The reason we are interested in this sort of algebra is that the trivial

t
Tst = (—x5) + 21 = / dr =: xsy
S

generalizes to

t
X57tEX;1®Xt: 1,/dw,/ dw@dm,...,/ dr® -+ Qdx
s A[stt] AN

[s,%]

As a consequence, we have Chen’s relation X5, = Xs: ® Xt,, which
tells us precisely how to "patch together" iterated integrals over adjacent
intervals [s, ¢] and [t, u].

Let us now take on remark (ii) of the previous section. One can see that
the step-N lift of a smooth path z, as given in (6), takes values in in the

free step-N nilpotent (Lie) group with d generators, realized as restriction
of TN (Rd) to

GV (RY) =exp (R @ [RYL,RY] & [RY, [RY,RY] @ ...]) = exp (g7 (R?))
where gV (Rd) is the free step-NV nilpotent Lie algebra and exp is defined
by the usual power-series based on ®.

Example 0.5 (N =2) Note that [R*,R?] = so(d). Then
exp (Rd @ [Rd, Rd])
1
= {(1,v,§v®U+A) veRY Ac so(d)}
which is precisely the algebraic relation we pointed out in remark (ii) of the
previous section.

If the discussion above tells us that 7V (Rd) is too big a state space for
lifted smooth paths, Chow’s theorem tells us that GV (Rd) is the correct
state space. It asserts that for all g € GV (Rd) there exists 7 : [0,1] — R4,
which may be taken to be piecewise linear such that Sy (v),, = g. One
can then define the Carnot—Caratheodory norm

llg|| = inf {length ('y\[OJ]) : Sy (’7)071 = g} ,
where the infimum is achieved for some Lipschitz continuous path ~* :

[0,1] — R? some sort of geodesic path associated to g. The Carnot-
Caratheodory distance is then simply defined by d (g, h) := Hg’1 ® h”

0 0 a 9 (132 .
Example 0.6 Toke g = 0 ,< a0 0 >> ed (R ) Then v* is
the shortest path which returns to its starting point and sweeps out area a.
From basic isoperimetry, v* must be a circle and | g| = 2v/7a'/?.
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FIGURE 2. After identifying G (Rd) with the 3-dimensional Heisenberg group,

ie. (( z ) , ( _Oa 8 )) = (z,y,a), we plot the (apple-shaped) unit-ball with

respect to the Carnont-Caratheodory distance. It contains (and is contained in)
a Euclidean ball.

FIGURE 3. We plot the circle v*. The z-axis represents the wiped-out area and
runs from 0 to a.
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In practise, we rarely need to compute precisely the CC norm of an
element g = (1,g1, e ,gN) e gV (Rd). Instead we rely on the so-called
equivalence of homogenous norms which asserts that

1
I > 0: —|llglll < [[(1 g% g™) [ < &lllgll
where Vi
; ?
gl := , max [g*] gaye:
Here, both "norms" ||-|| and |||-]|| are homogenous with respect to dilation
on GN (Rd) ,

(5>\:(1,gl,...,gN)l—> (1,)\1 1,...,)\NgN>, AeR.

It is time to make the link to our previous discussion. Recall condition
(Hg) from equation (2), which expressed a Holder-type assumption of form

t t r
/ dr VvV / / dr ® dx
S S S

But this says exactly that, for all 0 < s <t < T, the corresponding "group"
increment x,; = So (x)s,t € G? (Rd) satisfies

1/2
<c|t—s|.

[%s,6ll = d (x5, %¢) Sen ]t —s]”,
where d is the Carnot-Caratheodory metric on G (R?), which is equivalent

to
d (Xsa Xt) <

|OL ~ Cl'

||X||a—H61:[0,T] = s,tSGLE(?,T] |t — s

This regularity persists under passage to the limit and hence any (weak,
geometric) a-Holder rough path is a genuine a-Holder path with values in
G? (R?) . Conversely, given an abstract a-Holder path in G? (R?) equipped
with Carnot—Caratheodory distance, we can construct a path z" by con-
catenating geodesics paths associated to the increments {Xti dign
(t;) = (i127"T); the resulting sequence (z™) then satisifes condition (H,)
uniformly and converges uniformly, together with its iterated integrals, to
the path x () with which we started.

Nothing of all this is restricted to o € (1/3,1/2] «— N = 2: for any
a = 1/p € (0,1 a weak, geometric 1/p-Hélder rough path x is
precisely a 1/p-Hélder path in the metric space (G (] (Rd) , d) where
d denotes the Carnot—Caratheodory distance. Davie’s lemma extends
to the step-[p| setting and we are led to a theory of (rough path) differential
equations (RDE), formally written as

dy =V (y) dx,

1i=0,...,2"},
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where x is a (weak, geometric) 1/p-Holder rough path. For V' € Lip” ™! one
has existence and V € Lip” with v > p uniqueness''. Once in possession
of a unique solution y = 7y (0,%0;%) one may ask for regularity of the
It6-Lyons map

X =Y.

In fact, one can construct the RDE solution as (weak, geometric) 1/p-
Holder rough path in its own right, say y = (0, yo;x) with values in
Gl (R®) and ask for regularity of the full It6-Lyons map

(y07‘/7x) =Y.

It turns out that this solution map is Lipschitz continuous on bounded sets,
provided we measure the distance between two driving signals x,X with a
(non-homogenous'?) 1/p-Holder distance given by

P1/pmel (X,X) := max  sup .
1/p-Hol 1 i=1,.[p) s pefor) [t — s|/P

i S
|Xs,t - Xs,t’

For most applications it is enough to have (uniform) continuity (on bounded
sets) in which case one can work with the (homogenous'®) 1/p-Holder dis-
tance given by

~ d(xstuis t)
dy/puel (X,X) := sup —21——=
/e ste01] |t — s|P

The latter often makes computations more transparent and can become
indispensible in a probabilistic context (e.g. when studying "exponentially
good" approximations in a large deviation context).

But no matter which distance is more practical in a given context, both
induce the same "1/p-Holder rough path" topology on the rough path space
c/rHel (fo, 7], GIP (R?)).

11With more effort, uniqueness can be shown under LipP-regularity.
12 with respect to dilation since, in general,

P1/p-Hol (OAX,05K) # |A[p1/pper (X,%).
13

... again with respect to dilation,

dl/p—H(’jl ((5/\)(, 5)\;() = |)‘| dl/p—H(’jl (X, 5’() .
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FIGURE 4. A typical 2-dimensional Brownian sample path. The (signed) area
between the straight cord and the sample path corresponds to a typical Lévy
area increment.

0.3 Brownian motion and stochastic analysis

Let B be a d-dimensional Brownian motion. Almost every realization of
enhanced Brownian motion (EBM)

t
t— B (w) = (1,Bt,/ Bs;® OdBS> =exp (By + Aoyt)
0

with so (d)-valued Lévy area A, (w) = %f; (Bsr ® dB, —dB, ® By ;) is
a (weak) geometric rough path, namely

B. (w) € ¢ ([0,T7, (G* (RY),d)), o€ (1/3,1/2).

Granted the usual a-Holder regularity of Brownian motion, this statement
is equivalent to the question

|As,t

"Ts it true that for a < 1/2:  sup <ooas. 7"

s,t€[0,1] |t — s|2a

The reader is encouraged to think about this before reading on!

Perhaps the most elegant way to establish this "rough path regularity"
of Lévy area, relies on scaling properties of enhanced Brownian motion.
Namely,

D D
Bst =Bo,t—s = 0(,_41/2Bo,1,
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so that
E (d (BS,Bt)2q> =E (HBS)tqu) < (comst) x |t — s|?

for any ¢ < co. Kolmogorov’s criterion applies without any trouble and so
B is indeed a.s. a-Hélder, o < 1/2, with respect to d. QED.
Let us also mention a convergence result: we have

do-novjo,r) (B, S2 (B™)) — 0

in probability where B™ denotes a piecewise linear approximation to B
based on dissections D™ = {t? : i} with mesh of D" tending to 0.
We then have two important conclusions:

(i) Thanks to a-Holder regularity of B, the (random) RDE dY =V (Y) dB
can be solved for a.e. fixed w and yields a continuous stochastic
process

Yo (w) =7v) (0,30; B (w)) (7)

(ii) By continuity of the Itd-Lyons map with respect to the rough path
metric dg._ge[o,7) it follows that

(v (0,90; B") — m(v) (0,y0; B (w))
with respect to a-Holder topology and in probability. Clearly,
y" =7 (0,y0; B")
is a solution to the (random) ODE
dy" =V (y")dB", y" (0) =yo
and the classical Wong-Zakai theorem'? allows us to identify (7) as
classical Stratonovich solution to

d
dY =V (Y)edB=> V;(Y)odB"
i=1

But why is all this useful? The following list should give some idea ...

o vy (0,50; B (w)) is simultaneously defined for all starting points yo
and coefficient vector fields V' of suitable regularity. In particular, the
construction of stochastic flows is a triviality and this itself can be the
starting point for the robust treatment of certain stochastic partial
differential equations.

14 E.g. the books of Tkeda-~Watanabe [83] or Stroock [155].
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Every approximation in rough path topology implies a limit theorem
(even on the level of flows). This includes classical piecewise-linear ap-
proximations and non-standard variations & la McShane, Sussmann.
It also includes a variety of weak limit theorems such as a Donsker-
type invariance principle.

Various stochastic Taylor-expansion (& la Azencott, Platen, ...) can
be obtained via deterministic rough path estimates.

Support descriptions a la Stroock—Varadhan and large deviation esti-
mates & la Freidlin—-Wentzell are reduced to the respective (relatively
simple) statements about B in the rough path topology.

The Young integral allows us to perturbe B simultaneously in all
Ccavar ([0, 1] 7Rd)-directions with ¢ < 2. Since

Cameron-Martin C GV ¢ 09V

this implies in particular path space regularity of SDE solution be-
yond Malliavin and there is a natural interplay with Malliavin calcu-
lus.

Starting points and vector fields can be fully anticipating.

At last, for the bulk of these results we can replace Brownian motion
at little extra price by martingales, Gaussian processes or Markov
processes provided we can construct a suitable stochastic area and
establish the correct rough path regularity!



Part 1

Basics
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1

Continuous Paths of Bounded
Variation

We discuss continuous paths, defined on a fixed time horizon, with values in
a metric space E. Emphasis is on paths with nice regularity properties and
in particular on continuous paths of bounded variation'. We then specialize
to the case when E = R?. Finally, we discuss simple Sobolev type regularity
of paths.

1.1 Continuous paths on metric spaces

We start by defining the supremum or infinity distance.

Definition 1.1 Let (E,d) be a metric space and [0,T] C R. Then C ([0,T], E)
denotes the set of all continous paths x : [0,T) — E. The supremum- or
infinity distance of x,y € C([0,T], E) is defined by

doo;[o,T] (z,y) == sup d(xt,y)-
t€[0,T]

For a single path x € C([0,T],E), we set

|$|0;[07T] = sup  d(@y,To),
u,v€[0,T]

and, given a fized element o € E, identified with the constant path = o,

|x|oo;[07T] = doo;jo,1) (0,2) = sup d(o,zy).
w€[0,T]

If no confusion is possible we shall omit [0,7"] and simply write du, ||
and |-| . If E has a group structure such as (R?,+) the neutral element
is the usual choice for o. In the present generality, however, the definition
of |-, depends on the choice of o.

Notation 1.2 Of course, [0,T] can be replaced by any other interval [s,t]
in which case one considers x : [s,t] — E. All notations adapt by replacing
[0,T] by [s,t]. Let us also agree that C, ([s,t], E) denotes those paths in
C ([s,t], E) which start at o, i.e.

C,([s,t],E) ={x € C([s,t],E):x(s) =o}.

1 Also known as rectifiable paths.
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Many familiar properties of real-valued functions carry over. For instance,
any continuous mapping from [0,7] into E is uniformly continuous?. It is
also fairly easy to see that C ([0,7T], F) is a metric space under d, (the
induced topology will be called the uniform or supremum topology). Also,
if (E,d) is complete then (C ([0,T],E),ds) is complete.

Definition 1.3 A set H C C ([0,T], E) is said to be equicontinuous if, for
all € > 0 there exists § such that |t — s| < § implies d(xs,x1) < € for all
x € H. It is said to be bounded if sup,¢y ||, < 00.

Theorem 1.4 (Arzela—Ascoli) Let (E,d) be a complete metric space in
which bounded sets have compact closure. Then a set H C C ([0,T], E) has
compact closure if and only if H is bounded and equicontinuous.

As a consequence, a bounded, equicontinuous sequence in C ([0,T], E) has a
convergent subsequence and, conversely, any convergent sequence in C ([0, T
18 bounded and equicontinuous.

Proof. Let us recall that a subset of a complete metric space has compact
closure if and only if it is totally bounded, i.e. for all € > 0, it can be
covered by finitely many e-balls.

? <" : We show that the assumption " H bounded and equicontinuous"
implies total boundedness. We fix € > 0, and then § > 0 such that for every
feH,

[t—s|<d = d(fs fr) <e/d (1.1)

Cover [0, 7] with a finite number of neighbourhoods (¢; — g,ti + g)7 1=
1,...,m, and define Hy, = {fi,, f € H}; as H;, C E is bounded, its closure
is compact, and so is its union (U, <;<,, He;3 let c1,... en € Ujcicpn Hes

be such that (J;-;-,, Hy, is covered by the union of the ¢/4-balls centered
around some c;.

Then, consider ®, the set of functions from {1,...,m} into {1,...,n}. For
each ¢ € ®, denote by L, . the set of all functions f € C'([0,7T], E) such
that max; d ( ftis cw(i)) < . Observe that from the definition of ¢; it follows
that H is covered by the union of the (L%E)we@'

To end the proof, we need only show that the diameter of each L . is <e.

2E.g. Dieudonng, [39, (3.6.15)].

9
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If f,g are both in L ., then

doo (fag) = sup d(ftagt)
t€[0,T]
§ max d(ftz’gtz)+ sSup d(fsafti>+d(gsvgti>

1sism se(tﬁg,tﬁ%)

< 121%>§nd(ftmgti) —l—% from (1.1)
< maxd (fi,cpm) + maxd (g, o) + 5
< ¢ by definition of L, ..
7?7 = 7 : Since compact sets are bounded, only equicontinuity needs

proof. By assumption H has compact closure and therefore is totally bounded.
Fix ¢ > 0 and pick h',...,h" such that H C <, B (h',¢/3) where
B (h,¢) denotes the open e-ball centered at h. By continuity of each h' (-),
there exists 6 = ¢ (&) such that

lt—s|<d = i:Hlla.Xnd (h%,h}) <e/3.
But then, for every h € H, d (hs, hy) < ¢/34+max;—1,.. ,d (hi, h%) +e/3<e
provided |t — s| < ¢ and so H is equicontinuous.

The consequences for sequences are straight-forward and left to the reader.
[ ]

1.2 Continuous paths of bounded variation on
metric spaces

1.2.1 Bounded variation paths and controls

Let us write D ([s, t]) for the set of all dissections of some interval [s,t] C R,
thus a typical element in D ([s, t]) is written as

D={s=ty<t; <---<ty,=t}

and consists of #D = n adjacent intervals [t;_1,¢;]. The mesh of D is
defined as |D| := max;=1,_n [t; — ti—1| and we shall write D5 ([s,t]) the set
of all dissectiona of [s,t] with mesh less or equal to 4.

Definition 1.5 Let (E,d) be a metric space and x : [0,T] — E. For 0 <
s <t <T, the 1-variation of x on [s,t] is defined as®

2]yt = SUD d(Te;, T, ) -
1-var;[s,t] (ti)eD([&t])Zi: ( H)

3Let us agree that |m\17\,ar:[5 5 = Ofor0<s<T.
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If |9C|1.mr;[s,t] < 00, we say that x is of bounded variation or of finite 1-
variation on [s,t]. The space of continuous paths of finite 1-variation on
[0,T] is denoted by C**" ([0, T, E), its subset of paths started at o € E is
denoted by Crvo ([0,T], E).

In the discussion of 1-variation regularity (and later p-variation regularity
for p > 1), the notion of control or control function, defined on the simplex

A:=Ap={(s5t):0<s<t<T}
turns out to be extremely useful.

Definition 1.6 A map w : Ap — [0,00) is called super-additive if for all
s<t<wuinl0,T],
w(s, t) + w(t,u) <w(s,u).

If in addition, w is continuous and zero on the diagonal, i.e. w(s,s) =0

for 0 < s < T we call w a control or, more precisely, a control function on
[0,77.

Definition 1.7 We say that the 1-variation of a map = : [0,T] — E is
dominated by the control w, or controlled by w, if there exists a constant
C < o0 such that for all s <t in [0,T],

d(zs,2:) < Cw (s,t)

Simple examples of controls are given by (s,t) — |t — 8|9 for6 > 1 or
the integral of a non-negative function in L' ([0, 7T]) over the interval [s, t].
Trivially, a positive linear combination of controls yields another control. If
wis a control and z : [0, T] — E a map controlled by w then z is continuous.

Exercise 1.8 Let ¢ € C ([0,0),[0,00)) be increasing, convexr with ¢ (0) =
0. Assuming that w is a control show that pow : (s,t) — ¢ (w(s,t)) is also
control.

Solution 1.9 Fiz 0 < a < b and observe that by convexity
¢la+b)—¢(b) _ ¢(a) —¢(0)

[¢ a

so that ¢ (a +b) > ¢ (a) + ¢ (b). Interchanging a,b if needed, this holds for
all a,b > 0 and we conclude that

¢lw (s )]+ @lw(t,u)] < @lwls,t) +wlt,u)] < ¢w(s,u)].

Exercise 1.10 Assume w,® are controls.

(i) Show that w.w is a control.

(ii) Show that max (w,®) need not be a control.

(iii) Given o, 8 > 0 with o+ > 1, show that w*.&" is a control.
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Solution 1.11 (iii) By exercise 1.8, it is enough to consider the case o+
B = 1. But this follows from Holder’s inequality,

Va,&,b,520:a&+bl~7§ (aé +b%)a (&% +l~)%>6.

Exercise 1.12 Let w be a control on [0,T] and consider s < u in [0,T].
Show that there exists t € [s,u] such that

max {w (s,t),w (t,u)} <w(s,u) /2.

Solution 1.13 By continuity and monotonicity of controls, there exists t
such that w (s,t) = w (t,u). By super-additivity,

2w (8,t) = 2w (t,u) = w(s,t) + w (t,u) < w (s, u)
and the proof is finished.

Proposition 1.14 Consider x : [0,T] — E and w = w (s,t) superadditive,
with s < ¢ in [0,T)]. If d(zs,2:) < w(s,t) for all s < t in [0,T], then

|x|1-11ar;[s,t] Sw (S? t)

Proof. Let D = (¢;) be a dissection of [s,t]. Then, by assumption,

#D—-1 #D-1
S d(mr.,) <Y wltitio)
i=0 i=0

< w(s,t) by super-additivity of w.
Taking the supremum over all such dissections finishes the proof. m
Proposition 1.15 Let x € C1*%" ([0, T],E). Then
(5,t) = wa (s,t) = ‘x|1-'ua,r;[s7t]
defines a control on [0,T] such that for all0 < s <t <T

d(‘rs’xt) < ‘z|1—var;[s,t] : (12)

This control is additive: for all0 < s <t <u <T,

|$|1—var;[s,u] = ‘m|1—var;[s,t] + ‘m|1—var;[t,u] :

In particular,
te [Oa T] =L (t) = |$|1—var;[0,t] €R

18 continuous, increasing and hence of finite 1-variation.
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Proof. Trivially, [z[; (s 5 = 0 for all s € [0,T]. To see super-additivity
it suffices to take a dissections D1, D5 of [s,t] and [¢, u] respectively; noting
that the union of Dy and Ds is a dissection of [s, u] we have

Z d(mti’mtiﬂ) + Z d (mtj’$zj+1) < ‘x|1—var,[s,u]

t;€D1 tj€D2

and w, (8,t) + wy (8, u) < w, (s,u) follows from taking the supremum over
all dissections D; and D,. For additivity of w, we establish the reverse
inequality. Let D = (v;) a dissection of [s, u] so that ¢ € [vj,vj41] for some
j. We then have

#D—1 j—1 #D—1
Z d(To,0,41) = Zd (@os o)+ A (@, 0,,,)  + Z d (20,20, ) -
= = Sd(”””j ’w‘)+d(zt’w”1+1) I

But, as

j—1
Zd (Toys o) +d (w0, 20) < %1 vari[s,4) »
i=0 .
d (xt,xvj+1) + Z d (acvi,xvi+1) < \x|1_var[t7u] .
i=j+1
we have
#D—1
Y d(@ue) < 1% varis,8) T 1% 1ovars g0 -
i=0

Taking the supremum over all dissection shows additivity of w,. It only
remains to prove its continuity.
To this end, fix s < ¢ in [0, 7]. From monotonocity of w,, we see that the
limits
|x|1fvar;[s+,t*] = ’ll}}iLIle\O |$|1—var;[s+h1,t7h2] ’ |$|1—var;[s*,t+] = hl,llilrgn\() |x‘17var;[57h1,t+h2]

exist and that

|x|1-var;[s+,t*] < |‘r‘1-var;[s,t] < |$|1-var;[s*,t+] . (13)

We aim to show the inequalities in (1.3) are actually equalities. To es-
tablish "continuity from inside" ie. ||y .+ 1-) = |Z]1yar (s, We define
w(s,t) = |x|1»var;[s+7t—] , and pick s <t < win [0,T], and hq, ha, hs, hy four
(small) positive numbers. If (a;) is a dissection of [s 4 hi,t — ho], and (b;)
a dissection of [t + hs,u — hy|, then by definition of the 1-variation of z,

Z d (xai, xaHl) + Z d (wbwwba‘ﬂ) < ‘$|17var,[s+h1,u7h4] :
- ,

J
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Taking the supremum over all possible dissections (a;) and (b;), we obtain

|x|1-var;[s+h1,t7h2] + |x‘1-var;[t+h3,ufh4] < |x‘1-var;[s+h1,u7h4] :

Letting A1, ho, hg, hy go to 0 and using the continuity of x we obtain that
(8,1) = [@[4_yor,[s+ ¢~ I8 super-additive. We also easily see that for all s,¢ €
[0,T], d(zs,x¢) < |x|1—var;[s+,t*] . Hence, using proposition 1.14, we obtain

|m|1-var;[s+,t*] 2 |$|1-var;[s,t] )

and hence we proved that [z, y,.(s+ -] = [Z|iyap(s, for all s < ¢ in
[0,7]. The remaing part of the proof is "continuity from outside" i.e.
|x|1_var7[s,,t+] = |x|1_var;[s’t] .Using additivity of |x|1_var;[_7_] it is easy to see
that

|$|1-var,[s*,t+] = |m|1-var;[0,T] - |m|1-var;[0,s*] - |x|1-var;[t+,T]

= |x|1-var;[O,T] - |x|1—var;[0,s] - ‘m|1—var;[t7T] = |x‘1—var;[s7t]
and this finishes the proof. m
Exercise 1.16 Assume w is a control on [0,T]. Assume f € C (A, [0,0))

where A = {(s,t) : 0 < s <t < T}, non-decreasing in the sense that s, t] C
[w,v] implies f (s,t) < f (u,v). Show that

(s,8) = f(s,t)w(s,)
is a control. As application, given x € C1**" ([0, T],E) andy € C ([0,T], E),
show that
(Svt) = |y‘oo;[s,t] ‘x|1—var;[s,t]

is a control where |-| s defined with respect to some fized o € E.

i[s,t
Proposition 1.17 Let x € C([0,T],E). Then for all § >0 and 0 < s <
t<T,

||y yurfss) =  SUD d(ze;,x¢,,,) € [0,00].
Freart <ti)evs([s,t1>zi: ( ")

Proof. Clearly,
wes(s,t):=  sup Zd (24, m1,,) Swa (s,t) = /PR

(t:)€Ds([s:t])

Super-addivitity of w, s follows from the same argument as for w,. Take
any D = (u;) € Ds([s,t]) so that s = ug < w3 < ... < u, = t with
Ui+1 — u; < 0. It follows that

d(zs, ) < d(Ts,myy) + -+ d(Tu,_,, o)
< W (s,t).
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From proposition 1.14, we conclude that [z|, (s < Wa,s(s,t), which
concludes the proof. m

We now observe lower semi-continuity of the function  — |z|; ., in the
following sense.

Lemma 1.18 Assume (z") is a sequence of paths from [0,T] — E of
finite 1-variation. Assume 2™ — x pointwise on [0, T]. Then, for all s <t
in [0, T,

|$|1—var;[O,T] < hgli)loréf |$n‘1—var;[0,T] :

Proof. Let D ={0 =1ty <t; < - - < txg =T} be a dissection of [0,7T]. By
assumption, ™ — z pointwise and so

K—1

: : n n
E d wtzathH hnH_l>1£f E d(wt,i,xt,Hl)
1=0 [

< hmlnf|56 |1 var;[0,7T]

n—oo

Taking the supremum over all the dissections of [s, ¢] finishes the 1-variation
estimate. W

In general, the inequality in lemma 1.18 can be strict. The reader is
invited to construct an example in the following exercise.

Exercise 1.19 Construct (z™) € C***"([0,1],R) such that |z"|_ 101 S

1/n but so that |z"|, .. = 1 for all n. Conclude that the mequalzty in
lemma 1.18 can be strict.

1.2.2  Absolute continuity

Definition 1.20 Let (E,d) be a metric space. A path x : [0,T] — E is
absolutely continuous if for all € > 0, there exists § > 0, such that for all
51 <ty <8<ty <-- <8y <ty oin [0,T] with ), |t; — si| < 0, we have
Yoid(xs,,my,) < e

Proposition 1.21 Any absolutely continuous path is a continuous path of
bounded variation.

Proof. If z : [0,7] — FE is absolutely continuous it is obviously con-
tinuous. Furthermore, by definition there exists ¢ > 0, such that for all
S1 <t1 <8<ty < - <8, <ty € [O,T] with Zi ‘tz’ *Sz’| < 5, we have
Yo d(xs,,xy,) < 1. Pick D = (t;),.;<,, a dissection of [0,T]. Then, define
jo=1and jr =max{i,t; —t;,_, <&}, and observe that jir 541 = ji for
all k > [T/d] + 1.

[T/8)41 jr41—1

n—1
E d($t“$ti+1 S E E d LEtl,ZL‘tlJrl)
1=1

=]k
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.- . o1 —1
By deﬁ?ltlon of the jis, Y7507 [tiys —ti| = |tjei — tjn| < 0, hence
T hod1— . . . —1
SO d (e, iy, ) < 1, which implies that Y27 d (2, 24, ) < [T/0]+
1. Taking the supremum over all dissections finishes the proof. m
In general, the converse of the above is not true as seen in the following

Example 1.22 (Cantor function) Fach x € [0,1] has a base-3 decimal
expansion xr = 2j>1 aj?)*j where a; € {0,1,2}. This expansion is unique
unless x is of the form p3~F for some p,k € N (we may assume p is not
divisible by 3) and in this case x has two expansions: one with a; =0 for
Jj > k and one with a; = 2 for j > k. One of them has a, = 1, the other
will have ay, € {0,2}. If we agree always to use the latter, we see that

a = 1iffze(1/3,2/3)
ap # lyaa=14ffx€(1/9,2/9)U(7/9,8/9)

and so forth. The Cantor set C is then defined as the set of all x € [0,1]
that have a base-3 expansion x = Y a;377 with a; # 1 for all j. Thus C
is obtained from Ko 1 = [0,1] by removing the open middle third leaving us
with the union of K11 = [0,1/3], K12 = [2/3,1]; followed by removing all
open middle thirds leaving us with the union of

Ko7 =100,1/9], K21 =1[2/9,3/9], K21 = [6/9,7/9], K21 = [8/9,1]

and so forth, so that in the end C = N, U¥" | K,, ;. Let us know define the
Cantor function f on C by

f(ac):Z(%)2_j, zeC.

Jj=1

This series is the base-2 expansion of a number in [0,1] and since any
number in [0,1] can be obtained this way we see that f(C) = [0,1]. One
readily sees that if x,y € C and x < y, then f(x) < f(y) unless z and y
are the endpoints of one of the open intervals removed from [0, 1] to obtain
C. In this case, f(x) = p2=% for some p,k € N and f (z) = f (y), given
by the two base-2 expansions of this number. We can therefore extend f to
a map from [0,1] to itself by declaring it to be constant on the intervals
massing from C. This extended f is still increasing, and since its range is
all of [0,1] it cannot have any jump discontinuities, hence it is continuous.
Being increasing, [ is obviously of bounded variation on [0,1]. We now
show that f is not absolutely continuous. Given any 0 > 0 we can take s;,t;

as the boundary points of the intervals (Ky;),_, on with n chosen large

enough so that 212:1 (t; —s;) < d. Then, since f is constant on [t;, Si+1]
fori=1,....2" — 1, we have
2’71

SOIF ) = f(s)l=F(1) = f(0)=1.

=1
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1.2.3 Lipschitz or 1-Hélder continuity

Definition 1.23 Let (E,d) be a metric space. A path x : [0,T] — E is
Lipschitz - or 1-Hélder continuous® if

2]y e sup e T
1-H6L[0,T] siejo,r) |t — s

The space of all such paths is denoted by C*H°1([0,T],E), the subset of
paths started at o € E is denoted by C1H9([0,T], E).

We observe that every Lipschitz path is absolutely continuous. In par-
ticular, it is of bounded variation and we note

‘m|l—var;[s7t] < |$|1»H61;[s,t] X |t - S| :

Furthermore, z € C1V% ([0,T], E) is 1-Holder if and only if it is con-
trolled by (s,t) +— |t —s|. It is easy to construct examples which are of
bounded variation but not Lipschitz (e.g. t — t'/2). On the other hand,
every continuous bounded variation path is a continuous time-change (or
reparametrization) of a Lipschitz path.

Proposition 1.24 A path x € C ([0,T), E) is of finite 1-variation if and
only if there exists a continuous non-decreasing function ¢ from [0,T] onto
[0,1] and a path y € C*19([0,1], E) such that x =y o ¢.

Proof. We may assume |x|1—var'[O,T] # 0 (otherwise, x|jo,7) is constant and
there is nothing to show). By propostion 1.15,

|m|1-var: 0
o(t) = Tt
|x|1—var;[O,T]
defines a continuous increasing function from [0, 7] onto [0,1]. Then, there
exists a function y such that (yo @) (¢t) = z(t), as ¢(t1) = ¢ (t2) =
z (t1) = = (t2) . Now,

d(y(u),y(v)) d(y(¢(u),z(y(v))

sup z————rr = sup
0<u<v<t U=l o<u<vsr [0 (w) = ¢ (v)]
|$|1-var:[u v]
< |$|1-var;[0,T] ’
|x|1-var;[0,u] - |$|1-var;[0,v]
= |$|1—var;[O,T] '

This shows that y is in C*18! ([0, 1], E). The converse direction is an obvi-
ous consequence of the invariance of variation norms under reparametriza-
tion. ®

4...in view of the later definition of Hélder continuity and in order to avoid redundant

notation ...
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Remark 1.25 The 1-variation (i.e. length) of a path is obviously invariant
under reparametrization and so it is clear that

|y|1—var;[0,1] = |x‘1—var;[0,T] :

On the other hand, for the particular parametrisation ¢ (-) used in the previ-
ous proof (essentially the arc-length parametrization) we saw that [yly_p4.10.1) <
2|1 parij0,77- With the trivial [y _,q,.0.1) < Wi gor0,1) we then see that

|y|1-H(’il;[O,1] = |x‘1-var;[0,T] :

Lemma 1.26 Assume (z") is a sequence of paths from [0,T] — E of
finite 1-variation. Assume ™ — x pointwise on [0,T]. Then, for all s < t
in 0,77,

‘3?|1.H51; (s8] = ILH_{iO%f “rn‘l-H(il;[s,t] :
Proof. The Holder statement is a genuine corollary of lemma 1.18: it suf-
fices to note that for any u,v € [s, ],

d(mu;mv) < |$|1-var;[u,v]

.. n
l%nﬂlgf |‘T |1—Var:[

IN

u,v]

IN

v —ul hnnii@gf |$n|1.H61;[s,t] :

1.3 Continuous paths of bounded variation on R?

Unless otherwise stated, R¢ shall be equipped with Euclidean structure. In
particular, if a € R? has coordinates (a',...,a?) its norm is given by

la| = v/]a!” + ... |ad]>.

Given a map z : [0,T] — R? the group structure of (Rd, —l—) allows to speak
of the increments of x (-) and we write®

Tst = Tt — Ts-

1.8.1 Continuously differentiable paths

We define inductively the set C* ([0, 7], R?) of k-times continuously differ-
entiable paths by first defining C° ([0, 7],R?) to be C ([0, T],R?), and then

5Later on, when shall replace R? by a Lie group.(G, -) and increments will be defined
as (a:s)71 STt
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C*1([0,T],RY) to be the set of paths with a derivative in C* ([0, T],R%) .
Finally, we define the set of smooth paths C* ([0,7],R?) to be the inter-
section of all C* ([0,T],R?), for k > 0.

For continuously differentiable paths, the computation of 1-variation is
a simple matter.

Proposition 1.27 Let z € C* ([0,T],R%). Then
te [07 T] =l (t) = |$|1-'Uar;[0,t] €R

is continuously differentiable and { (t) = | (t)| for t € (0,T). In particular,

t
‘x|1—var;[s,t] :/ |xu|du
for all s <t in [0,T).

Proof. We first note that |z; — x4 < f: || du; using proposition 1.14, we
obtain that

t
0(t) — £(5) = 2]y qunon < / ] du.

Equality in the above estimate will follow immediately from ¢ (t) = | (t)|
and this is what we now show. Take ¢ € [0,T) and h small enough (so that
t+ h <T). Clearly,

_ 1 t+h
‘xt,;b-‘rh‘ < w(t"i'h}i f(t)| < ﬁ/ |xu|du
t

and upon sending h | 0 we see that ¢ is differentiable at ¢ from the right
with derivative equal to |i¢|. The same argument applies "from the left"
and so / is indeed differentiable with derivative |Z|. By assumption on z,
this derivative is continuous and the proof is finished. m

1.3.2 Bounded variation

The results of the section 1.2 applied to R¢ equipped with Euclidean dis-
tance allow us in particular to consider the space C'*Var ([07 T] ,Rd).

Theorem 1.28 C'*" ([0,T],R?) is Banach with norm z +— |z (0)] +
2|1 yar,0,77- The closed subspace of paths in Ct-ver ([0,T],RY) started at
0, denoted by C§ " ([0,T],R?), is also Banach under x I PR—
These Banach spaces are not separable.

Proof. It is easy to see that C1¥*" ([0, T],R?) ,C4v" ([0,T],R?) are normed
linear spaces under the given norms. We thus focus on completeness. Noting
that

sup |z (¢)| < |2 (0)] + |2|1_yar; 0,77 -
t€[0,T
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a Cauchy-sequence (z") with respect to @ — |2 (0)| + ||}, 10,77 18 also
Cauchy in uniform topology and thus (uniformly) convergent to some con-
tinuous path z (-). By lemma 1.18 it is clear that x has finite 1-variation
and it only remains to see that ™ — « in 1-variation norm. To this end, let
D={0=1ty < - <tg =t} be an arbitrary dissection of [0,T]. For every
€ > 0 there exists N = N (e) large enough so that for all n,m > N (¢)

K-1

n m
sup E d(xti7ti+17$ti7ti+l) <eg/2.
D=0

On the other hand, we can fix D and find m large enough so that ZZK:BI d (m}” xti,t”l) <

istit1?

£/2 which implies that for n > N (¢) large enough

K-1

n
E d (xti,ti+17$ti,ti+1> < €,

=0

uniformly over all D. But this precisely says that 2" — z in 1-variation.
Non-separability follows from the example below. m

Example 1.29 (Non-separability) We give an example of an uncount-
able family of functions (fo) in C**" ([0,1],R) for which |fo — farli_yar =
1if a # o'. To this end, take o = (o), ~, to be a {0,1}-sequence,and
write [0,1) as the union of the disjoint interval I,, n > 1, where I, =
[1 - 271%1, 1- 2%) If a, = 0 then define f, to be zero on I,,. Otherwise,

define fo on I, by

1
fa(tn+s) = o sin (nﬂ'%) ‘
so that, using proposition 1.27, |fal,_y4,.;, = 1. By construction fo (tn) =0
for allm and hence f is continuous on [0,1). (Left-) continuity at 1 is also
clear: thanks to the decay factor 1/n we see that that fo, (t) — 0 ast /1.

A simple approximation of a path 2 on R? is given by its piecewise linear
approximation®.

Definition 1.30 Let z: [0,T] — R?, and D = (t;); a dissection of [0,T].
We define the piecewise linear approximation to x by

t—t; .
af = mp, + ————Tp g, f i <t <t
tiv1 —t;
Proposition 1.31 Let x € C**" ([0,T],R%). Then, for any dissection D
of [0,T] and any s <t in [0,T7],

D
|‘flj |1—1}ar;[s,t] S ‘xll-l’(““;[&t] : (14)

6 A powerful generalization of this will be discussed in section 5.2.
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If (Dy,) is an arbitrary sequence of dissection with mesh |D,,| — 0, then xPn

converges uniformly to x. (We can write this more concisely as P — x

uniformly on [0,T] as |D] — 0.)

Proof. The estimate (1.4) boils down to the fact that the shortest way
to connect two points in R? is via a straight line. The convergence result
requires the remark that x (-) is uniformly continuous on [0, T]. The easy
details are left to the reader. m

The question arises if (or when) x” — z in 1-variation as |D| — 0. Since
piecewise linear approximations are absolutely continuous, the following
result tells us that there is no hope unless z is absolutely continuous. (We
shall see later that 2” — z in 1-variation as |D| — 0 holds indeed true
provided z is absolutely continuous.)

D

Proposition 1.32 The set of absolutely continuous functions from [0,T] —
R? is closed in 1-variation and a Banach space under 1-variation norm.

Proof. We prove that if 2" is absolutely continuous and converges to x in
1-variation norm, then z is absolutely continuous. Fix ¢ > 0, and n € N
such that

€

5

Then, as x™ is absolutely continuous,there exists § > 0, such that for all
51 <t <sy <ty <--- <8y <ty in [0,T] with ), |t; — s;| < 6, we have
> =% 4| < 5. This implies that

|z — 2™ ., + |zo — 20| <

Z ‘zsivti| < Z |xgi,t¢ + sup Z |x8i,t1‘, - xgi,ti
; - D=(t;) of [0,7] 5
S Z |x?¢,ti + ‘.T - xn|1—var S €.
[

and the proof is finished. m

Exercise 1.33 By proposition 1.32 it is clear that piecewise linear approxi-
mations cannot converge (in 1-variation) to the Cantor function f : [0,1] —
[0, 1] given in example 1.22. (By proposition 1.32 any 1-variation limit point
15 absolutely continuous; but the Cantor function is not absolutely contin-
uous as was seen in exercise 1.22). Verify this by an explicit computation.
More precisely, set D,, = {j37™;5=0,...,3"} and show that

’f B fDn yl—var;[O,l] = |‘f o [‘1‘7“”';[071]

where I (z) = x and conclude that fP - f in 1-variation as |D| — 0.

Solution 1.34 f is self-similar, in the sense that for alln > 1,k € {0, ...,3"},

F(k37" 4 3%2) — f (K37") =2"f ().
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Using self-similarity, we see that, if I denotes the identity function on [0, 1],

= are 2] = 21 = Tharion
Hence,
2" 1
D., _ D,
}f o f 1-var;[0,1] Z ’f - ‘f ’LU@T;[%v‘;—Lnl}
=0

‘f - I|1—UM;[O,1] > 0.

1.8.3  Closure of smooth paths in variation norm

Let us define C%v2r ([0,7],R?) as the closure of smooth paths from
[0,7] — R? in 1-variation norm. Obviously, C%17V%" is a closed, linear
subspace of Clvar ([O,T] ,Rd) and thus a Banach space. Restricting to
paths with « (0) = 0 yields a further subspace (also Banach) denoted by
Cg’l'v“ ([0,77,R%). By proposition 1.32 any element of C**" must be
absolutely continuous (a.c.) and so

cOvar (0, 7], RY) € {z:[0,T] — R* a.c.} € C7¥ ([0,T],RY).

We shall show that the first inclusion is in fact an equality.

Proposition 1.35 The map y — fo yidt is Banach space isomorph from
L' ([0,7],RY) — Cg' " ([0,T],RY).

As a consequence, x € CO1-var ([O,T] ,Rd) if and only if there exists a
(uniquely determined) & € L* ([O,T] ,Rd), see Remark 1.87, such that

xzxo—l—/dvtdt
0

and in this case the Banach isometry |x|, .. = |&|.1 holds.

Proof. Without loss of generality we consider paths started at zo = 0. For
any smooth y € C* ([0,T],R?) we have z = Jo yedt € C> ([0,7],R?%) and
so, by proposition 1.27,

%1 var = Y1 -

Obviously, this allows to extend the map

Ly eC™ ([O,T],Rd) Hx:/.ytdteCoo ([O,T],Rd)
0
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to the respective closures. From the very definition of the space C’g |
by density of smooth paths in L' it follows that i extends to a (Banach
space isomorphism)

i: L' ([0,7],RY) — C' ™™ ([0, T7,RY).

To see that ¢ still has the simple representation as indefinite integral, let
ye Lt ([0, T) ,Rd), take smooth approximations 4" in L' and pass to the
limit in

t T
L(y")t:/o y?dSZ/O Vel (s)ds,

using the simple fact that y™ — y in L' implies Y"1,y — yljo,g in L' for
every fixed t € [0,T]. At last, given = € i(L* ([0,T],R?) we write & rather
than y for the uniquely determined i " (z) € L ([0,7],R?). m

The next proposition requires some background in basic measure theory
(Lebesgues-Stieltjes measures, Radon-Nikodym theorem, ...).7

Proposition 1.36 Let x : [0,T] — R? be absolutely continuous. Then it
can be written in form xg + fo Tydt with © € L' ([O,T] ,Rd). As a conse-
quence,

COer (10,77, RY) = {2 : [0,7] — R* absolutely continuous} .

Proof. It suffices to consider d = 1. The function x determines a signed
Borel measure on R via

w((—00,t]) =m0t = x4 — 20 for t € [0,T]

and putting zero mass on R\ [0, T]. The assumption of absolute continuity
of = implies that u is absolutely continuous (in the sense of measures) with
respect to Lebesgue measure A\. By the Radon-Nikodym theorem, there
exists an integrable density function y = du/d\, an integrable function
from [0, 7] to R, uniquely defined up to Lebesgue null sets, such that

t
e = p((0,8]) = / Ysds.
0
Hence, using proposition 1.35, z € C%* ([0, T],R?). The converse inclu-
sion follows directly from proposition 1.32. ®

Remark 1.37 Our notation for & for the unique L'-function with the
property

t
Tt :.’E0+/ .’Etdt
0

"See Folland’s book [51] for instance.
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for absolutely continuous x is consistent with the fundamental theorem
of calculus for Lebesgue Integrals (e.g. [51, p. 106]). It states that a
real-valued function x on [0,T] is absolutely continuous if and only if its
derivative

. Tth — Tt

lim —tEh — -t

s h
exists for almost every t € [0,T] and gives an L*-function whose indefinite
integral is xy — xg. We have not shown (and will not use) the fact that & is
the almost-sure limit of the above difference quotient.

Corollary 1.38 Let x € C*-v%" ([0, T ,Rd). Then piecewise linear approx-
1mations converge in 1-variation,

D
’.’E - ’1—1/(17";[0,'1“] — 0 as |D| —0

if and only if x € C%1-v" ([0, T],RY).

Proof. "=": Any 1-variation limit of piecewise linear approximation is
absolutely continuous and hence in C%!-Var,

"<=":Fixe >0, and z € C% ([0,7],R?). From the very definition
of this space there exists a smooth path y such that

9
|SC - y|1»var;[0,T] < g

We claim that for all dissections D with small enough mesh (depending on

y and ¢),

€

3

Indeed, this follows from proposition 1.27 and the computation

tit1
’y_yD’Ll[o,u = Z/t
T Jt

tit1
- Z/t |9 (s) — 9 (&)]ds with §; € (ti,tit1)

|y - yD|1-var;[O,T] <

Ytitiga

Us — ; ds for D ={t;} C[0,T)]

i+1 —

tit1
< |y|ooz/t s — &, ds <[5l |D|T.

By the triangle inequality and the contraction property of (-)D as linear
map from C** ([0, T],R?) into itself, see (1.4), we have

D D D _ D
|z }1-Va1-,[o,T] < v =yl Tly—y |1-var,[o,T] +2” -y |1-var,[o,T]
D
S 2 |SC - y|1—var7[O,T] + }y -y ’1—\7ar,[0,T]
< €

and this finishes the proof. m
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Corollary 1.39 The space C%1-ver ([0, T) ,Rd) 18 a separable Banach space
(and hence Polish).

Proof. Let D,, be the dyadic dissection {Tk/2" :i=k,...,2"} and de-
fine €, to be the set of paths from [0,7] to RY, linear on the dyadic
intervals of D,, with values at dyadic times in Q% Then, Q := U, Qn
is a countable set. If z € C% ([0,T],R?) and € > 0, there exists n
such that |x — gPn Lvar < €/2. Tt is then easy to find y € Q,, such that
|l — y|1_Var < £/2, which proves that € is dense in C%!* ([0, T],R?).
This shows that C%v*r ([0, 7], R?) is separable. m

1.3.4 Lipschitz continuity

We now turn to C'-Ho! ([O, T] ,Rd), the set of Lipschitz or 1-Hoélder paths.
It includes, for instance, C* ([0,7],R?) and elementary examples (e.g. ¢
[t]) show that this inclusion is strict.

Proposition 1.40 C'-7%'([0,T],R%) is Banach with norm x — |z (0)| +
|x|1_H61;[0’T], The closed subspace of paths in C*H#9' ([0, T],R?) started at
0, is also Banach under x +— |$‘1_H(il;[0,T]‘ These Banach spaces are not
separable.

Proof. Non-separability follows from example 1.29 together with |z[, ., . 0,7] <
|x|17H01;[0,T] or using the (well-known) non-separability of L> ([0,7],R?)

in conjunction with proposition 1.41 below. All other parts of the proof are
straight-forward and left to the reader. m

Proposition 1.41 The map y — fo yzdt is Banach space isomorph from
L= ([0,7],R%) — g7 ([0, 7], R) .

As a consequence, x € C’l'H‘”([QT} JRd) if and only if there exists a
(uniquely determined) & € L> ([0,T],R?) such that

xzxo—i—/itdt
0

and in this case the Banach isometry |x|, y; = |&|, holds.

Proof. Similar to proposition 1.35 and left to the reader. m

From general principles, any continuous path of finite 1-variation can
be reparametrized to a 1-Holder path. In the present context of R%-valued
paths this can be done so that the reparametrized path has constant speed.
We have
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Proposition 1.42 Let z € C*'" ([0,T],R?), not constant. Define y (-)
by y o ¢ = x where

O(t) =121 pars0.6) / 1%l1-0ars0,17 -
Then y € C1-19! ([0, 1] ,Rd) has constant speed. More precisely, y is the
indefinite integral of some y € L™ ([O, 1] ,Rd) and

[y ()| = |x‘17var;[0,T] = |y|17Hé‘l;[0,1]
for a.e. t €10,1] .

Proof. By the precise argument of the proof of proposition 1.24, y is well-
defined and in C"19! ([0, 1] ,Rd). From the very definition of y and invari-
ance of 1-variation under reparametrization we have

|y|1—var;[0,¢(t)] = ‘$|1-var;[0,t] = C(b(t)

where ¢ = \az|1_var;[07T]. On the other hand, by propositions 1.41 and 1.35,
y is the indefinite integral of some y € L ([0, 1] ,R?) and

d(t) '
Y1 a0ty = / 19 (s)] ds.

It follows that [j| = c almost surely. At last, the equality ¢ = [yl o101
was noted in remark 1.25. m

Remark 1.43 More generally, the proof shows that x can be reparame-
trized to y € C1H! ([O, c| ,Rd) with unit speed, i.e. |y| =1 almost surely.

The reader will notice that the continuous embedding
Cl—Hél ([0, T} ,Rd) AN Cl—var ([0’ T] ,Rd)
is a consequence of the trivial estimate

|$|1—var;[O,T] < ‘x|1—H61;[O,T] T.

As in the previous section it is natural to consider C?1-H9! ([0, T) ,Rd),
defined as the closure of smooth paths in C*"#%! ([0, 7], R?). The resulting
closure is a space we have already encountered.

Proposition 1.44 The closure of smooth paths in C1-H! ([O, T] ,Rd) equals
([0, 7], R?).

Proof. Let us first observe that the norm z — [2o| + sup,c(o 7 [%:| on
C* ([0, T],R%) makes C* ([0,7],R?) a Banach space. To avoid trivialities
(norms versus semi-norms), let us assume that all paths are null at 0. Using

C* ((0,7),RY) = &, C" ([0, 7], R)
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and similar for CH! it suffices to consider d = 1. Given a smooth path
z :[0,T] — R with = (0) = 0 we first show that

r(l)—x(s .
|1 o1 = sup lz(t) @ (s)] equals  sup |y .
steo,r]  [t—s t€[0,7]

Indeed, from |z (t + h) — x (h)| < |z|, g4 b we see that &4 < |x]; g, for all
t € [0,T] while the converse estimate follows from the intermediate value
theorem,

|z () — 2 ()]

T = i (@) foré e (s,

|i'|oo;[0,T] .

IN

Any sequence (z™) of smooth paths which converges (in 1-Holder norm)
to some path z is also Cauchy in 1-Hoélder. By the previous argument, it is
also Cauchy in C* ([0,T],R) and so converges to some Z € C! ([0,T],R).
Since both 1-Holder and C'-norm imply pointwise convergence we must
have x = & € C* ([0, T],R) and the proof is finished. m

1.4 Sobolev spaces of continuous paths of bounded
variation

1.4.1 Paths of Sobolev reqularity on R?
We saw in proposition 1.35 that a path z is in C%V ([0,T],R?) if and

only if
Zo + / Tpdt
0

with @ € L' ([0,7],R?) and in this case |z|, ,, = |#[;:. We then saw,
proposition 1.41 that a path  is Lipschitz, in symbols z € C*1%! ([0, T],R?),

if and only if
Ty + / Itdt
0

with & € L ([0,7],R?) and in this case ||, ;5 = ||, . This suggests
to consider the following pathspaces.

Definition 1.45 Forp € [1,00], we define W' ([0,T],R?) to be the space
of Re-valued functions on [0,T) of form

x () =m0+ /0 ydt (1.5)
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with y € L? ([0,T],R%). Writing & instead of y we further define

T
‘$|W1,p;[oyT] = |:'E|Lp;[07T] = (/0 |&|” du)

The set of such paths with zo = o € R is denoted by W2 ([0,T],R?). As
always, [0,T] may be replaced by any other interval [s,t] C R.

1/p

It is clear from the definition that W11 = C%1var and hence (proposi-
tion 1.36) precisely the set of absolutely continuous paths, while W1 is
precisely the set of Lipschitz or 1-Holder paths. It is also clear from the
usual inclusions of LP-spaces that W1 c WP ¢ Wb, In particular,
any path in WP is absolutely continuous (and then of course of bounded
variation).

Proposition 1.46 The space WP ([O,T] ,]Rd) is a Banach space under
the norm
T |SC()| + ‘z|W1,p;[0,T] :

The closed subspace of paths in WP ([O, T] ,Rd) started at 0, is also Banach
under x — |x|W1,p;[O7T]. These Banach spaces are separable if and only if
p € [1,00).

Proof. Since LP C L', we can use proposition 1.35 to see that the map
z — @ is well-defined, as is its norm & — |zo| + |2|1s(0 7. The closed
subspace of paths in W' ([0,7],R?) started at 0 is isomorphic (as normed

space) to LP ([0,7],R?) and hence Banach. The separability statement
nows follows from well-known facts of LP-spaces. m

Exercise 1.47 Let p € [1,00] and recall that we equipped W ([0, T ,Rd)
with Banach norm

|z (0)] + |5C‘Lp;[o,T] .
Show that an equivalent norm is given by |.’L‘|Lq;[0 T+ |a'c|Lp;[O 7, for all
q € [1,00]

Solution 1.48 LP-control of & gives a modulus for x and in particular
|Zo.t] < |zl 0,7y t1=1/P where 1/p = 0 for p = 0o. Using |:| < |zo|+|2o |
one controls the supremum of x over t € [0,T] and then any L%-norm.

Every path in WP ¢ Wh! is continuous and of finite 1-variation. For
p = 00, such paths are Lipschitz or 1-Holder continuous; more precisely

|$S)t| S |$|W1‘°°;[S,t] |t - S| .

Observe that the right hand side is a control so that |z,.| in the above
estimate can be replaced by |x\1_mr.[s "t In the following theorem we see
that a similar statement holds true for all p > 1.
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Theorem 1.49 Let p € (1,00). Given x € WP ([0,T],R?),

w (8,t) = @y, s (E — 3)1_1/p

defines a control function on [0,T] and we have |x[; ., ;4 < w(s,t)
for all s < t in [0,T]. In particular, we have the continuous embedding
wihp ([O7T} ,Rd) — Cver ([0, T ,]Rd) .

Proof. Without loss of generality o = 0. By proposition 1.35, z is the
indefinite integral of some @ € L!'. Define o = 1 — 1/p. Using Holder’s
inequality with conjugate exponents p and 1/«

t t 1/p
/ || dr < (t — )™ (/ |¢T|pdr>

‘$|W1,p;[s7t] (t—s)"
= w(s,t).

IN

|xs,t

We show that w is a control. Continuity of w is obvious from the fact that
|x|€v1,p;[s,t] is the integral of an integrable function, namely |%|”, over [s, ¢].
Only super-additivity, w (s,t) + w (t,u) < w (s,u) with s < ¢t < u, remains
to be shown. From Hoélder’s inequality with conjugate exponents p and
p/ (p—1) = 1/a we obtain

||y, s,0 (= 5)" + ||y (0 — t)"

1/p a—P— a—P—
(|x|€vl,p;[syt] + |x\’v’vl,p;[t,u]> [(t —8)F T 4 (u—1) H}

|$|W1,p;[s7u} (u—1)".

(»—1)/p

IN

By proposition 1.14, we conclude that |x\1ivar:[s’t] < w(s,t). In particular,

|x|1-var;[O,T] S w (07 T) = |$|W1’P;[O,T] Tl—l/P
which gives the continuous embedding. m

Proposition 1.50 Let p € (1,00). A function x : [0,T] — R? is in
Whp ([0, T],R?) if and only if M, (z) < oo where

p
Lt
M,(x) : = sup ’7“’1)71
(t:)eD([0,T7) ; ‘ti+1_ti‘
p
’$ti7ti+1‘

= lim sup

—1
3=0 (¢,)eDs ([0,11) 5 [tigr — til”

and in this case
|$‘€V1,p;[0,T] =M, (x) .
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Proof. Without loss of generality zo = 0 and we assume x € WP is the
indefinite integral of some & € LP. Then, Holder’s inequality gives

tit1 1/p
1/p’ . P
|xti7ti+1} < ‘tiJrl - ti| (/ |1’u| du)
t;

where 1/p’ 4+ 1/p = 1. It immediately follows that

T
M, (z) < /0 |&|” du = |x\€v1,p;[07T] . (1.6)

Conversely, suppose that M, (z) < oo; given s1 < t1 < 83 < fg < -+ <
Sn < tp, in [0,T], Holder’s inequality yields

n

n

Xt — Tg, ’
Sl —ral = 30 I g
=1 — i

= [t
1/p'
< (M, (fﬂ))l/p (Z tiv1 — tz‘)

which shows that z is absolutely continuous, hence precisely in Cg'' ™",
and (proposition 1.36) the indefinite integral of some & € L'[0,7]. We
show that & € LP[0,T], with fOT |&y|” du bounded by M, (z). Let D,, =
{%T :1=0,... ,n}. By corollary 1.38, 2”» — z in l-variation norm, and
therefore we have the convergence

#Pn = %;x(il)T %1[(1—1)T %) —gell [(LT}.

n ’ n ’

k
—k—o0

By passing to a subsequence (Dk) = (Dy,, ) we can achieve that :'E?
44 for almost every t € [0, T] with respect to Lebesgue measure. By Fatou’s

lemma we then see that

T T
/ |#y|" du < lim inf/ ‘g'c?’“ du
0 k—oo g

.. ’wt,- tv+1|p

= liminf ﬁ
T e, e il
; |xti tit1 }p Y

< lim sup Z ————— = M, (2).
0=01D|<s ;52 [tivn — tf”

Recalling (1.6) we get M, (z) < |x\€v1,p;[0,T] < M, (z) and with the trivial

M, (z) < M, (z) we must have equality throughout. This finishes the proof.
[
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1.4.2  Paths of Sobolev reqularity on metric spaces

We already remarked that W1l (resp. W) coincides with the set of
absolutely continuous (resp. 1-Ho6lder) paths and this kind of regularity only
required paths with values in an abstract metric space (E, d). Proposition
1.50 suggests how to define W'P-regularity in metric setting. Although we
shall only need p = 2 in later chapters (in particular, in our discussions of
large deviations) the case p € (1,00) is covered without extra effort and
has applications in large deviation type result for diffusions on fractals (see
comments below.)

Definition 1.51 Forp € (1,00)) we define WP ([0,T], E) as those paths
z:[0,T] — (E,d) for which

4 (@i zi )7
ey = sup Y | <o
whrilo.1] (ti)ED([OaT])Zi: ltivs — 7"

The subset of paths started at o € E is denoted by WLP ([0,T],E). As
always, [0,T] may be replaced by any other interval [s,t].

We now give a generalization of Theorem 1.49.
Theorem 1.52 For any x € WHP ([0, T], E) we have for all s,t € [0,T],
A (@ss0) < ol vargoy < [tlwrngeq =977 (17)
In particular, WP ([0,T],E) C C**" ([0,T],E).
Proof. From the very definition of ||y, 7y we have
d(zs,2¢)" < |2ljpim 01t — sfP7h

and the estimate on d (zs, z+) follows. We then show, exactly as in the proof
of Theorem 1.49, that the map

(5,) > @l yyranygop (= 5)' 17 (1.8)

is super-additive and the estimate on |x|1_var:[s 1l follows by Proposition
1.14. m '

Remark 1.53 To see that (1.8) is actually a control function, one would
have to undergo similar continuity consideration as in Proposition 1.15.

As in the case of l-variation (cf. proposition 1.17) it is enough in the
definition of [z[y1.5. 7y to look at dissections with small mesh.

Proposition 1.54 For every x € C ([0,T], E),

p
|2 fy1 0,0,y = lim  sup 4 (@, @t )[

) — €0,00].
~0(t:)eDs(0.7) ;5 2p [ti+1 — il
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Proof. We assume |x\W1,p:[O 7] < 00 leaving the case |x\W1,p:[O 7] = 00 to
the reader. It suffices to show that, for any s <t < u in [0, T,

[ (@s,z)l” _ |d (s, @)l” | |d (2o )"

u—s7h T =P u—t

(1.9)

as this will allow us to replace a given dissection D with a refinement D with
‘D’ < §. (We used a similar argument in the proof of proposition 1.17). To
this end, recall the elementary inequality (6a + (1 — 6) b)* < faP+(1 — 6) bP
for a,b > 0 and 0 € (0, 1). Replacing fa by a and (1 — )b by b gives

a? bp
-t (10"

and this implies (1.9) with 8 = (¢t — s) / (u — s) and

(a+0)" < -5

d(zs,xy) < d(zs,2¢) +d(x4,2) =a+b.
| ]

Exercise 1.55 As wusual, let C([0,T],E) be equipped with the uniform
topology. Let p € (1,00).
(i) Show that

2 € C(0,T),E) = My (2) = alysn oz € 0,00]

1s lower semi-continuous.
(ii) Assume that E has the Heine-Borel property, i.e. bounded sets have
compact closure. Show that the level-sets

{x € C,([0,T],E) : M, (x) <A} with A € [0,00) ando € E
are compact. (Hint: Arzela-Ascoli).

Solution 1.56 (i) Assume a™ — x uniformly (or even pointwise) on [0, T]
and fix a dissection D C [0,T]. Then

Eggﬁﬁgﬁf:nmiﬂ
_ ti|p e

jd (120, )|
LA %71 <lim inf M, (z")

_ ti‘p71 n—oo

iit,€D |ti+1 iit,€D ‘ti+1

and taking the sup over all dissections finished the proof.
(ii) By (i) it is clear that level-sets are closed. Thanks to theorem 1.52 we
know that M, (x) < A implies

d (g, m) < AVP (1 — 5)' 717

which equicontinuity and boundedness of {x € C, ([0,T],E) : M, (z) < A}.
Conclude with Arzela-Ascoli.
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1.5 Comments

Continuous paths of finite variation, also known as rectifiable paths, arise
in many areas of analysis and geometry. Ultimately the focus of this book
is on non-rectifiable paths and so we avoid the notion of rectifiability al-
together. Topics such as absolute continuity of real-valued function on R,
the fundamental theorem of calculus for Lebesgue integrals or the Radon-
Nikodym theorem are found in many textbooks on real anaysis such as
[144], [51] or [41].

The interplay between variation, Holder and W'P-spaces was studied in
[126]; in particular they proposition 1.50 to Riesz. A nice martingale proof
of this can be found in [138]. The extension of W!P-regularity to paths in
metric spaces is not for the sake of generality but arises, for instance, in the
context of sample path large deviation (type) estimates for symmetric dif-
fusions; see [6] and more specifically our later discussion of large deviation
for Markov processes lifted to rough path, section 16.7.
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Riemann—Stieltjes Integration

In this chapter we give a brief exposition of the Riemann—Stieltjes integral
and its basic properties.

2.1 Basic Riemann—Stieltjes integration

We will use the notation L (Rd,Re) for the space of linear maps from R?
into R¢. We will always equip this space with its operator norm, that is if
feLrL (Rd,Re) , then

[fl= sup [fz[ge.
zeR?
|2|pa=1

Definition 2.1 Let x and y be two functions from [0,T] into R? and
L (R R?). Let D, = (7 :4) be a sequence of dissections of [0,T] with
|Dy| — 0, and £ some points in [t7, 7] . Assume ng"*l y (&) mep ap,
converges when n tends to oo to a limit I independent of the choice of &'
and the sequence (D,,). Then we say that the Riemann—Stieltjes integral of
y again z (on [0,T]) exists and write

T T
/ ydx == / Yudx,, = 1.
0 0

We call y the integrand and x the integrator. Of course, [0,T] may be
replaced by any other interval [s,t].

Proposition 2.2 Let z € C** ([0,T],R?) and y : [0,T] — L (R4 R?)

piecewise continuous'. Then the Riemann-Stieltjes integral fOT ydx exists,
18 linear in y and x, and we have the estimate

T
/ ydz
0

t s t
/ Yu ATy — / Yu dTy = / YudXy for all0 < s<t<T. (2.1)
0 0 s

< |y‘oo;[O,T] |$|1—var;[O,T] .

Moreover?,

I This will cover all our applications.
2 All integrals in (2.1) are understood in the sense of definition 2.1 with [0, T] replaced
by the intervals [0,¢], [0, s], [s, t] respectively.
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Proof. Let us say that a real-valued function y is da-integrable (on the

fixed time interval [0, T] if the Riemann—Stieltjes integral fOT ydx exists.
Step 1: Step-functions, i.e. functions of form

n—1

g () =aolp,) + Z @il t0) (1)

=1

with 0 <?; <--- <, =T and a; € L (R%,R?), are dz-integrable and

T n—1
/ gdr = g T, 4
0 i=0

Step 2: The set of dx-integrable functions is a linear space, i.e. if g and h
are dz-integrable, then so is ag + Bh, with a, 8 € R which readily implies

that
T T T
/ (ag—i—ﬁh)dm:a/ gdm—l—ﬂ/ hdzx.
0 0 0

Step 3: If y is dz-integrable then

T
/ ydx
0

Step 4: The space of dz-integrable function is closed in supremum topol-
ogy on [0, 7). Indeed, assume (y™) is a sequence of dz-integrable functions
such that

< |y|oo;[O,T]‘-ﬂLvar;[O,T]-

[y — 4" losjo,7] — 0 as n — oc.

By step 2 and 3,

T T
/ ydr — / y"dx
0 0

and so I, = fOT y"™dx defines a Cauchy-sequence whose limit we denote by
I. Let D, = (t}), be a sequence of dissections of [0, 7] with mesh |D,,| — 0
and £} an arbitrary point in [t?, t?—s—l] for all ¢,n. Then,

< |yn - ym|oo;[0,T]|$‘1—var;[0,T]

#D,,—1 #D,—1
I- Z Yy (57) Lty tip1 = |I - In‘ + Z (y (57) - yn (57)) Tty tiva
i=0 =0
#Dm—1
+ I = Z y" (52”) Lty it
1=0
< |I - In‘ + |y - yn|oo;[0,T] ‘x|1-var;[0,T]
#D,—1
+ L, — Z yn (éln) Tt tiv1 (2'2)
1=0
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Fixing € > 0 we can pick n large enough so that that

|I - Inl + |y - yn‘oo;[O,T]|x|1-va1‘;[O,T] < 5/2~

Then, since y™ is dx-integrable, there exists M > 0 such that m > M
implies that (2.2) < £/2 and hence

#D'm_l

I= Z Y (&) Tty 0040 | < e

=0

But this shows precisely that the Riemann—Stieltjes integral fOT ydx exists
and so y is dz-integrable.

Step 5: Any y € C ([0,T], L (R%,R®)) is da-integrable. Indeed, take &' €
(t?, t?_i_l) where D,, = (1), is as in the previous step and set

(#Dy)-1
yn (t) =Y (g(TJL) 1[0,t1] (t) + Z Yy (gzl) l(ti,ti+1] (t) .
i=1
It then suffices to observe that lim, oo [y — ¥™|oc;j0,7] = 0 because y is

uniformly continuous on [0,7] and we conclude with step 4. If y is only
piecewise continuous (i.e. bounded with finitely many points of discontinu-
ity) it suffices to choose D,, such that it contains all points of discontinuity.

Step 6: Given z,& € Cv* ([0,T],R?), the last step shows that any
y € C([0,T],L (R%R?)) is d (ax + BZ)-integrable, for any o, 8 € R. This
easily implies linearity of

T
z €™ ([0, ,Rd) — / ydz.
0

and in conjunction with step 2 we obtain bilinearity of (z,y) — fOT ydx.
Step 7: Fix s,t with 0 < s <t < T. If y is piecewise continuous then so

is 1[0,4)Yu and
T t
0 0

Relation (2.1) then follows from 1jp yyu = 1jo,s) (¥) Yu + 1(s,¢ (4) Y. The
details are left to the reader. m

Exercise 2.3 Assume x € C' ([0,T],R?) and y € C ([0,T],L (R4, R?)).

Show that
T T
0 0

We then have the classical integration-by-parts formula. It can be ob-
tained by a simple passage to the limit in an elementary partial summation
formula for finite sums. The details are left to the reader.
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Proposition 2.4 (Integration by Parts) Letxz € C'*"" ([0,T],R?) and
y € C ([0,T],L (R R%)). Then

T T
/ YudTy + / (dyy) dxy, = yrar — yoxo-
0 0

Exercise 2.5 Take (z,y) € C' ([0,T1],R%) x C ([0,T1], L (R% R?))
and assume ¢ a continuous non-decreasing function ¢ from [0,T5] onto
[0,T1]. Show that

t #(t)
/ Yg(yd (T o) = / ydx for allt € [0,Ty] .
0 0

Exercise 2.6 Let x € C1-vor ([O,T] ,Rd), ¢ a C* function from R into
R*, compactly supported on [—1,1] with [~ ¢ (u)du = 1. Define ®, =
ffooqﬁ(u) du and extend x to a continuous function from R into R% by
setting x = xg on (—o00,0) and x = x7 on [T, ). Define for all € > 0 the
mollifier approximation to x by

°:te [O,T] — zg + / (I)(t—s)/adws
R

Show that

(i) for all e > 0, x° is infinitely differentiable;

(“) fO’f’ all e > 0, |x8|1-var;[0,T] < |$|1—11ar,‘[0,T]’ and also |x5|1-H(il;[O,T] <
|9U|1.H51;[0,T];

(iii) x° converges to x in supremum topology when € tends to 0.

Solution 2.7 (i) One can easily see that, for n > 1, the n'* derivative of
2 st — [pe @M (:=2) d,, where ™ is the n'" derivative of ®. (ii)

the 1-variation of x° is given by
1 t—
/ Zo" ( S) dz,
R E g

T
|$E|170a7‘ = /
0

dt

(L ()
([t (7))

/ |d$8| = “rllfvar,[(),T]
R

The 1-Hélder bound follows from integration by parts,

_ 1
Ty = /Rmségb <t - 8) ds = [1 Tites® (_5) ds. (23)
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(iii) As x is continuous (and hence uniformly continuous),

lim sup ‘xt+ss - xt' =0,
=05 £€[0,1]%[0,T]

and (2.3) implies that lim._.o sup,c(o 7 |75 — 2¢| = 0.

2.2 Continuity properties

Proposition 2.2 obviously implies that (z,y) — [ ydz, viewed as map from,
ctr ([0, 7], RY) x € ([0, 7], L (R%,R®)) — C ([0, T, R?)

is a bounded, bilinear map and hence continuous (and even Fréchet smooth)
in the respective norms®. In particular,

|yn - y|oo;[0,T] — 0, |$’ﬂ - x|1—var;[0,T] —0

/y"dx"—>/ ydx
0 0

in 1-variation. However, this is not the last word on continuity. For instance,
the seemingly harmless assumption that all ™ are piecewise smooth would
already force us to restrict attention to x absolutely continuous (cf proposi-
tion 1.32). We thus formulate continuity statements that are applicable un-
der the weaker assumption of uniform convergence with uniform 1-variation
bounds.

implies that

Proposition 2.8 Let y",y : [0,T7] — L (R, R®) be continuous functions
and assume y"* — y uniformly. Assume x",x € Clv" ([O,T] ,Rd) and
" — x uniformly with

sup 2" |1 varsfo,1 < 00

Then . .
/ yrda — / ydx uniformly fort € [0,T].
0 0

3Observe that what we call |-|;_,,, is a only a semi-norm on C1- V4r ([0,T],R?) but
a genuine norm on C3&~ V" ([0,7],R?) and we can obviously assume z (0) = 0 as only
dx is of interest. Alternatively, define an equivalence relation on C1- Var ([O,T] ,]Rd) by
setting x ~ y iff ¢ — x¢ — y¢ is constant; the resulting quotient space, say C1- Var is

Banach under |-, ., and view (f,z) — [ fdz as map C x C1- var — Cl-var,
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Proof. Set ¢ = sup,, [2"[;_,, [ 7- Then

t t t t t
/ y"dx" — / ydzx / (y" —y)da" / ydx™ — / ydx
0 0 0 0 0

t t
cly™ — y|oo;[0,T] + ’/0 ydx" _/0 ydx

IN

+

IA

and so it is enough to show

t t
/ ydz" — / ydx
0 0

uniformly in ¢ € [0,T] as n — oo. Fix € > 0 and pick m = m (g) such that

=0 (2.4)

sup,, |xn|1»var;[07T] <¢e/3.
m

Then, from uniform continuity of y on [0,7], we can find a dissection
D = (t;) such that the step function

(#D)

yD (t) = Z y(tifl) 1[ti—1,tz‘) (t)

i=1

satisifies ’y — yD|Oo < 1/m. Now, for fixed & > 0, pick m such that

Sup,, |:L,n ‘ 1-var;[0,77]

€/2

m

and observe that (use lemma 1.18) this implies @[, y,.j0.7) /m < £/2. We
estimate the left-hand-side of (2.4) by adding/subtracting the integrals
[ yPda™ and [yPdz. This leaves us with three terms of which the first

two are dealt with by
t
/ (y” —y)dx
0

/Ot (v° —y) da”

On the other hand, y is constant over the (finitely many) intervals [t;,#;11).
Fix t € [0,T] and let tp € D be the largest point in D for which tp < .
Then

t
/ de (‘T - xn) = <Z Ytia ($ti—17ti - zz_l,ti)> + Ytp (xtD7t - z?p,t)
[

0

sup sup <e.

n  tel0,T]

+ sup
te[0,T]

where the sum Zz runs over all integers ¢ > 1 for which ¢;_; < t. It follows

that .
/ yPd (x —a™)
0

sup

< (#D) x 2|x — 2" | 0.7 (2.5)
t€[0,T]
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where #D denotes the number of points in D, dependent on m and hence
on e. It follows that

t t
/ ydx™ — / ydx
0 0

Using |2 — 2| 10,77 — 0 as n — oo it follows that

t t
/ ydx™ — / ydx
0 0

and we conclude by sending £ | 0. =
Another useful property of Riemann—Stieltjes integration is uniform con-
tinuity on bounded sets.

<e+ (#D)x2|z— 2" 0

lim sup
n—oo

<e

Proposition 2.9 Lety,y’ € C ([0,T],L (R, R)) and z,a’ € C*" ([0,T],R%).

Then,
/ ydr — / y'dz’
0 0

|$|1—var;[0,T] : |y - yl‘oo;[O,T] + |y/|oo;[O,T] : ‘.’IZ - $/|1—'Uar;[0,T] :

1-var;[0,T]
<

In particular, the map (z,y) € C*"*" ([0, T],R%) xC ([0, 1], L (R, R?))
Jo ydaz € Co7 ([0, T],R®) is locally Lipschitz.

Proof. It suffices to insert and subtract [ y'dz, followed by the triangle
inequality. m

In applications, integrands frequently come in the form ¢ (z;) € L (Rd, Re)
for ¢ : R — L (Rd, Re) or V (y;) for an Reé-valued path y and V :
R® — L (Rd, Re). With focus on the latter, we state the following uniform
continuity property; the simple proof is left to the reader.

Corollary 2.10 Let z,2’ € C*"* ([0, T] \RY), y,y € C(0,T],R®) and
V:R®*—= L (Rd, Re) continuous. Assume
|x|17var;[0,T] ) |xl|17var;[O,T] ) ‘y|oo;[O,T] ) |y/|oo;[O,T] <R

and let € > 0. Then there exists 6 = ¢ (¢, R, V) so that

|$ - x/|1—11ar;[0,T] + |y - y/|oo;[0,T] <0
implies

<e.
1-var;[0,T]

| vwie— [ v
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2.3 Comments

Riemann—Stieltjes integration is discussed in many elementary analysis
texts e.g. [143] or [134].



3

Ordinary Differential Equations
(ODEs)

We develop the basic theory of ordinary differential equations of the form

d .
dy dx’
pri zzzl Vi(y) dt

on a fixed time horizon [0, T]. Here, x and y are paths with values in R?,
R€ respectively and we have coefficients V; : R¢® — R often viewed as
"driving" vector fields on R¢. When the driving signal = is continuously
differentiable we are dealing with an example of a (time-inhomogenous)
ordinary differential equation. We give a direct existence proof, via Euler
approximations, that applies to continuous, finite-variation driving signals
and continuous vector fields, uniqueness holds for Lipschitz continuous vec-
tor fields.

3.1 Preliminaries

Given a collection of (continuous) vector fields V = (V1,..., V) on R® and
continuous, finite variation paths z,y with values in R?, R® we set

/OtV(y)dw:i/OtW(y)dwi-

From the point of view of vector-valued Riemann-Stieltjes integration, this
amounts precisely to view V as map

d
yER - {a=(al...,a%) > Y Vi(y)a'} € L (RY,RY),

i=1
where L (Rd, Re) is equipped with operator norm, so that

d

Vl=IVyl,:= sup Vi (y)a'|.

a€R9:|a|=1

(3.1)

i=1
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Definition 3.1 A collection of vector fields V = (Vi,...,Vy) on R, viewed
asV:R¢ — L (Rd,Re), 18 called bounded if

[Vlse := sup [V (y)] < oo;

yER®

For any U C R® we define the 1-Lipschitz norm (in the sense of E. M.
Stein) by

o

1% —Viz
|V|Lip1(U) :—max{ sup M,SUPW@”}-

y,2€U:y#2 |y - Z‘ yelU
We say that V € Lip' (R®) if ViLipt = [Vinipigey < 00 and locally 1-
Lipschitz if |V, 0y < 00 for all bounded subsets U C R®.

(The concept of Lip' regularity will later be generalized to Lip” in the
sense of E. M. Stein.) Observe that 1-Lipschitz paths are Lipschitz contin-
uous paths that are bounded. We now state a classical analysis lemma.

Lemma 3.2 (Gronwall’s lemma) Let © € C'" ([0,T],R?), and ¢ :
[0,7] — R* a bounded measurable function. Assume that for all t € [0,T]

t
b(t) < K+L/O 6, ldz.] (3.2)

for some K,L > 0. Then, for all t € [0,T]
¢t < Kexp (L‘z|l—va7';[0,t]) .

If t — K; is a non-negative, non-decreasing function, K may be replaced
by Kt-

Proof. After n iterated uses of (3.2)

t t  pty tn—1
6(t) < K+KL/ |dms|+...+KL"// / (e, |...|dze,|
0 0 0 0

t t1 th—1 tn
+Ln+1A A ‘/O ‘/O ¢(t7z+1) |dmtn+1|~--|d$t1|-

Since z is continuous,
t t1 tn—1 ‘{El’:’{’_ 10
/ / / Ay, | |doy | = —2rld]
0 Jo 0 n

[L|x‘1fvar;[0,t]
(n+1)!
and sending n — oo gives the required estimate. The last statement, re-

placing K by some non-decreasing K, comes from the obvious remark that
the previous estimate can be applied on the interval [0,¢] with K = K;. m

Then,
} n+1

¢ (t) < Kexp (L|x‘lfvar;[0,t]) + |¢|oo,[O,T]
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3.2 Existence

Let us first define what we mean by solution of a (controlled, ordinary)
differential equation:

Definition 3.3 Given a collection of continuous vector fields V = (V1, ..., Vy)
on R®, a driving signal = € C*"*"([0,T],R?) and a initial condition
yo € R®, we write w(vy (0,y0; ) for the set of all solutions to the ODE!

d
dye = > Vi (ye) daf = V (y) day (3.3)
i=1

for t € [0,T] started at yo. The above ODE is understood as Riemann-
Stieltjes integral equation, i.e.

t
Yo, =Yt — Yo = / V (ys) ds.
0

In case of uniqueness y = ) (0,y0;x) denotes the solution. If neces-
sary, m(0,yo;x) is only considered up to some explosion time. Similarly,
v (8,ys; ) stands for solutions of (3.8) started at time s from a point
ys € R,

We shall frequently describe (v (0,y0; ) as "ODE solution, driven by
x along the vector fields V' and started from y,". Existence of a solution
holds under minimal regularity conditions on the vector fields.

Theorem 3.4 (Existence) Assume that

(i) V= (Vi,...,Vy) is a collection of continuous, bounded vector fields on
Re,

(ii) yo € R® is an initial condition,

(ii) @ is a path in C*" ([0,T],R%).

Then there exists a (not necessarily unique) solution to the ODE (3.3).
Moreover, for all0 < s<t<T

}ﬂ'(v) (O’ yo;x)ll_yar;[s,t] < |V|oo |x‘1—va7';[s7t] . (34)

Remark 3.5 In case of non-uniqueness, we abuse notation in the above
estimate in the sense that 7y (0,y0; ) stands for an arbitrary solution to
(3.3) started at yo.

Proof. Let D = (t;), be a dissection of the interval [0,77], and define the
Euler approzimation yP) : [0, T] — R by

(D) _
Yo = Yo,
{ o =2 4V () @i for t€ [t tira).

IThe ODE (3.3) is time-inhomogeneous unless x¢ is proportional to .
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Then, it is easy to see that forall 0 < s <t < T

2] <y

1-var;[s,t] < |V|oo |$|1—var;[s,t] . (35)

In particular,

’y(D)’ < |y0| + ‘V|oo |$|1»var;[O,T] .
0, [0,

T

Moreover, if rp denotes the greatest real number in D less than r then

i [V () o= [ () v ()] e G

Now let (D,,) be a sequence of dissections, with mesh |D,,| — 0 as n tends to
co. Clearly {yP»)} is equicontinuous and bounded. From Arzela-Ascoli’s
theorem we see that {y(D")} has a least one limit point y. After relabeling
our sequence, we can assume that y(P») converges to y uniformly on [0, 7.

Fix r € [0,T]. From (3.5) that lim, )ySAD") — yyg:) = 0. On the other

hand, y,(,D") — ¥, hence yﬁg:) — 4, and by continuity of V|
v o) v )0 e

2

By dominated convergence®, we can pass to the limit in (3.6) to see that

t
Yot — / V (y,) dz, = 0.
0

Finally, for s,t € [0, T], for any solution y € 7 (v (0, yo; x) ,

[ys,el =

/: V (yu) dzy

t
/ Vi, - ldul
S

= ‘V‘oo |$|1—Var;[s,t] :

IN

The right hand side being a control, we obtain inequality (3.4). =
If we only assume continuity of the vector fields (without imposing growth
conditions) existence holds up to an explosion time:

Theorem 3.6 Assume that
(i) V= (V1,...,Vy) is a collection of continuous vector fields on R®,

2which requires us to know that Riemann-Stieltjes integrals with continuous inte-
grands coincides with Lebesgues-Stieltjes integrals.
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(ii) yo € R® is an initial condition,

(ii) @ is a path in C*" ([0,T],R%).

Then either there exists a (global) solution y : [0,T] — R® to ODE (3.3)
started at yo or there exists 7 € [0,T] and a (local) solution y : [0,7) — R
such that y is a solution on [0,t] for any t € (0,7) and

lim |y (6) = +oc.

Proof. Without loss of generality take yo = 0. Replace V' by compactly
supported vector fields V™ which coincide with V' on the ball {y : |y| < n}.
From the preceding existence theorem, there exists (a not necessarily unique)
ODE solution y! := 71y (0,90; ) which we consider only up to time

o =inf{t €[0,T]: |y;| > 1} AT > 0.

If 71 = T then y = y! is a solution on [0,7] and we are done. Set
70 = 0. We now define 7,,y, inductively and assume 7, € [0,7],y" €
C ([Tn-1,7n],R®) have been defined. We then define

Y= myaen) (To, Y25 @)
as (again, not necessarily unique) ODE solution started from y"**! (7,) =
yy driven by x along the vector fields V7l up to time

Tnr =inf {t € [r, T] : |yt = n+ 1} AT > 0.

If at any step in this induction, 7,, = T, then (0,7] = U}_;(Tk—1,Tk]
and y (t) = y¥ for t € (7x_1,7x| defines a solution on [0, 7] and we find
ourselves in case (i) of the statement of the theorem. Otherwise, we obtain
an increasing sequence (7,,) with 7 = lim, 7)o € (0,7]. Any interval
(0,t] C (0,7) can be covered by intervals (7,_1, 7] and a solution on (0, ¢]
is constructed as above by setting y (t) = y¥ for t € (7)_1, 7. Moreover,
be definition of 7,, we see that |y (7,,)| =n — 0o as n — oo and the proof
is finished. m

Theorem 3.7 Assume that
(i) V = (V1,..., V) is a collection of continuous vector fields on R of linear
growth, i.e.

JAZ>0:|V;(y)| <A1+ |y|) forally € RE,

(ii) yo € R® is an initial condition,

(iii) z is a path in C*" ([0,T],R?), and £ > A %1 —yar 0,17 -

Then explosion cannot happen. Moreover, any solution y to (3.3) satisfies
the estimates

|y|oo;[O,T] S (|y0‘ + e) €Xp (z) 5 (38)
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and, for all0 < s <t <T,

t
|y|1—va7';[s7t] < (1 + ‘y0|) exXp (25) A/ ‘d$u| :

Proof. For s € [0, min (7 (y),T)),

/0 "V () da

sl < lyol +
< ool +A [ ol +4 [ ol Jdn.
0 0
Hence, by Gronwall’s inequality, for all s € [0, min (7 (y),T)),

0s] < <|y0| caf |dxu|> exp (A I dxu|) . (3.9)

This implies in particular that explosion can not happen in finite time, and

that s .
Wl o < (yo| va | dm) exp (A / |dxu|) .
0 0

Let us now takes s,t € [0,7T]. Clearly, for all u,v € [s,],

yu,v:/ V(yr)dxr:/ V(yu'i'yu,r)dxr

so that
‘yu,v‘ < A(l + |yu‘)/

u

(dea| + A / | |, |

By Gronwall inequality, we obtain

ol < A0+l [ |dxu|exp(A / |dwr|).

Now, using inequality (3.9) and [’ |dz,| + [ |dz,| = [ |dz,|,

<1+|yu|>exp(A / |dxr|) < (|yo|+1+A / |dxr|)exp(A / |dmr|)
u 0 0
t t
wlexp (4 [z} exp (24 [ i)
0 0
t
(1+ |yol) exp (ZA/ |dmr> ,
0

t v
|yu,USA<1+|yo>exp(2A / |de|) [ 1z,
0 u

IN

IN

which gives
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and hence

t t
|mwwﬂ<Au+wmwp@4/w%)/’mw
0 s

3.3 Uniqueness

We now show uniqueness for ODEs driven along Lipschitz vector fields by
establishing Lipschitz continuity of the flow.

Theorem 3.8 Assume that
(i) V= (V1,..,Va) is a collection of Lipschitz continuous vector fields on
R€ such that, for somev > 0,

V) -Vl

)

v > sup
y,zER4 |y - Z‘

(i) x € C10 ([0,T],R?) with, for some £ >0,

v |x|1-var;[0,T] <t

Then, for every initial conditon there exists a unique ODE solution to dy =
V (y)dx on [0,T). Moreover, the associated flow is Lipschitz continuous in
the following sense that, for any initial conditions y3,yé € R®,

|7T(V) (0, y(]ja CL’) — (W) (05 y(2)7 x) |oo7[O,T] < |y(1) - y3| exXp (6) . (310)

Moreover, for all s <t in [0,T] we have
|7T(V) (07 yé’ $) - W(V) (0’ y(2), .’E) |1-var;[s,t] S |y(]j - y(2]| exp (2€> ‘v |x|1—var;[s,t] :

Proof. Lipschitz continuous vector fields are of linear growth and exis-
tence of solutions on [0,7] is guaranteed by theorem 3.7. Let us write
Y€ (V) (O,yé;x) ,i = 1,2 for an arbitrary solution started from y},y2
respectively and set § = y* — 2. Then

e = Go + /Ot (V (y3) =V (v2)) das,

and hence

t
WA§@d+v/I%LMm
0
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Gronwall’s inequality then leads to the first stated estimate. Moreover,
taking y} = y2 shows that y! = y? and there is indeed a unique solution.
For the second estimate, we have

|gs,t| =

[ 0w -v e

IN

t
v |Yr| [da.|
S

t t
|ys|.v/ |dxr|+v/ Gar| - 1d ]
S S

IN

Applying Gronwall gives

t
st < |7s] .U/ || . exp (€) .
S

Using the estimate (3.10), we obtain

t
|Ys.t| < |Fol .U/ |dz,| . exp (20).
s

Noting that the right hand side is a control, we obtain our estimate. m
Since uniqueness is a local property we immediately have

Corollary 3.9 Given x € Cl-ver ([O,T] ,Rd), there is a unique solution
to dy = V (y) dzx started at yo along locally 1-Lipschitz vector fields V =
(Vi,...,Va) up to its possible explosion time. If explosion can be ruled out
(e.g. under an additional linear-growth condition, cf. theorem 8.7) then
there exists a unique solution on [0,T].

3.4 A few consequences of uniqueness

We first show that time-change commutes with solving differential equa-
tions.

Proposition 3.10 Let z € C' ([0,T1],RY) and V = (Vi,...,V4) a
collection of locally Lipschitz continuous vector fields on R of linear growth.
Assume ¢ is a continuous non-decreasing function from [0, Tz] onto [0, T1]
so that

zoge C ([0,Tp],RY).

Then
Twv) (0,90;2) 50y = m(v) (0, 50530 0) on [0,T3].
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Proof. Let y = m(y) (0,y0; ) denote the (unique) ODE solution. For all
t €10, T3]

d @(t) )
Yo(t) = Yo + Z/ Vi (yr) d..
i=1"0

By a change of variable r = ¢ (s) for Riemann-Stieljes integrals, we obtain

d t
Yot) = Yo + Z/o Vi (ys(s)) da g
=1

which says precisely that ¢ +— y4;) is an ODE solution driven x o ¢ along
vector fields V7, ...,V started at yo. By uniqueness, we therefore have

Ty (0,905 %) 4.y = 7(v) (0,505 20 9) .
n

Definition 3.11 (concatenation, time-reversal) (i) Givenz € C ([0,T],R?)
and & € C([T,U],R?) we define the concatenation x U & as a path in
C ([0,U],R?) defined by?

(xUZ) (1) x if t € 10,7
(xUz)(t) = (zsg—&s)+& ifte[T,U].

(i) Next, the time-inverse of a path x € C ([O,T] ,Rd) is defined as the
path © run backwards on [0,T], i.e.

ZT:te0,T) — zr_s € RY

When [0,T] is fived and no confusion is possible, we simply write T for
the time-inverse of x.

As a simple consequence of uniqueness we have the following two propo-
sitions.

Proposition 3.12 Let z € C*" ([0,5],RY) ;& € C***" ([S,T],R?) and
V = (V,...,Va) a collection of locally Lipschitz continuous vector fields
on R® of linear growth. Then

7wy (0,%0;52) = mevy (0,50;2 U E) on [0,S]
and

oy (S, (0,905 2) g3 E) = 7y (0,905 2 UE) on [S,T].

30f course, z, # need not be defined on adjacent intervals but a simple reparametriza-
tion will bring things back to the above definition. Formally speaking, concatenation is
an operation on paths modulo their parametrization.
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Proof. Obvious. m

Proposition 3.13 Let z € C1-ver ([O,T] ,Rd) and V. =(V1,...,Vy) a col-
lection of locally Lipschitz continuous vector fields on R of linear growth
s0 that there is a (unique) ODE solution y = my (0,y0;2). Then for all
0<t<T,

o (0,yr: "), = e

Proof. Same proof as for proposition 3.10, just use ¢ (t) =T —¢. =

We record a simple corollary. (As a preview to an application discussed
later on: when applied to the left-invariant vector fields Uy, ..., Uy on the
step-N nilpotent group it implies that the signature of 2 LI ‘'z T over [0, T
is trivial.)

Corollary 3.14 Let x € C***" ([0,T],R%) and V = (V4,...,Va) a collec-
tion of locally Lipschitz continuous vector fields on R® of linear growth so
that there is a (unique) ODE solution y = 7y (0, yo; ). Reparametrize T
as path on [T,2T), ie. T (t) = war_¢. Then,

Ty (0,90;2 0T "), = wo.

3.5 Continuity of the solution map

We now investigate continuity properties of the solution map, i.e. the map
(Yo, x) — y, the ODE solution to

started at time 0 at yo € R In fact, it will not complicate things to
consider the map (yo,V,z) — y.

3.5.1 Limit theorem for 1-variation signals

Let us recall their our notion of 1-Lipschitz regularity includes the assump-
tion of boundedness, cf. definition 3.1. We start with our first continuity
statement of solution of ordinary differential equations.

Theorem 3.15 We consider
(i) Vi = (V... V}) and V2 = (V2,...,V?) are two collections of Lip'
vector fields on R€, with for some v > 0,

max ’VZ‘ L <w
i=1,2 Lip
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(i) y§,y2 € R® is an initial condition,
(iii) 1 and x? two paths in C1-vo" ([O,T] ,Rd) , with, for some £ >0,

< /.

ax o
7=1,2

’1 var;[0,T]

Then , if y* = (Vi) (Qyé;xi) fori=1,2, we have

‘yl - y2’ 0,7 = (!yo yg‘ +v }ml — m2]0;[0,T] + ’Vl — VQ}OOE) exp (2vf) .

Proof. Without loss of generality, x} = 3 = 0 so that = ’x $2|0 (0.7] <
|x1 —x2|oo[0 7] < |:E1 —x2|0[0 AR First note that for ¢ = 1,2 we have
‘yi’Lvar;[O,T] < vl. Now, write for ¢t € [0,T],
t
=0t < bl [ 1) - v ) et
t
& (y?) d (:ci - :c%)
0
t
V) =V ()] da
|vo — 3| +v/ lyr — 7| - |dz; ] (3.11)
/ VI (y2)d (al - 2?)| + V- V2|t
0

We deduce from the integration by part formula

[V - = [ e ) v ) -

t

[V 62— < g VO 1V ) -
< v|x1—x2| 0t](1+|y |1v1r[0t])
< ’U’.CL‘l—.CL‘2’ Ot](l—I—Uf)

This last inequality and inequality (3.11) give for ¢ € [0,T],
vi —vil < Jwo— w3l Ho ol et =2,

t
vo [yt = a] el + V- v2 e
0

2|

[0,2]
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which implies, using Gronwall lemma that

vt — i
t
< (lvb— Bl +v et 2% oy (1+v£)+yvl—VQ}ooe)exp(|V|Lipl/ }d@\)
o 0
< (}yé*ngv}mlf:vQ!w,[O,t]+]V17V2]w£) exp (200) .
|

From the above theorem we see in particular that the solution map
(Yo, ) = vy (0,90,) is uniformly continuous in the sense of "uniform
convergence with uniform 1-variation bounds". By a localization argument
we now weaken the boundedness assumption inherent to Lip' regularity

Corollary 3.16 We consider

(i) VI = (Vll,...,le) and V? = (Vf, ...,VdQ) are two collections of locally
Lip! vector fields on Re, with linear growth,

(it) y§,y¢ € R® are initial conditions, with |yj| < R for some R >0,
(ii) z* and z* two paths in C* ([0,T],R?) , with max;—1 » |xi|1_m“
{ for some £ > 0,

Then, if y° = (Vo) (O,yé;xi) for i = 1,2, there exist constants C, M de-
pending only on R, ¢ and the vector fields, such that for all s,t € [0,T)

0,1] =

iyl - y2|oo;[O,T] <C (\y& - y3| + iml - m2|0,[0,T] + |V1 - V2|oo;B(O,M)) :

Proof. We saw in corollary 3.9 that under locally Lipschitz and linear-
growth assumptions on the vector fields, there is indeed a unique, non-
exploding solution. In fact, thanks to the explicit estimate (3.8) there exists
M = M (¢, R) so that max;—1 2 \yi|ooz[0’T] < M. We now modify the vector

fields V' outside a ball of radius R such as to make them Lip*-vector fields,
say V%, and note that

y' =1 (0,9052°) = 7y (0,505
This allows to use theorem 3.15 to finish the proof. m

Exercise 3.17 (Change-of-variable-formula) Assume f is C* (R®) and y =
vy (0,905 ) the unique solution to

dy =V (y)dz, y(0) =yo € R®

along locally 1-Lipschitz vector fields V.= (Vi,...,Vy) on Re, with linear
growth, and x € C*"*" ([0, T ,RY). Show that

F(yr) — £ (o) = /0 (V) (g) ds
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where Vf = (Vif,...Vaf) and each V; is identified with a first order dif-
ferential operator

Vif =Y Viowf.
k=1

Solution 3.18 For z € C! ([O,T] ,Rd), this is just the fundamental the-
orem of calculus. For x € Ct-vor ([O,T] ,Rd) we approximate (uniformly,
with uniform 1-variation bounds) and use the limit theorem. One can also
appeal the direct change-of-variable formulae for Riemann-Stieltjes inte-
grals ...

3.5.2  Continuity under 1-variation distance

Given a collection V of Lip!-vector fields we first show that
(yo,x) € R® x C ([0, T]5RY) = 7y (0,90, 2) € CT ([0, T]3R?)

is Lipschitz continuous on bounded sets. Again, it will not complicate things
to include V in the following continuity result.

Theorem 3.19 We consider
(@) V= (VL .., V}) and V2 = (V2,...,V?) , two collections of Lip'-vector
fields on R®, such that, for some v > 0,

i .
ma [V < v

(ii) yd,y3 € R®, viewed as two time-0 initial conditions,
(iii) &' and 2, two paths in C***" ([0, T],R?) , such that, for some £ > 0,

7
ZII:12117)§ ‘SC yl—var;[O,T] <t

Then , if y* = (Vo) (O,yé;xi) fori=1,2, we have

1 1

V1 aror < 2w — sl vltv et = a?| o V= V2 O
(3.12)

|y
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Proof. Take s < ¢ in [0,T] and observe that

t t
[ Vit — [ v )iz

S

1 2
‘ys,t - ys,t|

t t
< [0 -vie e+ [ v -a)
S S
t
[0 ) - ) st
< (U ’yl o y2|oo;[0,T] + ’Vl o V2|oo) |x2|1-var;[s,t]
+v |$1 - x2|1—var;[s7t]

As the right-hand-side is a control, it follows that

|y1 - y2|1—var;[s,t] =< (U |y1 - y2|oo;[O,T] + |V1 - VQ‘OO) |$2|1—Var;[s,t]

1 2‘
v |.T z 1-var;[s,t] °

Using theorem 3.15, and replacing s,t by 0,7, we then obain (3.12), as
claimed. m

Remark 3.20 The interval [0,T] in the above theorem is of course arbi-
trary. In particular, that means that we also have for all s,t € [0,T7],

|y1 _ y2|1_ya7‘;[s7t] < 2(’y; — y§| vl+v |:L’1 - +|V1 _ V2’w€)e3vz,

(3.13)

2
|1-vm‘;[s,t]

where £ is a bound on max{}zQ}livwl[

at }lfvar;[s,t] } '

As before, we can relax the assumption on the vector fields and still keep
uniform Lipschitz bound on bounded sets.

s,t]

Corollary 3.21 We consider

(i) Vt = (Vi ..., V}) and V* = (V2,...,V,?) are two collections of locally
Lip! vector fields on R¢, with linear growth,

(ii) y§, 3 € R® is an initial condition, with ‘y(’)| < R for some R >0,
(iii) z1 and x? two paths in C*=ve" ([O, vl ,Rd) , With max;—1 2 ‘m"|1_1m:
L for some £ > 0, /
Then , if y* = (Vi) (O,yé;:ﬁi) for i = 1,2, there exists constants C, M
depending only on R, ¢ and the vector fields, such that

o,1] <

1 2 1 2 1 2 1 2
|y -y il—'uar;[O,T] <C (|y0 o yoi + |$ -z |0;[0,T] + |V -V |oo7B(O7M)) ’
The 1-variation estimates implies 1-Holder estimates:

Exercise 3.22 Under the same assumptions as the one in corollary 3.21,
and assuming x' and x? to be 1-Holder, prove the existence of constants
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C, M depending on max; |y6| and max;—j 2 |$i|1-H(il-[0 7) and the vector
fields, such that

ly*

2 1 2 1 2 1 2
-y |1-H(il;[0,T] <C (|y0 - yo} + |$ - }1-351;[0,71] + |V -V |oo,B(o,M)) :
Solution 3.23 We will use [V[1;,0 12|10 (5. < VILipt 121 mrsis, [t — Sl
We may take the vector fields to be 1-Lipschitz, as the result then follows

by a localisation argument. Define £ = max; ’xi}LH(jl;[O R From (3.13) we

obtain
Jne=vi] 2 (ot — o2 we+ o2t —a? + [V =V €) T
t—s — Ys = Ys|- 1-Hdl;[0,T] o) !

Replacing |y; — y§| on the right-hand-side by |y1 — y2|oo, followed by taking
the supremum over all s <t in [0,T], leads to an estimate of form

|y1 - y2|1-H(il,[0,T] <2 (’yl — y2|OO vl + ) exp (3vlT).

We then conclude with theorem 3.15.

3.6 Comments

There are many books an ODE theory such as the authorative [80]; for
a concise treatment see the relevant chapters of [41]. The class of ODEs
studied here, where the time-inhomogeneity factorizes in form of a multi-
dimensional driving signal is particularly important in (nonlinear) control
theory, see the relevant contributions in [1] for instance. Continuity in the
starting point (the "flow") is well-known as its further regularity discussed
in the next section. Continuity in the driving signal is harder to find in the
literature but also well-known, but see [113, 116] and the references therein.
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4
ODEs: Smoothness

We remain in the ODE setting of the previous chapter; that is, we consider
differential equations of the form

dy =V (y)dz, y(0) = yo,

where 2 = x (t) is a R%valued continuous path of bounded variation. In
the present chapter we investigate various smoothness properties of the
solution, in particular as a function of yo and z.

4.1 Smoothness of the solution map

We saw in the last section (cf theorem 3.19) that Lip'-regularity of the vec-
tor fields leads to (local Lipschitz) continuity of the solution map 7y (0, yo; )
as function of the initial condition yg, the driving signal x and the vector
fields V = (V4,..., V). Under the slightly stronger regularity assumption
of C'-boundedness we now show that vy (0,905 ) is differentiable in yqo
and z. (For simplicity, we do not discuss differentiability in V.) In fact, we
shall see that C*-boundedness allows for k derivatives of vy (0,505 2) in
yo and x. As earlier, in the following definition V' = (V4, ..., Vy) is regarded
as map from R to L (Rd, Re), equipped with operator norm.

Definition 4.1 We say that V : R® — L (R%,R¢) is C*-bounded if (i) it
is k-times Fréchet differentiable and (ii) (V, DV, .. .,DkV) 18 a bounded
function on R®. We then set

goeny

If only (i) holds, we write V € CF

loc*

4.1.1  Directional derivatives

Lemma 4.2 Let V = (V1,..., V) be a collection of continuously differen-
tiable vector fields, that is V € C* (Re, L (Rd, Re)). Then, for alle > 0 and
for all bounded sets U C R¢, there exists & such that for all b,a € U,

b—a| <8 = |V(b)—V(a)—DV(a)-(b—a)| <clb—al.
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Proof. By the fundamental theorem of calculus and the chain-rule,

[V (6) =V (@)~ DV (a) - (b~ )
1
B '(/0 [DV(”W’@))DV(a)]dt>-<ba>

1
< |ba|/0 |IDV (a4t (b—a)) — DV (a)| dt

We conclude using that DV is uniformly continuous on bounded sets in
R¢ m

Condition 4.3 (Non-explosion) We say that a collection of vector fields
V =(V1,..., V) on R® satisfies the non-explosion condition if for all R > 0,

there exists M > 0 such that if (yo,x) € R¢ x Clver ([07T] ;Rd) e
|x|17var + ‘y0| < R, then

|7T(V) (O’yo’l.)ioo;[O,T] <M

Following our usual convention, we agree that, in the case of non-uniqueness,
mvy (0,40, ) stands for any ODE solutions driven by x along vector fields
V started at yo. For example, a collection of continuous vector fields of
linear growth, satisfies the non-explosion condition.

Theorem 4.4 (Directional derivatives in starting point and driving signal)
We fiz a collection of CL .-vector fields on R® V = (V4,...,Vy) satisfying

loc
the non-explosion condition. Then,

(i) the map*
(yo,x) € R® x C'tver ([O,T] ;Rd) —y =7(0,y0,2) € C"" ([0, T];R®)

has directional derivatives®

d
Doy Oma) = { 7O +evaten)} e C (0.71R)
e=0

in all directions (v,h) € R® x C*"" ([0, T];R?).
(ii) define the bounded variations paths

d t
t— M; = Mtyo’x = Z/ DV; (yT) dwi e M, (R) (4.1)
i=170

(where M, (R) denotes real (e x €)-matrices) and also

d t
Lo Hy = HPO o Z/ Vi (y,) dhi € R® (4.2)
i=170

1Since V remains fixed we write 7 instead of T(V)-
2The derivate exists as (strong) limit in the Banach space C1-Var ([0, T]; R®).
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then z = D, pym (0,90, ) is the (unique) solution of the linear ODE

T ,z;h
{ dey = dMP*" - 2 + dHP™, (4.3)

zZ0 = V.

Remark 4.5 Observe that (y,z) = (71'(‘/) (0,90,2) , Dw,n)T (v (O,yo,x))
solves the ODE driven by (z,h) given by formal differentiation, namely
dy =V (y)dz, dz = (DV (y) dx) - 2+ V (y) dh or, in more detail,

dy; = 2221 Vi () da} ' ] ‘
dzy = 51 (DVi(ye) - 2¢) day + > 75—, Vi (ye) dhy

started at (yo,z0) = (yo,v). With V € C},., DV is continuous and so the
vector fields of the ODE for (y,z) are continuous but in general not Cj, ..
Nonetheless, it has a unique solution (thanks to the specific structure: first
solve fory, then M, H, then z) which satisfies the non-explosion condition.
Indeed, this is a straight-forward application of the estimates for ODE so-
lutions and Riemann-Stieljes integrals: estimate y in terms of (yo,x.), then

M, H in terms of (xz.,h.,y.) and finally z in terms of (v, M., H.).

Proof. We first notice that by a localisation argument, we can assume that
V is compactly supported. With (yo,z), (v, h) € X = R*xC" ([0, T]; R?)
fixed write

y; =7 (0,y0 +ev,z +¢h),, y=1°

and also 2° = (y° —y) /e for € > 0. Define 2 € C*V ([0,7];R®) as the
(unique) ODE solution to (4.3).
Step 1: We first establish that

lim 2° = 2z in Y™ (4.4)

E—

with Y := C ([0, T],R?), a Banach space under the co-norm. From the
respective ODEs for y, y° and z,

d t
e _ . — 1 - (yE) = V- — i -z Zl'i
o = X[ 20000 Vi) - DY) 5] ot

i:ld t |
+3 / (Vi (45) — Vi (4)) b
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with
Ai(st) = / DV () - (25 — 2) d,
tq

B5(s.) = [ TIGGE = Vi)~ DVilw) - (5 — w)] o

AL(s,t) = / (Vi (4%) — Vi (y)) .

First observe that theorem 3.4 and theorem 3.19 apply (as V € Cl C Lipl)
we have

|Z€|1»var;[0,T] <a (|U| + ‘h|1—var;[0,T]) =:C2

Fix n > 0. From R < oo and lemma 4.2, we see that there exists § > 0 such
that

. 1
|y — yr| < & implies - Vi (yr) = Vi(yr) = DVi(yr) - (5 — ye)| < 2]

Using |y2 — y»| < eco, that means that there exists 9 > 0 such that £ < g
implies that

1
sup = |Vi(y7) = Vi(yr) = DVi(yr) - (y5 — yr)| < 25| < can.
ref0,T] €

In particular, we obtain that

d

Z |Aé (87 t)| < &) |$|1-var;[s,t] :
i=1

Bounding |Aj (s, t)| is even easier; indeed

d d
Z |A§ (57 t)| < Z |‘/;‘Lip1 sup |yi - yr‘ . |h|l—var;[s7t]
= i—1 rEls,t]
< cqE |h|1—var;[s,t] :

Finally, as the vector fields are Lipschitz, we have

d t
Z|AZ1 (s,t)\ :cs/ |25 — 2| . |dxy| . (4.5)
i=1 s
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Putting things together, we obtain that for e < g¢

t
|z — 2] < 05/0 |25 — 25| . |dxs| + (646 |Al1var 0,4 T €37 |x\1_var;[0,t]) .
By Gronwall’s lemma, we obtain that

sup |zg — 2| < (045 |h|1-var;[O,T] +csn |$\1-var;[o,T]> exp (05 |$|1-var;[o,T]) ]

te[0,T
L (4.6)
so that lime o [2° — 2| 0,77 < ¢6 (1 + €) and since 7 > 0 was arbitrary it

follows that lim._,q |2° —’ Z‘oo;[O,T] =0.
Step 2: Define 2¢ to be the solution of

s Yo+e,x+eh e yo+e,z+eh;h
25 = dM; 55+ dH! ,
25 =w.

As there was nothing special about ¢ = 0 in first step, we actually just
showed that

e€0,1] — 7 (0,y0 + v,z +eh) € Y :=C([0,T],R®)
is differentiable with derivative 2°. Now

€ (Mt240+8,96+6h7tho+€,m’+€h§h) — 5% € Y — Cl-var ([0, T] ,Re)

is continuous (from continuity properties of the solution map and Riemann—
Stieltjes integration respectively). Therefore, from proposition B.1 in the
appendix,

£€[0,1] = 7 (0,50 + ev,x +¢ch) € Y!

is differentiable; that is the limit when ¢ — 0 of
e (7 (0,90 + v,z +eh) — 7 (0,90 + v,z + h))
exists in Y'. The proof is now finished. m

Proposition 4.6 (Higher order directional derivatives) Let k € {1,2,...}.
Assume V = (V1,..., V) is a collection of Cfoc—vector fields on R¢ satisfying
the non-explosion condition. Then

(yo,z) = 7y (0,0, )

has (up to) k' order directional derivatives in that sense that, for all (vi, h;),<;<, €

(Re « C1-var ([O,T] ;Rd)) Xk’

ak k k
k —
Dioini)ycicn ™ (0590, 2) i= 9oy 0o 0,90 + D gjuj e+ Y _ejhy
i=1 i=1
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exists as strong limit in the Banach space C***" ([0, T];R®). Furthermore,
the directional derivatives satisfy the control ODEs obtained by formal dif-
ferentiation.

Proof. This follows by simple induction: for j > 1, a solution of an ODE
driven by C/ -vector fields satisfying the non-explosion condition, admits
a derivative in any arbitrary direction in its starting point and driving
signal, and the derivative in such directions together with the driving signal
satisfies an ODE driven along C{O_CI vector fields that satisfies the non-
explosion condition. m

4.1.2  Fréchet differentiability

We now show that the solution map to dy = V (y)dx is continuously
Fréchet differentiable in the starting point and driving signal.

Theorem 4.7 Let V = (Vi, ..., Vy) be a collection of C}. .-vector fields on

loc
R€ satisfying the non-explosion condition. Then the map

(yo,z) € R® x C"*" ([0, T];R®) =y = 7 (0,0, ) € CT°" ([0, T];R)
is C1in Fréchet sense.

Proof. From corollary B.5, we only need to show that the map (yo, ), (v, h) —
D17 (0,0, ) from (Re x Cl-var ([O,T] ;Rd))><2 into C*var ([0, 7] ;R®) is
uniformly continuous on bounded sets. This follows from the uniform con-
tinuity on bounded sets of the maps

v
i (yOa .fL') ) (Uv h) ) 2 P3
,z),(v,h) > = | Mvor = Dy (0,90, ) ;
(Yo, ), (v, h) (W(V) 0, v0.7) o 0.0y (0,90, )

¢, and ¢5 because of theorem 3.21, and ¢, because of corollary 2.9. m
We now discuss C*-Fréchet differentiability of the map (yo, ) vy (0,90, ) .

Proposition 4.8 (Higher order Fréchet.) Let k > 1, and V = (V1,...,Vy4) a
collection of Cfoc—vector fields on R® satisfying the non-explosion condition.
Then the map

(Yo, ) € R® x C17 ([0, T];R) = y = 7 (0,90, 2) € C"" ([0, T];R?)

is C* in Fréchet sense.

k
(Uivhi)1§1‘,§k
formly continuous on bounded sets because of uniform continuity on bounded

sets of the solution map and the integral. This is enough to conclude to
proof using corollary B.11 in the appendix. m

Proof. The map (yo, ), (vi, hi)y<;<p, — D vy (0,90, ) is uni-
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It can be convenient in applications to view 7 (0,-;2) as a flow of C*-
diffeomorphisms, that is, an element in the space of all ¢ : [0,7] x R® —
Re: (t,y) — ¢, (y) such that

vt €[0,T): ¢, is a C*-diffeomorphism of R¢,
Va:|a| < k:dad; (y),0a6; ' (y) are continuous in (t,y).

Corollary 4.9 Under the assumptions of proposition 4.8, the map (t,yo) —
7 (0,y0; %) is a flow of C*-diffeomorphisms.

Proof. It is clear from proposition 4.8 that yo € R® — 7 (0,40, ), is in
C* (R¢,R¢). Moreover, it follows from proposition 3.13 that

™(V) (07 '7$)t_1 =T(V) (07 *y <E)t

where 7 (1) =z (t — ) € C*¥ ([0,¢] ,R?); we see that 7 (0, -, ), is a bijec-
tion whose inverse is also in C* (R, R®) and conclude that each 7 (0, -, x), is
indeed a C*-diffeomorphism of R®. At last, each d,-derivative of 7 (0, -, z),
resp. w (0,-,x), ! can be represented as (non-explosive) ODE solution which
plainly implies joint continuity in ¢ and yo. ®

Exercise 4.10 Prove proposition 4.8 with C'"*" replaced throughout by
(i) CH1ol and (i) W12,

We finish this section with a representation formula for directional deriv-
atives.

Proposition 4.11 (Duhamel’s principle) Consider (yo,z) € R®xC'*" ([0, T];R?),
a collection of C},.-vector fields on R®, V = (Vi,..., V) satisfying the non-

explosion condition and write y = w(y) (0,y0,2) € C*"([0,T];R®) for

the unique ODE solution. Define

d t
M, = Z/ DV; (y,) dz' € M, (R)

and J. as the M, (R)-valued (unique) solution to the linear ODE,
dJ, =dM, - J,, Jo=1 (4.7)

(where - denotes matriz multiplication and I the identity matriz I). More
generally, given 0 < s < t < T write Jis for the solution of this ODE
started at I at time s. Then Jy—, is the Jacobian of vy (s, ), : R® —
R¢ at ys and we may write Jys =: J5 to indicate this. Moreover the
following representation formula holds

Dewimym vy (0,90, %), = Diw,nyye = JE27 - U+Z/ JV5 Vi (ys) dhl. (4.8)
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Proof. By theorem 4.4, for 0 < ¢ < T, the flow map yo — (v (0,y0,2),
from R® — R®¢ admits partial derivatives in all directions. These are easily
seen to be continuous (much more will be shown soon) and so 7 (0, -,z), €
C! (Re,R¢). Its differential (the "Jacobian) at some point yg, viewed as
ReX€-matrix, is of form J; = (z1] ... |z.) where z; = z; (t) = Dp,,0)7 (0,90, ),
and (b;) denotes the canoncial basis of R®. From theorem 4.4, z; = z; (¢) is
the solution of a linear ODE of form dz; (t) = dM; - z; (t) with z; (0) = b;.
Equivalently, J; is the solution of (4.7) started at I at time 0 and by ODE
uniqueness, J; = J;.

The matrix J; remains invertible for all ¢ € [0,7]. Indeed, its inverse
is constructed explictly as (unique) ODE solution to dK; = —K; - dM,
with Ko = I. To see this, we just observe that d (K;J;) = —Ki;dM;J; +
thMt Jt = O

Of course, there is nothing special about time 0 and the same reasoning
shows that, for 0 < s <t < T, the flow map 7 (s,-,z), is in C* (R¢,R®)
with Jacobian given by (the invertible matrix) Jy—,. The chain-rule in
conjunction with

m(8,ys, @)y =7 (&7 (8,ys5,7),2),, 0<s<t<u<T

implies?
Jues = Jyet  Jtes, 0<s<t<u<T

and by defining J,; := (Jt<_s)_1, 0 < s < t,this remains valid for all
s, t,u € [0,T]. The validity of (4.8) is nothing more than a variation-of-
constants ODE argument (also known as Duhamel’s principle) which rep-
resents the solution to the inhomogenous equation

dZt = th © 2+ ClHt, Z0 =V,

which is precisely D(, )7 (0,0, ), in terms of the solution of the homoge-
nous equation, i.e. the ODE satisfied by the Jacobian. More precisely, it
suffices to observe that

t t d t
Jo—tzg —v = / d (']O<—SZS) = / JO<—sst = Z/ Jo—sVi (ys) dhlg
0 0 = Jo

Using (J(‘}Lt)fl S =L

=, the representation formula (4.8) now follows
from simple algebra. m

Remark 4.12 The underlying geometry helps to "read” these equations.
The flow 7 (s,.,x), maps ys — y: (where y is the solution of the ODE

3The notation Ji—s (rather than Js—¢) has the advantage of suggesting the right
order of matrix multiplication.
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driven by x) and its matriz-valued Jacobian should be viewed as a linear
map between the respective tangent spaces, ie.

Jtes = Jtyiz €L (%sRe’ %tRe)
From the very nature of vector fields V; (ys) = Vily, € T,,R® and Jys -

Vi (ys) € Ty, R. In particular, we should think of (4.8) as equality between
elements in Ty, R® rather than just R®.

4.2 Comments

Although (or maybe because) the results are unsurprising we are unaware
of good references to the smoothness topics discussed here. In a more gen-
eral Young context, related smoothness properties have been discussed by
[102]. Differential equations driven by W2-paths (a special case of exercise
4.10) was Bismut’s starting point in [15], the resulting Hilbert structure of
the input signal is convenient in discussing non-degeneracy properties of the
solution map. Differential equations driven by W'2-paths also arise natu-
rally in support and large deviation statements for stochastic differential
equations which we shall encounter in Part IV.
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5

Variation and Holder Spaces

We return to the abstract setting of section 1.1 where we introduced C ([0, 7], E),
the space continuous paths defined on [0, 7] with values in a metric space
(E,d), followed by a detailed discussion of continuous paths of finite 1-
variation ("bounded variation"). The purpose of the present chapter is to
carry out a similar discussion for p-variation and 1/p-Holder regularity,

€ [1,00). In the later applications to rough paths, F will be a Lie-group
whose dimension depends on [p], the integer part of p.

5.1 Holder and p-variation paths on metric spaces

5.1.1 Definition and first properties

We start by defining a-Holder and p-variation distances.

Definition 5.1 Let (E,d) be a metric space. A path x : [0,T] — E is said
to be
(i) Holder continuous with exponent oo > 0, or simply a-Holder, if

d(xs, )

‘z|a—H0‘l;[07T] = sup ———5 < 005 (5.1)
0<s<t<T |t— 5]

(ii) of finite p-variation for some p > 0 if

1/p
1%l varso,7) = ( sup Z d (xt“xtiﬂ)p) < 00 (5.2)

(t)eD([0,T])

We will use the notations C*19([0, T, E) for the set of a-Holder paths
and CP""([0,T], E) for the set of continuous paths z : [0,T] — E of finite
p-variation.

It is obvious from these definitions, that a path « : [0,T] — E is constant,
i.e. z; = o for some o € F, if and only if |x|a_H61;[O7T] = 0 and if and only
if @], varjo,r) = 0- (In particular, if £ = R? our quantities (5.1),(5.2) are
only semi-norms.)

Observe that COH8([0, T, F) is nothing but the set of continuous paths
from [0, 77 into E and |z[, y.(0,7) = |2lo.j0,77 Where the latter was defined
in section 1.1. Any « > 0 can be written as @ = 1/p and it is obvious that
any (1/p)-Holder path is a continuous path of finite p-variation. Although
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a path of finite p-variation need not be continuous (e.g. a step-function)
our focus is on continuous paths. The following simple proposition then
explains why our main interest lies in

a€[0,1] and p > 1.

Proposition 5.2 Assume x : [0,T] — FE is a-Hdlder continuous, with
a € (0,1), or continuous of finite p-variation with p € (0,1). Then x is
constant, i.e. x () = xp.

Proof. Since a-Hélder paths have finite p-variation with p = 1/« it suffices
to consider the case when x is continuous of finite p-variation with p < 1.
Consider a dissection D = (t;) € D ([0,T]) with mesh |D|. Then

d(xo,z7) < Zd(mti’xti+1)
i
< miaXd (xtz‘ ) $t¢+1)17p M

where M = |z, ,..(o.7] < 0o. Using uniform continuity of = on [0, 7], we
can make max; d (:L’ti,l'ti +1) arbitrarly small by taking a dissection with
small enough mesh |D| = max; |t;11 — ;. =

The case p = 1 resp. @ = 1 was already discussed in detail in section
1.2 and heavily used in our discussion of ODEs driven by continuous paths
of bounded variation. We now begin a systematic study of p-variation,
generalizing much of the familiar p = 1 case.

Proposition 5.3 Let x € C ([0,T],E). Then, if 1 <p <p' < oo,
|95|puvar;[o,T] < |$|p7var;[0,T] .
In particular, CP ([0, T], E) C C? - ([0,T], E) .
Proof. This follows from the elementary inequality
(Z |ai|p,>1/zn’ < (Z |ai|p) 1/19.
]

Exercise 5.4 Formulate and prove the Hélder version of proposition 5.3.

Proposition 5.5 (Interpolation) Let € C([0,T],E). (i) For 1 <p <
p' < oo we have

»/p 1-p/p’
|$|p’—’uu7‘;[0,T] S (‘m|p-var;[07T]> (|$|O;[O7T]) .

(ii) For 1 > a > o' > 0, we have

oo 1—a'/a
|$|auH51,~[0,T] < (|$|Q—H61;[O,T]> (|x|0;[O,T]> .
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Proof. (i) Observe

’

Z d (xtm ‘rti+l)p = Z (d (xtﬂ xtz‘ﬂ)p d (mtﬂxti“)p/_p)
3 3
S |$|g/_pzd($t“$ti+1)p7
%

then pass to the respective suprema over all dissections (¢;), and raise to
the power 1/p’.
(ii) Follows from

d($5,$t) < (d(xsaxt))a/ad(x xt)l—o//a < (d(xsvxt>)a/a |x‘1—a'/o¢
> ER) > [ 0

It — | It —s|” [t — s

and passing to the respective suprema. m

Proposition 5.6 Letp > 1 and x € C([0,T], E).
(i) x € CPv"([0,T], E) is equivalent to

lim; ¢ sup Zd Te;, Ttyy, ) < 00 (5.3)
(ti)€Ds([0,T1)

(i) If 1 < g <p<oo and xz € CT"([0,T], E) then

lims o sup d (z4,, @1, =0. 5.4)
(t:)€Ds ([0,T)) Z b i) (

Remark 5.7 The forthcoming proposition 5.9 implies that one can replace
d(mti,xtiﬂ) by |:E|p variftitis,] 1 bOth (5.3) and (5.4).

Proof. (i) If z is of finite p-variation then, trivially, (5.3) holds. Conversely,
let us write ¢ (z) = «?, it follows from (5.3) that we can find § > 0 small
enough and ¢ < oo so that

Z %) [d (lEti,l’tiH)} <c
t;€D

for any dissection D = (t;) of [0,T] with |D| < §. Then, for an arbitrary
dissection D of [0, T] the number of the intervals of length at least ¢ cannot

)

be more than T ' and each of these contributes at most gp(

where, by continuity of x,

2o = sup_d(ws, x¢) < 0.
5,t€[0,T)

Hence, for any dissection D of [0, T,

Z o ld(z,, 2e,,,)] <c+ T5 by (|x|0;[O’T]) < 00

t; €D
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which implies that € CP¥**([0,T1], E).
(ii) Introduce the modulus of continuiuty,

osc (z,0) = sup{d (zs, ) : 5, € [0,T], |t — s| <}

By uniform continuity of x : [0,7] — E we have osc(x,0) — 0 as § \, 0.
The estimate

Z d($tia$ti+1)p S (Z d(xtiaxti+1)q> 08¢ ($7 |D|)p7q

ti€D t;€D

then implies

sup d (24, 24, (x o )osc z,6)P 1
(em(wz t0%ti31) " < (121G a0, ) 05¢ (2, 6)

which converges to 0 with ¢ \, 0 as required. m

As in the discussion of 1-variation regularity the notion of control or
control function is extremely useful. Let us recall that a control (on [0,77)
is continuous map w of s,t € [0,7T], s < t, into the non-negative reals, 0 on
the diagonal, and super-additive, i.e for all s <t <wu € [0,T],

w(s,t) + w(t,u) <w(s,u).

The perhaps most important example of a control is given by |z|? p—var[s,]
for z € CP~v*"([0,T], E). This is the content of the following proposition:

Proposition 5.8 Let (E,d) be a metric space, p > 1 and x : [0,T] — E
be a continuous path of finite p-variation. Then

Wz,p (57 t) ‘£E|p var;[s,t]

defines a control.

Proof. We dealt with the case p = 1 in proposition 1.15 and thus can focus
onp> 1.

Step 1: The same argument which gave super-addivitivity in the case p = 1
gives super-additivity of w; p in the present setting. The proof of continuity
of wy , splits up in showing (i) "continuity from inside"

Wy p(st,t—) = hllilgl\o Wep(s+hi,t—he) =wsp(s,1),

which follows from the same argument as the case p = 1, and (ii) "continuity
from outside"

w93717(3_at+) = hllilgl\ W 17( —hi,t+ h2) = Wz,p (3’t>7
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for all s < t. Remark that wy ,(s,t+),w, p(s—,t) etc. are defined in the
obvious way and that all limits here exist by monotonicty of w, ;. In fact,
this reduces the proof of (ii) to showing

wxvp(‘s*? t+) 2 We,p (Sa t)

and this requires a careful analysis which is not covered by our previous
"p = 1"-discussion!. As a further reduction, it is enough to establish "one-
sided continuity from outside"; i.e.

Wap (8,1) > wep(s,t+) and wy p (5,1) > wep(s—,t) . (5.5)

We only discuss wg p (5,t) > wy p(s,t+), the other inequality following from
the same argument, and show how to deduce it from continuity of w, , at
the diagonal, i.e.

Wy p(t,t4+) = 0. (5.6)

(The proof of (5.6) is left to step 2 below.) Fixing s < t and h,e > 0 we
consider D = (s =tg <t; <+ <tp_1 <tp, =t+ h) such that

n—1

Z d (xti,xtHl)p > wyp(s,t+h) —¢;
i=0

splitting D = D1 UDj so that all points in [s, t] are contained in Dy (clearly,
D; is a dissection of [s,t]) yields

Z d (xti,xti+1)p +wep(t,t+h) >wep(s,t+h)—c
ti €Dy

and after sending h to 0, using wy ,(¢,t+) =0,

W p (8,1) > Z d (e @1,)" > wap(sit+) —
i:t; €D

and upon sending € to 0 we see that it is indeed enough to prove right-
continuity of w, , at the diagonal.
Step 2: To see (5.6) we seek a contradiction to

li h) =: .
hl\I\%wx,p(t,t +h)=:0>0

Observe that the limit exists by monotonicity. Keeping ¢ fixed throughout,
thanks to continuity of x, we can find hy such that for all h € [0, hq],

d(zy, zeen)’ < /8 (5.7)

'In the case p = 1 we used addivity of w,,1 to obtain continuity from outside. In
general, when p > 1 a control wg p is not additive.
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Fix ho € [0,h1] and a dissection (t =79 <71 < -+ < Tp—1 < Tp =t + hg)
of [t,t 4+ hg] such that

k—1

Zd(ﬁﬁn7$n+1)p >76/8

=0
which is possible since wy p (¢, + ho) > wyp(t,t4+) = J. Using (5.7), we
have

> d(wr,wr,,)" > 76/8 = 5/8 = 30/4.

Doing the same with 71 in place of t+hg yields (t = 0p < 01 < -+ < 011 < 07 = T1),
a dissection of [t,71], such that

Zd (To;s Toypn )" > 36/4.

Combing the previous two sums, over nonoverlapping intervals of form
[0,0j41], [T Tia] C [t + hol, yields

Wap(t,t+ ho) > 30/4+36/4 = 35/2,
which implies w (¢,t+) > 30/2, which contradicts limp,\ o wy (¢, t+h). That

concludes the proof. m

Proposition 5.9 Let (E,d) be a metric space, p > 1 and x : [0,T] — E
be a continuous path of finite p-variation and § > 0. Then

(1)

Wgz,s, s,t) = sup d T, Tt <z
p(0)= s D d (e mu)” S s
defines a control.
(i) We have
oo A (v mn)" = | sup 2l
(t;)€Ds([0,T)) Z +1 (t:)€Ds ([0,T]) Z p-var;[titiy1]
as well as
d(msamt)
i W: SUD ]y /) gt fs,1) -

lt—s|<s |t — s |t—s| <8

Proof. (i) The proof follows along the same lines as the proof of proposition
5.8.

(ii) In both cases, the < part is obvious. Using that w, s, is a control, we
obtain that

sup Z d (wti,xtHl)IJ < sup Z |x|p vari[ts tis]

(t:)€Ds([0,T]) (t:)€Ds([0,T1])
S sup We 5, tl7 tz+1)
(t:)€Ds([0,T7) Z P

IN

was,p ([0,71)
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and since the by the very definition of w, s, ([0,7]) equality must hold
throughout. The 1/p-Holder statement is also simple to prove and left to
the reader. m

The following proposition is extremely important. We shall use part (i)
below (without further notice) throughout the book; part (ii) says that
a modulus of continuity on small intervals gives quantitative control over
large intervals.

Proposition 5.10 Let (E,d) be a metric space, w a control on [0,T], p >
1,C >0, and x : [0,T] — E a continuous path.
(i) The pointwise estimate

d(zg, ) < Cuw (s, )P forall s <t in [0,T]
implies the p-variation estimate

12 parifs,) < Cw (s,t)l/p for all s <t in [0,T].
(We say that © is of finite p-variation controlled by w.)

(i) Under the weaker assumption
d(zs,x) < C’w(s,t)l/p forall s <t in [0,T] such that w(s,t) <1
we have

|| <2C (w (s,)"" Vw (s,t)> for all s <t in [0,T].

p-var;[s,t]
Proof. (Remark that only the super-additivity of w is used in the proof.)
Ad (i). By assumption, d (zg,x)" < CPw(s,t). Then for any dissection
D = {t;} of [s,t], super-additivity implies

Zd (xti,xt,Hl)p < C’pr (z4,, @1, ) < CPw (s,t).

Taking the supremum over all such dissections finishes the proof of the first
part.

(ii) Defining ¢, (x) = xVa? we see (cf. exercise 1.8) that (s, t) — ¢, (w (s,1))
is a control. In view of part (i) we only need to prove

d (zs, 1) < 209, (w (5,1))"/7.
If s,t are such that w (s,t) < 1, there is nothing to prove, so we fix s, ¢ such

that w(s,t) > 1. Define tg = s, and ¢;41 = inf {u > t;,w(t;, u) = 1}At. From
superadditivity of w it follows that txy = t for N > w(s,t). We conclude
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with
d(xs7xt) S Z d (xt¢7$t7;+1)
0<i<w(s,t)
< Z Cw (t;, ti-i—l)l/p
0<i<w(s,t)
< C(l+wl(s,t))
< 2Cw(s,t).
| |

Exercise 5.11 Let x € CP"*" ([0, T),E), p > 1, with associated control

function

P

Wz,p (87t) = |x‘p-var,’[s,t] ’

Show that, for any s <t < w in [0,T],
Wap (8,8) + wap (t,u) Swsp (s,u) < 2v~! [wa,p (5,) + wap (L, u)] .

Solution 5.12 The first inequality is immediate. For the second, if s <
s <t <t <u we have

d(zg,xp)’ <d(ze,m0)’ +d (x4, 20)"
and since (a + b)’ < 2P~ (a? +bP) for a,b > 0 the conclusion follows.

The very same argument used in lemma 1.18 shows lower semi-continuity

of z — |z[, ,,, in the following sense.

Lemma 5.13 Let (z™) be a sequence of paths from [0,T] — E of finite
p-variation. Assume x™ — x pointwise on [0,T]. Then, for all s < t in
(0,77,

“rlp-var;[s,t] < ]-%nn_l‘lgéf |$n‘

p-var;[s,t]
In particular,
\1U|1/p-11z;1,- [5,t] < hnlgiggf ‘zn‘l/p—Ho‘l;[s?t] :
In a similar spirit, the following lemma says that |z|
continuous function of p.

is a right-

p-var

Lemma 5.14 Letz : [0,T] — E be a continuous path of finite p-variation.
Then, for all s <t in [0,T], the map p’ € [p,o0) — |z] (s, 1S mon-
icreasing and

p’-var;

pl/i@p |x|p’-var;[s,t] = “rlp-z,va,r;[s,t] :

(5.8)
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Proof. The non-increasing statement was proven in proposition 5.3. In
particular, it implies that
/p . _ 1
w (87 t) = 171/1\1\1’117 |x|p’-var;[s,t]

exists and satisfies w (s, t)l/p < || we only need to show the con-

p-var;[s,t] )
verse inequality. Clearly, d (x5, ;) < |$|p’—var;[s,t] and sending p’ \, p we
have
d(zg,m) < w (s, )" (5.9)

for all s < t in [0,7]. Let us show that that w is super-additive. First
observe that

p
w(87t) = (J;II\‘H |$|p var;[s,t]) —phII'l |x|p -var;[s,t] ©

Then, for s <t < w and using super-additivity of (s,t) — |9U|

p’-var;[s,t]’
w (S,t) +w (t’u) = phinp (|$‘p -var;[s,t] + |$|p -var;[t, u])
< lim |z =w(s,u).
= pp ‘ |p -var;[s,u] — ( )

But (5.9) and super-additivity of w imply |z| w(snﬁ)l/p. We

conleude that w (s, t)"/? = |z|
]

p-var;[s,t] —

pvari[s,t] & required.

5.1.2  On some path-spaces contained in CP'*" ([0,T], F)

Observe z is a path of finite p-variation controlled by (s,t) — |t — s| if and
only if x is 1/p-Holder. Hence, 1/p-Ho6lder paths are of finite p-variation.
Conversely, we now show that every finite p-variation path is the time-
change of a 1/p-Holder path.

Proposition 5.15 Let (E,d) be a metric space, and let « : [0,T] — E be
a continuous path. Then x is of finite p-variation if and only if there exists
a continuous increasing function h from [0, T] onto [0,1] and a 1/p-Hdlder
path g such that x = go h.

Proof. Let x be of finite p-variation, non zero. Then,

wap (0,2)

h(t) = wgp (0,7

defines a continuous (from proposition 5.8) increasing function from [0, T
onto [0,1]. Then, there exists a function g such that go h(t) = x (¢), as
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h (t1) =h (tg) — T (ﬁl) = (tg) . NOW,

lg(w) —g@)| _ sup g (h(u)) =g (h(v))
woel0]  |u—v|M? wwel0,1] b (u) — h(v)|YP
W p (1, 0)'7

< wap (0,1)17

wap (0, %) — wyp (0,0)]7

From the sub-additivity of wy p, |wyp (0, %) — ws p (0,0)] > |wep (u,v)], s0
that
sup M < w, (O,T)l/p,
1/p P
u,v |u —_ ’U|

ie. gis 1/p-Holder. m

Exercise 5.16 (Absolute continuity of order p) We say thatz : [0,T] —
E is "absolutely continuous of order p”, if for all € > 0, there exists 6 > 0,
such that for all s1 < t1 < 89 < tg < +++ < 8, < t, in [0,T] with
i lti = sil? < 8, we have

Zd(wsi,xti)p <e (5.10)

(i) Assume p > 1. Show that in the definition of absolute-continuity-of-
order-p one can replace (5.10) by

p
Z |$|p-va,r;[s1‘,7ti] <&
%

(ii) Assume p > 1, and show that x is absolutely continuous of order p if
and only if
lims_o  sup d(x¢,, T, P=o. 5.11
DGD(;([O,T])Zi: (21,2111 (5:11)

Solution 5.17 (i) Consider s1 < t] < 89 < tg < -+ < 8 < tp, in [0,T]

with Y, |t; — 55" < 8. Let (u}) € D ([s;,1]) be a dissection of [si,t;]and
observe that

1/p

Z}u§+1_u;}p SZ’U;+1_U;| =1; — s;.
J J
It follows that ;3" uly — u;ﬂip < |t — siP < 6 and so

sz(x“§+1’$“§)p < e
i
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and we conclude by taken the supremum over all possible dissections of
[Si,ti] y 1= 1,...,TL.
(i1) 7 <7 : Condition (5.11) implies that,

Ve>0:36: sup d Tu, s Tu, P<e,
DeD;(10,7)) Z 1)

for any dissection D with |D| < 5. Fize >0 and take s1 < t, < 89 < to <
- < 8y <ty in [0,T) such that

Z|ti_5i|p <= Sp

which plainly implies max; [t; — s;| < 5. Take D = (u;) to be a refinement
of {0<s1 <ty <+ <8y <ty <T} with mesh |D| < 6, without adding
any (unnecessary) points in the intervals [s;,t;]. It then follows that

Zd(xsi,:tti)p < Z d(xui,:cuwl)p <e
7 u; €D

which shows that x is absolutely continuous of order p.
7 = 7 : Fix x an absolutely continuous path of order p, and £ > 0; We
may write an arbitrary dissection D = (s;) of [0, T] in form

D:{0§81<t1:82<"'<tn,128n<tn§T}

and furthermore assume |D| is small enough so thaty_, |t; — s;|" <T IDP! <
0, where 0 is chosen so that this implies, using the assumption of absolute
continuity of oder p of the path x,

Zd (55, 25:,,)" <.
i

Thzs estimate is uniform over all dissections D with |D| <
. It follows that lims_q SUP pep, ([0,77]) 2 @ (24, xti“) =

(6/T )1/ (p—1) _
0.

Example 5.18 (Besov spaces) In section 1.4 we introduced the (Sobolev)
path spaces WH4 ([0, T], E) which provided examples of finite 1-variation
paths with precise Holder modulus |t — 5\1_1/'1. We now introduce the frac-

tional Sobolev - or Besov spaces W9 ([0,T], E) with § < 1 whose elements
are paths has finite p-variation with p = 1/6 > 1 and precise Hélder mod-

ulus |t — 5|6_1/q. More precisely, we make the following definition. Given
q € [1,00) and § € (1/q,1) the space W4 ([0,T],E) is the set of all
x € C([0,T], E) for which

) q 1/q
itu,LEU
|$|W6 a[0,7] * (/ / ( 5+1/q> dudv) < 0.
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Following appendiz A.2, the Garsia-Rodemich-Rumsey estimate leads quickly
to a Besov-Holder resp. -variation "embedding” by which we mean

|‘T|6—1/q-Hc'il;[0,T] < (const) |‘E|W“*Q;[07T]’

A

|$|(1/5)—var;[0,T] = (00”375) |$|W5v‘1;[0,T] :

5.2 Approximations in geodesic spaces

For a continuous path z : [0,7] — R?, and a dissection D = (¢;), of

[0,T], we constructed the piecewise linear approximation z” by defining
xg = x4, and connecting by straight lines in between. Straight lines in R¢

are geodesics in the sense of the following definition.

Definition 5.19 In a metric space (F,d) a geodesic (or geodesic path)
joining two points a,b € E is a continuous path Y*° :[0,1] — E such that
Y4 (0) = a, Y% (1) = b and

d (Tg»b, rg’b) = |t — s|d(a,b) (5.12)

forall s <t in [0,1]. If any two points in E are joined by a (not necessarily
unique) geodesic, we call E a geodesic space.

Equation (5.12) expresses that there are no shortcuts between any two
points on the geodesic path. Even if E is complete and connected, it need
not be a geodesic space; for example, the unit circle S C R? with metric
induced from R? is not geodesic. However, S' is a geodesic space under
arclength distance. Readers with some background in Riemannian geome-
try will recall the Hopf-Rinow theorem?; it says precisely that a complete
connected Riemannian manifold is a geodesic space. The main example of
a geodesic space to have in mind for our purposes is the free step-IN nilpo-
tent group equipped with Carnot-Caratheodory metric, to be discussed in
detail later on.

Geodesic spaces have exactly the structure that allows to generalize the
idea of piecewise linear approximations.

To simplify, when considering a geodesic space E and two points a,b € F,
we will define T%? to be an arbitrary geodesic between a and b.

Definition 5.20 (Piecewise geodesic approximation) Letx be a con-
tinuous path from [0, T] into some geodesic space (E,d). Given a dissection
D={ty=0<t; <---<t, =T} of [0,T] we define P as the concate-
nation of geodesics connecting xy, and xy,,, fori = 1,...,n — 1. More
precisely, set

xP = for allt € D

’E.g. Bishop and Crittenden [14], p154.
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and for t € (t;, tit1),

P =TT tin ot .
tiv1 — 1

Lemma 5.21 Let E be a geodesic space and x € C([0,T], E). Then, zP
converges to x uniformly on [0,T). That is,

sup d (zf,z:) — 0 as |D| — 0.
t€[0,T)

Proof. Fix two consecutive points ¢; < t;+1 in D and note that it is enough
to show that d (z/’, z;) — 0 uniformly for ¢ € [t;,¢;41]. To see this, fixe > 0
and pick § = ¢ () so that

Osc(z;0) = sup  d(ws,a1) <e/2
s<t in [0,T):
t—s<d

(which is possible since z is continuous on the compact [0,7] and hence
uniformly continuous). Then, for ¢ € [t;,¢;4+1] and provided that |D| < 4,
we have

d (:r?,:ct) < d (:c?,:rti) +d (z;,xt)
t—t;
tiy1 —t;
< 20sc(x;0) <e

d (xti s xti+1) +d (-Ttm -Tt)

which already finishes the proof. m

Proposition 5.22 Let E be a geodesic space and x € CP([0,T], E),
p>land D={0=ty <ty <---<t, =T} a dissection of [0,T]. Then,

D 1-1
|$ ‘p—z)ar,‘[(},T] <3 /P |x|p7var;[O,T] : (513)

If x is 1/p-Hélder,

D 1-1
|z |1/p-H(jl;[0,T] <3 2|1 p-m1:0,7) - (5.14)

Remark 5.23 D induces a dissection of any interval [t;,t;] with endpoints
ti,t; € D. It follows that [0,T] in (5.18) may be replaced by any interval
[ti,tj] with t;, tj eD.

Proof. p-variation estimate: To prove (5.13) we use the control w (s,t) =

|x|§_var;[s)t] and then define wp first on the intervals of D by,
t—s \” .
wp(s,t) = Pa— w(ts, tipr) for t; <s <t <tj41, 1 <i<#D;
i+1 — b
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and then for arbitary s <t,say 1 <i<j<#Dandt; <s <t <t; <
t <tj41, by

OJD(S,t) = OJD(S,ti+1) + w(ti+1, tj) + wD(tj, t). (515)

Clearly, if t; < s <t <t;11,

d(.’ED,.TtD) = d[| TPt %t Ltz ,thi’wti+1 i
° tig1 — & tiv1 —ti

t—
i (z4;,%1,,,) using (5.12)

tiv1 —t;
< wp(s, t)M/P.

On the other hand, if t; <s <t;11 <t; <t <tjqq,

d(l‘?,l’tD) < d(st,:L’gH)+d(zti+1,xtj)+d(z£,:rt)
< WD(SatiJrl)l/p+w(ti+17tj)1/p+WD(tj7t)1/p
< 3P (wp (s, tinn) + wltip, t) +wn(t, )P

= 31VPyp (s, t)l/P
using (5.15) in the last lime. Hence, for all s < ¢ in [0,7T],
d(w?th)p < 37 twp(s,t). (5.16)

It now suffices to show that wp is a control (only superadditivity is non-
trivial) to obtain the desired conclusion, namely
|$D| 3171/wa(07T)1/p

3171/p |$|

p-var;[0,T] <

pvar[0,7T] -

To see superadditivity, wp(s,t) + wp(t,u) < wp(s,u) for s < ¢t < u in
[0,T] we first consider the case when s,t,u are contained in one interval,
say t; < s <t<wu<t41. Then

t—s \” u—t
wp(s,t) +wp(t,u) = Pa—— w (L, tig1) + ot w (i, tit1)
(3 1 (3 1

p
u—Ss
(—) w (ti,ti+1) = Wwp (s,u) .
tit1 — t;

Consider the case that s,t are contained in one interval, say ¢t; < s <t <
ti+1 S tk S (v S tk+1. Then

wp(s,t) +wp(t,u) =wp(s,t) + wplt,tiv1) +w (tit1, k) + wp(te, uw)

<wp(s,tit1)
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(using the first case!) and conclude the defining equality wp (s,u) = wp (s, ti41)+
w (tiy1,tk) + wp(te, u). The case that ¢,u are contained in one interval is
similar. At last, if s,¢,u are in three different intervals, say

b <8 <tiy1 <t <t <tjy1 <t <u<itpy1,
then wp(s,t) + wp(t, u) equals

wD(S,tH—l) +w(ti+1,tj) +wD(tj,t) erD(t,tj_H) +w(tj+1,tk) erD(tk,u)

Swp(t) tjr1)=w(t;tj+1)

<w(tit1,tr)

and we conclude again with the defining equality for wp (s,u). This covers
all cases and we established that wp is a control.
1/p-Holder estimate: If x is actually 1/p-Holder then

1 1
w (S’ t) /v = ‘x|pfvar;[s,t] < ‘$|1/p—H('}1;[O,T] |t - S| /»

and so for t; < s <t <t;41

t—s P

_ p

wp(s,t) = <m> w (ts tiv1) < 2l o100, [t — 8-

For general s < t,say t; <s <t;41 <t; <t <tj11, we have
(JJD(S,t) = wD(s,tiH)—i—w(tiH,tj)+wD(tj,t)

|$|]f/p.H61;[o,T] (Itisr = s[ = [t = tiga| = [t = £5])

IN

|',L‘|11)/p7H(')l;[O,T] It —s

The claimed estimate (5.14) now follows immediately from

d (z0,xf) <3 VPwidP(s,8) <3VP 2l o It — 817
]
Remark 5.24 The above proof actually shows that
|£L' |p var;[0,T] — < 31’* sup Z| |p var;[titiy1] (517)

(ti)€Dp|([0,17)

and a slight extension shows that for |D| < § one has the estimate

il o 2
Z |5C p-var;tj,tit1] — <3 sup | |p var;[ti,tig1] ©

() GD(; [0 7)) )eDs([0,T])
(5.18)
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Combining lemma 5.21 and proposition 5.22 gives immediately the fol-
lowing important approximation result.

Theorem 5.25 Let E be a geodesic space and x € CP"*"([0,T], E), p > 1.
Let (Dy,) be a sequence of dissection of [0, T] such that its mesh |D,,| con-
verges to 0. Then, P~ converges to x "uniformly with uniform p-variation
bounds". That 1s,

sup d (th"'wt) —0
te(0,7]

and

D 1-1
Sl’,llp |:17 " |p—va,r;[O,T] <3 P |x‘P"U’“”§[OvT] :

If x is 1/p-Hélder then
D 1-1
Sup E |1/p.Ho-z,-[o,T] <3t |11 /p-mo1:00,17 -

Exercise 5.26 Let E be a geodesic space, p € (1,00) and z € WP ([0, T], E)
as defined in section 1.4.2. Show that

20 =S d @,z
1,p. - .
Wil viep i =l 1

5.3 Holder and p-variation paths on R?

5.3.1 Holder and p-variation Banach spaces

We now turn to R? (equipped with Euclidean distance) as our most familiar
example of a metric (and geodesic) space.

Theorem 5.27 (i) C****" ([0,T],R?) is Banach with norm x — |z (0)| +
|ac|p_wr;[07T], The closed subspace of paths in CP*" ([0, T] ,Rd) started at
0, is also Banach under « — \x|p_m7,;[0,T].

(it) CY/P-H3t ([0, T],R?) is Banach with norm z — |z (0)] + 2|1 p-ms1:00,77-
The closed subspace of paths in C1/P-H0l ([O,T] ,Rd) started at 0, is also
Banach under x — ||y, ys1.00,7) -

These Banach spaces are not separable.

Proof. The case p = 1 was dealt with in section 1.3. Leaving straight-
forward details to the reader let us say that that completeness in the case
p > 1 is proved as in the case p = 1; non-separability follows from the
following example. m
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Example 5.28 We construct an uncountable family of functions so that
the distance of any two f # f' remains bounded below by a fized positive
real. An uncountable subset of C ([0,1],R) is given by

fo(t) =) 2P sin (267t), te0,1],
k>1

where ¢ is a £1 sequence, that is, e, € {—1,1} for all k. We show (i) that
fe € CYPI (0,1, RY) € €7 ([0,1),RY)
and (it) if € # ¢’ then
2<|fe - f5’|p—var;[0,1] < ‘fe - f5,|1/p—H61;[0,1] :
Proof. Ad (i). For 0 < s <t <1 we have
|f () = fo(s)] < Z ex27k/P (sin (2F7t) — sin (2F7s))
1<k<log s (t—5)|
+ Z g2 R/P (sin (2kﬂ't) — sin (2k7rs))
k>‘log(2)(t75)|

where log ) is the logarithm with base 2. Using |e[,c <1, we obtain‘sin (2kmt) — sin (287s) ’ <
2k |t — s| for the first sum and [sin (- -+ )| < 1 for the the second, and hence

Ife @) — fe(s)] < wm|t—s] Z o—k/pok 4 Z 9 9—k/p
1§k§|log(2)(t—s)‘ k>‘10g(2)(t—s)|
1/p

IA

ey |t — s

for some constant ¢; = ¢; (p), independent of s, ¢ and e. This proves (i).
Ad (ii). Assume ¢ # ¢’ and let j > 1 be the first index for which ¢; # €},
i.e.

€1 =61, 651 =€y but g5 # €.
Consider then a dissection D of [0,1] given ¢; = 2771 : 4 = 0,...,2/+L,

From
’sin (2j7rti+1) — sin (2j7rti) ’p =1

it follows readily that |sin (2j 77-) > 9i/P, Moreover,

p-var;[0,1]
|(f€_f6/)(ti+1)_(f€_f€,) (tz>| = |€j —6‘/7-|27j/p|SiH (2j7rt7;+1) — sin (2]71—157,)‘
= 2279/P,
This shows that |f. — fo/| >2. m

p-var;[0,1] =
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5.8.2  Compactness

Lemma 5.29 Consider (z,) C C([0,T],R?) and assume z, — x €
C ([0,T],R?) uniformly.

(i) Assume sup,, |Tnl, 410,77 < 00- Then x, — x in p'-variation for any
p > p.

(it) Assume sup,, [Tn|, ps1.00,7) < 00 Then x, — x in o/ -Hélder norm for
any o < a.

Proof. By lemma 5.13 we see that z is of finite p-variation. It then suffices
to apply the interpolation result (proposition 5.5) to the difference x — a,.
]

Proposition 5.30 (Compactness) Consider (z,,) C C ([0,T],R%).

(i) Assume (x,) is equicontinuous, bounded and sup,, [@n|, 4,07 < 00
Then x,, converges (in p' > p wvariation, along a subsequence) to some
z e Crr ([0,T],RY).

(it) Assume (zy) is bounded and sup,, |Tnl, gg.0,77 < 00- Then z, con-

verges (in o < «a Holder topology, along a subsequence) to some x €
Ca—Héil ([0, T] ,Rd).

Proof. Obvious consequence of Arzela-Ascoli and the previous lemma. =
The following corollary will be useful e.g. in the proof of the forthcoming
theorem 6.8.

Corollary 5.31 (i) Assume (z™),z are in CP™"*" ([0,T],R?) such that

sup,, |xn|p_vw;[07T} < 00 and limy, o0 doo;jo, 1) (%, 2n) = 0, then for p' > p,

sup ||z"|
(s;t)EAT

p’-var;[s,t] ‘x|p’—va7';[s7t]‘ — 0 asn — oo.

wherer Ap = {(s,t) : 0 < s <t < T}. Furthermore, {\x"|
is equicontinuous in the sense that for every e > 0 there exists § such that
[t — s| < & implies

[ ]:nEN}

p’-var;[-,-

SUp (2" 0 [s.0] < E- (5.19)

(ii) If (z™),z are in C*H9([0,T], E) such that sup,, 12" o ma1:70,7) < ©©
and limy, .o dog;jo, 1) (%, 2n) = 0, then for all s <t in [0,T], as n — oo,
then for o < «,

sup

b 1" - t1610.8) — |Flor-pisre| = 0 a8 n — 00
s, T

and{\z"\a,_mjl; []iME N} is equicontinuous, similar to part (i).
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Proof. (i) Proposition 5.5, applied to 2™ — z, actually shows that

lim sup|z" — z|

n—oo g ¢

S,t] = 0

p’-var;|

Hence, |2"[,, _,,.[..) converges uniformly on Az and hence, by Arzela-Ascoli’s
theorem, is equicontinuous. That is, for any ¢ > 0 there exists § such that
[(s,t) — (¢',t)] < 6 implies

bl:;p |xn|p’—var;[s7t] - |xn|p’—var;[s’,t’] <e.
In particular, this applies to (s,t) € Ap with [t —s| < § and s’ := ¢ := s,
and using [2"], (o o = 0 we see that

sup |z" \p,_var;[s)t] <eg
n

which concludes the proof of (i). The proof of (ii) follows similar lines.
|

5.8.3  Closure of smooth paths in variation norm

For p > 1 we define C%P¥* ([0, 7], R?) resp. COV/PHOL ([0, ], R?) as the
closure of smooth paths from [0,7] — R? in p-variation resp. 1/p-Holder
norm. In symbols,

-p-var

Co,pwar ([0’ T] ,Rd) « = (> ([0’ T] ,Rd) ,
CO,I/p—H(’)l ([0’ T] ,Rd) - WUPHM,

Obviously, these are closed, linear subspace of C*¥*" ([0, T, R?) resp. C 1/p-Hol ([0,T],R9)
and thus Banach spaces and so is the restriction to paths with z (0) = 0,

denoted by C2P-vr ([0, T],R?) resp. ct/p sl ([0,7],R?%). The case p =1

was already discussed earlier in section 1.3 where, among other things, we

identified C%2*" as absolutely continuous paths and C%+H% ([0, T],R?)

as C' ([0,T],R?). For p > 1 we have

Lemma 5.32 Letp > 1.
(i) Let Q be a set in C**" ([0,T],R?) such that C%*-*" ([0,T],R%) C

—1-var

Q . Then, o
QP-UM _ Co,p-wr ([0, T] ,Rd) )
(ii) Let Q be a set in CTH7' ([0, T],R?) such that C* ([0,T],R?%) C [V
Then,
ﬁl/P-Hol — 01/p-Hil ([O,T] ,Rd) .
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Proof. (i) First, CO7va ¢ "™ follows immediately from

—1-var —p-var

Coo C CO,I-var C [®) C Q

The converse inclusion follows readily from C1™Va" C Coop_var; indeed,

——p-var

Qc ot c R —= P c o

To see C1var « T recall from exercise 2.6 that any « € C1V can
be approximation by x, € C* in uniform norm with uniform 1-variation
bounds, i.e.

|$ - x"‘oo;[O,T] — 0, sup |$n‘17var;[O,T] < 005
n

then interpolation (proposition 5.5 applied to = — x,,) gives z, — x in p-
variation which is what we had to prove.
(ii) Similar and left to the reader. m

Theorem 5.33 (Wiener’s Characterization) Letx € CP'%"([0,T],R%),
with p > 1. The following statements are equivalent.

(i.1) x € COP([0,T],R?),

(z?a} hmé*)(] SupD:(ti))lD‘<5 Zz |x|§-var,’[ti,ti+;] =0.

(Z,Qb) 1im5_‘0 supD:(ti)7‘D‘<5 Zl d (xt,i s xt'iJrl) =0.

(23) lim‘D|_,0 dp_v(”o (SCD, £E) = 0.

Secondly, let x € C*/p-Hol ([0, 17, Rd), with p > 1. The following statements
are equivalent:

(ii.1) z € COV/P-Hol ([0, T], RY)

(id.2a) lims_o SUP|;—s|<s ‘x|1/p—Hb'l,[s,t] =0.

(ii.2b) lims o sup|, <5 d(xs, z¢) /|t — s|'/P = 0.

(213) 11H1|D|_,0 dl/p-Hb‘l (SCD, £E) =0.

Remark 5.34 From purely metric considerations, we have seen in exercise
5.16 that (1.2b) is equivalent to "absolute continuity of order p". Remark
also that the case p = 1 requires special care: By corollary 1.38 (i.1) < (i.3)
holds true. On the other hand, proposition 1.17 tells us that in the case
p =1 condition (i.2) is tantamount to saying x is constant; in particular,
conditions (i.1),(i.3) do not imply (i.2). Similar comments apply in the
Hélder case.

Proof. We only prove the p-variation statements, as the 1/p-Holder ones
follow the same logic.
From lemma 5.32, the dp_yar-closure of C'=" ([0, T] ,R¢) is COP-¥*r ([0, T], R%),
which implies that (¢.3) = (¢.1). The reverse proof of (i.1) = (i.3) follows
the same lines as the proof in the case p = 1, i.e. the proof of proposition
1.38.
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We already proved in proposition 5.9 that (i.2a) < (4.2b) and now turn
o (i.1) = (3.2b).

Let us fix ¢ > 0, and a smooth path y such that dj ., (z,y)" < €277,
For a dissection D, we obtain from the triangle inequality

Z d <$t¢ ) $t¢+1)p S 2p71 Z d (yti ) yti+1)p + 2p71dp»var:[0,T] (yv x)p,
tieD ti€D

Since y is smooth, there exists ¢ > 0 (that depends on n) such that for all
dissections |D| < § implies that

Z d (yti,yti+1)p < e27P,
t; €D
Hence, we obtain that for all dissections D with |D| < 4,
Z d (:Eti;xti+1)p S E.
t;, €D

We finish by proving that (i.2a) = (4.3). First, if « and y are two paths,
and § is some fixed positive real, observe that for all subdivsion D = (¢;),

p
E d (mti,t¢+1 ) yti7ti+1)
[

p p

< d (mti7ti+1 » Yt ,ti+1) + E d (xti Wit1o yt'i7ti+1)

|t —t4| <5 i,|tip1—ti| >0

p—1 E P z : p
< 2 |x‘p’VaI'1[ti;ti+l] + |y|p»var;[ti Jtiga)
itip1—t:| <8 itip1—t| <8
T
+gd0 (.’E, y) .

Taking the supremum over all dissections, we obtain

dpvar @y < 2270 sup o
p—var ’ GD(;(OT])Z p-var;[t;,tit1]

p—1
+2 . eleip[O ) Z|y‘p\,1r [tistis]

T
+gd0 (:Ea y) .

Take a bounded variation path x and its piecewise linear approximation
oD for some dissection D with |D| < &, we obtain, using inequality (5.18),

d -var xvxD ! < Cp ‘ |
P ( ) (t )GDS( 0 T]) Z p-var; [t1)t1+1]

+Ed0 (x,xD) .
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First fix 0 > 0 such that ¢, sup(,)ep,(jo,77) 2oi 1%l var: (titire) < €/2- Then

as 2P converges to x in uniform topology when |D| — 0, there exists 5 < &

such that for all dissections D with |D| < 3,

%do (:E,:L’D) <e/2.

Hence, for all dissection D with |D| < d2, we have dp—yar (a:, xD)p < ¢ and
the proof is finished. m
We then have

Corollary 5.35 For p > 1, we have the following set inclusions,

U Ca-var ([0, T ,Rd) c (QOp-var ([O, T ,Rd)
1<g<p
< ¢mr((0.T],RY) € () € ([0,T),RY)
q>p

Proof. Recalling basic inclusions between p- and g-variation spaces (propo-
sition 5.3) only the inclusion

U Cevr ([0,T],R) € COPYa ([0,T],R)
q<p

requires an argument. Thanks to proposition 5.6,

x € U cr* (10,7],R) = lim sup Zd Tiy, Teyy, ) =0
1<a<p 0=0 p=(t;),| D| <6

and we conclude using 8.23. m

Example 5.36 An example of a function in CY/>191([0,1],R) but not
in COY/2H3L([0,1],R) is given by t — t'/2, as follows immediately from
Wiener’s characterization, theorem 8.23.

Exercise 5.37 (i) Define g (z) = > 5, ¢~"/Psin (c* x). If ¢ is a sufficiently
large positive integer, show thatg € CPver ([0,1],R) but g ¢ COPver ([0,1],R).
(ii) Define h(x) = x'/P cos? (r/z) /logx for x > 0, h(0) = 0. Show that

h € C%P-ver ([0,1],R) and

h ¢ UgepCT7([0,1],R) .

Proposition 5.38 Letp > 1. The spaces C°*-**" ([0, T ,RY) , C0:1/p-Hil ([0, T ,RY)
are separable Banach space (and hence Polish).

Proof. From proposition 1.39, there is countable space €2 that is dense in
CO1=var ([0,T],R?). We conclude using lemma 5.32. m
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5.4 Generalized variation

5.4.1 Definition and basic properties

The concept of variation (and then p-variation) allows for an obvious gen-
eralization:

Definition 5.39 Let (E,d) be a metric space, ¢ € C ([0,00),[0,00)), 0 at
0, strictly increasing and onto. A path x : [0,T] — E is said to be of finite
p-variation on the interval [s, t] if

d(zs .20,
|2, paro,ry = inf ¢ M >0, sup Z @ M <1lp<o0
’ DeD((0.7)) 1) M

We will use the notation C¥ " ([0, T], E) for the set of continuous paths
x:[0,T] — E of finite p-variation. The set of paths pinned at time zero to
some fized element o € E is denoted by C# V" ([0, T), E).

o

For ¢ (2) = 2P, the definition of |z[, ,, [ 7 coincides with [z, ., 1 7y-
If (E, d) is a normed space and ¢ is (globally) convex, |.|,, ,, (o 7] s a semi-
norm. Several variation functions of interest are not convex (including the
class 9, , to be introduced in the forthcoming definition 5.47 which will be
convenient for our later applications).

A first interest in @-variation comes from the fact that (sharp) sam-
ple path properties for stochastic processes are often available in this form.
For example, a classical result of Taylor (cf. the forthcoming theorem 13.16)
states that Brownian motion has a.s. finite 1 ;-variation on any compact
interval [0, 7] and this is optimal (cf. theorem 13.71). A wide class of (en-
hanced) Gaussian processes have almost surely finite ¢, , o-variation, while
(enhanced) Markov processes (with uniformly ellipticic generator in diver-
gence form) have the "Brownian" 1), ;-variation regularity. The other rea-
son for our interest in p-variation is that it is intimately related to unique-
ness of solution to rough differential equations under minimal regularity
assumptions; as will be discussed in section 10.5.

Lemma 5.40 Letx € C¥"([0,T], E). Then, for all M > |z, _,,,.10 7] we
have
d (x4, , Ty,
sup Z @ M <1 (5.20)
DeD([0.7)) ) M

Proof. Only the case M = |z o-var;0,7] Tequires a proof. By definition,
there exists a sequence M, | M such that (5.20) holds with M replaced by
M,,. In particular, for a fixed dissection D,

Z o [d(xt;\z-iti+1)‘| S 17 and hence Z o [d (xtijjti+l)] S 1

t, €D t,€D
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by continuity of ¢. Taking the supremum over all D € D ([0,T]) finishes
the proof. m

Just as in the common case of p-variation, controls are a very useful
concept.

Proposition 5.41 Let (E,d) be a metric space, ¢ € C (]0,00),[0,00)), 0
at 0, strictly increasing and onto. Then the following are equivalent
(i) x € C¥([0,T], E) with ||,y 0077 < M for some M > 0.
(i) there exists a control w with w (0,T) < 1 such that for all s < t in
0,77,

d(zs,z¢) < Mo~ (w(s,t)).

Proof. Define
d (x¢,, T,
Wap (8,1) == sup Z @ % .
DeD((s.1]) 2

Working as in the proof of proposition 5.8, we see that w, , is a control
with wy , (0,7) < 1. We then by definition of w, , have that d (zs,2:) <
Mo (wgp (5,1)) .
Conversely, we assume that for all s < ¢ in [0,77],

d ($S7 $t) < M(p71 (w (Sa t))

for some M > 0 and control w with w (0,T) < 1. Then, for a dissection D,
we have

d Tt;y Tty —
Z © [%] < Z pop 1 [w(titiv1)]
tieD tieD
< w(0,7) <1,
and hence [z[,, 07 < M. ®

For simplicity, we will only look at ¢-variation of paths for function ¢
satisfying the following condition.

Condition 5.42 (A.) Assume ¢ € C([0,00),[0,00)), 0 at 0, strictly in-
creasing and onto. We say ¢ satisfies condition A, if for all ¢ > 0, there
exists A, > 0 such that Vo € [0,00) : ¢ (cx) < Acp (x) and lim.—o A, = 0.

The condition A, leads to the following convenient equivalences.

Proposition 5.43 Let (E,d) be a metric space, and let x : [0,T] — E be a
continuous path. Assume the variation-function ¢ satisfies condition (A.).
Then the following conditions are equivalent.

(i) The path x is of finite p-variation;

(ii) there exists M > 0 such that

d (-'L't,i 5 xti+1) ‘|
sup Pl | =
DeD([0,T]) t;D l M
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(i3) for all K > 0,

d(z,,z;
sup @ —(%th”l) < 0.
peD(0.7)) h

Proof. Trivially, (i) = (ii) and (iii) = (ii). We show that (ii) implies (i)
and (iii). For any K > 0, using condition A., we have

sup ¢ LG ) <Apm/x sup ¢ dozua) |
pep(o,1) ep | K DeD(0.7) 1) M

which proves that (ii)==-(iii). Similarly,

peD((0.7)) o M

IN

sup "2}
pep(0.1) 21 | K

< 1 for K large enough (as Ap/x —K—oc 0)

and so (ii) = (i). The proof is finished. m
Recall CP~V* ([0, T, E) C CP~¥* ([0,T], E), p > p. This generalizes to

Lemma 5.44 Assume o, @ satisfies condition (A.) and @ = O (p) at 0+.
Then
c¥=r([0,T],E) c C?~" ([0,T],E).

Proof. Let x € C*~¥" ([0,T], E), then for all K > 0, and in particular
K := |z, 7y, we have

sup < 0.

DeD([0,T) (D)

[d (xtﬂxtwl)

K

For all i, d (x¢,,24,,,) /K < 1, and by assumption, on [0,1], there exists a
finite constant ¢ such that @ (u) < cp (u) for all u € [0,1]. Hence

sup SZ) d (.’Etia $ti+1) <ec sup Z o d ($ti,mti+1) < 00
DeD((0,7)) /D K ~ DeD((0,T) K

and so x € C?~¥¥ ([0, T], E), using proposition 5.43. m

We now make some quantitative relations between @-variation and p-
variation. As will be seen in corollary 5.46 below, p-variation estimates
often imply (p-variation estimates with no extra work.

Theorem 5.45 Fix p > 1, and assume that ¢ satisfies condition A..
Assume also that o' (-)! is convex on [0,8] for some § € (0,1]. Let



104 5. Variation and Hélder Spaces

x € C¥([0,T],E). Then, the control’

w(s,t):= sup
DeD((s.4]) (ot

ld (ww)]

|x‘gp—var;[0,T]
satisifies w (0, T) < 1. Moreover, for C = C (p,p) and all s <t in [0,T],
|x|p—var;[s,t] <C ‘$|Lp—var,[O,T] (pil (W (87 t)) .

Proof. It suffices to consider the case of non-constant x (-) so that |x‘go—var‘[0 T >

0. By lemma 5.40, w (0,7) < 1. Then, as ¢ satisfies condition A, there
exists £ > 0 such that A, <9, and we have

o [n d(zs, )

“/E|<pfvar; [0,T]

d(zs,x4)

|£L' ‘ p-var;[0,T]

< Agp [ ] < dw (s,t)
from which d (s, 2¢)" < &7 |2[7_,, 09" (0w (s,1))". Note that dw (s, t) €
[0, 6] for any s < ¢ in [0, 7] and so, from convexity of ¢~ (-)” on [0, 4],

(s5,t) = 7" (w (5,1))"

is a control. It then follows from basic super-additivity properties of controls
that

| |p_var.0T — |.’E‘ var,[0,T] _
o8 oy < — 20T (s s,1))7 < R o (g 1))

where we used § < 1 in the final step, and the proof is finished. m

We now consider a second path y with values in some metric space (E , CZ),
whose p-variation is dominated by the p-variation of z. (This situation will
be typical for solution of (rough) differential equations.)

Corollary 5.46 Fix p > 1, and assume that o satisfies condition A..
Assume also that ¢~ (-)" is convex on [0,0] for some 6 € (0,1]. Let
x € C([0,T),E), y € C([0,T], E) be such that for all s <t in [0,T],

|y|p var;[s,t] = <K |$|p var;[s,t] * (521)
Then, for some constant C = C (p,¢) and all s <t in [0,T],

|y‘go—’uu'r';[s t] <CK |$|ga var;[s,t] *

Proof. From theorem 5.45, we have
d(ySVyt) < |y|p var;[s,t] = K|x|p var;[s,t]
CK “’I’.Lp-var,[()’T] ® -1 ( (S’ t)) .

IN

3With convention 0/0 = 0.



5. Variation and Hoélder Spaces 105

Hence, if D = (t;) is a dissection of [0, 7], we have

d (ys.,ys.
Zw[m(%#ﬂ)]<Zw<ti,ti+l><w<o,:ﬁ><1
t.eD |$ p-var,[0,T] t,€D

which implies that |y|, .07 < CK [@], yap.j0,7)- There is nothing special
about the interval [0,7] and by a simple reparametrization argument we

see that |y < CK |z |

p-var;[s,t] p-var;[s,t]"

5.4.2 Some explicit estimates for 1, ,

We now apply all these abstract consideration to the following class of
variation function.

Definition 5.47 For any (p,q) € RT xR set ¥, ,(0) =0 and

tP e
Y, (1) = mforteEO,e )
tP fort > e ¢

or, equivalently, v, , (t) =t/ (In"In" 1/t)* where In* = max (1,1In).

Exercise 5.48 Show that, for any (p,q) € Rt x R, the function v, , (-)
satisfies condition A..

Solution 5.49 A possible choice is A. = 4/, ,(1/c). The details are left
to the reader.

Exercise 5.50 For (p1,q1),(p2,q2) in RT x R, we say that (p1,q1)
(p2:92) if pr < p2 or if p1 = p2 and ¢1 < g2. Show that for (p1,q1)
(p25 q2) )

<
<

CYp1 0y 007 ([O, T} ,E) C O¥pa.apvar ([0’ T] ,E) 7

Solution 5.51 In all cases, we have

t 1 q2—q1
lim sup —¢p2,q2 ®) = lim sup "™ < >
t—0+ 1/)p17q1 (t) t—04 Inln1/¢

and this limit is bounded as t — 0+ if (p1,q1) < (p2,q2) . The result follow
from lemma 5.44.

The following estimates on the inverse of ¢, (11 will be useful to us later
on.

Lemma 5.52 There exists C = C (p, q) such that for all t € [0, 00),

1
6w1/pﬁq/p (t> = wl:#ll (t) < Cwl/pﬁq/p (t> :
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Proof. For ¢ large enough v, . (t) = 7, ¥y, o/, = t'/? and there is
nothing to show. For ¢ small it suffices to observe that ¢, ,, ./, is the
asymptotic inverse of ¢, ;at 0 +. =

Finally, the following proposition will allow us to use theorem 5.45 with
the functions ¢, ..

Proposition 5.53 Foranyp > p > 0 and q € R, the function (Tﬂ;é (-))p is
locally convex in a positive neighbourhood of 0.
Proof. Obvious from an explicit computation of the second derivative of

¥ ()7 near 0+ . m

p,q

5.5 Higher dimensional variation

5.5.1 Definition and basic properties

We now discuss p-variation regularity of a function
fos 0T~ (RY])
s s
(o) = ()

The generalization to [0,7]" with n > 2 follows the same arguments but
will not be relevant to us. Given a rectangle R = [s,t] x [u,v] C [0,T]* we
write

=12 )= s(2)oo()4(2) (1) e

If d = 1 and f is smooth, this is precisely IR% (a,b) dadb. Also, if
[ (s,t) = gs @ hy, then

f< 5t >:gs,t®hu,v~

U, V

We will also use the following notations, consistent with our one dimen-
sional increment notation.

() o=r() ()
() =)o)

We will also frequently use the notation |R| for the area of R.
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Definition 5.54 Let f : [0,T]° — (R%,|-]) and p € [1,00). We say that f
has finite p-variation if |f‘p—var;[0,T]2 < 00, where

f < tiytit1 )‘p
! /
¢t

1/p

|f‘p—var;[s,t]><[u,v] = Sup Z

(t)€D([s:t]) \ "5
() €D([u,v])

and write f € CP*" ([0, T],R) .

In the one dimensional (1D) case, i.e. functions defined on [0, 7], the
notion of control is fundamental. In the two dimensional (2D) case controls
are defined on A7 x Ar where we recall that

A=Ar={(s,t):0<s<t<T}.

We think of elements in Ar x Ar as rectangles contained in the square
[0,7)? and write [s, £] X [u, v] rather than ((s, t), (u,v)) for a generic element.

Definition 5.55 Let Ar = {(s,t): 0<s<t<T}. A 2D control (more
precisely: 2D control function on [0,T]2) is a continuous map w : Ap X

Ar — [0,00) which is super-additive in the sense that for all rectangles
R, Ro,and R with R{ URs C R and Ry N Ry = O,

w(R1)+w(R2) <w(R)
and such that for all rectangles of zero area,
w(R) =0.
A 2D control w is said to be Holder-dominated if there exists a constant C
such that for all s <t in [0,T].
w ([s,t]2> <Clt—s.

The proof of the following lemma is a straight-forward adaption of the
1D case treated in section 5.1 and left to the reader.

Lemma 5.56 Let f € C ([0,T]2 ,Rd), Then
(i) If f is of finite p-variation for some p > 1,

R rectangles in [0,T])° — |f1varir

is a 2D control.
(i) f is of finite p-variation on [0, T]2 if and only if there exists a 2D control
w such that for all rectangles R C [0, T]2 ,

If (R)" <w(R)

and we say that "w controls the p-variation of f."
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Remark 5.57 If f : [O,T]2 — R? is symmetric (i.e. f(s,u) = f (u,s) for
all s,u) and of finite p-variation then [s,t] X [u,v] — |f|§_w7,;[s fx[u,0] 0
symmetric. In fact, one can always work with symmetric controls, it suﬂ%ces

to replace a given w with [s,t] X [u,v] — w ([s,t] X [u,v]) +w ([u,v] X [s,t]).

Lemma 5.58 A function f € C ([O,T]2 ,Rd) is of finite p-variation if and

only if
titivn \|”
sup Z f < 00.
(t)€D(0.T]) 5 Ljrtiv
Moreover, the p-variation of f is controlled by 3P~' times

o= sp 2|

#)epor) 43

[ti,ti+1]Cls,t]
[tj ,tj+1]C [uvv]

Proof. Assuming that w ([O,T]2) is finite, it is easy to check that w is a

2D control. Then, for any given [s,t] and [u,v] which do not intersect or
such that [s,t] = [u, ],

()

Take now s < u <t < v, then,

flon) = r(om)sr(ws)

< w ([s,t] x [u,v]).

Hence,
s,
()

The other cases are dealt similarly, and we find at the end that for all s < ¢,
u < v,

Tl o (w ([s, ] % [u,v]) +w ([u, t]2> +w([s,u] X [t,v]))

< 3P ([, 8] X [u,v]).

f<8¢>r§WIWBMXMM%

U, v

This concludes the proof. m

Example 5.59 Given two functions g,h € CP*" ([0,T],R?) we can de-
fine

(g®h)( ; ) = g(s)@h(t) e REQR?
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and g @ h has finite 2D p-variation®. More precisely,

fpen ()

and since w is indeed a 2D control function (as product of two 1D control
functions!) we see that

P
< |g|z.mr;[s7t] Wg.vm[u,v] =t w ([s,t] X [u,v])

lg® h|p-var;[s7t]><[u7v] < |g‘p-wm[s,t] |h‘p-w'r';[u,v] ’

Exercise 5.60 Given f € CP"%" ([O,T]2 ,Rd) , for any fixed [s,t] X [u,v] €

[0,77%, prove that the (one dimensional) p-variation of r € [s,t] — f " )

U, v
is bounded by | f| Similarly, prove that the (one dimensional)

p—var, (s, x[us0]

p—var,[s,t] X [u,v] *

p-variation of r € [u,v] — f < S;t ) is bounded by |f|
Remark 5.61 If w is a 2D control function, then
(s,t) —w ([s,t]Q)

is a 1D control function i.e. w ([s,t]Q) +w ([t,uf) <w ([s,u]Q), and

(s,t) > w ([s,t]Q) is continuous and zero on the diagonal.

Remark 5.62 A function f € C ([0, T)? ,Rd) of finite p-variation can
also be considered as patht — f (t,-) with values in the space CP-**" ([0, T],R?)

with p-variation (semi-)norm. It is instructive to observe that t — f (t,-)
has finite p-variation if and only if f has finite 2D p-variation.

5.5.2  Approximations to 2D functions
Piecewise linear type approximations

Recall from section 5.3 that a continuous path of finite p-variation can
be approximated by smooth and/or piecewise linear paths in the sense
of "uniform convergence with uniform p-variation bounds", but not, in
general, in p-variation norm. The same is true in the 2D case and the
approximations defined below are the natural 2D analogue of piecewise
linear approximations.

41X ® X is equipped with a compatible tensor norm.
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Definition 5.63 (D, D piecewise-linear-type approzimation of a 2D func-

tion). Assume f € C ([O,T]Q,E) where E is a normed space. Let

D:(Tz) Z(%])EID[O,T]
2

.D
A function fPP e C ([O,T] E) with the property that

fDD(‘;>:f<i) forall(s,t)EDxD

1s uniquely defined by requiring that

and, for (s,t) X (u,v) C (T4, Tig1) X (T5,Tj4+1)

pEo () ot ot (feTn ),
u,v Titl —Ti  Tj41 —Tj Tjy Tj+1
Proposition 5.64 Let f € CPY" ([0, T]2 , E) and D,D € D [0,T]. Then,
for all s <t in D and u < v in D we have

i

: < orLiff - (5.23)

p-var:[s,t]x [u,v] p-var:[s,t]x [u,v]

Moreover, fD’[) — f uniformly as | D], 13‘ — 0.

Remark 5.65 It need not be true that f20 — f as |DJ, ‘ﬁ) — 0 in p-
variation. However, by interpolation this holds true when p is replaced by
p > p.

Proof. Without loss of generality [s, t] x [u, v] = [0,1]°. Given D = (;),D =
(77) € D0, 1] we now define wp, 5 on [0, 1]? as follows: for small rectangles
[s,t] X [u,v] C I X J=[r,Tiq1] X [T, Tj+1] we set

(t—3s)(v—u)

wp ([s,t] X [u,v]) :== TxJ |f‘Z»Var;I><J (with s,t € I; u,v € J);
then, for vertical "strips" of form [s,t] x (JyU---UJ,) with s,t € T =

[Ti, Tit1] and Jp = [Tjqi—1,Tj41]

(t—s)
]

p([s,4] x (J1U---UJ,)) = |f|Z-Var;I><(J1U...Jn) for s,t € I; u,v € J;
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We use the similar definition for horizontal strips; at last, for (possibly)
large rectangle with endpoints in D we set

wp (LLU--UlLy) x (J1U... Jy)) = |f‘Z-var;(Ilu-~uIm)x(Jlu...Jn) .

Now, an arbitrary rectangle A = [a,b] X [¢,d] C [0, 1]2 decomposes uniquely
into (at most) 9 rectangles Ay,..., Ag of the above type (4 small rec-
tangles in the corners, 2 vertical and 2 horizontal strips and 1 rectangle
with endpoints in D) and we define w, 5 (4) = Z?:l wp p (Ai). We leave
it to the reader to check that wp p is indeed a 2D control function on

[0, 1}2. On the other hand, it is clear from the definition of fD’D that

‘fD’D (4;) ’ <wp p(4) fori=1,...,9 and so
~ o 9 ~ p 9 ~ o
PP @ = 3PP (A <o 30| ()] = 9w 5 (4)
i=1 i=1

The proof of (5.23) is then finished with the remark that wp, p ([O7 1]2) =
R}

pvars[0,1]2°
a simple consequence of (uniform) continuity of f on [0,1]>. m

At last, uniform convergence of f20 — f as |D|, ‘D — 0 is

Mollifier approximations

We now turn to another class of well known smooth approximations: mol-
lifier approximations.

Notation 5.66 (Continuous extension of 2D functions) Whenever nec-
essary, we shall extend a continuous function f defined on [O,T]2 to a
continuous function f = f (s,t) defined on R? by setting

£(0,0) fors,t < 0, f(0,T) fors<0,t>T,
f(T,T) fors,t > T, f(T,0) fors>T,t<0

and, for s € [0,T] resp. t € [0, T

_J f(s50) ift<0 _ ) f(0,t) if s<0
f(s’t>—{ P T) ift o T ”Sp'f(s’t)—{ PO ifsoT

Note that, as a consequence of this definition, we have
f ()= f(RO[,TP)

for all rectangles in R2.
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Definition 5.67 (u, i mollifier approzimation of a 2D function) Assume
fec ([O,T]Q,E) where E is a normed space. Let p, i be two compactly

supported probability measures on R. We define f*# € C ([O,T]2 ,E) by

f”( . ) =//f( b >du(a)d/1(b),

noting that the same relation remains valid for rectangular increments,

f‘“( ) // (ubUZ)du(a)dﬁ(b).

Proposition 5.68 Let u, i1 be two compactly supported probability measure
on R and f € CP V" ([0, T]2 , E), extended to a continuous function on R2

cf. notation above, with p-variation controlled by

w( uv) |f|ﬂvar[st x[u,v] *

Then f*F is also of finite p-variation, controlled by the 2D control
(o )= [ e (BThn s ) an@dno),

0 oz S (0.T1) S o (5:24)

and

- . 2 ~
Moreover, ftn#tn — f uniformly on [0,T]" whenever u,, fi, converge to
the Dirac measure at zero®.

Remark 5.69 There is nothing special about the interval [0,T]. However,
we cannot deduce from (5.24) that

|f””|p varfs i = \f|Z,vm;[5’t]Q for all s <t in [0,T].
The reason is that f*" depends on our extension of f from [O,T]2 to R2.
Thus, if we construct f*" from f = f|[s7t]2, extended to R?, it will not, in

general, coinicde with frF,

Le. [ ¢dp, — ¢ (0) for all continuous, bounded .



5. Variation and Hoélder Spaces 113

Proof. Given (s;) € D[0,T],(t;) € D[0,T] we have, using Jensen’s inequal-

ity,
r —a,841 — G -
= ’// ( b — bty —b )du(a)du(b)

fwl( Siy Sit1 )
bttt

p

= //‘f< t; _‘Zf;i_if )‘pdu(a)dﬁ(b)
- //’f« b b )) " du(a) 4 1)
< W ([si siva] X [ty t4a]) -

which shows that f has finite p-variation in controlled by w*#. Moreover,
since f (R) = f (R N[0, T]2> for all rectangles

‘f|27var;[07a,T7a]X[Ofb,be] S |f‘zfvar;[O,T]2

and so wH ! ([0, T]Q) < |f\zivar:[0 7y Which concludes the proof. m

5.6 Comments

Proposition 5.8 appears in [113]; our (complete) proof partially follows [43,
p-93]. Continuity properties of the type discussed in Lemma 5.14 appear in
[126]. The notion of paths which are "absolutely continuous of order p", cf.
Exercise 5.16 is due to Love [107]. Fractional Sobolev spaces (discussed in
5.18) are also known as Besov or Slobodetzki spaces and arise in many areas
of analysis. The notion of "geodesic space" and its variations (length space
etc.) is now well understood e.g. [69] or [18] and the references therein. Ex-
ercise 5.37 is taken from [44, p.28]. An almost complete list of references for
generalized variation, or y-variation, is found in [43]. Comments on higher
dimensional p-variation will be given in the chapter on Young integration.
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Young Integration

We construct fo ydzx, the Young integral of y against x where
z € CP ([0,T],R?), y € T ([0,T],L (RY,R%))

with 1/p+1/¢ > 1. Although the results here are well-known, our approach
is novel and extends - without much conceptual effort! - to rough path
estimates for ordinary - and then rough - differential equations.

6.1 Young-Léeve estimates

We start with two elementary analysis lemmas, tailor-made for obtaining
the Young-Léeve estimate in proposition 6.4 below.

Lemma 6.1 Let £ >0 and 0 > 1. Consider ¢ : [0,T] — R with
o(r) <20(r/2) + & for all v € [0,T] (6.1)
and such that o (r) = o(r) as r — 0+, i.e.

lim &

=0. 6.2
Jim = (6.2)

Then, for all r € [0,T],

§
o(r) < =57

Proof. We define ¢ (r) = o(r) / (¢r?) and note that (6.1) implies
o(r) <1+2'7%(r/2).

Tterated use of this inequality shows that for all n € N,

b <1+ (270 + (2" (57)- (6.3)
k=1

We now send n — oo. The last term on the right-hand-side above tends to
Zero since

(210)" ¢ (L) = (2" o(r2™")

omn 67‘0270”
< ri=0y (r2—m)
- £ r2—n

— 0 by assumption (6.2)
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and the proof is finished with

— 1

—0kok __
o(r) <Y 2 = g
k=0

| ]
Lemma 6.2 LetI': A={0<s<t<T}— R® and assume

(i) there exists a control & such that

lim sup — = 0; (6.4)

r—0 (s,;p)eA:@(s,t)<r T

(i) there exists a control w and 0 > 1,€ > 0 such that

IDsul < Tot] + [Ttu] + €0 (s,0)° . (6.5)

holds for 0 < s <t <u<T. Then, forall0 < s<t<T,

§ 0
|F5’t| < mw <S7t) .

Remark 6.3 It is important to notice that the control w does not appear
in the conclusion.

Proof. At the cost of replacing T by T'/¢, we can and will take £ = 1. We
assume that w < %w for some € > 0. If it is not the case, we replace w by
w + e® and let & tends to 0 at the end. Define for all » € [0,w (0,T)],

o(r)= sup [T
s,t such that w(s,t)<r

Consider any fixed pair (s,u) with 0 < s < u < T such that w (s,u) <r,
and pick ¢ such that

w(s,t),w(t,u) <wl(s,u) /2.

(This is possible thanks to basic properties of a control function, see exercise
1.12). By definition of p,

‘Fs,t| <o(r/2), |Fs,u‘ <o(r/2).
and it follows from the assumption (6.5) that
Toal <20(5) +7".

Taking the supremum over all s < u for which w (s,u) < r yields that for
r € [0,w(0,T)]

o(r) <20 (5) +r"
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On the other hand, assumption (6.4) implies that

lim M =0.

r—0 r
It then suffices to apply lemma 6.1 to see that for all r € [0,w (0,7T)],

1
o(r) < 757"

and this readily translates to the statement that, for all 0 < s <t < T,
1 0
|P57t| S mw (S,t) .
]
Proposition 6.4 (Young-Léeve estimate) Assume
z e ([0,7],RY), ye ' ([0,T],L (R R?))

forp,q>1 with 8 :=1/p+ 1/q > 1. With the definition

t t
Fs,t = / yudxu —YsTst = / ys7udxu
s s

1

we have

117

sl < 1_91-6 |$|p-var;[svt] |y|q-var;[svt] ) (6.6)

Remark 6.5 It is instructive to think of ysxs: as a first order Euler ap-

proximation to the Riemann-Stieltjes integral fst ydx so that (6.6) is noth-
ing but a "first order Euler error” estimate. The point of this estimate
18 its uniformity: although 1-variation was assumed to have a well-defined
Riemann-Stieltjes integral, the final estimate only depends on the respective

P, q-variation.

Proof. From exercise 1.10,

1/6 1/6

w (S,t) = |$|p—var;[s,t] ‘y|q—var;[s,t]

is a control. For all s < ¢ in [0,T] we define

t t
Fs,t = / yudmu —YsTst = / ys,ud$u~
s s

Then, for fixed s <t < u in [0, 7], we have

u t u
Fs,u - 1_‘s,t - Ft,u = / ys,rdxr - / ys,rdxr - / yt,rdxr
s s t

= Ys,tTtu-
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and hence

|Fs,u

IA

‘F37t| + |Ft»u| + |x‘p—var;[s,t] ‘y|qwar;[t,u]

= [Dupl+ Dol +w(s,u)”.

Defining @ (8, ) = [@[y_yar.(s, T [Y]1var[s,¢) - €lementary Rieman-Stieljes in-
tegral estimates show that
~ 2
ITs el < |y37'|oo;[s,t] ‘$|1.Var;[s7t] <w(s, ).

It only remains to apply lemma 6.2 and the proof is finished. m
In the following section we shall use the Young-Léeve estimate to define
the Young-integral for x € CPV2" and y € C'TVr.

Remark 6.6 We could have assumed y € CT"" right away in proposition
6.4. Indeed, as long as x € C**"", T's; remains a well-defined RS integral
and the only change in the argument is to use

~ ~ 1+1
@ (s,t) = |$|1-var,‘[s,t] + |y|gfvar;[s,t] = [[oil <@ (s,0) /e

in the final lines of the proof.

6.2 Young integrals

The Young-Léeve estimate clearly imply that

(2, 5) / ydz

is bilinear (as a function of smooth R resp. L (Rd, Re)-valued paths z,y)
and continuous in the respective p-and g-variation norm. The (unique, con-
tinuous) extension of this map to

z e COP([0,T],RY), y e C¥™ ([0,T], L (RY,R?))

is immediate from general principles and by squeezing p,q to p+¢,q+ ¢

so that 1/(p4+¢€)+1/(¢+¢€) > 1 one covers genuine p-variation and g¢-

variation regularity, i.e. x € CPV*" and y € C?V*". That said, we shall

proceed in a slight different way which will motivate our later definition of

rough differential equation. To this end, recall that any z € CPV?* ([0, T) ,Rd)
can be approximated "uniformly with uniform variation bounds" by bounded
variation paths z”, i.e.

dos;jo, ) (2", 2) — 0 and sup |x”|p_var;[07T] < 00.
n

(For instance, piecewise geodesic=linear approximations will do.)
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Definition 6.7 (Young integral) Givenz € CP**" ([0,T],R%),y € C7"" ([0,T], L (R%,R°))
we say that z € C ([0,T],R®) is a (indefinite) Young-integral of y against x

if there exists a sequence (z™,y™) C C**" ([0, T],R%) xC**" ([0,T], L (R%,R®))

which converges uniformly with uniform variation bounds in the sense

n

|z _x‘oo;[O,T] — 0 and sup|z"| 0,1] < 0,
n

p-var;|
|yn - y‘oo;[O,T] — 0 and Slrllp |yn|q-var;[[),T] < 00,

and

/ y"dz™ — z uniformly on [0,T] as n — oc.
0

If z is unique we write [, ydx instead of z and set f: ydx = fot ydx— [ ydx.

Theorem 6.8 (Young-Léeve) Givenz € CP*" ([0,T],R?) ,y € C7" ([0, 1], L (R%,R?))
with @ = 1/p+1/q > 1, there exists a unique (indefinite) Young integral of
y against x, denoted by fo ydx and the Young—Ldeve estimate

t
/ ydxr — YsTst
S

remains valid. Moreover, the indefinite Young-integral has finite p-variation

and
/ ydx
0

where C' = C (p,q).

Y0 <s<t< T: < m |$‘p-var;[s,t] |y‘q—var:[s,t]

A

= C ‘m|p-var;[s7t] (|y|q-’uur;[s,t] + |y|oo;[s,t]>

p-var;[s,t]

IN

2C |x‘p—’uu7';[s,t] (|y|q—v(L'r';[0,T] + |y0‘) (67)

Proof. Let us first argue that any limit point z of fo y™dz™ (in uniform
topology on [0,7]) satisfies the Young-Ldéeve estimate. For every ¢ > 0
small enough so that

0.:=1/(p+e)+1/(g+¢e)>1

the Young-Loéve estimate of proposition 6.4 gives

6.8)

t
| v | < g eyt W st €
S

By Corollary 5.31, the right-hand-side above can made arbitrarily small,
uniformly in n, provided ¢ — s is small enough; this readily leads to equicon-
tinuity of the indefinite RS-integrals

{/ yﬁdmf:neN}.
0
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Boundedness is clear and so, by Arzela-Ascoli, we have uniform convergence
along a subsequence to some z € C ([0,T],R¢) which proves existence of
the Young integral. Using the first part of corollary 5.31, we let n tend to
oo in (6.8) and obtain

|Z8,t - yS‘rS,t| < m |x|(p+5)-var;[s,t] |y|(q+s)-var;[s,t] .

Then, an application of lemma 5.14 justifies the passage € \, 0 which shows
validity of the Young—Ldeve estimate,

1
|25t — YsTs | < 1_91—0 |9U\p.var;[s,t] |y|q-var;[s,t] : (6.9)
To prove uniqueness we use the control w (s,t) = |ac|117_/far;[s7t] |y\;_/far;[s)t]

(cf. exercise 1.10). Assume z,Z are two limit points of fo y™dz™ so that
zo = Zp = 0. Fix a dissection (t;) of [0,T] and observe

|ZT - ZT| < E |Zt1‘,>ti+1 = Tt Yty tiga =+ Tt Ytitizr — Ztiati+1|
7

2 0
S {19 ZW (tirtit1)

2 _
S mw (O,T) In?Xw(ti,tz’+1)0 !

Applying this to a sequence of dissections with mesh (=max; |t;11 — t;])
tending to zero we see that |z — Zr| can be made arbitrarly small and
hence must be zero. This shows zp = Zp and, as T was arbitrary, z = 2.
At last, set ¢ =1/ (1 —2'%) and observe that (6.9) implies

_ 0
|Zs,t|p < 9! 1/p (cpw (s,t) Py |y‘§o;[5,t] |x‘§war;[s’t]> .

We observe that the right-hand-side above is super-additive in (s,t) and

SO
/ ydx
0

and the proof is easily finished. m

P
_ 0 T
< 91-1/p (cpm (s,t) P4 Iylio;[s,t] | ‘ZVM:[&I‘J)

p-var;[s,t]

Exercise 6.9 The purpose of this exercise is to show that our definition
0.7 is consistent with the "usual” definition of Young integrals as limits
of Riemann-Stieltjes sums. To this end, let x € CP"([0,T],R),y €
Crvr([0,T],R) with 6 :=1/p+1/q > 1 and let D,, = (1), be a sequence
of dissections of [0,T] with |D,| — 0, and &' some points in [t} t7,4].
Show that ZL£8‘71 Y (&) @4, 1., converges when n tends to oo to a limit 1
independent of the choice of £ and the sequence (D). Identify I as Young
integral fOT ydx in the sense of definition 6.7.
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i)iz1,..a be a collection of maps from R? to R®
and assume x € CP"'*" ([0, T],R?). Show that

/O.Lp(x)dac

is a well-defined Young integral provided ¢, viewed as map R* — L (Rd, Re)
is (v — 1)-Holder provided

Exercise 6.10 Let ¢ = (¢;),_,

Y>DP

and v — 1 € (0,1], to avoid trivialities.(We shall encounter this type of
reqularity assumption in our forthcoming discussion of rough integrals).

Solution 6.11 The path ¢ (x.) has finite ¢ = p/ (v — 1)-variation and we
see that the Young integral is well-defined since

+ > 1.

IR

Q| =
D=

6.3 Continuity properties of Young integrals

Proposition 6.12 Givenx € CP'*" ([0,T],R%),y € C** ([0,T], L (R%,R?))
with 1/p+1/q > 1 the map

o [

from CPver ([O,T] ,Rd) x ¢avar ([O, T|,L (Rd,Re)) — CPv7([0,T],Re)
equipped with the respective p , q-variation norms is a bilinear and continu-
ous map. As a consequence, it is Lipschitz continuous on bounded sets and
Fréchet smooth.

Proof. Bi-linearity of (z,y) — [ydz follows from bilinearity of the ap-
proximations in the definition and uniqueness; continuity in the sense of
bilinear maps is immediate from Young—Ldéeve and Fréchet smoothness for
bilinear, continuous maps is trivial. m

The following property deals with continuity with respect to "uniform
convergence with uniform bounds".

Proposition 6.13 Assume given z™,z € CP**" ([0,T],R%) ,y",y € C4" ([0,T], L (R*,R®))
such that

(2" = ooz = 0 and sup et 0.0y < o0
nh~>nc10 |yn - y|oo;[07T] = 0 and Sl:‘lp |yn|q—’ua7';[0,T] <000
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and 1/p+1/q > 1. Then

/y"dw"—/ ydx /y"dw"
0 0 0

Proof. Increase p, ¢ by € small enough so that 1/ (p +¢)+1/ (¢ +¢) > 1. By
interpolation, ™ — z in (p + £)-variation and similarly y™ — y in (q + €)-
variation. By the preceding proposition, fo y"dz™ converges to fo ydzr in
(p + €)-variation and hence in co-norm. The uniform p-variation bounds
on [,y"dz"™ follow immediately from the estimate in the Young-Léeve
Theorem. m

< o0.
p-var;[0,T]

lim

n—oo

=0 and sup
003(0,T7] n

Exercise 6.14 Using continuity properties, establish an integration-by-parts
formula for Young integrals.

Exercise 6.15 Fiz p,q > 1 with 1/p+1/¢ > 1, R > 0, and fir x €
Cp-var ([O,T] ,Rd) . Deﬁne BR — {y c Cq—im,r ([O, T] ,L (Rd,Re)) , ‘y|q-va7‘;[07T] S R} .
Prove that the map

BR — o ([Oa T] aRe)

yH/ydw
0

is Lipschitz using the dg_,.r-metric. Prove it is uniformly continuous with
respect to dg_yqr-metric with ¢ > q. Prove also it is uniformly continuous
with respect to do.-metric.

[Hint: Lipschitz with respect to dg.,qr-metric is just the Young-Ldeve esti-
mate. For q' > q, use the first case plus interpolation.]

6.4 Young-Léeve-Towghi estimates and 2D Young
integrals

Young integrals extend naturally to higher dimensions but only the 2D
case will be relevant to us. 2D statement which extend line by line from
the 1D statements will not be discussed in detail. In particular, we shall
use the Riemann-Stieljes integral f[O’T]Q ydz of a continuous function y €

C ([0, T, L (Rd,Re)) with respect to a bounded variation function z €
Clvar ([0, T)? ,Rd) . We will also show that the estimate

’/yd:r
R

is valid for any rectangle R C [0, T]Q. We first need to extend lemma 6.2 to
its two dimensional version.

S |y‘oo;R |:I"|1—Val';R ’
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Lemma 6.16 LetT': {0 <s<t< T}2 — Re be such that !
(i) for some control &,

lim sup =0. (6.10)

r—0 rectangle R s.t &(R)<r r

(ii) for some control w and some real > 1, for all rectangles R being the
union of two (essentially) disjoint rectangles Ry, Ro

ID(R)| < [T (Ry)| + |7 (Ra)| + €w (R)” . (6.11)

Then, for all rectangles R € |0, T]2 ,

£ 0
D(B)| < 5w (R).
Proof. The proof follows exactly the same line as the one dimensional
proof. m
We now proceed as in the 1D case and prove uniform Young-Ldéeve type
estimates, for integrand and driving signal which are assumed to be of

bounded variation.

Proposition 6.17 Let
zect (0,77 RY), y e ¢t ([0,71, L (R RY))

Given R = [s,1] x [u,v] C [0,T], define

F(R):/Ry< z )dm.

Then, for all such rectangles R C [0,T)* and p,q > 1 such that 0 :=
plHgt >,

2
1
‘F (R)| < (m) |y|q-var;R |x‘p—var,‘R :

1 1 .
Proof. Define the control w(R) = [2|)_,.,. g Y] _yarr- We consider a
generic rectangle R = [r,t] X [u, v] cut into two non-intersecting rectangles,

say Ry = [r,s] x [u,v] and Ry = [s,t] x [u,v]. Observe that from the

1'We identify once again {0 < s < t < T'}? with rectanges contained in [0, 772 .
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definition of T' (R), we see that

I'(R) = /Ry(;:)dac
_ /Ry<u)dx+

o
I'(Ry)+T'(R2) + {y (

)
) ) e
— T(R)+T (R + /Ry(u >da¢

- F(R1)+F(RZ)+/[uyv]y< " >d<$< " >>

But from exercise 5.60, the one dimensional g-variation of y ( "8 ) over

Sﬁ

F =

V)

[w, v] is bounded by |y| ; and the one dimensional p-variation of

g-vari[r,s],[u,0

S,

over [u,v] is bounded by || uv)- Hence, using Young-

. p-var;[s,t],[
Léeve 1 dimensional estimates, we obtain that

[T (R)| < I (Ry)| + [T (Ra) + 75

Defining @ to be a 2D control dominating the 1-variation of x and y, we
see that

IT(R)| <@ (R)*.

It only remains to apply lemma 6.16. =
With the notation of the above theorem, we see that

e o Yo [ 2 Yoo Yo

We see that the second and third integral will be well defined when y
and z are of finite ¢ and p variation if their 1D projections y ( 5 ) and

y < u ) are of finite (1D) g-variation. This is actually satisfied if y ( 0 )
and y < 0 > are of finite (1D) g-variation and y is of finite (2D) g-variation.
To simplify, we therefore restrict ourselves to paths y such that y < 0 > =

y < 0 > = 0. In particular, we define Cf ,"*" ([0,T]2 L (Rd7R6)> the sot
of functions y such that yo,.=y o =0.
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Definition 6.18 (Young integral) Given x € CP*" ([O,T]2 ,Rd> Y €
Céo"" ([O,T]2 L (Rd,Re)> we say that z € C ([O,T]2 ,Re) is a (indef-

inite) Young-integral of y against x if there exists a sequence (x™,y™) C
Ct-var ([O, T]2 ,Rd) xCog" ([0, T]2 , L (R, Re)) which converges uniformly
with uniform variation bounds in the sense

nh—{go dogio,r? (2",2) = 0 and Slip|$n|p—var;[0,T]2 < 00,
lim d o2 (" y) = 0 and sup|y"|, 40,72 < 0
n—oo n
and
lim y"dz" = z uniformly on (s,u) € [0, T]2 as n — oo.

720 J10,5]%[0,u]
If z is unique we write [ ydx instead of z.

Following the same lines as the 1-dimensional case (which involves gen-
eralising a few analysis and p-variation lemmas from 1D to 2D), we obtain

Theorem 6.19 (Young-Léeve-Towghi) Givenz € CP" ([0, T)? ,Rd) Y €
Cio® ([O,T]2 ,L (Rd,Re)> with 0 = 1/p+ 1/q > 1, there exists a unique
(indefinite) Young integral of y against x, denoted by fo ydx and we have

2
s u 1
Ly( A >d$’ < (m) |x|p—var;R |y|q—var;R (612)

for all rectangles R = [s,t] x [u,v] C [0,T].

One can also check, just as in the 1D case, that (z,y) — [) yudz, is a
bilinear continuous map from

cpvar ([O,T]2 ,Rd) x Coy ([O,T]2 L (Rd,Re)) _ opvar ([O,T]2 ,Re)

(and hence Lipschitz on bounded sets and Fréchet-smooth).

6.5 Comments

Young integration goes back to [172]. The higher-dimensional was partially
discussed in [172] and then in [165] in the form which is relevant to us.
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7

Free Nilpotent Groups

Motivated by simple higher order Euler schemes for ODEs we give a sys-
tematic and self-contained account on the "algebra of iterated integrals".
Tensor algebras play a natural role. However, thanks to algebraic relations
between iterated integrals the "correct" state-space will be seen to be a
(so-called) free nilpotent Lie group, faithfully represented as a subset of
the tensor algebra. It becomes a metric (and even geodesic) space under
the so-called Carnot-Caratheodory metric and will later serve as natural
state-space for geometric rough paths.

7.1 Motivation: iterated integrals and higher order
FEuler schemes

Let z be an R%valued continuous path of bounded variation and define the
k" iterated integrals of the path segment T[54 @S

. . t Uk u2 . .
ghiin i / / / dats...da (7.1)
S S S

The collection of all such iterated integrals,
g=(gh" ™ :1<k<Niiy,... ip€{l,...,d}) (7.2)

is called the step-N signature of the path segment x|j,; and is denoted
by Sy (z), ;- Postponing (semi-obvious) algebraic formalities to the next
section, let us consider (higher order) Euler schemes for the ODE

dy =V (y)dw =3 Vi (y) da'

with V e C (Re, L (Rd,Re)) and recall that 7y (0,%0;2) stands for any
(not necessarily unique) solution started at yo, possibly only defined up to
some explosion time. Let I denote the identity function on R® and recall

the identification of a vector field W = (Wl, e We)T : R¢ — R€ with the
first order differential operator

- 0
E ”rk
k=1
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Granted sufficient regularity of V', a simple Taylor expansion suggests, at
least for 0 <t — s << 1, a step-N approximation of the form

d
v~ ys+ Y Vilys)al,

i=1

+...
t UN u2 ) )
+ Z Vil---ViNI(ys)// / dxy) ...dzN .
i1,-.IN s IS8 s
sy d}

Having made plain the importance of iterated integrals in higher order
Euler schemes, let us observe the presence of non-linear constraints between
the iterated integrals (7.1). This happens already at the "second" level of
iterated integrals.

Example 7.1 Letz € Cj*" ([0,T],R?) and write x = S5 () for its step-
2 lift.
(i) Using integration-by-parts it readily follows that, for all i,5 € {1,...,d}

¢ ¢
2ii,j 25,0 _ i g 3o g i g
Xs,’t’ +Xs:t’ - / ‘rs,rdx'r + ‘rs,rdx'r - xs,txs,t‘ (73)
S S
(i1) As a trivial consequence of X}, := xy — xs we have

12 Lo _ 15 .
Xot T Xpoy = Xgiy 0=1,...,d. (7.4)

More interestingly, an elementary computation' gives

X200 =2 xP F xJixl i =1, d. (7.5)
This (matriz) equation can be expressed in terms of equations of the respec-
tive symmetric and anti-symmetric parts. Adding the equation obtained by

interchanging i,j we see, using (7.3)

xi,uxg,u = xi,txg,t + mi,uxg,u + xi,txg,u + xé,txi,u
which just (re-)expresses the additivity of vector-increments (7.4). On the
other hand, subtracting the equation obtained by interchanging i, j, followed

by multiplication with 1/2, yields
A, = A+ A+ 5 (oh o, — 2l al ) (7.6)

... to be compared with the forthcoming theorem 7.11 ...
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FIGURE 7.1. We plot (ml,mj) The triangle connects the points: (%, 22) on the
lower left side, (zi,27) in the middle and (x%,z7) on the right side. Note that
the respective area increments (signed area between the path and a linear chord)
are not additive. In fact, AL, = Alsjt + Aii + A’S]tu where Alsjtu is the area of
the triangle as indicated in the figure.

where

t t
. 1 .. .. 1 . . . .
% 28,5 208\ _ Z i J J 7
As,,t T 9 (Xs:t7 Xs:t7 ) - 9 J:s,rdmr ms,rdxr
S S

has an appealing geometric interpretation as seen in the corresponding fig-
ure.

Let us draw some first conclusions.

(i) The naive state space R4+4 4" for iterated integrals of form (7.2)
is too big. For instance, there is no need to store the symmetric part
of x2,.

(ii) Any analysis which is based on higher order Euler approximations
over finer and finer intervals, e.g. starting with some interval [s, u]
then [s, ], [t, u] etc, must acknowledge the non-linear nature of "higher
order increments" as seen in (7.5) and (7.6).
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7.2 Step-N signatures and truncated tensor
algebras

7.2.1 Definition of Sy

We have seen that expressions of iterated integrals of type

/< s dzll ..dzlt . x e C ([0,T],RY),
s<ur<...<ug

appear naturally when considering Euler schemes. A first order Euler scheme
over the interval [s, #] involves

s<u<t i=1,....d

)

d .
Z (/ dmZ) e; € RY
7 \Js<u<t

where (e;) ; denotes the canoncial basis of RY. For a second order

i=1,...,
scheme one needs additionally
d
(/ dmidmi,) — Z (/ dxldx{,,) (ei ® ej) € RIQRY
s<u<v<t i,j=1,...,d i,j=1 s<u<v<t
where R’ @ R? with basis (e; ® €;), ,_; _, can be viewed as the set of real-

valued d x d matrices with canoncial basis?. The (obvious) generalization
to k > 2 reads

7:1 7;k
(/ dxul...dacuk)
s<ur<..<up<t U1yeeylk

o Z (/ dwf}l...dxffk> (e ® - ®e;,) (7.7
s<uy<...<up<t

i1y 0sld
where (e;;, ® -+ ®e;,), i1,...,9 € {1,...,d}, is the canonical basis of

(Rd)®k, the space of k-tensors over RY. Life is easier without many in-
dices and we shall write the right-hand-side of (7.7) simply as

k
/ dzy, @ ... @ dzy, € (RY)®".
s<ur<..<up<t

We note that, as vector spaces (]Rd)®k = de7 and it is a convenient con-
vention to set 20

(RY)™ :=R.
To any R%valued path v of finite length defined on some interval [s, ], we
may associate the collection of its iterated integrals. We have

2e; ® e; corresponds to the matrix with entry 1 in the itP line, j** column and 0
everywhere else.



7. Free Nilpotent Groups 131
Definition 7.2 The step-N signature of v € C10" ([s, 1] ,R?) is given by
SN (V)S,t = <1,/ dwu,...,/ dwul®...®dmuk>
s<u<t s<ur <...<up<t

@]ICVZO (Rd) ®k .

is called the (step-N) lift of x.

m

The path u — Sy (7)

s,u

Remark 7.3 This notation is further justified by Chen’s theorem below:
the step-N lift of some v € C** ([0,T],R?), t — Sy (v), takes values
in a group so that Sy (’y)si is the natural increment of this path, i.e. the

product of (Sn (’y)s)_1 with Sn (7),-

Given two vectors a, b € R? with coordinates (ai) o and (bi) .
o i=1,....d i=1,....d
one can construct the matrix (a%’ )Z im1d and hence the 2-tensor
d
a®b:= Z (a’bj)ei@)ej e R @ R%.
Q=1

(In fact, this is the linear extension of the map ® : R? x R? — R? @ R?
which maps the pair (e;, e;) to the (i,j)th basis element of R? ® R?, for
which we already used the suggestive notation e; ® e;.) More generally,
given
a= Z ail’”"ik’eil K- Re € (Rd)®k (7.8)
D1y lk

then, with similar notation for for b € (Rd) ®l, we agree that a®b is defined
a®b = Zail""’i’“bjl""’jleil R--Qe, e, @...e,  (7.9)

k 1 K+l

e (&)™ o ®)™ = @)™

We now define .
™ (RY) := @), (RT)®", (7.10)

and write m, : TV (RY) — (Rd)®k for the projection to the k' tensor
level. We shall also use the projection

mok s TN (RY) — TF (RY), for k < N, (7.11)

which maps g = (¢%...,9") € TV (RY) into (¢°,...,¢") € TV (R?).
Here, g* = 7, (g9) € (RY) ®* is sometimes refered to as the k" level of g.
Given g,h € TN (R?), one extends (7.9) to TV (R?) by setting

k

goh= > goh eVke{0,....N}:m(g@h) =Y ¢" " @h'
i+j<N =0
4,70
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The vector space TV (]Rd) becomes an (associative) algebra under ®. More
precisely, we have

Proposition 7.4 The space (TN (]Rd) ,+7.;®) 18 an associative algebra
with neutral element

1:=(1,0,...,0)=1+0+...+O€TN(Rd)

(The unit element for + is 0 = (0,0,...,0), of course.) We will call
TN (Rd) the truncated tensor algebra of level N.

Proof. Straight-forward and left to the reader. m

Remark 7.5 We shall see below that the set of all g € TN (Rd) with
7o (g) =1 forms a (Lie) group under ® with unit element 1. When N =1
this group is isomorphic to (Rd, —I—) with the usual unit element 0 and this

persuades us to set
0:=(1,0,...,0).

Similar to the algebra of square-matrices, the algebra product is not
commutative (unless N =1 or d = 1), indeed

(o)o(i)=(oa)?(h)=(o)=(0)

Let us now define a norm on TV (RY) := @p_, (Rd)®k. To this end, we

equip each tensor-level (IR{d)@c with Euclidean structure which amounts to
declaring the canoncial basis {e;, ® -+ ® e;, :i1,...,4x € {1,...,d}} to be
orthonormal so that for any a € (Rd)®k of form (7.8)

Z |ai1,m,z‘k|2

U1,k

|a|(]1w)®’c =

and when no confusion is possible we shall simply write |a|. Let us also
observe that for 0 <i <k < N,
Qk—i

(a,b) € (R x (RY) b

(rd)®F = |a|(“§d)®i (rd)B =)

, |la®b|

which is a compability relation between the tensor norms on the respective
tensor levels. Then for any g = Z,JCVZO T (9) € TV (RY) we set

191z ety = | T fmi (9)

which makes T (R?) a Banach space (of finite dimension 1+d+d?+-- -+
dN); again we shall write |g| if no confusion is possible. We remark that
there are other choices of norms on TV (Rd), of course all equivalent, but
this one will turn out to be convenient later on (cf. defintion of p, , later
on).



7. Free Nilpotent Groups 133

Exercise 7.6 Consider the (infinite) tensor algebra T> (R?) := @72 (R?) ok
Show that TN (Rd) s the algebra obtained by factorization by the ideal
{geT>(R?) :mi(9)=0for0<i<N}.

Exercise 7.7 Identify T (R?) = R {ey,...,eq) with the algebra of poly-
nomial in d non-commutative indeterminants e, . . ., eq. Conclude that TN (]Rd)
can be viewed as algebra of polynomialw in d non-commutative indetermi-
nants for which e;, ...e;, =0 whenever n > N.

7.2.2  Basic properties of Sy

Given z : [0,T] — R? continuous of bounded variation, and a fixed s €
[0,T) the path Sy (z), . takes values in TV (R?) = RI+d++d" a5 vector
spaces. Almost by definition, the path Sy (:c)s,t then satisifes an ODE on
TN (Rd) driven by z.
Proposition 7.8 Let = : [0,T] — R? be a continuous path of bounded
variation. Then, for fized s € [0,T),

dSn (%), = SN (2),; ® day,

SN (ZE)&S =1.
Remark 7.9 If we write z (-) = Z?Zl 2% (*) e; and define the (linear!) vec-
tor fields U; : TN (RY) — TN (RY) by g — g®e;, i € {1,...,d} this ODE
can be rewritten in the more familiar form

d
dS (@), = Y Ui (S (@),,.) dai.
=1

Proof. Let us look at level k, k > 1, of Sy (z)

s,t)

t
/ dz, ®..®dx,, = / / dz,, ®..®@dx,, , | ®dz,,
s<r1<...<rp<t TE=S S<r1 < ... <rp_1<Tk

= /t Th—1 (SN (x)s,’r> ® dz,.

=s

Hence, we see that

t
SN (x)s,t =1 +/ SN (x)s,r ® dx""
u

Proposition 7.8 tells us that Sy (x) satisfies an ordinary differential equa-
tion of the type discussed in Part I of this book. A number of interesting
properties of signature are then direct consequences of the corresponding
ODE statements. We first describe what happens under reparametrization.
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Proposition 7.10 Let z : [0,7] — R? be a continuous path of bounded
variation, ¢ : [0,T] — [T1,Ts] a non-decreasing surjection, and write =} :=
T4y for the reparametrization of x under ¢. Then, for all s,t € [0,T],

SN (@) gs),00 = SN (27) -

Proof. A consequence of proposition 3.10 and proposition 7.8. =

Simple as it is, proposition 7.10 has an appealing interpretation. If [z]
denotes the equivalence class of some x € C1-Var ([O,T] ,Rd) obtained by
all possible reparametrizations then the signature-map

x e Chvar ([O,T] ,Rd) — Sy (:c)07T

is really a function of [z]. We now discuss the signature of the con-
catenation of two paths. Recall that, given y € C¥ ([0,T],R?),n €
Clver ([T,2T),RY), we set

_ 7() on [0,7]
’YU77:{ n(-) —n(0)+~(T) on [T,2T]

so that yUn € C* ([0,2T],RY). If n was defined on [0, 7], rather than
[T, 2T], one may prefer to reparametrize such that v U n too is defined
on [0,T]. Whatever parametrization one chooses, thanks to the previous
proposition the signature of the entire path ~ U7 is intrinsically defined.
The following theorem says the signature of v L n is precisely the tensor
product of the respective signatures of v and 7.

Theorem 7.11 (Chen) Giveny € C*-**" ([0,T],R%) ,n € C*-**" ([T, 2T],R?) ,
Sy (yU 77)0,2T = Sn(V)or ® SN (77)T,2T :
Equivalently, given x € C*"" ([0,T],R?) and 0 < s <t <u < T we have
SN (%), =N (), ® N (T),,, -

Proof. We prove it by induction on N. For N = 0, it just reads 1 = 1.1.
Assume it is true for N and all s < ¢t < u € [0,T], and let us prove it is
true for N + 1. First observe, in 7V+1) (Rd)7

U U
Snt1 (), =1 +/ Sn+1 (@), @ dzy =1 +/ Sn (), ® dxy,

where the second equality follows from truncation beyond level (N + 1).
For similar reasons,

U

5 (0,4 @ [ S 0y, 8 dor = S (@), [ S (@), © o
t t
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Hence, using the induction hypothesis to split up Sy (), when s <t <
r < u,

t u
Sni1 (), = 1+ / SN (z),, ® dz, + / SN (%), ® SN (), ® dxy
s t
= Sy o)+ St (0,8 ([ S (o), 9 )
t
= Sni1 (@), ® (14 (Swir (@), — 1))
= SN+1 (m)s7t ® SN+1 (z)t)u °
]

We now show that the inverse (with respect to ®) of the signature of a
path is precisely the signature of that path with time reversed.

Proposition 7.12 Let € C'* ([0,T],R?). Then, if T denotes the
path x : t € [0,T] — z7_; € RY,

SN (x)o,T ® SN (?)O,T = SN (?)O,T ® SN (x)o,T =1L

Proof. Using the fact the ¢ — Sy (), , is the solution to an ODE driven by
x (proposition 7.8) this follows immediately from the corresponding results
on ODEs with time-reversed driving signal (proposition 3.13). m

Definition 7.13 For A € R, we define the dilation map
oy : TV (RY) — TV (RY)
such that mj, (65 (9)) = Mmk (g) .

Exercise 7.14 Check that if \ is a real, x : [0,1] — R? is a continuous
path of bounded variation, Ax the path x scaled by X, then

SN ()\x)s,t = 6)\SN (:C)s,t

Proposition 7.15 Let (x,) C C***" ([0,1],R?) with sup,, Znl1-pari0,1) <
oo, uniformly convergent to some x € C1-'" ([0,1] ,R?) . Then, Sy (zy),..
converges uniformly to Sy (x), .. In particular,

lim Sy (J?n)o’l = SN (‘/E)O 1

n—oo ’

Proof. Using the fact the t — Sy (), is the solution to an ODE driven
by x (proposition 7.8) this follows immediately from the ODE results on
continuity of the solution map (cf. corollary 3.16). m
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7.3 Lie algebra tVv (Rd) and Lie Group 1 + tV (Rd)

The space (TV (R?) ,+,.,®) is an associative algebra. We introduce two
simple subspaces (linear and affine-linear, respectively) which will guide us
towards the (crucial) free nilpotent Lie algebra and group and their Lie
algebra. Let us set

tV (RY) = {ge TV (RY) : 7o (g) = 0}

so that
1+t (RY) ={geT™ (RY) :m(g9) =1} .

7.8.1 The group 1+t (]Rd)

We first show that elements in 1 + v (Rd) are invertible with respect to
the tensor product ®.

Lemma 7.16 Anyg=1+ac1+tV (Rd) has an inverse with respect to

® given by
N
g_l = (1 + a)_l = Z (—1)k a®k,
k=0
thatis, g g ' =¢g '®g=1.
Proof. We have
N N+1 N
1+a)> (-DFa" = S (a3 (1) et
k=0 k=1 k=0
= oVt 41

Now because we set to zero any elements in (Rd)®n for n > N, we see that
aNtl =0. m

It is also obvious that if ¢ and h are in 1 + V¥ (Rd) ,then g® h € 1+
tN (Rd) . Finally, 1+t (Rd) is an affine-linear subspace of TV (Rd) hence
a smooth manifold, trivially diffeomorphic to tV (Rd) o Rat-+d™ Noting
that the group operations ®,~! are smooth maps (in fact, polynomial when
written out in coordinates) we have

Proposition 7.17 The space 1 + IV (Rd) is a Lie group® with respect to
tensor-multiplication ®.

3Recall that a Lie group is by definition a group which is also a smooth manifold and
in which the group operation are smooth maps.
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Let us remark that the manifold topology of 1 + tV (Rd) is, of course,
induced by the metric

which arises from the norm on TV (Rd) D14V (Rd). We end this sub-
section with a simple observation.

Proposition 7.18 Assume g,,g C 1+tV (Rd) . Then, lim,, o0 |gn — g| =
0 if and only lim,,_, o \g;l ®g— 1\ =0.

Proof. All group operations in the Lie group 1 + tV (Rd) are continuous
in the manifold topology of 1 + V¥ (Rd). In particular,

g —g& g, —g ey 0g—g og=1
and we conclude with the remark that, as n — oo,

gnﬂg@\gnfg\ﬂ()and%:l@gﬂlé g;1®gfl — 0.

7.8.2  The Lie Algebra t (]Rd) and the exponential map

The vector space (tN (Rd) .+, ) becomes itself an algebra under ®. As in
every algebra, the commutator, in our case

(9:h) = [g,h:=g®h—hoget" (R

for g,h € tV (RY), defines a bilinear map which is easily seen to be anti-
commutative, i.e.

[g,h] = —[h,g], forall g,h € tV (Rd)
and to satisfy the Jacobi identity for all g, h,k € tV (]Rd); that is,
g, [ K] + [B, [k, g]] + [k, [g, k] = O for all g, b,k € £V (RY).

Recalling that a vector space V = (V, +,.) equipped with a bilinear, anti-
commutative map [,-] : ¥ x ¥V — V which satisfies the Jacobi identity is
called a Lie algebra (the map [-,-] is called the Lie bracket) this can be
summarized as

Proposition 7.19 (tV (RY),+,.,[-,-]) is a Lie algebra.

We now define the exponential and logarithm maps via their power series:
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Definition 7.20 The exponential map is defined by

exp tV (Rd) —1+tY (Rd)
N ®k
a

=1

while the logarithm map is defined by

log 1+t (RY) — ¢V (R)
N ®k
(1+a) — 3 (-1 “T

~
Il
-

The definitions of exp and log are precisely via their classical power
series with (i) usual powers replaced by "tensor-powers" and (ii) the infinite
sums replaced by Zszl, thanks to working within the tensor algebra with
truncation beyond level N. A direct calculation shows that

exp (log (1 +a)) = a, log(exp(a)) =a, forall a € t" (R?).

We emphasize that log (+) is globally defined and there are no convergence
issues whatsoever.

Example 7.21 Fiz a € R = 7wy (tV (R?)). The step-N signature of z (-)
given by t € [0, 1] — ta computes to

N

1—1—2/ dz,, ®...®dz,,
k=1 0<r <...<rip<1

N
1—|—Za®k/ dry...dry,
k=1 0

<ri<..<rp<l1

SN (:E)O’l

N ®k
1+ Z o = X (a). (7.13)
k=1

7.3.83 The Campbell-Baker—Hausdorff formula

Recall that exp maps tV (Rd) one-to-one and onto 1+ ¢V (Rd). In general,
ete £ et but one has

Va,b € ¢V (Rd) - gl — patbtzlabl+Ilalab]]+ 15 (b,[ball+ .. (7.14)
where ... stands for (a linear combination, with universal coefficients, of)

higher iterated brackets of a and b. Thanks to truncation beyond tensor-
level N, all terms involving N or more iterated brackets must be zero.
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For N = 2, this formula is obtained by simple computation; indeed, given
ab € (Rd) we have

a®? p®2
exp(a) ®exp (b)) = <1+a+7>®(1+b+7)

(a + b)*?

1
= 1+a+b+§(a®b—b®a)+ 5

exp <a+b+%[a,b]>.

The same computation is possible, if tedious, for N = 3 and allows to
recover the next set of bracket terms as seen in (7.14). The general case,
however, requires a different argument and we shall give a proof based on
ordinary differential equations.

Given a linear operator A : tV (Rd) — N (Rd) define AY as identity
map and set A" = Ao---0 A (n times). An arbitrary real-analytic func-
tion Y <V, 2" gives rise to the operator ) 7, A" provided this series
converges in operator norm. Fix a € tV (Rd) and define the linear map

tV (RY) 5 d+— (ada)d = [a,d] € t (R?).
Observe that (ada)” =0 for n > N.
Lemma 7.22 For all a,d € tV (Rd) we have

exp (a) ® d ® exp (—a) = e*%d

where
N

eadazzn (ada)” Z—' (ada)”

n>0
As consequence we have the following operator identity on tV (Rd) ,

eadc — eada oea»db

where ¢ = log (exp (a) ® exp (b)) .

Proof. Define the linear map p; from tV (Rd) into itself by
pr:d—exp(ta) ®d®@exp(—ta).

Obviously, t +— p, (d) € tI¥ (Rd) is differentiable and

00 (d) = [a,p1 (4)] = (ada) py ()

Noting pg (d) = d the solution is given by p, (d) = e?*%d and we conclude
by setting t = 1. The last statement is immediately verified by considering
the image of some d € tV (Rd) under both e*d¢ and ¢4 0 21t m
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Lemma 7.23 Assume t — ¢; € tV (Rd) is continuously differentiable.
Then

d .
exp (¢) ® EGXP( ct) = —G(adet) ¢

where ¢; = deg/dt and

G(Z>:€_1 Zn—&—l

Proof. Set

bst =exp(sc) @ —exp(—se)

dt
Then by; = 1 ®0 = 0. Taking derivatives with respect to s a short compu-
tation shows that

d )
Ebs,t = [Ct; bs,t] —Ct
= (ad ¢;) bs s — ¢
where ¢; = dc;/dt. Keeping t fixed, the solution is given by

bs,t = 65 ad Ctb07t — f (S, ad Ct) ét
= —f(s,ad ¢t) ¢

where f(s,z) = (e®* — 1) /z, entire in z. Setting s = 1 finishes the proof.
|

Theorem 7.24 (Campbell-Baker—Hausdorff) Leta,b € t¥ (R?). Then

1
log [exp (a) @ exp (b)] = b+ / H ("0 ) adt (7.15)
0

where

lnz n
H(z) = = E -1
(Z) - n>0n+1 Z )

In particular, log (exp (a) ® exp (b)) equals a sum of iterated brackets of a
and b, with universal' coefficients.

Proof. First observe that the linear operator H (et ada g eadb) is in fact

given by a finite series. Indeed, ef?1% o ¢24® minus the identity map is a
finite sum of N or less iterated applications of ada, adb. Consequently,
only the first IV terms of the expansion of H are needed. We also observe
that both sides of (7.15) are polynomials of degree less or equal to N in the

4The coefficients are given by numerical constants, computable from H. In particular,
they do not depend on N or d = dimR%.
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coordinates {a"*il’“”i”} , {b”*il""’i"} ,1 < n < N. Therefore, it is sufficient
to check (7.15) for a,b in a neighbourhood of 0. For ¢ € [0,1] define

¢ = log (eta ® eb) .
Then p p
_ t b —b —t
ect®ae “=e"Qe ®E(e ®e “) =—a
which, combined with lemma 7.23, shows that
a=G(adcy) é. (7.16)
On the other hand, lemma 7.22 implies the operator identity
tada o ead b)

adc; =In (e

which certainly holds when a,b are small enough. Since G(Inz)H(z) = 1,
at least near z = 1, the operator identity

G(ade) =G (ln (etada o eadb)) - (etada o eadb)—l
holds for a,b are small enough. This allows to rewrite (7.16) as
ét =H (etada Oeadb) a

and by integration
1
c] = b+/ H (etada o eadb) adt
0

which is exactly what we wanted to show. m

Definition 7.25 Define gV (Rd) ctV (Rd) as the smallest sub-Lie algebra
of tN (Rd) which contains mq (tN (Rd)) =~ Re. That is,

" RY) =R'e [RLRY @& [RY ..., [REL,RY]].

(N—1) brackets

We call it the free step-N nilpotent Lie algebra.

Remark 7.26 (Universal Property of free Lie algebras). Let i denote the
(linear) inclusion map

im (Y (RY)) 2R — ¢ (RY).

Then g =gV (]Rd) has the property that for any (step-N nilpotent) Lie
algeba a and any linear map

f:RY—a
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there is a Lie algebra homomorphism ¢ : g — a so that f = ¢ oi. Indeed,
we can take a basis of g where each element is of form

ea = l€ay, [eazv [ - [eakfl’eo"f]”

R [, [RERY]) ¢ RY)®F k< N

m

and one checks that

6 (D caca) =D calf (car) [ (ean) [+ [f (Carms) - £ (€a,)]]

has the desired properties.

Corollary 7.27 Let a,b € gV (Rd). Then log (e“®eb) c gV (Rd). In

other words, exp (gN (Rd)) is a subgroup of (1 + N (Rd) ,Q, 1)

Proof. An obvious corollary of the Campbell-Baker-Hausdorff formula. m

7.4 Chow’s theorem

As was seen in example 7.21, the step-N signature of the path ¢t € [0,1] —
vt, v € RY, is precisely exp (v) € 1+ tV (Rd). A piecewise linear path is
just the concatenation of such paths (up to irrelevant reparametrization)
and by Chen’s theorem its step-N signature is of form

e @ @e’m € 1+t (RY)

with vy, ..., v, € R Conversely, any element of this form arises as step-N
signature of a piecewise linear path, e.g. of x : [0,m] — R? with Ti1,4 =
v;, 4 = 1,...,m and linear between integer times. (If one prefers, the trivial

reparametrization Z (t) = x (tm) defines a piecewise linear path on [0, 1]
with identical signature.)

Theorem 7.28 (Chow) Let g € exp (gN (Rd)) . Then, there existvi,...,vm €
R? such that
g:evl R ®Qelm,

Equivalently, there exists a piecewise linear path x : [0,1] — R with signa-
ture g by which we mean g = Sn () ;-

Proof. It is enough to show this for log (¢) in an open neighbourhood of
0 € gV (R?) or, equivalently, for g in an open neighbourhood A of the
unit element 1 = exp (0). Indeed, given g € exp (g" (R?)), it is clear that
0.9 € A for ¢ small enough and if x denotes the (piecewise linear) path
whose signature equals d.g, the scaled path z (-) /e, which is still piecewise
linear, has signature g.
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With (e; : i = 1,...,d) denoting the standard basis in R, let us define the
exp (gN (Rd))—valued paths
bL = exp (te;) .
An easy application of the Campbell-Baker-Hausdorff formula shows that®
7 =exp(—te;) @ exp (—te;) ® exp (tej) ® exp (te;)
= exp (t*[ei, 5] +0(t?)).

For a multi-index I = iJ, we define by induction

¢+ =¢), @exp(—te;) ® ¢} @ exp (te;)

= exp (t”'ej +o (t'”))

where e; = [ei,, [... [€i_1 €5, ]]] for T = (i1,... i) € {1,...,d}". We
then define 1/1{ = gb{l/m for t > 0 and for ¢ < 0,
¢I, /1] for |I] odd
Wl = It
! ¢{|t‘1/m ® exp (— \t|1/u| ei) @ ¢ﬂ|1/|1| ® exp (\ﬂl/ul ei) for |I| even

so that

Yl = exp (ter +o(t)). (7.17)
We now choose a vector space basis (e, : k=1,...,n) of gV (Rd) and
define

@ (1, tn) = log (w{;; ®~-~®¢f§) cg" (RY)

and note that ¢ (0) = log (1) = 0. We also observe that, thanks to (7.17),
o : R — gV (Rd) >~ R™ (as vector spaces) is continuously differentiable
near 0, with non-degenerate derivative at the origin®. This implies that the
(one-to-one) image under ¢ of a small enough neighbourhood of 0 € R™,
say (1, contains an open neighbourhood of 0 € g (Rd). On the other hand,
unwrapping the very definition of ¢, shows any element of form

expgo(tl,...,tn)eexp(gN (Rd))v (tla"'7tn)697

is the concatenation of piecewise linear path segments in basis directions
(e;:i=1,...,d) and so the proof is finished. m

Corollary 7.29 Assume (gi) C exp (gN (Rd)) converges to 1 € exp (gN (Rd))
as k — oo. Let xy, denote the piecewise linear path with signature gy as con-
structed in the previous theorem. Then the length of xi converges to 0 as

k — oo.

5Observe that the o (t2)-term is an element in g%V (R?) N {(Rd)®3 DB (Rd)®N}.
6The differential of log at 1 is the identity map and hence plays no role in the non-
degeneracy at 0.
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Proof. The proof of the previous theorem shows that for any element
g € exp (gN (Rd)), close enough to 1, can be written as

g=expp(t1,...,tn)

and the length of the associated (piecewise linear) path x = 27 is bounded
by

K (I g1

where K counts the maximal number of concatenations involved in the
¥} ’s. Observe that K depends on the space gV (R?) but can be chosen
independent of g. Since ¢ — 1 is equivalent to (t1,...,t,) — 0, we the
obtain the desired continuity statement

length (z9) — 0 as g — 1.

7.5 Free nilpotent groups
7.5.1 Definition and characterization
Let us consider

(i) the set of all step-N signatures of continuous paths of finite length,
aN (Rd) = {SN (2)g1: z € c ([0,1] ,Rd)};
(i) the image of the sub-Lie algebra g (Rd) ctV (Rd), cf. definition
7.25, under the exponential map
exp (" (R?)) C 1+V (R);

(iii) the subgroup (exp (R%)) of 1 4+ " (R?) generated by elements in
exp (Rd), ie.

(exp (Rd)> = {@exp (vi)):m>1vy,...,0, € Rd} )
i=1
Theorem 7.30 (and definition) We have

GN (RY) = exp (8" (R7)) = (exp (R))

and GV (RY) is a (closed) sub-Lie group of (14t (R?),®), called the
free nilpotent group of step N over R%.
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Proof. Step 1: We show exp (gN (Rd)) = <exp (]Rd) > Obvioulsy, exp (Rd) -
exp (gN (Rd)) and it follows from the CBH formula that

<exp (]Rd)> C exp (gN (]Rd)) .

Conversely, Chow’s theorem tells us that any element of exp (gN (Rd)) can
be expressed in the form e”' ® - - - ® e’ with v; € R? which plainly implies

exp (g7 (RY)) C (exp (R?)).

Step 2: We show that (exp (R?)) is a closed subset of 1+t (R?). By the
previous step, it suffices to check that exp (gN (Rd)) is closed. But this
follows from (obvious!) closedness of gV (R?) C tV (R?), exp (gV (R?)) =
log™! (gN (Rd)) and continuity of log.

Step 3: We show GV (Rd) = <exp (Rd)>. The inclusion

<exp (Rd)> cGN (Rd)

is clear from example 7.21 and Chen’s theorem. Indeed, any €' ® - - - ®@ €™
is the step-N signature of Z : [0,1] — R? where 7 (t) = z (tm) and = :
[0,m] — R? with @;_1; = v;,4 = 1,...,m and linear between integer
times. (This was already pointed out in our discussion of theorem 7.28.)
By step 2, (exp (R%)) = (exp (Rd)> and so the other inclusion will follow
from

GV (RY) C (exp (R%)).

To prove this inclusion, take g = Sy (x)071 e GN (Rd), for some z €
Cl-var ([O, 1] ,Rd) . We know that piecewise linear approximations (z™) sat-
isfy sup,, |2"[1_yay.0,1] < 0© and converge to z, uniformly on [0, 1]. By Chen’s
theorem, g, = Sy (x")O,l € <exp (Rd)> and from Proposition 7.15, g,, con-
verges to g. This shows that g € (exp (R?)) which is what we wanted.
Step 4: We show that the set G := GV (Rd) = exp (gN (Rd)) = <exp (Rd)>

is a closed sub-Lie group of (1 + N (Rd) ,®). Topological closedness was
already seen in step 2. It is also clear that G = <exp (Rd)>, is an abstract
subgroup of (1 + N (Rd) , ®). To see that we have an actual sub-Lie group
we have to check that that G is a submanifold of 14tV (]Rd). It is not hard
to deduce this from d (logoexp) = Id, so that by the chain-rule, dexp is
one-to-one at every point. Alternatively, one can appeal to a standard the-
orem in Lie group theory” which asserts that a closed abstract subgroup is
automatically a (closed) Lie subgroup. m

"See e.g. Warner [170].
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Remark 7.31 (Manifold topology of GV (RY).) In equation (7.12) we
defined the metric p on 1+t (R?), induced from the norm |'|TN(Rd)' By
trivial restriction, p is also a metric on GN (Rd), given by

plg,h) = max |mi(g—h)l,

ERRRE)

which induces the (sub)manifold topology on GN (R%).

7.5.2 (Geodesic existence

Chow’s theorem tells us that for all elements g € GV (Rd) , there exists a
continuous path x of finite length such that Sy (95)0,1 = ¢g. One may ask
for the shortest path (and its length) which has the correct signature. For
instance, given a > 0, we can ask for the shortest path with signature

w((3)+ (% 5) o

or, equivalently, the shortest path in R? which ends where it starts and
wipes out area a. As is well-known from basic isoperimetry, the shortest
such path is given by a circle (with area a) with easily computed length
given by 2/ma. With this motivating example in mind we now state

Theorem 7.32 (Geodesic existence) For every g € GV (R?), the so-
called "Carnot-Caratheodory norm"™

1
lg|| := inf {/ |dy| sy € G ([0,1],RY) and S (7)o, =g }
0

is finite and achieved at some minimizing path v*, i.e.

1
lgll = / ldv*| and Sn (7)o, = g
0

Moreover, this minimizer can (and will) be parametrized to be Lipschitz
(i.e. 1-Holder) continuous and of constant speed. i.e. |¥* (r)| = (const) for
a.e. v €[0,1].

Remark 7.33 By invariance of length and signatures under reparame-
trization, v* need not by defined on [0,1] but may defined for any interval
[s,t] with non-empty interior.

8 As usual, R? is equipped with Euclidean structure so that fol |dv| is the length of
v e Ctvar ([o,1] ,Rd), based on the Euclidean distance on R®.
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Proof. From Chow’s theorem, the inf is taken over a non-empty set so that
llgll < oo. By definition of inf, there is a sequence (7™) with signature g
and we can assume (by reparametrization, cf. proposition 1.42) that each
4™ =~™(t) has a.s. constant speed

7" = 17" l1-mon0,1) = €n
where ¢,, is the length of the path v” and ¢, | ||g||. Clearly,
sup [7"||_pg1;0,1) = SUP ¢n < 00
n n

and from Arzela—Ascoli, after relabeling the sequence, v converges uni-
formly to some (continuous) limit path v*. By lemma 1.26,

|7*|1-H61;[0,1] < lim i%f "Ynh-Hcsl;[oJ] (7.18)

which shows in particular that v* itself is 1-Holder, hence absolutely con-

tinuous, so that
1 1
[ 1= [ 1l
0 0

From basic continuity properties of the signature (proposition 7.15)

9= SN ('Yn)o,l — SN ('7*)071

which shows that Sy (7*),; = g. It remains to see that

1
gl = / 53] dt.
0

First, [|g]] < f01 |95 | dt is obvious from definition of ||g|| . On the other hand,
using (7.18) we have

1
[ il = 1o < limint e, =[]
0

and the proof is finished. m

7.5.8 Homogeneous norms

Let us now define the important concept of a homogenous norm on GV (]Rd).

Definition 7.34 A homogenous norm is a continuous map |||.||| : GV (RY) —
R* which satisfies

(i) |lglll = 0 if and only if g equals the unit element 1 € GV (RY),

(i) homogenity with respect to the dilation operator 0y,

oxglll = AL [llgll| for all A € R.
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A homogenous norm is said to be symmetric if |||g||| = |||g7*|||, and sub-
additive if |[|g @ hl[| < |[gll] + [[[R]]-

Remark 7.35 If |||.||| is a non-symmetric homogenous norm, then g —
gl + |[|g7 ]| is a symmetric homogenous norm. Sub-additivity is pre-
served under such symmetrization.

Proposition 7.36 Every symmetric sub-additive homogenous norms |||.|||
leads to a genwine metric GN (Rd) via

(g:h) = [llg™" @[]

Moreover, this metric is left-invariant’ .

Proof. We write d(g,h) = |||g~" ® h|||. Property (i) in definition 7.34
implies d(g,h) = 0 iff g = h. Sub-additivity of |||.||| implies the triangle
inequality for d and symmetry |||.||| implies d(g,h) = d(h,g). At last,

left-invariance of d, i.e.
d(g@h,g®k)=d(h,k),
follows from (g @ h) '@ (9@ k) =h" @k m
Example 7.37 The simpliest example of a homogenous norm is the map

N (pd _ Y
g€ GV (RY) = llgll = max | (9)]"".

In general, it is neither symmetric, nor sub-additive.

Exercise 7.38 (i) Prove that||].|||, : g € GV (R?) — (N!)fl/N max;—1, . n (i |m; (g)|)1/i
18 a sub-additive homogenous norm. ‘
11) Prove that |||. i g € GN (RY) — max;—1._n|mi (lo YViis a sym-
(ii) 219 . 89 Y
metric homogenous norm.

Exercise 7.39 Compute the minimal length of all paths with signature

() 1)

(This is precisely the Carnot-Caratheodory norm of (x,y,a) € H, the 3-
dimensional Heisenberg group.) Check that this gives

VrZ+y?2 whena = 0,

2+/7 |a| when x

(See [151] for instance)

y=0.

9... but in general not right-invariant. A right-invariant metric could be defined by
[llg @ n=]]
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7.5.4  Carnot-Caratheodory metric

We now check that the Carnot-Caratheodory norm ||-||, which we intro-
duced in theorem 7.32 defines a homogenous norm in the sense of definition
7.34.

The geodesic existence result came with a map, the Carnot-Caratheodory
norm, from GV (]Rd) — [0, 00). In conjunction with the group structure of
GN (Rd), it is only a small step to define a genuine metric on GV (Rd) .

Proposition 7.40 Let g,h € GN (Rd). We have
(i) llgll = 0 if and only if g = 1, the unit element in G~ (R%);
(ii) homogenity ||dxg|| = || ||g|| for all X € R;

(iii) symmetry |gl| = |9~
(v) sub-additivity ||g @ h|| < lgll + 12|

(v) continuity: g — ||g|| is continuous.

Proof. Notation: for g € G let 7; = v* denote an arbitrary minimizer from
the geodesic existence theorem.

(i) if [lg]l = 0, 7; has almost everywhere zero derivative, hence g =
SN (7;)071 = 1. If g = 1, it is obvious that ||g|]| = 0.

(ii) The case A = 0 is easy, so we assume A # 0. The path A7, satisfies
SN (/\'Y;)o, = 6xg. Hence [|6xg|| < length(Ay;) = |A|x length(y}) =
[Al llgll- The opposite inequality follows from replacing A by 1/\ and g by
5Ag. -

(iii) Using the fact that Sy (7;)0 = g~ ! we obtain

Hg_IH < length (’72) = length ('y;) = |lgll -

The opposite inequality follows from replacing g by g~*.

(iv) If Vg Vi denote the resp. geodesics then, from Chen’s theorem,
g®h =5y (72,11)0 1

where 77 ;, is the (Lipschitz continuous) concatenation of v; and v} with
obvious length ||g|| + ||h]|. Hence, [|g ® h|| must be less than or equal to the
length of 77 ;.

(v) Consider a sequence g, such that |g, — g| =n—oco 0. (Here || denotes
a norm on the tensor algebra which induces the "original" topology on
G" (R%).) By continuity of the group operations ® and ()", all of which
are polynomial in the coordinates, g, ' ® g — 1 is an obvious consequence.
From sub-additivity,

lgall = llglll < {9z © g

and since || gt ® g|| is dominated by the length of any path with correct
signature (namely g, ! ® g) it follows from corollary 7.29 that

gt @ g — 0.
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As a consequence, |||g.|| — |lg|l| — 0 which implies continuity. m

Definition 7.41 The Carnot-Carathedory norm on GV (Rd) induces (via
proposition 7.56) a genuine (left-invariant, continuous'® ) metric d on GV (R?),
called Carnot-Carathedory metric.

The space (GN (Rd) ,d) is not only a metric but a geodesic space (in
the sense of definition 5.19). To this end recall that, given g € GV (R?),
theorem 7.32 provides us with an associated Lipschitz path ~* : [0,1] —
R? of minimal length!! equal to |g| such that ¢t € [0,1] — Sy (Y)os €
aN (Rd) connects the unit element in GV (Rd) with g.

Proposition 7.42 GV (Rd) equipped with Carnot metric d is a geodesic
space. Given g,h € GN (Rd), a connecting geodesic is given by

tef0,1]]—T;:=g® SN (7*)0,:5
where v* is the geodesic associated to g~' ® h.

Proof. Obviously, Y is continuous and Yo = g, Y1 = h. For any s < ¢ in

[0,1],
AT = [Sn (),
t
< [ o] (7.19)
’ 1
= (t=s) [ |d]
0

= (t—29) Hg_1 ®h” =|t—s|d(g,h).
In fact, the inequality can’t be strict; there would be a strict inequality in
d(gah‘) S d(T07TS)+d(T87Tt)+d(Tt7Tl)
(Is| + [t = s| +[1 —t])d (g, h)
= d(g,h)

which is not possible. We conclude that equality holds in (7.19) which shows
that T is the desired connecting geodesic. ®

IN

Remark 7.43 (Sub-Riemannian structure of G (R?)) The geodesic
constructed above satisfies the differential equation

d
A, =Y Ui (Yy)dy'.
=1

10By proposition 7.40, part (v).
1By reparametrization, the speed |¥;| may be taken constant for a.e. t € [0, 1].
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where the U; (9) = g®e;,i = 1,...,d are easily seen to be left-invariant
vector field on GN (Rd). In fact,

Lie [Ul, ey Ud] |g = '];GN (Rd)

for all g € GN (Rd) where Lie|...] stands for the usual Lie bracket of
vector fields and TgGN (Rd) denotes the tangent space to G (Rd) at the
point g. Chow’s theorem can now be understood as the statement that any
two points in G (Rd) can be joined by a path that remains tangent to the
{U1,...,Uq}. A sub-Riemannian metric on T,G" (R?) is given by declar-
ing the {Uy,...,Uq} to be orthonormal. This induces a natural length for
any path which remains tangent to span{Ui,...,Uy}. This applies in par-
ticular to the geodesic Y of the previous proposition (Yo =g,T1 =h) and
this natural length is precisely the Carnot-Caratheodory distance d (g, h).

7.5.5 FEquivalence of homogeneous norms

Similar to the case of norms on R?, all homogenous norms on GV (R?)
are equivalent. The proof relies crucially on the continuity of homogenous
norms (which was part of their definition).

Theorem 7.44 All homogenous norms on G (Rd) are equivalent. More
precisely, if ||.||, and ||.||, are two homogenous norms, there exists C > 1
such that for all g € GN (Rd) , we have

1
¢ llgll < llglly < Cliglly - (7.20)

Proof. It is enough to consider the case when ||g|, is given by

1/i
llgll} =, max | ()]

Let B = {g € GV (R?),|||g]|| = 1}. Clearly, B is a compact set by con-
tinuiuty, ||.||, atteins a (positive) minimum m and maximum M, i.e. for all
g€ B,

m < g, < M.
Since (7.20) holds trivially true when g = 1, the unit element of GV (R?),
we only need to consider g # 1. We define € = 1/ |||g]|| so that |||d-g]|| = 1.
In particular,

m < ||degll, < M
and by using homogeneity of ||.||, we obtain m < ||g||,/|||g]]| < M and
(7.20) follows. m

Let us recall that the metric p on GV (R?), induced from the norm
[~ (ray, 1 given by

p(g:h) =lg—h|= max_|m;(g)—mi(h))]. (7.21)

=1,..,
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When A = 1 this reduces to

— 1] = . .
lg =1 = max_|m;(g)]

.....

Proposition 7.45 Let |||.||| be a homogenous norm on G (R%). Then,
there exists a constant C > 0 such that for all g € GV (R?)

1 . N N
= min {[llgll gl } < lg =1/ < Cmax {llgll] gl }

and

1. N N
Zmin{lg—1],1g = 1"} < llgll| < Cmax{lg—1],]g 11"V}

Proof. By equivalence of homogenous norms, it suffices to consider the
case when ,
o 4 1/i

llglll =, masx_ s ()]

gy

But then, obviously, |||g]|] < max{|g -1],lg - 1\1/N} which implies that

. N
min { [|g1[1, llglll™ } < 19— 1.
On the other hand

— 1|l = . < i { N}
lg =1l =, max_|mi(g)| < max_[llgl[[" = maxqlllglll. lllglll

and together these imply all the stated inequalities. m

Corollary 7.46 The topology on GN (Rd) induced by Carnot-Caratheodory
distance (in fact: by any metric associated to a symmetric sub-additive ho-
mogenous norm) coincides with the original'? topology of GN (Rd).

Proof. Let [||.||]| be any symmetric sub-additive homogenous norm on
GN (R?) and write d (g, h) = |||g~" ® h||| for the associated metric. Given
a sequence (g,) C GV (R?) and g € GV (R?), proposition 7.45 implies
that |g,' ® g — 1| — 0 if and only if d(gn, 9) = |||gn* @ g||| — 0. On the
other hand, we saw in proposition 7.18 that \g;l ®Rg— 1\ — 0 if and only
if |g, —g|— 0. m

Remark 7.47 There are more geometric arguments for this. A Riemannian
taming argument easily gives that convergence with respect to the CC' dis-
tance implies convergence in the original topology. For the converse, conti-
nuity of the CC norm implies of Hg;l ® gH —0as g,'®@g— 1, which (by
proposition 7.18) is equivalent g, — g in the original topology.

12¢f. remark 7.31.
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We can improve corollary 7.46 towards a quantiative comparison of the
Carnot-Caratheodory distance with the "Euclidean" distance on G (Rd)
as given in (7.21). To this end, we need
Lemma 7.48 Let g, h € GV (Rd), of form g = 14+g*+...+g", ¢' € (]Rd)@n
and similarly for h. The following equations then hold in (Rd)®k,k =

1,.,N
k
gt en)" => (9~ h'— g% (7.22)
i=1
and
b ; Q
W—g"=>"g"""e (g an). (7.23)
=1

Proof. Set ¢° = h° = 1. By definition of the tensor product in GV (R?%)
TV (RY), (' ® h)k = Zf:o (gfl)k_z ® h®.The result follows from sub-

tracting to the previous expression 0 = (97! ® g)k = Zf:o (gil)kii ®g'.
The other equality follows from

h—g=g® (g ®@h—1)
|

Proposition 7.49 (Ball-box estimate) Consider g,h € GV (Rd). There
exists a constant C = C (N) > 0 such that

d(g,h) < Cmax {|h — gl |h — gV max {1 llg)" ¥ }}  (7.29)
and
h =gl < Cmax{d(g,mymax {1, g} d(g W)} (7.25)
In particular, recalling from (7.21) that p (g, h) = |h — g,
d: (GY(RY),d) = (GV (RY),p)

is Lipschitz on bounded sets in — direction and 1/N-Hélder on bounded
sets in < direction.

Proof. Equation (7.22) implies

(G en | < aX o -
i=1
= > lgl* b =g by symmetry of ||
< calh— glmax (1, ]lgl*").
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Hence,

IN

cen'|” e {1 lll ¥ } 1 =i
m]?x‘(g @ h) ‘ ¢z, mMax |max 1 gl |h — g|

ERRRE)

1
C4max{|h—g| , \h—g|1/NmaX{1, HQHI N}}

IN

Conversely, from (7.23),

k .
nF—g" | <es D> gl lg @)

i=1
Hence,
N k ' i
=gl < ey Y llgl" " [la7t @h]
k=11=1
N . .
< ey d(g,h) max {1,917}
i=1
< csmax {d (g ) max {1, g}, d (g, m)"}
]

Corollary 7.50 Let d denote the Carnot-Caratheodory distance on GN (Rd).
Then (GN (Rd) ,d) 18 a Polish space in which closed bounded sets are com-
pact.

Proof. Completeness, separability and compactness of closed, bounded sets
are obvious for GV (R?) under p, the metric induced from |-|,- ~ (ra)- 1t then
suffices to apply the previous proposition. m

Exercise 7.51 (i) Let x € R%. Show that |lexp (z)|| = |z|, the Euclidean
length of x.

(ii) Assume |||, is a sub-additive, homogenous norm on GV (R?) such that
for all x € RY,

(%) = [lexp (@), = [z

Caratheodory norm is the largest sub-additive, homogenous norm which
satisfies (x).

Show that ||g|l, < llg|| for all g € GV (R?). This says that the Carnot-

Solution 7.52 Let g € GV (]Rd) , v a geodesic associated to g, and (Y") a
sequence of piecewise linear approxzimations. Then, if (t7") are the disconti-
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nuity points of the derivative of ™,

[sv6maa]), = [@Sx Mg,
i 1
< Z ’SN ") |

= ex
Z ‘ p (’Yt? t:1+1> 1
_ E n
B - ’Yt?'vtﬁrl
K2

1
= / |dyy) -
0

Letting n tend to oo, we have by continuity of the map Sy (.)0717 which
follows from theorem 3.15,

HSN 01 / ldy.,l s

which reads | g, < [l]].

7.5.6  From linear maps to group homomorphisms

Linear maps from R"™ to R? can always be written as @ — Az where A is
a n X d matrix. With a slight abuse of notation, we will call A the linear
map itself. It is obvious that A is a homomorphism from the group (R”, +)
into the group (Rd, +) (in fact, the linear maps describe the set of all such
homomorphisms), i.e. that for all z,y € R", A (x + y) = Az+ Ay. It will be
useful to extend A to a homomorphism from G (R") to GV (R?). To this
end, we recall that t (R") is generated by R” in the sense that a vector
space basis of tV (R") is given by

m
Uzzl {®€ji 17 € {1,,n}}
i=1

where e1, ..., e, is the canonical basis of R™. We can then (uniquely) ex-
tend A to a homomorphisms t (R") — " (R?) by requiring that it is
compatible with ®, i.e.

(é ejl> = é (Aej,) € (Rd)®m c tV (RY)

and then extend A by linearity to all of /¥ (R™). On the other hand, t"V (R")
is a Lie algebra with bracket [a,b] = a ® b — b ® a and so A is clearly
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compatible with the bracket, which is to say a Lie algebra homomorphism.
From the Campell-Baker-Hausdorff formula,

A () :=exp (A (log ()

is then a group homomorphism between the Lie groups 1 + t¥ (R") and
14V (Rd). Equivalently, one can define directly

A(l+a' +-+aV) =1+ Aa" + A%%a* + - + AN,

where aF = 74 (a) € (R")®* and A% : (R")®F — (Rd)®k is defined by
linearity from

A®% (e;, @ ®ej,) = Aej, @ - @ Aej, with j; € {1,...,n},

and check that this defines a group homomorphism. By sheer restriction,
this yields the group homomorphism A between GV (R") and GV (R?).
That said, we will find it convenient in the sequel to have a direct con-
struction of A based on step-IV signatures. We have

Proposition 7.53 Let A be a linear map from R™ into R®. There exists a
unique homomorphism from GV (R™) to GN (Rd), denoted by A, such that
for all x € RY,

Aexp(x) = exp (Ax).

For all g € GN (R") we have'
[Agll < |Al,, [lgll

and if g € G (R™) is written as step-N signature of some x € C*v" ([0,1] ,R"),
i.e. 9= SN (x)g,, then

Ag = ASy (z)g, = Sn (Az)g ;-
Proof. Let x,Z be continuous paths of bounded variation such that g =
SN ()91 = SN (Z)g,; - Then, writing Sn (Az), ; and Sy (AZ),,; in coor-
dinates shows that they are equal. Hence, it is possible to define
Ag= Sy (Ax)o’1 .
We establish that A is a homomorphism which may be done by checking

A(gt@h) = (Ag)~' ® Ah for arbitrary elements g, h € GV (R"), which
we may assume to be of form

g=>SN (w)o,l , h= >SN (y)0,1

13|~\0p denotes the operator (matrix) norm.
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(x,y are continuous paths of bounded variation). We recall that g=! =
SN ((5)0,1, the signature of @ = z (1 — -) and define z to be the concate-

nation of = and y. Then, we have
A (g_l X h) =Sy (AZ)O,l .

On the other hand, Az is the concatenation of Az = AT and Ay and the
proof is finished by observing that

— .
Sx (A2)y = Sn (A7) @ Sx (Ay)y, = (Ag) ™ © Ah.
Finally, we discuss the estimate on ||Ag||. Let 7 : [0,1] — R¢ be a geodesic
path associated to g, i.e. a path such that Sy (7), ; = g and fol ldv] = |lgll -
Then,

1 1
gl =[S (4] < [ 1aCan] < 1AL, [ 1an] = 141l

and the proof is finished. m

Example 7.54 One simple linear map from R™ & R"™ into R™ is the ad-
dition map, i.e. plus (z,y) = © + y where x,y € R™. It extends to a homo-
morphism plus from GY (R" @ R") into G (R").

Example 7.55 Another simple linear map from R* & RY onto RY is the
projection p onto the first d coordinates. It then extends to a homomorphism
p from GN (Rd @ Rd/> into GV (R?). For exzample, if (z,h) is a R PR -
valued path,

po SN ($7h)0,1 = SN (:E)O 1-

)

Exercise 7.56 Another simple linear map from R? to R is the map v —
Az for a given A € R. Prove that its homomorphism extension is the re-
striction of the dilation map 6y to GV (Rd),

Exercise 7.57 Consider for X = (\i);c;cq € Re the map 5y : 1+
N (Rd) —1+tV (]Rd) defined by

N N
(SA 1+Z Z Liy,... i Ciq ®®eik = 1+Z Z zilz--wik/\il >\’Lk621®®ezk

k=11<iy,...,ix<d k=11<iy,...,ix<d

(i) Prove that &y is the extension of the linear map Z?Zl Tie; Z?Zl TiNi€;.
(ii) Prove that if all the A\; are equal to some scalar, then the restriction of
dx to GN (Rd) is the dilation map from exercise 7.56.
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Exercise 7.58 Show that

sup —— [[Agll/llgll = |Al,,-
9EGN ("), g >0

Solution 7.59 < is clear from proposition 7.58 and equality is achieved at
g = exp (z) where x € R", non-zero, is such that |Az| / |z = |A],,.

Exercise 7.60 Prove that for all (\,g) € RL x GV (R?), [|6x (9)] <
(maxi=1,._aXi) gl and [lg]] < (maxi=1 . a1/A:) [16x (9)]]-

7.6 The lift of continuous bounded variation paths
on R?

7.6.1 Quantitative bound on Sy

Recall from section 7.2.1 that Sy maps a continuous path x of finite 1-
variation with values in R? to a path {t — Sy (z), = Sx (z)g,+} simply by
computing all iterated (Riemann-Stieltjes) integrals up to order N. Recall
also that Sy () was seen to take values in the (free, step-N nilpotent)
group GV (R?) c TN (R?). We call Sy (z) the canoncial lift of z to a
GV (R%)-valued path since'*

T (SN (x)(),t> = Zo,¢

for all t € [0,T]. As we shall now see, Sy () is not only of finite length
(i.e. 1-variation) with respect to Carnot-Caratheodory metric on GV (R?)
but has the same length as the R%valued path z.

Proposition 7.61 Let x € C'-"%" ([O,T] ,Rd) . Then,
HSN ($)||1—U(L7','[07T] = |x‘l—va7';[O7T] :

SN (:L’)St

Proof. From the very definition of the Carnot-Caratheodory norm, )
|zs | for all 0 < s < ¢ <T and thus

A(Sy (@), Sw (@),) = |Sn (@),

’ > ‘zs,t| .

Clearly then? ||SN ($)||1-var;[s,t] > |x|1-var;[s,t] for all 0 Ss<t< T. Con-
versely,

t
HSN (x>s,t S / |d.’13| = |x|1-var;[s,t]

YUz (Sy (x),) = @ for all t € [0,T] only holds if  (0) = 0.

’ ’

>
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and since (s,t) +— |x\1_\m;[swt] is a (super-additive) control function, we
immediately obtain that for all 0 < s <t < T,

||SN (‘T)Hl—var;[s,t] < ‘m|l—var;[s7t]
and the proof is finished. m

Exercise 7.62 The purpose of this exercise is to replace C'-""" -reqularity
in proposition 7.61 by W P-regularity with p € (1,00). Following section
1.4.2, the space of all x : [0,T] — GV (R?) with

||X75 . Hp 1/p
WY (. R
DT hep [tir — il

is denoted by W7 ([0,T],GN (R%)), a subset of C**" ([0,T],GN (R?)) .
Letz € WP ([0,T],R?) and recall from section 1.4.1 that its W*P-(semi)norm

1s given by
T 1/p
2|10, = (/0 |2 dt) :

1SN (@) lwrw,0,7) = 1Zlwrmij0,1) -

(The case of W12 ([O,T] ,G? (Rd)) s important as it allows an intrinsic
definition of the rate function of enhanced Brownian motion viewed as sym-
metric diffusion process on G2 (Rd) .)

Show that

Solution 7.63 From the results in section 1.4.1 we know that x is the
indefinite integral of some & € LP ([O T,R ) and that

P

, M_ L

|2[y1p. 00 = SUP Z T = |4 |” dt.
i DClo.1] i <p Itivr — il 0

>

Neat, ||Sn (z) w077 2 |2lwimo,m follows readily from HSN ()4

|5 ¢|. For the converse inequality, we first observe that

t
. 1—-1
5w @), g/ ful du < [l g [E— 5|7
Hence
HSN (x)st p
‘t— S|p71 —= “erlrl’;[s,t] = ||SN( )HWlp [s,t] = |x|W1P ils,t]

where we used super-additivity of (s,t) — |9U|€V1,y.[s 4
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We aim now to show that continuous GV (]Rd)—valued paths of bounded
variation are in one-to-one correspondence with elements of C1-var ([0, T) 7IRd).
We first need a simple lemma; recall that o = 1 stands for the unit element
in GV (R%). We note that the projection map o (cf. (7.11)) may be re-
stricted to yield a projection map o : GV (R?) — G* (R?), whenever
k< N.

Lemma 7.64 Let x,y be two elements of C, ([0,T],GN (R?)) such that
mo,N—1(X) = mo,n—1(y). Then, the path h defined by

he =log (x; ' @y¢) € g™ (RY)
is such that for some constant C depending only on N, for all s,t € [0,T],

lhat] < C( "

Proof. Note that only the projection of h to (]Rd)®N is non-zero so that
exp (ht) commutes with all elements in GV (Rd). In particular,

Yst = Ys @yt
= exp(—hs) @x; ' @x; @ exp (hy)
= x,'®@x ®@exp(—hs) ®exp (hy)
= X1 Qexp(hsy).

Using the equivalence of homogeneous norm, we obtain

hsel < cllexp (hs )|
< c(!\x;tl@ys,tHN)
< ¢ W

Theorem 7.65 Let N > 1 and x € C} " ([0,T],R?). Then x = Sy (z)
is the unique "lift" of x in the sense that 71 (X) = = and such that x €
clrer([0,7],GN (RY)). Moreover,

SN Cl var ([ ] ,Rd) N C;'“’” ([O, T] ,GN (Rd))
is a bijection with inverse w1 and, for all0 < s <t <T,
||X||l—’ua7';[s,t] = |$|1-var;[s7t] :

Proof. It is obvious that x = Sy (z) has the lifting property, i.e. that
w108y is the identity map on C’1 var (10,77, ) and from proposition 7.61
we see that x € C2v* ([0,7],GN (R?)). To see uniqueness it is enough to
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show that Sy oy is the identity map on C2¥* ([0,7],GN (R?)). This is
trivially true when N = 1. By induction, we now assume the statement is
true at level N — 1, for N > 2. Define y = Sy o 71 (x) and the path & by

h; :=log (x;1 ®yt) € gN (Rd) .
From lemma 7.64, |h | < ¢ (|[xe.l| 4 [[ys.c)™ < cw (s,8)" where w (s,1) is
the super-additive (control) function [|x[[; .54 + |11 yar[s,g- I Partic-
ular, h is of finite %—variation. As 1/N < 1 and hg = 0, this implies that

h=0,ie thaty=x. m

7.6.2  Modulus of continuity for the map Sy

Proposition 7.66 Letz', 22 € C1vo" ([O, T] ,Rd) , and £ > max;—1 2 ‘xi’pvar[
Then, for all N > 1,

s,t] "

S CNeN_l |',E1 - xQ‘l-var;

(7.26)
In particular, if w is a fized control and € is a positive real such that for all
s,t€10,7T7,

0N :VO<s<t<T: ‘ﬂ'N (SN (xl)&t — SN (x2)87t)

[5,] "

i 1 2
ZIE%?; |xl|1-vm‘;[s,t] S w(s’t) and |$ - T |1-var;[s,t] S w (S’t)7

we have'®
[T (Xs,t — ¥s,t)]
max sup ———————
k=1,...N 0<s<t<T w (s, )

Proof. Obviously, (7.26) holds true with C; = 1 for N = 1. We proceed
by induction, assuming (7.26) holds. Then

S CNE

t
mven (S (2), = Swan (%)) = [ 7 (S (@), = Sw (a2),,,) o o}

+/: ™ (SN (:cz)s’r) ®d (:E}, fz%) .

From the induction hypothesis,

N (SN (z'),, —Sn (xQ)sw>

hence the first integral on the right-hand-side above is estimated by

t
/ mv (S (2Y),, = Sn (32),,) @ da

sup

N-1
i 1 2
S CN (Zn—lzlué ’ZL’ ‘1V3f§[5at]> ’ZL’ x ’1—\7ar;[s,t] ’
re(s,t]

s

N
<Cy (lm_?’?é |xl}1—var;[s,t]) }‘rl —a?

1-var;[s,t] *

15Tn the terminology of the forthcoming definition 8.6, this is equivalent to
P1w (SN (:cl) ,SN (a:2)) < Cpe.
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N
m (Sn (@), )| < /N[22y 50
that we can estimate the second integral on the right-hand-side above:

/ (S (a),,) @ d(at - a?)

Combining the two estimates finishes the induction step and thus concludes
the proof of the first part of the proposition. The second part is an obvious
corollary of the first part. m

The previous proposition implies in particular that if x; and x5 are two
continuous paths of length bounded by 1, and such that [z1 — Z2|;_y,,.0,1) <
g, then for all N € {1,2,3,...},

On the other hand, SUD,.¢ls.4]

1 N
< ﬁ ’m2|1-var;[s,t] |:E1 o $2|1-var;[s,t] :

— ) <C
kgglf}élem(m g2)] < Cne

where g; := Sy (%)0 1 € GN (Rd) , © = 1,2. We now prove in some sense
the converse statement.

Proposition 7.67 Let g1, g2 € GV (R?), with ||g1]], [|g2]| < C1 and

k:f1117§§N|Wk (91 —g2)l <€, k=1,...,N.

Then, there exists x; € C10" ([O, 1] ,Rd), such that
SN (xi)OJ = Gi, 1= 1727

and a constant Cy = Cy (Cy, N) such that

znzl?:}; |xi|1—var;[0a1] < 02,
|z1 — $2|1-v(l?°,-'[011] < el

Proof. First Case: Assume that 71 y—1(g1) = 71,n8-1 (92) = 0. In such
case, we can write g; = exp (¢;) = 1 + ¢;; hypothesis implies that |¢;| < ¢y,
and that ¢o = €1 + em, with |m| < co. We write g1 and g in the following
way:

g1 = exp(f; —m)®exp(m)
g2 = exp(l1 —m)Rexp((14+¢e)m)
= exp(ly —m) ® 4y~ exp(m).

Define z : [0, 1] — R? a geodesic associated to the group element exp (/1 — m)
(oberve that the length of z is bounded by a constant independent of ).
Define also y : [0,1] — R? a geodesic associated to the group element
exp (m) (the length of y is bounded by a constant independent of ). De-
fine z; : [0,2] — R? to be the concatenation of z and y, and x5 : [0,2] — R¢
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FIGURE 7.2. We illustrate the basic idea of the proof of proposition 7.67. Two
points of G2 (]RZ)7 identified with the three dimensional Heisenberg group, are
given as g1 = (9,9,1.5) and g2 = (8,8.5,2). The corresponding paths z1,z2 are
the concatenation of straight lines, connecting the origin with (9,9) and (8,8.5)
respectively, followed by a circle which wipes out the prescribed area, 1.5 and 2
respectively.

1/N

to be the concatenation of z and (1 +¢)™/" y. Observe that the 1-variation

distance between 7 and x> is equal to [(1 + 6)1/N - 1} times the length

1/N

of y, i.e. it is bounded by a constant times ((1 +e)/ — 1) < . Repara-

metrising the paths z; and z2 to be from [0,1] into R? finishes the first
case.

General Case: We prove the general case by induction. The case N = 1
can be solved using the first case (or more simply with straight lines).
Assuming that the proposition holds for elements in GV (Rd) We Now prove
that it also holds for elements in GV 1 (Rd). To this end, take two arbitrary
elements g1, g2 € GV (R?) with

pomax [k (g1) — e (g2)] <e.
Set c3 := ||g1]| V [|g2 and define h; € GV (R?) by projection of g; to the
first N levels, i.e. so that mo n (gi) = mo,n (h;). Obviously ||h;|| < ¢z for
i =1,2 and

| nax |7k (h1) — 7 (he)] < e.

By induction hypothesis, there exist two paths 21, zo (which we may take to
be defined on [0, 1]) of length bounded by ¢4, with length of z; — 22 bounded
by cse, where ¢4 = c4(N,c3), and with the property that Sy (2i)y; =
h;, i =1,2. We now define

k; = SN+1 (Zz)(;& ® g; € GN ! (Rd) ;i =1,2.
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Clearly, ||k;|| < ca+cs =: ¢5 and w1 v (k;) = 0. Also, from proposition 7.66,
we have, for all j < N + 1,

‘wj (SN+1 (zl)(ﬁ — SN+1 (22)571)‘ = )Wj (SN+1 ((2_1)0,1 — SN+ ((2—2)0,1)‘

<  cge.
It is easy to see that, for any a,b € TV*1 (Rd),
To,N (CL) = To,N (b) = ¢! R b=1 + TNt (ail) + TNt (b)

Applied in our context this gives k; = 14+m 41 (SN+1 (zi)_1> +7n41 (9i),
and hence, for all j < N +1, we have |7 (k1 — k2)| < (1 + ¢6) e. Therefore,
using the first case, there exist two paths y1,y2 (defined on [0, 1]) of length
bounded by c7, with length of y; —y» bounded by c7e, and with the property
that Sy11 (y;) = ki; @ = 1,2. We conclude the proof by observing that the
paths x; = z; U y;, (re)parametrized to [0, 1], satisfy Syi1 (x;) = g, are
of length bounded by cg, and with length of 1 — x2 bounded by cge. The
proof is now finished. m

As a first corollary of this power lemma, we prove a modulus of continuity
for homomorphism on GV (R?) that extends linear map on R? (see section
7.5.6).

Proposition 7.68 Let A be a linear map from R™ into R®. Then, for
g,h € GN (R™) with ||g|| and ||h|| bounded by 1, we have for some constant
|[Ag — Ah| < C|A],,|g—h].

Proof. Using lemma 7.67, we take g = Sn (), ; and h = S (y) 1, Where
z and y are some bounded variations paths of length bounded by some

constant ¢; and such that

|‘T - y‘l—var;[O,l] < |g - h‘ .
Then, using proposition 7.66,
|Ag — Ah|

|[Sn(Az)o1—Sn(AY)o,1
Cc3 |A (.’17 - y)|17var,[(),1]
C3 |A‘op ‘("I" - y)‘l—var,[&l]

cqlg—h|.

INIAIA

7.7 Comments

Section 7.2: The signature map goes back to the classical work of Chen
[24, 25] and it was clear from his work that truncation at step-N leads to
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(a presentation) of the step-N free nilpotent Lie group. This point of view
was in particular adopted by Lyons [108, 109]; see [116] for references.
Section 7.3: All this is standard, see [116] for references. The proof of
Campbell-Baker-Hausdorff formula via differential equations is also well-
known and appears, for instance, in [152]. If one only cares about the quali-
tative statement corollary 7.27, an algebraic proof is possible via Friedrich’s
criterion, see [137] for instance.

Section 7.4: In our setting, Chow’s theorem plays the role of a converse
to the Campbell-Baker—Hausdorff formula. See [50, 7] for related point of
views. It can be formulated in sub-Riemannian geometry ([125] and the
references therein), see also [169].

Section 7.5: Again, geodesics are essentially a sub-Riemannian concept
but the details are simpler in our setting. Equivalence of homogenous
norms, on the other hand, is a group concept and allows for consider-
able simplifcation when it comes to topological consistency of Carnot—
Caratheodory metric with the original topology. Exercise 7.39 is taken from
[151].

Section 7.6 contains some "lifting" estimates which corresponding, in
essence, to the case p = 1, in the forthcoming estimates for the Lyons
lift (see section 9.1). Proposition 7.67 appears to be new; the construction
of "almost" geodesic paths associated to a pair of "nearby" group elements
will be a key ingredient (cf. the proof of the forthcoming theorem 10.29) in
establishing local Lipschitzness of the Lyons-It6 map.
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8

Variation and Holder Spaces on
Free Groups

In the general setting of a (continuous) path with values in a metric space,
say « : [0,T] — E, we defined its p-variation "norm" over [0,7], in sym-
bolds [z, .07 This applies in particular to a £ = GV (R?)-valued
path x (-), where G (Rd) is the free step-N nilpotent group discussed at
length in the previous chapter. As a constant reminder that the (Carnot—
Caratheodory) metric d on GV (R?) was derived from |||, the Carnot—
Caratheodory norm, we shall then use the notation

1/p
HX”p-Var;[O,T] = Sup (Zd th’xtH»l > (81)

clo,T]
1/p
= SUP Xtit;
w (Sl
and, thanks to homogeneity of ||-|| with respect to dilation, speak of ho-

mogenous p-variation norm. As a special case of definition 5.1,
o (10,77, GN (RY)) = {x € C([0,7],G" (RY) : Il variorr < oo}

and we shall assume p > 1 unless otherwise stated. When E = R?, (8.1) is
precisely the usual p-variation (semi-)norm and

(xay) = |LL'() - y0| + |LL' - y|p—var;[0,T]
defines a genuine metric, the p-variation metric, on path space. Recalling

that |2 —y|} .07 is of form

SS[IS T]Zixt stip1 yt t,+1|p

(with z,; = #; — 2, € R?) a convenient extension to a GV (R?)-valued
path is to replace |zs; — ys.¢| by d(Xs,t,¥s,¢), Where now

Xgt = XS_1 @x, € GN (Rd) .

Alternatively, we may replace ‘:Ethti“ — Yty ti ’p by |7k (X5, — ys7t)|p/k
for all k = 1,..., N, using the fact that GV (Rd) c TN (Rd); recalling
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that 7, : TN (Rd) — (Rd)@)k denotes projection to the k*"-tensor level.
When N = 1, the two notations coincide; for N > 2, they do not. However,
both resulting p-variation distances remain "locally uniformly" comparable
(and in particular induce the same topology and the same notion of Cauchy-
sequences) and both are useful. The first allows to discuss properties of the
space CP-var ([O, T],GN (Rd)) with often identical arguments as in the R%-
case. The second arises naturally in Lipschitz estimates of the Lyons-lift and
the Tto-Lyons map, discussed in later chapters. Of course, everything said
here applies in a Holder context. In particular, the homogenous 1/p-Hdlder
norm is given by

d (xs,%t) [|%s.¢
X o = sup ————~ = Sup ——— 8.2
H Hl/p Ho1;[0,T 0<s<t<T |t - S|1/p 0<s<t<T ‘t _ 8|1/p’ ( )

and

CHrER (0,71, GV (RY)) = {x € C (0,7, GV (RY)) : Xl mongor) < o0} -

8.1 p-variation and 1/p-Holder topology

8.1.1 Homogenous p-variation and Hélder distances

As usual in the discussion of p-variation we assume p > 1. We then have

Definition 8.1 (Homogenous variation and Hoélder distance) Given
x,y € C ([O,T] LGN (Rd)) we define

1/p
dp—var;[O,T] (X,Y) = (Sl[l)p Z d (Xti,ti+1aYti,ti+1)p>

t;€D

and

d (Xs tyYs t)
d _Heél: X, = su _ v
1/p-Hot0.7] (%, Y) ogs<1thT it 8|1/p

where it is understood that

do;[o,T] (va) = dO-H(il;[O,T] (X7Y) ‘= Sup d<x5,t7ys,t)'
0<s<t<T

With o = 1, the unit element in G (Rd), we note that d, yarj0,77(X, 0) =

1%l var; (0,77, the homogenous p-variation norm of x and similarly in the
Holder case. It is obvious that

(X7 y) = dpvar;[O,T] (Xv Y) resp. dl/prél;[O,T] (X7 Y) (83)
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is non-negative, symmetric and one sees (precisely as the case of R%valued
paths) that the triangle inequality is satisfied. On the hand, when the right-
hand-side above is 0 this only tells us that x; = ¢ ® y; with ¢ = x 12 yo.
If attention is restricted to paths with fixed starting point, which is the
case for C2¥" ([0,T],GN (R?)) resp. ca/v- il ([0,7],GN (R%)), then (8.3)
defines a genuine metric. Otherwise, it suffices to add the distance of the
starting points in which case

(X7 Y) = d(Xo, y0) + dp—var;[O,T] (Xv y)
resp. = d(XUa Y) + dl/p-Hbl;[O,T] (X, Y>

gives a genuine metric on CP** ([0, 7], GN (R?)) resp. CV/# 10! ([0, 7], GN (R?)).
Let us observe that for any A € R,

dp—var;[O,T] (6)\X, 5>\Y) = |>‘| dp—val';[O,T] (X, Y)y
di/puot0,7) (0%, 00y) = [Aldi/pneron (X)),

where §, denotes dilation by A on GV (Rd) , which explains the terminology
homogenous p-variation (resp. 1/p-Holder) distance; we also note that

(87 t) = dp—var;[s,t] (X, Y>p
is a control function.

Definition 8.2 (Homogenous p-w distance) (i) Given a control func-
tion w on [0,T] and

x € C([0,7],GN (RY))

we define' the homogenous p-w norm

d (x5, X¢) [[%s.¢]
X||,,. = sup —_— = sup _— 8.4
|| Hp w,[0,T] 0<s<t<T W (S, t)l/p 0<s<t<T w (S, t)l/p ( )

and

cre ([0,7],GN (RY) = {x e C((0,7],GN (RY)) : Ixll, ooy < oo} .

(i1) Givenx,y € CP* ([0,T],G" (R%)) and a control function w on [0,T],
we define
d(Xs,t,¥s,t)
dp-o: X,y) = su —_—
p-wifo.17] (%,¥) 0§s<£)§T w (s,6)77

! The definition of 1 (0,7 and CP** would make sense for paths with values in
an abstract metric space.
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Remark 8.3 Whenever w(s,t) = 0 for some s < t, the right hand side
of (8.4) is infinity unless ||xs+|| = 0 in which case we use the convention
0/0 = 0. Equivalently, one can define

11, jo,7) = inf {M >0 ||xst]| < Mw (s,t)l/p forall0<s<t< T} .

Similar remarks apply to our definition of dy._.;j0,17 (X,y)-
It is clear from the definition that
(Xa Y) —d (X07 YO) =+ dp—w,[O,T] (X, Y)

is a metric on CP¥ ([0, vl LGN (Rd)) and, as above, one can omit the term
d (x0,y0) if attention is restricted to paths pinned at time 0. Let us also
observe, as an elementary consequence of super-additivity of controls,

dpfvar;[O,T] (X7 y) <w (07 T)l/p dpfw,[O,T] (X7 Y)7 (85)
in the special case w (s,t) =t — s this reads
dpfvar;[O,T] (X7 Y) < Tl/pdl/pri}I;[O,T] (Xa y)

Proposition 8.4 For all x',x* € CP " ([0, T],GN (Rd)) there exists a
control w with w (0,T) =1 such that

IN

||xi||p—w,[O,T] ) 31/P Hxin-vm‘;[O,T] =12

dp—w,[O,T] (X17 X2) < 31/pdp—’um';[0,T] (le X2) .

Proof. Given x,y € CP" ([0,T],G"Y (R?)) define the control

dp[s—t](XY)) ’
dpfvar;[O,T] (X’ y>

oy (5:) =

(using the convention 0/0 = 0 if necessary). Note wx o (s,1) = ||x||§_mr;[syt] / Hx||§_mr;[0,T]
where o denotes the trivial path constant equal to the unit element in
aN (Rd). Then

1 1 1
w(s,t) = JWx1 2 (s,t) + FWxl0 (s,t) + FWx20 (s,1)

has the desired properties. For instance,

1
d(xé,taxz,t) < dp—var;[s,t] (XlaXQ) < dp—var;[O,T] (Xlax2>wx1,x2 (Svt) /P

<@Bw(s,p))tP

and similar for x',0 and x2,0. =
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We now show that a map which is uniformly continuous on bounded sets
in the metric d,_,, for all possible control functions w, is also uniformly
continuous on bounded sets in the metric dp y,. To this end, for paths
x € C([0,T],GM (R?)) we define the (homogenous) balls

Bp—w (R) = {X : dp—w;[O,T] (X, O) < R} y
Bp-var (R) = {X : dp—var;[O,T] (X,O) < R} .
Corollary 8.5 Consider the map
¢ . Qp-var ([O7T] ,GM (Rd)) —s Cpvar ([(LT} 7GN (Re)) .

Assume that for any any control function w, any € > 0 and R > 0 there
exists 0 = § (¢, R;w) such that

X,y € Bpu (R), dpo (%,y) <6 = dpw (¢ (%),0(y)) <&

Then, for any e >0 and R > 0 there exists n =1 (g, R) such that

X,y € Bp-var (R) ) dp-'UflT (Xa y) <n = dp-“’” (¢ (X) ’¢ (Y)) <E&.

In fact, we can choose n = & (¢, CR;w) /C with C = 3P, (This shows
that if ¢ is (locally) v-Hdolder on bounded sets in the metric dy—_,, , for all
possible control functions w, it is also (locally) ~v-Hdlder on bounded sets in
the metric dp.yar.)

Proof. Given ¢ > 0 and R > 0 and X,y € Bp.var (R) we take the corre-
sponding control w with the properties as stated in proposition 8.4. Taking
n=2a (5731/pR,w) /3'/P then shows that

dp»var <X7Y) < n = dp-w <X7Y) < 6

so that dp ., (¢ (x),¢ (y)) < € and we conclude with (8.5). m

8.1.2 Inhomogenous p-variation and Holder distances

Our definition of homgenous (variation, Holder, w-modulus) distance was
based on measuring the distance of increments x4,y € GV (R?) using
the Carnot-Caratheodory distance. Alternative, recalling that GV (R?) C
T (R?) we can use the (vector space) norm defined on the latter which
leads to distance of increments given by

|Xs,t - yS,t|TN(Rd) = k:HllaXN |7Tk (Xs,t - yS,t)| .

Observe that, for V > 1, this distance is not homogenous with respect to
dilation on GN (Rd).
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Definition 8.6 (Inhomogenous variation and Hélder distance) Given
x,y € C ([O,T] LGN (Rd)) we define
(i) fork=1,...,N,

k/p
/k
pz(fiar;[O,T] (x,y) = (ti)Sél[I(;,T] (Zl: }ﬂ-k (Xti’tiJrl - yti’ti+1) }p ) J

and
(k)

pp-va,r;[O,T] (X’ Y) = k:Illlé.l.).(N pp-vm‘;[O,T] (X7 Y) )

(ii) for any control function w on [0,T], for k=1,...,N,

k |7Tk (Xs,t - YS,t)l
P o (y) = sup et Sell

0<s<t<T  w (s, t)k/P

)

and
(k)

Pp-w,[0,T) (Xv Y) = k:HllaXN pp-w,[O,T] (X, Y) ;

(i) for k=1,..., N,

(k) Ik (%56 = ¥s.0)l

i X,y) = sup
P1/p-motfor) (5 Y) 0<oct<r  [t— s P

and "
P1/p-Hi1:[0,T] (Xv y) = & maXN P1/p-H61:[0,T] (x,y)-

Some remarks are in order. By taking y = o we have a notion of inho-

mogenous (variation, Holder, w-modulus) "norm" but these will play no
role in the sequel. Let us also remark that

HXHp-Vgr;[O,T] = Up-var,[0,T] (X’ O) < oo iff pp—var,[O,T] (X’O) < o0

so that CP ([0, T],G"N (R?)) is precisely the set of paths x with finite
Pp-var,jo,7] distance between x and o. The map

(X’ y) = Pp-var;[0,T) (X’ y)

is obvioulsy non-negative, symmetric and one easily sees that the trian-
gle inequality is satisfied. Then, precisely as the previous section, adding
X0 — Yolrn (gay gives rise to a genuine metric on CP* ([o,77,GN (RY));
if attention is restricted to path with pinned starting point p, y,..jo,7] i
already a metric. Of course, all this applies mutatis mutandis in a 1/p-
Holder resp. p-w context and py /, 51 T€Sp. p,,., gives rise to metrics on the
C/PH8 pesp. CP¢ spaces. Super-addivitiy of controls leads easily to

Pp-vars[0,T] (xl,XQ) < Ppwsfo,T] (xl,XQ) max (w (O,T)l/p W (O,T)N/p) ,
(8.6)
which should be compared with (8.5).
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Proposition 8.7 For all x',x*> € CP'" ([0,T],GN (R?)) there eists a
control w with w (0,T) =1 and a constant C = C (p, N) such that

Pp—w,[0,T] (x',0) < Cop-varso,1) (x',0), i=1,2;
Po—w o) (X5 %) < Cpyyargory (X', %°).
Proof. Given x,y € CP" ([0,T],G" (R?)), we define for convenience,
fork=1,...,N,
W) (5,8) = U)o 5P
We then define

o®) (s1) = Lu® (5,1) ) 2 (0,7)

3 x1,x2

1
+ Sw( ) (s,1) ) (0,T)

1
5w, (5,0) fwl, (0.7),

so that @) is a control with @®) (0,T) = 1, and finally

Mz

k:

To see that this definition of w does the job, observe that for all k =
o2 Nandall0<s<t<T

AP < w® (s

30 (s,t) x w® (0,T)
3Nw (s,t) x w™ (0,7)

|7rk (xi — x

IN A IA

from which we see that

k/p
m (b, = x2)| < BN)Pw (07 x (0 (0,7))
k/
< BN)*Pw(s, )" x max [w(k) (O,T)] 3
k
< (3N)N/pw (Sat> /v ppfvar[O,T] (X17X2)

which says precisely that

Pp—w,[0,T] (lexz) < (3N)N/p Pp—var(0,T] (X17X2)

The same argument applies to (xl, o) and (}(27 0) and the proof is finished.
]
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We now show that a map uniformly continuous on boundeds set in the
Pp-, metric, for all w, is uniformly continuous on bounded sets in the p,, .,

metric. To this end, for paths x € C ([0,7],G™ (R?)) we define the (inho-
mogenous) balls

Bp.w (R) = {X " Pp-w:[0,T] (x,0) < R} )

ﬂp—var (R) = {X : pp-var;[O,T] (X7 O) < R} .
Corollary 8.8 Consider a map
¢ Crr([0,7),GM (RY)) — cP e ([0,T], G (R))

such that for any control function w, any € > 0 and R > O there exists
0 =0 (e, R;w) such that

X,y € By (R), ppo (%,¥) <0 = p,, (0(x),0(y)) <e.
Then, for any e > 0 and R > 0 there exists n = 1 (g, R) such that

X7 y 6 ﬁp-?}(l.’f‘ (R) ) pp-’l)(l?" (X’ y) < T} :> pp—il(],?" (¢ (X) Y ¢ (Y)) < €.

In fact, we can choose n =0 (¢, CR;w) /C with C = C (N,p). (This shows
that if ¢ is (locally) y-Hélder on bounded sets in the p,, ,, metric, for all
w, it is also (locally) v-Hélder on bounded sets in the p,, ., metric.)

Proof. Obvious from proposition 8.7. m

8.1.3 Homogenous vs inhomogenous distances
Proposition 8.9 Let w be a control function on [0,T]. For all paths x,y
in CP+ ([0,T],GN (R%))

1—L
dyo(x,y) < Cmax {p, o (%) s sy (x,3) N mmax {1, I, -5
(8.7)
and

Pp—uw (x,y) < Cmax {dp,w()g y) max {17 ||x||;V:wl} s A (X, y)N} (8.8)

where C = C(N). The corresponding Holder estimates are obtained by
taking w (s, t) =t — s.

Proof. First we see that?

dpfw,[O,T] (Xv Y) = sup dlo 1 Xs,ts 0 1 Ysit )
0<s<t<T w(s,t)1/P w(s,)1/P

Pp—wfor] (6Y) = sup 101 Xep—0__1 Vs
0<s<t<T | w(s)l/P w(s,)l/P TN (RY)

2Tf w (s,t) = 0 and x € CP* then X = o, the unit element in GV (Rd), we agree
that 10 = o.
0
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so that these definitions indeed only differ on how to measure distance in
the GV (Rd). A quantitative comparison of these distances was given in
proposition 7.49, an application of which finishes the proof. m

For a concise formulation of the next theorem, let us set

dpfw,[O,T] (x, Y) L= dpfw,[O,T] (Xv Y) +d (X07 YO)
Pp—w,jor] (X¥) 1 = Pp_w01] (x,y) + p(x0,¥0)
and similarly for dy/, no1, dp-var and Py ps15 Ppvar Where we have already

started to omit [0,7] in the notation when no confusion is possible. We
have

Theorem 8.10 Letw be an arbitrary control function on [0,T). Each iden-
tity map

1d (€7 ((0.1),GN (R)) dpu) = (€77 ((0.7],G™ (R))  7,)
1d : (C7([0,7],GN (RY) ,dpsar) S (C7 19 ([0,T],GN (RY) , ppsrsn)
Id = (CP ([0,7],GN (RY) ,dp-var) S (CP ([0, T],GN (RY) , Bp-var)

is Lipschitz on bounded sets in — direction and 1/N-Hélder on bounded
sets in < direction.

Proof. The relevant estimates between "d (x9,yo) and p(xg,yo)" follow
directly from proposition 7.49 and we focus the path-space distance without
tilde: the case of the identiy map from C?~* ([0,T],G" (R?)) into itself
(equipped with homogenous resp. inhomogenous distance d,_,, resp. ppfw)
is covered directly by proposition 8.9, and the case of 1/p-Holder paths is
a special case, namely w (s,t) =t — s. We thus turn to p-variation.

— direction: Let x',x? € B, yar (R), the "homogenous" p-variation ball
of radius R as defined before corollary 8.5 and let w denote the correspond-
ing control constructed in proposition 8.4. Then

Then, with constants c1, co which may depend on N, R, p we have

Ppw (X', %%) by (8.6)
cidp (x',x7) by (8.8)

c2dp-var (x',x?) by the very choice of w.

pp—var (Xl ) X2)

ININIA

The « direction follows the same logic, but now we rely on (8.5), (8.7) and
w as constructed in proposition 8.7. m

We finish this section with a simple proposition (it will serve as technical
ingredient in our discussion of RDE smoothness later on).

Proposition 8.11 Let A denote the canonical lift of A € L (R",Rd) to
the Hom (G (R™),GN (R%)). Then, for fitedx € CP"*" ([0,T],GN (R™))
the map

AeL(R"RY) — Ax:={t € [0,T] — Ax,} € C***" ([0,T],G" (R?))
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18 continuous.

Proof. We first prove this for x € C?* ([0,T],GY (R™)). Recall that d,,,,
and the inhomogenous distance p,, ,, are locally Holder equivalent (and in

particular induce the some topology). Consider A, B € L (R",Rd) with
operator norm bounded by some M. Controlling p,, ,, (Ax, Bx) amounts to
control ’(Ax)i — (Bx)"

as contraction of A ® ---® A (i times) against the i-tensor x’. It is then
easy to see that

fori =1,...,N. Every (Ax)" can be written out

’(Ax)i - (Bx)i’ < Cu|A - B|[x']

This implies that A — Ax is even Lipschitz when C*¥** ([0,T],GY (R%))
is equipped with p, . Switch to dj . we still have continuity, and hence
dp—yqr continuity. m

8.2 Geodesic approximations

Our interest in GV (R?)-valued path comes from the fact (cf. section 7.2.1)
that any continuous path z of finite 1-variation with values in R¢ can be
lifted to a path {t— Sy (z), = Sn ()} with values in GV (RY) simply
by computing all iterated (Riemann-Stieltjes) integrals up to order N.

It is natural to ask some sort of converse: how can an abstract path
x:[0,7] — GV (R?) be approximated by a sequence (Sy (z"))? We have

Proposition 8.12 Let x € CPV" ([O,T] LGN (Rd)), p > 1. Then there
exists (z™) C CTH91([0,T],R?), such that

dOO;[O,T] (x,Sn (2")) = 0 as n — o0

and
Slfzp ||SN ('Tn)”p-var;[O,T] < 31*1/p HXHp—'U(LT,'[O7T] < 00.
For x € Co/P1! (10,77,GN (R?)) we have
sup [|Sn (xn)Hl/p-H(jl;[O,T] < 3ot/ Hle/p.Haz;[o,T] < 0.

Proof. Given the fact that GV (Rd) is a geodesic space under Carnot—
Caratheodory distance, this follows readily from the approximation results
in geodesic spaces, section 5.2. m
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8.3 Completeness and non-separability

By theorem 8.10 we can equip the space C*¥** ([0, T], GV (R?)) with either
homogenous or inhomogenous p-variation distance and not only obtain the
same topology but also same "metric" notions of bounded sets or Cauchy
sequences. The same holds for Hélder paths, of course, and we have

Theorem 8.13 (i) Let p > 1. The space CP*"([0,T],GN (R?)) is a com-
plete, non-separable metric space (with respect to either homogenous or
inhomogenous p-variation distance).

(ii) The space CY/P-H51([0,T],GN (R?)) is a complete, non-separable met-
ric space (with respect to either homogenous or inhomogenous 1/p-Hdlder
distance).

Proof. (i) It suffices to consider the homogeneous p-variation distance, and
more precisely

dp—var (Xv y) = dp—var (Xa y) +d (X()v yO)
for x,y € CP1([0,T],GN (R?)). The completeness proof follows exactly
from the arguments used to establish completeness of CP-v*([0, 7], R%).
Then, if CPV**([0,T],GN (Rd)) were separable for some N = 1,2,... the
same would be true for its projection to N = 1 but we know that CPV#* ([0, T, R¢)
is not separable, cf. theorem 5.27 it is not.
(ii) Similar and left to the reader. m

8.4 The dy/d estimate

Lemma 8.14 Let g,h € GV (R?). Then there exists C = C(N,d) such

that N N
lg™" @ heg|| < Cmax {Inl, a7 g~}

Proof. Viewing g, h as elements in TV (R?), and writing (-)" = m, () for
projection to the n'" tensor level, we have forn =1,..., N

(g—l ®h®g)n _ | Z (g—l)ih_jgk c (Rd)@)n.
z+jj-;16:n

Since every tensor-level (Rd) BT equipped with Euclidean structure we
easily see that

(G eneg)"|< X |
i+?—;/8:7l

[ 19"
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Using |¢¥| < &1 llg||" and similar estimates for g=*, h, also recalling g~ =
llgll, we find

(57 eh©g)"| < llgl"™ [Inl
j=1
which implies

n|l/m

I

IN

’(g*1®h®g)

¢z max ||g]|
Jj=1,....,n

1-6 0
< ¢ sup gl Al
1/N<6<1

By equivalence of homogenous norms,

ls ' @hog|<e swp gl |n)’.
1/N<6<1

The proof is now easily finished. m

Proposition 8.15 (dy/d estimate) On the path-space Cy (0,1], GV (R?))
the distances do, and dg = do_gs; are locally 1/N-Hélder equivalent. More
precisely, there exists C = C (N, d) such that

doo (x,y) < do (x,y) < CmaX{doo (x,¥)  doo (%, 9N (x|, + H.‘/IIOO)l_l/N} :

Proof. Only the second inequality requires a proof. We write gh instead
of g ® h. For any s < t in [0, 1],

-1 —-1_,—1 —1 -1 —1
Xt ¥Yst = X1 ¥Ys XsXstXy YiX;p Ye¥i: Xt

By sub-additivity,

IN

ey x| + [y vy |

lo™ s xsol| + [l Ty e

~1
s eyl

with v = x,; and w = yt_lxt. Note that

lye x| = [yl = d (et ve)

and ||v], [Jlw]| < [|x||., + [|¥]loo- The conclusion now follows from Lemma
14. m

8.5 Interpolation and compactness

This interpolation result will extensively be used.
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Lemma 8.16 Assumep’ >p > 1.
(i) Let x,y two elements of CP"%" ([O,T],GN (Rd)). Then,

dpvar (%,5) < (1%l p-var + Hynpfvar)p/p do (XaY)lip/p . (8.9)
(ii) Let x,y two elements of CP¥ ([O,T], GN (Rd)). Then, for all p' > p,

dy o (6Y) < (Xl + | ¥llr)”? do Gey) ™77 (8.10)
Proof. (i) Consider a dissection (¢;) C [0,T]. Then (8.9) follows from

’

d (Xti,ti+1 ) yti,ti+1 )p S d (Xti,tH,l ) Yti,t¢+1)p d07[07T] (X7 Y)p P

(HXthl H + Hyti»tiH H)p dU,[U’T] (x, Y)p/_p )

IA

followed by summation over i, the elementary (3 |a; + b;[P)/P < > lai|P) P+

> |bil? )1/ P and taking the supremum over all such dissections.
(ii) Left to the reader. m

As a consequence of the above interpolation result, proposition 5.13, and
Arzela-Ascoli theorem, we obtain the following compactness result.

Proposition 8.17 Let (x,) be a sequence in C ([0,T],GN (R?)).

(i) Assume (xn),, is equicontinuous, bounded and sup,, [|Xnll,, 4.0, 77 < 0©-
Then x, converges (in p' > p wariation, along a subsequence) to some
x € CP o ([0,T],GN (R)).

(it) Assume (xy),, is bounded and sup,, ||Xn|| o510, 77 < 00 Then x, con-

verges (in o < « Holder topology, along a subsequence) to some x €

CcoHot(10,7],GN (RY)).

The following corollary will also be useful.
Corollary 8.18 (i) If (x"), ,x are in C?*" ([0,T],G" (R?)) such that
sup,, |xn\p_wr;[07T] < 00 and limy, o0 dogifo, 1) (X, Xn) = 0, then for p’ > p,

sup - |[|x"|| x|

(s,t)eEAT
where Ap = {(s,t) : 0 < s <t < T'}. Furthermore, {{|x" 4. : 7 € N}
is equicontinuous in the sense that for every € > 0 there exists 0 such that
|t — s| < & implies

p’-var;[s,t] | p’-var‘;[&t]’ — 0 asn — oo.

sup ||x"|| (s, < E- (8.11)

/ .
p’-var;

(i) If (x™) ,x are in C*H#7 ([0, T],GN (R?)) so that sup,, 1™ o077 <
00 and limy, .o dog;jo, 17 (X, Xn) = 0, then for all s <t in [0,T], as n — oo,
then for o < «,

— 0 asn — o0

sup

(seA ||XnHaqul,~[s,t] - HXHa’—H(il;[s,t]
S, T

and{||x"\|a,_H6l;[,7.] in € N} is equicontinuous, similar to part (i).
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Proof. The argument given in the proof of proposition 5.31 for the case of
R?%valued paths extends line by line to the case of GV (Rd)-valued paths.
]

8.6 Closure of lifted smooth paths

We now define COP (0, 7], GN (R%)) resp. COV/PH8L ([0, 7], GN (RY))
as the closure of step-N lifted smooth paths from [0, T] — R¢ in p-variation
resp. 1/p-Holder topology. A little care is needed since, by convention,
Sy () =1 = o, the unit element in GV (R) .

Definition 8.19 (i) We define C3P*" ([0,T],GN (R?)) as the set of con-
tinuous paths x : [0,T] — GV (Rd) for which there exists a sequence of
smooth R%-valued paths x,, such that

dpfvar (Xa‘S’N (xn)) —n—oo 0

and COp-ver ([O,T] LGN (Rd)) as the set of paths x with
X, =X, ®@x. € CIP ([0,T],GN (RY))

(i) Similarly, CoA/p-Hal ([0,T],GN (R%)) is the set of paths x for which
there exists a sequence of smooth R%-valued paths x,, such that

dl/p-Hc'il (XaSN (xn)) —n—co 0
and CO:1/p-Hol ([0, T],GN (Rd)) are those paths x withxo . € o1 /p-Hal ([O, T],GN (Rd)).

Obviously, all these spaces are closed subsets of CPV?* ([O, T],GN (Rd))
resp. C'/p-Hol ([0,7],GN (R?)) and thus complete. Proposition 7.66 im-
plies a fortiori continuiuty of Sy, as map from C}* ([0, 7], R?) to C2¥** ([0, 7], GN (R?)).
Clearly then

Cot (0.7), 6N (B9) = S (€7 (0.7) &) (312)

and also CO+1 (10, 7], GN (R?)) = Sy (C* ([0,7],R?)). The reader will
recall from Proposition 1.36 that C%1-var ( [0,T] ,Rd), defined as 1-variation
closure of smooth paths, turned out to be precisely the space of absolutely
continuous path (with respect to Euclidean metric on R9); in exercise 8.20
it is seen that the same is true in the case of GV (Rd)-valued paths.

Exercise 8.20 Show that C%1-v" ([O,T] LGN (Rd)) is precisely the space
of absolutely continuous path (with respect to Carnot—Caratheodory metric

on GN (RY)).
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Solution 8.21 It suffices to consider x € C2'**" ([0,T],GN (R?)). Any
such x () is of form Sy (x). where = is an R%-valued absolutely continuous
path. Hence, for every e > 0 and s1 < t1 < 89 < to < ++» < 8, < typ I
[0,T] there exists 6 so that ), |t; — s;| < 0 implies Y, |xs, +,| < € and in
fact (cf. exercise 5.16)

Z |x‘1-var;[si,ti] <Eé.

3

But then, thanks to proposition 7.61

Z |d (s, 21,)] < Z |X‘1’WT;[Si7ti] = Z |x|1’“”£[5i’ti] <&

Lemma 8.22 We fiz p > 1.

(i) If @ c crvor ([0,7),GN (R?)) and if C%+o" ([0,T],GN (RY)) is in-
cluded in the dy.yq,-closure of 2, then, the dp_y.r-closure of S is equal to
C0;p-var ([O, T] ,GN (Rd))

(ii) If Q2 C VB9 ([0, 7),GN (RY)) and if CO191 (0, T], GN (R)) ds in-
cluded in the di_gg-closure of 2, then, the dy/p_ps-closure of Q is equal to
01 /p-Hol ([O,T} QN (Rd))'

Proof. Same proof as the N =1 case (cf. lemma 5.32). ®

We can now extend "Wiener’s characterization" from the R¢-setting (the-
orem 8.23) to the group setting. Recall in particular that x” denotes the
geodesic approximation to x based on some dissection D = (¢;) of [0,T].
That is, xt[j = x4, for all ¢ and xD|[ti)ti+1] is a geodesic connecting x;, and
Xt,,,as in proposition 7.42. The proof of the R%-case then extends without
any changes and we have

Theorem 8.23 (Wiener’s Characterization) Letx € CP'([0,T],GN (R?)),
with p > 1. The following statements are equivalent.

(i.1) x € COPver([0,T], GV (R?)),

(i.2a) lims_q SUPp=(t,),|D|<$5 Zi qui,mr;[ti,ti;ﬂ =0.

(Zgb) 1im5_>0 SupD:(ti)7‘D‘<5 Zz d (Xtia Xt¢+1) = 0.

(i.8) lim p| 0 dp-var (xP,x) = 0.

Secondly, let x € C1/p-Hol ([0,7),GN (RY)), with p > 1. The following
statements are equivalent:

(ii.1) x € COV/p-H3l ([0, T],RY)

(it.2a) lims o supj,_| <5 [|%[l1 /51,05, = O-

(i.2b) lims o Sup|,_ |5 d(xs,%¢) /|t — s|/P = 0.

(i1.83) lim| p|—o d1 /p- st (X2, %) = 0.

Exercise 8.24 Let p > 1. Show that C%*-**" ([0, T],GN (R%)) is precisely
the space of paths which are absolutely continuous of order p.
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Solution 8.25 The case p = 1 was dealt with in exercise 8.20. For p > 1
we simply combine the result of exercise 5.16 with Wiener’s characteriza-
tion.

Corollary 8.26 For p > 1, we have the following set inclusions,

U crr(0,7],6 (RY) < coer (j0,7], GN (RY))

c cr([o,7],GN (RY))
c ()eorr(jo,1],GN (RY)).

a>p
Moreover, the inclusions are strict.
Proof. Similar to corollary 5.35. m

Proposition 8.27 Let p > 1. The spaces
CO,p—v(Lr ([07 T] ,GN (Rd)) ’CO,I/p-Héil ([0, T] ,GN (Rd))

are Polish with respect to either homogenous or inhomogenous p-variation
resp. 1/p-Hdlder distance.

Proof. As remarked in section 8.3, either choice (homogenous, inhomoge-
nous) of p-variation distance leads to the same topology and notion of
Cauchy sequence. Clearly then, C%PV2" is complete under either distance. It
remains to discuss separability. From proposition 1.39, there exists a count-
able space Q dense in C%'™¥" ([0,T],R%); by continuity of Sy, Sy () is
dense in C%vr ([0, 7], GN (R%)). We conclude using lemma 5.32. Similar
arguments for 1/p-Holder spaces are left to the reader. m

8.7 Comments

Section 8.1 introduces the basic path space distance for GV (Rd)-valued
paths (homogenous such as d, ., inhomogenous such as p,, ., ). As will
be discussed in detail in the next chapter, if one chooses N = [p] these
distances are "rough path" distances. Noting that both dp v, and p,, .,
induce the same topology, both notions are useful. Typical rough path
continuity statements are locally Lipschitz continuous in the inhomogenous
distance (which is also the distance put forward by Lyons, e.g. [113] in the
references therein). The homogenous distance, on the other hand, comes
in handy when establishing large deviation results via exponentially good
approximation (as seen in lemma 13.41 for instance); not to mention its
general convenience which often allows to write arguments in the same
way as for paths on Euclidean space.
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The geodesic approximation result of Section 8.2 appeared in [59]; here it
is derived as a special case of a general approximation result on geodesic
spaces. Section 8.3 follows [59]. The dy/do-estimate in Section 8.4 is
taken from [57]; Sections 8.5 and 8.6 follow [59].
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9

Geometric Rough Path Spaces

We have studied GV (Rd)—valued paths of finite p-variation for any N € N
and p > 1. If one thinks of G (Rd) as the correct state space that allows
not only to keep track of the spatial position in R? but also to keep track of
the accumulated area (and higher indefinite iterated integrals up to order
N) then it should not be surprising that N and p should stand in some
canonical relation. To wit, if p = 1, knowledge of the R?%-valued path allows
to compute iterated integrals by Riemann-Stieltjes theory and there is no
need to include area and other iterated integrals in the state-space. The
same remark applies, more generally, to p € [1,2) using iterated Young
integration and in this case we should take N = [p] = 1. When p > 2, this
is not possible and knowledge of higher indefinite iterated integrals up to
order N = [p] must be an apriori information, i.e. assumed to be known.!

However, we shall establish in the section that integrals of order greater
than [p] are still canonically determined. More precisely, we shall see that
for N > [p] that there exists a canonical bijection?

S e (0,71, 67 (RY)) — s (0,71, GV (RY))
such that for all x € C2¥** (0,77, G (R?)) we have

”Xprvar;[O,T] < HSN (X)prar;[O,T] <Cy ”XHp—var;[O,T] '

The analogous 1/p-Hélder estimate also holds, and is a consequence of the
p-variation estimate. Indeed, by reparametrization, [0,7] may be replaced
by [s,t] so that the Holder statement follows trivially from [|x[[, .15 <
1/l g1 1t — 5177

This gives a first hint on the importance of these so-called (weak) geome-
teric rough paths whose regularity (p-variation) is in relation to their state-

space (G[p] (Rd)).

n a typical probabilistic situation (cf. Part III of this book), N = 2 or 3 and the
required iterated integrals will be constructed via some stochastic integration procedure.
2Recall that o in C2V*" indicates that all paths start at the unit element of GIP].
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9.1 The Lyons-lift map x — Sy ()

9.1.1 Quantitative bound on Sy

We start with two simple technical lemmas.
Lemma 9.1 Let g1,g2 € TV (RY). Then,
g1 ® g2 — (91 + 92) = mon (91) ® To.nv (92) — 7o,n (91 + g2)

In particular, if hy,ho € TNT! (Rd) are such that 7oy (1) = To.v ()
and 7o, N (92) = 7o,n (h2) , we have

91 ® g2 — (91 + g2) = h1 @ hg — (h1 + ha)
Proof. Simple algebra. m

Lemma 9.2 Let z',2% € C"" ([s,u] ,R?), such that for some N > 1,
SN (zl)s W= SN (:cQ)Su. Then, if £ > max{fsu |d:r1| ,fsu Idx2|} , we have
for some constant C depending only on N,

[Sva1 (a),,, = Swir (a), | < €OV (9.1)

Proof. By assumption,

‘SNH (@), = Sv (2%),,| = ‘”NH (SN+1 (1) s = SV ($2)s,u>

‘ 1 u N1
i (Sne (a), ) Sm</ |dx’|> i=1,2

Alternative proof of (9.1) which introduces the useful idea of "reducing two
paths to one path". Without loss of generality, assume (s,u) = (0,1) and
observe that Sy (:cl)o L =SN (z?) , implies

and (9.1) follows from

0,
SNt (x1)0,1 — SN+1 (x2)0,1 = SN+ (x1)0,1 ® SNy (xQ); -1

—
Define z = a! LU 22, i.e. as the concatenation of ! (-) and 22 (1 —-) and
assume z is (re-)parametrized on [0, 1]. It follows that

SN+1 ($1)071 — SN+1 (132)0,1 = SN+1 (.73)0’1 — 1,

with Sy (x)(),l = land |$|1-Val‘;[0>1] = |x1}1-var;[0,1] + |x2}1-var;[0,1] < 2(. But
then
Sni1 (:5)071 - 1‘ = ‘WN+1 (SN+1 (x)o,l)‘ from Sy (:10)0’1 =1
1

< W 20"
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and (9.1) follows. m
We are now ready for the crucial quantitative estimate on ||Sx (z)||
for N > p.

p-var

Proposition 9.3 Let z € C-ver ([O,T] ,Rd). Then, for all N > [p], there
exists a constant C depending only on N and p (and not depending on the
1-variation norm of © nor its p-variation) such that for all s <t in [0,T7],

155 @)l-sarog < C[1S € (9.2)

||p—var;[s,t] '
The constant C' can be chosen to be right-continuous with respect to p.

Proof. Tt is enough to show that for all N > [p],

HSN-&-l (x)Hp»var;[s,t] <a (p) HSN (x)Hp»var;[s,t] ’ (93)

where p — ¢ (p) is right continuous. Explicit dependency in p in our con-
stant will be written in this proof.

We define x = Sy (), y = Sn41 (z) and w (s, 1) = ||x||p var[s, t] By theo-
rem 7.32, we can find, for all s < ¢ in [0,T], a "geodesic" path x** : [s,t] —
R? associated to x,; € GV (R?) which is the shortest (Lipschitz) path
which has step-N signature equal to x, ;. Then, define

Fst=yst— Sn+1 (ws’t)s’t .

For s < t < u, we also define 2%%% to be the concatenation of ** and x**,
and observe that Syi1 (2%""), ,, = Sny1 (2%), , ® Sy (29), ,, . Then,
asS Ys,t & Ytu = Ys,u»

Fs7u - (Fs,t +Ft7u) = Ysit ®ytu - (YSt +yt u)
—Sni1 (2 ) ® Sn+1 (wtu)
+SN+1 ( ) + SNt (!Etu)

(

+SN+1( S’t), ® Sn11 IEt’u) — SN+1 (xs’u)s,u-

By construction, for all k < N and all s,¢ € [0,T], 7 (ys,t) = 7k (SN-H (ms’t)&t) ,
hence we can apply lemma 9.1 to see that

Vet @Veuw — (Yot +¥tu) = Snt1 (ZES’t)S’t ® SN41 (It’u)t’u
(e g 5009,

Hence, we are left with

Fs,u - (Fs,t + Ft,u) = SNJrl (xs,t,u)s7u - SNJrl (xs,u)s7u .
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which we bound using lemma 9.2:

N+1

U u N+1
|rs,u—<rs,t+rt,u>|sClmax{ [ lazzee Idmi’“l} < e (s,u) "
) ) (9.4)

Secondly, using fst |dzt| < fst |dz|, lemma 9.2 gives

|Ps,t| = v

N+1 -
Vst = SN+1 (xS)t)s,t’ <c |x‘1—var;[s,t] = (57t)

The last two inequalities allow us to apply the same (analysis) lemma 6.2
(which we have already used for establishing the Young-Loéve estimate).
We get, forall 0 < s <t <T,

N+1
b w4, S O 00

where C, can be taken to be 1/(1— 91— ). This implies by the triangle
inequality that

N+1
ITN41 (Yst)| < caCnpw (s,t) 7

* ‘WNH (SNH (x87t)s,t>‘

N+41

< 5(1+Crpw(s,t) »

and hence, using the equivalence of homogeneous norms, that for all s,¢ €
0,77,

Iyl < o (14 1+ Cnp)?) w (st

This means that
1
Hy”p—var;[s,t] < ¢ (1 + (1 + CN»P) /P) HXHp—V&r;[S7t]

for all 0 < s <t < T and the proof is finished. m

9.1.2  Definition of the map Sy on C?* ([0, T Neld (R%))

Definition 9.4 Let N > [p] > 1 and x € CE*" ([0,T],GPP (R?)). A path
in CB-ver ([0, T],GN (]Rd)) that projects down onto x is said to be a p-Lyons
lift of x of order N. When p is fized, we will simply speak of Lyons lift.

We now show that there exists a unique Lyons lift of order N, for all x €
crvar ([0,77, GIP) (R)). In the terminology of the forthcoming definition
9.16 this says precisely that a weak geometric p-rough path admits a unique
Lyons lift.

Theorem 9.5 Let N > [p] > 1 and x € C?*" ([0,T],GP (RY)). Then
there exists a unique Lyons lift of order N of x. By writing Sn (x) for this
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path, we define the map Sy on CE*" ([0, T Neld (R?)). Moreover,

(i) the map Sy : C2*" ([0,T],GW (RY)) — C&ver (0,77, GN (RY)) is a
bijection with inverse o [p);

(i) we have for some constant C = C (N, p), which may be taken right-
continuous in p,

Hpr var;[s,t] = HSN( )Hp var;[s,t] = CHXHp var;[s,t] (95>

for all s <t in [0,T).

Remark 9.6 Observe that if x € C%"" ([O,T],G[q] (Rd)) for ¢ < p,
SN (S[p] (x)) = SN (x). This justifies using the same notation for all p,
and in particular the same notation for p > 1 and p = 1. For further con-
venience, we will define for N < [p] and for x € CP* ([0,T], Gl (R?))
the path Sy (x) which is just the projection of x onto GN (Rd) . In particu-
lar, the estimate ||Sn (x) < Cx]| (s, Still holds for N < [p].

”p var;[s,t] = p-var;

Proof. 1! step, existence: Let x,, be a sequence in OV ([0, T) ,Rd) such
that

n—00

SITllp HSU’] (:En)Hp-var;[O,T] <ooand lim de (S (z,),%x) = 0.

By proposition 9.3, for all s < ¢ in [0,7] and & small enough (namely, such
that [p+ €] = [p]),

|5 @] < epe 150 )

(pte)-var,[s;t] *

By corollary 8.18 the right-hand-side above can be made arbitrarily
small, uniformly in n, provided ¢t — s is small enough; this implies readily
that Sy (x,) is equicontinuous. Boundedness is clear and so, by Arzela-
Ascoli and switching to a subsequence if necessary, we have the existence
of a continuous G (Rd)—valued path z such that

Sn (™) — z uniformly on [0,7] as n — oc.

From the very choice of (x,) it then follows that the projection of z to a
lelid (Rd)—valued path must be equal to x. Then, for all 0 < s <t < T,

laoell = Tim [sn (2",
< nhm HSN (xn)||(p+s)-var,[s,t]

< CP+5nll_)Hgo HS[P n) H(p—&-a)—var,[s,t]

where we used (9.2), proposition 9.3, for the last estimate. On the other
hand, from the first part of corollary 8.18,
lim HS[P

15 6 e = I

(p+e)-var,[s,t]
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and hence, for all 0 < s <t <T,

Using "right-continuity" of p — ¢, (proposition 9.3) and also right-
continuity of homogenous p-variation norm with respect to p (lemma 5.14)
we may send € — 0 to obtain

]

(pte)-var;[s,t] *

p-var[s,t] *

Super-additivity of (s,t) — ||x||p var;[s,] implies that

|l < ¢ x|l

p-var;[s,t] p-var;[s,t] )

the converse estimate ||x||
that z lifts x.

In particular, we found a (Lyons) lift of x in C?Va* ([O,T] ,GN (Rd)),
which satisfies (9.5).

2" step, uniqueness: Given z,z € C¥*" ([0, T], GM*! (R?)) with o, 1 (z) =
mo,m (Z) we show (by induction in M) that M > [p] implies z = Z. From

lemma 7.64, hy = log (Zt_l ® 7;) defines a path in gM+1 (R4) (Rd)®(M+1)’

and for all s, ¢ € [0,7],

pvarifst] < HZHp—var;[s,t] is trivial since we know

M+1

|hstl < c1l|zs el + e |2 ||V

We define the control w(s,t) = ||z||p vari[s,] T ||z||p var[s,] - Lhe previous
inequality now reads

|hs | < cow (s, t)(MH)/p _

In particular, h is of finite 35-variation. As 5 < 1, we deduce that

h is constant equal to hg = 0, i.e. that z = z which is what we wanted to
show.

374 step: It remains to see that, as stated in (i), Sy is a bijection with in-
verse T[] Obviously, 7o ,j0S is the identity map on C2¥** ([0, 77, G (R)).
Conversely, given x € CE* ([0,T],GN (R?)) it is clear from (9.5) that

SN o o[ (x) has finite p-variation. By uniqueness, we see that Sy o
To,[p] (X) = x so that Syomg [, acts as identity map on C2¥*" ([0, T],GN (R?)).
This completes the proof. m

Exercise 9.7 Let N > [p] > 1 and x € C?*" (0,T],GP (RY)). Prove
that there exists z € C,, ([0,T],GN (R?)) such that for all sequences (z™) C
Ctver ([0,T],RY) such that

dosio,1) (Spp) (™) ,x) — 0 and sup |S[p] (z < 00,

n) |p—var;[0,T]
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we have
Sn (") — z uniformly on [0,T] as n — oo.

(This exercise shows that we could have defined the Lyons lift as limit,
similar to our definition of Young integral and the forthcoming definition
of solution to a rough differential equation.)

9.1.83 Modulus of continuity for the map Sy

We shall now establish that the Lyons lifting map is locally Lipschitz con-
tinuous with respect to inhomogenous rough path distances on pathspace.
To this end, we need the following two lemmas.

Lemma 9.8 Let N > [p] > 1 and x € C2"" ([s, 1], GIP) (R?)) , and z** €

ctoer ([s,t],RY) with f; |dz®t] < K ||x|| (s,] Such that Sy (%), =
SN (xs,4) . Then, for some constant C' depending only on K, N and p,

p-var;

N+1
p-var;[s,t]

S 00, — St (a1),,| < ]

Proof. This is fairly obvious: As Sy (X)s,t = SN (xs’t)s,t , we have
= }WNJrl (SN+1 (X)s,t) T TN+1 (SNJFl (mS)t)s,t)’
’ﬂ_N-'rl (SN+1 (X)s7t)’ + ’ﬂ-N‘f‘l (SN+1 ($S7t)s,t)’ )

Using equivalence of homogeneous norms and the quantitative estimates
on the Lyons lift obtained in theorem 9.5, we have

Snt1 (%), — S (™),

IN

st N s,t A
Swir (), = Siwn (@), < e (s e+ s (@),
N+1 [N+
< o (”X”p—var;[s,t] + Hxs tHlfvar;[s,t])
N+1
< ¢ HXHp-\-:'_aI‘;[S,t] :

]
The following result generalizes lemma 9.2.

Lemma 9.9 Let ', 22, &', 2% € C" ([s,u] ,Rd) such that

SN (Il) = SN (1’2)

s,u

Sy (") = Sy (3%)

S,

s,u’

s,u’

and assume there exist £ > 0, € > 0 such that

u u U u
max{/ |da¢1|+/ |d:c2|,/ |d§:1|+/ |d:52|}
S S S S
max{/ ot —aal], [ |dmf—da§f}}

t t

IN
~

IA

el.
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Then, for some constant C' depending only on N,

[(Swa1 (@), = S (a2),.,) = (Swar (@), = Sw (82),,)| < €V,

Proof. Working as in the proof of lemma 9.2, we see that we can assume
22 = 3% = 0 and (s,u) = (0,1). Then, scaling z' and ' by {, we can
assume ¢ = 1. The lemma then follows from proposition 7.66. =

We can now prove local Lipschitzness of the Lyons-lifting map Sy.

Theorem 9.10 Letx',x* € CP**" ([0, T] , Gl (R?)) and w a control such
that for all0 < s <t <T andi=1,2,

IN

||XZ ||Z—va7';[s7t] w (S, t) ’
Pp,w (X17X2) < e

Then, for all N > [p], there exists a constant C depending only on N and
p such that for all s <t in [0,T],

s (S (') . S (x2)) < O

Proof. It is enough to show that for all N > [p], if x* and x? are two paths
in CPv* ([0,T],GN (RY)) with p,, (x',x?) <, then, for some constant

CN,
s (S22 () S () < e

Let x5t g2t € C1var ([s,¢] ,R?) such that
S (=), , = x4,
and such that
t .
/ d |$l’s’t| < quw (s,t)l/p,
S

t
/d|x1“"'vt—x2“"'vt| < claw(s7t)1/p.
S

This is possible thanks to propostion 7.67, applied to (5,\x;’t and 5,\x§,t with

A= 1/w(s,t)"?. We define similarly z%% and %, and then z>*t¢ to
be the concatenation of z>** and 2%%%*. Observe in particular that

u
/ d |$1,s,t,u . z2,s,t,u| < 2171/;;618‘0 (s, u)l/p.
S

Following the proof of proposition 9.3, we define for s < ¢,

Fé,t = SNt1 (fﬂi’s’t)s7t — SNt (Xi)s,t’ 1 =1,2,
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and Ty = I, —T2,. It is clear from the proof of propostion 9.3 that

N+41

Tl < Zw(sn)™7 L i=12,

and, by the triangle inequality,

N+1

|fs7t| < cow (s,t) ?

(9.6)

On the other hand, employing the same logic as in the proof of proposition
9.3, we see that

Do = (Thy +T0) = Sy (2855Y) = S (25Y) -

We can therefore use lemma 9.9 to see that
Nt

}Fs,u - (fs7t +ft7u)‘ S C3EW (S,U) P (97)

Inequalities (9.6) and (9.7) allow us to use the (analysis) lemma 6.2, and
we learn that for all 0 < s <t < T,

|fs7t| < cqew (8, t) ra

From proposition 7.66,

N+41
’WN+1 (SN+1 (xl,&t)sﬂf — Snir ($2,s,t)s7t)} < csew (s,t) 7

This implies by the triangle inequality that

N+41
< cgew (s,t) P,

)”N+1 (SNH (Xl)s,t — SN+ (XQ)svt)

Le. that p,, (SN+1 (xl) , SN+1 (x2)) <e m
From theorem 8.10 we immediately deduce

Corollary 9.11 Let N > [p].
(i) The map

Sy : CPvar ([O,T] Nell (Rd)> — ¢ ([0,7],GN (RY))

is uniformly continuous on bounded sets, using the dp_,qr-metric.
(ii) The map

S+ Cy/r i ([0, 71,61 (RY) ) — Ca/r i (0,71, GV (RY))

is uniformly continuous on bounded sets, using the dy/,_ s -metric.
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9.2 Spaces of geometric rough paths

Theorem 9.12 Let p > 1 and N > [p]. Let Q denote either CB "
CO,p—zm,r CI/P‘HW or CO,l/p-Hiil Then

o 5 o o .

(i) The map

x € Q([0,T],GN (R?)) — mq 1 (x) € Q([0,T], G (RY)),

s a bijection, with inverse the map Sy .
(ii) For p > 2 and d > 2, The map

X € Q([OvT]v GN (Rd>) — To,[p]-1 (X) € Q([OvT]v G[p]il (Rd))

18 not a bijection.

Remark 9.13 The proof of part (ii) will show (cf. cases (ii a) and (i b1))
that 7 [p)—1 18 not an injection. It is proven in [115] that it is a surjection
when p is not an integer.

Proof. (i) The case Q = CP¥*" follows from theorem 9.5 and C''/P~H6l is an
obvious corollary from CPV** case. The case Q = COP¥2" (resp. CO1/p-HOl)
follows from the case Q = CP¥" (resp. C'/PH0) by Wiener’s characteriza-
tion (theorem 8.23).

(ii) (a) We first assume that Q = CP¥" or C1/PH0l Tet h be a non-zero
gl! (Rd) N (Rd)®[p]—valued path which is 1/¢-Holder with ¢ = N/p. As in
the proof of lemma 7.64, we see that if x € Q([0,T], GP) (R%)) and y is
defined by

yt =% ®exp (he),
then y € Q([0,7],GP! (R?)) and g p—1) (¥) = 7o, p—1] (x). This means
that 7 -1 (¥) = 7o,[pj—1 (%), and as y # x, mg,[p)—1 is not a injection
from Q([0, 7], G (R%)) into ([0, T], GP~1 (RY)).

(b) We now assume that = COPvar op C0-1/p-Hol
(b1) We deal with the case N > p and again take a non-zero

he CO,l/q—Hi}l ([O,T] ’g[p] (Rd) N (Rd)@)[l)]) 7

with ¢ = N/p. Define the path y as above, y; = x; ® exp (h;). We have
already seen that y € Q([0,T], Gl (Rd)). Using Wiener characterization
we actually see that y € Q([0,7], Gl (R%)) (it is at this point that we
need ¢ > 1, that is N > p). Once again that 7 ,)—1 (¥) = 7o,[p]-1 (%),
and as y # X, Tg,[p—1 is not a injection from Q([0,T),GN (Rd)) into
Q(0,7], G (RA) ).

(b2) It only remains to deal with the case Q = COPvar or CO1/p-Hol
and N = p (which implies that p € {2,3,...}). We aim to prove in this
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case that 7 )—1 is not a surjection or, in other words, that there exists a
path x € Q([0, 7], GP)=! (R?)) which admits no lift to Q([0, 7], G (R)).
To this end, assume T' = 1 for simplicity of notation, and assume we have
a path y € Q([0,1], G} (R?)) that projects down onto x. Let w (s, t) =
||y|\2_var7[s)t] , which is finite by assumption. By definition of the increment
of y, we have

2" —1

vor= @ Vi
=0

Define iQL i1 € G (Rd) by 7o, [p—1 (log (i%ﬂ)) = log (len’l#l) ,

T o7 PI

and ] (log (iL it1 )) = (. Observe that x

PICEIPIL

it1 are not the increments

i
PICRNGID

of GI7I (Rd)—valued path; we view X as a map that associates to every dyadic

interval of form [2%, Z;‘—nl] an element in G (Rd). Hence, as we also have
0, [p]—1 (yzlml';nl =X 1,8 short computation gives
2" 1 271

vor =@ % s+ > wi (log (v ) )
i=0 i=0

Then, by equivalence of homogenous norms, there exists ¢ > 0 such that

71 (108 (v 422 ))| ®

IN

Y_i it1

D7 s 27T

C ‘

IN

i
cw (2%, %) by definition of w.

In particular, we obtain that

2" —1

Q) %o 2
=0

Therefore, we proved that a necessary condition for a path x € Q([0, 7], G [pl—1 (Rd))
to admit a lift y € Q([0, 7], G (R?)) is given by

<w(0,1) + [yo,1]| < o0.

2m—1
sup ®>~cl it1| < 0Q.
n>0| - 0 PRI
>0 | ,=

We therefore aim to provide a path x such that the above expression is
infinite. To this end, using d > 2, we let e1, ez be the first two vectors in the
standard basis of RY. Define v; = ey, and v; 1 = [e1, v;] so that v; € (Rd) o

i 2=1 g
For two paths, f € C’g’l/p'HOI ([0,T],R) and g € Cg’ O 1([07T] ,R), we

define x € Q([0, 7], GPI~1 (R?) by

x (t) = eftertgvp—y — pfier ¢ p9tvp-11 ¢ aGlel-1 (Rd) )
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We note that x is indeed in Q = C%P¥% | from the definition of f, ¢ and

||Xs,t|| = ||efs,t€1 R eJs:tVIp—1] H < (COHSt) X (|fs,t| + ‘gs,t|ﬁ) .

Defining xz, 1 e G (Rd) as explained above, the Campbell-Baker-

Hausdorff foerSla yields

2" —1 2" —1
Q) Ry g = o (fo,lel L OUSED D (A TSN Sy Um) -

=0 i=0

In particular, sup,,

)

®i %
i=0 X o

sup
n>0

< 00,

Z fwgrmzn Gt T gk fz_ﬂv

which itself is equivalent to

2" —1

ng

The following exercise 9.14 shows that for any p,q > 1 with 1/p+1/¢=1
there exist paths

sup
n>0

fecy " (0.T],R) g € Co " (0, T]LR)

such that SuPy >0 ‘an(?l f— :

there exists a path x € Q([0, ] 1] (R?)) which does not admit a lift
to Q([0,77,GIP! (R?)). m

= 00. In particular, we now see that

Exercise 9.14 Assume that
b, :[0,1] — [0,1] is a continuous increasing bijection such that > po, ¢~ (27%)
and Y oo @t (2”“) are convergent series. We then define the functions

z® : te Z(ﬁ sm (2k+17rt)
y? o telo,1] — Zd) 1 — cos (2k+17rt)) .

(i) Prove that if ¢ is such that lim, .o 2P /¢ (x) = 0, then ® and y® belong
to COMPH ([0, 7], R) .
(ii) Prove that
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(#11) Provide example of functions f,g € CO A/p-Hol ([0,1] ,R)XCS’I/‘]’H‘” ([0,1],R),
for1/p+1/q=1, such that

2" —1

Z f—gzimi

Solution 9.15 (i) First case. We first assume that ¢~ (z) < K|x|1/p.
Then, for all s,t € [0,1],

sup
n>0

|x¢ (t) —a? (s)] < Z 9~ k/p |sin (2" 7t) — sin (2k+17rs)’

k=1
log
< 2K R 2k |t — s + Z ot (27F)
k=log, tis
log, t s
< 2K | 7|t—s| Z ok(1=1/p) 4 Z 2 k/p
k= loth <

< cK|t—s|'?.

Second case. Now, if lim,_,g #Z) =0,¢ "(z)=0 (\x|1/p) . Hence, for all

e > 0, there exists n > 0, such that k > n implies that ¢! (2”“) < g2 k/p,

We write
26 = g00m | gémoo

where x®h = Zgﬂ ot (2_’“) sin (2k+177t) . Clearly, as x®%™ is smooth,
we have
; ‘ |290m (£) — 2907 ()|
im  sup

=0.
h—0 s,t,|t—s|<h |t — S|1/p

Moreover, working as in the first case, we have
|2? () — 2% (s)] < et — sV
Hence, we proved that for all € > 0,

. |22 (t) — a2 (s)|
lim  sup T 1y =6
h=05 ¢ |t—s|<h [t —s|"/P

which concludes the proof of (i).
(i) As cos (2k+17ri;'—,,}) — cos (27”1 Qin) and sin (2’“*1%7) are equal to 0,
we obtain that
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where

a1 ‘ ‘
, 1 ,
= E sin (27i2" ™) [cos <2j+17rz; > — cos <2J+17r2in>} .

=0

Trigonometric exercises show that I3 =0 if j # k, and that I7; > 202,

As ¢~ and o=t are positive, we therefore obtain that

2" 1 n

1 o
Yo eyt w2 g e (27) 67 (27).
=0 j=1

37

(iii) Just take f,g =z, x® with ¢ (z) = 2Plog L and ¢ (z) = z?log 1.

We therefore showed that the sets C2¥* ([0, T, GIP} (R%)), CoPvar ([0, T], G (RY)),

C’;/p'Hﬁl([O,T],G[p] (Rd)) and C’g’l/pHél([O,T],G[p] (Rd)) are quite funda-
mental! We therefore give their elements names:

Definition 9.16 (i) A weak geometric p-rough path is a continuous path
of finite p-variation with values in the free nilpotent group of step [p] over
R?, i.e. an element of CP"([0,T], GIP) (RY)).

(ii) A geometric p-rough path is a continuous path with values in the free
nilpotent group of step [p] over R% which is in the p-variation closure of the
set of bounded variation paths, i.e. an element of COP-ve7([0,T], GIP! (R?)).
(iii) A weak geometric 1/p-Hélder rough path is a 1/p-Hélder path with
values in the free nilpotent group of step [p] over RY, i.e. an element of
cV/e-Hil((o, 7], GIP) (R?)).

(iv) A geometric 1/p-Holder rough path is a continuous path with values in
the free nilpotent group of step [p] over R which is in the 1/p-Hélder closure
of the set of 1-Hélder paths, i.e. an element of CO1/P-Hol([0, T), GIP! (R%)).

Recall from the interpolation results of the previous chapter that
crrervar (o, 7], G (RY) € ¢OP ([0, 77, G (RY) < P ([0, T, GIP) (RY)

and for this reason the difference between weak and genuine geometric
p-rough is important only when we care about very precise results.

Exercise 9.17 Identify the G? (RQ) with the 3-dimensional Heisenberg group
H = R3. Verify that the "pure-area path"

(0,052)
18 weak geometric 2-rough path but not a genwine 2-rough path.

Exercise 9.18 Assume g € g" (Rd) N (Rd)®n. Show that t — exp (tg) C
G" (Rd) is a weak Hélder geometric n-rough path and compute explicitly

Sy (exp(g(-)) c GV (RY), n<N.
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Solution 9.19 Claim that Sy (exp,, (-9))y, = expy (tg) where we write
exp;, for the exp-map in T* (Rd) in order to distinguish from exp,, and
expy. To see this, note that

d(expy (s9),expy (tg)) = |lexpy (—sg) ® expy (tg)]|

and from the Campbell-Baker-Hausdorff formula, this clearly equals ||expy ((t — s) 9)||,

which is bounded by a constant times (t — 5)1/" |g|1/". It follows thatexpy (- g)
is 1/n-Hélder and by uniqueness of the Lyons-lift the claim is proved.

9.3 Invariance under Lipschitz maps

The content of this section is not directly used in the sequel and depends
on techniques of the forthcoming section 10.6 on rough integration. The
probabilistic motivation here is the fact that ® o M, the image of a semi-
martingale M under a C?-map ®, is again a semi-martingale; a manifest
consequence of It6’s lemma.

Having defined what we mean by a weak geometric p-rough path, say
x € Crr ([0,77, G (R)), it is natural to ask whether the (yet to be
defined!) image of x under a sufficiently smooth map ® : R — R€ is also a
weak geometric p-rough path. The following result can then be summarized
in saying that the image of a weak geometric p-rough path under a Lip; -
map, v > p, is indeed another weak geometric p-rough path.

Theorem 9.20 Assume

(i) x € CPver ([O,T] ,GIP) (Rd)) ;

(i) ® € Lip],, (R%,R®), v > p.

Then there exists a unique continuous (in fact: uniformly continuous on
bounded sets) map

o, oPver ([0, 7], Gl (Rd)) s OP-var ([O,T] Nell) (Re))

with the property that, whenever x = S, (z) for some z € C1-**" ([0, T],R?)
then
®.x = S (Pox).

Proof. The proof relies on the forthcoming theorem 10.50 in section 10.6.
Indeed, ¢ := D® = (0, ®,...,9,®) C Lip)," (R?,R®) satisfies the assump-
tion of that theorem so that

D,x ::/ ©(xs) dxs (rough integral)
0

is a well-defined geometric p-rough path; more precisely an element of
crvar ([0,77, G (R€)) and the rough integral ®,x is a (uniformly) con-
tinuous (on bounded sets) function of the integrator x in p-variation met-
ric. To see that ®,x has the claimed "push-forward" behaviour whenever
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x = Sy (z) for some z € C¥*" ([0,T],R) it suffices to note that, by the
fundamental theorem of calculus,

t
P (), = /0 ¢ (z5) dzs (classical Riemann-Stieltjes integral).

By the basic consistency properties of rough integral ®,x is then precisely
then step-[p] lift of the indefinite Riemann-Stieltjes integral

/0 o (¢a) dz,

and so ®,x = Sy, (P o x) as was claimed. m

9.4 Young pairing of weak geometric rough paths

Throughout this section, we fix p > ¢ > 1 such that ¢~ +p~! > 1. Observe
that this implies that ¢ € [1,2).

9.4.1 Motwation

Consider a path z € CPV ([0,T],R?). It is natural, e.g. in the context
of differential equations with drift term, to consider the "space-time" path
t — (x(t),t), plainly an element of CP¥*r ([0,T],R). It can also be
important to replace « by = + h where h is a suitable perturbation®. Let
us now move to a genuine geometric rough path setting and consider x €
crar ([0,7] ,GIP] (Rd)). Recall the intuition that x contains the apriori
information of up to [p] iterated integrals which are not defined, in general,
in Riemann-Stieltjes - or Young sense; there is, however, enough regularity
built in the definition of such a geometric p-rough path that higher iterated
integrals, i.e. beyond level [p], are canonically defined, as was seen in our
discussion of the Lyons lifting map.

Now, even if © = 71 (x) has not sufficient regularity to form the integral
[ x ® dz, one surely can form the integral [ zdt or [z ® dh for sufficiently
regular h, e.g. when the last integral is a well-defined Young integral as dis-
cussed in section 6.2. In particular, one would hope that, given a sufficiently
regular h : [0,7] — R% there is a canonically defined geometric rough path,

say S (x, h), with values in GV (Rd @ Rd') which coincides with Sp,; (2)

where z = (z,h) : [0,T] — R? @ R? whenever x = Sip) (x) for some nice
path z. By the same token, given a sufficiently regular A : [0, 7] — R? one
would hope that there is a canonically defined geometric rough path, say

3E.g. when adding a Cameron-Martin path to Brownian motion.



9. Geometric Rough Path Spaces 201

Ty, (x), with values in GP! (R?) which coincides with Sp,) (z + h) whenever
x = Spp) (z) for some nice path x. Moreover, such constructions should be
robust e.g. so that x +— T} (x) is continuous in (e.g. p-variation) rough path
distance. When p € (2,3), so that x takes valued in G* (R?), the reader
will have no difficulties to derive such results by making use of the Young—
Léeve estimates of section 6.1.

The remainder of this chapter is devoted to handle the general case.

9.4.2 The space CP9-ver ([0, T],RY® ]Rd') .

We recall from section 7.5.6 that for fixed A € R, the dilation map dy :
aN (Rd) — GN (Rd) is the unique group homomorphism which extends
scalar mutiplication a € R? +— \a € R%. Similarly, for fixed v;,7, € R, the
map (a,b) € R? & RY — (vy,a,7,b) € RE @ R? lifts to a group homomor-
phism

b GV (RIGRY) = GY (RI&RY).

(Elements in GV (Rd @Rd'> arise as the step-N signature of a path in

R @ RY . Scaling the first d (resp. last d') coordinates of the path by 7,
(resp. v5) gives precisely rise to the d,, -,-dilation of the original signature.)
Observe that almost by definition of ¢, ,,, we have for a path (x,h) €

levar ([07 1] ,Rd) % levar ([O, 1] ,Rd/) 7

Oy, 7, 9N (T ® h)0,1 =Sy (mz @ 72h)0,1 .

Noting that C?7¥** ([0,7],GN (R?)) is the set of continuous GV (R%)-
valued path x such that for some control function w (e.g. (s,t) — ||x||

p-var;[s,t] )
one has
01 Xy

sup
w(s,t)l/P ’

s<t in [0,T]

< 00,

we are led to the following definition.

Definition 9.21 We say that a continuous pathx € C ([0, T),GN (Rd @ Rd/))
is of finite mized (p, q)-variation, and write x € C'P-9)-ver ([0, T),GN (Rd & Rd/))

if for some control w,

0

< 0.

”X”p,q-w;[O,T] = sup (Xs.2)

1 1
s<t in [0,T] || «(=0P w(sl/a

(A convention of type 0/0 = 0 is in place, to deal with s < t such that
w(s,t) = 0.) If we can take w(s,t) = |t —s|, we say that x is (%,é)-

Hélder and write x € C(574)-H9! ([O,T} ,GN (Rd @Rd,)) .
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As usual, we write clpa)-var ([O,T] ,GN (Rd & Rd/)) etc. if we only con-
sider path started at o, the unit element in GN (Rd &) Rd/),

Definition 9.22 For a pair of controls wi,ws, we also define

0

= sup
s<t in [0,T]

x|

(XS,t)

. -1 1
P,q-w1,w2;[0,T] TGP a(e. 017 ’

and, for two paths x',x2 € C(Pa)-var ([O,T] ,GN (Rd @ Rd,)) ,

4]

(x2)]-

1 2\ __
Pp,q-w1,w2,[0,T) (X X ) - sup

1 1 1 1
s<t in [0,T] | «i(s:)Y/P wa(s.t)l/a w1 (s,0) /P wo(s,t)1/4

Exercise 9.23 Let x € CPa)-var ([O,T] ,GN (Rd ® ]Rd/)> and assume wy

and wy are control functions. Show that, for all s <t in [0,T],
R (w1 (5.7 + g (sﬂg)l/q) .

9.4.8  Quantitative bounds on Sy

For (x,h) € Clvar ([O,T] ,R4 @Rd,>, we now aim that to show that for
every N € {1,2,...}

HSN (z& h)s,t

< (CODSt) X (HS[P] (x)Hp—var;[s,t] + |h’|q—var;[s,t]> :
As in earlier chapters, the constant here depends only on the p-variation of

z and the g-variation of h, allowing for a subsequent passage to the limit.
The argument is similar to proving the Lyons lift estimate

HSN (x)s,t

< (const) > (180 )] g

although in the latter the case N € {1,...,[p|} is trivial. To start, we need
a lemma replacing the use of geodesics.

Lemma 9.24 Let N > 1, and (z,h) € C1" ([s,t] ,R?) x C1-ver ([s,t] ,Rd/),
There exists a path (x*t, h*?) such that

(1)

Sy (z@h),, = Sn(z™"@&h>), (9.8)

it

SN+1 (:B)s,t = SN+1 (ms’t)s)t; (9.9)
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(i) for all a, f > 0 satisfying

’ + HSN (ax @ Bh)&t

|Sx41 ()., <,

there exists a constant Cn which depends only on Cy and N such that

t t
a/ dost| +5/ S| < O
S S

Proof. Observe that if Sy (z @ ), , = Sy (z* @ h**)_, , then Sy (az @ Sh), , =
S (az*t @ ph>?), , and Snyi(ax),, = Sni1(ax™'), . Hence, we can
assume without loss of generalities that o = 8 = 1. By definition of the
Carnot-Caratheodory homogeneous norm, there exist two paths x5t h1:5:*

such that

Sn(z@h),, =5n (' & hl’s’t)s .

with
t t
/ k| + / dn| < e[S (2 @ m),

Then, define g = Sy11 (xlvs’t)_l ® Sn+1 (), » and observe that

s,t

ol < e [ ikt + s
< a|sy@en,]+ sk @)
< cy4.

Define a path %% such that

Swer (22),, =
with
[ sz =gl < x
We have
Sn (a7*7), © Sy (22°7) = S (@),
and

S (xl,s,t @ hl,s,t) ® S (xQ,s,t o 0) =Sy (z® h)S,t'

Therefore, concatenating z1%t @& h1'*! and 22! @ 0 gives us a path that
satisfies the required conditions of the lemma. m
We then need a slight generalization of lemma 9.2.
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Lemma 9.25 Let (z' & h', 2 & h?) be two paths in C1-*° ([s, u], R Rd/).
Assume that

(Z) SN (acl ©® hl)s)u = SN (952 @h2)57u,

(i) Sy (), Swar ().,

(iii) [ |dat|+ [ |dx?| <01 and [ |dh}] + [ |dhZ] < L.

Then, there exists a constant C = C (N) such that

N+1
S (@ nt),, —Swa (2@ R, | <O Y AR
k=1
Proof. Working as in lemma 9.2, we see we can assume without loss of

generalities that 2 & h? = 0, and (s,u) = (0,1). Define for convenience
y = x! @ ht. We have, by definition of Sy and the triangle inequality

i1 IN+1
/ dy, - dy N -
s<r1<...<ry+4+1<u

DO DY

T1,e TN H1

Because Sy 1 (951)S . = 1, we have

[ St () — 1| < >

U1,y iN+1
{ir,ooin g1 }0{d+1,...,d+d }50

i1 IN+1
/ dy,; - dy N
s<r1<...<rn+4+1<u

By (111)7 fs<r1<...<rN+1<u dy}“i e dy:”%j—ll
(N IRk where k is the cardinal of {i1,...,iny 1} N{d+1,...,d+d'}.
That concludes the proof. m

We can now generalise lemma 9.3, to give a quantiative estimate on

|Sn (z @ h)| for N > 1.

is bounded by a constant times

p-var

Lemma 9.26 Let (x,h) be a path in C*-0" ([O,T] ,R1® Rd/), and

w1 = ||Spp) (@]}

poarl]7 92T

lgevar -

For all N > 1, there exists a constant C = C (N, p,q) (and not depending
on the 1-variation norm of x or h) such that

HSN (:L' @ h)||p7q—w17wg7[07T] S C' (9.10)
Proof. Define (Hy): for all paths x & h € C1Var ([O,T] ,R? @Rd/> with

IS (x)||pwar:[0 7 A0d [y o107y Pounded above by 1, we have for some
constant cy, for all s < ¢ in [0,T],

1S (2 @ 1)l gy 0,0, < EN-
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First observe that, for N = 1, we have for s < ¢ € [0,7T],

Ts,t hs,t

w1 (s,t)l/p wa (s7t)1/q

i.e. (H1) is satisfied.
Then, notice it is enough to prove that (Hy) implies that for all z @

h c Cl—var ([07T],Rd@Rd/) Wlth HS[p] (x)||p—var,[0,T] and ‘h|qfva7‘,[[),T]

bounded above by 1, we have
HSN (z® h)O’TH < CNt1-

Indeed, for an arbitrary = & h € CV& ([O,T] R Rd/) , applying the

above to ( would imply that

T h
HS[ZD] (:C) Hp—var;[(},T] ’ Ih‘lq—val':[O,T]

o (e o)
N
HS[p] ('T) Hp—var;[O,T] |h|¢1’Val'%[07T]

By time change, the above would also hold for all s, ¢, when replacing [0, T
by [s,t]. This is precisely saying that

[1Sn (z & h)||

S CN.

o, < C-

D,q-w1,w2,

Let us therefore fix some path x & h € Cv ([O,T} ,R? @Rd,) with
1S (m)”p_var,[o 7] and [h[, .07 less than 1. We define the control w by

1
w(s,t) = 2 (Hs[p] (:C)HZ»var;[O,T] T |h‘gfva1‘;[0aT]) ’

which satisfies w (0,T) < 1. The induction hypothesis tells us that

S i P h <c
N >~ C1.
w(s )P wisn)

)

If N +1 < [p], hypothesis tells us that HSN“ (W) H < e If
5 s,t

N +1 > [p], then theorem 9.5 tells us that

SN+1 (7“)(5;)1/,,)5 tH <c

Hence, following proposition 9.24, we can define the path x*t @ h*? that
is such that

SN(ac@h)&t = SN(acs’teahs’t)s

Sni1 (@), = Sne1(z™),,,

it
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and such that W fst |dzst| + W fst dh| is bounded above by a

constant cy. Define similarly the paths zt%, ht%, %%, h%% and define 2%
(resp. h%%) to be the concatenation of %! and z%* (resp. h*! and ht¥).
Then, define

Fs,t = SN+1 (37 ©® h)&t — SN+1 ($S7t (o) hs’t)

st

Working as in proposition 9.3,

|Fs7u — (].—‘57,5 —+ Ft,u)‘ < ’SNJFl (:L-S’t,u @ h&t,u)s?u _ SN+1 (xs,u ® hs,u)

s,u| "
which we bound using lemma 9.25:

N+1

N+1—k k

‘Fs,u - (Fs,t + Ft,u)| S C3 Z w (s,u) P w (Svu) 4
k=1

IN

caw (s,u)”

Ntl-k |
P
postion 9.3, that = and h are actually of bounded variation, we obtain using

the (analysis) lemma 6.2 that for all s, ¢,

where 0 = minj<p<n+1 { %} > 1. Using, as in the proof of pro-

Dol < csw (s, 1)

We then deduce from the triangle inequality that

‘WN-H (SN+1 (z& h)O,T)‘ < ¢,

which concludes the proof. m

9.4.4 Definition of Young pairing map

We define

(i) pn to be the extension of the projection onto the first d coordinates of
R% @ R? to a homomorphism from GV (Rd &) Rd/) onto GN (Rd) ;

(ii) p’y to be the extension of the projection onto the last d’ coordinates of
RYH R to a homomorphism from GV (}Rd &) ]Rd/) onto GV (Rd/) .

Definition 9.27 Let (x, h) € 200" ([0,T], G (R4)) xCg-var ([O,T] ,Rd’).

A path z in CBTV" ([O,T} ,GN (Rd @Rdl>) such that py (z) = Sy (x)
and ply (z) = Sy (h) is said to be a (p,q)-Lyons lift or Young pairing of
(x,h) of order N. We shall see in the following theorem that such a Young
pairing is unique and will denote it by Sy (x,h) or Sy (X ® h).
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Theorem 9.28 Let (x,h) € C2'7 ([0, T], GIP) (R?)) xCa-ve ([O,T] ,Rd’) ,

and N > 1. Then there exists a unique (p, q)-Lyons lift of order N of (x, h).
By writing Sy (x, h) for this path, we define the map Sy on CP V" ([0, 7], G (Rd)) X

Ca-vor ([O,T] 7Rd'>, Moreover, if

01 = 18151 O pparsg 1> @2 = Plgrvarg.
then, for some constant C = C (N, p,q),
HSN (X? h)‘|p,q—w1,w2,’[57t] < C.

Proof. The existence of such a lift follows the same line as the homogeneous
case, but using lemma 9.26 rather than lemma 9.3. Uniqueness follows from
the following lemma. m

Lemma 9.29 Lety and z be two elements of CP4ve" ([0, T],GN (Rd & Rd,))
such that pn (z) = pn (y) and ply (z) = ply (y). Then we have z =Y.
Proof. Let (Hy) be the induction hypothesis that the lemma holds true

for level N paths, i.e. as written in the statement. For N = 1, there is
nothing to prove, hence (H7) is true. Assume now that (Hy—1) is true, and

let us prove that (Hy) is true. Define w1 = ||y} i yr w2 = lI2ll] 0
We fix e1,...,eq a basis of R? and egy1,...,eqrq a basis of Rd/, so that
€1,...,edtq is a basis of R @ R? .

! ®N !
Define the (Rd @ R4 ) Ngn (Rd & R4 )—Valued path f by

f(t)=1log (z; ' @)

With f (s,t) = f (t) = f (s) we have exp (f (s,t)) = Z;% QYs,¢;we may also

write
f@)= Z fir,in ) e1®@ ... ® egya-
1<iy,.. i <d+d’
Hypothesis (Hy_1) implies that f;, _; = 0if {i1,...,in}0{d+1,...,d+d'} =
@ and from lemma 7.64,
N—ga a
|firsooiin (8:0)] < crwn (8,8)77 wa (s,8) 7,
where a is the cardinal of the set {i1,...,in} N{d+1,...,d+d'}. Set
w = w1 + ws so that
N—a

|fi1,...,iN (S,t)| <c [2&) (S,t)] ~ata .

But for all 41, . . ., i such that the cardinal of {i1,...,ix}{d+1,...,d+d'}
is greater than or equal to 1, =% 4+ 2 > 1 which implies that for the re-
spective component f;, . ;. is of finite r-variation for some r < 1, i.e. it is
equal to fi,, iy (0)=0. m
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9.4.5 Modulus of continuity for the map Sy

We go quickly in this section as there are no new ideas required. First,
we need to generalize lemmas 9.24 and 9.25 to handle the "difference of
paths".

Lemma 9.30 Let N > 1, and (xi, h")i:1 , be two paths in Ct-ver ([s, t] ,Rd) X
Cl-var ([s,t] ,Rd/>. Then there exist paths {x*! K5t : i =1,2} such that

(i) we have
SN (1_2 @ hi)s’t SN (Ii,s,t D hi,s,t)s

Snar (2),, = Snar (@77) 45

(i) for all o, B > 0 such that

,t

| +sv (az e ),

HSN+1 (az), ‘ <G,

we have for some constant C  depending only on C and N,
a/t |da;"| +5/t |dhy;*t| < Cw;

(ii) with S S

e =|Sni1 (aa'),, — Sn1 (aa?), [ +|Sx (aa’ @ BRY), , — Sx (ax? @ Bh?)

we have

)

s,t

t t
o / ekt — da2ot| 4+ B / |dRLS — dh2*| < Ce.

Proof. As in the proof of lemma 9.24, we can assume a = [ = 1. Using

proposition 7.67, there exists two paths (xi’l’s’t, hi’l’s’t)izl , such that

Sn (2 @ hi),, = Sy (a"15 @ 1ot

st
with
[ lazipet o [anie) < e
S S
t t
/\dxi’l’s’tfdﬁ’l’s’t\wL/ |dhy b=t = dhb> | < 61‘51\/ (' ®h),, — Sy (xiEBhi)s,t’.
S S

Then, define ¢* = SN+1 (xi’l’s’t)s_:@@SNH (m’)s . Observe that Hg’” < .
Then, from lemma 9.1

(S 6914~ St (559,) (012, - 50 ),

4 ‘SN+1 (xl,l,s,t)s)t — Syt ($2,1787t)s,t

9" — 97|

IN

‘SNJ"I (wl)s,t B SN+1 (xQ)s,t

< ¢3¢
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using proposition 7.66. Using of proposition 7.67 one more time, we define

the paths (xi’Q’s’t)i:L2 by
SN+1 (xi,Q,S,t)&t — gi7
with
t :
[ lazizet) = gl < e
S
¢
/ ’dmi’zs’t — dmi’z’s’t’ = |91 - 92| <c3e
S

Concatenating the paths z»1%! @ h*1%! and 225! § 0 gives us two paths
that satisfy the required conditions of the lemma. m

We leave the proof of the next lemma, extending lemma 9.25, to the
reader.

Lemma 9.31 Let (aci7 hi)izl 9 (iﬁ l~ﬂ>
Assume that

(i) S (et @ hY), , = Sw (¢* ®1?), , and Sy (3 @ Bt

87

(i) Sn+1 (:rl)s’u = SN11 (I'Q)S)u and Sn41 (:il)

(iii)
/ |dzi|+/ |da?| b and/ |dh},|+/ |dhZ| < £,

/u]d:iHJr/u\diﬂ 0y and /u +/u)di1§) <l
(iv)

/u lda! — d551|+/“ lda? — di?| < ety and / an? — i}

be four pairs in C*-Ver ([s7 u] ,R? @ ]Rd/)

i=1,2
= SN (52 S5 iL2>

L= Sxr (32)

s,u

S, s,u’

IN

IN

dh!

+/u‘dh$—dﬁf‘ < els,.

Then,
N+1
‘(SN+1 (xl)s,u — SNt (3?2)S7u) - (SN+1 (963)5# — SN+1 (3?4)S7u)‘ < Ce Z Eivﬂ*kﬁé.
k=1
Similar to the proof of theorem 9.10 we are so led to
Theorem 9.32 Let 1 < q < p so that 1/p+1/q > 1. Assume (x', hi)i:1 )

are two pairs of elements in C2*" ([0, T , Gl (RY)) x Cg-var ([0, T ,Rd/),
and w a control such that for all s,t € [0,T], fori=1,2,

||Xi||z—va7';[s,t] + |hi|Z—’uu7';[s,t] < w (S’ t)

Ppw (X x%) +p, ., (R RP) < e,
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Then, for all N > 1, there exists a constant C depending only on N, p,
and q such that

o (S (< 11) S (2, 7)) < C=.

Corollary 9.33 Let w is a control, 1 < ¢ < ¢,1 <p<yp 1/p+1/q >
1. Then, for fized R > 0, the maps®

({1l < B} ) x ({1l < B} ) = (€77 (10,71, G (R @ RY))  dyr )
(x,h) — Sy (x,h)

and

({||x||p_w < R} ,dp,,mr) x ({|h|q_m < R} ,dq,,W) - (CP ([O,T] el (Rd @Rd')) ,dp,,W)
(x,h) — Sy (x,h)

and

(15 = R} ) 5 ([ < R} ) = (e (01,69 (50 2)) )
(x,h) +— Sn(x,h)

are uniformly continuous.

Proof. A consequence of the previous theorem and an interpolation argu-
ment. W

Remark 9.34 As a typical application, we see the the Young pairing (x,h) —
SN (x, h) is also continuous in the sense of "uniform convergence with uni-
form bounds". Indeed, take any sequence of path (z,, h,) € C-0e" ([O, T ,Rd)
such that

S?lp (HS[P] <x”)Hp-var;[O,T] + ‘hn“Z'“ﬂn[OaT]) <

imde (S (2n) %) + doo (Spp) (hn) h) = 0.

The, by theorem 9.28 and the last part of the previous corollary above it
then follows that

< 0o,

SITILp HS[p] (x” ® h”) Hp-var;[O,T]

im dog (Spy) (w0 & hn) , Sppy (x D h)) = 0.

g o (h1,02) = |t —B2|, .
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9.4.6  Translation of rough paths

In section 7.5.6, we defined the map plus from GV (Rd &) Rd) to GN (Rd) to
be the unique homomorphism such that for all z, y € R¢, plus (exp (z @ ¥))
exp(z+y). If x is a GV (R? @ R?)-valued path, we can therefore define
the GV (R?)-valued path plus(x) : ¢t € [0,7] — plus(x;) € GV (R?).
When x is the weak geometric rough path equal to Sy, (y © h), where y
is a weak geometric p-rough path and h a weak geometric ¢-rough path,
plus (x) is then a canonical notion of addition of two paths.

Theorem 9.35 Let (x,h) € CP ([0,T], G (RY)) xCrver ([0,T],RY).
The translation of x by h, denoted Ty, (x) € CP*" ([0,T], G (RY)), is
defined by

Ty (x), = plus (Sp) (x & h),) .

(i) We have for some constant Cy depending only on p and g,
||Th (X)”p-var;[O,T] S Cl (HXHp—’u(LT;[O"I'] + |h‘|q-’uu7-;[0’T]) . (911)

(ii) Let (x*,h),_, , € CP=vo ([0,T],GP (RY)) x Ca=vr ([0, T],R?), and
w a control. If we have for all s,t € [0,T],

<11, + b <w(s:1),

p-var;[s,t] q-var;[s,t] —

then
P (T (1) Tha (x)) < Cs (o (x,%2) 4w (0,1) V7P, (0,02)).

for some constant Cy depending only on p and q.

Remark 9.36 If xi:S[p] (:EZ) where x' is of bounded variation and if h’
is also of bounded variation, then Ty (x) = S[p] (hZ +x ) , he. Thi (xl) 18
just the canonical lift of the sum of the paths x* and h'.

Proof. We first prove the quantitative bound on HThz‘ (Xz) Hp_var:[() oS

[ 6] = tos (st 60,
< ClHS[p] x' @), |
From exercise 9.23, defining
w1 = ||y (@HZ?UM,[.,,]’ = |hlg—var, (]

we have

HS[p] (x* & hi)s’tH < ||Sy (x' @ h)|| (w1 (5,)"7 + w, (s,t)l/q> .

p,q—w1,w2



212 9. Geometric Rough Path Spaces

From theorem 9.28, }S[p] (x' @ h') Hp oo
Then, for s,¢ € [0,T], defining s = 6 -
w(s,t)*/P

and using in the third line proposition 7.68, we have

, is bounded, which proves (9.11).
Thl (Xl)S -0 1 Th2 (X2)

it w(s,t)l/p

s,t

earl = |6 plus (S (<@ n!),, )~ 0 plus (S (€ 2 47), )
= ‘Plus <5m5m (x' o hl)s,t> ~ plus <5w(sj)1,p Sty (x* @ hQ)S,t> ’
S oo Sp (X On), -6 Sy (X o),
. e 5mm Sip) (x1 Buw(s, )P h1>s’t

Sy (3 @ w (s,0)/77 /7 12)

N SR
w(s,t)1/P 7 w(s,t)1/a s,t

Using theorem 9.32; we then obtain

less] < e (Pp,w (xl,x2) + Py (w (s,t)l/q_l/p Bt w (S7t)1/q—1/p h2>)

< 0 (b (22) + w0 (5,7 g, (01,12))
Hence, as ¢ < p, taking supremum over all s,t € [0,7] , we have

P (T (1) Th (x2)) < 2 (e (x1%3) +w (0. 1)1 g (11, 1%)).

|
As a corollary, interpolation provides to us the following uniform conti-
nuity on bounded sets result.

Corollary 9.37 The rough path translation (x,h) — Ty, (x) as map from
cp-ver ([O,T] Neld (Rd)) x Cder ([0, 7] ,Rd) — CPver ([O,T} Neld (Rd)>

is uniformly continuous on bounded sets, using the dp.,qr--metric. This is
also true as map from

cy/rie (0,77, G (RY) ) x 3/ (0, 7], RY) — €39t ([0, 7], G (R7))

Exercise 9.38 Assume T_,n (x) — 0. Show that this is, in general, not
equivalent to Sz (z™) — x and neither implies the other.

Exercise 9.39 The following exercise will demonstrate (again!) the power
of p-variation estimates in the sense the they immediately imply non-trivial
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estimates in terms of Hdélder and Besov morm. Recall from Ezercise 5.18
that for § € (1/2,1] and ¢ =1/§

6-1/2

|h|q—’um';[s,t] < (COTLSt) x |h‘W‘5=2—’ua7';[s,t] ‘t - S|

Assume x € CH91([0,T] , G/« (R%)), h € W2([0,T],R?) with o €
(1/4,1/2) and 6 := a +1/2. Show that

ITs G oy < (eonst) % (Ixlla ooy + Pliwisgog ) -
Ezxplain the restriction a > 1/4.
Solution 9.40 Setq=1/6 =1/(a+1/2) andp = 1/a so that h € CT"*"
and x € CP™" . To apply the above corollary we need
1/p+1/g>1l<—=a+(a+1/2)>1

which explains the restriction o > 1/4. The actual estimate then immedi-
ately follows from

Ty (%)

A

st > € ||X||p-va7';[87t] +e |h|¢1-’w”'7[5»t]

IA

%l o msigs g 1t =8I +elhlyss gt — s

9.5 Comments

The main results of this section can be found in [109], see also [113] and
[116]; although some of our proofs are new. The necessity to distinguish
between geometric rough paths and weak geometric rough paths was recog-
nized in [59]. Exercise 9.39 is taken from [60].
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10

Rough Differential Equations
(RDEs)

Our construction of Young’s integral was based on estimates for classical
Riemann-Stieltjes integrals with constants depending only on the p- and
g- variation of integrand and integrator respectively, followed by a limit
argument. The same approach works for ordinary differential equations: in
this section we establish estimates for ordinary differential equations with
constants only depending on a suitable p-variation bound of the driving
signal. A limiting procedure then leads us naturally to "rough differential
equations".

10.1 Preliminaries

As was pointed out in section 7.1, for a fixed starting-time s, a natural
step-IN approximation for the solution of the ODE

d
dy =V (y)de = 3 Vi (y) da, y, € R,
i=1
is given by
Yt R Ys + Evy (y, SN (w)s’t) (10.1)
where

Definition 10.1 (Euler-scheme) Let N € N. Given (N — 1) times con-
tinuously differentiable vector fields V- = (Vi,...,Vy) on R¢, g € TWV) (Rd)
and y € R® we call

k=1 1,..., 1k

e{l, d}
the (increment of ) the step-N Euler scheme.

When, g = Sy ($)87t, the (step-IV) signature of a path segment x|y,
we call £y (ys, SN (x)m) the (increment of) the step-N Euler scheme for

dy =V (y) dx over the time-interval [s, t].
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We now prove a simple error estimate for the step-INV scheme. To this
end, it is convenient to assume Lipschitz regularity of the vector fields in
the sense of E. Stein. To prepare for the following definition, given a real
~v > 0, we agree that |7y] is the largest integer strictly smaller than v so
that

7= v+ {y} with [y] € Nand {7} € (0,1].

Definition 10.2 (Lipschitz map) A mapV : E — F between two normed
spaces E, F is called v-Lipschitz (in the sense of E. Stein), in symbols

V e Lip” (E,F) or simply V € Lip” (E) if E=F,

if Vis |7y] times continuously differentiable and such that there exists a
constant 0 < M < oo such that the supremum norm of its k" -derivatives,
k=0,.,|v], and the {y}-Hélder norm of its || derivative are bounded
by M. The smallest M satisfying the above conditions is the ~y-Lipschitz
norm of V. and denoted |V|; .

(It should be noted that Lip”-maps have (N — 1) bounded derivatives,
with the (N — 1) derivative being Lipschitz, but need not be N times
continuous differentiable.) This definition applies in particular to a collec-
tion of vector fields V = (V4,...,Vy) on R®, which we can view as a map
yr—{a=(a,...,a%) — Z?Zl V (y) a'} from R into L (R4, R¢), equipped
with operator norm. Saying that V € Lip” (Re, L (Rd,Re)) is equivalent
to V1,...,Vy € Lip” (R®) but it usually the y-Lipschitz norm of V' which
comes up naturally in estimates.

We are now ready to state a first error estimate for the Euler approxi-
mation in (10.1).

Proposition 10.3 (Euler ODE estimate) Lety > 1,V = (V;),.;, be
a collection of vector fields in Lip” ™! (R®) and = € C*o" ([s,t] ,R?). Then

there exists a constant C = C (vy) such that,
t 8!
<0 (Whyyos [ 1aarl) -

Twv) (8,Ys3 ), — Ewv) (y S1y) (x)s,t)

(10.2)
Proof. At the cost of replacing z by |V|[;; -1 2 and V; by WV“ we
ip7—
can and will assume that |V, ,—» = 1. We set n := |v] and first show
that

Ys,t — S(V) (ysv Sn (x)s,t>

Tn*

i1,0eyin Y S<TI<<T<t

e{1,...,d}
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To this end, consider a smooth function f and note that for any k <n—1,
Vi, - Vi, f € CL. By iterated use of the change-of-variable formula (cf.
exercise 3.17)

n—1
o) = fw Y Y / Vi Vi f (3e) dah -~ dae
& s<r1<...<rp<t

k=1 i1,....0
e{i,d}
7 7
DN Vi Vi () oy - oy
i1yeeesine s<r<..<rp<t
e{1,...,d}

and the claim follows from specializing to f = I, the identity function.

Clearly,
¢ ¢
/ V (y) dx gcl/ |dx,| .

Lip”~!-regularity of the vector fields implies that V;,..V; I(-) is Holder
continuous with exponent {7} = v — n. Hence, for all r € [s, ],

|ys,t| =

t {7}
|Vi1"VinI(yr) - V;r-VinI(ys” <c2 (/ |d$r|> .

and after integration, using v = n + {v},

t ¥
<ec3 (/ |dx,«) .

/ Vi Vi (yry) — Vir Vi I (ya)] decit - din
s<r1<...<rp<t

Summation over the indices finishes the estimate. m

Remark 10.4 The proof also showed that, keeping that notation n = |vy]|,

vy (0,905 %) 7 — Evy (yo, Siy) (ZE)O,T)

> Vi Voo T () = Vi Vi I (30)] dts -,
o<ri<...<r, <T

e{1,...,d}
= Z / WVii-Vi X (yr) = Vi - Vi I (o) dwil/ dz?2 - dain
gy 0 0<2<T r<ry.<rn<T
e{1,...,d} ~——
Ed(x?”TI """ ")

(we underlined integration variables here)

/ V™ () — V™ (o)) d (01
o<r<T
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10.2 Davie’s estimate
The main result in this section will require a quantitative understanding of

(A) the difference of ODE solutions started at the same point, with dif-
ferent driving signals (but with common iterated integrals up to a
given order);

(B) the difference of ODE solutions started at different points but with
identical driving signals.

This is the content of the following two lemmas.

Lemma 10.5 (Lemma A) Assume that

(i) V = (V;) <<y 15 a collection of vector fields in Lip”™"' (R®), with v > 1,
(ii) s < u are some elements in [0,T),

(i1i) ys € Re (thought of as a "time—s" initial condition)

(iv) © and & are some paths in C1'" ([s,u] ,R?) such that S| (T)g0 =
Sia) (@) 0

(v) £> 0 is a bound on |V o ([ |da| + [ |dz]) -

Then, we have for some constant C = C (),

|7T(V)<svys§x)s,u - 71-(V)(Svys; -’i)s,u’ <Cr.

Proof. We do not give the most straightforward proof (which would be to
insert the Euler approximation of order || and use the triangle inequality),
but provide a (still simple) proof that will be more instructive later on.
By reparametrisation of time, we can assume (s,u) = (0,1). Define the
concatenation of Z (1 —-) and z (+), in symbols

<
xr

Z = U,

reparametrized so that z : [0,1] — R?. Then,

Twv) (0905 2)o1 = 71 (0,90: %o = 71 (0,503 2)1 = 71 (0, 40;
= 7w (0,7 (0,50; T)15 2)1 — Ty (0,505 T)1
= 7w)(0,7) (0,05 2)15 2)o,1-

By assumption (iv) and Chen’s theorem,

Slv) (Z)O,l =S|y (‘%)0_} ® S|y ($)071 =1

Hence &y (-, S|y (z)o’l) = 0 and the proof is finished with the ODE Euler
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estimates from proposition 10.3,

|T(1) (0,5 2)01| = ’W(V)(O, 5 2)o,1 — Evy (',Sm (2)071>’

1 v
€1 |:|V|Lip“fl/0' |dz|}
1 1 v
c1 <|V|Lip71 (/0 |dz| +/0 |d:i|)> <.

Lemma 10.6 (Lemma B) Assume that

(i) V = (Vi) i<y is a collection of vector fields in Lip' (R¢),

(ii) t < u are some element of [0,T],

(1) ye, Gr € R (thought of as "time—t" initial conditions)

() z is a path in C*"" ([t,u] ,RY),

(v) £ >0 is a bound on |V, [ da).

Then, if wyy (t,-;x) denotes the unique solution to dy = V (y)dx from
some time-t initial condition, we have

IN

< |ye — G| Lexp (£) .

vy (&Y @), — vy (6 T2,
In particular, the flow associated to dy =V (y) dx is Lipschitz continuous.

Proof. This is precisely Lemma 3.8. =

Equipped with these two simple lemmas, and the technical proposition
10.65 in appendix 10.8, we are now ready to provide the crucial p-variation
estimate of ODE solution in terms of the p-variation of the driving signal.

Lemma 10.7 (Davie’s lemma) Let v > p > 1. Assume that

(i) V = (Vi) i<y is a collection of vector fields in Lip” " (R®),

(it) x is a path in C*"*" ([0,T],R?), and x := Sy,(x) is its canonical lift
to a GIP! (Rd) -valued path,

(#11) yo € R® is an initial condition.

Then there exists a constant Cy depending on p, v (and not depending on
the 1-variation norm of x) such that for all s <t in [0,T],

|7(v) (0,90 %) |,y < O (|V\Liw1 1<l p-var g5, V [V L ||X||§-mr;[s,t1) :
(10.3)
Moreover, if x5t € Ct-ver ([s, t] ,Rd) s a path such that

t
Sy (avs’t)&t =S|, (¢),; and / ’dws’t| <K Hprivm;[S’t] (10.4)
for some K > 1, then, for any time—s initial condition ys € R¢,

v
’W(V) (Sa Ys; $)S7t — (V) (Sa Ys; $S’t)s,t’ =< 02 (K |V|Lip771 ||X||p—’uu'r';[s,t])
(10.5)
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where Cy depends on p and 7.

Remark 10.8 In case of non-uniqueness we abuse notation in the sense
that 7y (0, yo; x) resp. m(v) (8, Ys; ) in the above estimates stands for any
choice of ODE solution to dy = V (y) dx with the indicated initial conditions
at times 0, s respectively.

Remark 10.9 From proposition 10.3, inequality (10.5) is equivalent to the
Euler estimate

y
(V) (Says; 1')3715 - g(V) (Says§ S\_’y] ($S7t)57t>‘ <Cs (|V|Lip”f*1 ”X”p—mr;[s,t]) .
(10.6)

Remark 10.10 A finite variation path (and even Lipschitz continuous)
with the properties (10.4) always exists. Indeed, it suffices to take x°t as
geodesic associated to the element g = S| (:r)&t e gLl (Rd), parame-
trized on the interval [s,t]. The length of this curve is precisely equal to
lgll, the Carnot-Caratheodory norm of g € GV (R?), and so

t
[ [da*t| =[Sty @] < US10 @) o

C(%P) HS[I’] (:E)Hp-var;[s,t] .

IA

where in the last step used the estimates for the Lyons-lift map, proposition
9.3, applicable as v > p and so || > [p]. Let us also note that

t t
/Wﬂgf{/ da| (10.7)

. t
since fs |dx57t| < K”X” ] < K”X”l—var;[s,t] = K"r‘lfvar;[

p-var;[s,t s,t]

Proof. The case p < v < 2 is discussed in exercises 10.12, 10.14. We assume
here v > 2 so that dy = V (y) dx with time-s initial condition ys has a
unique solution, denoted as usual by 7 (s,ys; ). We define x = Sy, (2),
and

p
w ($7t) = (K |V|Lip7*1 ||X||p—var;[s,t]>

Thanks to fst |[dz>'| < K[|, yap(s,q and an elementary ODE estimate
(theorem 3.4) we have

7y (s 932°) | < caw (s, )7 (108)
Then, for all s <t in [0,7] we define,

Do =y = (s,y58™"), = yse =7 (s,9532™) -
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Then, for fixed s < t < w in [0, 7], we have
Fs,u - Fs,t - Ft,u = -7 (87 Ys; xs,u)&u +m (87 Ys; ‘/ESJ)SJ +7 (t7 Yt xt7u)t,u :

Define 2%%%* to be the concatenation of x%?

readability,

and zt* and set, for better

A o = (s,ys ms’t’“)s,u — 7 (s,ys; 25",

s

B : = (t,yt;xt’“)t W (t,7 (s, ys: $S’t)t ; :rt’“)t

=ty xnu)t’u =7 (tye + Tats mtvu)t,u
which then allows to write
Psu—Tst—Teu=A+B. (10.9)

The term A is estimated by - nomen est omen - lemma A, noting that

u t “w
/s |da> | :/S |dz™t | +/t |da| < 2K 131 -var 5,00

Similarly, lemma B was tailor-made to estimate B and we are led to

IN

|Fs,u - Fs,t - Ft,u

cw (s, u)'Y/p +ea|m (s,ys;zs’t)t —y|w (t,u)l/p exp (CQw (t,u)l/p)
< aw(s,u)"? + ey Toqlw (t,u)/Pexp (02w (t, u)l/p>
The elementary inequality
1+ cow (t,u)Pexp (CQLLJ (, u)l/p) < exp (202w (s, u)l/p) ,

combined with the triangle inequality, then gives

"R

|Fs,u

< |Ts.¢|exp (2620.) (s, u)l/p) + T + cow (s, u) (10.10)

On the other hand, using again Lemma A,

Cael = |yse —7 (s,9s52)
t ¢ ¥
< o {mwl JCER | |dm5’t|]
) ¢ y
< ¢ {|V|Lip71 (K + 1)/ |dav|] thanks to (10.7).

=:0(s,t)

Obviously, @ is a control function whose finiteness depends crucially on
the apriori assumption that = has finite 1-variation and we summarize the
previous estimte in writing

ITst| = O (@ (s,t)”) where v > 1. (10.11)
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The two estimates (10.10), (10.11) are precisely what is needed to apply
(the elementary analysis) lemma 10.65 (found in the appendix of this chap-
ter): it follows that, for all s < ¢ in [0, T7,

ITs.t| < caw (s, t)v/p exp (C4w (s,t)l/p)

and we emphasize that ¢4 does not depend on @ and in particular not on
the 1-variation of z. From (10.8) and the triangle inequality, we therefore
have for all s < ¢ in [0,7],

lys.¢] < crw (s,t)l/p + cqw (s,t)wp exp (C4UJ (s,t)l/p)
and if attention is restricted to s, ¢ such that w(s,t) < 1 we obviously have
lys.e] < (c1 + cae™)w (s,t)l/p.
But then it follows from proposition 5.10 that for all s < ¢ in [0, T,
1
1Yl pvars[s, < €5 (w (5,)"P v w (s,t)) .
That also leads to

|Fs,t|

Y — T (8,ys:2%)
1/p 1/p
< ¢ (w (s,t) " Vw (&t)) + cw (s,t)
and hence
Ts: < min {C4w (s,£)"/? exp (C4w (s,t)l/p) ,C5 (w (5,)?vw (s,t)) +aw (s,t)l/p}
< cow(s )P,

The proof is now finished. m

Exercise 10.11 Prove that we can take the constant Ci and Cs in lemma
10.7 to be continuous in p, for p € [1,7).

The following exercise deals with the case p < v < 2 in lemma 10.7.
Exercise 10.12 (i) for 1 <y <2, and a,b > 0, prove that
A< (y = 1) ab’ Tt (2 —) . (10.12)

(ii) Under the assumption of lemma 10.7 for p < ~v < 2, prove that if
Dot = yst — V(ys) zs,e and w (s, t) = |V 01 |2] we have for
s<t<u,

p—var,[s,t]’

y—1

Do = Tot = Trul Se(y = D Tl w (t,0) 7 +e(2 = 7w (t,u)/”.

(iii) Prove lemma 10.7 in the case vy < 2.
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Solution 10.13 (i) Write x = a/b, and dividing by b7, we see that (10.12)
s equivalent to

TP < (y=1)z+ (2—7) forz>0,

which is checked by basic calculus.
(i) for s <t < u,

|F8,u - FS,t - = |[V (yt) -V (ys)} xt,u|
< el twtu)?
< ey =DITelw(t,w)T +e@—v)w(tu)’ using (i)

(iii) Exactly the same argument as in the proof of lemma 10.7.

Exercise 10.14 (i) Under the assumption of lemma 10.7 for p < v < 2,
prove using Young estimates that for all s,t

‘y|p-va7';[s7t] <a |‘/|Lip”f’1 |‘T|p-va7',’[s7t] {1 + ‘y|p var;[s t]}

(ii) Using proposition 5.10, prove inequality (10.3) of lemma 10.7.
Solution 10.15 From Young’s inequality,

/:V@/)d:c

|ys,t|

< a ‘$|p—var;[s,t] {|V| + |V|L1p”’ L ‘y p-var;[s, t]}
< a ‘V‘Lip’Y*l |‘T|p—va7';[s7t] {1 + |y|p var; s‘,t]}
S o ‘V‘Llp’Y 1 |$|p var;[s,t] {1 + |y|p var;[s t]}

1/p
< ¢ ‘V‘Lip’Y*l |$|p—var;[s,t] {1 + |y|p var;[s t]}

The p-variation of x is controlled by wg., = \x|p vari[]" Using similar nota-

tion for y we see that ys|” is estimated by a constant times wqy;p+Wapwy:p
which is a control (cf. exercise 1.10) and from the basic super-additivity
property of controls,

1/p
c3 |VY|Lip’Y_1 |x|p—var;[st {1 + |y|p var;[s, t]}

> a3 |V|Lip’7*1 |$|p-var;[s,t] {]‘ + |y|p—var;[s,t]}

(it) For s,t such that 2c2 |V|y;p0-1 |2],_pqp(sq < 1. we obtain

IN

|y|p—var;[s,t]

A

€2 |VY|Lip'Y*1 |‘r|p7var;[s,t]

(1 —C2 ‘V‘Lip7*1 |$|p7va7‘;[s,t])

22 |V ipn—1 ||

‘ylpfvar, [s,t]

IN

p—var;fs,t]
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We then obtain estimates on |y|
1 using proposition 5.10.

p—var[s,4] for s, t such that 2co |V|Lip7,1 |x|p7var;[3’t] >

10.3 RDE solutions

Davie’s lemma gives us uniform estimates for ODE solutions which depend
only on the rough path regularity (e.g. p-variation or 1/p-Hélder) of the
canonical lift of a "nice" driving signal z € C*v*" ([0,T],R¢). It should
therefore come as no surprise that a careful passage to the limit will yield
a sensible notion of differential equations driven by a "generalized" driving
signals, given as limit of nice driving signals (in p-variation or 1/p-Holder
rough path sense ...) . This class of generalized driving signals is precisely
the class of weak geometric p-rough paths introduced in the previous chap-
ter. Indeed, we saw in section 8.2 that for any x € CPV3* ([O, 7], GI?) (Rd)),
there exist (z,) C C¥*" ([0,7],R?) which approximate x uniformly with
uniform p-variation bounds,

lim do;jo,7] (Spp) (xn) %) =0 and sup |[Sy) ()| oo. (10.13)

<
n—o00 p-var;[0,T]

10.3.1 Passage to the limit with uniform estimates

Our aim is now to make precise the meaning of the rough differential equa-
tion (RDE)
dy =V (y)dx, y(0) =yo € R® (10.14)

where V' = (Vi) ., is a family of sufficienly nice vector fields and x :
[0,T] — leld (Rd) is a weak geometric p-rough path. The following is es-
sentially an existence result for such RDEs; since our precise definition is
very much motivated by this result, the precise definition of an RDE so-
lution (together with remarks on alternative definitions) is postponed til
next section.

Theorem 10.16 (Existence) Assume that

(1) V = (V;) <<y s collection of vector fields in Lip?~' (R¢), where v > p,
(i) (zn) is a sequence in C*"*" ([0,T],R?), and x is a weak geometric
p-rough path such that

i dojjo,r) (S (@n) %) and sup [|Sp) (@], g0.7y < 0

(ii1) y € R® is a sequence converging to some yo.
Then, at least along a subsequence vy (0,yy;2,) converges in uniform
topology to some limit, sayy € C ([O, T] ,Rd). Any such limit point satisfies
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the following estimates:there exists a constant C depending on p, 7y, such
that for all s <t in [0,T)],

Ylp-varsfs.) < C(IVILipwfl 1%l - arsgs g ¥ IV T 1105 M) (10.15)

Moreover, if x5t : [s,t] — R? is any continuous bounded variation path
such that

t
Sly) (#) 4 = S (%), and / |da*!| < K%y

for some constant K > 1, then, again for all s <t in [0,T),

il
Yst — V) (Says; $S7t)s7t’ S Cl (K |Vv|Lip’Y*1 ||X||p-1}ar,’[s,t]) ’ (1016)

where C' depends on p, 7.

Proof. Let € > 0 be small enough such that p + ¢ < 7, and let us define
for convenience the function ¢, (x) = 2V aP. By Davie’s lemma (i.e. lemma
10.7) for all s,t € [0, 71,

(W) (O yo’mn)St < Cl7p+5¢17+5 (|V|L1P’Y . HSP] Tn H (p+e)-var;[s, t])
(10.17)

-var;[.,.] 18

equicontinuous in the sense that for all £ > 0, there ex1sts 6 such that for

all s,t with |t — s| < 4,

HS[P Tn H(p—i—s) var; (s, t]

This implies that 7y (0,%4;2,) is equicontinuous and hence converges
(along a subsequence) to a path y. We therefore obtain that

|y3,t| S 611P+5¢p+6 (‘V‘Lip771 nlLI’I;O ||S[p] (xn)||(p+a)—var;[s7t])
< Cl,p+e¢p+e (‘V‘Lip7*1 ”XH(p-}-a)—var;[sJ])

By exercise 10.11, lim. ¢ ¢1 p1e = ¢1,p, and by lemma 5.14, lim._,o ||x||(p+5)
1% -var:[s,4) - Hence, for all s,¢ € [0,77,

|ys,t| S Clvpgbp (|Vv|Lip“Y*1 ”X”p—var;[s,t]) .

The right hand side of the last expression defines a control, hence we obtain
(10.15).

From remark 10.9, proving inequality (10.16) is equivalent to the proof
of the following inequality:

v
Ys,;t — 5(\/) (Svys; SLWJ ($S)t)s,t)’ S 010-16»2 (|Vv|Lip’Y*1 HXHp—V&r;[S,t]) .

-var;[s,t] —
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By Davie’s lemma (i.e. lemma 10.7) for all s,¢ € [0, T,

Y

vy (0,43 20).0 = Ey (3305810 (227),,,) | < e (IV i 1501 @) ey sarion)

where ¢ is independent of n. Letting n tends to infinity (along the sub-
sequence that allows us to have convergence of 7y (0,44 2,) to y), we
obtain

vy
Ys,t — S(V) (Sa Ys; SL'yJ (X)&t)’ < Clpte (|V|Lip“’*1 ”X“(P-i-a)»var;[s,t]) :

Letting € converge to 0 finishes the proof. m
Let us point out explicitly the error estimate for the Euler scheme, which
was established in the final step of the previous proof.

Corollary 10.17 (Euler RDE estimates) Under the assumptions of the
Theorem 10.16 (in particularx € CP**" ([0,T], G} (R)), V € Lip? ™' (R¢),y >
p) we have

Ys.t — Ev) (ys, Sy) (X)s,t>’ =C (IVlLipv—l ||X||p.w,~[s,t])7

where C' only depends on p,~. If x is 1/p-Holder,

ot = €y (vs S1) 0| £ (Vs 1%L ssngorry) X 8= 5777

Remark 10.18 Note |v] > [p] so that S|, (x) is the Lyons-lift of x. For
7 close enough to p, S| (x) = x.

10.3.2  Definition of RDE solution and ezistence

The perhaps simplest way to turn theorem 10.16 into a sensible definition
of what we mean by
dy =V (y) dx, (10.18)

started at yo € R¢, is the following

Definition 10.19 Let x € CP*" ([0,7],GP (R?)) be a weak geometric
p-rough path. We say that y € C ([0,T],R®) is a solution to the rough
differential equation (short: a RDE solution) driven by x along the collec-
tion of Re-vector fields V. = (Vi)izl,...,d and started at yo if there exists
a sequence (xy,),, in C*" ([0,T],R%) such that (10.13) holds, and ODE
solutions y, € 7 (0,y0;2™) such that

yn — y uniformly on [0,T] asn — oo .

The (formal) equation (10.18) is referred to as rough differential equation
(short: RDE).



10. Rough Differential Equations (RDEs) 227

This definition generalizes immediately to other time intervals such as
[s,t] and we define 7y (s, ys;%) C C ([s,t],R) to be the set of all solutions
to the above RDE starting at y at time s driven by x € CP** ([s, ], GP) (RY)).
In case of uniqueness, 7 (v (s, ys; %) is the solution of the RDE.
Let us note that theorem 10.16 is now indeed an existence result for RDE
solutions. That said, there are some possible variations on the theme of
RDE definition on which we wish to comment.

Remark 10.20 (RDE, Davie-definition) Theorem 10.16 and corollary
10.17 allow to pick other "defining" properties of RDE solutions. For in-
stance, A. M. Davie [33] defines y to be an RDE solution if there exists a
control function & and a function 0 (6) = 0(0) as § — 0 such that for all
s<tin0,T],

[Ys,t — Evy (Ys, Xs0)| < O (@ (s5,1)). (10.19)

(Note that (10.19) contains implicit reqularity assumption on'V so that the
Euler scheme & is well-defined.) Applying corollary 10.17 (take v small
enough so that |y] > [p], hence S|y (x) = x, then 0(0) = &P and
@ (s,t) = (const) x ||x||§_1m;[s,t]) shows that any RDE solution in the sense
of definition 10.19 is also a solution in Davie’s sense. With either defin-
ition, let us note that (10.19) leads immediately to the statement that y
satisfies some sort of compensated Riemann-Stieltjes integral equation,

Yt — Yo = nh—{go Z ‘C/‘(V) (ytmxtutwrl) )
t;€Dy,

for any sequence of dissection (D,,) of [0,t] with mesh tending to zero.

Remark 10.21 (RDE, Lyons-definition) As one expects, RDE solu-
tions can also be defined as solution to a "rough" integral equation and this
is Lyons’ original approach [109, 113, 116]. To this end, one first needs a
notion of rough integration (cf. section 10.6) which allows, for sufficiently
smooth ¢ = (py,...,0,), defined on R, the definition of an (indefinite)
rough integral

/ v (2)dz with z = 71 (2)

0

such that, in the case when z = Spp) (2) for some z € C***" ([0, T],R?),
it coincides with Spy) (§) where & is the classical Riemann-Stieltjes integral
fd 0 (2)dz.
Note that (10.18) cannot be rewritten as integral equation of the above form
(for y is not part of the integrating signal x). Nonetheless, the "enhanced"
differential equation (in which the input signal is carried along to the out-
put)

dr = dx
dy = V(y)da
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can be written in the desired form

The above integral equation indeed makes sense as rough integral equation

(with implicit regularity assumption on V so the rough integral is well-

defined) replacing z by a genuine geometric p-rough path z € CP*" ([0, 7], Gl (Rd &) Re))
and solutions can be constructed, for instance, by a Picard-iteration [109,

113, 116]. An Re-valued solution is then recovered by projection

21 (2) =2 = (0,9) = y

and again one can see that a RDE solution in the sense definition 10.19 is
also a solution in this sense.

10.8.8 Local existence

As in ODE theory, if the vector fields have only locally the necessary reg-
ularity for existence, we get local solutions.

Exercise 10.22 We keep the notation of theorem 10.16. Fix s < t in [0,T]
and assume that for some open set Q, we have for all u € [s,t], y, € Q.
Prove that

|y‘p-z,var;[s,t] <C (|V|Lip7_1(Q) HXHp-var,‘[s,t] v |V|€ip7*1(ﬂ) HXHzfvar;[s,t]>
where C' = C (p,7).

As a consequence of this result, we obtain the following;:

Theorem 10.23 (Local existence) Asssume that

(i) V = (Vi) cicq is a collection of vector fields Lip),." (R®), with v > p;
(ii) x : [0, T] — GIPI (RY) is a weak geometric p-rough path,

(#1) yo € R® is an initial condition.

Then either there exists a (global) solution y : [0,T] — R® to dy =V (y) dx
with initial condition yo, or there exists T € [0,T] and a (local) solution

y: [0,7) — R® such that y is a solution on [0,t] for any t € (0,7) and

lim Jy (£)] = +-o0.
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Proof. In simplifies the argument to have unique ODE solutions, we thus
assume v > 2. (Otherwise p < 7 < 2 and some care, similar to the proof
of theorem 3.6, is needed; we leave this extension to the reader.) Without
loss of generality yo = 0. Pick (") C C*¥** ([0,T],R?) so that

Sip) (£,) — x uniformly

with Supy, ||S[p] (mn)||p—var;[O7T
Lip? ™ *-vector fields V" which coincide with V on the ball {y : [y| < n}.
From the preceding existence theorem,

] < oo. Replace V' by compactly supported

T(v) (0,y0;2™) — yM) € 71y (0,503 %)

where strictly speaking we have replaced z" by a subsequence along which
this convergence holds. If

‘y(l)‘ <1

00;[0,T7]

then we can replace V3 by V and hence found a global solution in which
case we are done. Otherwise,

=i {t>0: ‘yt(l)’ >1}e0,7]
and we switch to another subsequence so that
T(ve) (0, yo;2™) — y@;

2)

observing that y™") = y® on [0,7;]. Again, if [y®]|__ < 2 we found a

;0,7 —
global solution, otherwise we define another 74 > 71 by

- :inf{tz(): ‘y@)) 22} € (0,7

and so on. Iterating this either yields a global solution or a family of RDE
solutions
(n) 0, 0; X)
Y eﬂ-(V")( y Y03 X)

consistent in the sense that (™ = 3+ on [0, 7,,] . Moreover, be definition
of 7, we see that |y (7,,)] =n — 00 as n — oo and the proof is finished. m

10.3.4 Uniqueness and continuity

For ordinary differential equations, we saw that existence is guaranteed for
continuous vector fields, while uniqueness requires Lipschitz vector fields,
that is one additional degree of smoothness. In essence, this remains true
for RDEs driven by p-rough paths: we saw that RDE solutions exist for
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Lip”™!-vector fields when ~ > p and we will now see that uniqueness holds,
still assuming > p, for Lip”-vector fields (or Lip, . since uniqueness is a
local issuel).

We will show uniqueness by establishing Lipschitz regularity of the RDE
flows. Later, we will see that uniqueness also holds for v = p (in this case,
we will only prove uniform continuity on bounded set of the RDE flow
rather than Lipschitzness), and that uniqueness still holds when we relax
the rough path regularity of the driving signal in a way that gives unique-
ness under optimal regularity assumption for RDEs driven by Brownian
motion and Lévy’s area.

The reader may find it useful to quickly revise the proof of Davie’s lemma
which is similar to arguments in this section. In particular, the following
lemma A and B are essentially straight-forward generalizations of what we
called lemma A and B in section 10.2. We start with the elementary yet
useful

Lemma 10.24 Let ¢g,§ € Lip” (R, RF) with 8 € [1,2], and a,b, a,b :
[0,1] = L (R%,R®), and z,& € C***" ([0,1] ,R®). Then, with

Az;éugmn—gw»wmf—ﬁlQﬂm)—g@a)d@,

we have!
1 ~
A< ol [ e =b0 = (3~
- p-1
+ (|CL - b|oo,[0,1] + ’a’ - b’oo,[O,l]) ‘m|1-7}ar,’[0,1]

(bl o =3[y 19— i)

+1al,, ,-|a—?)

. |d,]

56,]0,1] |$ - i'|1-mzr;[0,1] :

€ R°. When 3 > 1 g € C' and we can write
g(@) 9@~ (9(0)—g (b)) as
1

g'(ta+(1t)a)(aa)dt/olg/(tbﬂlt)z}) (bfl;)dt

/Olg'(ta—l—(l—t)d) (a—a—(b-b))a
+/01 [ (ta+ (1 -ty —g' (10+ (1~ )8)] (b-5)

n the case B =1, |g — §|Lipﬁ,1 has to replaced by 2|g — §|.-
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to obtain, using |¢'[ < \g\LA , for f>1,
ip

9@-9)-(9@-9(2)| < lol,,,|@t)-(a-5)]
~\B-1 ~
1ol , (la=ol+]a—8) |o-3].

In fact, this argument remains valid for 3 = 1 since g € Lip' implies implies
absolute continuity of ¢ — g (ta + (1 —t) a).

Step 2: Obviously ’(g (@) —g (E)) — (g (@a)—g (E))‘ < 19— Glpipe—
so that, by the triangle inequality,

(9(@—-g®) (3@ —-3(5))| <lgl,,, |@—v)— (a-D)

+ (|a —b+ ‘d — B’)ﬁil (‘g|Li]>ﬁ ‘b— i)‘ +|g— §|Lipﬁ—1> .

Step 3: At last, we write A = A + Ay where
/01 [9(ar) =g 0) = (3(@) — 3 (b,))] dar,

A, = /0 (@) =3 (b)) d @~ 7).

Using the elementary | [ ...dz,| < [|...]|dz,| <|...| %o we bound

Liph ’a B b’oo
allows to bound A,. Together, they imply the claimed estimate. m

We now turn to Lemma A and note the assumption of Lip”-regularity,
~ > 1, in contrast to Lemma A which was formulated for Lip”~! vector
fields, v > 1.

~18-1
a—b‘

Ay

A1 using the step-2 estimate, while ‘g (ar)—g (l;r> ’ < gl 0.1]
o] ,[0,1

Lemma 10.25 (Lemma A) Assume that

(i) (Vi) cieq and (V) <o, two collections of vector fields in Lip” (R®)
vector fields, with v >1;

(ii) s < u are two elements of [0,T;

(iii) yt,y? € R® (thought of as a "time—s" initial conditions);

() «', & and 2, 2* are driving signals in C*"*" ([s,u] ,R?) such that

S[’Y] (ml)s7u = S['Y] (‘%l)s,u’
S ()0 = St (3),45
(v) £>0,0 >0 are such that

u u u U
max{/ |dx1\+/ |d§;1\7/ \dw2|+/ di2|}
S S S S

max{/ }dml—dx2|,/ |di1—dzﬁ2|}

IN
~

IN
e
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(vi) v >0 is a bound on |V1}Lip7 and |V2|Lip7.

Then, for some constant C depending only on y we have?,

|(mo) (bt = (593, ) = (mo (s.9i2?) = 7s (5,928, )
<C (|y§ —y+ v - V2|Lip7,1) (v0)7 exp (Cvl)
+ Cov. (v)M exp (Cvb)

Proof. First, as in the proof of Lemma A, we take (s,u) = (0,1) and
observe

(Vi) (O,yé;xi)o,lfﬂ(vi) (O,yé;:ﬁi)o’1 = (Vi) (O,ﬂ'(vi) (O,yé;ii)l ;Zi)o,ﬁ 1 =1,2,

— —
where 2! = #! U 2! and 22 = 2?2 U 2? are reparametrized in the same way
to a path from [0, 1] to R?. By assumption (iv) and Chen’s theorem z' has

trivial step-[y] signature, i.e.

1 _ ~1\~1 1 _
Sy (2 )0,1 = Spy (& )0,1 ® Sy ( )0,1 =1 (10.20)

and similarly for z2. Next, by assumption (v) we have fol |dz} — dz2| < 20.
Using the Lispchitzness of the flow of ODEs, in the quantitative form of
theorem 3.8, we see that it is enough to prove the above lemma with &2 =
#! = 0. We can thus assume z' = 2! and 22 = z2. To simplify notation,
define ' o

yf}, = T(vi) (07y67 xz)u ’ i=1,2,
and, for N := [],

: : ; N
fo’ﬁ[:/ dz}1®...®dmiN€(Rd) , i=1,2.
u<r1<...<rp<1

1
max (/ ‘dxz’lf ) < /N,
=12 \_Jo )

From (10.20) and remark 10.4 concerning the remainder representation
of an Euler approximation®, we have

Observe that

1 .
v = Uba—Eevey (vor S (7)) = /0 VN (i) = VN ()] Y, i =12,

2For y=1, |[V1 - V2|Lip’Y*1 is replaced by 2|V — V2|Oo.

31t V = (V4,...,Vy) we think of VN = (V] ...VjN)j1 """ inE{l,...ay 35 an element

of the the (Euclidean) space (Rd)®N which contracts naturally with elements of form
i, N d\QON
x;,l e (]R ) .
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and so we have
1
o = [ VY () - VY )]

1
= [ ) = v )
0

Note that V*N € Lip” where 8 := v — N + 1 € [1,2) since N = [4].
Using lemma 10.24 to the paths u — yl,y$,y2, 43, we then obtain, using
the bound max;_1 2 (|Vi’N|Lip7,N+1> <oV,

e —dal < e | =8| KA

1-var;[0,1]

~y—1
ta (|y(1)’ |OO7[071] + |yg’ |OO7[Oa1]) ’Xll’,ljv 1-var;[0,1]

X (UN lvo —w3| + [VEN - VQ’N‘Lip%N)

N |2 LN 2N
+cv .|yo,,|oo7[0’1] }x',l Xy

1-var;[0,1]

We first observe, by theorem 3.19,
’yé,l — y8,1|007[071] <cy (}yé — y§| vl + v + }Vl _ V2|oo 0) ec2vt
and the ODE estimate of theorem 3.4 gives
1 2
’yov-}oo,[(),l] + ’yov-}oo,[(),l] < ezl
Moreover, we easily see that

’VI’N — V2’N|Lip“uN < C4UN_1 |V1 - Vz’LiIﬂ*l

LN _ _2,N

and, from proposition 7.66, we have ’x.’l X7 < 560N We

1-var;[0,1]
<IN of course. Putting all these inequality together

N
also have ’x.,l |1>Var;[071]

gives the desired estimate. m

Exercise 10.26 In the final step of the proof of Lemma A, detail how all
estimates are put together.

Solution 10.27 Assume V! =V? at first. Using

’yé,. - yg’. ’oo,[O,l] <c (|yé — y%’ vl + 6v) ec2vt
get

o1 —voil S 0N (Jyg —yg| vl + dv) el
+ (w0 NN [yg — g
+o. (ve.6eN )
lyo — ¥ | A1 + 04,
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with

Ay = oNole N + (ve) NN

< (const) x [(O)N T+ (UE)NJW—I} ooVl
From N =[] it is clear that min (N +1,N +~v—1) > v and so
A1 < (const) x (vf)”! eVl

Similarly,
Ay = oNFLpN gevt | N+1gN <w (’Uﬂ)N eVl

When V1 # V2 we have

‘yé,l *93,1} < ’y(l) - yg‘ Ay +06As + ’Vl - As

}Lip’V*1
with
Ay = (Ug)"/ LoN ~ (’Uf)v L pN gevt

S (Ug)"lfl glecvf _ l (,Ug)’Y ecvé-
v

Lemma 10.28 (Lemma B) Assume that

(i) (V1)1<Z<d and (V2 )1< <q are two collections of vector fields in Lip” (R¢)
vector fields, with v > 1,

(i) t < u are some elements of [0,T7,

(iii) yt,y2, i, 57 € R (thought of as a "time—t" initial conditions)

(iv) xt, 2? two driving signals in C1-ve" ([t,u} ,Rd),

(v) £>0,0 >0 are such that

max{/ |dx1|,/ |dx2|} </ and/ }dwi—dmﬂ <4.
t t .

}L. , and ’V2’ .
ip Lip”
Then, we have for some constant C = C (),

} - {W(VZ) (t.9i32%),, — mva) (tvﬂ?;x2)t,u}‘

(vi) v is a bound on |V

’{TF(VI) (t ytl;xl) tu (VL) (t yta )

< Culexp (Cvul) |(yt1 ~1) (v? _yt)|
+ Cuvlexp (Cul) (’y | + ’yt i

|y7

+ Cévexp (Cvl) |y; — gf|

|)min(2m_1 (|~1 AR V2|Lip7’1 +v6)

Proof. At the price of replacing v by min (2,v) € [1,2] we can and will
assume that v € [1,2]. Define for r € [¢, u],

Yl = (Vi) (t,yi;xi)r and . = (Vi) (t,gjz;xi)r with ¢ =1, 2.
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We define

er =y, — U} — Wi, — 0,4 withr €[t ul,

and have to estimate e,. Fom lemma 10.24, applied with v € [1,2], we see
for all r € [t, u]

[0t -v@nat- [ 26 - v ) iz
t t
v iy —ai} = {2 — 52} dal]
+ (’yl T 1Y - 172’00,[t,r])

x ’m1|1'vaf§[t>7”] (’U |y1 o y2’00,[t,r] + ’Vl - V2}Lip771)
Folg? -l g o

er

y—1

_ 2
Jtr] z |1—var;[t,r]'

From theorem 3.15 we have

c1 \yg - gjﬂ exp (crvf), i=1,2,

\yi - giioo,[t,r]
’gl o gz}oo,[t,r]

IN

e |5 — 5| exp (e1vl)
+e1 |V - X/Q}Liw,1 Lexp (c1vf)
+cvd exp (c1vl) .

Hence, we obtain
T

e < v [ eoldol] ot {ul - ) - {of - 7}
t

_ 1
+co (|ytl - :Qtl’ + |th - ;&f’)v ! vl exp (covl) (‘Qtl — 2]?| + " |V1 -V Lipr—1 T U(S)
+e1 |yi — 77| vé exp (c1vf) .

The proof is then finished by an application of (Gronwall’s) lemma 3.2. =

Equipped with these two lemmas, we can prove (under some regularity
assumptions) that the map x +— 7y (0,y0;x) is well defined and locally
Lipschitz continuous in all its parameters (vector fields, initial condition,
and driving signal).

Theorem 10.29 (Davie) *Assume that
(i) VI = (Vil)gigd and V? = (Vi2)1gigd
fields on R® forv>p>1;

(ii) w a fized control’,

two collections of Lip” -vector

4The present theorem stands in a similar relation to Davie’s lemma as Lemma A to
A, or lemma B to B.

®In view of (iii) one can take w (s, ) =>0;_; 5 Hxin’VM‘[S o
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(iti) x',x? two weak-geometric p-rough path in C**'*" (0,T], Gl (R?)),
with Hxinﬂu <1.

(iv) y§,y¢ € R® thought of time-0 initial conditions,

(v) v is a bound on |V1|Lip7 and }V2|Lip7,

Then there exists a unique RDE solution starting at y§ along V* driven by
x*, denoted by

Y =m (0,98 %),
for i =1,2. Moreover, there exists C = C (v,p) such that®

1,2 1 2 1 2 1,2
Praior) (vy7) < C [U|yo = 40| + [V = V2L + 0oy (XX )}
-exp (CvPw (0,T)) .
Proof. The present regularity assumptions on the vector fields, Lip” with

v > p, are more than enough to guarantee existence of RDE solutions.
More precisely, let us pick solutions

y' € mv (0,y6;x"), i=1,2.

We may assume, without loss of generality, p < v < [p] + 1 so that [y] = [p]
and also set

&= Ppuiior) (X', X7) -

For all s < t in [0,T] we can find paths 1% and 2%%? such that
S[:D] ($i787t)st = Xi,tv i=1,2,

and such that, for a constant ¢; = ¢; (p),

t
/’dwi’s’t’ < clw(s,t)l/p,
. S
/|d$,1«’5’t—dmz’s’t| < clgw(s,t)l/p;
S

indeed, this is possible thanks to propostion 7.67 applied to

gi=0__1 XZ)tEG[p] (Rd), i=1,2,

w(s,t)l/p 8

noting that [lg1[|,[lg2l < 1 and g1 — g2|pigay < €. After these prelimi-
naries, let us now fix s <t < w in [0,7] and define

©,8,tu . .4, it
xhSHHY . — bS8, |_|xa7’

ﬁHere: pp,w;[oyT] (y11y2) = |y1 - y2|p,w;[0,T] ’
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the concatenation of %! and z%**. Following Davie’s lemma, we define
i i _ Q. 0,st o
Fs,t_ys,t_ﬂ-(vl) (s,ys,m’ ’ )s,t’ 1=12,

and set T's; :== '}, — T2 ,. From the estimates in (the existence) theorem
10.16, using that the vector fields are [p] -Lipschitz, we have

; 1 [p]+1
T, < 6 (vw (s,t)l/p> L i=1,2, (10.21)

and hence 41
’Fs,t’ S cq (Uw (Sat)l/p) ! .

We now proceed similarly as in the proof of Davie’s lemma, cf. (10.9).
Namely, for i = 1,2, we define

A= (V) (S,yi; :Ei’s’t’“)s’u — (v (s,yé; $i’s’“)sﬁu ,
noting that Sy (z"*"") = Sy, ("), and
B = (Vi) (t,yi;xi’t’“)w — iy (8T (s,yi;xi’s’t)t;xi’t’”)t,u
i,t,u)

= m (L a™™),, — T (Gye - Topa™), -

We also set A := A'— A% B:=B'—B?sothat Ty, —Ls;—L;,=A+DB
and hence _ _ B - -
ITs.u — sy — Tew| < |A| +|B].

We now apply lemma ‘A and B with parameters ¢ := cqw (s, u)l/p ,0 = ¢l
Lemma A was tailormade to give the estimate

4] < e (I =2+ V= Vg ) [0 (5077 exp (v (5)™7)

[p]+1
+coe [UOJ (s, u)l/p] exp (csz (s, u)l/p) .

Reobserving that

. , [pl+1
max |7 vy (s,yk2™t), — yi| < (vw (s,t)l/p) , (10.22)

lemma B tells us that
B = |-

< o [T vw (5,0) exp (e (5,0)"7)
1
+cs3 (}ytl —yi| + 5 v — V2|Lip7*1 + evw (s,t)l/p>
1+([p]+1)(min(2,7)—1)
: {[vw (s,u)l/p] 3 exp (03vw (s,u)l/p)}

+c3e {Uw (s, u)l/p} i exp (63vw (s, u)l/p) .
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Observe that 1+([p] + 1) (min (2,7) — 1) > min ([p] + 2,1 + vy (y — 1)) >,
and obviously [p] + 2 > . Putting things together, we obtain

Tsu| < |Toilexp (04vw (s,u)l/p) + | Tt (10.23)

1
+cq < max} }yi - y?’ +e+ = }Vl — VQ‘Lip’Y_1>

re{s,t
. { {Uw (s,u)l/pr exp (C4UUJ (s, u)l/p)}

We also have, from theorem 3.19, that

(0" =), ~Tu

1,s,t) Q,S,t)

= ‘ﬂ(w) (95320 =72y (5,932

s,t

is bounded above by

1
Cs (}y; - yf’ + > ‘Vl - V2’Lip7_1 + 6) vw (s,t)l/pexp (C5Uw (s,t)l/p) ,

(10.24)
Thanks to estimates (10.23), (10.24) and (10.21), we can apply lemma 10.69
to (s,t) — sy and ¢ — (y} — yf) with the € parameter in that lemma set
to L }Vl _ V2|Lip7’1 + ¢. We therefore see that

vt~ y2|oo;[0,T] < 6 <|yé — | + % V- V2iLip7’1 +€) exp (csv’w (0,T)),

and that for all s < ¢in [0,7] , with § =~/p > 1,

|fs,t| <c (\y& — y(2]| +e+ % \Vl — V2|Lip71> VP9 (s,u)e exp (c7vPw (0,7)) .
These estimates plus (10.24) easily give that, for all s < ¢ in [0,7],

e = 92l <o (vlud = w2+ V! = V2 +ve) w(s, )P exp (esv?e (0,7))

and this implies the claimed Lipschitz estimate. Obtaining uniqueness of
RDE is then easy: take two solutions in 7y (O,yé,xl) . The above es-
timate tells us the supremum distance between these two solutions is 0.
]

We now discuss some corollaries. First observe that a locally Lipschitz
estimate in pyp, y1,0,7-metric follows immediately from setting w(s,t)
proportional to (¢ — s). The corresponding result for Pp-var;[0,r)-metric is
the content of

Corollary 10.30 Assume that
(i) VI = (Vil)1gigd and V? = (Vi2)1§i§d two collections of Lip”-vector
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fields on R® for~v>p>1;

(i) x',x? two weak-geometric p-rough paths in CP~*" ([0, T] el (RY));

(iii) y§, 2 € R® thought of time-0 initial conditions;

(iv) v is a bound on |V1|Lip7 and |V2|Lip7 and ¢, a bound on ||x*||
2

and ||X Hp-var;[(),T] :

Then, if y* = (Vi) (0, Y xi), we have for some constant C depending only
on 7y and p,

p-var;[0,T)

Pp-var;[0,T] (yla y2)
< O (vl 5B+ [V = VL) + vy (615 exp ().
Proof. Follows from theorem 10.29 and corollary 8.8. m
Thanks to theorem 8.10 we can "locally uniformly" switch from the

inhomogenous path-space metrics (p,, 0y var) to the homogenous ones
(dpw, dpvar). In fact, we can state the following.

Corollary 10.31 Let V = (V;),,<, a collection of Lip”-vector fields on
R¢ fory >p>1; o
If w is a control, p’ > p and R > 0, the maps’
R ({[Ixly < B} dp) = (C77(0,T),R), dy)
(y07 X) = (V) (07 Yo; X)

and

B % ({xlypar € R dysar) = (€7 (0,71, B )
(yo,x) (V) (0, y0; %) .
and

Rex({HxH <R}7doo> — (CP([0,T],R%) , doo)

p-var —

(y(]v X) = T(V) (07 Yo; X) ’
are also uniformly continuous.

Proof. For p’ = p, this follows from the above theorem 10.29/corollary
10.30 combined with the remark that inhomgoenous "p" path space metrics
are "Holder equivalent" on bounded sets to the homogenous ones (theorem
8.10). Recalling the dy/d.o-estimate (proposition 8.15) we only have to

consider the metrics dp_yay for p’ > p and dy and since

dO (X17 X2) < dp’fvar (Xla X2)

TAll sets refering to x are subsets of CP¥* ([0, 7], GIPI (R%)) .
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it suffices to consider the dg-case. But this is easy: take p € (p,7) and
consider two paths x! and x? in {Hpr w < R} such that do (x*,x?) <e.

From interpolation
G (x1,3%) < 0 (2R

and noting [|x|[|;_,, < ¢R where ¢ may depend on w (0, T') it only remains to
use (uniform) continuity (on bounded sets) of the Ito-Lyons map, applied
with p instead of p. m

10.3.5 Convergence of Fuler Scheme
Consider a RDE of the form

dy =V (y) dx. (10.25)

As usual, x denotes a geometric p-rough path and we assume sufficient
regularity on the collection of vector fields V (i.e. that they are Lip?™*,
v > p) to ensure existence of a solution y. An Euler scheme of order > [p]
is a natural way to approximate such solutions, at least locally on some
(small) time interval [s,¢] and we have already seen the error estimate (cf.
corollary 10.17)

et = Ev) Wer x| Sw (s,8)77 with w (s,8) = [x|7 00

which was closely related to our existence proof of RDE solutions. We may
rewrite the above as

Yt = Ys + Ys;t ®Ys + Ewy (Ys, Xs,t)

Iteration of this leads to an approximate solution over the entire time hori-
zon [0, T]. We formalize this in

Definition 10.32 (Euler scheme for RDEs) Given g € GV (R?) and
(N —1) times continuously differentiable vector fields V', we write

CEy=y+Ev) (y.8)-
Then, given D = {0 =ty < t; < -+ <t, =T} andx € C?*" (0,T], G (RY))
and a fized integer N > p we define the "step-N Fuler approximation” to
(10.25) at time ty € D bif

tEI;uler;D — taw—toyo — @SN(x)ik—lvtk 6.0 @SN(x)tlwtoyO,

8x is a geometric p-rough path and Sy (x) its unique step-N Lyons lift.
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Theorem 10.33 Assumex € CP" ([0, 7], Gl (Rd)) andV € Lip?; v >
p. Set N := |v] > [p] and define the control

W(S,t) = |V| Lip” HXHp var;[s,t]

Then there exists C = C (p,7,...) so that

‘yT Euzem’<06cwomzw iout)’, 0=(N+1)/p> 1.
j=1

If x € CV/P-H3t ([0, T el (RY)) and tyq1 — tx = |D| for all k then

Euler;D N+1 N+1 0—1
‘y —yp ‘ < COx T‘V‘Lipv ||X||1/p-Hiil;[0,T] | D

~ |D|9_1.

The proof of theorem 10.33 will be an immediate consequence of the
forthcoming lemma 10.35 and proposition 10.36. As for most results in
this chapter, the proof relies on, essentially equivalent but easier-to-handle,
geodesic error estimates. We thus prepare the proof of theorem 10.33 with
another definition.

Definition 10.34 (Geodesic scheme for RDEs) Given D ={0=1ty <t1 <--- <t, =T},
x € Cpvoer ([O,T],G[p] (RY)), V a collection of Lip”-vector fields, and

a fized integer N > p we define the "step-IN geodesic approximation” to

(10.25) via any «P € C**" ([0, T],R?) such that’

SN(mD)tk,htk = X, Jorallk=1,...,n;

S D
Desg[lg’T] || N (m )Hp—var,’[O,T]

IA

K l1xllp.var;j0,7)

The "step-N geodesic approximation” to (10.25) at time t € [0,T] is then
simply defined as
eo; D
vl vy (0 50;27), -
Lemma 10.35 Under the assumptions of theorem 10.33, there exists C =
C (p,v) such that the

#D
yguler;D ygﬁoD‘ < CeCw(0.T) Z tio1t)) (N+1)/p

9Such zP always exist and can be constructed as concatenations of geodesics asso-
ciated to Sy (x);, |+, € GV (R?). From ||Sy CMp-varsio,r) < CponN 1%l povar; 0,17 we
can then take K = 31’1/’”0@1\/.
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Proof. Step 1: From the geodesic error estimates of section 10.3.4, V €

Lip? ™! (R®), any 4 > p, entails

t
) (s, 9s52),, = Ey (4 S13) (), )| € 2 <IV|Lipi1/S !dwi’t\>

By assumption, v > p and V € Lip” C Lipm _ Lip(NH)_l. Since N 41 —
7] +1 >~ > p we see that

F}}

(N+1)/p
‘W(V) (87 Ys; x&t)s’t - g(v) (y57 SN (X)s,t) ) ’

Step 2: From Lipschitzness of the RDE flow (implied a fortiori by theorem
10.29) we have

< C (VI I

p-var;|[s,t]

|y (0,9%) — 7wy (071/2;X)|oo;[ jsa ly" — y?| exp (c1w (o, trg1))

thytht1
(10.26)
For k € {1,...,n} where n = #D we have
AR = ’yiﬂlcr;D — yf}SO:’D‘ = @tk(ﬁtoyo — (V) (0, Yo, ID)tk’

@t (@t oy ) — iy (tkflaW(V) (toayo;flﬂD)tki1 ;ch)t
k

IN

’Gtk(_t’“’l (€1 "oy0) — 7y (o1, @t’“’l‘_toyozl”D)tk

(10.27)

+

vy (b1, €05y (“Hv”(w (o yos 2"),,_, ;1@9%2%)
k

Using step 1 we have can bound (10.27) from above by 1w (£, tes1)” where
6 = (N + 1) /p. On the other hand, Lipschitzness of the RDE flow (implied
a fortiori by theorem 10.29) gives that (10.28) is bounded from above by
ca A1 exp (w (tg, trs1)). This gives a recursion for A and together with
AY = 0 and super-additivitiy of w we get

AP < AFlexp (w(to, t)) + crw (tg—1, tk)e
1 |:ew(t17tk)w (o, tl)e 4o 4 e rste) (tr—a, tk—l)e + w (tp—1, tk)o}

k
ere? @S "0 (k5 t5)°
j=1

A

IA

The proof is then finished upon setting k = #D. m

Proposition 10.36 Under the assumptions of theorem 10.33, there exists
C = C (p,7) such that we have we have the error estimate (for the step-N
geodesic approximation),

#D
‘yT - y%eo;D) < Cexp(Cw(0,T)) Zw (tj,htj)(NH)/p_

j=1
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Proof. With D = (t;) define z* : [t;,T] — R® by 2% = 7 (t, s, z”) .
Observe that

N
geo; D k+1 k
)yT—yT ‘ SZ‘ZT _ZT"
k=1

k+1
T

: _ D k _ D D
Since z —W(tk+1,ytk+1,x )T andzT—ﬂ(tkH,w(tk,ytk,:L’ )tkﬂ,z )T

we can use the RDE Lipschitz flow estimate to see that, with w(s,t) =
|V|Iﬁipw HXHZ_W;[M as earlier,

IN

|2 crexp (c1w (trs1, 7)) (ytk+1 - T(v) (tk,ytkwa)tM)

C1 €xXp (Clw (tk+17 T)) (ytk>tk+1 — (V) (tk’ Ytgs .%D)tk7tk+1)

with ¢1 = ¢1 (p, 7, K) ,uniformly over D simply because HSN (xD)
K|

Hpvar; trt1,T] —

pvari[trsr,7] 10T all k. From the geodesic error estimate it is clear that

| A 2| < o exp (caw (0,)) X (b, 1)

for 6 > 1. In fact, the same argument as in step 1 of the previous lemma,
shows that 6 can be taken to be (N + 1) /p and with

n—1 #D
‘yT - y%CO;D’ < Z \zéﬁ“ - z§~| < cgexp (cow (0,T)) X1 Zw (tk_htk)(NH)/p
k=0 k=1

the proof is finished. m

10.4 Full RDE solutions

The RDEs we considered in the previous subsection map weak geometric
p-rough paths to Re-valued paths of bounded p-variation. We shall now see
that one can construct a "full" solution as a weak geometric p-rough paths
in its own right. This will allow to use a solution to a first RDE to be the
driving signal for a second RDE. Relatedly, RDE solution can then be used
(as integrators) in rough integrals, cf. section 10.6 below. This is not only
for a "functorial" beauty of the theory! It is precisely this reasoning that
will enable us later to deal with various derivatives of RDEs such as the
Jacobian of an RDE flow. Let us also remark that in Lyons’ orginal work
[109] existence and uniqueness was established by Picard iteration and so
it was a necessity to work with "full" RDE solutions throughout.
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10.4.1 Definition

Definition 10.37 Let x € CP*" ([0,T],GP (R?)) be a weak geometric
p-rough path. We say that y € C([0,T] el (R%)) is a solution to the
full rough differential equation (short: a full RDE solution) driven by x
along the vector fields (V;), and started at yo € GIP)(R®) if there exists
a sequence (z™),, in C** ([0,T],R?) such that (10.13) holds, and ODE
solutions y, € vy (0,71 (yo) ;2") such that

Yo ® Spp) (") converges uniformly toy when n — oo.

The (formal) equation dy =V (y) dx is referred to as full rough differential
equation (short: full RDE).

This definition generalizes immediately to time intervals [s,T] and we
define (1) (s,ys;x) C C ([s, 7], G (R?)) to be the set of all solutions to
the above full RDE starting at ys at time s, and in case of uniqueness,
vy (5,¥s;X) is the solution of the full RDE!,

A key remark about full RDEs (driven by x along vector fields V) is that
they are just RDEs (in the sense of the previous section) driven by the x
but along different vector fields as made precise in the next theorem. We
have

Theorem 10.38 Assume that
() V = (Vi)1<i<q s collection of vector fields in Lip?~* (R®), where v > p,
(ii) x : [0, T] — GIP! (R?) is a weak geometric p-rough path
(iii) yo € G} (R®) C TW (Re) = RiFe++e" s an initial condition,
(iv) y is a solution of the full RDE driven by x, along (V') , started at yq.
Then, u + 2z, := y, € GPI(R®) c TP (R) = Ri+et+e o 4 solution to
the RDE
dz, =W (2) dx,

driven by x along Lip;.." (R®)-vector fields on TP (R¢) = Rltet+el”]
given by

Wi(z) =20V (m (2)), i=1,...,d.
Proof. By definition of full RDEs and RDEs, we can assume that x =S, ()
where z is of bounded variation. Then, if y = 7y (0,y0;2),

dy, = d (YO ® Spy] (y)O,u)

Yo ® S[p] (y)(),u & dyo,u
= Yu®V (yu)dzy.

10Make sure to distinguish between R®-valued RDE solutions denoted by = (...) and
GP! (R¢)-valued full RDE solutions denoted by the bold greek letter r (...).
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10.4.2 Emistence

Theorem 10.38 is useful as it immediately implies a local existence theorem
for full RDEs. For global existence we need to rule out explosion and we
do this via the following quantitative estimates for full RDEs.

Theorem 10.39 Assume that
(i) V = (Vi)1<i<q is collection of vector fields in Lip”~ L(R®), where v > p;

(i) (zn) is a sequence in C**" ([0,T],R?), and x is a weak geometric
p-rough path such that

< 00,

nh_)Holo dO;[O,T] (S[P] ($n) ’X) =0 and Sl’rllp ||S[p] (m")Hp—var,’[O,T]

(iii) y& € GIPl (R®) is a sequence converging to some yo.

Then, at least along a subsequence yi @Sy (7T(V) (0,71 (y3) ,:cn)) converges
in uniform topology. Moreover, there exists a constant C1 depending on p,
v, such that for any such limit point y, we have

Hy”p—var,[s,t] < Cl (|‘/‘Lip’Y_1 ||X||p—var;[s,t] \ |V|€ip7*1 ”XHi—’um';[s,t]) :
(10.29)
Then, if %t : [s,t] — R is any continuous bounded variation path such
that

1y (#°0)0 = S0y 00 and [ e < Kl

for some constant K > 1, we have for all s < t in [0,T] and all k €

{L... ]}
T (St 9 = Sty (m) (sm1 (v2):2™) )

v+k—1 pk
(K ‘V‘LlpW 1 HXHp var;[s t]) v (K |V‘|Lip“f*1 ||x||p—’uar;[s,t])

)’Y-Hc—l d

(10.30)

< Oy

where Cy depends on p and . (For t — s small, the term (...
inates.)

om-

Proof. Observe first it is enough to prove the quantitative estimates for
x = S (z), where z is a bounded variation path, so that y = yo ®
Sip (m(v) (0,71 (y0) ;%)). Define the control w by!!
1
w (57t) /P = =K |V|L1p7 1 ”X”p var;[s,t]

and consider the hypothesis (Hy) :

Jeynv>0:Vs<tin[0,T]: ||Sn (y)Hp_mr;[s’t] < e, Nw (s,t)l/p Vw(s,t).

1 For the proof of the first estimate, (10.29), we take K = 1.
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We aim to prove by induction that (Hy) holds for all N = 1,...,[p].
For N = 1, (Hy) follows from (Davie’s) lemma 10.7. We now assume
(Hy) for a fixed N < [p], and aim to prove (Hy+1). Fix s and ¢ in
[0,T], define a := w (s,t)l/p Vw (s,t) and observe that [[Sx (), var(s, <
C1,NW (s,t)l/p Vw (s, t) = 1,y is equivalent to ||Sy (£)
For u € [0,t — 5], define

1
Zy = .SN11 (—y)
o s,54+u

so that (we could write dzsy,, instead of dxsy, in the next line)

||p—var;[s,t] = €1,N-

dzy = Way, (20) dXsu, 20 = (,0,...,0) € TN (R®) (10.31)

with vector fields W, ,. on TV*!(R¢) given by (cf. notation of theorem
10.38)

+2®V1 (s + 71 (2))
Wey, (2) = for z € TN (R?).

+2®Va (ys + 71 (2))

Observe that W, ,, () only depends of z through mo n (2), that is, it
does not depend on 741 (2). Then, for k=0,..., N,

T (2 1
qp  TECGIL mogN(_y>
w€[0,t—s] « uw€[0,t—s] « s,54u
k
1
w€[0,t—s] « s,54u

< c¢3,n from the induction hypothesis.
Define Q = {z € TV (R®), L |70 n ()| < c3,v + 1} and observe that
{zy 1w €0,t—s]} C Q.
On the other hand, for z € Q2
1 !
a0V ()| £ [ 0V ()| < (cax + D)

so that |[Wo,,,

supported vector fields Wa,ys which coincide with W, . on €2, and such
that

Lipi-1(Q) < C5.N |V|Lip771. We can then find compactly

‘Wa,ys Lip7-1 <y ‘Wa,ys ‘LiPW—l(Q) < C5,N |V|Lip7_1 .



10. Rough Differential Equations (RDEs) 247

Moreover, since z|j+—, remains in 2, we see that z actually solves
dzy = Wa.y, (2u) dXetu, 20 = (a,0,...,0).

From lemma 10.7, we have

s

o] V ’W

P p
Lip7=1(Q) Ipel-varo.

7N (|Vv|Lip“Y*1 ||X||p—var;[s,t] Vv |Vv|:]l'_)4ip'¥*1 ||X||£—va1‘;[s,t]) =N Q.

|Zt—s - O“ S C6,N <’qu Lip7—1(€) HXHp-var;

IA

This reads « ‘5; SNi1 (y)s’t - 1‘ < ¢z, nva,and, using proposition 7.45, we
have
HSéSN-H (y)s’tH < C7.N,

which is equivalent to

HSNJFl (y)s,t ) < CT,NO = C1,N+1W (S, t)l/p Vw (37 t) .
This finishes the induction step and thus the proof of (10.29).

For the proof of (10.30) we proceed similarly. We first write o5 (2y) [j0,1—s]
as solution to a differential equation of form (10.31), but now with vector
fields W, 4, on T (R®). Applying the "geodesic approximation" error

estimate from (Davie’s) lemma 10.7 we see that,

1 1 .
a.S|y) <5y> t—aSm <E7T<V) (s,ysi 2 ’t)>

) s,t

S caw (S, t)FY/p )

which means that for all k € {1,...,|v]},

7 (St W) = St (7 (s,332%)) )| < a0 (s, )77
(10.32)
Recalling that, by definition, a = w (s, t)l/p Vw (s, t) leads to an estimate
of the form (10.30) with right hand side given by a constant times

Y+k—1 y+p(k—1)

[w (s,t)l/p} v {w (s,t)l/p}

y+k—1
Obviously, the term {w (s, t)l/p] dominates for w (s,t) < 1. For w (s, ) >

1 it is in fact better to estimate each term on the left hand side of (10.32)
separately, using in particular

k
k
\ <Yl v (o1

‘ch (SM (y)st>‘ < HSL'YJ (¥)s.¢

thanks to estimates for the Lyons-lift and (10.29). =
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Remark 10.40 Observe that the (first part of the) above proof shows that

for any fized s < t, and o > w (s,t)l/p\/w (s,t) withw (s,t)l/p = Vlpipr-1 1%lp-pargs,g

re[0,t—s] 2z =a(d1/ay) e Tl (RY)

8,841

satisfies dz, = Wa,y, (27) dXsqr started from zp = (e, 0,...,0) along com-
pactly supported vector fields Wy 4, on TPl (R®) which satisfy

)Wa,ys 1 SN Vg

Lip

and Woy, (2) = (320Vj (ys +m1(2))) 4 on{z € TPI(R?), L |2 < c}
for some ¢ dependent on p.

10.4.3 Uniqueness and continuity

Theorem 10.29 states uniqueness of RDE solution, but ignored full RDEs.
We observed that full RDE solutions are RDE solutions driven by differ-
ent vector fields. In particular, if we put ourselves under the same condi-
tion than theorem 10.29, we automatically obtain uniqueness of full RDEs.
What is less obvious is that we have a similar Lipschitz bound for the (full)
Ito-Lyons map. Just as in the existence discussion, this estimate on full
RDE solutions is actually a consequence of our earlier estimate on RDE
solutions.

Theorem 10.41 Assume that
(Z) V= (Vil)lgigd and V? = (sz)
fields on R® for~v>p>1;

(i) w is a fixed control,

(iii) x',x% € P ([0, 77, G (RY)), with Hxin_w <1.

(iv) y§,y2 € GIPI (R®) thought of as time-0 initial conditions,

(v) v is a bound on ’V'l’Lip7 and }VQ‘Lipw.

Fori = 1,2 we set y* = (Vi) (O,yé;xi); that is, the full RDE solutions
driven by x', starting at yo, along the vector fields Vi, ... Vi. Then we have
the following Lipschitz estimate on the (full) Ité-Lyons map'>

. oy
1<i<d @€ two collections of Lip” -vector

Ppw (¥ ¥7)
< C [U lyo —wg| + |V — VQ}Lipw,l +vp, ., (Xl,XQ):| exp (CvPw (0,T)) .

where C = C (v,p) and y§ = 71 (yé) € Re.

12By definition of a full RDE solution y, any increment ys ; depends on the starting
point yo only through yo = w1 (yo). This explains why we don’t have |y3 — y(z) =
|y — ¥2|pim (rey On the right hand side.
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Proof. Fix s < ¢t in [0, 7], and define o = cow (s, t)l/é exp (cow (0,7)) € R.

Define for i = 1,2 and r € [0,t — 5], 2} = a (d1/ay" ;) - As noticed in
remark 10.40, z* is the solution of the RDE

i _ TP i\ 7yl i
dz. = Wg i (zp) dx%y,., 2z =a.

where ’Wéy ’L' <cv,and WE, (2) = (220V] (ys + 71 (2))) ., ,on

ipY 7 J=4yees
{z e TP (R®) : L |z| < ¢} for some ¢ dependent on p. Writing y; = 71 (y})
it is also easy to see that

W2 Wil < alV? 0 +) =V 6+ s
< alv? -V
e [V (s +) = V(s + )
< e (V2= VI + b2 — v 0)10.33)

where we used crucially V! € Lip” in the last estimate. Therefore, we
obtain from theorem 10.29 that, with & := p,, .10 1 (x',%?),

1
s = ] S (vlyd = 2]+ [VE = V2 +ev) @ (5,8)F exp (egvw (0,T)).
But this says precisely that for all k = 1,...,[p] and s < ¢ in [0, 7],

|k (yis = ¥20)| <es (v lys — 2|+ |V - V2|Lip7*1 + 6’1)) w (s,t)% exp (c3vPw (0,T)) .
(10.34)
[We insist that one does not have the norm of yl —y?2 € TN*1 (R¢) on the
right hand side above, but |y§ - y§| coming from (10.33).] But from theo-
rem 10.29, noting that w (0, s)l/p exp (CvPw (0,T)) < v texp (cqvPw (0,T)),
we have

v |y‘1,, - y§| <ca [U |yé — y(2)| + |V1 — V2|Lip7,1 +5v] exp (c4vPw (0,7)) .

Plugging this inequality into (10.34) gives us the desired result. m
The following corollaries can then be proved with almost identical argu-
ments as in to the RDE case.

Corollary 10.42 Assume that

(i) V= (Vi1)1gi§d and V? = (V?)
fields on R® for~>p>1;

(it) x',x? € CPer ([0, T], G (RY)),

(iii) y§, y2 € GIPL(R®) thought of time-0 initial conditions,

(iv) v is a bound on |V* and |V? and £, a bound on ||x

. oy
L<ica OTC two collections of Lip” -vector

}Lip'Y }Lip'Y ! Hp—var;[O,T]
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and ||X2||p7varr;[07T] '

Then, if y* = vy (O,yé;xi), we have

b sartoim) (792) < € [(0]08 =]+ V! = V21, + 0y o) (615%)] exp (Co7ty).

where C' = C (v,p) and y) = m (y}) € R

For simplicity of the statement, we once again remove the dependency
in the vector fields

Corollary 10.43 Let V = (V;);.;<,4 be a collection of Lip”-vector fields
on R¢ fory>p>1; o
If w is a control, p > p and R > 0, the maps
R x ({qup,w < R} ,dp,,w) - (op—w ([O,T] Nell) (RE)) ,dp,,w)
(Y0,x) = () (0,0;%)
and
RE % ({I1clyar < B} sdyrvar) = (€777 (10,71, G (R)) )
(y()a X) = Ty (Oa Yo; X)
and
R % (LIl 0y < R} o) = (07 (10,7],6 (R%)) o)
(Yo,x) = ) (0,90;%),

are also uniformly continuous.

10.5 RDEs under minimal regularity of coefficients

We now show that uniqueness of solutions to RDEs driven by geometric
p-rough paths along Lip?-vector fields. In fact, the driving signal only needs
to be of finite 1, ;-variation where we recall from section 5.4 that

Y, (t) =17/ (In"In" 1/t) where In" = max (1,1In).

For instance, with probability one (enhanced) Brownian sample paths have
finite v, ;-variation but are not geometric 2-rough paths (i.e. don’t have
finite 2 variation), as will be discussed in the later sections 13.2 and 13.9.
The main interest in the refined regularity assumption is that it shows
that RDE solutions driven by (enhanced) Brownian motion have unique
solutions under Lip?-regularity assumptions.)
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Theorem 10.44 Assume that p > 1, and that

i)Vt = (v} and V? = (V7?) are two collections of Lip? -vector
fields on R®;

(ii) x',x* € C¥»a7ver ([0, T], G (RY)) ;

(i1i) y§,y2 € GIPL(R®) thought of time-0 initial conditions;

() y* € wiy (0,y4;x") for i =1,2; (that is they are full RDE solutions
driven by x*, starting at yb, along the vector fields V*);

(v) assume }Vi’Lipp <wv and HxinNivm;[o’T] <R fori=1,2.

Then, m ) (O, v xi) is a singleton; that is, there exists a unique full RDE
solution y* = (V) (07y6;xi) starting at y} driven by x* along V. More-
over, for all € > 0, there exists u = ju(e;p,v, R) > 0 such that'?

1<j<d 1<j<d

lvo —wg| + [V — V2’Lipp_1 +doo (x',x%) < p
implies doo (y*,y?) <e.

Remark 10.45 The theorem applies in particular to geometric p-rough
paths, i.e. when x',x? € CPver ([07T] , Gl (]Rd)), It is also clear that un-
der Lip?-regularity, existence of (full) RDE solutions is not an issue here
so0 that the set of RDE solutions (v (O,yé;xi) s mot empty.

Proof. Since we only deal with supremum distance d., and without quan-
titative estimates, it is enough to prove the above result for RDE rather
than full RDE. Running constants c¢q, ca, ... may depend on p,v, R which
are kept fixed in this proof. We show that e = ¢ (u) — 0 as p — 0.
Construction of x/ ,: For i = 1,2, we define
| [
w'(s,t) = sup Z Vy1

DeD([s’t])tiED ||Xi‘|1/)p11—var;[07T]

7
titit1

b

from proposition 5.41, w® is a control with w’(0,7) < 1. Define w =
(wl + w2) .

Using the fact that 1,1 (-) < c1tby/, 1, (1) = 16 ()Y? with 6 (z) =
zIn*In* 1 (see lemma 5.52), it follows (again using proposition 5.41) that
for all s < ¢ in [0, 7]

HX;tH < cod (w (s,t))l/p.

As§ (2)YP < 217 for all p’ > p, we see that % \p,»var;[s)t] < csw (s, )7
By interpolation, we obtain that for all p”” > p/, there exists g1, a continuous
function 0 at 0 such that, for all s < ¢ in [0,7] and k =1,...,[p],

|7 (L = x2,)| < g1 (w)w (5,8)"/7" .

BForp=1, |V - V2|Lipp,1 is replaced by 2|V — V2|Oo.
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This immediately implies that for o < 1, (that we can take as close to 1 as
we want, and in particular we take it greater than {p} ) and for all s < ¢
in [0,7], and for k =1,...,[p],

k+a—1
[Tk (%0 —x2)| < esgr(pw(s,t) @
kdta—1
< c3gr (p)d(w(s,t) 7
As Héé(w(s’t))_upxgt ’ < ¢g, and

< esg1 (1) 6 (w (5,) /P

1 2
)66(w(s,t))’1/pxsﬂf - 66(w(s,t))’1/pxsvt
proposition 7.67 provides us with two paths z'** and 2?%* such that

2,8, )
St (2 )s,t = Xst>

and
t
/ﬂWﬂé<mwamW,
t S
/dMW—ﬁﬂ < g () (w(s,1)7.
S
i,t,u

We define similarly, %% and z***, and then x**"% to be the concatena-

tion of %! and zHH¥,
Estimates on I': Following closely the pattern of proof of theorem 10.29,

we set for s < t,
Fi’,t = yé,t -7 (57 y::'? "I;iys’t)s’t ) L= 1a 25
and Ty, :=T1, —T2,. Theorem 10.16 gives us for p’ € (p, [p] + 1),that

[p]+1

p-vars[s,t]

Tiel < es >

Using proposition 5.53 and theorem 5.45, we see that

067;[};& (wi (s t))
er6 (w(s,)"7 .

A

HXZHp’fvar;[s,t] —

IA

In particular, we have with 6 = ([p]+1) /p > 1,
ITss| < 70 (w(s,1)’ < esd (W (5,1)) . (10.35)
Define for i =1, 2,

A =my (Sayi;xi’s’t’“)s,u — TV (S7y§;$i’s’u)s,u

B =mn (bysat™), = mvn (BT (5,520 52t

)
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and A:= A' — A%, B := B' — B2, we obtain fs’u - fs,t —E’u =A+ B so
that _ _ _ B B
|F5,u - Fs,t - Ft,u| S |A| + |B| .

From lemma A, applied with parameters ¢ := c40 (w (s,u))l/p,é =
cagr (1) 8 (w (s,u))*/P, it follows that

4] < e (Jud = 2]+ (V! = V2] ) 0 (00) + coga (1) (w (s,) 78 (w0 (5,)) 7
< o (lo = g2+ [V = Vs 01 () 80 (5,0)
On the other hand, max;—1 |7y (s, 8 2°"), — yi| = max,;—y 2 |T% |

and with (10.35),
ITss| < csd (w(s,1)’ < esd(w(s,1)). (10.36)
From lemma B it then follows that
Bl < s [Tar]0(w(s,w)7 +csgr (1) (w (s,u) /"
s ([ot = 92+ V! = V2] s+ 00 ()6 (w0 (5,0)"7)

8 (w (s, u))%(l-l-p(miﬂ(?m)—l))

Observe that % (14 p(min(2,p) — 1)) > %min (p +1,p2—-2p+1 +p) >
1, and obviously 1+ a/p > 1. Putting things together, we obtain

‘B’ <12 ’fs,t’ 0 (w (&U))%-I-Cm (’ytl - yﬂ + ’Vl - Vz}Lipp—l + 91 (1) ) O (w (s u))
Adding the inequalities on }fl} and ’B| , we obtain that
Tow—Tow —Tru| < c13|Tor| 6w (s,u)7 (10.37)
+ci3 (TIEI}L%’)%} lyr — 2|+ |V - V2’Lipp,1 +0 (M)) 0 (w(s,u)).
We also have, from theorem 3.19, that

’ﬂ'(vl) (S,y;;mlv&t) — Tv2) (S,y?;xQ’s’t)}
C14 ((|y; - yg’ + ‘Vl _ V2|Lipy—1) 5(UJ (S,t))l/p + a1 (M)w (S,t)a/p>

cua (}yi R+ V-Vt (u)) w (5,67 (10.38)

IN

IN

Conclusion: Thanks to estimates (10.37), (10.38) and (10.36), we can apply
corollary 10.76 to obtain our result. m
By interpolation, we obtain the following corollary.



254 10. Rough Differential Equations (RDEs)

Corollary 10.46 Let V = (V4,...,Vy) be collection of Lip?-vector fields
on Re. Fizp” >p >p>1, a control w, R € (0,00] and set**

Qp o (. R) < R} .
Q(p, R)

{x: 1%l o < R and [x]],,

{x:1xly, ur < B}

1-var

Then the maps
R X (w0, R) dpr ) — ((ﬂ’ ner' ([O,T] Neld (Re)> ,dp,,,w)
(o, %) —  m(v) (0,90;x)
and
R x (2(p,R) ,dpr-var) — (C%,l-vf” ([O,T] ,GIP) (Re)) 7dp,_w7.)
(Y0,x) ™(V) (0,905 %) .

are uniformly continuous for R € (0,00) and continuous for R = +oo.
(This also holds when dp_ya, is replaced by dog.)

Proof. Since continuity is a local property and it suffices to consider the
case R < co. Observe that for all x € Q (p, R), we have

) (0.90i %), < (R,

as follows from corollary 5.46 and proposition 5.53. Then, we know from
theorem 10.44 that

RE x (2 (p,R),doc) — (cw ([O,T],G[”] (Re)),doo)
(Yo,x) = m)(0,50;X)

is uniformly continuous. In particular, this implies that for some fixed
e, R > 0, there exists p > 0 such that if |yé — y%} + dp_var (Xl,XQ) < W,
with x!,x? € Q(p, R), then

doo (v (0,955 %) , vy (0,55 %%)) <e.

Using Hﬂ'(v) (O,yé;xi)
uniform continuity of

R® X ((p, R) , dprvar)  — (cw ([O,T],G[p] (RE)),dp,_W)

||w . < ¢(R) we can use interpolation to obtain
p,17Y

(y(]ax) = () (Ova;X> .

The modulus w case follows from the same argument, except that for the
interpolation step, we need to assume that the p’-w norm of x?, i = 1,2
is bounded by R (since, for a given w, we cannot be sure that the v, ;-
variation of x* is controlled by this w). m

H1n general, C¥p.17V8F ¢ cr'-w,
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10.6 Integration along rough paths

With our main interest in (rough) differential equations we constructed
RDEs directly as limits of ODEs. In the same spirit, we now define "rough
integrals" as limit of Riemann—Stieltjes integration. Given the work al-
ready done, we can take a shortcut and derive existence, uniqueness and
continuity properties quickly from the previous RDE results.

Definition 10.47 (Rough integrals) Let x € CP'%" ([0,T],GP (R?))
be a weak geometric p-rough path, and ¢ = (Qpi)izl,..‘,d a collection of maps
fromR? to R®. We say thaty € C ([0,T] el (R?)) is a rough path integral
of ¢ along x, if there exists a sequence (z™) in C***" ([0, T],R?) such that
Vn o xy = 1 (Xo)
Jim_dojo 7y (S (27),%) =0,

Sl’,llp ||S[P] (xn)Hp—va,r;[O,T] <

lim d. (S[p] (/4,0(532) d«’EZ) aY) =0.

We will write [ ¢ (x)dx for the set of rough path integrals of ¢ along x. If
this set is a singleton, it will denote the rough path integral of ¢ along x.

and

We first note that a classical indefinite Riemann—Stieltjes integral fo (x)dz
can be written as (projection to the y-component of the) ODE solution to

dz = dx,
dy = ¢(2)dz,
(Z,y) = ($0,0)~

This leads to the key remark that rough integrals can be viewed as (pro-
jections of) solution to (full) RDEs driven by x along vector fields V =
(Vi,...,Vq) given by

Vi(z,y) = (i ¢; (7)) , (10.39)
where (e1,...,eq) is the standard basis of R?. Obviously V has the same
amount of Lip-regularity as ¢ = (¢;);_, 4, viewed as map

¢:RY— L (RYRY);

in fact, [V ;n-1 S 1+ [@[pspn-1- Thus, if one is happy with rough inte-
gration under Lip”-regularity, v > p, existence, uniqueness and uniform
continuity on bounded sets (in fact: Lipschitz continuity on bounded sets
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with respect to the correct rough path metric p,, ,,,) of
Lip? x CPvar ([0, 7], Gl (Rd)) o ([o, 7], GW (Re))

(ex) [ pax

is immediate from the corresponding results on full RDEs in section 10.4.

The point of the forthcoming theorem is that is for rough path inte-
gration, one gets away with Lip?~' regularity. As can be seen already
from the the next lemma, there is no hope for local Lipschitz continuity
of (¢,x) — [ (x)dx but uniqueness and uniform continuity on bounded
sets hold true.

Lemma 10.48 Let
(i) (Lp})jzl,...,d’ (go?)j:l’_ﬁd be two collections of Lip® (Rd,RE)—maps, o€
(0,1], so that max;=1 2 ’@Z‘Lip <1

a =

(ii) x* € Cl-ver ([s,t] ,Rd) such that, for some £ >0 and e € [0, 1],

<,

A
’$ ‘Lvar;[s,t] -

|x2 —x < el and

1| 2 1| <
1-var;[s,t] Ts —Ts| =€

Then, for k € {1,2,...},

- (Sk ( / ¢* (2%) dm2>st> T (S’“ (/ e (=) dxl)s,)‘

< (I =l +em) e

Proof. From proposition 2.9, we easily see that
'/4,02 (mQ) du? — /4,01 ($1) dot

The conclusion follows then from proposition 7.66. m

< (Jo* =o', +e%) L

1-var;[s,t]

Lemma 10.49 (Lemma Ajptegral) Assume that

(i) (<pj)j:17wd is a collection of Lip? ™! (Rd,Re)—maps where v > 1;

(ii) s < u are some elements in [0,T];

(iii) x and & are some paths in C*"" ([s,u] ,R?) such that S| (T)g0 =
Sy (@), and a, = 3.

(v) £ >0 is a bound on [ |dz|+ [ |dZ|.

Then, we have for some constant C = C (vy) and for all k € {1,...,|v]},

s (fois) s (foins)

k _
< Ol 77
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Proof. The indefinite R°-valued integral [ ¢ (z)dz is also (projection of
the) solution to the ODE y. = m(y) (s, (2, 0) ; x) with V' given by (10.39).By
homogeneity, we may assume |[[¢[[;; -1 = 1 so that [V];; - < 1. We
leave it to the reader to provide a self-contained "Riemann-Stieltjes/ODE"
proof of the claimed estimate. Somewhat shorter, if fancyful, we can think
of y as solution (again, strictly speaking, a projection thereof) of an RDE
driven by a weak geometric 1-rough path x. The claimed estimate is now a
consequence of the "geodesics error-estimate" of theorem 10.39 with p = 1
and K = 1. Indeed, we take a geodesic 2** associated to S|, (z),, such
that

S\_’YJ (:L‘S’u)&u = SL’YJ (:E)&u = SLVJ (f)s,u and

u
/ dz*|
S

Since x5 = 7, we see that both y. = 7(v) (s, (zs,0) ;) and . = 7(v) (s, (Zs,0) ;)
have the same geodesic approximation given by 7y (s, (z5,0);2%*). On

the "projected" level of the integral this amount to consider [ ¢ (z, + 3") do>")
and so, for all s <w in [0,7] and for all k € {1,..., 7]},

. (SMJ (/S.Sp(z)dx)w = S|4 (/S.so(ms +x§f)da:.s’“>su>|

) s

IN

||SL’YJ (x)Hl—var;[s,u] = |$|1-Vaf%[5>u] ’

+k—1
)’Y < CQ€7+1971.

< o (‘x|1—var;[s,u]

The same estimate holds with x replaced by  and an application of the
triangle inequality finishes the proof. m

Theorem 10.50 Ezxistence: Assume that

(i) p = (‘pﬂ')jzl,‘..,d is a collection of Lip?™* (Rd,Re)—maps where y > p >
1;

(ii) x is a geometric p-rough path in CP-**" ([0,T] , GIP] (R)).

Then, for all s <t € [0,T], there exists a unique rough path integral of ¢
along x. The indefinite integral fgo () dx is a geomelric rough path: there

exists a constant Cy depending only on p and ~y such that for all s < t in
[0, 7],

o

Also, if 2%t : [s,t] — R? is any continuous bounded variation path such
that

< C et (1%lpvarsgous V IIE o)

p-var;[s,t]

t
vt = (%), Sy (#),, = Sy (%), and / Az | < KAl s,
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for some constant K, we have for all s <t in [0,T] with K ||X[|, .. <
1, and all k € {1,..., 7]},

. { ( [o@ dx) sy ( [et dxfjt> }

where Cy depends on p and 7.
Uniqueness, Continuity: There exists a unique element in [ ¢ (x) dx. More
precisely, if w is a fived control,

)’Yﬂ*k‘fl

k
< Ca el (K Il paro

(10.40)

)

max {|‘Pi}LipW*1 ’ } Xi”p,w;[O,T]} <R,

i=1,2

and
e = |2g — 25| + Py, (X1, %%) + 0% — 0t

then for some constant = B (v,p) >0 and C = C (R,~,p) > 0,

([ 00, 2 y0) 200

Proof. Existence, first proof: For some fixed r > 0, consider the collection
of vector fields V(") defined by

Vi(T) (z,y) = (ei,rp; (x)) for x,y € R? x Re.

where e; is the i*" standard basis vector of R%. Observe that V(") is (y — 1)-
Lipschitz, and that for a bounded variation path, we

vy (0, (0, 0) ) = (x / o () da;u) .

0

In view of (y — 1)-Lipschitz regularity of the vector fields we can apply
theorem 10.39, we obtain existence of a rough integral of x along ¢, and
that every element y(™) of [r¢p (z)dx satisfy

<a([r® LI .
p-var;[s,t] Lip7—1 p-var;[s,t]

Now, setting y = y(!) it is easy to see that y(") = §,y and }V(T)’Lipw—l <

(r)

||X||p-var;

o
oV ‘V

Hy i
Lipy—1

Co (1 +r |§0‘Lipv—1) ; thus, picking 7 = 1/ |¢|p;,,-1 , we obtain

”pr-var;[s,t] <c3 ‘¢|Lip7*1 (”X”p-var;[s,t] \ HXHZ—varq[s,t]) :

The error estimate (10.40) is also a consequence of the corresponding esti-
mate in theorem 10.39, again applied to full RDEs along vector fields V(")
with 7= 1/[p[p;,7-1-
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Existence, second proof: We provide a second existence proof, based on
by now standard arguments, which is (notationally) helpful for the forth-
coming uniquess proof. Similar to the proof of RDE existence, it suffices
to establish uniform estimates for x of the form x = Sy, (x), followed by
a straight-forward limiting argument. Let us thus assume x = Sy, (v) and

l|%s,¢]] < w (s,t)l/p for some control w. By assumption, there exists z*?,

which we think of as an "almost" geodesic paths associated to x; ;, and we

define
Lse =Sy (/w(ﬂf) dw) — S|y (/w(ws’t)dxsvt) ,
s,t s,t

Then, for s <t < u, we have

Fs,u = A1 _A2+A3

where
Ay = Sy (/cp(x)dw) ® S|y </g0(x)dw> )
s,t t,u
Az = Sy (/@(ws’t) dws’t> ®S|y) </s0($t’“) dwt’“) :
s,t t,u

) )

Az = Sy (/cp(xs’t’“) dav“’“) — S| (/cp(avsu) dms’“) .

3

First, using lemma Ainegral (lemma 10.49), we obtain that for all N €

{1, [}

y+N—1

TN (A3)] < cw (s,u)” 7 . (10.41)

We also see that
A1 — Ay = Sm </g0 (x) dm) QL+ ® Sm </<p (:Et’u) dxt’u)
s,t tu

so that I'y , — I's  ® 'y ,, equals

% (/ Mx&t)dw&t) @Tuu+Tor @ 51y </ o (=) dxt’“> + Ay
s,t

t,u
(10.42)
We now prove by induction in N € {1,...,|v]} that

y+N-—-1

Vs <win [0,T): |7y (Tsu)| < cow(s,u)” 7 exp (02w (s,u)l/p) .

For N = 0, this is obvious as mg (I's ;) = 0. Assume now that

k-1

Vs <win [0,T]: |7 (Fsy)| <cow(s,u)” »  exp (02w (s,u)l/p> .
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holds for all k < N. Then, from (10.42), we have

N (Fsu) =78 (Tse) — 7 (Dew) (10.43)
N-1
= 7N (A3) + Z T (Dst) @ vk (Te )
k=1
N—1
+ Z T 0 S|y </<p (ats’t) dms’t) QmN—k T¢w)
k=1 s,t
N—1
+ 3 1 (Tss) @ TNk 0 S|y </<p (z8*) dwt>“) ,
k=1 tau

so that, using the induction hypothesis, 10.41 and bounds of the type

7 © ) ( / v () dfcs’t)
s,t

< cow (5,8)"7,

we havel®
TN (Dsu) =N (Tst) — v (T )| < csw (s, u) o exp (02w (s,u)l/p )
(10.44)

We can then classically use lemma 10.65 to obtain that

+EN—-1

ITn (Dsu)| < caw (s,u)” 7 exp (C4w (s,u)l/p) ,

which concludes the induction proof. The triangle inequality then leads to,
for ke {1,..., 7]},

- (Sm < / o (2) dx)m)

which is equivalent to saying

)

An application of proposition 5.10 then gives

wofows),

15 As we shall need (10.44) in the uniqueness/continuity part below, let us point out
that (10.44) also follows from the "first" existence proof, namely from the error estimate
(10.40).

< cawo (s,0)"7 exp (ere (5,1) 7).

< csw (s,t)l/p exp (C5W (Sat)l/p) .

< cow (s,) /P Vw(s,t).
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Continuity /Uniqueness: Without loss of generality, we assume |v| = [p],

and also, by simple scaling, that max;—; » |<,01'|Lip7,1 < 1 (so that we can
use lemma 10.48). We set

e = [w0 = 28| + Ppaspor (X1, %7) +[9* = 01| o
and agree that, in this part of the proof, constants may depend on w (0, 7T)
and R. Then we define (exactly as in the proof of theorem 10.29) two paths

x5t and 225 such that

Spy) (a:“s’f)&t =x.,, i=1,2,

t
1,8,
/ P
S
t
1,s,t 2,s,t
/’dmr —dx; |
S

We also define (as usuall)

T, = (/ ¥ () dx?) =S (/ ¢ (x%&t)dx%&t) ke
st s,t

and set Ts; = I'i, — I'2,. From the existence part, we have ‘F&t‘ <
csw (s,1)"/P. Define

Az = {SWJ (/ o (zhh) d:clvsvt’") — S| (/ ot (x5 deS,u) }
_ {SL'YJ (/ 902 (.’E27S’t’u) d.’172’s’t7u) _ SL’YJ (/ S02 (.17275’“) dm2,s,u> } )

Observe that by continuity of the Riemann-Stieljes integral and the map
S|, we have for all integer k € {1,...,[p]}

[ ()]

and such that

/p

IN

crw (s,t)l 1=1,2,

IN

crew (s, )7 .

S Tk O S\_’)’J </ S02 ($2,s7t,u) dm&s,t,u) — 0 Sl_’yj </ S01 (xl,s,t,u) dml,s,t7u>
S, u s,
+ |7 © SM (/ @2 (xQ’S’“) de’s’“) — T 0 SM (/ <p1 (xl’s’“) dml’s’“> .
s,u ER)
< 2 (‘QOQ - le‘Lipw,l + Ppo (xl,xz)minh_l’l}) w (s,)"? using lemma 10.48
< &w(s,t)"? for some a € (0,1]. (10.46)
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We now prove by induction on N < [p] that
Veke{l,...,N}:38;,>0: |m (T gt)}<5ﬁkw(s t).

For N = 0, it is obvious, as 7 (F ) = 0. Assume now the induction
hypothesis is true for all & < N. From equation (10.43), we see that
™ (I‘S,u) ™ (1"S t) — TN (I‘t u) is equal to As + Dy + Dy + D5, where

N-1 N-1 3
D, = Tk (Tot) @7k (T7,,) — Zﬂ'k (Th) ©@mn—k (Tew)
=1 k=1
N-1

D= 3w <Sm (/w(x“t) dwz’s’t) =Sl (/w(wl’s’t) dwl”) ) DNk (T7)
s,t s,t
1 N—
Tk (Sm </<p (z"*") d:cl’s’t> ) O mN—k (Tt)
=1 s,t

Tk (fs t) Q@ TN_kO© SI.'YJ (/QP (.’172’t’u) d$2’t7u>

-1

7rk ®7TN k (SM (/cp (xQ’t’“) de’t’”> =S|y </g0 (ml’t’“) dwl’t’“> > .
1 t,u t,au

We easily see from the induction hypothesis and lemma 10.48, that

?r
R

+
]

?T‘

2

Dy =

t,u

peYivg

x>~
Il

|D1| + |Dao| + | Ds| < coe®¥w (s,6)N'? | for some ay € (0, a.
In particular, with (10.46), we obtain that
|7rN (f&u —Tsy— Tt,u)i < c1pe*Nw (s,t)N/p.
From the existence part, equation (10.44), we also have
v (Cow = Tox =Tow) | < [ (T = T80 = T20) [+ | (Tou = Ta = To) |
< crw (s,t)j% < claw (s,t) with § =~/p > 1.

These estimates show that assumption (ii) of lemma 10.67 are satisfied
(checking assumption (i) is easy and left to the reader); it then follows that
for some 5, € (0,1],

}ﬂ'N( St)| <€ﬂNw(s t)

and so the induction step is completed. Putting this last inequality and
lemma 10.48 together, we see that for k < [p], we have from the triangle
inequality

- (( [eEae) —(fee) d))

< gmin(ﬁN,’yfl)w (8, t)k/p )
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The proof is now finished. m
As a consequence of theorem 10.50 we have

Corollary 10.51 Let ¢, : R? — R® i = 1,...,d some (y— 1)-Lipschitz
maps where v > p. For any fized control w, R >0 and p < p', the maps

Lip? ™! x ({lellp,w < R} ,dp,,w) - (CW ([O,T] Neld (Re)) ,dp,,w)
o) - [owmin
and

Lip" ™ % (Il < B sdyrvar) = (070 (10,71, 67 (R)) ,dyrar)
(o) = [pbxdx

and

Lip" ™ x ({Illy 0y < B} odoc) = (07 (10.71,67 (R, doc)
(ex) = [pbax

are uniformly continuous.

Exercise 10.52 FExtend theorem 10.50 to ¢; € Lip?ozl (Rd, Re) ,i=1,...,d.

Solution 10.53 It suffices to replace @; by @; € Lip”~! (Rd, Re) such that
o =@ on a ball with radius

%] oosp0,77 +1-

10.7 RDEs driven along linear vector fields

In various applications, for instance when studying the "Jacobian of the
flow", one encouters RDEs driven along linear vector fields. Since linear
vector fields are unbounded, we can, at this stage, only assert uniqueness
and local existence (cf. theorem 10.23). The aim of the present section is
then to establish global existence with some precise quantitative estimates.

Exercise 10.54 (Linear Vector Fields) Let us consider a collection V- =
(Vi)iz1,..a of linear vector fields of the form

for e x e matrices A; and elements b; of R¢. Prove (by induction) that

VN;iO""’iN (Z) =V ... ‘/iN (Z) = AiN ce AiOZ + AiN ce Ai1bio'
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Lemma 10.55 (Lemma Ajipe,y) Assume that

(1) V= (Vi)j<;cq with Vi (2) = A;z are a collection of linear vector fields,
and fir N € N,

(ii) s,t are some elements of [0,T7],

(iti) x, % are some paths in C*"" ([s,t] ,R?) such that Sn (x)s: = SN ()s.t,
() £ is a bound on fst |dz,| and fst |dZ,| and v is a bound on max; (|A;]) .
Then,

|7T(V) (S, Ys, x)s,t - (V) (87 Ys, :z')s,ti <C [/Ug]NJrl €xp (Cvg) .

Proof. Define for all r € [s,t], ys,» = m(v)(5,¥s, T)s,r; We saw in theorem
3.7 that

Ys,r| < e(1+ |ys|) vlexp (cvl).

From proposition 10.3, we have

’W(V) (87 Ys, x)s,t - g(V) (ysu Sy (:C)s,t>

t
< ) / (Viy - Vin I (yr) = Viy - Vi I (ys)) dat ... daiy
i1,enin VS
e{1,...,d}
t . .
S AiN . Ai1 / ysﬂndl‘;} . dﬂ?:«N

< e(l+ ) [V exp (cvl).

As T(v)(5,Ys, T)s,t and 7y (8, ¥s, T)s,¢ share the same Euler approximation,
the triangle inequality finishes the proof. m

Equipped with this result and the Lipschitzness of the flow for ordinary
differential equations (lemma 12.5), we are ready to obtain a version of
lemma 10.7 for linear vector fields.

Lemma 10.56 (Daviejiear) Let p > 1. Assume that

(1) V = (Vi)1<;<q is a collection of linear vector fields defined by V; (z) =
A;z + by, for some e x e matrices A; and elements of R® b;,

(ii) x is a path in C**" ([0,T],R?), and x := Sp(x) its canonical lift to
a Gl (Rd) -valued path,

(#1) yo € R® is a initial condition

(iv) v is a bound on max; (|A;| + |b;i]).

Then there exists a constant C' depending on p (but not on the 1-variation
norm of x) such that for all s <t in [0,T],

ﬂ-(V) (07 Yo, 1‘)57t S C (1 + |y0|) v ||X||p-u(m~;[s7t] exp (C’,UP HXHZ-N(LT;[O)T]) .
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Proof. To simplify notation we set y = () (0,0;2) and N := [p], a
control function on [0, 7] is defined by

P

w (Sa t) =P ||X||p—var;[s,t] :

t

For every s < t in [0,7] we define %" as a geodesic path associated to

Xs,t = SN(-T)s,t i.e.

¢
SN (:rs’t)s’t =Sy (2),, and / ‘dxs’t} = 1%l var: (5.4

and we note that, as in (10.7), we have

t t
/ o] < / da] . (10.48)
S S

(Let us now fix s < t < w in [0,7] and define z55* := x5! U zb", the

concatenation of %! and x***. Following the by now classical pattern of

proof, first seen in (Davie’s) lemma 10.7,we set
Lsp =m0y (8,953 2)5, — 7w (8,53 2°7)

and observe I'y ,, — I's s — I't , = A+ B where

s,u)

A m (s, ys;2>0")  — (s, ys; @

B = m(tysa™),, — 7ty + 2™

S,u S,u

t,u

Lemma 10.55 (a.k.a. lemma Ajpnear) was tailor-made to estimate A and
gives
A < e1 (1 s (5,0) N7 exp (ex (5,0) 7).

On the other hand, from theorem 3.8, we have
|B| < ¢ |Tst|w (t,u)l/p exp (czw (t,u)l/p>

and so

|1—\87u| < |Fs,t| 6202w(8’u)1/p T |Ft,u| T (1 + |ys|)w(8’u)(N+1)/p eclw(s’u)l/P.

(10.49)
Another application of lemma Ajipear combined with (10.48) shows that
with @ (s,2) = |21y, (5, We have

Tr
lim sup Loutl =0. (10.50)

r—0 s,t s.t w(s,t)<r r

Also, ODE estimates give that for all s,¢ € [0,7T], we have
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<3 (1+ Jys|) w (s, 1) /P ec2w(sD'? (10.51)

) (smsia™)

Inequalities (10.49), (10.50) and (10.51) allow us to use (the analysis)
lemma 10.69 (from the appendix to this chapter) to see that

Yl oo j0,7) < €a (1 + [yol) exp (caw (0, 7)), (10.52)
and that for all s, ¢ € [0, T,
Tl < ex (1 + [yol) w (5,8)” exp (ese (0,T))
The triangle inequality then provide that for all s,t € [0, T

[Ys,t] < 5 (1+ ol w (5,8)"/P exp (5w (0, 7)) .

]
We now give the appropriate extension to (full) RDEs.

Theorem 10.57 Assume that

(i) V= (Vi)1<i<q s a collection of linear vector fields defined by V; (z) =
A;z + b;, for some e X e matrices A; and elements of R¢ b;

(ii) x is a weak geometric rough path in CP-*" ([0, T] ,GIP] (Rd)),

(iii) yo € GIP1 (R®) is a initial condition

(iv) v is a bound on max; (|A;| + |b;i]).

Then there exists a unique full RDE solution vy (0, yo; x) on [0,T]. More-
over, there ezists a constant C depending on p such that for all s < t in
[0,T], we have

HT‘-(V) (0, Yo, X)sﬂf ’ S c (1 + |y0‘) v HXHp—Ua,T;[s,t] exp (Cvp ||X||§_Uar;[()7T]) .

Proof. We only to prove the above estimate for a bounded variation path,
the final result following a now classical limiting procedure.

Write yo = 71 (yo), and define § = mﬂ'(v) (0,y0; z). Observe that
using the linearity of the vector fields, we have

g = (W) 0—y0 1 L
71+‘y0|7

= 7w (0,905 )
From (the proof of) lemma 10.56 it follows that

|y|<>0;[07T]

IN

ex (1+ fol) exp (ex0® X1 0.7

A

< 2cpexp (clvp ||x||g_var;[07T]) =R
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For any vector field V such that V=V on Q= {y e R®: |y| < R+ 1} we
have

m(v) (0,90; ) =T(v )(O Jo; ) -
Moreover, we can (and will) take V such that
‘V‘Lip < alViLp@) < Vo + [V o Sv(R+2).

It then suffices to use the estimate of theorem 10.39, applied to the full
RDE with vector fields V' driven by Sy, (), to see that

HS[P] (mv) (0’509$))s,t ‘ = e <‘V‘Lip71 1€l v sy ) ‘L e Il St])
< v X, g [s,t] €XP (Czﬂ)p ||X\|p var; [0, T]) :

This implies that

HS[pl (7(v) (0,50:2)), , ‘ = (1wl HS[P] (7 (0,505 )., ‘
<

C (1 Jyol) 0 1% gario X0 (COP 1K ooy ) -
]

Remark 10.58 This estimate shows in particular that (full) solutions to
linear RDE have growth controlled by

exp ((const) X ||x||§_,lw;[o’T])

which has implications on the integrability of such solution when the driving
signal x is random. It is therefore interesting to know that this estimate
cannot be improved and the reader can find a construction of the relevant
examples in [54].

Exercise 10.59 Assume x € CP"*" ([0, T], GP! (R%)) drives linear vector
fields as in theorem 10.57 above. If x is controlled by a fixed control w in
the sense that

VO<s<t<T:oulx| <w(s, )P

p-var;[s,t]

the conclusion of theorem 10.57 can be written as

[y 0.05%),]| < €1+ ol (5,17 exp (C (0, 7))

valid for all s < t in [0,T], where any dependence on p,v has been included
into the constant C. Show that an estimate of this exact form remains valid,
if the assumption on x is relaxed to

VO<s<t<T:vl|x| <w(s, )P Vw(s,t). (10.53)

p-var;[s,t]



268 10. Rough Differential Equations (RDEs)

The importance of this exercise comes from the fact (cf. theorem 10.39)
that (10.53) is a typical estimate for solutions of full RDEs, i.e. when x
itself arises as the solution to a full RDE along Lip”-vector fields, v > p.

Solution 10.60 Assume (10.53) and write & (s, t)"/? = w (s,£)"/Pvw (s, t).
For s,;t:w(s,t) <1, theorem 10.57 then gives

‘ < O lys)w (s, )P exp (Cw (s, 1))

C (1 + |y|oo;[0,T]) w (s,1)"/? exp (Cw (0,T))

Hﬂ'(V) (0,905 %), 4

IN

and we are done if we can show that
1Yl oost0,7) < € (1 + |yol) exp (cw (0,T)) .

From equation (10.52) (now applied with &!) this estimate follows from (the
analysis) lemma 10.69 but since @ (0,T) = w (0,T)? for large w (0,T) this
18 not good enough. However, from remark 10.70 we can do a little better
and get

Wopm <clwl+den|c s S al b
D=(t;)C[0,T] such that ™
w(ti,tit+1)<1 for all i

But since w = w when w < 1 we can replace © by w, and by super-addivity,

1Yl oeso,r7 < € (1ol + &) exp (cw (0,T7))
as required.

Exercise 10.61 (Non-explosion) Consider V = (V;),-;<4, @ collection

of locally Lip” ™ -vector fields on R for v € (p, [p] + 1), such that
(i) Vi are Lipschitz continuous;

(ii) the vector fields VIP) = (Viy ... Vi[p])
continuous for some € > 0.

Show that if x is a geometric p-rough path, and if yo, then 7y (0, yo; x)
does not explode. Provide a quantitative bound.

inyemrip €{1,ody VC (v — [p])-Holder

Solution 10.62 The argument is the same as for linear RDEs. We only
need to extend lemma Ajpeqr, i-€. we need to prove the following: if

(a) s,t are some elements of [0,T1];

(b) x, % are some paths in C*"*" ([s,t] ,R?) such that Sy (x)ss = SN(T)s 5
(c) £ is a bound on fst |dz,| and f; |dZ,| and v is a bound on |V'IP) ‘X/[ﬂp])ﬂﬁl
and sup, . |V (y) =V (2)| /|y — 2|.

Then,

|7T(V) (57 Ys, 'T)SJ. - 7T-(V) (57 Ys; j)s,t‘ < C [,UE]V €Xp (C’Uf) .
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To do so, define for all v € [s,t], ysr = T(v)(8,Ys, )s,r; as the vector fields
Vi are Liscphitz continuous, theorem 3.7 gives

[ys.r| < e1 (14 Jys|) vlexp (cvl).

From proposition 10.3,

‘W(v)(é’, Yss T)s,t — Ev) (ys, SN (m)s,t>‘

t .

< > /(V;l...Vi[p]I(yr)fVi...Vz-[p]I(yS))d:r;l...dzi“’]

S

t

< Y b / i [ ] ||

il,...,iN S

e{1,...,d}
< e (1 [y) 7 vl exp (cvt)
< e (L Jys|) [ve]” exp (cvl).

As m(v)(5,Ys,T)s and T(y)(s,ys,T)s: share the same Euler approzima-
tion, the triangle inequality finishes the proof.

Equipped with this result, we then prove the exercise by going through the
proof of theorem 10.57.

10.8 Appendix: p-variation estimates via
approximations

Our discussion of the Young-Léeve inequality was based on some elemen-
tary analysis considerations; lemmas 6.1 and 6.2. We now give the appro-
priate extensions, still elementary, upon which we base our discussion of
rough differential equations.

Lemma 10.63 Let 0 > 1,K,§ > 0, a > 0. Assume ¢ : [0,R] — RT
satisfies

(1)

tm £ =0
(i) for all r € [0, R],
o(r) < {2@ (g) —&-fre}exp (Kr®).

Then, for all r € [0, R],

)< 5" op (2K e
or) =< 1_21_96}(}) 1_2_(17" .
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Proof. Note that it is enough to prove the final estimate for r = R; indeed,
given any other r € [0, R], it suffices to replace the interval [0, R] by [0, r].
Assumption (ii) implies that for all r € [0, R]
o(r) < 20 (5) exp (Kr) + &°

with € = £ exp (K R®). By induction, we obtain that

r n—1 R n—1 k—1 '
o(r)<2% (Q—n) exp (KT" Z 2"”‘) +&r? Z 2k(1=0) oxp | Kr® Z 277«
We bound exp (Kra ZZ;S 2"“‘) <exp (Kr*/(1—27%)) and so obtain

n—1
Kr n r &0 k(1—0)
k=0
By assumption (i), sending n to oo yields
éra Kre
< .
o(r) = 55 &P | T o-a
As € = Eexp (KRY) < £exp (KR*/ (1 —27%)), we then obtain

o(r) < ER! exp 2K R .
=101 -2

]
As a variation on the theme, let us give

Lemma 10.64 Let 0 > 1,K,§€ > 0, « > 0 and 8 € [0,1). Assume o :
[0, R] — RT satisfies

(i)
lim w = 0;
r—0 7 ’
(ii) for allr € [0, R],
o(r) < {2@ (g) + &r? /\erﬁ}exp (Kr®).

Then, for all v € [0, R], for some constant C depending on 6 and 3, we
have
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Proof. Just as in the previous proof, we only prove the estimate for r = R.
Defining £ = exp (KR®*) and & = eexp (K R*), we have for all r € [0, R]

o(r) <20 (%) exp (Kr) + &rf Aerf

By induction, we obtain that

n—1
o(r) < 2% (2%) exp <K1"°‘ Z 2k°‘>
k=0
n—1 k-1

+ Z (51&2’“(179) A éTBQk(17B)> exp | Kr® Z 9«
k=0 =0

We bound exp (Kra Zz;é 2*’“") < exp(Kr®/(1—27%)) and then let n
tends to oo to obtain

— Ko i
Q(r)exp<1 ;_a) < 2(57"92]“ ) p erfok- ﬁ))

=0

< &P Z ok(1-8) 4 Ere Z ok(1-0)
O<k<—1n2<§)+ln2r k:>e%ﬁln2(§)+ln2r

< Cl( ( (§)+1n2r) 1— ﬁ)+£ 92(9 ﬁln2< ) 11127")(16)>

e
< 027”5" f -

where ¢, co are constants which depend on 6 and . This estimate finishes
the proof. m

An important consequence of lemma 10.63 is the following estimate. Typ-
ically, (e.g. in the proof of Davie’s estimate, lemma 10.7) T" is the difference

between a path y (for which we are trying to bound its p-variation) and a
"local" approximation of y which is easier to control.

Lemma 10.65 Let £ >0,0>1,K >0, a>0 and
I {0<s<t<T}=Ap—R°

be such that:
(i) for some control &,

lim sup —— = (; (10.54)
=0 (s eAr: w(s,)<r T

(ii) for some control w we have that, for all s <t < w in [0,T],

ol < {ITual + [0l + €0 (5,0)" fexp (Kw (s,0)%). (10.55)
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Then, for all s <t in [0,T7],

fw (s, 1)’ 2K o
T ¢] < T ora P 1 2_aw(s,t) .

Remark 10.66 [t is important to notice that the control & is not used in
the final estimate.

Proof. We assume that @ < %w for some € > 0; otherwise we can replace
w by w+ ew and let € tend to 0 at the end. Define for all r € [0,w (0,T)],

o(r)= sup ITs ¢
(s,t)EAT:w(s,t)<r

Consider any fixed pair (s,u) with 0 < s < u < T such that w(s,u) < 7.
From basic properties of control functions we can then pick ¢ such that
w(s,t) and w (t,u) is bounded above by w (s, u) /2. It follows that

‘Fs,t| < Q(r/2)a |Ps,u‘ < Q(T/Q)v
and by assumption (ii)

|Fs,u

< {2@ (g) + fre} exp (Kr?).

Taking the supremum over all s < w in [0, 7] for which w (s,u) < r yields
that for all r € [0,w (0,T)]

o(r) < {29 (g) +§r9}exp (Kr®).

Assumption (i) implies that lim, 00 (r) /r = 0 and by the (previous)
lemma 10.63, we see that for all » € [0,w (0,T)],

erf oK .
<> o).
o(r) = 7o P\ T o=

Obviously, |T's | < o(r) for r = w (s,t) and so the proof is finished. m

The same argument, but using lemma 10.64 instead of lemma 10.63,
leads to the following estimate which we use in the proof of theorem 10.50
where we establish continuity of rough integration.

Lemma 10.67 Let 0 > 1, K, £ >0,a >0, 3€]0,1). and
I {0<s<t<T}=Ap—R°

be such that:
(i) for some control &,

lim sup — =0
r—0 (s,t)eAT: O(s,t)<r T
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(i) for some control w we have that, for all s <t <w in [0,T)],

+ |Ft,u

ITsul < {|Fs,t + &w (s, u)0 New (s, u)ﬁ} exp (Kw (s,u)”).

Then, for all s <t in [0,T], for some constant C' depending on 6 and 3,
we have

0—

ITst| < Cw (s, t)e?FE

-
o=

- 2K N
-8 exp <mw (S,t) ) .

Remark 10.68 [t is worth noting that (ii) is equivalent to saying that, for
all n € 10,1],

Pl < { Pl Tyl + €7 ()77 exp (a0 (s,)°)

using |(*)| < aAb & [(x)] < a7 ¥y € [0,1], and thus renders lemma
10.65 applicable. In fact, for any 0 < n < (0 —1) /(0 — 3) we have 0 =
Bn—+60(1—n) > 1; setting also &€ = £ ", we can apply lemma 10.65 to
get

|Fs,t

1 g 2K
< el e e (Ww (SVt)“) :
Although this would be sufficient for our application (namely, the proof of
theorem 10.50) we see that our direct analysis showed that we can take
n=(0—-1)/(0—p) in the above estimate.

As mentioned right above lemma 10.65, such estimates are typically used
when I is the difference between a path y and a "local" approximation
of y which is easier to control. Sometimes (e.g. in the proof of unique-
ness/continuity result for RDEs, theorem 10.29) the path y itself comes
into play; in the sense that (10.55) above has to be replaced by (10.56) be-
low. With some extra information, such as (10.57) below, a similar analysis
is possible.

Lemma 10.69 Let K >0, > 0,0 >1,1/p >0 and

I : {0<s<t<T}=Ar—R"
y : [0,T] — R®,

be such that:
(i) for some control &,

lim sup — =0
r—0 (s,t)eAT: O(s,t)<r T
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(i) for some control w we have that, for all s <t <w in [0,T)],

D5l < {|Fs7t + Tl + K (e + sup |yr|> w (s,u)e} exp (Kw (s,u)l/p) :

0<r<u
(10.56)
(i1) for all s <t in [0,T7],

lyst — Dst] < K (6 + sup |yT|> w (s,t)% exp (Kw (s,t)l/p> ) (10.57)
r<t

Then, we have for some constant C depending only on K,p and 0,
|¥lses0,7) < C'exp (Cw (0,T)) (ol +¢),
and for all s <t in [0,T7,
ITsil < C(lyol + &) w (5,1) exp (Cw (0,T)).

Proof. Fix v < v in [0,T] and s < ¢t < u € [0,v']. By assumption (ii) we
have,

ITsu] < {|Fs,t\ + Tl + K (s + |y|oo’[0’v,]> w (s,u)g} exp (Kw (s,u)l/p> .

We may thus apply lemma 10.65 (on the interval [0, v’] rather than [0, T
and with parameters £ = K (5 + |y\oo,[07v,]> and a = 1/p). It follows that
for all s < tin [0,v'],

Tl < 1 (& + Yoo o) @ (1) exp (erw (s,1)77).

and together with assumption (iii) we see that

sup [ys.

<o (E + ¥l 10 v,]> w (v,0')7 exp (CQ(JJ (v,u)l/p> :
s,t€[v,v/] Y

This in turn implies

Yoo, < W0+ SUP (Vs
s, tefv,v/]

1Yloo,j0,0 + (5 + |y|oo7[07v,]> caw (5,8) P exp (CQw (,07,0/)1/p) .

IN

We now pick vg = 0 and set for ¢ € {0,1,2,...},

1
Vig1 = sup {02w (vi,r)l/pexp (CQCL) (vi,r)l/p> < 5} AT

r>v;

1
= sup {w (’Ui,T') S _} /\T7

r>v; Cc3
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where ¢3 was determined from cy (1/03)1/p exp (62 (1/c3)1/p) =1/2. It
follows that

1
|y|00,[07v¢+1] < ‘y|007[07v'i] + 9 (5 + |y|007[07vi+1]) ’

which implies [y|, 1 < 2[ylog 0,0, T € and then, by induction,

0,vi41] =

Wl 0.0 < 2 (1ol + 2.

We claim that vy = T where N = [csw (0, T)]+1, the first integer strictly
greater than csw (0,7). Indeed, vy < T would imply w (v, vi41) = 1/c3
for all ¢ < N, and hence lead to the contradiction

N-1

csw (0,T) > c3 Z w (vi, viy1) = N.
=0

We are now able to say that
‘y|oo;[07T] < 2c3w(0,T)+1 (|y0| +€)
< caexp(caw (0,7)) (|yol +2) -

Coming back to inequality (10.56), we obtain that for all s < ¢ in [0,7]],
IToul < { (Tl + IDeal) + exp (e5 (0,7)) (Jyol + £)w (s,0)" } exp (Kew (5,u)"/7)

We may thus apply lemma 10.65 (with parameters & = <07 (jyo| + ¢)
and « = 1/p) once again to obtain that, for all s < ¢ in [0,7],

IDsal < 6 (Jyol + ) w (s,1)” exp (cew (0, T))
The proof is now finished. m

Remark 10.70 The conclusion of the above lemma can be slightly sharp-
ened to'®

|y‘oo;[O7T] < C(lyol +e)exp | C sup ZUJ (ti, tig1)
D=(t;)C[0,T] such that ™
w(ti,ti+1)§1 for all i
< C(lyo] +e)exp (Cw (0,T)) ... by super-addivity of controls.

To see this, the above arguments remains unchanged until the definition

1
Vi41 = Sup {w (v, 1) < —} AT
r>uv; Cc3

16 The interest in the sharpening is explained in exercise 10.59.
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with cg determined from co (1/03)1/p exp (02 (]_/63)1/p) = 1/2. Clearly then,
by making the preceding constant c bigger if necessary, we may assume that
1/es < 1. As in the original proof we have |yl ., < 2% (lyo| + €) and for
what N we can check that vy =T our conclusion is

Wloeiory < 2" (0l +2).

We claim that

N =c3 sup ZLU(ti,tiJrl) +1

D=(t;)C[0,T] such that ™

w(ti,ti+1)§1 fOT all ¢

is a valid choice. Assume vy < T. Then w (vi,v;11) = 1/cs < 1 for all
i < N and so

N-1
N =c¢3 ZW(Uiavi+1) <cs sup Zw(tiati-‘rl):N_l
i—0 D=(t;)C[0,T] such that ™

w(ti,tit+1)<1 for all ¢
which is a contradiction.

In the remainder of this appendix we make the appropriate extensions
which are used in section 10.5 to establish uniqueness of RDE solution
under minimal regularity assumptions.

Condition 10.71 (¥ (C,3)) We say that an increasing function § : R* —
R™ belongs to the class ¥ (C, ) if
(i) for all o > 0, we have 3, - n (0) = 00, where

o
=1 — > .
T (0) 1nf{r>0,/1 6(3:) dex >0y

(ii) there exists C > 0, B € (0,1) such that § (z) < Cz? for all x € [0,1].

Exercise 10.72 Prove that 6 € ¥ (C, ) for
(i) 6 (z) = 2% for 0 > 1

(ii) § () = x

(iti) 6 (z) = zIn"In* L.

Exercise 10.73 Prove that § ¢ ¥ (C, ) for
(i) 6 (z) =2In* 1
(ii) 6 (z) = 29 for 0 < 1.
Lemma 10.74 Let K > 0, a > 0. Assume o : [0, R] — R" satisfies for all
r € [0,R],
T «@
o(r) < 20(5) exp (K3 (1)) + 3 (r),
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where 6 € WU (C,B) for some constants C,8 > 0, and o > 0.Then, for all
n > 0, for some constant C7 depending on K, «, 3 and C,

o(r) < l?"g (2%) + /12” ) (2) dx] exp (Clro‘ﬁ) )

Proof. By induction, we obtain that

o(r)<2% (2%) exp (an_:lé (2_7“]6)‘1) +"§_:1 2% exp Kkz_:lé (%)a J (;—k
k=0 k=0 j=0

We then bound exp (K ZZ;& 5 (ﬁ)a) by exp (KCores 322 9-kaf) —

exp (cro‘ﬂ) to obtain

o(r)exp (—CTQB) <2% (2%) + niled (;7) )
k=0

By assumption, x — ¢ (%) is a non-increasing function , hence for all k, we

have
k+1

()< [, o(E)e

Summing up over k, we obtain that for all n > 0, we have

o(r)exp (—er®?) < 27p (%) + /12" ) (g) dx.
]

Lemma 10.75 Letw be a control, C > 0,0 > 1 andT : {0 <s<t<T} —
R€ a continuous map such that
(i) for all s <t in [0,T],

ITas| < C6 (w(s,1), (10.58)

(ii) for all s < t < w in [0,T], and some 6 € V(C,B) with constants
C,8>0,

IPsial < (Tl + [Teal) exp (Cwo (5,0)77) 46 (@ (5,u)),

Then, for all s <t in [0,T], and some constant Cy depending on C, B and
w(0,T), we have

0 on
s+ < Ch inf [2"5 (M> +/ ) (_w (S’t)) dw] )
; n>0 on . -
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Proof. Define

o(r) = sup st
s,t such that w(s,t)<r

and observe that, as in the proof of lemma 10.65, we have
o(r) <2 (g) exp (05 (r)l/p) +4d(r).
We conclude using lemma 10.74 and (10.58). m

Proposition 10.76 Letw be a control, C > 0,u>0,0 > 1, a € (0,1), 5 €
(%, 1) and assume that 6 € ¥ (C,f3). Let y : [0,T] — R? be a continuous
path, and T : {0 < s <t < T} — R® a continuous map such that

(i) for some 6 > 1, for all s <t in [0,T],

ITy4] < C8(w(s,1)’, (10.59)
(ii) for all s <t <wu in [0,T],

ITsul < (T + T ul) exp (06 (w (s’u))l/p> +C (,u + Sl<1p |yr> 0 (w(s,u)).
- (10.60)
(i3) for all s <t in [0,T7,
lysi —Ton| < C (u +sup Iyr|> 8 (w (s, 1)"".
r<t

Then, for all e > 0, there exists § = 6 (w (0,T),C, L, K,0,p) > 0 such that
lyo| + 1 < & implies

|y‘oo,[0,T] <e¢e and |y|p,w;[O,T] <e.

Proof. At the price of replacing p by p/a, we can and will assume o = 1.
We allow the constant in this proof to depend on w (0,7, C, L, K, 6 and

p. Define 7., = inf {t >0, |y|oo,[0’t] > 'y} . Using lemma 10.75, we have for
all u,v <7y and all n >0,

c1 [2"6 (#)6 +(u+7) /12" ) (@) dx]
1 [2”“”% (u,0)? + (u+7) /fn § <#) dm]

From the triangle inequality, we therefore obtain that for all u,v < 7,
and all n > 0,

wl < e(ut7) (6 o)+ [ s (2) da:)

08 gn(1-08)

IN

|FU7U|

IN

+eow (u,v)
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AS Yoo, 0,6 = 1Ulo0,0,5] < SUPuvefs, ) [Yuw] » We have that [y| g 10 5 = [¥le 0.
is less equal to

2" t
&2 (1+ 10l o)) (6 (w (Saﬁ))l/p+/ ’ <W(Z )> dz | +cyw (s, )" 20(1709),
1
(10.61)

Fixbe (1, 295_1) , and define

n

. ? 1
Tk :_1nf{r>0,02 <S(Tk)1/p+/1 5(%)dz> _13}/\UJ(O,T).

By assumption on 9, Z;ozno rr = +oo. In particular, for a fixed ng that
will be chosen later, we can define n; to be the first integer such that

no+mni
Z r, > w(0,T).
k‘:no
We then define the times (¢;),_, ,, by to =0 and

tig1 = inf {t >t w (ti7ti+1) = Tn0+n1—i} ANT.

Observe that by construction, ¢,, = T. Also, inequality (10.61) gives for
alln >0,

0 -6
Wloo o] < Wloo oy + Comm iy 2" 707

+ (M + ‘yloo,[o,tiﬂ]) Co (5 (rn0+n17i)1/p n /12n 5 (Tno';nl_i) dx)

We will take n = ng + n1 — ¢. By definition of 7y, 4n, i,

2n0+n1 —1

no+ni—i 1
" (6 (Pnoma—i)''” Jr/1 0 (T%) dx) =y

so that
(% — no+ni—1
‘y|oo7[0,ti+1] <b |y|<>0,[o7ti] +(O-1)p+ bC2Tn§+n17i2(1 88)matma—i),

As all r; are bounded by w (0,7"), we obtain

(b — 1) — no+ni—1i
‘y|oo,[0,t,1+1] S b (y|007[01ti] + —b /l, + 032(1 95)( 0+ 1 ) .
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An easy induction then gives us that

k «— k—j (b _ 1) (1—68)(no+n1—3)
Wloo o, = 0 190l +Zb — ©A+ 32 o+mn1
j=0
bk —1
< [bF
< < lyol + b_lu>
k—1
+c32(1—9,@)n0 Z 9(1=08)(n1—j) pk—j
j=0

Applying this to k = ny, we see that

- b — 1

Wlooory < (0" |yol + =1 X
e o (11=9)
20700 37 (bzuf 6))
=0
b — 1
< p™

= < lyol + b1 M)

e (1-68)no
a2 '

For a given € > 0, we pick ng large enough so that %2(1*05)”0 <eg,
to obtain that

n bm —1
1
Yl oo 0,77 < <b yo| + b1 M> +e.

Observe that n; depends on ng, which depends on . Nonetheless, we see
that for ¢ > 0, there exists § > 0 such that for |yo| + ¢ < § implies

(bm Yol + b?:llu) < ¢ and hence

Yoo 0,17 < 26

That concludes the proof. m
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10.9 Comments

The main result of this chapter, the continuity of the RDE solutions as
function of the driving signal, also known as universal limit theorem, is due
to T. Lyons [109, 113], nicely summarized in [97] and the St. Flour notes
[116]. There have been a number of (re)formulations of rough path theory
by other authors including [33], [71], [46] and [82]. Our presentation builds
on [63] and combines Davie’s approach [33] with geometric ideas. It seems
to lead to essentially sharp estimates. In particular, we can extend Davie’s
uniqueness result under LipP-regularity, p < 3 (compared to LipP*¢ in
Lyons’ uniqueness proof via Picard iteration) to the case of arbitrary p > 1.
In this case, the flow need not be Lipschitz continuous'”. Convergence
of Euler schemes for rough differential equations is established in [33] for
[p] = 1,2; the general case, section 10.3.5, is new.

Some of our estimates appear as special case in previous works, for in-
stance in [131] in the "Young" case of 1/p-Holder paths with p € [1,2).
Lipschitz estimates for rough integration or differential equations, at least
for p € [2,3), appear in [113] and [82].

17[A.M.Davie, personal communication]
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11
RDEs: Smoothness

We remain in the RDE setting of the previous chapter; that is, we consider
rough differential equations of the form

dy =V (y)dx, y(0) = yo,

where x = x (t) is a weak geometric p-rough path. In the present chapter
we investigate various smoothness properties of the solution, in particular
as a function of yg and x. In particular, we shall see that RDE solutions
induce flows of diffeomorphisms which depends continuously on x. As an
application, we consider a class of parabolic partial differential equations
with "rough" coefficients in a transport term.

11.1 Smoothness of the It6-Lyons map

Assuming z € CV ([0,7T],R?) we saw in the ODE section (cf. remark
4.5) that the R°-valued ODE solution y = 7y (0,0, %) together with
its directional derivative z = % {7‘((\/) (0,y0 +ev;z + 5h)}6:0 satisfies the

System
dy =V (y)dz, dz = (DV (y) dz) - 2 + V (y) dh

started at (yo,v) € R°@R®. In particular, we may write (y, z) = 7w (0, (yo0,v) ; (z, h))
where (W) are the induced vector fields on R®@®R€. In this formulation, the
extension to a rough path setting is easy. Assume at first that V € Lip?™!
with v > p so W € Lip;, ., and assume furthermore that there exists a
el (Rd &) Rd)-valued geometric p-rough path x which projects onto the
Gl (R®)-valued geometric p-rough paths x and h. After a localization ar-
gument (exploiting the structure of (y, z) and in particular the fact that
linear RDEs do not explode; cf. the argument in section 11.1.1 below) we
may assume W € Lip” and have existence/uniqueness,/continuity proper-
ties of the RDE m(y) (0, (y0,v) ; X) with values in R°@R®. Projection to the
second component gives (at least a candidate) for the directional derivative

d
r=— {ﬁ(v) (0,y0 + ev; plus o 0y . (X))}gzo )

(Recall from section 7.5.6 that plus resp. ;. is defined as the unique
extension of

(z,h) € R* = (z 4+ h) € R® resp. (z,h) € R*® i (x,eh) € R**
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to a homomorphism between the respective free nilpotent groups.) When
h enjoys complementary Young regularity to x, say h € C7V¥* ([O, T ,Rd)
with 1/p +1/q > 1, we naturally take x =S, (x, h), the Young-pairing of
x and h in which case

plus o d1 . (x) = Tenx.

(The translation operator T' was introduced in section 9.4.6). The proof
that z is not only a candidate but indeed is the directional derivative can
then be done by passing to limit in the corresponding ODE statements, us-
ing both continuity of the Lyons-Ité6 maps and "closedness of the derivative
operator" (Proposition B.7). Unfortunately, this reasoning requires one de-
gree too much regularity (our discussion above started with V € Lip?*!).
With a little extra effort we can prove differentiability for V' € Lip”,v > p.
The argument exploits, of course, the specific structure of (y,z) and in
particular the fact that
DV e Lip"!

only appears in a rough integration procedure. (Recall from section 10.6
that existence/uniqueness/continuity for rough integrals holds under Lip?~'-
regularity,y > p.)

11.1.1 Directional derivatives

All smoothness properties under consideration will be local. On the other
hand, the differential equation satisfied by these derivatives (and higher
derivatives) naturally exhibit growth beyond the standard conditions for
global existence. To make (iterated) localization arguments transparent we
make the following

Definition 11.1 Let V = (V4,...,Vy) be a collection of vector fields on
R¢. We say that V satisfies the p non-explosion condition if for all R > 0,

there exists M > 0 such that if (yo,x) € R® x CP"" ([0, T : GIP) (Rd)) with
HXHp-'ULlr;[QT] + |y0‘ < R7

7o) (O’yO’X)Hoo;[O,T] < M.

Following our usual convention, we agree that, in the case of non-uniqueness,
vy (0,%0;x) stands for any full RDE solutions driven by x along vector
fields V started at go. For example, a collection of Lip? ! (R¢)-vector fields,
with v > p, satisfies the p non explosion condition.

In what follows, we fix a collection V' = (V4, ..., V) of Lip;, . (R)-vector
fields that satisfies the p non-explosion condition. Motivated by the presen-
tation of directional derivatives of ODE solutions established in theorem
4.4 we make the following definitions.



11. RDEs: Smoothness 285

1. Consider the ODE

x dx 5 €T
d|l h | = dh =V | n |dy, (11.1)
Yy V (yu) da,, y

where x;, = (z¢, ht) € R? @ R? and Ve Lip, . is defined by the last
equality. We then define the map

fron tRExCPY([0,7],G4 (R @ RT)) — CP ([0, 7],G" (R‘oRY & Re))

by
fl,(V) : (yO,X> = 77(‘7) (O,GXP ((05 07y0>> 5 X) .

2. Consider the (Riemann-Stieltjes) integral

( A; ) :/0‘ ( DVV > (yt)d< Zi > E/@@(Zt)dzh (11.2)

where the w = (z,h,y) € RIGRIGR® and ¢ € Lip?ozl is defined by
the last equality. We then define the map

f2,(v) . Op-var ([0, T] 7G[p] (}Rd oy Rd ® Re)) —, OP-var ([07 T] 7G[p] (Rdxd ® Re))

as the rough integral

fo, vy w '—>/ p(w)dw.
0
3. Consider the linear ODE

dzy = dM; - 2 + dH, = A(z)d ( e ) (11.3)
t

where A is a collection of linear (strictly speaking: affine-linear) vector
fields. We then define the map

f3,(V) - R¢ x QPvar ([0, T] ,G[p] (Rdxd @ R€)> —s (pvar ([O, T] ,Re)
as solution to the corresponding (linear) RDE, namely

T30y 1 (20,8) = () (0,205 ) -

IThere is some irrelevant freedom how to choose the starting point. Any yg €
el (Rd ORI ]Re) with the property that the last component of 71 (y0) € REGRIGR®
is equal to yo € R¢ will do.
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Remark 11.2 Observe that if (yo,),(v,h) € R® x C1v" ([0,T],RY),
then we proved in theorem 4.4 that the derivative of the ODE map m vy (0, yo; =)
in (Yo, x) is given by

Deomymvy (0,90,2) = f3,0v) (v, fo,iv) © f1,0v) (o, Spp) (z @ R))) .

We are now ready for our main theorem:

Theorem 11.3 (Directional Derivaties in starting point and perturbation)
(i) v >p, and V = (V4,..., V) is a collection of Lip],, (R®)-vector fields
that satisfies the p non-explosion condition,

(i) x € CP" ([0,T] , Gl (R)) is a weak geometric p-rough path,

(iii) v € R® and h € CT* ([0,T],R?) with 1/p+1/q > 1 and q < p,
Then € — mvy (0,90 + ev, Tz, (%)) is differentiable in CP*" ([0,T],R),
and its deriwative at 0 is given by

fa,vy (vs fo,0vy © vy (Y0, Sy (x @ b)) -

Proof. Without loss of generality, we can assume that the vector fields are
in Lip” (R®) . We then consider any sequence of paths (z,,, hy,) € C*¥* ([0, T],R?)
such that

SlTllp (HS[P] (xn)Hp—var;[O,T] + ||hn||Q'VHT§[O»T]) < >
nlLrI;O doo (S[p] (mn) ,X) + dso (S[p] (hn) s h) = 0.

From basic continuity properties of the Young-pairing of such rough paths
(cf. remark 9.34) this implies that

SlTllp HS[p] (z" & h") ||p7var;[0,T] < 0

n—oo

Let us use the notations Y7 = CP¥*" ([0,T],R?) and Y** = C ([0,T],R%);
they are Banach spaces when equipped with p-variation and oo-norm. For
any fixed n € N, the map 0 € R — 7y, (O,yo + 0v, Sy (Tn + th)) e Y!
is continuously differentiable in Y' with derivative given by

9n (0) = f3,v) (v, fo,0vy © f1,0vy (Yo + 00, Sy (2 + Ohs)))

a consequence from our smoothness results on ODE solution maps, theo-
rem 4.4.) By the fundamental theorem of calculus (in a Banach setting, cf
section B.1 in the appendix) for all € € [0,1] and n € N we then have

€

vy (0,90 + €v, Sy (zn +€hn)) — 7y (0,90, Sy (20)) = /0 gn (0) do,
(11.4)
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as equation in Y! (by which we mean in particular that the integral ap-
pearing on the right-hand-side is the limit in Y! of its Riemann-sum ap-
proximations). From the continuous embedding Y! — Y* we can view
(11.4) as equation in Y*° and as such we now try to send n — oo in (11.4).
By continuity of the translation operator and the It6-Lyons map (theorem
9.35) we have

vy (0,90 + €v, Sy (zn +€hy)) — 7y (0,50 + €0, To (x)) in Y™

(even with uniform p-variation bounds) for any e (including ¢ = 0) which
justifies the passage to the limit in the left-hand-side of (11.4) to

vy (0,90 +€v, T (x)) — 7(v) (0,90, %)

(which is actually an element of YP = CP¥*" ([0,7],R%), not only Y>).
On the other hand, from theorem 10.50, we see that

sup |gn (0) —4g (0)|Yoo — 0asn— oo
0€[0,1]

where g (0) = f3,v) (v, f2,v) © f1,0v) (Yo + 0v, Ton (x))). Clearly then

/0 (90 (6) — g (6))do

which justifies the passage to the limit in the right-hand-side of (11.4) and
we obtain

T (0,50 + 20, Top () — 71 (0, 0, X) = / 4(6)do,
0

S/ |gn (0) — g (0)]ye d0 — 0 as n — 00
yeo Jo

as equation in Y. Now, () (0,%0,X),7(v) (0,90 +ev, Ty (x)) € YP C
Y and for the integrand on the right-hand-side we even have

{0 —g(0)}eC(0,1],Y").

To prove this, from the continuity of the Ito map (theorem 10.29 and its
corollaries), it is enough to prove that

0 — Ty, (x) = plusody g (S[p] (x® h))

is a continuous function from [0, 1] into YP. But this is easily implied by
proposition 8.11. By a simple fact of Banach calculus (proposition B.1 in the
appendix) it then follows that ¢ — 7y (0, yo + €v, T;p (X)) is continuously
differentiable in Y? and the proof is then finished. m

We can generalize the previous theorem by perturbing the driving rough
path in a more general way. Indeed, after replacing in the proof above
Teh (x) by plusody . (Sp) (x,h)) (the two are equal), we observe that all we
need to translate a rough path x is a path x € CP~**" ([0, 7], GIP! (R? & R?))
that projects onto x, i.e. such that plus o d1, (x) = x. We obtain the fol-
lowing result.
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Proposition 11.4 (i) v > p, and V = (V1,..., V) is a collection of locally
Lip” (R®)-vector fields that satisfies the p non-explosion condition,

(it) x € CP o ([0,7], G (R? & RY)),

(iii) v € R®

Then e — myy (0,90 + ev, plus 0 61 . (x)) is differentiable in CP-**" ([0,T7],R®),
and its derivative at 0 is given f3 (v (v, fa,0vy © f1,0v) (Yo, x)) .

If x = Spp (x,h), the proposition is exactly the previous theorem. If
we want to differentiate () (0,y0;x) in the direction of a path h €
Cp-var ([O, 7], GIP) (Rd)) which is not of finite g-variation with ¢~ +p~' >
1, then the previous proposition tells us to construct a rough path x
e crver ([0,7], G (R @ R?)) that projects on both x and h (in the
sense that plus o d1,(x) = x and plus o §p 1 (x) = h). This would allow,
for instance, to differentiate the solution of a SDE in the direction of an-
other Brownian motion, or in the direction of (Lévy-)area perturbations.
That said, we shall not pursue these directions here and do return to the
Young perturbation setting of theorem 11.3.

We now address the question of higher directional derivatives.

Proposition 11.5 Assume that

i)y >p, k>1 and V = (V4,...,Vy) is a collection of Lipfo_cH’Y (Re)-
vector fields that satisfies the p non-explosion condition,

(ii) x € CPver ([O,T] , G (Rd)) is a weak geometric p-rough path,

(iii) v1,...vx € R® and hq, ..., hy € CT" ([O,T] ,Rd) with 1/p+1/¢>1
and q < p,

Then the following directional derivatives exist in CP"" ([0,T],R®) for all
je{l,....k},

Dv,,...v5ih1,eiyT(v) (0,50, %)

o7 :
i {m”“ (0*’”2%%laim"‘))} e

=1

and the ensemble of these derivatives satisfies the RDE obtained by formal
differentiation.

Proof. The argument is the same as in the ODE case (cf. proposition 4.6).
All we need to observe is that f3 (v, (v, fa,vy © fiov) (yo, Sip) (%, h))) can
be obtained by the projection of the solution of an RDE driven along locally
Lipki2+7 vector fields satisfying the p non explosion condition. m

11.1.2 Fréchet differentiability

Theorem 11.6 Assume that
(i) vy >p, k>1,and V = (Vi,..,Vy) is a collection of Lip"~*™ (R¢)-
vector fields that satisfies the p non-explosion condition,
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(it) x € CP v ([0,T], G (R?)) is a geometric p-rough path.
Then, the map

(yo, h) € R® x C9" ([O,T} ,Rd) = TV (0,90, Th (x)) € CP*" ([0, T],R®)
is C*-Fréchet.

Proof. Once again, the proof is identical to the ODE case (cf. propo-
sition 4.8). The map (yo, %), (vi, hi)y<;<p — Dé“vi’hi)quw(v) (0,90,%) is
uniformly continuous on bounded sets because of (i) uniform continuity
on bounded sets of the Ito-Lyons map and (ii) of uniform continuity on
bounded sets of rough integration. We can now appeal to corollary B.11 in
the appendix. The proof is then finished. m

Corollary 11.7 (Li-Lyons) Let k € {1,2,...} and p € [1,2) and con-
sider the (Young) differential equation

dy =V (y) dx

along Lip” -vector fields on R® for v > p — 1 + k with (unique) solution
y =) (0,%0,2). Then

(yo,x) € R x CP"*" ([0,T],RY) — m(v) (0,0, 2) € CP*" ([0, T],R)
is C* in Fréchet sense.

Proof. Apply the previous theorem with p = ¢ € [1,2). In this case, the
driving signal is R%-valued, say x, and since then T}, (z) = = + h we can
take z = 0. The previous theorem shows C*-Fréchetness of the map from
(yo, h) to the CP¥2 ([0, T],R¢)-valued solution of

dy=V (y)d(0+h).
Replacing the letter h by = leads to the claimed statement. m

Exercise 11.8 (Kusuoka) (i) Assume that o € (1/4,1/2) and set p =
1/a. Lety >p, k> 1, and V = (V4, ..., V) is a collection of Lip" =7 (Re)-
vector fields that satisfies the p non-explosion condition,

(ii) x € ¢t ([O,T] ,GIP) (Rd)) is a geometric a—Hdélder rough path.
Take 6 € (1/2,1/2+ «) and let us consider the fractional Sobolev (or
Besov) space Wg’Q (which is strictly bigger than usual Cameron-Martin
space W01’2), Show that the map

(Yo, k) € R x W02 ([0, T],RY) = 7y (0,0, T, (x)) € C* ([0, T], RY)

is C*-Fréchet.
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Solution 11.9 Using the p-variation properties of Besov spaces, as dis-
cussed in exercise 5.18, the Young pairing

(X, h) — S[p] (X D h)

is continuous from C’O"H""l><I/Vg’2 — C 13 gnd this is the only modification
needed in the arguments of this section.

Exercise 11.10 (Duhamel’s Principle) Write J/=% for the derivative

("Jacobian") of y. = my (s,-,x), : R® — R® at some point ys € RC.
Establish the formula

Dipmmvy (0,y0,%x), = J2% v
+Z/ J2T Vi (m vy (0,90,%),,) dhs.

Detail all assumptions.

Exercise 11.11 Assume V € Lip” (R®) and write JY for the (Fréchet)
derivative of y, = m) (0,-,x) : R® — CP ([0,T],R?) at some point
yo € R¢. Noting that J*°7 can be viewed as element in CP~" ([0, T] ,R¢*€),
show that

|Jy0’

—0

p-var;:[0,T] < Cexp (C HXHp var;[0, T])

with a suitable constant C' depending on p,y and |V ; .

Solution 11.12 One proceeds as in exercise 10.59, noting that JY sat-
isfies a linear RDE starting at I, the identity map in R¢. Note the constant
C' can be chosen independent of yo thanks to translation invariance of the
Lip”-norm, i.e. |V (yo + -)|Lip7 = |V|Lip’Y'

11.2  Flows of diffeomorphisms

We saw that Lip”T*~L-regularity on the vector fields V implies that
Yo € R = 7y (0,50,%) € " ([0, T], RY)

is C*-Fréchet. Relatedly, under the same regularity assumptions, we now
show that the map (t,y0) — 7 (0,y0;%), is a flow of C*-diffeomorphisms,
i.e. an element in the space Dy (R°) defined as

¢:[0,T) x R® — R : (¢,y) — ¢, (y) such that
D (R) := Yt € [0,T]: ¢, is a C*-diffeomorphism of R®
Va:|a| < k:0ad, (y),0.6; ' (y) are continuous in (t,y)
(11.5)
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Proposition 11.13 Letp > 1 andk € {1,2,...} and assume V = (V1,..., Vy)
is a collection of Lip” = vector fields on R® for v > p. Assume x €
Cp-var ([O,T] ,GIP) (Rd)). Then, the map

¢ (t,y) €[0,T] x R® = 7y (0,4;%x), € R

is a flow of C*-diffeomorphisms. Moreover, for any multi-index o with 1 <
|a| < k, the maps

(t,) € [0,T] X R = 8ad, () , 0ady * (1)
are bounded by a constant only depending on p,~, k, HXHp-mr;[o,T] and |V |y oem-1 -

Proof. We proceed as in the ODE case (corollary 4.9): Clearly, yo €
R — 7y (0,%0,%), is in C* (R¢,R®). We then argue that vy (0, -7x)t_1 =
V) (O, -,?)t, where X (-) = x(t —-) € CP¥ ([O,t] ,GIP) (Rd)). Indeed,
we have seen that this holds (cf. the proof of corollary 4.9) in the ODE
case, i.e. when x is replace by some continuous, bounded variation path
x. A simple limit argument (in fact: our definition of RDE solution com-
bined with uniqueness) then shows that this identity remains valid in the
RDE setting. It follows that m(y (0,-,x), is a bijection whose inverse is
also in C* (R, R®). This finishes the proof that vy (0,-,%), is a C*k-
diffeomorphism of R®. At last, each O,-derivative of 7y (0,-;x), resp.
Ty (0,5%), ! can be represented via (non-explosive) RDE solutions which
plainly implies joint continuity in ¢ and yg. This also yields that the claimed
boundedness since for a fixed y say,

vy (0,5%x) = 5'a7f(f/) (0,0,x)

where V = V (y + -); it is then clear that SUP¢e(o,7] |8a7r(‘~/) (0,0,x), | will
be bounded by a constant depending only on k, p, 7, HXHp-var;[o,T] and

v
thanks to translation invariance of Lip-norms. m
The following statement is a first limit theorem for RDE flows. The

uniformity in yo € R® is a consequence of the invariance of the Lip”-norm
under translation,

Lipytk—1 - |V|Lip”’+k*1 ’

Vyo €R®y > 11 [V = [V (o + )iy - (11.6)

Theorem 11.14 Letp > 1 andk € {1,2,...} and assume V = (V1,..., Vy)
is a collection of Lip”*L-vector fields on R® for v > p. Write a =
(a1,...,a.) €EN® and || = a1 + -+ a. < k. Then the ensemble

{Oam(vy (0,y0;%) : o] < k}
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depends continuously on x € CPV¢" ([O,T] , G (Rd)), More precisely, for
all e, R > 0 there exists 6 (depending also on p,v,k and |V|Lip’Y+k_1) such

that for all x*,x? with max;—1 » Hxin_W‘;[O,T] < R and

dp-'uar;[QT] (XlaXQ) <d
we have

sgg }8a7r(v) (O,yo;xl) — OaT(v) (O’yO;XQ)’p-WLT;[O,T] <e. (11.7)
Yo ER® i

If x is a geometric 1/p-Hélder rough path, we may replace p-variation by
1/p-Holder throughout.

Proof. We show for all € > 0 there exists d such that d,, var;0,7] (X', x%) < &
implies
sup [Jamr(vy (0,505%") — Bam(vy (0,503 %%) |0y < €
yoER® -
where « is an arbitrary multi-index with |a| = a1 + -+ + a. < k. The
main observation is that we can take yg = 0 at the price of replacing V' by
V (yo + -). Thus, thanks to (11.6), uniformity in yo € R® will come for free
provided our choice of ¢ depends on V' only through [V ++r-1.
Case 1: Assume k = 1 so that V' € Lip”. In this case, dom(vy (0, yo; X)
corresponds to a directional derivatives in one of the basis-directions of R,
say e;. From Theorem 11.3 we can write 0,7 (v) (0,0;x) as composition of
the form
fa.ovy (€45 Favy © frvy (0, %))

Inspection of the respective definitions of these maps shows continuous
dependence in x with modulus of continuity only depending on |V|Lip7, as
required. More precisely, fi () was defined as full RDE solution and the
continuity estimate for full RDE solutions, corollary 10.42; clearly shows
that the modulus of continuity only depends on |V|Lip”" Similar remarks
apply to fy vy and f3 (1) after inspection of the continuity estimates for
rough integrals and solutions of RDEs with linear vector fields.

Case 2: Now assume V € Lipw"’k_1 for £ > 1. We have already pointed
out that the ensemble

{aaw(v) (0,0;%) : |a] <k — 1}

can be written as solution to an RDE along Lip; -vector fields (satisfying
the p non-explosion condition). After localization, it can be written as RDE
solution along genuine Lip” vector fields where we insist that the Lip”-norm
of these localized vector fields only depends on [[x[|,, ...
We can now appeal to case 1 and the proof is finished.

(The adaptation to the Holder case is left to the reader as simple exercise.)
]

O,T] and |V|Lip7+k—1 .
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Theorem 11.15 The conclusion of theorem 11.14 holds with (11.7) re-
placed by?

sup

Fam(v) (O’yO?Xl)_l — dam(v) (07y0;X2)_1‘ <e. (11.8)
yoER®

p-var;[0,T]

If x is a geometric 1/p-Holder rough path, we may replace p-var by 1/p-Hél
throughout.

Proof. We proceed as in the proof of theorem 11.14 and observe that we
can take yg = 0 at the price of replacing V by V (yo + -). Secondly, we
only consider the case |a| = k = 1 so that V' € Lip”. (The general case is
reduced to this one as in the proof of theorem 11.14, case 2.)

It helps to note that with § = 7 (s, y;x), we have

Ty (0,y5% (s =)y = 7wy (0,45 x (t =), -

We now consider the (inverse-)flow of two RDEs driven by x¢, i = 1,2
respectively, so that

(7o) (09'5%7) 1)
= 7y (0,y'x (¢~ )) — 7wy (0,95 % (t 1)),
1 . . . .
= y fy) / V7r Ogjl+7(yzf‘7)l);xl(t7-))td7.
0

—

—n(syixd), ,

=:F(x%)

We can write
(7o) (anléxl)fl)svt — (7o (0,975 )

< (7 (sutixt),, — 7 (9556,

which leaves us with estimating four terms. First, from corollay 10.30,

’(77 (ssyhix'),, -7 (s,yz;x2)s,t)’ <3 [pp,var;[s,ﬂ (x',x%) +[y' — y2}]

7 and [V|p; . Secondly,

s,t

(1) |+ | (s.9%%%),,

where c3 may depend on R > max;—1 2 ||xZ Hp-var;[o

it is easy to see that

|F (x1)| < sup sup Vm (O,yo;xi (t— ))t
te[0,T] yoER®
< = (R7 |V|Lipw) .

28a7r(v) (0,y0;x) ! denotes the path  — Oa(vy (0, -;x);l |.=yo € R°.
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Third, for c5 = c5 (R, \V\Lipw) we have ’w (8’y25x2)s t’ < cs H;ﬂ”p_mr:[s .

by theorem 10.16. At last, forth, we easily see that }F (xl) - F (XQ)} is
bounded from above by

sup |aaﬁ(v) (O,y(); Xl) - aaﬂ(v) (O’yO;XQ) |p—var:[O,T] <&
a:al=1 Y0 ER? '

for an arbitary fixed € > 0 which is possible by theorem 11.14 provided

x!,x? satisfy max;_1 o Hxin_VM_;[O,T] < R and dj, yar;[0,71] (xl,x2) < ¢ for
some § = J (g, R). Putting things together, and taking y* = y? = yo = 0,

we see that

(W(V) (0,0;x1)71)s’t — (7‘1’(\/) (0,0;x2)71)

pp—var;[&t] (Xl’ XQ)‘ ts HXQHp-var;[s,t] }F (Xl) - F (XQ)}

s,t

IA

C3C4

< opyar (s, (X', %%) + 6 ||x2||p_var:[s e (thanks to theorem 8.10)
and, by super-addivitity of dj, var[., (x*,%?) resp. ||X2||p—var;[-,»] , this be-
comes

) (0,05) " = my (0,0%) 7 < g0 + co e
p-var;[0,T]

with cg = cg ( R, \V\Lip7 . This estimate is more than enough to finish
the proof; e.g. replace § by min (8, Re) and start the argument with e/ (cgR)
instead of €. (The adaption to the Holder case is left to the reader as simple
exercise.) W

We already pointed out that 7y (0, ;%) can be viewed as an element
in Dy, (R®), the space of flows of C*-diffeomorphism. For any bounded set
R C R one can define

‘¢|(07k);ﬁ = sup [0a¢y (y)]
te[0,7],
a:|a| <k,
YyER

and, setting 8" := {y € R°: |y| < n},

e N AN
dp, (re) (6, ) = o —
' ; 2" 1419 = Yl pysn

and also ka(Re) (¢,9) = dp,(re) (&, Eb)"‘d’Dk(]Re) ((b*l, 1/71). One can check
that Dy, (R°) is a Polish space under dp, (re) and that convergence dp, (re) (¢", ¢) —
0 is equivalent to

Sup [0ady (4) — Daby (1) + |0 (6F) ™" (1) = B (&)™ (1) = 0
t€[0,T7,
aﬁg\ﬁék
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for all compact subsets & C R¢. We then have the following "limit theorems
for flows of diffeomorphisms", as immediate consequence of theorems 11.14
and 11.15.

Corollary 11.16 Under the assumptions of theorem 11.14, the map
x € oPver ([O,T] ,GIPl (Rd)) 7wy (0,,%) € Dy, (R%)

is (uniformly) continuous (on bounded sets).

Exercise 11.17 Establish continuity of x € CP" ([0,T] , Gl (RY)) —
) (0,-,x) € D" (R®) where D} """ is constructed as Dy (R) but with
the semi-norm ‘¢|(O,k);ﬁ. replaced by
1/p
p)

Conduct a similar dicussion in the 1/p-Hélder context.

aOt ¢ti stit1 (y)

sup sup E
ailal<k, ((ti)c[o,:rl
YyER

11.3 Application: a class of rough partial
differential equations

Let S™ denote the set of symmetric n x n matrices and consider the partial
differential equations of parabolic type

uw = F (t,:r,Du,DQU), (11.9)
u(0,-) = wup € BUC(R"), (11.10)

where F' = F (t,z,p,X) € C([0,T],R",R™, S™) is assumed to be degener-
ate elliptic® and v = u (t,z) € BUC ([0, T] x R™) is a real-valued function
of time and space’. Equation (11.9) will be interpreted in wviscosity sense
and we recall® that this means that u is a viscosity sub- (and super-) so-
lution to 9; — F = 0; that is, if 1 € C? ([0, T] x R™) is such that (¢,%) is a
maximum (resp. minimum) of u — ¢ then

¥ (8,7) < (resp. >) F (t,z,Dv (I,z), D% (£,2)).

3This means F(...,X) > F(...,Y) whenever X > Y in the sense of symmetric
matrices.

4BUC denotes the space of bounded, uniformly continuous functions , equipped with
local-uniform topology.

SCf. the "User’s Guide" [30] or Fleming—Soner’s textbook [49] .
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The aim of this section is to allow for some "rough" perturbation of the
form

Du -V (x)dz: = Z Oiu (t,x) VJ’ (z) dz]
2]

where z = (2!,...,2%) : [0,7] — R? and, as usual, V = (Vi,...,Vq)
denotes a collection of sufficienly nice vector fields on R¢. As pointed out
in [104], classical (deterministic) second order viscosity theory can deal at
best with z € WhH! ([O,T] ,Rd), i.e. measurable dependence in time. Any
"rough" partial differential equation of the form

du=F (t,z,Du, D*u) dt — Du (t,z) - V (2) dz

where z enjoys only "Brownian" regularity of z (i.e. just below 1/2-Hslder),
or less, falls dramatically outside the scope of the deterministic theory. How-
ever, one can give meaning to this equation (and then establish existence,
uniqueness, stability ...) via ideas from rough path theory; that is, by ac-
cepting that z should be replaced by a geometric p-rough path z. The main
result of this section is®

Theorem 11.18 Let (2°) C C* ([0,T],R?) be Cauchy in (p-variation)
rough path metric with rough path limit z € COPvar ([O,T] , GIP] (Rd)).
Assume uf € BUC (R™) — ug € BUC (R™) locally uniformly and let u® €
BUC ([0,T] x R™) be a viscosity solution to

du® = F(t,z,Du’,D*u®)dt + Du® -V (z)dz° (t) = 0(11.11)
u® (0,)) = wug, (11.12)

where F' = F (t,z,p, X) is continuous, degenerate elliptic such that 0y = F
satisfies ®4)-invariant comparison (cf. definition 11.21 below, also for a
list of examples which satisfy this condition) and

V =,...,Vy) C Lip" 2 (R™;R™) with y > p.

Assume that any such family (u :e > 0) is locally uniformly bounded" .
Then (i) there exists u = u®, only dependent on z but not on the particu-
lar approximating sequence, such that u — w locally uniformly. We then
say that u satisfies the rough partial differential equation (RPDE) formally
written as

du = F(t,z,Du,D*u)dt+ Du-V (z)dz(t)=0, (11.13)
u(0,)) = uo; (11.14)

6Unless otherwise stated, BUC-spaces will be equipped with the topology of locally
uniform convergence.

TA simple sufficient conditions is boundedness of F (-,-,0,0) on [0,7] x R™, and the
assumption that ug — wo uniformly, as can be seen by comparison.
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(ii) the solution map induces a contraction semi-group in the sense that
z ~NZ A
|’LL —u |oo;R"><[O,T] < |U0 - U’O|oo;]R"

where 4% is defined as limit of 4", similar as in (11.11);
(iii) the map (z,ug) — u?® from

cp-var ([O,T] ’G[P] (Rd)) x BUC (Rn) — BUC ([O,T] X Rn)

18 continuous.

Let us recall that comparison (for BUC-solutions of 9; — F = 0) means
that, whenever u,v € BUC ([0,T] x R™) are viscosity sub- (resp. super-)
solution to (11.9) with respective BUC-initial datas ug < vg, then

u<wvon [0,T] xR".

Given F € C ([0,T],R™, R"™, S™), a well-known sufficient condition for com-
parison® is the following technical’

Condition 11.19 ([30, (3.14)]) There exists a function 6 : [0,00] —
[0, 00] with 6 (0+) = 0, such that for each fized t € [0,T],

F(t,z,a(x—7),X) - F(t,7a(—3),Y) Se(a\x—£|2+|x—i|)

whenever a > 0, x,Z € R, and X,Y € S™ satisfy

I 0\_(X o0 -l
(o 1) = (0 5)=e ()

Remark 11.20 A free benefit, cf. [30, p.20], of condition 11.19 is that if
F, satisfies Condition 11.19 for v € T' (some index set) with a uniform
modulus 0, then inf, F., again satisfies condition 11.19; similar remarks
apply to supginf, Fg .

To state our key assumption on F' we need some preliminary remark on
the transformation behaviour of

Du = (O, ...,,00u), D*u= (03w, j=1,.m -

under change of coordinates on R™ where u = u (t,-), for fixed t. Let us

allow the change of coordinates to depend on ¢, say v (t,-) := u(t, ¢, (+))

8... which, en passant, implies degenerate ellipticity, cf. page 18 in [30, (3.14)].

9This condition is usually stated for a bounded domain; however, it also guarantees
comparison on [0,7] X R™ provided the solutions are assumed to have suitable growth
restrictions. In particular one shows that comparison holds for BUC-solutions in [0, T] x
R™, cf. the remarks preceding Theorem 2.1 in [106] for instance.
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where ¢, : R* — R" is a diffeomorphism. Differentiating v (¢, ¢; ' (-)) =
u (t,-) twice, followed by evaluation at ¢, (y), we have, with summation
over repeated indices,

Oiu (t7 ¢t (.’E)) = Okv (tv .’E) 8i¢;1;k|¢t(z)
Diju(t, ¢, () = Ouv (t,2) 0icdy g, 00507 g, (@) + O (1, 2) Dijdy g, (o)

We shall write this, somewhat imprecisely'® but convenient, as

Dulg,@y = (Dvla,D¢; |, () (11.15)
D?ulg,my = (D*0]es D&y g, (2) @ DYy o, () + (DVlas D>y oy () -

Let us now introduce ®*) as the class of all flows of C*-diffeomorphisms
of R*, ¢ = (¢, : t €[0,T]), such that ¢, = Id V¢ € ®*) and such that
¢, and ¢; ' have k bounded derivatives, uniformly in ¢ € [0,7]. Since
®*) c Dy (R™) we inherit a natural notion of convergence: ¢ (n) — ¢
in ®®) iff for all multi-indices a with |a| < k

Oat () — Baty, 00t (n)™" — dady ! locally uniformly in [0,7] x R™.
Definition 11.21 (®*)-invariant comparison) Let k > 2 and

FO((t.2,p, X)) = F (t,6, (), (0, D¢; 1o, 0)) - (X, Dby o, () @ D((bt1|¢t)<r>> +(2. D% s, @)
11.16

We say that 9, = F satisfies ®F) -invariant comparison if, for every ¢ €

®*) | comparison holds for BUC solutions of 9, — F® = 0.

Example 11.22 (F linear) Suppose that o (t,z) : [0,T] x R" — R™*"
and b(t,x) : [0,T] x R™ — R™ are continuous in t and Lipschitz continuous
in x, uniformly in t € [0,T). If F(t,z,p,X) = Tr |o (t,z) o (t,z)" X] +
b(t,z) - p, then ®® -invariant comparison holds. Let ¢ € ®©). Although

this is a special case of exercise 11.23 below, let us point out that F? is of
the same form as F with o,b replaced by

o (tx)" = o (t ¢, (ac))@igbt_l;kwt(z), k=1,....n;m=1,...,n
b (t,2)" = |V (t ¢ (2)) 5’1¢[1;k\¢t(z)] +) (azrzUZnaij¢;1;k‘¢t(y)> s k=1,...,n
]

By defining properties of the class ®3), the map t — 8i¢;1;k|¢t(x), aij¢;1;k|¢t(y)
is continuous and the C3-boundedness assumption inherent in our defini-
tion of ®B3) ensures that o®,b® are Lipschitz in x, uniformly in t € [0,T7.

10Strictly speaking, one should view (Du7 Dzu) |. as second order cotangent vector,
the pull-back of (Dv, D?v) | under ¢;1.
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Comparison for (viscosity) solutions of Oy — F? = 0 can then be discussed
directly''.

Exercise 11.23 (F quasi-linear) Let
F(t,z,p,X)=Tr a(tm,p)a(t,a@p)TX} L b(tz,p). (11.17)

(i) Assume that b ="b(t,x,p) : [0,T] xR” xR™ — R is bounded, continuous
and Lipschitz continuous in x and p, uniformly in t € [0,T].

(ii) Assume that o = o (t,x,p) : [0,T] x R™ x R™ — R™*" js a continuous
map such that o (t,-,p) is bounded and Lipschitz continuous, uniformly in
(t,p) € [0, T] x R™; assume also existence of a constant ¢ > 0, such that

Vp,q € R" : |o (t,z,p) — o (t,x,q)| < ¢ P —d]

<¢ce——m—m 11.18
T+ I+ 14 (1L18)

for all t € [0,T] and x € R". Show that under these assumptions ®)-
invariant comparison holds for 0, = F'.

Example 11.24 (F of Hamilton-Jacobi-Bellman type) From exam-
ple 11.22 and remark 11.20, we see that ®3) -invariant comparison holds
when F is given by

F(t,z,p,X) = in% {Tr [a(t,w;'y)a(t,x;’y)TX} +b(t, ;) -p} )
ye

the usual non-linearity in the Hamilton-Jacobi-Bellman equation, whenever

the conditions in examples 11.22 are satisfied uniformly with respect to v €

I'. More generally, one can take the infimum of quasi-linear F,, provided

the conditions in exercise 11.23 are satisfied uniformly.

Example 11.25 (F of Isaac type) Similarly, ®G) _invariant comparison
holds for

F(t,2,p, X) = supint {Tr |0 (t,238,7) o (t,238,7)" X| +b(t,2:8,7) - p} .
B

(such non-linearities arise in Isaac equation in the theory of differential
games), and more generally

F(t,z,p,X) = Sl;pigf{Tr [0 (t,z,p;8,7) o (t,2,p; 8,7)" - X} +b(t,fc,p;ﬂ,7)}

whenever the conditions in examples 11.22 and 11.23 are satisfied uniformly
with respect to B € B and v € I, where B and T" are arbitrary index sets.

1Tn the case of C'1:2- solutions this boils down to classical "weak maximum principles"
for linear parabolic equations, see e.g. [158, Thm. 3.1.1].



300 11. RDEs: Smoothness

Lemma 11.26 Let z : [0,T] — R? be smooth and assume that we are given
Lip”-vector fields V = (Vi,...,Vy) with v > 3. Then the ODE

dyr =V (y) dzt, t € [0,7]
has a unique solution flow ¢ = ¢* € &),

Proof. This follows directly from proposition 11.13 applied with p = 1.
A direct ODE proof, building on corollary 4.9 and then arguing as in the
proof of proposition 11.13 is also not difficult (and actually shows that
C3-boundedness of V is enough here). m

Proposition 11.27 Let z,V and ¢ be as in lemma 11.26. Then u is a
viscosity sub- (resp. super-) solution (always assumed BUC) of

u(t,x) = F (t,z, Du,D*uv) — Du(t,z) -V (z) £ (t) (11.19)

if and only if v (t,x) := u (t, ¢, (x)) is a viscosity sub- (resp. super-) solution

of
0 (t,x) = F? (t,z,Dv, DQ’U) (11.20)

where F'® was defined in (11.16).

Proof. Set y = ¢, (z). When u is a classical sub-solution, it suffices to use
the the chain-rule and definition of F¢ to see that
o(t,z) = a(t,y)+Du(ty) ¢ (x) =1u(t,y)+ Du(t,y) -V (y)2

< F (t,y,D’U, (tay) ,D2’U.(t,y)) = F¢ (t,.’IT,D’U (t7$)5D2,U (t,l’)) :
The case when u is a viscosity sub-solution of (11.19) is not much harder:

suppose that (Z,Z) is a maximum of v — &, where £ € C? ([0, 7] x R") and

define ¢ € C%([0,T] x R™) by ¢ (¢,y) = §(t,¢;1 (y)) Set § = ¢ (Z) so
that

F (t,5. Dy (t,9),D*p (£,9)) = F* (t,z, D (t,7), D*¢ (L, 7)) -

Obviously, (f,7) is a maximum of u — 1, and since u is a viscosity sub-
solution of (11.19) we have

G (Lg)+ Dy (Eg) V(7)) < F(t.9,Dy (.5, D* (£,7)) -

On the other hand, &(t,z) = % (t, ¢, (x)) implies & (£, %) = ¥ (I, 7) +
Dy (t,5)V (y) 2 () and putting things together we see that
¢ (t,z) < F? (2, D¢ (8, 2), D¢ (1,7))

which says precisely that v is a viscosity sub-solution of (11.20). Replacing
maximum by minimum and < by > in the preceding argument, we see that
if u is a super-solution of (11.19), then v is a super-solution of (11.20).
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Conversely, the same arguments show that if v is a viscosity sub- (resp.
super-) solution for (11.20), then w(t,y) = v (t,qfl (y)) is a sub- (resp.
super-) solution for (11.19). m

We can now give the proof of the main result.
Proof. (Theorem 11.18.) Using lemma 11.26, we see that ¢° = QSZE, the
solution flow to dy = V (y) dz°, is an element of ® = ®®). Set F* := F¢°,
From Proposition 11.27, we know that u° is a solution to

du® =F (t, y, Du®, DQuE) dt — Duf (t,y) -V (y) dz® (t), u®(0,-) =ug
if and only if v° is a solution to 0; — F'° = 0. By assumption of ®-invariant
comparison,
[v® — @E|oo;Rnx[o,T] < fvo — ﬁ0|oo;Rn :

where v, 0¢ are viscosity solution to 9; — F¢ = 0. Let ¢* denote the solution
flow to the rough differential equation

dy =V (y) dz.

Thanks to Lip? T-regularity of the vector fields ¢* € ®, and in particular a
flow of C3-diffeomorphisms. Set F% = F¢". The "universal" limit theorem
[113] holds, in fact, on the level of flows of diffecomorphisms (see [112] and
[66, Chapter 11] for more details) tells us that, since z¢ tends to z in rough
path sense,
¢° — ¢% in @

so that, by continuity of F' (more precisely: uniform continuity on com-
pacts), we easily deduce that

F*® — F? locally uniformly.

From the "Barles-Perthame" method of semi-relaxed limits (Lemma 6.1
and Remarks 6.2, 6.3 and 6.4 in [30], see also [49]) the pointwise (relaxed)
limits

= limsup * v°,

= liminf , 0%,

I <

are viscosity (sub resp. super) solutions to 9 — F* = 0, with identical
initial data. As the latter equation satisfies comparison, one has trivially
uniqueness and hence v := ¥ = v is the unique (and continuous, since v, v
are respectively upper resp. lower semi-continuous) solution to

O =F*v, v(0,) =ug ().

Moreover, using a simple Dini-type argument (e.g. [30, p.35]) one sees that
this limit must be uniform on compacts. It follows that v is the unique
solution to

0w =F*v, v(0,:) =wuo ()
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(hence does not depend on the approximating sequence to z) and the proof
of (i) is finished by setting

u (t,2) = v (4, (67) 7 ().

(ii) The comparison |u* — 4| .0 7)xrn < [0 = to|og s is a simple conse-

quence of comparison for v, ¥ (solutions to v = FZv). At last, to see (iii),
we argue in the very same way as in (i), starting with

F?* — F? locally uniformly

to see that v™ — v locally uniformly, i.e. uniformly on compacts. m

11.4 Comments

Flows of RDE solutions were first studied in [112], see also [113]; pertur-
bations in the driving signal in [111]. Theorem 11.6 appears to be new;
corollary 11.7 was established by Li-Lyons in [102]. Exercise 11.8 is the
rough path generalization of a SDE regularity result of Kusuoka [91]; his
result is recovered upon taking the driving rough path to be enhanced
Brownian motion. The limit theorem 11.14 is the rough path generaliza-
tion of the corresponding limit theorems for stochastic flows as discussed
in the books [83], [117] or [91].

Our definition of Dy (R®), equation (11.5), follows [11]; see also [91].
Corollary 11.16 is somewhat cruder than theorem 11.14 but helpful in mak-
ing the link to various works on stochastic flows, including [102] and [91].
Section 11.3 on rough partial differential equations

du=F (t,z, Du, D2u) dt + H (z, Du) dz,

with F' fully non-linear but H = (Hq,..., Hy) linear in Du is taken from
[120]; the case when F and H are both linear (with respect to the derivatives
of u) was considered in [20]. From the works of Lions—Souganidis [104, 105,
106] we conjecture that the present results extend to sufficiently smooth
but non-linear H. Other classes of rough partial differential equations have
been studied; in [73] the authors consider the evolution problem dY =
—AYdt + B(Y)dX where —A is the generator of an analytic semigroup;
the solution is understoof in mild sense, with the intergrals involved being
of Young type. An extension to a genuine rough setting (i.e. beyond the
Young setting) is discussed in [72].
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RDEs with Drift and Other
Topics

In the last two chapters we discussed various properties of rough differential
equations of the form
dy =V (y)dx,

where V' = (V1,...,Vy) denotes, as usual, a collection of vector fields. In
applications, the term V (y)dx may model a state-dependent perturbation
of the classical classical ODE g = W (y). This leads to differential equations
of the form

dy =V (y)dx+W (y) dt
where W (dy) dt is viewed as drift term. To some extent, no new theory
is required here. It suffices to replace V by V = (Vi,..., Vg, W) and the
geometric p-rough path x by the "space-time" rough path X : t — Sy, (x,t),
as discussed in section 9.4. The downside is of this approach is that one has
to impose the same regularity assumptions on V and W which is wasteful!.
We shall see in this section that the regularity assumptions on W can be
significantly weakened. Moreover, the estimates we shall will be important
in their own right as they will lead us to a deterministic understanding
McShane-type approximation results?

12.1 RDEs with drift terms

It is helpful to consider drift terms of the more general form W (y) dh where
W = (Wy,...,Wy) and h € CTv&* ([O,T] ,Rdl) It is natural to assume
that the drift term signal h has better regularity than z; which is to say
that ¢ < p. A well-defined Young pairing Sj, (x, h) is still necessary and so
we assume that
1/p+1/¢g>1.

It follows that ¢ € [1,2) and hence [q] = 1. This implies that h is actually
a geometric g-rough path; say

hecr (0,177,614 (RY)).

1From ODE theory, one expects that W € Lip! will suffice for uniqueness, in contrast
to V € LipP needed for RDE uniqueness ...
2To be discussed in sections 12.2 and 13.3.4.



304 12. RDEs with Drift and Other Topics

In fact, we shall find it convenient not to impose that g < p, since this will
allow us to keep the symmetry between x and h. The object of study is
then the rough differential equation of the form

dy =V (y)dx + W (y)dh, (12.1)

where x is a weak geometric p-rough path, and h is a weak geometric ¢-
rough path?. In many applications, h; = t or h is of bounded variation, i.e.
g = 1.) We note again that (12.1) can be rewritten a standard RDE driven
by the geometric p-rough path Sy, (x @ h), along the vector fields (V, W),
at the price of suboptimal regularity assumptions on V and W. Our direct
analysis of (12.1) starts with the following

Definition 12.1 Letp,q > 1 such that 1/p+1/q > 1. Letx € CP"*" ([0,T] el (R%))

be a weak geometric p-rough path, and h € CTv" ([07T} ,Gld (Rd/)> be

a weak geometric q-rough path. We say that y € C([0,T],R®) is a so-
lution to the rough differential equation (short: a RDE solution) driven

by (x,h) along the collection of R¢-vector fields ((%)1Sigd,(Wj)1§j§d/>
and started at yo if there exists a sequence (z",h™) C C*"*" ([0,T],R?) x
C1-ver ([O,T] ,Rd’) such that

SL:‘Lp HS[P] ($n)Hp—var;[O,T] + HS[‘]] (hn)Hq—var;[O,T] < 09,

nlLIIQlo dO;[OT](S[p] (l'n) ,X) =0 and nh~>nolo dO;[O,T] (S[q] (hn) s h) =0.
and ODE solutions y" € my,w) (0,yo; (z™, k")) such that
y"* — y uniformly on [0,T] asn — oo .

The (formal) equation dy = V (y)dx + W (y) dh is referred to as rough
differential equation with drift (short: RDE with drift).

This definition generalizes immediately to time intervals [s,T] and we
define 7(v,w) (s,ys; (x,h)) C C([s,T],R®) to be the set of all solutions to
the above RDE with drift starting at y, at time s, and in case of uniqueness,
Tv,w) (8,¥s; (X, h)) is the solution of the RDE with drift.

We will also be interested in full RDE solution with drift. Let us define
this concept.

Definition 12.2 Letp,q > 1 such that 1/p+1/q > 1. Letx € CP**" ([0, T], G’} (R?))
be a weak geometric p-rough path, and h € C7 " ([O,T} ,Gld] (Rdl)) be a

31In the case that ¢ > p, one sees that 1/p+1/¢ > 1 implies p € [1,2) and so V(y)dx
plays the role of the drift term.
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weak geometric q-rough path. We say that y € C ([0, T] , Glmax(p,q)] (R)) is
a solution to the full rough differential equation (short: a full RDE solution)

driven by (x,h) along the collection of R¢-vector fields ((Vi)lgigd , (Wj)1<j<d’>
and started at yq if there exists a sequence (z™, h™),, in C**" ([0,T],R%) x
Cl-var ([O,T] ,]Rd/) such that

S:p HS[P] (l‘n)prva'r + HS[‘J] (hn)quvar < 0,

lim do(Sp) (2™),x) =0 and lim dy (S} (h"),h) =0.
and ODE solutions y, € mv,w) (0,71 (yo); (z™, h™)) such that

Y0 @ Simax(p,q)] (") — ¥ uniformly on [0,T] asn — oo .

The (formal) equation dy =V (y) dx+ W (y) dh is referred to as full rough
differential equation with drift (short: full RDE with drift).

This definition generalizes immediately to time intervals [s,T] and we
define (v, (s,¥s; (x,h)) € C ([s,T], GIaxPD] (R€)) to be the set of all
solutions to the above full RDE with drift starting at y, at time s, and
in case of uniqueness, v, (s, ys; (x,h)) is the solution of the full RDE
with drift.

12.1.1 Existence

We start by comparing ODE solution with drift with their counterpart
where we remove the drift.

Lemma 12.3 Assume that

(i) V = (Vi)1<i<q is a collection of vector fields in Lip” ™! (R®), with v > 1.
(i bis) W = (Wj), ;<4 is a collection of vector fields in Lip®~! (R) with
8> 1 T

(i) s,t are some elements of [0,T7],

(i11) ys € R® is an initial condition,

(iv) x and h are two paths in C*"" ([s,t] ,RY) and C1-o" ([s,t] ,Rd/),
(v) Ly > 0 is a bound on |V - fst |dx,| and €, > 0 is a bound on

W gspss [1 b
Then, we have for some constant C = C (v, )

’W(V,W) (8:Ys3 (T, 1) g = T(v) (8,Ys5 %) g s — T(w) (8,Yss )4

<C (ef,j 00N Ol + 050, + zg) exp (C (g + 04)) .
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In the case when v > 2 and B > 2, we have

’W(V,W) (8,Ys3 (T, 1) g = T(v) (8,Ysi ) gy — T(w) (8,Yss ) 4

< Clyplyexp (C by +4p)) -

Proof. Without loss of generality, we assume (s,t) = (0,1). Then, as
‘ﬂ'(w) (0,903 h) ¢, — W (yo) hst| < 01E57 we see we can replace 7y (s, ys; h), ,

by w (y()) hs,t~

Case 1: We first assume that v > 2 and 5 > 2

Define for u € [0, 1], 2z = 7(v,w) (0, 90; (2, h)),,, ¥i = 7v) (0,%0;2), and
yl = mw) (0,y0; h),, . Define also

e = |20 = (U6 + ¥6u)|-
First observe that
}y(’fu’ < cl, and }ygu’ < cly,.

Then, by definition of y and z, for u € [0, 1],

Cu ==

/u{vwfV<yf>}dxr+/u{W(zr>fW(yZ)}dhr
0 0

u u
< alWlygros [ o= g2l bl +aWlgpoos [ [z = okl
0 0
u
< o [ w38 = whel (Vloapros da -+ [Wlygpons dh ]
0
u u
e V] / | | + 2 [ Wl / & \dh|
0 0
<

cz/ r (V-1 d |+ [Wgsoms [dhr ) + catoti.
0

We conclude the proof by using Gronwall inequality.
Case 2: We still assume v > 2, but 8 < 2. As ’W(W) (0, yo; h)&t — W (yo) hs| <

clﬂ’g, we see we can replace 7y (S, ¥s; h)s’t by W (yo) hs,¢.-
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Define this time e, = |2y — yu — W (y0) hou|, and observe that |zg 1] <
¢1 (€ + €3) . Then, by definition of y and z, for v € [0, 1],

Cuy

/ V() =V (9)) day + / W () — W (20)} dhy

IN

u u
& [Vlgprs / (2 = ]Ity | + €2 [Wggpp-1 D [ 20,07 / dh,|
0 T 0

IN

U u
2 |Vpipv—1 / er|dzy| + o [W]p;,6-1 sup |ZO,T\6_1 / |dh.,|
0 r 0

e (|V|Wl / m) (|W|Lipﬁ1 / |dm|)

< a3 |Vippr /0 er |dz,| + c3ln ((&g + €h)B71 + ém)
= C3|VWLmv*1j€ €r|d$r|*-64(55-F€h€§’1>exp(04€m)

We conclude this case with Gronwall lemma once again.

The case v < 2 and 8 > 2 is of course the symmetric case.

Case 3: We finally consider the case v < 2 and < 2, which is the
simplest case. As

IA

‘W(W) (0,903 h)g1 — W (v0) hO,l’ all,
‘W(V) (0,9032)9, =V (y0)$o,1) < afl,

we see that we can replace 7y (0, yo; h)071by W (yo) ho,1 and 7 vy (0, yo; x)m
by V (yo) zo,1. But

[m vy (0,905 (2, 7))y =V (o) o1 — W (%0) ho.|

< /O[V(zu)—V(zo)]dxu

n / (W (24) — W (20)] dho
< ey (by+0,)" g+ a (Un + 02)° 1y,
<

cs (e‘,j + 00T+ 0+ 51) :

That concludes the proof. m
It is now easy to give the following generalization of lemma 10.5.

Lemma 12.4 (Lemma Ag,ir;) Assume that

(i) V = (Vi)1<i<q 18 a collection of vector fields in Lip? ™! (R®) with v > 1;
(i bis) W = (W;),<j<q 15 a collection of vector fields in Lip®~! (R¢), with
B>1 o



308 12. RDEs with Drift and Other Topics

(ii) s < u are some elements of [0,T];
(iii) @, are two paths in C*"" ([s,u] ,R?) such that S| | (@)s,u = S| (T)su:

(iii bis) h,h are two paths in C1-00" ([s,u] ,Rdl> such that S\gy (h),,, =
S (1), .
(iv) by >0 is a bound on |V|p; - max { [ |dxl, [["|dE|} and €, > 0 is a

bound on [W|p; s-1 max {fsu |dh|, [ dﬁ‘} :
We then have, for some constant C = C (v, ),

7T(V,W)<57 Ys, (, h))s,u - 7r(V,W)(Sa Ys, (577 B))s,u
<C (zﬁ 00N 0yl + 050, + eg) exp (C (s + 01))

Proof. Write W(V,W)(sa Ys, (xa h))s,u _W(V,W)(sa Ys, (i'v il) )s,u as A+ Ag+
As, where

A = T(V,W) (37 Ys, (:Cv h))s,u — (V) (37 Ys, T, )S,u —T(w) (S, Ys h)«"%t
- (W(V,W)<Svys7 (@, h)s,u = T(v,w) (8, Ys, B)su — T(w) (S’ys; }})5 t) ’
and

Az = Tw)(8:¥s, T )su — Ty (8, Yss T)syu
Az = mw) (8,Us 0, — Tow) (s,ys; ﬁ)s,t
Lemma 12.3 gives
D1l S o1 (0 + )™ 4 Laln + 67 0+ 07) exp (eala)
lemma 10.5 (which we called "lemma A") gives

|Ag| < eal) exp (coly),

and
|As] < 0362 exp (esly)

The triangle inequality then finishes the proof. m

Lemma 12.5 (Lemma Byg,ift) Assume that

(i) V= (Vi) <;<q is a collection of vector fields in Lip” " (R®) with v > 1,
(i bis) W = (W), ;<q is a collection of vector fields in Lip® =1 (R¢), with
p>1,

(i) t < u are some element of [0,T],

(i) y¢, Gr € R (thought of as "time—t" initial conditions)
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() z is a path in C*-"" ([t,u] ,RY),
(iv bis) h is a path in C*-v9" ([t,u] ,Rd') ,
(v) €z > 0 is a bound on |V - [ |dzy| and £, > 0 is a bound on

Wlyapios [ ldh].
Then, if mvy (t,-;x) denotes the unique solution to dy = V (y)dx from
some time-t initial condition, we have for some C' = C (v, ),

‘W(V,W) (tv Yt; (.’L‘, h))t,u - T(V,W) (tv Ut; (377 h))t,u
Clye — el - (61*1 + 6’2’1) exp (C (€ + (1))
(6 687+l + 6 0+ 07) exp (C (L + 1)

Proof. Write once again 7y ) (£, ys; (z, h))t,u —mwv,wy (s (, h))t’u as
A1+ AQ + Ag, Where

A = mww) (e (@h),, — 7wy Gys o), — T (Gyes ),

- (W(V,W) (t, gt; ($7 h’))t,u - T(V) (tv gt; x)t,u - (W) (t7gt; h)t,u) 3
and

Ay = 7wy Gy ), — T (G T5T)
As Tw) &y by — Towy (4,383 1), -

Lemma 12.3 gives
Arl e (6408 + 07 0+ ) exp (k)
Then remark that lemma 12.5 (lemma B) in the case v > 2 gives
|Aa] < o (Jye — Gi| La) exp (cals)

while inequality (10.12) in exercise 10.12 easily leads to

‘A2| S C2 (|yt - gt| .E;il +€g) exp (CQéw)
in the case v < 2. We obtain similarly

[As] < ey (|yt — T .4*271 + 42) exp (calp) .

]
We are now ready for our existence theorem:
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Theorem 12.6 Assume that, p,q,~, 5 € [1,00) are such that

1p+1/g>1 (12.2)
y>pand B >q (12.3)
-1 1 1 -1
’Y—+—>1and—+ﬂ—>1; (12.4)
q p q p

(i) V = (Vi) i<y is a collection of vector fields in Lip”~"' (R®);

(i bis) W = (W;)1<i<d' is a collection of vector fields in Lip® 1 (R®);

(ii) (z,) is a sequence in C-vr ([0,7],R%), and x is a weak geometric
p-rough path such that

Jim_ dojo.1y (Sip1 (¥n) %) and P |[Sppy (@n )| r,00. 7y < 03

(ii bis) (hy,) is a sequence in C'-09" ([O, T] ,Rdl> , and h is a weak geometric
q-rough path such that

lim_do,jo,7] (Sig) (hn) h) and sup [[Sig) ()l 0,07y < 005 -

n—

(iii) y§ € GImax(P.9)] (R) is a sequence converging to some yo;
(iv) w is the control defined by

p q
@ (58) = (VI I¥lpevartos) + (W lipr-t 1Bl argon)

Then, at least along a subsequence, Yi @Simax(p,q)] (W(V7W) 0,71 (y8) ; (T, hn)))
converges in uniform topology, and there exists a constant C1 depending on
D, 4, v, and B such that for any limit point y, and all s <t in [0,T],

||y|\max(p7q)_vw;[s7t] < (w (s,t)l/max(p,q) Vw (s,t)) )

Finally, if 5" : [s,t] — R? and h*t : [s,t] — RY are two continuous path
of bounded variation such that

p-vars[s,

)

t
Sip) (ﬁ’t)ét = Xg: and / |d:rfjt| < K ||x]|

Sigy (h32) g-vari]s]

t
h,; and / |dhs*| < K ||h]|

for some constant K, then, for all s <t: w(s,t) <1, there exists Co and
0>1,

< Cow (s, t)e .
(12.5)

Ys,t — S[max(p,q)] (ﬂ-(V,W) (Sa T (ys) ; ($57t7 h&t)))s,t

where Cy depends on p, q, v, B and K.
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Proof. The argument follows exactly the line of the proof of lemma 10.7,
theorem 10.16, and theorem 10.39. We adapt lemma 10.7 by first assuming
x and h to be lift of smooth paths and concentrating on RDE rather than
full RDEs. We then define geodesics h*?, 25! corresponding to the elements
h,; and x,,, and I'; ; to be the difference of the ODE solution driven by
h#t z*! and h,x. The we bound 'y, — I's ; — 't ,, using lemma Agyig; and
lemma Bygyift, and conclude this first part with lemma 10.65. When using
emma Agyige and lemma Bygyig, the variables ¢, and ¢, are set to w (s, u)l/p
and w (s, u)l/q, respectively. To be able to use lemma 10.65, all the power
in the expression

—1,1 1,8-1
w(s,u)ﬁ/q—i-w(&u)jq_lJr; —&—w(s,u)l/qﬂ/p—&—w(S,u);+ e -~-w(s,u)7/p7

(which comes E’g L 0] 4 0,0y, + 0971, 4 £7), must be strictly greater
than 1. That explains the conditions 12.2,12.3, and 12.4. Equipped with the
equivalent of lemma 10.7, a limit argument similar to the one in theorem
10.16 allows us to prove the current theorem, for the case of RDE (rather
than full RDEs). We then use similar arguments as the one in the proof of
theorem 10.39 to conclude the proof. m

Remark 12.7 The conditions on p,q,~, 3 in Theorem 12.6 may look sur-
prisingly complicated and it helps to play through a few special case. To this
end, let us note that the conditions have been stated in a way to empha-
size the symmetric roles of these parameters. We may break this symmetry
by assuming, without loss of generality, that p > q in which case the first
condition in (12.4) is seen to be redundant since
1-1 1 y-1,1 7,
q p p p p

The conditions on p,q,~y, 8 then reduce to
1
1/p+1/¢>1, v>pand B> maxsq1+p l—a )

Let us look at three special cases:
(i) The case ¢ = 1, frequently encountered in applications. The condition
reduces to

y>pandf>qg=1,

which is natural when compared with the reqularity assumptions for RDE
existence.
(i) The case q = p. The conditions now reduce to

p<2, v>pandfB>p.
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and we effectively consider RDEs (or better: Young ODEs) driven by t —
(z+, ht) of finite p-variation.

(iii) A good understanding of the term " max {q, 1+p (1 — %)} " is the
content of the forthcoming remark 12.12.

The following corollary will be important as it often allows to identify
RDEs with drift. Examples will been seen in section 12.2 below.

Corollary 12.8 (Euler estimate, RDE with drift) In the setting of the
previous theorem 12.6, but focusing for simplicity on RDE solutions rather
than full RDE solutions, we have for M > 0, for all s,t such that w (s,t) <
M

< Cw (s, 1)’

‘W(V,W) (57 Ys; ((Xv h)))s,t — (V) (57 Ys, Xs,t) - (W) (87 Ys, hs,t)sﬂf

for some @ > 1 and C; = C (M, p,q,7,B). We also have for some constant
02 = C(MvpaQ777ﬁ>7

< Chw (s,t)9
(12.6)

’W(V,W) (8,955 (¢, 1)), — Ev) (Us, Xs6) — Ewy (Us: hse)

Proof. We assume M = 1; the general case follows the same lines. By the
triangle inequality and inequality (12.5), it suffices to prove that

‘W(V,W) (s, 9s; (2, h)) g0 = 7o) (8,9s32™) = Tw) (8, s hs’t)&t

is bounded by Cw (s, t)a . But this follows from lemma 12.3.
The second inequality follows easily from the first one. m

12.1.2 Uniqueness and continuity

For existence of RDE with drift, we start by comparing 7y w (s, ys; (z,h)), ,
to mvy (8, Ys: %), +Tw) (5,Ys; h),, - We now look at the continuity of the
difference between those two terms.

Lemma 12.9 Assume that

(i) V= (Vi) cicqy and V = (Vi), ;<4 are two collections of vector fields in
Lip” (R¢), v > 1;

(i bis) W = (W;),<jcqr and W= (Wi)1<i<q 18 a collection of vector fields
in Lip” (R?), B> 1;

(i) s < t are some elements of [0,T7];

(iii) ys € R® is an initial condition;
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() (x, ) and (h, /~1) are two pairs in C1-ver ([8, t] ,]Rd) *2 and C1-ver ([s, t] ,Rd/>
(v) £y and L, are such that

t
max {VW / \dzy] |
S
t

max{|W|Lip5

(vi) 65 and 0y are such that

max <|V|Lip"f |V

5 t
W)
Lipf—1 s

max <|W|Lipﬁ1 y

(vit) ey and ew are such that

1

t
V] / |da:»|} <,
LipY Jg
5 t
W’ / } < Ay;
Lip? s

t
] )/ \dzy — dF,| < 6z,
Lip?Y s

dh,

max <|V|Lip“f ,

1

o

max <|WLip/3 , )VNV

Then, if A is defined by

A = (W(V,W) (s, s (@, h)),

)

(7w (s (20

we have for some constant C = C (v, ),

W

<ew.

LipA—1

Lip5>

—Tw) (8,Ys: h)s,t)

T () (87373; fz)ﬁ) ,

=) (8, Ys3 )4

). =) (i)

)

A < Clyo—dol+ev +ew) (nle + 0ald™ + 670 ) exp (C (L + )

+C (8 (th+6710) +6n (€ + £3710) ) exp (C (Lo + a)

Proof. Without loss of generality, we assume (s,t) = (0,1). Define for
u € [0, 1],

Zu

Zu

Ty (0,905 (z,h)), » ¥e =) (0,90;2), and ylt = 7wy (0,90; k),

GGG

h

)7

(0 %03 Z), and yu = T(W) (0 yo,h)

u

X2

7
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We also set
€y = (zo,u - yg,u - yg,u) - (EO,U - g(:;c,u - géb,u)
We obtain by definition of y, z, 7, Z for u € [0, 1] that e, = AL + A2, where
[ e -veyas - [0 {m )=V ()} ds,
0 0
W (z) — " dh,. — / dh,..
[ e -w {W ) - (i)}

Lemma 10.24 implies that

Al

AQ

|AH < ‘V|Lipw/0 \zrfy;"f—érfgf\.\dxA

v—1
(‘Z Yl [01]+|Z y| 01]) (|yx_y| 01]+€V)
—|—|z—y|.5z.

There are a few terms in here we know how to bound: first from lemma
12.3 (that we have to use with Lispchitz parameters v+ 1 and 8+ 1 which
are greater than 2), we have

2=l <190 ooy T 128" = 80| oy
< cerlp + el by exp(er (bx + 4r))
< colpexp(c2 (bx +ln))
Similarly, we have
|z — gﬂw,[w < colpexp (ca (by + 1)) .
Then, lemma 3.15 provides
T ~T

}y -y }oo,[(),l] <3 (lyo — Yol + 6z +evily).

Hence, we obtain
U u
1
AL < Whay [ el ldanl + Ve |

+ca (lyo — Jo| +ev (14 £2)) [;:716:5 exp (c4 (lz + ln))
esd, (zh + q—lzm) exp (ca (£y + 01)) .-

. |da|

h ~h
Yo,u — Yo,u

Theorem 3.19 also provides

’yg — . ’ o, 1] cs (|1yo — Jo| n + 0n + ewln) exp (c5 (bx + £n)) -
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That gives our final bound on Al namely

A= Ve [ ler] lda
0
s (g0 — Gl (Cnle + 7 0) +ev 0] e + el ) exp (e (€ + 1))

Yoo (wz +6, (eh + zg—lew)) exp (c6 (€n + 1)) -

By symmetry, we obtain

a2 < \meﬁjo lev] . dha|

+e7 ([yo — Go| (€nle + Chll™) + ew ™" + evlly) exp (7 (bx + £r))
ter (8uln + 6n (L +057101)) exp (c6 (Le + 0n)) -

In particular, we obtain that

el < [ lerl (Whigo dhe] + Vlgs o))
s (1go = Gol +ev +ew) (bnle + ald ™" + 67 42) exp (s (€ + )

s (80 (0 676 ) + 00 (6o +€27104) ) exp (s (€ + £4))

We conclude with Gronwall lemma. m

In the existence part, we used lemma 12.3 to extend lemma A and lemma,
B to be able to generalize the RDE existence theorem to the RDE with drift
existence theorem. Here, with lemma 12.9, we can do the same, and gener-
alise the RDE continuity theorems to RDE with drift continuity theorems.
Without further details, we therefore present the uniqueness/continuity
theorem for RDE with drifts:

Theorem 12.10 Assume that, p,q,7, 5 € [1,00) are such that

1/p+1/g>1
y>pand f>q

-1 1 1 -1
’y—+—>1and—+ﬁ—>1.
q p q p

(1) V = (Vi)1<i<q 5 a collection of vector fields in Lip” (R®);

(i bis) W = (W;),c,<q s a collection of vector fields in Lip” (R°);

(ii) w is a fixed control;

(iii) x', %2 are two weak-geometric p-rough paths in CP~'%" ([0, T) el (Rd)),
with Hxin_w <1
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111 bis , are two weak-geometric g-rough paths in C'9° , 1, ' s
jii bis) h', h? k j h paths in C°° ([0, 7], Gla) (R?
with |[h][,

1w , € ’ thought of time-0 initial conditions;

(i) y§,y5 € G2l (Re) thought of time-0 initial conditi

(v) v is a bound on ’VllLlp'Y’ V2‘Lip’7 ) W1|Lipﬁ and ‘W2|Lip5 .

Then, i w+) (O yo, (x hl)) s a sz'ngleton that is, there exists a unique

Jull RDE solution y* = i w+) (0 vi; (x hl)) started at y} driven by x°
along V. Moreover,

pmax(p,q),w (ylv y2) < Ce exp (CUW (07 T))
where C = C (v, 8,p,q) and
€ = v }yé — yS’ + }Vl _ VQ‘Lip’V_l + ’Wl _ WQ}Lipﬁ_l

0 (Pp (x,%%) + o (b, 07)).

Remark that the metric pyx(p.q) 0> Unlike dog; [0, 77 in the next statement,
only measures the distance between the increments of two paths. Then, in
the above definition of €, it is really |y5 — y(2]| = |yé —y2 ge rather than
|y(1) — y3|T[pvq] ®e)" We now state the refined uniqueness theorem, which

also extends to the drift case without difficulties.

Theorem 12.11 Assume that, p,q,v, € [1,00) are such that

1/p+1/g>1
v=>pand B >q
-1 1 1
R R SNt
q P q P

are two collections of vector fields in Lip? (R¢),

(i) (Vl) 1<j<d and( )1< <d
(i bis) (W ) \<j<d and ( )1§j§d, are two collections of vector fields in
Lip? (Re) ,

(i) x!,x2 € C¥» " ([0,T], G} (R?)), with Hle%_mT <

(ii bis) bt b2 € CYarr ([0,7], 61 (RY) ), with W], < R.

(i13) yo,yo € GIPVal (R®) thought of time-0 initial conditions.

(iv) y* are some arbitrary elements of (v (0,y8:x"), (that is they are
RDE solutions driven by x', starting at yi, along the vector fields V*).

(v) v is a bound on IV |Lip”,’ |V2|L1pi‘” Wt |Lip‘1 and |W2|L1p‘1'

Then, v we) (07y6; (x’,hl)) 18 a singleton; that is, there exists a unique
full RDE solution y* = (v wi) (O, v (xi, hl)) started at y{ driven by x
along V*. Moreover, for all € > 0, there exists u = u(g;p,q,v, R) > 0 such
that

|y = ¥o| + [V = V[ s + W =W+ dee (1 %7) <
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implies that
doo;[O,T] (ylayQ) <e&.

Remark 12.12 The conditions on 7, 5, p, q above already appeared in the
existence theorem for RDEs with drift and all comments made then (remark
12.7) remain valid. In particular, assuming p > q without loss of generality,
the conditions reduce to

1
1/p+1/g>1, v>p andﬁ>max{q,1+p(1_5)}_

In section 12.2 we shall see that ¢ := p/[p] > 1 and B = v — [p| + 1
arises naturally when perturbing the (center of the) driving geometric p-
rough path. (In fact, the drift vector fields then consist of [p] — 1 iterated
Lie brackets of the original Lip” -vector fields which explains the choice of
B.) An elementary then computation gives

max{q,l—&—p(l—é)}:p—[p]+1<ﬁ.

which shows that this condition is natural after all.

Of course, corollaries 10.42 and 10.43 also extend to the drift case and
we leave the details to the reader.

We conclude this section with an exercise in which the reader is invited
to implement the so-called Doss—Sussmann method for RDEs with drift.
For simplicity, we only deal with R¢-valued RDE solutions. Let us also note
that it does not (seem to) lead to optimal regularity assumptions.

Exercise 12.13 (Doss—Sussmann) Let x € CP" ([0,T], G (RY)),
Vo € Lip" (R®),V = (V4,...,Vy) € Lip”™ (R%)
with v > p. Let J§__; be the Jacobian of m(y (0, -;x)t_1 :R¢ — R® and set
W (t,y) = T () - Vo (m(v) (0,35%),) - (12.7)
(i) Show that the ordinary, time-inhomogenous ODE
a=Wi(tz), 2(0) =y (12.8)

admits a unique, non-explosive solution on [0,T).
(ii) Show that the solution to the RDE with drift dy =V (y) dx + Vj (y) dt,
started at yo, is given by

y=m)(0,25%),, t€[0,T]. (12.9)

(iii) Deduce an Euler estimate for RDEs with drift of form (12.6).
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12.2  Application: perturbed driving signals and
impact on RDEs

12.2.1 (Higher-)area perturbations and modified drift terms

We consider a driving rough path x and consider what happens if we per-
turbe it on some "higher area" level such as

VY (RY) = g™ (BRY) N (RY)O,

the center of the Lie algebra g (Rd); for example, V? (Rd) = so(d), the
space of anti-symmetric d x d matrices. Unless otherwise stated, VIV (Rd)
will be equipped with the Euclidean metric.

Theorem 12.14 (Center-perturbation) Let p,r > 1 and N € N such
that

[F]=N=[p].

Given a weak geometric p-rough path x : [0, T] — GIP! (RY) and

p € CTT ([0,T], VN (RY))
we define the perturbation

x? :=exp (log (Sy (X)) + ¢) . (12.10)
Then x¥ is a weak geometric max (p,r)-rough path. Assume V € Lip” with
v > max(p,7), so that dy = V (y)dx¥, y(0) = yo has a unique RDE
solution. Then there is a unique solution to the RDE with drift,

dz =V (2)dx+ W (2)dp, z(0) =y

where W is the collection of vector fields given by

([Vil’ [ T [ViN—l’Vi H t '])z’l,...,iNe{l,...,d}

and
y =mw) (0,50;x%) = mv,w) (0,903 (x,0)) = 2.

We prepare the proof with

Lemma 12.15 Letk € N. Given a multi-indez o = (an, ..., ax) € {1,...,d}"
and Lip*~! vector fields Vi,..., Vi on R¢, define

Vo = [Vars [Var_rs s Vass Vaul] ] -
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Further let ey, ...,eq denote the canonical basis of R¢. Then g" (Rd), the
step-n free Lie algebra, is generated by elements of form

k
Ca = [eak, [eakfl,..., [eag,ealm € (Rd)® , k<n

with [u,v] = u®v —v®u and*

Thyery@l
§ Vi Viy (€a) = Va
i1yein€{l,...,d}

Proof. It is clear that g" (RY) is generated by the e,. We prove the
second statement by induction: a straightforward calculation shows that
it holds for £ = 2. Now suppose it holds for £k — 1 and denote V; =
[Vas_1» -+ [Vas, Vay]]- Then, (using summation convention),

Vie - Viy (ea)ik"”’il = Vie- Vi, (€ar ® [€ar_ys s [em,6061]})i’“"”’i1
Vi, - Vi, ([eak_l, e [ea27 eal]] ® eak)ik,...,il
= Vi ...V, 6" @ [€an_1s-ms [e(m,eo”]]i’“‘l"“’il
—Vie .- Vi, [eakfl, oy [Eans eal]]i’“""’iZ‘ ® §oki1

T—1yeeeyi1
= Vo Vg, Vi [eak—l ) [eaz’eoqu

—Vip - Vi, [eakfl, oy [Eans eal]]lk""’m Vo
= VakV& - VdVak = I:Vakv [Vak_lv“‘v [Vazvval]]] )
where we set & = (ag—_1,...,a1) and used the induction hypothesis that
V. equals
V'ik71 e ‘/;1 I:eak—17 A [6a2, 601]]%_1’.“,“ = ‘/Zk e %2 [eak—l (AR [602’60&1]} e
|

Proof of Theorem 12.14.

Remark that W, ¢ satisfy the regularity condition of theorem 12.10 (cf.
remark 12.12), and so RDEs of type dz = V (2) dx + W (2) dp have unique
solutions. It suffices to show that y; = zp. Take a dissection D = (¢;) of
[0,T] define

2 =Tvw) (i, Y5 (x,9)), for t € [t;, T7.

Note that z% = z7 and z‘TD‘ = yr, hence

LI
lor —yr| <> |2k — 2571
=1

4A k-tensor u € (Rd)(g)k is written as u =32, in€{l,....d} wikr ol ® ... Q€.
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Now,

dp— 2t = |7T(V,W) (tisye: (x90)) — vy (Bie1, Yty (X,Sﬁ))|

= |rvwy (i, e (%,0))
—mww) (tismvw) (tim1, Y (x0)) 5 (x,0)) |

A

’W(V) (tifla Yti_1s X)t - T(V,W) (tiflv Yti_1s (X7¢)) ‘

thanks to Lipschitzness of the flow (which was established in theorem

12.10). By subtracting/adding &£y (ytifl,xtifhti) + Ew) (ytifl,wtiflﬁtJ

we estimate |z§~ — zZT71| < A; + Ay where

)

A = ‘yti - g(V) (yti—17xti717ti) - E(W) (ytiflvtpti,l,ti)
AQ = ‘T[-(V,W) (t’L’ Yt;; (X)SD)) - E(V) (yt,‘_1 ) Xti_l,ti) - g(W) (yti_1780ti_1,ti) ’ .
Thanks to lemma 12.15 and &) (ytifl,gpti_hti) =W (Yt,_,) -1,y 4, WE
have

g(V) (yti,1 ) Xtifl,ti) + S(W) (ytif1 ) @ti,l,ti) = 5'(V) (yti71 ) Xi—lii)

and hence, from the Euler estimate for RDEs, corollary 10.17, A; < cyw (¢;-1, ti)e

for some control w and some # > 1. On the other hand, our Euler esti-
mates for RDEs with drift as stated in corollary 12.8 imply that, similarly,
Ay < cow (ti_l,ti)e. It follows that, with c3 = ¢; + ¢2,

‘Zéﬂ — Zéw_ll S C3Ww (ti—ly ti)e
and so |zp — yr| < cs Z‘zgllw (ti—1,t;)" — 0as|D| — 0. m
In theorem 12.14 we have studied the impact of level-N perturbation of a

driving signal. More precisely, given a weak geometric p-rough path x with
[p] < N and a sufficiently regular map

(p(N) :[0,7] — 2l (Rd)
we defined in (12.10) a perturbation of x, which we now denote by
T‘P(N)X = eXp[log SN (X) + (07 e 707 W(N))]v

and then saw that RDEs driven along vector fields V = (V4,...,Vy) by dx
versus d (TSD(N)X) effectively differ by a drift term of the form

([Vies [+ s [Vin 1o Vi ] - ]) dgpNitnemin
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with summation over iterated indices. On the other hand, the "natural"
level-1 perturbation of a geometric p-rough path x, in direction of a suffi-
ciently regular path o) : [0,T] — R, is given by (cf. section 9.4.6) the
translation operator 7,1, acting on x. The respective RDEs driven by dx
and dx#"” obviously differ by a drift term of the form

V;ngl;i.

These two perturbations can be seen of as special cases of a general per-
turbation. To this end, we now consider a general perturbation

Y= (90(1)7750(]\[)) : [OaT] HgN (Rd)a

assumed (for simplicity) to be of bounded variation with respect to the
Euclidean metric on gV (Rd). Let us also assume, at first, x = Sy ()
where z € C* ([0, T],R?). We then define, inductively,

T,wz : =z+¢b el ([0,T],RY) (12.11)
T(¢,<1)7¢(2>)96 : = exp[log S, (Twu)x) + (07 @(2)> e c* (0,T],G? (Rd))
T(Lp(1>,‘..,<p(N>)$ L= exp[log SN (T(w(l),...,go(Nfl))x) + (0, ey O’ (p(N)> € C’N‘Val‘ ([O, T] ,GN (Rd))

and note that, eventhough x was assumed to be of bounded variation,

T(so<1>,m7<p<N>)x is a genuine (weak) geometric N-rough path.

Theorem 12.16 (General perturbation) (i) Let p > 1 and [p] < N.
Given x € C2" ([0,77, G (R?)) and ¢ : [0,T] — gV (R?) of bounded
variation with respect to the Euclidean metric on g™ (Rd), there exists a
unique
. Cp-var ([O,T} 7GN (Rd ) Zf [p] =N
Tox = T(yen,..ptn)X € { cN-ver (0,7, GV (R))) if o] > N

with the property that, whenever Sy, (x™) — x uniformly and sup,, ||S[p} (x™) H <

p-var
oo then

T(g,u),“,,@(m)xn - T(¢<1>,_..7¢(N>)X

uniformly and with uniform p- (resp. N-) variation bounds.
(ii) Assume V € Lip”,~v > max (p, N). Then

y = mvy (0,905 Typx) equals z = v,y (0,905 (X50))

where y is the RDE solution to dy =V (y)d (T((pmww(m)x) and z the
solution of the following RDE with drift,

dz =V (z)dx+ (V) (2) de, z(0) =yo
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where

N
GV Ode=> "> ([Vies [0 Vieoas Vi ] - ]) [dggt®)iie,
k=141,0sik
Proof. When x = Sy (z) for z € C** ([0,T],R?), we can use (12.11)
and apply iteratively theorem 12.14 to see that

vy (0,903 Typx) equals z = m(v.v) (0,905 (X59)) -

For the general case, we need to properply define Ti,x. To this end, let
C = (04,...,04) be the collection of coordinate vector fields on R9. The
full RDE solution y = ¢ (0,%0;X) is identical equal to the input signal
x which suggests to define

Tox == vy (0,05 (x59))

as RDE with drift. We can now use continuity results for RDEs with drift
to see that x — T, x has the required continuity properties, as stated in
part (i). m

12.2.2  Limits of Wong—Zakai type with modified area

The next theorem describes a situation in which a piecewise linear approx-
imation is twisted in a way to lead to a center-perturbation. In view of the
forthcoming examples (section 13.3.4) we state the following results only
for geometric Holder rough paths.

Definition 12.17 Leta € (0,1], x € C 7% ([0, T], G/ (R?)) and write
x = 7 (x) for its projection to a path with values in RY.

(i) Assume [1/a] < N € N and let (D,) = (t7" : i) be a sequence of dissec-
tions of [0, T] such that®

Sup [|iu/a) (%) g pror = M < 00 and dos (Sfaja) (#77) %) —no0 0,
ne
If () c 91 ([0,T],R?) is such thatf

-1
p; == SN (2")y, ® SN (an)(Lt
takes values in the center of GN (Rd) whenever t € D,, then we say that

(z™) is an approxzimation on (D,,) with perturbations (p™) on level N to x.
(ii) Let B € (0,1] such that

[1/8] = N > [1/q]. (12.12)
5We recall that 22 is the piecewise linear approximation to  based on the dissection

D.
61t is not assumed that p} € center of GN (Rd) when t ¢ Dy,.
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We say that an approximation (z™) on (D,) with perturbations (p™) on
level N to x is min («, 8)-Hélder comparable (with constants ci,ca,cs) if
for all t3,t%, | € Dy

IN

¢ 2P ] te |thy — t?|ﬂ_1 and

|xn|1-H(il;[t?,t n|1-Hﬁl;[t?vt?+1

Although at first sight technical, these definitions are fairly natural:
firstly, we restrict our attention to Holder rough paths x which are the
limit of "their (lifted) piecewise linear approximations". As we shall see
in Part III this covers the bulk of stochastic processes which admit a lift
to a rough path. Assumption (ii) in the above definition then guarantess
that (z™) remains, at min («, 5)-Holder scale, comparable to the piecewise
linear approximations. In particular, the assumption on |x"|1>H61;[t?7 o] =

will be easy to verify in all examples (cf. below. The intu-

?41]

cslt—s|® for all s,t € D,

IN

n
ps,tH

|j7n|oo;[t;17t;1+1}
ition is that, if we assume that =" runs at constant speed over any interval
I=[t?,¢",], Dn = (t}), it is equivalent to saying that

length (z"|;) < cilength (z”"|7) + 11°
(= alfope]+e i -

Theorem 12.18 Let o, B € (0,1] and assume [1/8] = N > [1/a]. Assume
x € CoHit ([0, 7], G/ (R?)) and let (z™) be an approzimation on some
sequence (Dy,) of dissections of [0, T] with perturbations (p™) on level N to
X.

(i) If the approxzimation is min (o, 3)-Hdolder comparable (with constants
c1,c¢o,c3) then there exists a constant C = C(«, B,¢1,¢9, M, T,N) such
that

SUD (1S (") lmin(o 5)-1101 < C (j}ég 1801 /a1 (@M gy + €3+ 1) < o0,

(i) If p}* — p¢ for allt € U,D,, and U, D, is dense in [0,T] then p is
a B-Hélder continuous path with values in the center of GN (Rd) and for
every t € [0,T7,

d (SN (,’L‘n)o’t R SN (X)O,t ® p07t