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(1) Consider a symmetric chain decomposition C on the Boolean lattice Bn. How many
chains of size k are in C for 1 ≤ k ≤ n+ 1?

(2) Show that, if A1, . . . Am are distinct k-subsets of an n-set and k ≤ s ≤ n − k, then
there exist distinct s-subsets B1, . . . , Bm such that Ai ∩Bi = ∅ for each i = 1, ...,m.

(3) Prove that the families
( [n]
bn/2c

)
and

( [n]
dn/2e

)
are the only antichains in Bn of size

(
n
dn/2e

)
.

(4) [Littlewood Offord Problem] Let a1, . . . , an be a sequence of reals such that |ai| ≥ 1
for all i ∈ [n]. Let

P (a1, . . . , an) = {(ε1, . . . , εn) ∈ {−1, 1}n | −1 <
n∑
i=1

εi · ai < 1}.

Show that |P (a1, . . . , an)| ≤
(

n
bn/2c

)
.

(5) Let F be a family of subsets of [n] with no A1, . . . , As+1 ∈ F such that A1 ( A2 (
· · · ( As+1. Prove that the size of F is at most the sum of s largest binomials of the
form

(
n
i

)
.

(6) Let 1 ≤ s < r < n and let F be a family of r-subsets of [n] such that for every
A 6= B ∈ F we have |A ∩B| ≤ s. Show that

|F| ≤
(
n
s+1

)(
r
s+1

) .
(7) For each k with 1 ≤ k ≤ n/2 find an intersecting family Fk of size 2n−1 in Bn such

that the smallest set in Fk has size k.

(8) Fix 1 ≤ k ≤ n ≤ 2k and show that if F is an antichain of subsets of [n] each of size
at least k, and not containing two sets whose union is [n] then |F| ≤

(
n−1
k

)
.

(9) A family of subsets F of [n] is distinguishing if for every x 6= y ∈ [n] there is F ∈ F
so that |F ∩ {x, y}| = 1. A family of subsets F of [n] is strongly distinguishing if for
every x 6= y ∈ [n] there are F1, F2 ∈ F such that x ∈ F1 − F2 and y ∈ F2 − F1.

• What is the minimum size of a distinguishable subset of [n]?

• What is the minimum size of a strongly distinguishable subset of [n]?

(10) Let σ be a cyclic permutation of [n] and let S be a family of k-arcs of σ with 4σ(S)
we denote the σ-shadow of S, i.e., the set of all (k − 1)-arcs contained in an arc of
S. Show that unless |S| = n we have | 4σ (S)| > |S|.

(11) let A be a family of k-subsets of [n] such that for every h tuple (A1, A2, . . . , Ah) of
sets from A we have A1 ∩ A2 ∩ . . . ∩ Ah 6= ∅. Show that if k · h ≤ (h − 1)n, then
|A| ≤

(
n−1
k−1
)
.

(12) Let Fk(m) be the collection of the first m sets in the colex order on k-sets. Show
that for m ≥ 1 we have | 4 Fk(m+ 1)| ≤ | 4 Fk(m)|+ (k − 1).


