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(1) Ramsey Theory
Prove that for any n € IN, there is an N € IN big enough, such that no matter how
you partition [N] into n parts P, ..., P,, there will be a triple z,y, z € P; in one of
the parts, such that z =z + y.
[Hint: N = Ry(n;3,...,3) is big enough.]

(2) Dual graphs of planar graphs
(a) Find a planar simple graph G that is 3-edge-connected, whose dual graph is

not unique.

(b) Find two different planar graphs G; and Gy with G} = G5.

(¢c) Let G be a plane graph, that is, a graph drawn without any crossings. Show
that if £(G*) > 2 then G has at most one component that is not a tree.

(3) A planar simple graph G is a triangulation, if a drawing without crossings of G
exists, such that every face has degree 3 (even the outer face).

(a) Every simple planar graph G on n > 3 vertices is a subgraph of a triangulation
on n vertices, i.e. G is a spanning subgraph of a triangulation.

(b) Every simple planar graph is an induced subgraph of a triangulation.
(¢c) Triangulations (on more than 3 vertices) are 3-connected.
(4) Euler’s formula

(a) Show that for all graphs G with n > 11 vertices either G or its complement is
not planar.

(b) Show, that the property from the lecture, that planar graphs have a vertex of
degree < 5, is best possible, by specifying a planar graph without vertices of
degree < 5.

(¢c) Show, that the property from the lecture, that bipartite planar graphs have
a vertex of degree < 3, is best possible, by specifying a planar graph without
vertices of degree < 3.

(*) Geometric drawings of planar graphs (Christmas bonus

exercise)
(a) Show that for all k € {3,4,5} every k-gon is star-
shaped. % %{}é
[A set S C IR" is star-shaped if a point p € S exists, .
such that for all points ¢ € S, the line segment pg Frohe \gelhnacmen %
is completely contained in S'] ; é Guten Rutsch
(b) Deduce from this that every triangulation has a pla-

nar drawing, such that all edges are line segments.
[Hint: There is a vertex v with deg(v) < 5.]



