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(1)

(a) Find k, n ∈ N such that Tk(n) is the smallest (with respect to the number of edges)
Turán graph, which contains the Petersen graph as subgraph.

(b) Find k, n ∈ N such that Tk(n) is the smallest regular Turán graph, which contains the
Petersen graph as subgraph.

(2) Let G = (V,E) be a graph with n ≥ 3 vertices and at least
(

1
4 + c

)
·n2 edges for some c > 0.

Let dG := 1
n

∑
v ∈ V deg(v) be the average degree of G. Then

# triangles in G ≥ 1
3

∑
{u,v}∈E

(deg(u) + deg(v)− n)

=
1
3

(∑
u∈V

deg(u)2 − n|E|

)

≥ 1
3
(
n · dG

2 − n|E|
)

=
1
3

(
n · dG ·

(
dG −

n

2

))
=

1
3
n ·
(

1
2
n+ 2c · n

)
· (2 · c · n)

≥ 2c
(
n

3

)
Explain all steps of this proof in detail.

(3) Let G = (V,E) be a graph with vertices V = [2n] = {1, 2, . . . , 2n} and Vblue ∪ Vred = V a
partition of its vertices. Further, let S ⊆ E be the cut [Vblue, Vred], i.e. the set of edges,
which have one endpoint in Vblue and one in Vred. We call S a balanced cut, if Vblue and Vred

have the same size. Let Ω =
(
[2n]
n

)
be the set of balanced cuts of G and Pr(ω) = Pr(ω′) for

all ω, ω′ ∈ Ω. What is the expected value of the size of a balanced cut?
Hint: make use of the linearity of the expected value and compute the probability that a
fixed edge is in S.

(4) Prove that a simple graph is a complete multipartite graph if and only if it has no 3-vertex
induduced subgraph with one edge.

(5) Please hand in your solution of this exercise: Let G be a graph on n vertices with average
degree dG. Prove α(G) ≥ n

dG+1 .


