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tionWhereas the spatial approximation of the in
ompressible Navier-Stokes problemseems to be rather well-understood, only a 
omparably small number of arti
les fo
uson a stri
t mathemati
al analysis of time dis
retisation methods. For an overviewand the state-of-the-art, we refer to Ranna
her [13℄ and Marion/Temam [10℄.Espe
ially, the question of \realisti
" higher-order error estimates has be
ometopi
al sin
e Heywood/Ranna
her [7℄ have proven optimal se
ond-order estimatesfor the Crank-Ni
olson s
heme. Higher regularity of the exa
t solution is equiv-alent to 
ompatibility 
onditions on the problem's data, whi
h lead {due to thedivergen
e-free 
onstraint{ to a virtually un
he
kable and often violated over-deter-mined Neumann problem for the initial pressure (
f. Heywood [6℄, Temam [15℄).So higher-order estimates should rely upon paraboli
 smoothing properties. Themethod under 
onsideration, therefore, needs to be A- or G-stable.The ba
kward di�erentiation formulae (BDF), even with variable time steps,have been used by many authors for the time integration of (nonlinear) ordinaryand partial di�erential equations. The two-step BDF with 
onstant time steps isknown to be formally of se
ond order and zero- as well as A- and G-stable (
f.Hairer/Wanner [5℄). 1



In the 
ontext of the in
ompressible Navier-Stokes problem, the two-step BDFhas been �rstly studied by Girault/Raviart [4℄. They have 
onsidered a linearisedvariant and repla
ed the 
onve
tive term (un � r)un, where un is the approximatevelo
ity at time tn, by ((2un�1 � un�2) � r)un. Unfortunately, the optimal er-ror estimate given there relies upon inappropriate higher regularity assumptions.In Baker/Dougalis/Karakashian [1℄, the three-step BDF has been analysed, and ase
ond-order error estimate has been postulated for the linearised variant of thetwo-step BDF under higher regularity assumptions as well as restri
tions on thetime step size in dependen
e of the mesh size of an underlying spatial dis
retisation.Re
ently, Hill/S�uli [8℄ have proven sub-optimal error estimates of order 1=4 undermore realisti
 regularity assumptions. Their result applies to the two-dimensional
ase with autonomous right-hand side. Yet, the original nonlinear approximationhas not been 
onsidered in the literature so far. Moreover, stability of the dis
reteproblem and 
onvergen
e of a time 
ontinuous approximate solution obtained bypie
ewise polynomial prolongation has not been dealt with. Convergen
e of time
ontinuous approximate solutions is, beside error estimates, of interest in its ownsin
e it does not follow dire
tly from and might be proven under weaker assump-tions than error estimates. Furthermore, it answers the question of how to 
omputeapproximate values between the dis
rete time points.Other methods with 
onstant time steps have been 
onsidered e. g. in Temam [14℄,Heywood/Ranna
her [7℄, M�uller-Urbaniak [11℄, and Prohl [12℄. Although eÆ
ienttime integration requires adaptive methods, there is, to the best knowledge of theauthor, no analysis of time dis
retisations of the Navier-Stokes equations on non-uniform grids available. Only in Prohl [12℄, dis
retisations on stru
tured time gridshave been 
onsidered in order to over
ome the in
ompatibility of 
ows.In this paper, we 
onsider the two-step BDF with 
onstant time steps for thetwo- and three-dimensional Navier-Stokes problem in its pressure-free variationalformulation. Beside the original nonlinear approximation, we also 
onsider theabove-mentioned linearised variant. We �rstly study solvability. Afterwards, weprove l1(L2)- and l2(H10 )-stability for the dis
rete solution as well as estimates forthe dis
rete time derivative. We then 
onstru
t pie
ewise polynomial time 
ontinu-ous solutions from the dis
rete values. Finally, we show under suitable assumptionson the problem's data that these approximate solutions 
onverge towards a weaksolution whenever the time steps tend to zero. The 
onvergen
e is strong in Lq(L2)for q 2 [2;1), weak in L2(H10 ), and weak* in L1(L2).In a forth
oming paper, optimal se
ond-order smoothing error estimates undersuitable regularity assumptions that avoid global 
ompatibility 
onditions will be
onsidered. Preliminary results 
an be found in Emmri
h [3℄.2 Continuous and time dis
rete problemWe 
onsider the Navier-Stokes equations des
ribing the non-stationary 
ow of anin
ompressible, homogeneous, vis
ous 
uid at 
onstant temperature,ut � ��u+ (u � r)u+rp = f ; r � u = 0 in 
� (0; T ) ;u = 0 on �
� (0; T ) ; u(�; 0) = u0 in 
 ;2



where 
 � Rd, d = dim
 2 f2; 3g, is a bounded domain with lo
ally Lips
hitz
ontinuous boundary �
, (0; T ) is the time interval under 
onsideration, � = 1=Re >0 denotes the inverse of the Reynolds number, u = u(x; t) is the d-dimensionalvelo
ity ve
tor with pres
ribed initial velo
ity u0 = u0(x), p = p(x; t) is the pressure,and f = f(x; t) is an outer for
e per unit mass.We introdu
e the solenoidal fun
tion spa
esV := fv 2 H10 (
)d : r � v = 0g ; H := fv 2 L2(
)d : r � v = 0 ; 
nv = 0g ;where 
n denotes the tra
e operator in normal dire
tion, 
f. Temam [14℄ for moredetails. As usual, the subspa
e of H1(
)-fun
tions vanishing at the boundary isdenoted by H10 (
). Here, by Lp and Wm;p (Wm;2 � Hm), we denote the usualLebesgue and Sobolev spa
es with the natural norms k�k0;p and k�km;p, respe
tively.We will not distinguish between the s
alar and ve
tor 
ase. With((u; v)) := dXi;j=1Z
 �ui(x)�xj �vi(x)�xj dx ; kuk := ((u; u))1=2 ; u; v 2 V ;(u; v) := dXi=1 Z
 ui(x)vi(x)dx ; juj := (u; u)1=2 ; u; v 2 H ;the spa
es V and H are Hilbert spa
es. The spa
e V is dense and 
ontinuouslyembedded in H. Note that V , H, and the dual V � form a Gelfand triple. The dualpairing between V and V � is denoted by h�; �i, the dual norm by k � k�, whi
h isdi�erent from the H�1(
)d-norm.We then 
onsider the weak formulation of the Navier-Stokes problem:Problem (P) For given u0 2 H and f 2 L2(0; T ;V �), �nd u 2 L2(0; T ;V ) su
hthat for all v 2 V and almost everywhere in (0; T )ddt (u(t); v) + � ((u(t); v)) + b(u(t); u(t); v) = hf(t); vi (2.1)holds with u(0) = u0.Here, b(u; v; w) := ((u � r)v; w)in
orporates the nonlinearity. By Lp(0; T ;X) with some Bana
h spa
e X, we de-note the usual spa
es of Bo
hner integrable abstra
t fun
tions u : [0; T ℄ ! X.The dis
rete 
ounterparts for fun
tions de�ned on a time grid are denoted bylp(0; T ;X). Spa
es of m-times 
ontinuously di�erentiable fun
tions will be denotedby Cm([0; T ℄;X), where X is omitted if X = R. The natural norm of a fun
tionspa
e Y will be sometimes denoted by k � kY .It is known that Problem (P) has at least one solution, whi
h is unique in the two-dimensional 
ase, 
f. Temam [14℄. For more regular data (u0 2 V , f 2 L1(0; T ;H),�
 2 C2), a so-
alled strong solution, i. e. a unique solution u 2 C([0; T ℄;V ), existsin the two-dimensional 
ase for arbitrary T , but in the three-dimensional 
ase onlylo
ally up to a (possibly rather small) time T , 
f. Temam [16℄.The trilinear form b(�; �; �) satis�es the following properties, 
f. Temam [16℄, thatwill be needed in the sequel. 3



Lemma 2.1 Let u; v; w 2 V be arbitrary. Then b(u; v; w) = �b(u;w; v) and forsome � > 0 jb(u; v; w)j � � 8>>>>>><>>>>>>: kuk0;4 kvk0;4 kwk ;juj1=2 kuk1=2 kvk kwk ;kuk jvj1=2 kvk1=2 kwk ;kuk kvk kwk :Moreover, in the two-dimensional 
ase, there holds for some ~� > 0jb(u; v; w)j � ~� juj1=2 kuk1=2 kvk jwj1=2 kwk1=2 :We now 
ome to the time dis
rete problem. Let the time interval [0; T ℄ forgiven N 2 N be equidistantly partitioned with the time step �t and tn := n�t(n = 0; : : : ; N). For a grid fun
tion fungn2N, we denote by D1 and D2 the ba
kwarddivided di�eren
es:D1un := un � un�1�t ; D2un := 1�t �32un � 2un�1 + 12un�2� = 32D1un � 12D1un�1 :For Bo
hner integrable fun
tions f , we also 
onsider the natural restri
tionsRn1f := 1�t Z tntn�1 f(t)dt ; Rn2f := 32 Rn1f � 12 Rn�11 f :Furthermore, we use the formally se
ond-order extrapolationEun := 2un�1 � un�2 :Note that Rnqu0 = Dqu(tn) = u0(tn) + O((�t)q) (q 2 f1; 2g) and Eu(tn) = u(tn) +O((�t)2) for smooth fun
tions u.The time dis
retisation of Problem (P) by the two-step BDF for 
omputing unapproximating u(tn) reads asProblem (P�t) For given u0, u1 2 H and f 2 L2(0; T ;V �), �nd un 2 V (n =2; 3; : : : ; N) su
h that for all v 2 V(D2un; v) + �((un; v)) + b(un; un; v) = hRn2f; vi : (2.2)We also 
onsider the linearised variant:Problem (LP�t) For given u0, u1 2 V and f 2 L2(0; T ;V �), �nd un 2 V (n =2; 3; : : : ; N) su
h that for all v 2 V(D2un; v) + �((un; v)) + b(Eun; un; v) = hRn2f; vi : (2.3)In opposite to the original method, the 
onve
tive term b(un; un; v) has beenrepla
ed by the formally se
ond-order modi�
ation b(Eun; un; v).4



In both problems, the starting values 
an be obtained by taking u0 := u0 and
omputing u1 from u0 using the impli
it Euler method. The use of Rn2f instead ofan arbitrary approximation fn is only for simpli
ity and avoids to 
onsider an extraerror fn �Rn2f . By standard arguments, it 
an be shown that�t nXj=2 kRj2fk2� � 4 Z tn0 kf(t)k2� dt : (2.4)Theorem 2.1 There is at least one solution to Problem (P�t) and there is a uniquesolution to Problem (LP�t).Proof We start with Problem (P�t) and wish to apply Br�ezis' main theorem onpseudomonotone operators, 
f. Zeidler [17, Thm. 27.A℄. If un�2; un�1 are known,the problem of determining un 2 V 
an be written in operator form,An(un) = gn := Rn2f + 1�t �2un�1 � 12 un�2� 2 V � ;where An(v) := A(1)n (v) +B(v) ; A(1)n (v) := 32�t v + �Av :Here, A : V ! V �, de�ned by hAu; vi := ((u; v)), is the energeti
 extension ofthe 
lassi
al Stokes operator. Furthermore, B : V ! V �, de�ned by hB(v); wi :=b(v; v; w), des
ribes the nonlinearity. Obviously, A(1)n : V ! V � is linear, bounded,and strongly monotone sin
e V ,! H.It follows from H�older's inequality and embedding arguments that B : V ! V �is bounded. Furthermore, B is strongly 
ontinuous: Let fvkg � V be weakly
onvergent with limit v. Sin
e V is 
ompa
tly embedded in L4(
)d, fvkg is strongly
onvergent and bounded in L4(
)d. We have for arbitrary w 2 V with H�older'sinequality (see Lemma 2.1)hB(vk)�B(v); wi = b(vk � v; v; w) + b(vk; vk � v; w)� 
 kvk � vk0;4 (kvk0;4 + kvkk0;4) kwk ;and thus B(vk) 
onverges strongly to B(v) in V �.Hen
e, An is pseudomonotone sin
e the sum of a linear monotone and a strongly
ontinuous operator is pseudomonotone. Be
ause of hB(v); vi = b(v; v; v) = 0, italso follows that An is 
oer
ive. Finally, the boundedness of An is 
lear. Sin
e Vis a separable, re
exive Bana
h spa
e, Br�ezis' theorem ensures the existen
e of asolution to Problem (P�t).For Problem (LP�t), the assertion follows from the Lax-Milgram lemma. #Remark 2.1 A solution to Problem (P�t) is unique for small data:ju0j2 + ju1j2 + 1� kfk2L2(0;T ;V �) +�t maxj=2;:::;N Z tjtj�2 kf(t)k2� dt � C �2�t : (2.5)5



Uniqueness 
an also be obtained for more regular solutions. Furthermore, in thetwo-dimensional 
ase, uniqueness 
an be ensured by a small data 
ondition morere�ned than (2.5) and independent on �t that relies upon higher regularity of thedis
rete solution.Here and in the following, C denotes a generi
 
onstant that may depend onthe domain 
 and its dimension, on embedding 
onstants, the 
onstant � or ~� fromLemma 2.1, et
., but not on the Reynolds number, the exa
t solution, or the initialdata or right-hand side. However, let 
 be a generi
 
onstant that does not dependon problem parameters at all.3 StabilityIn the following, letM1 := �ju0j2 + ju1j2 + 1� Z tn0 kf(t)k2� dt�1=2 :We may also use the abbreviation D2 for the se
ond divided di�eren
e:D2un := un+1 � 2un + un�1(�t)2 :Note that D2u(tn) = u00(tn) +O((�t)2).Theorem 3.1 Any solution to Problem (P�t) or (LP�t) is stable in l1(0; T ;H)and l2(0; T ;V ) withjunj2 + (�t)4 n�1Xj=1 jD2uj j2 + ��t nXj=2 kujk2 � 
M21 ; n = 2; 3; : : : ; N :Proof Set v = un in (2.2) or (2.3). Sin
e b(un; un; un) = b(Eun; un; un) = 0 and4(D2un; un) = D1 �junj2 + jEun+1j2�+ (�t)3jD2un�1j2 ; (3.1)the assertion follows with2hRn2f; uni � 2 kRn2fk� kunk � kRn2fk2� + kunk2and (2.4) after summation. #We shall remark that higher regularity (i. e. stability in l2(0; T ;H2(
)2\V ) andl1(0; T ;V )) 
an be proved in the two-dimensional 
ase. This relies upon a dis
reteGronwall-type lemma for resolving a di�eren
e inequality with a quadrati
 term.However, in the three-dimensional 
ase, a 
ubi
 term would arise that 
annot behandled similarly. This situation is in a

ordan
e with the time 
ontinuous 
aseregarding the global existen
e of strong solutions (
f. Temam [16℄).We now provide some estimates for the dis
rete time derivative D2un. Theseresults will again re
e
t the same situation as it appears in the 
ontinuous 
ase: Letu be a weak solution to Problem (P). Then u0 2 L2(0; T ;V �) in the two-dimensional
ase, but only u0 2 L4=3(0; T ;V �) in the three-dimensional 
ase.6



Theorem 3.2 Let fung be a solution to Problem (P�t) or (LP�t). Then for n =2; 3; : : : ; N �t nXj=2 kD2ujk2� � CM21� ��2 +M21 � if dim
 = 2 ;�t nXj=2 kD2ujk4=3� � CM4=31� �(T�5)1=3 +M4=31 � if dim
 = 3 :Proof We 
ommen
e with Problem (P�t). From (2.2), it immediately follows thatkD2unk� � kRn2fk� + � kunk+ kB(un)k� : (3.2)Due to Lemma 2.1, we havekB(un)k� �8<:~� junj kunk for dim
 = 2 ;� junj1=2 kunk3=2 for dim
 = 3 : (3.3)If dim
 = 2, we thus �nd from (3.2) with Theorem 3.1 and (2.4)�t nXj=2 kD2ujk2� � 
0�Z tn0 kf(t)k2� dt+ �2�t nXj=2 kujk2 + ~�2 maxj=2;:::;n juj j2�t nXj=2 kujk21A� 
 �M21 + ~�2M41� ! ;whi
h is the assertion.Be
ause of �t nXj=2 jajj4=3 � 3pT 0��t nXj=2 jajj21A2=3 ;we �nd in the three-dimensional 
ase that�t nXj=2 kD2ujk4=3� � 
 0B� 3pT 0��t nXj=2 kRj2fk2�1A2=3 + 3pT 0��2�t nXj=2 kujk21A2=3
+ 3p�4 � maxj=2;:::;n juj j2�1=3 �t nXj=2 kujk21A ;and the assertion follows again with Theorem 3.1 and (2.4).For Problem (LP�t), we may use, instead of (3.3), the estimatesjb(Eun; un; v)j � 8<:~� jEunj1=2 kEunk1=2 junj1=2 kunk1=2 kvk for dim
 = 2 ;� kEunk junj1=2 kunk1=2 kvk for dim
 = 37



that follow from Lemma 2.1. Remembering Eun = 2un�1 � un�2, the rest of theproof is the same as for Problem (P�t). #The following result will be needed in order to justify assumptions that arene
essary for our 
onvergen
e result below.Theorem 3.3 Let fung be a solution to Problem (P�t) or (LP�t) with the addi-tional assumption that u0; u1 2 V and f 2 L1(0; T ;H). ThenUn := (�t)2 nXj=2 jD2ujj2 + ��t0�kunk2 + (�t)4 n�1Xj=1 kD2ujk21A ; n = 2; 3; : : : ; N ;
an be estimated byUn � C ��t (� +M1) �ku0k2 + ku1k2�+ kfk2L1(0;T ;H) + M31� � if dim
 = 2 ;(�t)1=4 Un � C �t��(�t)1=4 +M1=21 � �ku0k2 + ku1k2�+(�t)1=4kfk2L1(0;T ;H) + M5=21�3=2 ��1=2 +M1�! if dim
 = 3 :Proof With v = D2un in (2.2) and the Cau
hy-S
hwarz as well as Young's inequal-ity, it follows12 jD2unj2 + � ((D2un; un)) � 12 jRn2f j2 + 1�t b�un; 2un�1 � 12 un�2; un� :If dim
 = 2, we thus �nd with an identity analogous to (3.1) after summing upUn � ��t �ku1k2 + kEu2k2�+ 2(�t)2 nXj=2 jRj2f j2 + 4�t nXj=2 b�uj ; 2uj�1 � 12 uj�2; uj� :With standard arguments, it 
an be shown that(�t)2 nXj=2 jRj2f j2 � 0��t nXj=2 jRj2f j1A2 � 4 kfk2L1(0;T ;H) :Furthermore, we have with Lemma 2.1 and Theorem 3.14�t nXj=2 b�uj; 2uj�1 � 12 uj�2; uj� � 4~��t nXj=2 juj j kujk 



2uj�1 � 12 uj�2



� 2~� maxj=2;:::;N jujj�t nXj=2 kujk2 + 



2uj�1 � 12 uj�2



2!� 
~�M31� + 
~�M1�t �ku0k2 + ku1k2� ;8



and the assertion follows.For dim
 = 3, we �rstly observe analogously to the foregoing 
ase that(�t)1=4 Un � �(�t)5=4 �ku1k2 + kEu2k2�+ 8(�t)1=4kfk2L1(0;T ;H)+4(�t)5=4 nXj=2 b�uj; 2uj�1 � 12 uj�2; uj� :With Lemma 2.1, Young's inequality, and Theorem 3.1, we �nd4(�t)5=4 nXj=2 b�uj; 2uj�1 � 12 uj�2; uj�� 4�(�t)5=4 nXj=2 juj j1=2 kujk3=2 



2uj�1 � 12 uj�2



� 2� maxj=2;:::;N juj j1=2 nXj=2 (�t)3=2kujk3 +�t 



2uj�1 � 12 uj�2



2!� 
�M1=21  �M21� �3=2 + M21� !+ 
�M1=21 �t �ku0k2 + ku1k2� ;and the assertion follows.With obvious modi�
ations, the proof for Problem (LP�t) is the same. #4 Convergen
eFrom the dis
rete values un (n = 0; 1; : : : ; N), 
omputed by solving Problem (P�t)or (LP�t), we now 
onstru
t a pie
ewise 
onstant fun
tion U�t and a pie
ewise linearfun
tion V�t de�ned on [0; T ℄:U�t(t) = (u1 if t 2 [0; t1℄ ;un if t 2 [tn�1; tn℄ (n = 2; 3; : : : ; N) ;V�t(t) = (12 �u1 +Eu2�+D1u1 (t� t1) if t 2 [0; t1℄ ;12 �un + Eun+1�+D2un (t� tn) if t 2 [tn�1; tn℄ (n = 2; 3; : : : ; N) :There are other possible prolongations we will not 
onsider here (but see the remarkat the end of this se
tion). The 
onstru
tion of V�t re
e
ts the 
hoi
e of the method:The value u1 is thought to be 
omputed by the impli
it Euler method. The slopeof V�t in (tn�1; tn℄ is D2un for n = 2; 3; : : : ; N , and the fun
tion is 
ontinuous.However, V�t does not interpolate.In the following, we shall assumeu0; u1 2 V ; ju0j2 + ju1j2 + ��t ku1k2 +�t kD1u1k4=3� � 
onst ; (4.1)whi
h is true if, for instan
e, u0 2 V and u1 is 
omputed by the impli
it Eulermethod. (The proof follows similar arguments as used in the foregoing se
tion.)9



Proposition 4.1 Let f(�t)kg be some sequen
e of time steps. If (4.1) holds truethen fU(�t)kg and fV(�t)kg are bounded in L1(0; T ;H) and L2(0; T ;V ). Moreover,the sequen
e of derivatives fV 0(�t)kg is bounded in L4=3(0; T ;V �).Proof The �rst assertion follows dire
tly from the de�nition of U�t and V�t, andfrom Theorem 3.1. The se
ond assertion follows again from the 
onstru
tion of V�t,its 
ontinuity, and from Theorem 3.2 be
ause ofZ T0 kV 0�tk4=3� dt = �t kD1u1k4=3� +�t NXj=2 kD2ujk4=3� : #At this point, it is worth to mention that fU(�t)kg possesses derivatives of fra
-tional order less than 1=4 that are bounded in L2(0; T ;H) if(�t)2 N�1Xj=2 kD2ujk� � 
onst : (4.2)To be more pre
ise, fU(�t)kg is bounded in H
(0; T ;V;H) for 
 2 (0; 1=4), whereH
(0; T ;V;H) := fv 2 L2(0; T ;V ) : � 7! j� j
 v̂(�) 2 L2(R;H)gand v̂ is the Fourier transform of v. However, due to the nonlinearity, we do nothave any proof of the hypothesis (4.2) at hand.Corollary 4.1 Let f(�t)kg be some sequen
e of time steps and assume (4.1). Thenthere is a subsequen
e of fU(�t)kg that is weakly* 
onvergent in L1(0; T ;H) andweakly 
onvergent in L2(0; T ;V ). Furthermore, there exists a subsequen
e of fV(�t)kgthat is weakly* 
onvergent in L1(0; T ;H), weakly 
onvergent in L2(0; T ;V ), andstrongly 
onvergent in Lq(0; T ;H) for q 2 [2;1).Proof The existen
e of a weakly* in L1(0; T ;H) and weakly in L2(0; T ;V ) 
on-vergent subsequen
e of fU(�t)kg and fV(�t)kg follows from standard 
ompa
tnessarguments be
ause of Proposition 4.1, 
f. Br�ezis [2, Thm. III.26 f.℄. The strong
onvergen
e of a subsequen
e of fV(�t)kg in L2(0; T ;H) follows from a 
ompa
tnesstheorem by Aubin and Lions, 
f. Lions [9, Thm. 5.2 in Ch. 1℄, sin
e fV(�t)kg isbounded in L2(0; T ;V ) and fV 0(�t)kg is bounded in L4=3(0; T ;V �) (see Proposition4.1). The boundedness in L1(0; T ;H) then implies 
onvergen
e in any Lq(0; T ;H)with q <1. #Let us remark that, under the hypothesis (4.2), there is also a strongly inL2(0; T ;H) 
onvergent subsequen
e of fU(�t)kg sin
e the 
ompa
t embedding ofV in H implies that H
(0; T ;V;H) is 
ompa
tly embedded in L2(0; T ;H). How-ever, we do not need to assume (4.2) sin
e fU(�t)kg and fV(�t)kg must have the samelimit in L2(0; T ;H) under an assumption that follows dire
tly from Theorem 3.3:10



Proposition 4.2 Let f(�t)kg be a null sequen
e and assume (4.1) as well as(�t)3k NkXj=2 jD2uj(k)j2 ! 0 as k !1 (4.3)for the solutions fun(k)g to Problem (P(�t)k) or (LP(�t)k). If one of the sequen
esfU(�t)kg or fV(�t)kg 
onverges strongly in L2(0; T ;H) then the other one does sowith the same limit.Proof For brevity, we omit the subs
ript k. With D1un = D2un � �t2 D2un�1, we�ndZ T0 jU�t � V�tj2 dt � �t12 ju1 � u0j2 + (�t)36 NXj=2 jD2uj j2 + (�t)58 N�1Xj=1 jD2uj j2 :The assertion follows from (4.1), (4.3), and Theorem 3.1. #Remark 4.1 Assumption (4.3) indeed follows from Theorem 3.3 if u0; u1 2 V andf 2 L1(0; T ;H) \ L2(0; T ;V �).Theorem 4.1 Let u0 = u0 2 V and u1 be 
omputed by the nonlinear or linearisedimpli
it Euler method with right-hand side R11f , i. e.(D1u1; v) + �((u1; v)) + b(u1; u1; v) = hR11f; vi 8v 2 V ; (4.4)or b(u1; u1; v) being repla
ed by b(u0; u1; v), su
h that (4.1) is ful�lled. Assumefurther (4.3) and12 �u0(k) + u1(k)�! u0 weakly in H as k !1 (4.5)for a null sequen
e f(�t)kg. The 
ommon limit U of the 
onvergent subsequen
esof fU(�t)kg and fV(�t)kg, whi
h exists in view of Corollary 4.1 and Proposition 4.2,then is a weak solution to Problem (P). The whole sequen
es fU(�t)kg and fV(�t)kg
onverge if Problem (P) admits a unique solution.Proof For brevity, we omit the subs
ript k0 indi
ating the subsequen
e. Be
auseof (2.2) and (4.4) (for the starting phase), we have for t 2 (0; T ℄ and all v 2 Vddt(V�t(t); v) + � ((U�t(t); v)) + b(U�t(t); U�t(t); v) = hf�t(t); vi ;where f�t(t) = Rn2f for t 2 (tn�1; tn℄ (n = 2; 3; : : : ; N) and f�t(t) = R11f fort 2 [0;�t℄. Testing with a fun
tion � = �(t) 2 C1([0; T ℄), �(T ) = 0, and integrationby parts give, be
ause of V�t(0) = (u0 + u1)=2,�Z T0 (V�t(t); v) �0(t)dt+ � Z T0 ((U�t(t); v))�(t)dt+Z T0 b (U�t(t); U�t(t); v) �(t)dt = Z T0 hf�t(t); vi�(t)dt+�u0 + u12 ; v��(0) :11



With (4.5), we have for all v 2 H � V�u0 + u12 ; v�! (u0; v) :Sin
e U�t; V�t ! U weakly in L2(0; T ;V ) and t 7! v�0(t) 2 C([0; T ℄;V ) as well ast 7! Av �(t) 2 C([0; T ℄;V �), it followsZ T0 (V�t(t); v) �0(t)dt! Z T0 (U(t); v)�0(t)dtand, be
ause of h�; A�i = ((�; �)),Z T0 ((U�t(t); v))�(t)dt! Z T0 ((U(t); v))�(t)dt :Furthermore, we �nd with Lemma 2.1 and sin
e � 2 C([0; T ℄)����Z T0 (b (U�t(t); U�t(t); v)� b (U(t); U(t); v))�(t)dt����� 
 Z T0 jb (U�t(t)� U(t); U�t(t); v) + b (U(t); U�t(t)� U(t); v)j dt� 2�
 Z T0 jU�t(t)� U(t)j1=2 kU�t(t)� U(t)k1=2 (kU�t(t)k + kU(t)k) kvk dt� 2�
 kU�t � Uk1=2L2(0;T ;H) kU�t � Uk1=2L2(0;T ;V ) �kU�tkL2(0;T ;V ) + kUkL2(0;T ;V )� kvk ;and in view of U 2 L2(0; T ;V ), the boundedness of fU�tg in L2(0; T ;V ), and thestrong 
onvergen
e U�t ! U in L2(0; T ;H), we end up withZ T0 b(U�t(t); U�t(t); v)�(t)dt ! Z T0 b(U(t); U(t); v)�(t)dt :It remains to show Z T0 hf�t(t); vi�(t)dt! Z T0 hf(t); vi�(t)dt ;for whi
h f�t ! f in L2(0; T ;V �) (4.6)is suÆ
ient. The mapping f 7! f�t is obviously linear and bounded in L2(0; T ;V �)sin
e Z T0 kf�t(t)k2�dt = �t kR11fk2�dt+�t NXj=2 kRj2fk2�dt � 
 kfk2L2(0;T ;V �) :Furthermore, (4.6) holds true for all fun
tions of the dense subset C2([0; T ℄;V �) �L2(0; T ;V �), and so it is true for all f 2 L2(0; T ;V �).12



The limit U , �nally, satis�es for all � 2 C1([0; T ℄) with �(T ) = 0�Z T0 (U(t); v)�0(t)dt+ � Z T0 ((U(t); v))�(t)dt+Z T0 b (U(t); U(t); v) �(t)dt = Z T0 hf(t); vi�(t)dt+ (u0; v)�(0) ;whi
h shows that U is a weak solution to Problem (P).The proof for the linearised variant follows the same arguments. The se
ondassertion, regarding the unique solvability, is shown by standard arguments. #Remark 4.2 If u0 = u0 and u1 is 
omputed by the impli
it Euler method then,under suitable regularity assumptions, (4.5) 
an be proved. The proof relies uponthe pointwise 
onvergen
e ju((�t)k) � u1(k)j ! 0 that follows from a (possibly sub-optimal) error estimate and upon the demi
ontinuity in H of the exa
t solution u(i. e. t 7! (u(t); v) 2 C([0; T ℄) for all v 2 H and thus u((�t)k)! u0 weakly in H).Finally, we remark that there are other possible prolongations leading to se-quen
es of approximate solutions that 
onverge towards a weak solution: We may,for instan
e, 
onsider the interpolating linear spline or the dis
ontinuous interpolat-ing pie
ewise linear fun
tion whose slope in (tn�1; tn℄ (n = 2; 3; : : : ; N) is D2un, ora 
ontinuous pie
ewise quadrati
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