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Geometry of Yang—Baxter Maps: pencils of conics
and quadrirational mappings

V. E. AbLER"?, A. I. BoBENKO!?, AND YU. B. Suris’*?

Birational Yang-Baxter maps (‘set-theoretical solutions of the
Yang-Baxter equation’) are considered. A birational map (z,y) —
(u,v) is called quadrirational, if its graph is also a graph of a bi-
rational map (z,v) — (u,y). We obtain a classification of quadri-
rational maps on CP' x CP!, and show that all of them satisfy
the Yang-Baxter equation. These maps possess a nice geometric
interpretation in terms of linear pencil of conics, the Yang-Baxter
property being interpreted as a new incidence theorem of the pro-
jective geometry of conics.

Keywords: Yang-Baxter map, Yang-Baxter equation, set-theoretical so-
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1. Introduction.

Our major object of interest in this paper are Yang—Baxter maps, i.e.
invertible maps satisfying the Yang—Baxter equation

Roz 0 R130 Rig = Ri2 0 Ri30 Ro3. (1)

Here R;; : X 3 — X3 acts on the i-th and j-th factors of the cartesian product
X3 and is identical on the rest one. The maps R;;, considered as mappings
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X x X — X x X, may not coincide with each other, for example they can
correspond to different values of some parameters.

This notion was introduced in [5] under the name of set-theoretical solu-
tions of the Yang—Bazxter equation; a number of examples for the case when
X is a finite set was found in [9], and classification results for this case were
achieved in [7], see also [11]. It turned out that the following non-degeneracy
notion is natural and useful for such maps. Let

R: (x,y) = (u7v) = (u(xvy)vv(xvy)); (2)

this map is called non-degenerate if for any fixed x € X, the map v(z,-) :
X +— X is bijective, and for any fixed y € X, the map u(-,y) : X — X is
bijective.

Important examples of Yang—Baxter maps were found in [1, 12, 10, 6,
15, 8]. It was pointed out in [6] that the natural ambient category for
these examples is not that of sets, but that of irreducible algebraic varieties,
so that the role of morphisms is played by birational isomorphisms rather
than by bijections. So, in this setting it is supposed that R is a birational
isomorphism of X x X to itself. Then the rational maps v(z,-) : X — X
and u(-,y) : X — X are well defined for generic x, resp. y, and R is called
non-degenerate, if both these maps are birational isomorphisms of X" to itself.

In [15] the term “Yang-Baxter maps” was proposed instead of “set-
theoretical solutions”, and various notions of integrability were studied. In
particular, commuting monodromy maps were constructed and Lax repre-
sentations were discussed. A general construction of Lax representations
was given subsequently in [14]. In the present paper we want to support
the change of terminology proposed in [15], since we consider the term
“Yang—Baxter maps” much more suitable and adequate. Correspondingly,
we will say birational Yang-Bazter maps instead of “rational set-theoretical
R-matrix” (which was proposed initially in [6]). Moreover, since the term
“non-degenerate” is heavily overloaded in the mathematical literature, we
propose a new term for non-degenerate (in the above sense) birational Yang-
Baxter maps, namely we will call them gquadrirational. We find this nota-
tion highly suggestive, in particular because of the following way to visualize
the Yang-Baxter equation (1). Assign elements of X' (“fields”) to the edges of
a quadrilateral, so that the arrow from the down-left to the up-right corner of
the left square on Fig. 1 encodes the map R : (z,y) — (u,v). Then the oppo-
site arrow naturally encodes the inverse map R~ : (u,v) — (z,y), and the
quadrirationality (non-degeneracy in the previous terminology) means the
existence of the rational maps R : (u,y) — (z,v) and R7!: (z,v) — (u,y),
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which are encoded by two arrows on the right square on Fig. 1. We call
R, R~ the companion maps for R.

Figure 1: A map on X x X, its inverse and its companions

The Yang-Baxter equation (1) can be depicted as consistency of the maps
R attached to 6 facets of a cube. The right-hand side of (1) corresponds to
the chain of maps along three front faces of the cube on Fig. 2:

R R R
(yaz) S (y3722), (56,22) — (503,212), (903,?/3) S (5023,?/13)

while its left-hand side corresponds to the analogous chain along the rear
faces (it is supposed that opposite faces of the cube carry the same maps).
Eq. (1) assures that two ways of obtaining (x23, y13, 212) from the initial data
(z,y, z) lead to the same results.

Z23

Y13

212 » 2 Z12

Figure 2: Right-hand side of Figure 3: 3D consistency
Yang-Baxter equation

An alternative way to express this idea is known under the name of 3D
consistency property (cf. [2]). It uses another setting of initial data on the
edges, as shown on Fig. 3. Also, to distinguish between these two notions,



970 V. E. Adler, A. 1. Bobenko, and Yu. B. Suris

we use a different notation for the maps (Fj; instead of R;;) on this figure.
Applying the maps to initial data one obtains 6 new values at the first step:

(z,y) S (z2,51),  (@,2) L (z3,21),  (¥,2) S (Y3, 22),
and applying the maps once more, one gets two values for each of the fields
T23,%13, 212. We say that the maps Fj; are 3D consistent if the two values
for each of these fields coincide (for arbitrary initial data).

Comparing the two pictures, we see that (at least in the situation when
the maps are quadrirational) the two notions are equivalent, if Fj; = Rij.

As pointed out above, all known birational Yang-Baxter maps turn out
to possess a more strong property of being quadrirational. In our opinion,
the notion of a quadrirational map is of a great interest for its own, and
our results indicate that it is intimately related with the 3D consistency
(although the precise relation still has to be uncovered). In any case, a more
detailed understanding of the nature of quadrirational maps seems to be a
necessary pre-requisite for any attempt to classify 3D consistent maps (or,
equivalently, Yang-Baxter maps). In the present paper we furnish this task
in the case X = CP!.

We start in Sect. 2 with a precise definition of quadrirationality, and then
give a nice construction, related to the geometry of conics, which leads to
a large class of quadrirational maps. It allows also to prove the 3D consis-
tency of the maps corresponding to a triple of conics belonging to one linear
pencil. (See Theorem 5; this typical incidence statement of the projective
geometry might be known previously, but we did not succeed in finding it in
the literature.) In other words, linear pencils of conics carry a remarkable
family of novel Yang-Baxter maps. Upon a rational parametrization of all
encountered conics, these Yang-Baxter maps act on CP! x CP'.

Then, we proceed with the task of classifying quadrirational maps on
CP! x CP!. An explicit description of all such maps is given in Sect. 4. They
are bi-Mobius, i.e. have the form

_alyz+bly) - Alz)y + B(z)
c(y)z +d(y)’ C(x)y+ D(x)’

where a(y),...,d(y) are polynomials in y, while A(x),...,D(z) are poly-
nomials in x. It turns out that there exist three subclasses of such maps,
depending on the degree of the polynomials involved; they are denoted by
pair of numbers as [1:1], [1:2] and [2:2], corresponding to the highest degrees
of the coefficients of both fractions in (3). The most rich and interesting sub-
class is [2:2]; it is analyzed in detail, while the two simpler ones are briefly
discussed in Appendix 3.

F: (3)
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By classifying quadrirational maps on CP' x CP!, it is natural to factor
out the action of the group (Mdb)* of Mobius transformations acting in-
dependently on each field z,y,u,v (recall that M&bius transformations are
birational isomorphisms of CP!). The construction of Sect. 4 is not well
suited for this purpose. This is done in Sect. 5-7 with the help of differ-
ent techniques based on the analysis of the singularities of the maps, which
seems to be an adequate language and admits further generalizations. We
obtain the following result.

Theorem 1. Any quadrirational map on CP' x CP! of subclass [2:2] is
equivalent, under some change of variables from (Mob)*, to exactly one of
the following five maps:

1-0Bz+pf—a+(a—1)y

u=ayP, v=_/0xP, P = , Fi
Bi-e+(a- Py ta@-Dy
U:EP, ’U:EP, P:owc—ﬁy—l—ﬁ—oz’ (Fr)
a I5} T—yY
w="p o=%p p_rBy (Fun)
a B r—y
u=yP, v =2xP, PZl—i—ﬁ_a, (FIV)
r—y
a—f3
u=y+P, v=ax+P, P= , (Fv)
=Yy

with some suitable constants «, 3.

The map (Fy) appeared in [1] as the superposition formula for Bécklund
transformations of the KdV equation. Other four maps apparently did not
appear in the literature in an explicit form, though they are related to some of
the equations from the list of [2]. This paper was devoted to the classification
of a different version of 3D consistency, where the fields are attached to the
vertices rather than to the edges of the cube.

Remarkably, the five maps of Theorem 1 describe five particular cases of
the geometrical construction of Sect. 2. To mention several further features
of these maps: each one of them is an involution and coincides with its
companion maps, so that all four arrows on Fig. 1 are described by the same
formulae. Moreover, these maps have the following additional symmetry:

Ty ue v, oo .

Note also that these maps come with the intrisically built-in parameters «, (.
Neither their existence nor a concrete dependence on parameters are pre-
supposed in Theorem 1. The geometric interpretation of these parameters
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in terms of singularities of the map will be given in Sect. 7. It will be shown
that in the formulas above the parameter « is naturally assigned to the edges
x,u, while § is naturally assigned to the edges y,v.

The most remarkable fact about the maps Fi —Fy is their 3D consistency.
For any 7 = I, IL II1, IV or V, denote the corresponding map F7 of Theorem
1 by Fr(a, ), indicating the parameters explicitly.

Theorem 2. For any ai,as,a3 € C, the maps R;; = Fr(o, ;) (acting
nontrivially on the i-th and the j-th factors of (CP')3) satisfy the Yang—
Baxter equation (1). Analogously, the maps Fj; = Fr(o,a;) are 3D consis-
tent.

Actually, the 3D concistency of quadrirational maps on CP! x CP! takes
place not only for the normal forms Fr (o, ;) but under much more general
circumstances. The only condition for the subclass [2:2] consists in matching
singularities along all edges of the cube (see Theorem 19). Similar statements
hold also for other two subclasses [1:1] and [1:2], so that in the scalar case
the properties of being quadrirational and of being 3D consistent are related
very closely.

It would be intriguing to establish such a relation for more general alge-
braic varieties, e.g. for CP"™ x CP". Of course, in this case the classification
of quadrirational maps has to be performed modulo automorphisms of CP"
(Cremona group) on each edge, which makes it a nearly impossible task.
Nevertheless, the singularities matching approach seems promising also in
studying this case.

2. Geometry of conics and quadrirational maps.

We start with giving a slightly more general definition of quadrirational
maps. Let X; (i = 1,2) be irreducible algebraic varieties over C. Consider a
rational map F' : X1 X Xy — A} x Xp. It will be identified with its graph —
an algebraic variety I'r C A1 X Xy x A} X Ab.

Definition 3. A map F is called quadrirational, if for any fixed pair
(X,Y) € X1 x Xy except maybe some closed subvarieties of codimension
> 1, the variety I'p intersects each one of the sets {X} x {Y'} x X} x Xy,
X x Xy x {X} x{Y}, X1 x{Y } x {X} x Xy and { X} x Xy x X} x{Y} exactly
once, i.e. if I'r is a graph of four rational maps F, F~1,F, F~1: X| x Xy —
Xl X XQ.
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This definition is immediately applicable to the following map. Consider
a pair of nondegenerate conics Q1, Q2 on the plane CP?, so that both Q; are
irreducible algebraic varieties isomorphic to CP!. Take X € Q1,Y € @2, and
let £ = XY be the line through X,Y (well-defined if X # Y). Generically,
the line £ intersects ()1 at one further point U # X, and intersects (Q2 at one
further point V' # Y. This defines a map F : (X,Y) — (U, V), see Fig. 4 for
the R? picture.

Figure 4: A quadrirational map on a pair of conics

Proposition 4. The map F : Q1 X Q2 — Q1 X Q2 Is quadrirational. It is an
involution and moreover coincides with its both companions. Intersection
points X € Q1 N Q2 correspond to the singular points (X, X) of the map F.

Proof. Intersection of a conic with a line is described by a quadratic equation.
Knowing one root of a quadratic equation allows us to find the second one
as a rational function of the input data. O

Generically, two conics intersect in four points, however, degeneracies can
happen. Five possible types I —V of intersection of two conics are described
in detail in [3]:

I: four simple intersection points;

II: two simple intersection points and one point of tangency;
III: two points of tangency;

IV: one simple intersection point and one point of the second order tan-
gency;
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V: one point of the third order tangency.

Using rational parametrizations of the conics:
CP!' s>z — X(x) € Q1 C CP?, resp. CP!3y— Y(y) € Qy C CP?

it is easy to see that F pulls back to the map F' : (z,y) — (x2,y1) which
is quadrirational on CP' x CP'. One shows by a direct computation that
the maps F' for the above five situations are exactly the five maps listed in
Theorem 1.

Example of type I. We use non-homogeneous coordinates (Wi, W) on
the affine part C? of CP2. Consider a pencil of conics through four points
O = (0,0), (0,1), (1,0), (1,1) € CP? (any four points on CP?, no three of
which lie on a straight line, can be brought into these four by a projective
transformation). Conics of this pencil are described by the equation (in
non-homogeneous coordinates (W7, Wa) on CP?):

Q(Oé) . WQ(WQ — 1) = OéWl(Wl — 1).

A rational parametrization of such a conic is given, e.g., by

r—a« x(:c—a))

X(x) = (Wi (x), Wa()) = (

2 —a 22—«

Here the parameter x has the interpretation of the slope of the line OX. The
values of = for the four points of the base locus of the pencil on Q(«) are
x = o, 00,0 and 1. A straightforward computation shows that if Q1 = Q(«),
Q2 = Q(0) then the map F' defined above coincides with (F7).

Example of type V. Consider a pencil of conics having a triple tangency
point at (W; : Wy : W3) = (0 : 1 : 0) (in homogeneous coordinates on
CP?). Conics of this pencil and their rational parametrization are given by
formulae

Qa): Wo—WE—a=0, X(2) = (Wi(z), Wa(z)) = (x, 22 + a).

If Q1 = Q(a), Q2 = Q(F) then the map F defined above is (Fy).

The following theorem delivers a geometric interpretation of the state-
ment of Theorem 2.
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Theorem 5. Let ;, i = 1,2,3 be three non-degenerate members of a linear
pencil of conics. Let X € Q1, Y € Q2 and Z € Q3 be arbitrary points
on these conics. Define the maps F;; as above, corresponding to the pair
of conics (Q;,Qj). Set (X2,Y1) = Fi12(X,Y), (X3,7Z1) = Fi3(X,Z), and
(5/3, ZQ) = fgg(K Z) Then

Xo3 = X3Y3NXaZy € Q1, Yi3=X3Y3NY1Z1 € Qo, (4)
Zi2 =Y1Z1 N XaZs € Q3. (5)

Figure 5: 3D consistency at a linear pencil of conics

Proof. We will work with equations of lines and conics on CP? in homo-
geneous coordinates, and use the same notations for geometric objects and
homogeneous polynomials vanishing on these objects. We start with the
following data: two conics ()1 and )9, three points X € Q1, Y € @9, and
Z. Construct the lines a = YZ, b= XZ and ¢ = XY, respectively. Let
Xo=(cN@Q)\ X, Y1=(cN@2)\Y,
Xz=(0bN@)\X, Ys=(aNQ@)\Y.

Next, construct the line C' = X3Y3, and let
Xo3=(CNQ1)\ X3, Yiz=(CnNQ2)\Ys.

Finally, construct the lines A = Y7Y13 and B = X5 Xos.
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We have four points X, X5, X3 and X3 on the conic ()1, and two pairs
of lines (C,c) and (B, b) through two pairs of these points each. Therefore,
there exists p; € CP! such that the conic @ has the equation Q; = 0 with

Ql = ,ule + Ce.
Similarly, the conic Q5 has the equation Q2 = 0 with
Q2 = p2la+ Ce.

Consider the conic

Q1 — Q2 = 11 Bb — psAa = 0.

It belongs to a linear pencil of conics spanned by ()1 and ()9. Further, the
point Z = a N b lies on this conic. Therefore, it has to coincide with @3,
which has therefore the equation Q3 = 0 with

Q3 = 1 Bb — paAa.

Further, the two points Zo = aN B and Z; = bN A also lie on Q3. Since
Zy € B, we have B = X»Z5. Similarly, since Z; € A, we have A = Y, 7.
Finally, we find that the point Z1o = AN B = Y12, N X275 also lies on @3,
which is equivalent to (5). O

3. Quadrirational and bi-Mobius maps.

We proceed with a general study of quadrirational maps in the case X =
CP!. In this case we can immediately make some conclusions about their
nature. First of all, for a fixed value of y (with a possible exception of
finitely many values), the maps F, I induce a birational correspondence
between CP! > x and CP! > w. Similarly, for a fixed value of z (with
a possible exception of finitely many values), the maps F, F~! induce a
birational correspondence between CP' > y and CP' > v. Therefore, a
quadrirational map has to be bi-Mdbius, i.e. be given by the formulas (3)
from the Introduction. Equivalently, one can say that the variety I'r is given
by the following two (irreducible) polynomial equations:

F: ¢(x,y,u)=0, P(y,z,v)=0, (6)

where

¢, y,u) = c(y)ru + d(y)u — aly)z — b(y),
O(y,z,v) = C(z)yv + D(z)v — A(z)y — B(x).
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In order for a bi-Mobius map to be quadrirational, the following nondegen-
eracy conditions have to be satisfied:

(1) UgVy — UyVy 7_é 07 (ll) Uy 7_é 07 Uy 7_é 07 (111) Uy 7_é 07 Vg 7_é 0.

Condition (i) is necessary for the existence of the inverse map; conditions (ii)
are necessary for the existence of the companion maps and are equivalent to

r(y) = a(y)d(y) — bly)e(y) #0, R(x) = A(z)D(x) — B(z)C(z) £ 0;

finally, conditions (iii) assure that the map is really two-dimensional: if one
of them is violated, then, making the corresponding Mobius transformations
in v or/and v, we come to the essentially one-dimensional map with u = z,
resp. v = y.

The above reasoning holds for the inverse and companion maps as well,
so that for a quadrirational map all four maps F, F~', F, F~! have to be
bi-Mé&bius. So, the companion maps have to be given by

oo oo ) Ay B

" —c(y)u+aly)’ C(u)y + D(u)’ @)
oo, - DEp Bl | ale i)
Foey= —C(z)v+ A(z)’ o)z + c?(v) : (8)

In other words, the variety I'p can be alternatively described by either pair
of polynomial equations

~

F: ¢(:1:,y,u) =0, @(y,u,v) =0,
F71: ®(y,z,v) =0, gg(:c,v,u) =0,
where
®(y,u,v) = C(u)yv + D(u)v — A(u)y — B(u),
qg(x, v,u) = c(v)zu + c/l\(v)u —a(v)x — b(v)
We set

Finally, the inverse map has to be given by

S dw)u—b) _ D(uyv -
B T Zutaw) YT
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so that the fourth equivalent description of the variety I'r is given by the
pair of polynomial equations

~ ~

F7l ¢(z,v,u) =0, ®(y,u,v)=0.

It is natural to think of the polynomials @, ¢, ® and gg as attached to the
edges z,y,u and v of the quadrilateral on Fig. 1, respectively.

For an arbitrary bi-Mobius map both companion maps are rational. In-
deed, consider, for instance, the companion map F : (u,y) — (z,v). The
first equation in (3) is immediately solved with respect to x, and the result
has to be substituted into the second equation in (3), in order to express v
through u,y. We come to the following formulas:

—c(y)u+a(y)’ q(y,u)

This is bi-Mobius, as in (7), if and only if the rational function p(y, u)/q(y, u)
is linear-fractional with respect to 3. Similarly, the companion map F~! :
(z,v) — (u,y) is a rational map of the form

F- I = X(y,u) _ d(y)u — b(y) v = p(y,u) (9)

-  V(r.o) = D(z)v — B(x) - P(x,v)
B v=Yen) = o am T owy 1Y

and is bi-Md&bius, as in (8), if and only if P(z,v)/Q(x,v) is a linear-fractional
function with respect to z. For the inverse map (u,v) — (x,y) we have the

system
P(z,v) Py, u)

Qav)” " qlyu)’
where the first equation has to be solved for x, and the second one has to
be solved for y. We come to the following conclusion: a bi-Mdbius map (3)
1 quadrirational, if and only if its both companion maps are bi-Mébius. In
this case the inverse map is also bi-Mobius.

4. First steps toward classification.
According to the nondegeneracy conditions (iii) above, we will suppose from
now on that
deg, ¢ > 1, deg,® > 1.
Lemma 6. For a bi-Mébius map to be quadrirational it is necessary that

deg, ¢ <2, deg, P <2.
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Proof. Eliminating v between ®(y,z,v) = 0 and &D(y,u,v) = 0, we find the
polynomial equation which holds on I'g:

dd, — &, = 0.

The polynomial on the left-hand side depends on (x,y,u) only; it does not
vanish identically (this would violate the nondegeneracy conditions). There-
fore, the above equation has to be a consequence of the first equation in (3)
(or in (6)). In other words, we obtain:

3D, — D0 = p(z,y,u)o, (11)

with some polynomial factor p % 0. The left-hand side is at most quadratic
in y. Therefore, deg, ¢ < 2. (]

Lemma 7. If for a quadrirational map (3) deg, ® = 1, then deg, ® = 1.

Conversely, two arbitrary polynomials ®(y,z,v) and &D(y,u,v), each linear
in all three arguments, define a quadrirational map F : (z,y) — (u,v).

Proof. Under the condition deg, ® = 1, we have for the polynomials p(y, u),
q(y,u) in (9) the following expressions:

q(y,u) = (=c(y)u + a(y))(C(X)y + D(X)),

where X = (d(y)u — b(y))/(—c(y)u + a(y)). They are at most linear in u,
therefore the same holds for A(u)y + B(u), C(u)y + lA?(u) Conversely, for
any two polynomials ®(y,x,v) and &\)(y,u,v) linear in all arguments, the
left—hand side of (11) is linear in z,u and at most quadratic in y. If it is
irreducible, then it gives ¢(z,y,u), otherwise it coincides with ¢ up to a
factor = u(y). This shows that the map F' is bi-Mdbius, and the proof for
F*l and F~! is analogous. U

Remark 1. It can happen that on the last step in the previous proof
one gets ¢ = ¢(x,u), i.e. the dependence on y drops out, thus leading
to degenerate maps F' with u, = 0 (excluded from consideration). This
happens, for instance, if &’(y,u,v) = ®(y,u,v), when ¢ =z — u.

According to Lemma 7, all quadrirational maps belong to one of the
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three subclasses:
o
[1:2] deg, ® = deg, o = 1, deg, ¢ = deg, 5 =2, or vice versa;
5 ~

Moreover, Lemma 7 gives an explicit description of a family of quadrira-
tional maps containing all maps of subclasses [1:1] and [1:2], in terms of
two polynomials attached to the opposite (rather than adjacent) edges of
the quadrilateral on Fig. 1. Of course, it remains to classify all such maps
modulo independent Mobius transformations on z, y, u,v. We return to the
(simpler) classes [1:1] and [1:2] in Appendix 3, and concentrate in the main
text on the most interesting subclass [2:2]. So, from now on we assume that

deg, ® =2, deg, ¢ =2. (12)

It turns out that in this case it is also possible to find an explicit description of
all quadrirational maps in terms of two polynomials attached to the opposite
edges.

Theorem 8. For a quadrirational map (3), let deg, ® = deg, ¢ = 2. Then

the polynomials ®(y, z,v) and </I\>(y, u,v) corresponding to the opposite edges
of the elementary quadrilateral are related by the formula

b ou+f ) (13)

) = 2
(4, u,0) = Cyu+ 67 (y, v

Conversely, for an arbitrary polynomial ®(y,x,v), linear in y,v and
quadratic in x, define the polynomial ®(y,u,v) as in (13). Then the pair of
polynomials (®, ®) determines a quadrirational map.

Proof. Under the assumption deg, ¢ = 2, the factor x in the formula (11)
does not depend on y, thus being a polynomial p(x,u) of bidegree (1,1).
Moreover, it is irreducible. Indeed, suppose that p(zg,u) = 0. If ¢y # oo,
then set U = U(y,v) = ®(y,z0,v), otherwise take ¥ = ¥(y,v) equal to the
x2-coefficient of ®. Then Eq. (11) implies v, — U, <I> = 0, and by further
differentiation \Ilfbw - v <I>u = 0. Therefore, we find: <I><I>w, -3 <I>U =0—
a contradiction to the nondegeneracy assumption. So, p is of the form

uw="vyrxu+dér—au—pF, af—pFy#0.
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Consider the polynomial

- 9 ou + 8
O(y, u,v) = (yu + 9) <I><y, ’yu+5’v)'
Eq. (11) implies: ®®, — ®,® = 0, therefore ® = v(y, u)®, and since both
® and @ are linear in y and quadratic in u, we conclude that ® = const D.
This proves the first claim of the theorem.

To prove the second one, we start with an arbitrary ®(y,z,v) and con-
struct @(y,u,v) as in (13). Without loss of generality we can take simply
@(y,u,v) = ®(y,u,v) (otherwise applying a Mobius transformation in w).
Then the polynomial <I>§>U — QDU&) is divisible by = — u. In other words, there
holds (11) with 4 = x — u, and with the quotient ¢ linear in z,u and at
most quadratic in y. This demonstrates that the map F' is bi-M&bius, and
for [+ and F~! everything is similar. O

Remark 2. On the last step of the previous proof, it could well happen
that ¢ is less then quadratic in y, so that the resulting map is actually in
the subclass [1:2] (deg, ® = deg, ® = 2 and deg, ¢ = deg, ¢ = 1).

Remark 3. A naive counting suggests that the families of quadrirational
maps constructed in this section depends on 2 essential parameters. Indeed,
two generic polynomials @, ® from the Lemma 7 contain 2 x 8 = 16 param-
eters, 2 are scaled out by homogeneity, and 4 x 3 = 12 ones correspond to
the Mobius freedom of all variables x,y, u,v. Analogously, the polynomial
® from Theorem 8 contains 12 parameters, one is scaled out, and 3 x 3 =9
ones correspond to the Mobius freedom of z, y, v.

5. Singularities.

We proceed with the in-depth study of quadrirational maps with the prop-
erty (12), which will eventually lead to their complete classification. In
performing such a classification, it is natural to factor out the action by the
automorphisms group of X on all four variables (edges) z,y,u,v indepen-
dently. In the present case X = CP!, we factor out the action by independent
Mobius transformation on all of x,y, u,v.

According to the conclusion of Sect. 3, we have to study the condition
under which the companion maps of the given one are bi-Mobius. Recall Egs.
(9) for the companion map F. Under the condition (12), the polynomials
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p(y,u), q(y,u) are given by

p(y,u) = (—c(y)u + a(y))*(A(X)y + B(X)),

) (14)
q(y,u) = (=c(y)u + a(y))*(C(X)y + D(X)).

They are of degree 5 in y and of degree 2 in u. Similarly, in Egs. (10) for
the companion map F~! the polynomials P(z,v), Q(z,v) are of degree 5 in
x and of degree 2 in v.

Obviously, in order that the companion map F : (y,u) — (v,z) be bi-
Mébius of the form (7), it is necessary and sufficient that

p(y,u) = p(y)(A(w)y + B(w)), qly,u) = p(y)(C(w)y + D(u)),  (15)

where p(y) is a polynomial of degree 4. The polynomials X(u), . ,ﬁ(u) are
quadratic. Similarly, for the companion map F~! : (v,z) — (y,u) to be
bi-Mé&bius of the form (8), it is necessary and sufficient that

~ ~

P(z,v) = P(z)(a(v)r +b(v)), Qz,v) = P(z)(€(v)r +d(v)),  (16)

where P(x) is a polynomial of degree 4, and a(v),... ,c?(v) are quadratic
polynomials.

Next, consider the conditions (15), (16). It is enough to consider the first
one, since for the second everything is similar. For (15) to hold, there have
to exist 4 numbers y;, i = 1,...,4, such that p(y;,u) = 0, q(y;,u) = 0 (of
course, the zeros y; have to be counted with their multiplicity).

Lemma 9. If p(n,u) = 0, q(n,u) = 0 for some n € CP!, then n is with
necessity a root of r(y) = a(y)d(y) — b(y)c(y).

Proof. From the formulas (14) one sees that if a(n)d(n) — b(n)c(n) # 0 then
A( du —b >77—|—B( du—b>
—cu+a —cu+a
C'< du —b )77+D< du —b ) o,
—cu+a —cu+a
where a = a(n),...,d = d(n). These two formulas, being identities in u, are
equivalent to A(z)n + B(z) =0, C(x)n + D(x) = 0, which, in turn, means

that the second component of the map (3) is degenerate (R(z) = 0) — a
contradiction. Hence, a(n)d(n) — b(n)c(n) = 0. Lemma is proved. O

0,
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Proposition 10 (cancellation of simple zero). In order for n to be a
common zero of p(y,u) and q(y,u) (considered as polynomials in y), i.e.

p(n,u) = q(n,u) =0,

it is necessary and sufficient that the point (£,m) defined by the system

a(n)é +b(n) =0, ¢cn)¢ +dn) =0, (17)
satisfies also the system
A(&)n+ B(€) =0, C(E)n+ D(§) = 0. (18)

In particular, £ is a zero of R(x), and moreover a common zero of P(z,v),
Q(z,v), considered as polynomials of x:

P(&,v) =Q(&v) =0.

Proof. Since n has to be a root of r(y), i.e. r(n) = 0, we see that the system
(17) admits a nontrivial solution. (Of course, in this system the point (£, 1)
is considered as an element of CP!, so that in the case a(n) = ¢(n) = 0 it has
to be taken equal to (1,0).) First suppose that (a(n),c(n)) # (0,0). Notice
that there holds, identically in u,

d(n)u — b(n)
—c(n)u +a(n)
Substituting this into (14) we find:

p(n,u) = (—e(n)u + a(n))*(AE)n + B(€)),
q(n,u) = (—c(n)u + a(n))*(C(€)n + D)),
and these both polynomials in u vanish identically, if and only if (18) holds.

Now let a(n) = ¢(n) = 0. This means that the corresponding { = oo, so that
the system (18) has to be read projectively, as:

X(n,u) = €. (19)

A(0)np+ B(0) =0, C(0)n+ D(0)=0, (20)

where A(z) = 22A(1/z), etc. At the same time, the formulas (14) have to
be replaced by

py,u) = (dly)u - b(y))* (A(1/X)y + B(1/X)),

a(y>w) = (dlyu — b(y)*(C(L/X)y + D(1/X)),
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which yield
p(n,w) = (d(n)u —b(n))* (A(0)n + B(0)),
q(n,u) = (d(n)u — b(n))*(C(0)n + D(0)),
and again these both polynomials in u vanish identically, if and only if (20)

holds. Finally, the statements about £ follow due to the symmetry of systems
(17), (18) with respect to changing the roles of z and y. O

Notice that the system (17) characterizes the points (£, n) where the first
fraction in (3) is not defined. We see that for quadri-rational maps these
points satisfy with necessity also the system (18) which characterizes the
points where the second fraction in (3) is not defined. Due to Proposition
10, we see that for quadri-rational maps singularities of both fractions in (3)
coincide. Clearly, there are no more than four such singularities.

In what follows, we shall take the freedom of performing Mdobius transfor-
mations in the variables z,y, u, v in order not to consider various particular
cases as in the previous proof. Indeed, performing a Mdobius transforma-
tion in x, we can achieve that neither root ¢ of R(x) lies at oo, that is,
(a(n),c(n)) # (0,0) for all zeros n of r(y). Next, by doing a M&bius trans-
formation in u, we can even assure that both a(n) # 0, ¢(n) # 0. Similarly,
we shall assume that both A(§) # 0, C(§) # 0. Note also that under
these conditions multiple zeros of the functions p(y,u), ¢(y,u), considered
as polynomials in y, can be alternatively characterized as zeros of the same
multiplicity of the functions

py,u) = A(X)y + B(X), q(y,u) =C(X)y+ D(X). (21)

This is seen immediately from (14).

Proposition 11 (cancellation of double zero). In order for n to be a
common double zero of p(y,u) and q(y,u) (considered as polynomials in y),
it is necessary and sufficient that the point (£,n) satisfies, in addition to
(17), (18), the following equations:

{ a' ()& +b'(n) + Aa(n) =0, (22)
dmE+d(n)+Ae(n) =0,

A€+ BIE) + X A€) =0, o)
C'(€n+ D' +A71C(€) =0,
with some A\ € CP. Such 7 is with necessity a double zero of r(y), and the
corresponding & is a double zero of R(x). Moreover, £ is a common double

zero of P(x,v) and Q(x,v) (considered as polynomials in x).
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Proof. Differentiate the definitions (21) with respect to y, then set y = 7,
taking into account Eq. (19). The result reads:

©)
§

(A'(&)n + B'(£)) Xy (1, u)
7, U &)

+A®6) =0, o
(C"(&)n+ D'(€)Xy(n,u) + C 0.

Eqgs. (24) can be fulfilled identically in w if and only if X, (n,u) is con-
stant, i.e. does not depend on u. Denote this constant by

Xy(777 u) = )" (25)
then Eqs. (24) coincide with (23). Differentiate

X(y, u)(c(y)u — aly)) + d(y)u — bly) = 0 (26)

with respect to y and set y = n. Taking into account that X (n,u) = £ and
Xy(n,u) = A, one comes to the formula

Meu—a)+&(cu—ad') + (du—1b) =0,

where we write for shortness a, a’ etc. for a(n), a’(n) etc. This is equivalent
0 (22). To prove that 7 is a double root of (y), calculate:

r'(n) =dd+ad —Vec—bd = —(d§+V)c+a(dé+d) =0;

on the last step we used Eq. (22). The proof that £ is a double root of R(x)
is analogous, since the systems (22), (23) are symmetric with respect to the
interchange & < n. O

It will be convenient to represent the parameter A as a quotient:

A=¢/m. (27)

Clearly, the quantities &, 1) are defined only up to a common factor. They can
be considered as representing the velocity vector at (£,7n) of a parametrized
curve on the plane CP! x CP! passing through this point. The freedom
of a simultaneous multiplying f and 7 by a common factor corresponds to
a possibility to re-parametrize such a curve. This supports the intuitive
understanding of the present case as a degeneration of the previous one,
when two “simple singularities” glue together moving along some curve with
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a certain limiting velocity. This understanding is further supported by the
form of the system (22), (23) in this new notation:

{ (' ()€ + V' ()7 + a(n)é = 0, (28)

(¢ (& +d ()i + e(n)é =0,

{ (A/(€)n+ B'(€)§ + A(€)n =0, (29)
(C'(On+ D'(€)E+C(€)i =0,

This can be clearly read as the result of differentiation of (17), (18) at (&,7)
along the parametrized curve through (£,7n) with the velocity vector (£,7).

Proposition 12 (cancellation of triple zero). In order for n to be a
common triple zero of p(y,u) and q(y,u) (considered as polynomials in y), it
is necessary and sufficient that the point (§,n) satisfies, in addition to (17),
(18), (22), (23), the following equations:

{ @ (& + " (n) + 2Xa’(n) + A*20a(n) =0, (30)

(& + d"(n) + 22 (1) + X20c(n) - =0,

{ A"(&)n+ B"(€) + 2071 A'(€) — ATY20A(€) =0, 31)
C"(€)n + D" (&) +2A71C"(€) — ATY200(€) =0,

with some € CP'. Such n is with necessity a triple zero of r(y), and the
corresponding & is a triple zero of R(z). Moreover, £ is a common triple zero
of P(xz,v) and Q(x,v) (considered as polynomials in x).

Proof. Differentiate (21) twice with respect to y, then set y = 7, taking into
account Eq. (19). The result reads:

(A"(€)n + B"(€)) Xy (n,u) + 24’

+(A(&)n + B'(¢)

X5 (n,u) +2C"(€) X, (n, w)

+(C'(&)n + D'(§)) Xyy(n,u) = 0.

Using (23) and the value X, (n,u) = X from (25), we bring this into the form
A"(E)n+ B"(€) + 20T A(€) = AT A Xy (n,w) = 0,
C"(&)n+ D"(€) + 2271C"(€) = AT2C(§) Xy (n,u) = 0.

Eqgs. (32) can be fulfilled identically in u if and only if Xy, (n,u) does not
depend on u; we denote this constant by

ny(nv u) = )‘3/207 (33)

§)Xy(n,u)

(
£))Xyy(n,u) =0,

+(
(C"(&)n + D"(9))
+(

(32)
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and then (32) coincide with (31). Next, differentiate (26) twice with respect
to y and set y = n. Taking into account Egs. (19), (25) and (33), one finds:

AN20(cu — a) + 2\ (du — d') + € — d”) + (d"u —b") = 0.
This is equivalent to (30). It remains to prove that 7 is indeed a triple root
of r(y). For this, note that under the conditions (17), (22), we have:

r"(n) = ad"d+2d'd +ad" —b"c -2V — bc”
—(@"€+ Ve + ("€ +d")a+ 2d (=€ — Ae) — 2c (—d'€ — Na)
= —(d"¢+ V" +2X\d" e+ ("€ + d" + 2)\)a,

and this vanishes due to (30). O

It will be convenient to parametrize 6 by the 2—germ of a curve through
(&,7m), similar to the parametrization (27) of A by the 1-germ. To find
such a parametrization, differentiate the relations (17), (18) twice along a
(parametrized) curve through (£,7) with the 2-germ at this point given by
(57 57 ":]7 77):

{ (@’ (& + 0" ()i + 24/ ()
(" ()€ + " (m)i® +2¢ (n)én
{ (A"(€)n + B"(€))€2 + 24(
(C"(€)n + D"(€)€? +2C"(

Q

+ (a' (M€ + ' (n))ij + a(n)é =0, (34)
+ (¢ (M€ +d' ()i + c(m)€ = 0,
)i+ (A'(E)n + B'(€))E + A()ii = 0,

)i + (C'(€)n + D'(€))€ + C(£)ii = 0.
(35)

Taking into account Eqgs. (28) and (27), one sees that the above relations
can be written as (30), (31), respectively, provided

& éi

(€n)2

This representation is actually independent of the parametrization of the
curve, and respects the symmetry 8 — —0 as £ < n, as it should.

MMM

I

(36)

Proposition 13 (cancellation of quadruple zero). In order for n to be
a common quadruple zero of p(y,u) and q(y,u) (considered as polynomials
in y), it is necessary and sufficient that the point (£,n) satisfies, in addition
to (17), (18), (22), (23), (30), (31), the following equations:

{dwn+MﬂMwn+%MW+%mmw:a 37)
¢"(n) + A20¢ () + (0% + 0)c(n) =0,

{ AT(€) = ATV29A() + A0 — ) A(€) = 0, (38)
C"(&) = AT120C7(€) + 527107 — #)C(€) = 0,
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with some 3 € CP'. Such n is with necessity a quadruple zero of (y), and
the corresponding £ is a quadruple zero of R(x). Moreover, & is a common
quadruple zero of P(z,v) and Q(x,v) (considered as polynomials in x).

Proof. Differentiate (21) thrice with respect to y, then set y = 7, taking into
account Eq. (19). The result reads:

(A"(€)n + B"(€) Xy (0, 1) Xyy (1, 1) + A'(§) Xy (1, u) + A" (€)X (0, u
+%(A( &N+ B'(€)) Xyyy(n,u

(C"(&)n + D" (€)) Xy (1, u) Xyy (0, 1) + C'(§) Xyy (n,u) + C"(§) X (1, u
%(Cl( )1+ D'(£)) Xyyy(n,u

Using (23), (31), and the values X, (1, u) = A, X,y(n,u) = X320 from (25),
(33), we bring this into the form

)
) =0,
)
)

A"(E) = NTHROA(E) + ATIORA(E) — INTBA() Xy (n,u) = 0,
C”(€) — X200 (€) + X120 () — IATEC(9) Xyyy (n,w) = 0.

Eqgs. (39) are fulfilled identically in u if and only if X, (n,u) does not
depend on u. Denote this constant by

3N,
Xyyy(n,u) = 7(9 + ), (40)

Then (39) are equivalent to (38). Next, differentiate (26) thrice with respect
to y and set y = n. Taking into account (19), (25), (33) and (40), we find:

IN2(07 + 50)(cu — a) + N20(du—d') + A("u—a") =0,

which is equivalent to (37). It remains to prove that 7 is indeed a quadruple
root of r(y). For this, note:

2" () = d"d +d'd" = V' -V
= a"d' — d'("€ 4 20 + X320¢) + (a"€ + 27a’ + 23/%0a)d — '
=ad"(de+d) = "(dE+ V) +N?0(ad —dc)
= —e(a” + A20a") + ha(" + \H26¢) = 0.

In this computation we used subsequently (30), (22), (37). O

Like in the cases of double and triple zeros (cf. (27), (36)), it will be
convenient to parametrize > by the 3—-germ of a curve through (§,7n). To
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find the corresponding formula, differentiate the relations (17), (18) thrice
along a (parametrized) curve through (§,7) with the 3-germ at this point

given by (£, &, &,1,7, 1):

(" ()€ + B ()i + " ()P + ' (n) (€ + i)
3 (@ mE+ V)i +am) =0,
(" ()& + d" (n))ij + <" (n)€n* + ¢ ()€ + &)

3 (g + )i +emE) =0

((A"(€)n+ B"(€)E6 + A"(€)€%) + A'(€)(&1 + &il)
3 (@©n+B©)E +A©7) =0,

(C"(&)n + D"())§€ + C"(€)€% + C'(€) (&7 + &ii)
+3((C©m+D'(E)E + D)) =0,

Taking into account Egs. (28), (34) and (27), (36), one sees that the above
relations can be written as (37), (38), respectively, provided

L 2AEn €)@ -t 2
3(¢0)? (&n)? 3¢
where S(¢) stands for the Schwarzian derivative, S(¢) = € /€ —3£2/2€2. Like

(36), representation (41) is actually independent of the parametrization of
the curve, and respects the symmetry » — —s as £ < 7, as it should.

(S(§) = S(), (41)

6. Five types of quadrirational maps.

A polynomial R(z) of the 4th degree belongs to one of the five types, 7 =
I,...,V, according to the multiplicity of zeros, as shown in the second column
of the table 1. We will denote by m the number of the distinct roots, given in
the third column. The ordering of the roots with respect to their multiplicity
will be firmly associated to the type of the polynomial. Note that we consider
the polynomials projectively, with the action of the Mobius transformations
given by R(x) — (yx + 8)*R((ax + 3)/(yx + )). Hence, for instance, the
polynomial x(z — 1) considered as the polynomial of the 4th degree is of the
type 1L, having two simple roots x; = 0, x2 = 1 and one double root z3 = oo.

Theorem 14. Consider a bi-Mébius map F' defined by (6) with deg, ¢ =
deg, ® = 2. Necessary and sufficient conditions for F' to be quadrirational
read:
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T zeroes m Dr(x) qr(x) Cr(a)

I | (x1,29,23,24) | 4 | (z1,22,23,24) Ei;:iz;(zi:iﬂ (00,1,0, )
IT | (z1,29,23,23) | 3 | (z1,22,23,43) (1’21:)):5:3(;?2—)363) (00,1,0, )
I | (21, 21,22, 22) | 2 | (21,21, 22,%2) ﬁ (1,1,0, )

IV | (x1,29,29,22) | 2 | (21,29, %2,T2) ;722 :cli—Qch (00,0,1,2a)
V | (1, 21,21,21) | 1| (21,21,31, T 1) é(i—ll— 2—2;) (0,1,0,6)

Table 1: Mobius invariants and canonical data

e R(x) and r(y) belong simultaneously to the same type T ;

e The roots x;, y; (i =1,...,m) of R(x), r(y) can be ordered so that:

1. there hold (17), (18) with (§,n) = (x;,y;) for all i =1,... ,m;

2. for roots x;, y; of multiplicity > 2 there hold additionally (22),
(23) with (£,n) = (z;,y;) and with some A = \; € CP';

3. for roots x;, y; of multiplicity > 3 there hold additionally (30),
(31) with (&,m) = (v4,v:), A = i, and with some 0 = 6; € CP!;

4. for quadruple roots x;, y; there hold additionally (37), (38) with
(€,m) = (z5,4:), A= \;, @ = 0; and with some » = s; € CP!.

Proof. This follows directly from Propositions 10, 11, 12, 13: we see that the
polynomial p(y) in (15) has to coincide with 7(y), while the polynomial P(z)
in (16) has to coincide with R(z), and, moreover, both polynomials have to
belong simultaneously to one of the types I-V. O

Definition 15. We say that a quadrirational map F defined by (6) with
deg, ¢ = deg, ® = 2 is of type T if the polynomials R(z) and r(y) are of
type 7.
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The formulas

T T3l — Tili 2
N=—, bi=——%5, =5 i) — S(y; 42
Yi (Z:9:)3/2 T (S(@:) = 5(u) (42)

allow us to describe the singularities of a quadrirational map by associating
the data Dr(x), Dr(y) to the edges =,y of the elementery quadrilateral.
These data are shown in the fourth column of the Table 1,

In all cases except for 7 = I these data are defined not uniquely, but up
to transformations

Tp=div, o = &7 a2 = Tiy) 4 3Eivem + 2 (43)
and similarly for the edge y, with the same ~1,72,73. In the only case
7 = III when such transformations are applicable with two different values
i = 1,2, the quantities v, can be chosen for these i independently (but for
each i = 1,2 they still have to be the same for the edges x and y). These
quantities 1,2, v3 have the meaning of
P)/l — t/, ,_)/2 — t”, ,_)/3 — t///

for the change of “time” t = ¢(s) in the parametrized curves (z(t),y(t))
through (x;,y;) etc. Clearly, the values of the parameters (42) do not change
under transformations (43).

The action of M&bius transformations x +— (axz+3)/(yx+9) on the data
D7 is defined by the natural formulas, obtained simply by differentiation:

ari+f3 . (a0 —PBy)E
> I —————  etc.

Y + 6 (vzi + )2
Proposition 16. The data Dy (x) admit the Mobius invariants qr(x), as
shown in the fifth column of the Table 1.

Here we take the freedom to use the abbreviation g7 (x) instead of the
more correct notation g7 (Dr(x)). The statement is proved by straightfor-
ward computation. This is, of course, well known for 7 = I and V, where g1
is the classical cross-ratio, and ¢y coincides, up to 1/6, with the Schwarzian
derivative.

The presented invariants are complete in the following sense: two data
of the same type 7 are Mobius equivalent if and only if the values of the
corresponding invariants coincide. In particular, for any data Dy (z) with the
value of the invariant g7 () = « there exists a unique Mobius transformation
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bringing it into the canonical representative Dy = Cr(«), shown in the last
column of the Table 1.

Finally, we notice that the above hierarchy of M&bius invariants may be
obtained by the following series of natural degeneration processes:

I —II: let 24 = 23 + ei3 + O(e?), then
qi(x1, x2, 23, T4) = €qu(x1, T2, T3, T3);

II — II: let 25 = 1 + €iy + O(e?), then
qu(w1, v2, 3, 3) = equi(w1, ¥1, 73, 3);
II — IV: let 23 = 29 + eiy + €232/2 + O(€?), then
(w1, x2, 23, 83) = —€ (1 + eqrv (21, T2, B2, i2));
IV — V: let 29 = o1 + eiy + €231 /2 + 371 /6 + O(e*), then

qv (w1, T2, B9, #2) = —e (1 — eqy (w1, 1,31, T1)).

7. Characterization of quadrirational maps by singularities
patterns.

The following statement is an easy corollary of Theorem 14.

Proposition 17. For a quadrirational map F of type 7 the polynomials
R(u), 7(v) also belong to the type T. Their roots u;, v; (i = 1,...,m) can
be ordered so that the companion map F : (u,y) — (x,v) has m singularities
(ui, ), the companion map F~1 : (z,v) — (u,y) has m singularities (z;, v;),
and the inverse map F~! : (u,v) — (z,y) has m singularities (u;,v;), all
three maps belonging to the type T, as well.

Proof. The fact that the y—components of the singularities (u;,y;) coincide
with the y—components of the singularities (z;,y;), follows from the fact that
they also are the roots of the polynomial (y). Indeed, the formulas (7) for
the companion map yield:

d(yi)ui — b(y;) =0, —c(yi)u; +a(y;) =0, i=1,...,m.  (44)

Similarly, the z—components of the singularities (x;,v;) coincide with the
x—components of the singularities (x;,y;). For the proof of the claim about
the singularities of F'~! make four 90-degree rotations. O
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Now we are in a position to formulate the main result which gives a
complete classification of quadrirational maps of the subclass [2:2].

Theorem 18. Attach to each edge x,y,u,v of the quadrilateral on Fig. 1
the data of one and the same type 7. The necessary and sufficient condition
for the existence of a quadrirational map F : (x,y) — (u,v) of type T with
the singularities data (Dr(x),D7(y)) and such that the companion maps
F : (u,y) — (x,v) and F~! : (2,v) — (u,y) have the singularities data
(D7 (u),Dr(y)) and (D7 (x),Dr(v)), respectively, reads:

qr(z) = qr(u) =, qr(y) =qr(v) =0, a#p. (45)

If this condition is satisfied, then the corresponding map is unique.

Proof. Necessity follows from Theorem 8. To prove the existence and unique-
ness, one can compute the required map as follows. The coefficients of the
polynomials a(y), ..., d(y) have to satisfy the system of equations consisting
of the applicable ones among (17), (22), (30) and (37), with (¢,n) = (x4, i),
A=\, 0 =06; and 3 = 5 (cf. (42)), and also the analogous equations ob-
tained by replacing (a(y), b(y), c(y),d(y)) by (d(y), —b(y), —c(y),a(y)), with
(&,m) = (u;,y;) and the corresponding parameters A = u;, = 9; and » = k;
of the companion map F. This gives in all cases 16 homogeneous linear
equations for 12 coefficients of the polynomials a(y),...,d(y). It is enough
to study this system for the special case when canonical representatives of
the singularities data D7 are chosen on each edge z,y,u,v. The case by
case study shows that this system always admits a unique (up to a common
factor) solution; we give below more details for two extreme cases 7 = I and
7 = V. Analogously, the coefficients of the polynomials A(z),..., D(x) are
uniquely defined by the singularities data. The resulting canonical quadri-
rational maps of type T will be listed below. (|

Remarks. 1) It is important to notice that the parameters «, 5 attached
to the edges received in our construction an intrinsic interpretation in terms
of singularities of the map.

2) In case a = (3 the above mentioned systems also admit a unique
solution, but the resulting map degenerates: v = y, v = x, thus having no
singularities at all.

The canonical map of type T is characterized by the singularities data
Dr(z) = Dr(u) =Cr(a), Dr(y)=Dr(v) =Cr(B) (46)
accordingly to the Table 1.
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Type I. The system for the coefficients of the polynomials a(y),...,d(y)
consists of 8 equations (17) with (£,7) = (x;,vi), ¢ = 1,...,4, and of 8
equations (44). For the canonical choice (46) of the singularities data it
reads:

CLQ:CQ:O, b(]:d(]:o, CLO:bo:O, CQZdQZO,
ag+ay + by + by =0, do+di — b1 — by =0,
co+c1+d+dy=0, —cop—c1+ a1 +ag =0,

(ap + a18)a + (013 + b25%) = 0, (do + d1B)a — (b1 + ba5*) = 0,
(co+eaf)a+ (dif+d2f?) =0,  —(co+caf)a+ (a1f + agf?) = 0.

This system admits a unique (up to a common factor) solution resulting
exactly in the map (F7).

Type II. The canonical map is

" ay(z —y) . Ba(z —y)

Br(l —y) —ay(l—xz)’ Br(l —y) —ay(l —x)

It can be obtained from (F7) by the rescaling o — ea, 5 — €3, and then
sending € — 0. Upon inverting all variables x, y, u, v, this map takes the form
(Fi1) with two simple singularities at (0,0), (1,1) and one double singularity
at (00, 00).

Type III. The canonical map is

" ay(z —y) o pr(x —y)
Br—ay+ (8 —a)(y? —2y)z’ Br—ay+ (8 —a)(x? —2x)y

Upon the Mobius transformation of variables z = 1/(2’ — 1), and similarly
for y,u,v, this map takes the form (Fyr) with two double singularities at
(0,0) and (00, 00). Obviously, this can be obtained from (Fjr) by multiplying
all variables z,y,u,v by T and then sending T" — oo.

Type IV. The canonical map is

_ ylz—y) S k)
z—y+(a—pBy’ T —y+(a— Py’

Upon inverting all variables x,y, u,v it takes the form (F1y) with a simple
singularity at (0,0) and a triple singularity at (oo, 00):
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Type V. The system for the coefficients of the polynomials a(y),...,d(y)
consists of (17), (22), (30) and (37), with (£,n) = (z1,¥1), A =1, 0 =0
and » = 4(a — (3), and also the analogous equations obtained by replac-
ing (a(y),b(y),c(y), d(y)) by (d(y), —b(y), —c(y), aly)), with (€,7) = (us,5:)
(with the same values of parameters A, § and ). This system reads:

boZdOZO, CLO:bO:O,
agp+ by =0, do — b1 =0,
co+dy =0, a1 —cy =0,
by + a1 =0, dy — by =0,
dy +c1 =0, as —c1 =0,

as + (o — B)ag =0, dy + (o — B)dy =0,
co + (a— B)ey =0, co + (a— B)ey =0,

and admits a unique (up to a common factor) solution resulting in the map

y(r —y) z(z —y)

Tr—ytr B2 T a—y+(B-aaly

Upon inverting all variables z,y, u, v, it takes the form (Fy) with quadruple
singularity at (0o, 00).

8. 3D consistency and Lax representations.

Theorem 19. Let each edge of the three-dimensional cube on Fig. 3 carry
the data of the same type 7, such that the Mdbius invariants g7 of the data
on the opposite edges coincide. Attach quadrirational maps of type 7 to
each face of the cube, according to Theorem 18. Then this system of maps
is three-dimensionally consistent.

Proof. Performing a suitable M6bius transformation on each edge, we can
assume that all edges carry the canonical representatives of their type. Then
all maps on all faces are canonical. Consistency in this situation follows from
Theorem 5 and the fact that all canonical maps Fr come from the geometric
construction of Sect. 2. One might prefer a more direct proof. It can be
(and has been) obtained by straightforward computations with the help of
a symbolic computations system (we used Mathematica). O

It is anticipated that the 3D consistency might be also proved with the
help of a more deep study of the algebraic geometry of the maps Fr. In this
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respect, an information on the blow-up and blow-down structure of these
maps may be useful. Such information is provided in Appendices 1, 2.

As postulated in [2], the 3D consistency of discrete 2D systems can be
taken as a definition of their integrability. In particular, one can derive
from the 3D consistency such more traditional attributes of integrability
as Laz representations. The correspondent procedure was elaborated in [2]
for discrete models with fields on vertices, and in [14] for discrete models
with fields on edges, i.e. for Yang—Baxter maps. The latter procedure looks
as follows. Consider the parameter-dependent Yang—Baxter map R(«, ) :
(z,y) — (u,v). Suppose that on the set X’ there is an effective action of the
linear group G = GLy, and that the map R(«, 3) has the following special
form:

u=M(y,B,a)[z], v=L(z,a Py,

where L, M : X x C x C — G Ly are some matrix—valued functions on X
depending on parameters « and (3, and M[z] denotes the action of M € G
on z € X. Then the following relations hold:

L(z,a, \)L(y, 3, \) = L(v, B, \) L(u, o, \), (47)
My, B, \) M (z,a, \) = M (u, , \)M (v, 3, \).

Each one of these relations serves as a Lax representation for the map
R(a, B).

In the present case of bi-Mobius maps (3) the above conditions are obvi-
ously satisfied with G Ly matrices acting on CP' by Mobius transformations,

The action is in this case projective, i.e. scalar matrices (and only they) are
acting trivially, so that the resulting Lax representations are a priori only
projective ones, i.e. (47) hold only up to a multiplication by scalars. But in
each case it is not difficult to turn them into proper Lax representations by
finding a suitable normalization.

Example. For the map (Fy) the Lax matrices obtained by the above pro-
cedure are:

—X

2
L(x,a,A)-(af A-a :c>
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9. Concluding remarks.

The notions and constructions of this paper can be generalized in various
directions. One of them is the (d + 1)-dimensional consistency of discrete
d-dimensional systems, discussed in some detail in [2]. Another one deals
with Yang-Baxter maps on more general varieties than CP! x CP!, and we
briefly discuss it now.

The construction in Sect. 2 leads to quadrirational maps on CP! x CP!
after a rational parametrization of linear pencils of conics. It is not diffi-
cult to represent these maps also directly in terms of (non-homogeneous)
coordinates on CP2. Consider a linear pencil of conics in C? or R? in the
form

Qr: QX N)=(X,AS+T)X)+ Ns+t,X)+Ao+T7=0, (48)

where S,T are symmetric matrices, s,t are vectors and o, 7 scalars. Let
X € Qq and Y € Qg. An easy computation shows that two other points of
intersection of the line XY with these conics are given by the formula

(a = B)(Y,5Y) 4+ (s, V) +

_ U) o

Xa=¥+ (X -Y, (aS+T)(X -Y)) s (49)
o (@=B)(X,8X) + (s, X) +0)

NEXt TR Y s X~y )

Of course, this formula can be rewritten in several ways using the relations
Q(X,a) = Q(Y,5) = 0. However, the presented version has a remarkable
property: it does not contain ¢ and 7. This allows one to interpret the initial
values X, Y as free points of the plane, rather than points on the conics Q4
and Qg, and the map (X,Y) — (Xa,Y]) as a map C2 x C? — C? x C? rather
than a map Qn X Qg — Qo X Qg.

Proposition 20. Formulas (49) define the 3D consistent map C" x C" —
C"™ x C™ for an arbitrary dimension n.

Proof. 1t is easy to see that all points Xo, ..., Z15 taking part in the definition
of 3D consistency will lie in the two-dimensional plane through the initial
points XY, Z. Therefore, the proof can be effectively reduced to the case
n = 2. In this case, determine the vector ¢ and the scalar 7 from the
equations Q(X,a) = Q(Y,5) = Q(Z,v) = 0. Obviously, these equations
form a linear system for ¢, 7, with the determinant equal to zero if and only
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if X,Y and Z lie on a straight line, which is a variety of codimension 1. For
t,7 thus found consider the linear pencil of conics (48) and apply Theorem
5. O

Note that the map (49) makes sense also in the scalar case n = 1, where
it coincides with one of the maps from the list (Fir)—(Fyv). For example,
if S # 0 then we recover the map (Fir), so that the formula (49) can be
considered as its multifield generalization.

Of course, there exist more 3D consistent maps in the multi-dimensional
case. As another example we present the map

Xy By a8 x1_yyr oy o Gy b

@ o ¢ Ié)
which generalizes the scalar map (Fyrr). Here X, Y may be complex matrices
or vectors, and X ~! denotes the matrix inverse or the “vector inverse” X ! =
—X/|X|?, respectively.

There exist also maps without a direct scalar analog, for example those
introduced in [8, 12]. It should be stressed once more that in all known cases
3D consistent maps are quadrirational.

(X_l - Y_l)_17

Appendices.
1. Blow-down.

As it happens with birational maps of two-dimensional varieties, our quadri-
rational maps blow up singular points to curves, and blow down exceptional
curves to points.

Theorem 21. Consider a quadrirational map F of type T. Then there are
exactly m exceptional curves C;, i = 1,...,m, on CP' x CP!, which are
blown down by the map F to the points (u;,v;). The curves C; = F~1(u;,v;)
have bidegree (1,1) and are characterized by the following conditions.
I: In this case m = 4. The curve C; (1 < i < 4) passes through three
points (z;,y;) with j # i.
II: In this case m = 3. Fori = 1,2, the curve C; passes through two points

(xj,y5), j # 4, with the tangent at (x3,y3) parallel to (i3,7y3). The
curve C3 passes through all three points (x;,y;).

III: In this case m = 2. The curve C; (i = 1,2) passes through the both
points (x1,y1) and (x2,y2), with the tangent at (x;,vy;), j # i, parallel
to ({i‘j, y])
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IV: In this case m = 2. The curve C; passes through the point (z2,y2), and
has there the 2-germ defined by (&2, y2,%2,%2). The curve Co passes
through the both points (x;,1;) with the tangent at (x2,y2) parallel
to (.Ci?Q, yg)

V: In this case m = 1. The curve C; passes through the point (x1,y1) and
has there the 2—germ defined by (&1,91,%1,91)-

Proof. 1t is clear (and well known) that only singular points (u;,v;) can be
images of exceptional curves. Fix 1 < i < m; the pre-image C; = F~!(u;, v;)
is described by the equations

@(x,y,ui) =0, (I)(yvxvvi) =0.

The function ¢(z,y,u;) is a polynomial of degree 2 in y and degree 1 in =,
the polynomial ®(y,z,v;) has degree 2 in = and degree 1 in y. We have:

(@, yi,ui) = (e(yi)uwi — a(ys))r + (d(yi)u; — b(y:)) =0,
Oy, zi,v;) = (Clxy)v; — A(x;))y + (D(z;)v; — B(x;)) =0,

therefore p(z,y, u;) is divisible by y —y;, and ®(y, x, v;) is divisible by x —z;.
Set

(@, y,ui) = (y —yi)vi(w,y), Oy, vi) = (z — )iz, ).
Obviously, both polynomials v;(x,y) and I';(z,y) are linear in = and y, i.e.
equating them to zero defines curves of bidegree (1,1). We claim that the

equations
Yi(z,y) =0 and Ij(z,y) =0

are equivalent, so that the curve C; is given by either of them. This is done
by demonstrating that either of these equations defines the curve with the
properties listed in the theorem. Since these properties determine the curve
uniquely, the claim will follow. This demonstration is performed for each
type 7 separately. Since the argument are to a large extent analogous, we
restrict ourselves to details for two extreme cases 7 =1 and 7 =V only.

For T =1, we have: ¢(zj,y;j,u) = ®(yj,zj,v) =0foral 1 <j <4 It
follows that ~;(z;,y;) = 'i(x;,y;) = 0 for all j # i.

For 7 =V, we have to demonstrate that the following holds:

a) Vl(xlayl) :07
b)  Yiz(x1,y1)E1 + Y1y(z1,91)71 =0,
¢)  2Viay(z1,y1)T101 + Y1z(21, y1)E1 + Y1y(21, y1)H1 = 0,
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and the same with the replacement of y; by I';. We do this for ~; only, since
for 'y everything is similar. Claim a) is proved by the following computation:

. xr1,Y, Uy
7(x1,y1) = lim w
Yy—y1 Yy—uy

= ((y1)x1 +d'(y1))ur — (' (y1)z1 + V' (y1))
= —Ai(c(y1)ur —a(y1)) = 0.

To check claim b), we proceed as follows:

= ¢y (T1,91,u1)

i Pe(@1Y,u1)
T TR T
= (y1)ur — d'(y1),
iy (@1,91) = lim (y yl)soy(fvzy;y_,Uyll))2 p(z1,y,u1)
= %‘Pyy(xlaylaul)
= 5("(y)m1 + d"(y1))ur — (1/2)(a” (y1) =1 + 0" (1))
= =M (c () — d (1)) — 301 (cly)u — a()
= =M ( (y1)u1 — d' (1))

To prove the claim c), we derive further:

= Qay(T1,91,u1)

Yz (21, Y1)

1 — T1,Y,u - T1,Y,U
’thy(xlayl) = lim (y yl)@xy( LY 1)2 S%( 1,Y 1)
Y=y (y _ yl)

= %@xyy(xla Y1, ul)

= %(C”(?/l)ul - a//(yl))

= _%)\}/291(6/(111)“1 —d' (1)) — 3277 (c(yr)ur — a(yr))
= —IN20,(¢ (y1)ur — d ()

Now the claim ¢) becomes equivalent to:
1/2, . . .. ..
A 201i051 = #1— A
which, in turn, is equivalent to the second formula in (42). O

2. Blow-up.

Consider a quadrirational map F of type 7 = ILILIII,IV or V. Then the
point (z;,v;) (i = 1,...,m) is blown up to the curve D; on CP! x CP! defined
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as the curve of bidegree (1,1) satisfying the conditions analogous to those
listed in Theorem 21. We want to give a more complete analytic picture of
the blow—up process.

Theorem 22. Let (z;,y;) be a singular point of the map F', such that z;,y;

are roots of R(x),r(y), respectively, of multiplicity 1 < ¢ < 4. Let gf“) =

(Ziy Giy - - - ,:L'Eefl),yyfl)) be the corresponding singularity data of the map

F at the point (z;,y;).

o If (x(t),y(t)) — (wi,y;) along a curve with a definite (¢ — 1)-germ
different from QZ-(K_I), then F(z(t),y(t)) — (ui,v;).

o If (z(t),y(t)) — (z4,y;) along a curve with a definite {~germ whose
(¢ — 1)—germ coincides with QZ-(Z*U, then the images F(x(t),y(t)) have
a definite limiting point lying on D;. Different {—germs correspond to
different limiting points on D;.

Proof. Note that f—germs with a fixed (¢ — 1)-germ QZ-(Z_I) are characterized
by one number from CP! (e.g., for £ = 1 — by the slope 3(0)/%(0), for £ = 2
— by the curvature (&(0)5(0) — (0)3j(0))/(2(0)5(0))%/2, etc.) Therefore the
second statement of the theorem shows the isomorphism of D; with CP'. We
will give the details of computations for the proof of the second statement in
the simplest case £ = 1 only. On a line {(z,y) = (z; + pt,y; + vt)} through
(x4, yi) the values of (u,v) = F(z,y) have a well-defined limit as ¢t — 0:

a(y)p + (@' (yi)zi + b (yi) v A(zi)v + (A'(2i)yi + B'(w:))p

u — v —

c(yi)p + (¢ (yi)zi +d' (yi))v’ C(xi)v + (C'(xi)ys + D' (xi))p

We have for these limit points:

o ((y)wi +d (yi)u — (@' (yi)zi + V' (i)

v —c(yi)u+ a(y:)
_ —Claa)o + Aly)
(C"(wi)ys + D' (i))v — (A'(wi)yi + B(w:))

So, it remains to prove the following claim:

o If x;,y; are simple roots of R(x),r(y), respectively, then the equation
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of the curve D; reads:

(c(y)u — a(ys)) (Clas)o — A(:))
= (¢ s + ' ()u — (@ ()i + ¥ (32)) )
x (@i + D))o = (A'(@i)yi + Bl@))). (50)

According to the proof of Theorem 21, applied with F~! instead of F, the
equations of D; are given by

o(u,v,2;)/(v—v;) =0 or EI;(v,u,yi)/(u—ui):0.

To show that these equations are equivalent to (50), recall that, for instance,

®(v,u,y) = (Clu)y + D(w))v — (A(uw)y + B(u))
1
= @( q(y,u)v — p(y,v))

_ (e()u —a(y))®

(G + DO = (A + B(XD)).

where
_ ~d(y)u —b(y)
X=X = 2 aly)

Recall also that for y = y; we have:

) = d(yi)u — b(yi) _
)= Sy o)~

Therefore:

~ c\Y; )u — aly; 2
B(v,u,y;) = ( (yz)r/(yi)(yz))

(c(wr)u — olw)” (o , ,
* " (ys) ((C (@i)yi + D'(wi))v — (A(@i)yi + B(:Q)))Xy(yl-,u),

It is easy to calculate that:

(Clzi)v — A(w:))

(¢ (i)zi + d'(yi))u — (a'(yi)wi + V(i) ‘

Xy(yi,u) = —c(yi)u + aly;)



Geometry of Yang—Baxter Maps 1003

Noting also that c(y;)u — a(y;) = ¢(yi)(u — u;), we find finally the equations
of the curve D; in the required form (50):

~

D) 20U (o — aly))(Clano = Alar)

c(yi) U — Uj
— (@i + d (yi)u = (@' (yi)ees +V (9:)) )
% ((C"@a)ys + D' (@) = (A ()i + B(ay) ).

This proves the second statement of the theorem for ¢ = 1. Calculation for
¢ > 1 are similar, as well as the proof of the first statement. O

3. Subclasses [1:2] and [1:1].

In this Appendix we discuss briefly maps of the subclasses [1:2] and [1:1] (cf.
Sect. 4). According to Lemma 7, these maps are described by the polynomial
systems of the form

q)(y,.’E,U) = f(y,U)CC+g(y,U) =0, q)(yvuvv) = f(yvv)u+§(y’v) =0, (51)
where f(y,v) = fiyv+ foy+ f3v+ fi and analogously for g, f, g. In order to
find a canonical form of this system with respect to the transformations from
(Mb)*, notice that Mobius transformations @ — (sex + u)/(Az + v) lead to
f— »f+Ag, g — uf +vg. They can be used to turn the polynomials f, g
into reducible ones. It is easy to see that this is possible if and only if the
characteristic polynomial

i f g1 92
det <%<f3 f4)+)\<g3 94))

has two distinct eigenvalues (s : A), (u : v) € CPL. If this is true also for
the second equation of the system (51) (i.e. if the polynomials f,g can be
made reducible by a M6bius transformation in u), then the map (51) can be

brought into the form
2y = 0)(v = 00) + (y = 91)(v = 01) =0, 52
u(y —y2)(v —v2) + (y —y3)(v —v3) =0,

with some y;,v; € CPL. If each quadruple (y;) and (v;) contains four distinct
points then suitable Mobius transformations in y and v bring these quadru-
ples into (00,0, 3,1) and («, 1, 00, 0), respectively, and the system (52) — into
the form

z(v—a)—yl—-1)=0, u(ly—pB)—v(y—1)=0.
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This results in the map

Loy lee—yly -1 ar—y
Gap G 9B 'y (53)

This is the canonical form of the generic map from the subclass [1:2]. Several
degeneracies can happen, due to coincidence of some points (y;) or (u;) in
(52), as well as the case of double eigenvalue (s : \) = (u : v), for one or
both equations in (51). We leave the analysis of these degenerate cases to
the interested reader.

Figure 6: The geometric interpretation of the map from [1:2] subclass

Surprisingly, the geometric interpretation of the map (53) is somewhat
more complicated than the one presented on Fig. 4. The construction ac-
tually includes three conics from the linear pencil: the pair of nondegener-
ate conics (o, (g, and a degenerate conic which is a pair of straight lines
LU M. Fix two points O1, 02 of the base locus of the pencil (consisting in
the present generic case of four points). Choose the degenerate conic L UM
so that neither of these lines contains both of O;. The projections from
the points O, O2 establish two different isomorphisms of the nondegenerate
conics of the pencil. The geometric map described by the formulas (53) is
F:LxQy2(X,)Y)— (UV)e M x Qg constructed as follows:

e The point V' is the intersection point of Q, N XY differerent from Y,
and V' € Qg is obtained from V' € Q, via projection from Os.
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e The point Y’ € Qg is obtained from Y € Q, via projection from Oy,
and U is the intersection of M with VY.

This construction is illustrated on Fig. 6 (the two identifying projections are
shown by the dashed lines). The map (53) results upon fixing the objects
on this figure as follows. Use non-homogeneous coordinates (Wi, W2) on
the affine part C? of CP2. The base locus of the pencil consists of the four
points O; = (0,0), Oy = (1,0), (0,1) and (1,1). The equations and the

parametrizations of the lines and conics are:

1 T
L: Wi4+Wy=1, W17W2 (1 x’l—i—x)’
1
M W1:W2, W17W2 (1+u71+u>
—
Qo : Woe(Wa—1) =aW (W) —1), (Wy,Ws) = (52—04 y:,gg_a))

(v—a a(v-1)

- (v2—0z’ 2 — o )
So, the points X € L and Y € @, are parametrized by the slope z, resp.
y, of the line O1 X, resp. O1Y, while the points U € M and V € Qs are
parametrized by the slope —u, resp. —wv, of the line OsU, resp. OV

Note that by a =  only two conics (g and the degenerate one L U

M) are involved, and the projections from O; and Oy drop out from the
construction. Correspondingly, the map (53) with a = 8 may be obtained
from the map of Sect. 2 by considering two different parametrizations for
X,Y and for U, V, as above, and by letting one of the two conics degenerate.
More precisely, the map (F1) under the Mébius transformations u — a(u —

1)/(u— ), v— B(v—1)/(v— ) turns into

s a1 (Br-aye-1)
a3 - u = s V=

’ (z —y)(y — B) (z —y)(z—a)

and setting here o = 1 (i.e. letting @), degenerate) leads to the same map
as setting a = [ in (53).

Maps of the subclass [1:2] can be included into 3D-consistent systems,
the consistency being governed by matching singularities along the edges of
the elementary cube, like in Theorem 19. Not going into details, we provide
the reader just with a generic instance of such a construction. Let both
facets of the cube on Fig. 3 parallel to the coordinate plane zy carry the
[1:2] map

G . g Brmayly-1) - (fz—ay)
wi @—yy—p) alz—y)
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both facets parallel to the coordinate plane zz carry the [1:2] map aam
while the facets parallel to the coordinate plane yz carry the [2:2] maps ﬁﬂn{
and ﬁﬁ Jay/a (the left and the right ones, respectively). Then this system of
maps is 3D consistent. (Note that @a,,@ coincides with G/, 3 from (53) up
to a scaling of the variable u).

Finally, note that the [1:1] maps may be interpreted in the same way, with
two degenerate conics (two pairs of lines). A generic map of this subclass is
a parameter-free one: v = (xr+y—1)/y, v = (r +y—1)/x. This map is 3D
consistent, so that its companion u = zv/(1 —z +av), y=1—x +zvisa
Yang-Baxter map (example given in [5, 13]).
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