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COMPUTING RIEMANN THETA FUNCTIONS

BERNARD DECONINCK, MATTHIAS HEIL, ALEXANDER BOBENKO,
MARK VAN HOEILJ, AND MARCUS SCHMIES

ABSTRACT. The Riemann theta function is a complex-valued function of g
complex variables. It appears in the construction of many (quasi-)periodic so-
lutions of various equations of mathematical physics. In this paper, algorithms
for its computation are given. First, a formula is derived allowing the point-
wise approximation of Riemann theta functions, with arbitrary, user-specified
precision. This formula is used to construct a uniform approximation formula,
again with arbitrary precision.

1. MOTIVATION

An Abelian function is a 2g-fold periodic, meromorphic function of g complex
variables. Thus, Abelian functions are generalizations of elliptic functions to more
than one variable. Just as elliptic functions are associated with elliptic surfaces, i.e.,
Riemann surfaces of genus 1, Abelian functions are associated to Riemann surfaces
of higher genus. As in the elliptic case, any Abelian function can be expressed as
a ratio of homogeneous polynomials of an auxiliary function, the Riemann theta
function [I1]. Many differential equations of mathematical physics have solutions
that are written in terms of Abelian functions, and thus in terms of Riemann theta
functions (see [3, [7] and references therein). Thus, to compute these solutions,
one needs to compute either Abelian functions or theta functions. Whittaker and
Watson [20], §21.1] state, “When it is desired to obtain definite numerical results in
problems involving Elliptic functions, the calculations are most simply performed
with the aid of certain auxiliary functions known as Theta-functions.” Whittaker
and Watson are referring to Jacobi’s theta functions, but the same can be said for
Abelian functions, using the Riemann theta function. This paper addresses the
problem of computing values of the Riemann theta function and its derivatives.

2. DEFINITION

The Riemann theta function is defined by

) 0(z|2) = Z 62’”(%"l's}’nJr’n-z)7
nezs
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where z € C9, Q € C9%9, such that © is symmetric (27 = Q) and the imaginary
part of Q, Im(€2), is strictly positive definite. Such an € is called a Riemann
matrix. Also,

g
n- -z = E Nz,
i=1

the scalar product of the integer vector n with z; and

9
n-Q-n= E Qijninj.

ij=1

The positive definiteness of Im(£2) guarantees the convergence of (), for all values
of z. Then the series () converges absolutely in both z and € and uniformly
on compact sets. Thus, it defines a holomorphic function of both z and €. The
function defined by () is also known as a multidimensional theta function, or as
a theta function of several variables. There are as many different conventions for
writing the Riemann theta function as there are names for it. These different
conventions differ from () by at worst a complex scaling transformation on the
arguments. An extensive overview of the wealth of properties of 8(z|€2) is found in
[14, (15, [16].

Remarks. e The Riemann theta function was devised by Riemann as a gen-
eralization of Jacobi’s theta functions of one variable [12] for solving the
Jacobi inversion problem on general compact connected Riemann surfaces
[I7]. For these purposes Riemann considered only theta functions associ-
ated with Riemann surfaces. Riemann theta functions in their full gen-
erality, as defined in (I), were considered first by Wirtinger [2I], whose
convention for the arguments is adopted here.

e Often, so-called Riemann theta functions with characteristics are consid-
ered [14]. Such theta functions with characteristics are up to an exponential
factor Riemann theta functions evaluated at a shifted argument. Thus
the computation of the Riemann theta function also allows the compu-
tation of theta functions with arbitrary characteristics.

e In many applications, the Riemann theta function (I)) originates from a
specific Riemann surface, i.e., the Riemann matrix € is the normalized
periodmatrix of the Riemann surface. Obtaining this periodmatrix is a
nontrivial problem, which is now also reduced to a black-box program.
This issue was addressed in [6].

e Some of the algorithms given in this paper have been used already by some
of the authors (for instance, tori with constant mean curvature, and Will-
more tori with umbilic lines were constructed in [TI0] using the results of
[2, [4]); multiphase solutions of the Kadomtsev-Petviashvili equation were
constructed using Schottky uniformization in [3} 5]) but they were not eas-
ily available for use by others. Now, these algorithms are implemented as
black-box programs in Maple and Java. The maple implementation is in-
cluded in the Maple distribution as of Maple 8. It is also available from
http://www.math.fsu.edu/ hoeij/RiemannTheta/. The Java implemen-
tation is available from www-sfb288.math.tu-berlin.de/"~ jem. These im-
plementations are discussed in the appendices.
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3. REWRITING THE RIEMANN THETA FUNCTION

The Fourier series representation (IJ) is the starting point for the computation
of Riemann theta functions. Separating both z and 2 in their real and imaginary
parts, z=x + iy, @ = X +4Y, and using ¥ = Y7, we obtain

9(Z|Q) _ Z e2m‘(%n-ﬂ~n+n-z)
nezs
Z 2ri(zn-X-nin-x+i(3n-Y nin-y))

nezs
Z 2ri(3n- X nin-x) 2 (3nY niny)

nezs

Z egﬂi(%n.X.nJrn.m)6—271-(%(7L+Y_1y).Y.(n+Y—1y)_%y.Y—l.y)

nezs9

(2) _ ewy.Y*I.y Z 627”-(%n,X,n_i_n.gc)efw(nJrY*ly).Y.(’I’lJrY*ly)
nezs

At this point, all exponential growth has been isolated: the factor multiplying the
sum grows double-exponentially as the components of z leave the real line, due to
the fact that Y ! is strictly positive definite. This follows since Y is strictly positive
definite, which also guarantees the existence of ¥ . All terms remaining in the
sum are either oscillating (the first factor of every term) or a damped exponential
(the second factor of every term).

Since for most applications, the exponential growth term cancels out, it will
be disregarded in almost all that follows: any statements of approximation,
pointwise or uniform, of the Riemann theta function pertain to the in-
finite sum in (2], without considering the exponential growth.

Let [V] be the vector with integer component closest to V, and let [[V]] =
V — [V]. Continuing the rewriting of the theta function,

0(z|Q2) = oYY iy Z 2ri(in X ninx)
v (Y Y [Y )Y (e [Y Y )

¥ty 5 (s V) X (e V) V) )
5 e ) Y (Y )

The last step is achieved by shifting the summation index n. From this formulation,
it is clear that the size of each one of the terms in the infinite sum is controlled by
its second exponential factor.

Similarly, formulae are worked out for the derivatives of theta functions. Denote
the N-th order directional derivative of the g-variable Riemann theta function along
the g-dimensional vectors k(l), e k) as

p0) 0VO(zI)

g
4 DED, . EM)o(z|0) = ki :
( ) ( ) ) ) (Z| ) Z 3! N 821'1 . 821']\,

01,0 N =1
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Then
DkW ... EN)o(z|)
= (27‘(@')1\’ Z (ki(l) n)... (k:(N) . n)eQWi(%'n.Q.nJ,_n.z)

= (2r) e ¥ Y YT (V- (n - [Y 1)) ) (B (0 - [ y)))
« 23 (n-[Yy])- X (n-[Yy])+ (n-[Y "'y]) @)
(5) w (Y Y)Y (ne [[Y T y]])

using similar steps as before. The exponential growth is still factored out, but the
remaining infinite sum now contains terms that grow algebraically as the argument
of the Riemann theta function leaves the real line. The order of this growth is equal
to the order of the derivative. However, the size of individual terms within the
infinite sum is again determined by the last factor which is exponentially decaying.

Remark. Riemann theta functions of genus greater than one have been computed
before, for instance in [§], where genus three was considered. There four distinct
representations of these Riemann theta functions were used, based on whether
the different phases behaved as trigonometric or hyperbolic functions (two limits
of elliptic functions), depending on the parameters in the Riemann matrix. These
distinct representations were required to have a manageable number of contributing
terms to the series. Such a variety of representations is not needed here: all limit
cases are incorporated in the form (B]). This is obtained by the separation of the
real and imaginary parts of both the argument z and the Riemann matrix €2.

4. POINTWISE APPROXIMATION

The formulae [B) and (G]) are the basis for the approximation of theta functions
and their derivatives. All approximations are based on determining which terms of
the infinite sum are dominant.

For the Riemann theta function,

o(z|Q)e¥Y Y

=y el Yy X (n Y ) (ne [V ) 2)
e (Y T])) Y (e [V ]])

= qim 3 AV X (n Y] (n- Yy ) )

(6) w o~ (H[YTY]) Y (n[[Y ]])
where
(7) Sp={neZfr(n+[[Y 'y]]) Y (n+][[Y 'y]]) <R*}.

Below, we show this limit exists, hence proving that the Riemann theta function
is well defined. This proof is different from that found in many references (see
[14], for example) in that it also allows the estimation of the error made in the
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approximation of the truncation of the series by only considering a finite value of
R.

Since Y is strictly positive definite, it has a Cholesky decomposition, ¥ = T7T'.
Let A be the lattice of all vectors v(n) of the form v(n) = /7T (n + [[Yﬁlyﬂ),
for n € Z9. Then Sg is rewritten as

8) Sp = {v(n) e A‘||v(n)|| < R} .

Thus, the approximation requires finding all lattice points in A that are also inside
the g-dimensional sphere ||v(n)|| = R. Let

(9)
on(z10) = VY Y S 2l (ne (YY) X (n (Y ) (ne [V ) ) o

then
(10) €e(R) =10(z|2) — Or(z|Q2)] -y Y ly

§ (3 V) X oY 9] Y1) )

A\Sr
< 30 [l (YY) X (n[Y )+ (n- YY) @) o
A\Sr
(11) _ Z e—HU(n)Ilz.
AM\Skr

Thus €(R) is the absolute error of the oscillatory part of the Riemann theta
function, due to the truncation to a finite number of terms. In practice, this
oscillatory part is of order 1, so €(R) is also a measure of the relative error.

In order to estimate this last sum, the following theorems and lemmas are used.

Theorem 1 (Mean-value theorem for subharmonic functions). Let Q be a domain
in RY. Let u be a twice continuously differentiable function on 2, continuous on
the boundary of OQ of Q, which is subharmonic on Q. Then for any ball B (y) in
Q of radius R and center y

1
(12) u(y) < WB{(O)/B%(:U) u(x)de.

A proof of this theorem is found in [9].

Lemma 1. For every integer p > 0 and any dimension g > 0 the function u(y) =
e~ I1YIP||y||P with y € RY is subharmonic on R \ B%(0), with

1
R=§\/g+2p+ Vg% + 8p.

Proof. Since u(y) depends only on r = ||y||, this calculation is done in g-dimensional
spherical coordinates.

u  g—10u
fuly) = et
2+ -9
= 2u(y) (27“2—(g+2p)+w>.



1422 B. DECONINCK, M. HEIL, A. BOBENKO, M. VAN HOEIJ, AND M. SCHMIES

This last factor is positive if r > %\/ g+ 2p++/g? + 8p, from which the result
follows. 0

Lemma 2. Let A be a g-dimensional affine lattice in RY, i.e., A = {Xn + x|
n € 29}, with X € Gl(n,R), x € RY, and let p € Z, positive. Then

(13) S alre < 4 (2) 0 (L m - pp2)),

YEN[[YII>R P

where T'(z,d) = [;°t*"te™*dz, the incomplete Gamma function [I],

1
R> 5\/9+2p+ V92 +8p+p/2,

and
p=min{|lz —y|| [z,y € A,z #y}.
Proof. By the previous lemmas,

2 1 ’
v pe—HyH —/ T pe—HwH dx
E llyl| Z (p/2)9Vol B{(0) BY,,(¥) il

YerllYlIZR YerllYlIZzR

(14) = Vo%f(()) <%)g Z / ||| |Pe~1ZI” g

yenllyl=r” BoY)

1 2 g/ 2
- [z ||w||pefll$H dex
VOle(O) <P) RI\BY,_, ,,(0)

-1 g %)
- VSO ()T iy,
VolBY(0) P R—p/2

2 g o]
(—) / e ttlotP)/2=1gy
p

(R—p/2)?

- 1) ()

Here VolSY9~1(0)/VolV,9(0) = g/r was used. O

IN

IN

N

Remark. The inequality following (I4) is quite crude. Specifically, it adds all the
space in between the balls around the lattice points. Taking this into account,
another estimate is as follows:

Z |ly|[Pe=11¥I?

YeAllYlIZR

1 2\7 2
b (2 e ]
= VolBY(0) <p> S el

yeAllyli>r” B

1 AN 2
~N——r—— (=] c(A p/2 / z||Pe 1ZI" da.
Vol By (0) (P) (4.p/2) R9\ BY il

R— 0/2(0)
Here ¢(A, p/2) is the “fill factor” of the lattice A with balls of radius p/2: it is
the fraction of the lattice volume that is filled if a ball of radius p/2 is placed at
every lattice point. This estimate is justified, since the function being integrated
only depends on the radial variable. Thus, within thin radial shells the function is
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F1GURE 1. Fill factor c(A, p/2) for the case of a square lattice.

almost constant, independent of the proximity to a lattice point. The crudeness of
the inequality following (I4) is illustrated in Figure[l, where the fill factor ¢(A, p/2)
is shown for the scenario of minimal |[A| = p9, i.e., a square lattice. Then c(A, p/2) =
79/2 /(297 1gT(g/2)), which decays fast as g — co. Figure [lshows that for a square
lattice, not using the fill factor results in the error being overestimated by only one
digit for ¢ = 6. Using the fill factor for generic lattices, where A > p9, usually leads
to a more significant improvement.

2192 (p/2)9

Thus ¢(A, p/2) = VolBg/2 (0)/|A] = , where |A| is the determinant

9L(g/2) |A]
of the lattice. It is the volume of a cell of A spanned by a set of generating vectors.
This gives
Z ||y||pe~1YIP
YerlYlIZR
< VolS?1(0) (g)g om9/2 (p/2)9 /°° o791t g
VolBY(0) \p/ gT'(g9/2) [Al Jr—p2
2
= gﬂil /Oo e~ telotp)/2=1
gl'(g/2) A2 J(g—p/2)
m9/2 g+p 2
1 = —p/2 .
" i (S5 R
Using ([3) with p = 0, (II) becomes
2 g
< —[lomy|2 - 9 (= 9 (p_ 2
(16) (R <Y e <5(5) (5 ®-p2?),

AM\Skr

where p is the length of the shortest lattice vector in A: p = min {||z||, z € A}, and
R > (1/2g+p)/2 (to satisfy the subharmonicity condition of Lemmal[l). As claimed,
this proves that the Riemann theta function is well defined, since limpg_, o I'(2, R) =
0 [IL eq. 6.5.3].
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Thus, in order to approximate the oscillatory part of a Riemann theta function
of g complex variables with a predetermined error €, one solves the equation

) =2 () (L r-pr2p),

for R, with R > (1/2g + p)/2, real. If no solution exists, then R = (/29 + p)/2
suffices. These results combine to give

Theorem 2 (Pointwise approximation). The Riemann theta function is approxi-
mated by
(18)
— . -1 —1 -1
0(210) ~ ¥ Y Y ST A (YY) X (Y Ty (- [V ) ) oo

Sk

with absolute error € on the sum. Here Sg = {v(n) € A| [[v(n)|]| < R}, A =
{VTT(n+[[Y 'y]]) [n € Z9}. The shortest distance between any two points of
A is denoted by p. Then the radius R is determined as the greater of (v/2g + p)/2
and the real positive solution of € = g29~'T (g/2, (R— p/2)2) /9.

This theorem gives a pointwise approximation to the Riemann theta function:
for every z at which the Riemann theta function is approximated, Sg is different,
although R is unchanged as long as g and € remain the same. The error used in
Theorem P is referred to as the 100% Error (100%E).

Another good estimate for R is obtained from (IH). Then R is the greater of
(v/29 + p)/2 and the real positive solution of

e =T (g/2, (R~ p/2)) /(IAIT(g/2)).

This error is referred to as the Fill Factor Error (FFE).

Figure 2] compares the size R of the ellipsoid, required to obtain a prescribed
error €, as a result of using the 100%E or the FFE, for the cases g = 2 and g = 16.
In these figures, the worst-case scenario |A| = p? was assumed. As expected, the
difference between the 100%E and the FFE is small for small genus but becomes
significant for larger genus.

Two examples are shown in Table[d], for various values of e. Both of these use
the Riemann matrix Qg with Q;; =4, j=1,...,g, and Q;; = —1/2, j # k. The
first example (left side of the table) corresponds to g = 2, the second (right side) to
g = 6. For both examples, the Riemann theta function is evaluated at z = 0, thus
in this case the oscillatory part of the Riemann theta function equals the Riemann
theta function. The value of the Riemann theta function is given in the first line.
The first column of an example gives €, used for the pointwise approximation, with
either the 100%E or the FFE. In the table N(100%E) and N(FFE) denote the
number of terms that are used to compute the oscillatory part of the Riemann
theta function, i.e., the number of elements of Sg, using the 100%E or the FFE,
respectively. AE denotes Actual Error, i.e., the difference between the actual value
of the oscillatory part of the Riemann theta function (computed using 30 digits
of accuracy and € = 1073%) and the computed value, using the two different error
formulae.
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(b) g=16

FIGURE 2. R, assuming the 100% Error (solid line) and Fill Factor
Error (dashed line) as functions of — log;,(€), which is the number
of accurate digits.

Using (Bl), we see that the first example, with g = 2, computes

oo
2 2
Z cos(nlngw)e_”("1+"2).

niy,ma=—00

Since for this example g = 2, there should be little difference between the compu-
tation using the 100%E or the FFE. This is confirmed: although the value of R is
slightly different for both computations, the number of elements of Sg is identical,
resulting in both computations having the same accuracy.

For the second example, with g = 6, there is a difference between the two
computations, although it is not as outspoken as for g = 16 in Figure[2l It is clear
that the Actual Error using the FFE computation is closer to ¢ than using the
100%E. Even in this case, the computation does several orders of magnitude better
than prescribed. This, of course, is due to the inequalities that were used to obtain
these error estimates.
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TABLE 1. Two examples of using the pointwise approximation to
compute the oscillatory part of a Riemann theta function.

g=2 g=6
e(o,o\ﬂz)e*”y‘Y?y = 1.1654010572|| (0,0, 0,0,0,0|ﬂe)efﬂy‘Ye_ly = 1.3945305616
¢ |N(100%E)| AE(100%FE) ¢ |N(100%E)[AE(100%FE) [N (FFE)|AE(FFE)
= N(FFE) =AE(FFE)
1E-1 5 7.5E-3 1E-1 485 4.3E-5 233 9.2E-4
1E-2 9 1.5E-5 1E-2 797 3.8E-6 485 4.3E-5
1E-3 13 1.2E-6 1E-3 1341 2.6E-7 797 3.8E-6
1E-4 21 5.1E-11 1E-4 2301 1.3E-8 1341 | 2.6E-7
1E-5 21 5.1E-11 1E-5 3321 4.2E-10 2301 1.3E-8
1E-6 21 5.1E-11 1E-6 4197 3.8B-11 3321 | 4.2E-10
1E-7 21 5.1E-11 1E-7 5757 2.3E-12 4197 3.8E-11
1E-8 25 1.9E-12 1E-8 8157 9.2E-14 5757 2.3E-12
1E-9 29 1.8E-13 1E-9 | 10237 3.5E-15 8157 | 9.2E-14
1E-10 37 1.5E-17 1E-10 12277 2.7E-16 10237 | 3.5E-15
Remarks. e The method for approximating the oscillatory part of a Riemann
theta function requires the determination of the elements of Sr. This is
the set of all elements of A that lie inside the g-dimensional sphere de-
termined by |[v(n)|| = R. It is easier to consider the equivalent problem
of determining the points with integer coordinates that lie inside the g-
dimensional ellipsoid determined by m(n —¢)-Y - (n — ¢) = R?, where c
is the center of the ellipsoid. This is done recursively, by remarking that
every (g — 1)-dimensional plane section of a g-dimensional ellipsoid is a
(9 — 1)-dimensional ellipsoid. A finite number (due to the discrete nature
of the lattice) of such (g — 1)-dimensional sections are taken. All of these
are (g — 1)-dimensional ellipsoids, on which this section process is repeated,
until one arrives at a one-dimensional ellipsoid, i.e., a line piece. At this
level it is easy to determine which integer points are in this piece. This
method takes full advantage of the triangular form of the Cholesky decom-
position of Y = TTT. This is done as follows: all integer points satisfying
(19) IT(n—c)| < R/VT

are sought for. Since T is upper triangular, this implies [Tgq(ng — ¢4)| <
R/\/7, or

Cq <ng < ¢

R LR

ViTyg Vilyg
This gives a set of allowed values of ny. For each one of these, write
n = (A,nyg)T, ¢ = (e,cy)T. With

(T
(5 )
(@) becomes || T(R — &) + t(n, — c,)||> + T;,(ng — cg)* < R?/m, which is

rewritten as

PP PN
1T — e+ T iny — )| < \/B2/7 = T2, (ny — )

This is a similar problem to ([9) but in dimension g — 1 instead of g and
with a different R, ¢ and T'. The procedure is now repeated.
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e Both error estimates require the knowledge of p, the shortest lattice vec-
tor of A. The problem of finding the shortest lattice vector of a given
lattice is one of the main problems in the study of lattices. It is usually
addressed using lattice reduction. Lattice reduction attempts to find a
standard form for the matrix of generating vectors t;, j = 1,...,g, of the
lattice, in which certain intrinsic (i.e., independent of the representation
of the generating vectors, such as p, for instance) properties of the lattice
are easier to examine. The problem of computing p is known to be NP
hard in the parameters g and In(max;(||¢;]|)) [19]. However, an approxi-
mate algorithm due to Lenstra, Lenstra and Lovész (the LLL algorithm,
[13]) is known which is polynomially hard in g and In(max;(||¢;]|)). This
approximate algorithm is exact in low dimensions (guaranteed in 1, 2 and
3), but it only gives approximate answers in high dimensions. In practice,
the algorithm has been found very satisfactory. A rigorous error estimation
is possible using the results of the LLL algorithm, as it provides both a
lower and an upper bound for p: If p is the value of p found by the LLL
algorithm, then p/2(971/2 < p < . Since the LLL algorithm for relatively
low genera (g < 10) usually finds the correct value of p, this will not be
pursued here.

5. UNIFORM APPROXIMATION

It is now easy to extend the results of the previous section to obtain results for
the uniform approximation of the oscillatory part of Riemann theta functions. In
Theorem 2, the sum extends over all terms whose summation index vector is inside
an ellipsoid. The size of this ellipsoid (R) is determined by the allowed error of the
pointwise approximation. The shape of the ellipsoid depends on €2 but not on z.
The center of the ellipsoid is —[[Y ~'y]]. So, if different arguments z are considered,
only the center of the ellipsoid changes and not its shape or size. But, this center
can only wander over a g-dimensional cube of volume 1, centered around the origin.
This leads to the following

Theorem 3 (Uniform approximation). The Riemann theta function is approxi-
mated by

0(z|Q) ~ Y'Yy Z e2m(% (n-[Y""y])
(20) Ur
X(n— [Y*lprr(n— [Y*ly]).m)e_nv(n)llz,

with absolute error € on the sum. The approximation of the sum is uniform in z.
Here v(n) = /aT(n + [[Y ~'y]]),

(21) Ur={neZr(n—c) Y- -(n—c)<R|c;| <1/2,j=1,...,9}.

Let A = {/TT(n+[[Y 'y]]) [n € Z9}. The shortest distance between any two

points of A is denoted by p. Then the radius R is determined as the greater of
(V29 + p)/2 and the real positive solution of e = g297'T (g/2,(R — p/2)?) /p?.

Thus, to obtain a uniform in z approximation with absolute error e for the
oscillatory part of the Riemann theta function parametrized by €2, it suffices to
add all terms whose summation index is inside the envelope of all ellipsoids of size
R (determined by €) whose shape is determined by € and whose center is at any
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L8

1
||

(a) (b)

FIGURE 3. Summation indices (in black) (a) for a pointwise ap-
proximation, inside an ellipsoid centered at [[Y ~'y]] (in grey), and
(b) for a uniform approximation, inside an ellipsoid whose center
moves around the unit cube.

point inside the unit cube centered at the origin. This object is also obtained as
the convex hull of all ellipsoids of size R placed at all corners of the unit cube
centered at the origin. This situation is illustrated in Figure[3. The ellipsoid on
the left illustrates the scenario of obtaining the summation indices for a pointwise
approximation. The deformed ellipsoid on the right illustrates the case of a uniform
approximation. The deformation is a consequence of the wandering of the center
of the ellipsoid over the unit cube.

It is clear that using a uniform approximation results in more terms of the sum
being used. In many applications (graphics, creation of value tables, etc.) many
values of the same Riemann theta function (i.e., with constant ) are computed.
In such cases it is beneficial to use the same representation for the computation.

Remarks. e For the purposes of obtaining a uniform approximation formula,
it is essential that the exponential growth was factored out in (B).

e The above theorem uses the 100% Error of Theorem 2l Just as in the case
of a pointwise approximation, it is possible to consider a uniform approx-
imation using a Fill Factor Error. This results in similar modifications to
Theorem [3 as for Theorem [2I

e Determining the set Ug is not trivial. In practice, it may be more convenient
to work with a single ellipsoid centered at the origin, which is too large.

As an example, consider the Riemann matrix
(22) Q= 1.690983006 + 0.9510565162 ¢ 1.5+ 0.363271264 ¢
o 1.5+ 0.363271264 ¢ 1.309016994 + 0.9510565162¢ )
This is the Riemann matrix associated with the genus 2 Riemann surface obtained
by compactifying and desingularizing the algebraic curve 3 — A7 +2X3pu = 0. It
was computed using the algorithms outlined in [6]. Using the above theorem with
€ = 0.001, 23 terms have a contribution to the oscillatory part of the Riemann theta
function. They have summation indices
Ur(100%FE) = {(-2,2),(2,-2),(0,2),(0,-2),(2,-1),(-2,1),(2,0),
(-2,0),(0,-1),(0,1),(-1,-1),(1,1),(1,0),(-1,0), (-2, —1),
(23) (2,1),(-1,1),(1,-1),(0,0),(—-1,-2),(1,2),(-1,2),(1,—-2)}.
Thus a sum of 23 terms suffices to approximate the oscillatory part of the Riemann
theta function associated with (Z2) with an absolute error of ¢ = 0.001. This
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FIGURE 4. Various views of the oscillatory part of the Riemann
theta function parametrized by the Riemann matrix given in (22,
with FFE=0.001. All plots are oscillatory parts of 6(z + iy, 0|Q2)
(index 1), 6(0,x +iy|Q?) (index 2), 6(x, y|2) (index 3), O(iz,iy|?)
(index 4). Shown are the real part (a), the imaginary part (b) and
the absolute value (c).

approximation is valid for all z = (z1 + iy1, 2 + iy2). These 23 terms should be
compared to the 12-17 terms required for a pointwise approximation. The pointwise
approximation uses sets of summation indices which are subsets of (23], but these
subsets differ depending on the value of z = (z1 + iy1, T2 + iy2).

The uniform approximation can be used to graph various slices of the oscillatory
part of the Riemann theta function. This is a complex function of four real variables,
of which many different slices are possible. Twelve graphs are shown in Figure @]
using the uniform approximation. Note that the oscillatory part of the Riemann
theta function is periodic with period 1 in the real part of all components of z.
This periodicity is inherited from the Riemann theta function.
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6. DERIVATIVES OF RIEMANN THETA FUNCTIONS

In this section, approximation results for derivatives of Riemann theta functions
are obtained. The results are not as clean as for the Riemann theta function itself:
even after removing the exponential growth, algebraic growth terms remain in the
sum. The order of the algebraic growth equals the order of the derivative. There is
only growth on the imaginary axes of the arguments z. Therefore, approximations
of the sum with absolute error are bound to be valid only pointwise in z. It is
possible to obtain uniform approximations in z which are valid in a bounded area
of C9. We give the details for directional derivatives of first and second order.
Results for higher-order directional derivatives follow in a similar fashion.

6.1. First-order derivatives. With N =1 and k') = k, (B) gives
(24)
™YY Y Dkyo(z|)

=2mik- Z (nf [Yﬁly])

nez9

o 23 (n-[Y y)) X (n-[Y 'y )+ (n-[Y 'y))) o))

= Jim 2rik Y (ne [y y]) 0V X (oY ][0
—llvm)))?

)

X e

where Sk and v(n) are defined as in (B)). As before, let
(25)

Dr(k)0(2|Q) =YY Y
X 2mi k Z (nf [Yﬁly])
Sk

23 (=Y TY]) X (n-[Y T y))+ (n-[Y Y])) ciwei?

¢(R) = |D(k)0(2|9) — Dr(k)0(z|)| ™YY ¥

= 2mik - Z (nf [Yﬁly])

AM\Sg

 2mi(3(n=[Y 'y]) X (n-[Y "'y])+ (n-[Y 'y])) 1w

<2nllkl| Y |n—[Y 1y o lam)?

A\Sgr
(26) 1 2
=2n|lk|l Y ||—=T 'v(n) - [[Y 'y]] - [y—ly]H IOl
A\Sg VT
1 2
=2kl Y =T o(n) - Y ly|| IO
A\Sgr VT
< 2nllkll 3 \}—Tﬁlv(n) eI Lokl |y tyl| 3 e 0mI
™

A\Sgr M\Sg

<ovallkll [T Y o)) e PP fork) [y ly| Y e PIF,
A\Sgr A\Sgr
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where the Cauchy-Schwarz and triangle inequalities were used. The second term

in (206]) is estimated as before. For the sum in the first term, Lemma [ is used
1”5

with p = 1. However, this only applied in the region where ||v(n)||e~ 1)

subharmonic. According to Theorem [I], this holds when R > %\/g +24++/g%+8.
Thus

() < vkl (2) (e (5 (= o2
YT (5 ) ).

providedR>%< g+2+\/92+8+p>.

Theorem 4 (Pointwise approximation of the first directional derivative). The di-
rectional derivative of the Riemann theta function along k is approzimated by
(28)
-1
D(k)I(z|Q) = eYY ¥

x 2mik Y (n—
o (e [Y ) X (me [Y ) (Y ) oo 2

with absolute error € on the scalar product of 2mik with the sum. Here Sp =
{v(n) € Al [lv(n)|| < R}, A = {/7T(n + (Y~ 'y]]) In € Z9}. The shortest dis-
tance between any two points of A is denoted by p. Then the radius R is determined

as the greater of (\/g +2+ /g2 +8+ p) /2 and the real positive solution of

(27)

I

e=vaatwl (2) (I (S5 o) VR Iyl (8- or207)).

This theorem clearly gives a pointwise approximation: not only is the location of
the ellipsoid Sk dependent on the evaluation point z; more importantly its size R
depends on it. This is the reason why this result cannot be extended to a uniform
in z approximation theorem, as in the case of Theorem [3l By limiting the domain
of y, it is possible to obtain a uniform in z approximation theorem, valid over this
domain:

Theorem 5 (Uniform approximation of the first directional derivative). The di-
rectional derivative of the Riemann theta function along k is approzimated by

(29)
D(k)O(2|Q) = ¥ Y Y

% 2mik S (n— [y ty]) i (- [Y W) X [Y Ry (- [Y ) o,

with absolute error € on the scalar product of 2mi k with the sum, where the approz-
imation is uniform in z, z = x + iy, for y € BY(0). Here

v(n) = VaT(n +[[Y 'y])),
and
(30) UR:{nEZg‘TF(n—C)'Y'(n—C)<R2,|Cj| <1/2,j=1,...,9}.
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Let A = {/7T(n+[Y 'y]]) In € Z9}. The shortest distance between any
two points of A is denoted by p. Then the radius R is determined as the

greater of ( g—|—2+\/g2—|—8+p) /2 and the real positive solution of € =

_ 9 _
VEglIRI T (2)7 (0 (452 (R = p/2)) + VAL T[T (4, (R = p/2)?)).
Proof. This follows easily from the pointwise approximation result, by using
1Yyl <Y Hillyll and Y 7H < T O

This theorem is not as useful as Theorem Bl due to the restriction on the size
of ||ly||. When it is used, it results in a situation where many terms are included
which are only relevant for the evaluation of values of the directional derivative
near ||y|| = L. However, for graphing or other purposes where many evaluations of
D(k)0(z|Q?) are required, centered around an area for z where y = 0, such a uniform
approximation is usually beneficial compared to the pointwise approximation. It
was used in FigureBh to illustrate the linear growth of the derivative of the Riemann
theta function parametrized by ([22)), after removal of the exponential growth.

150

100

FIGURE 5. Two directional derivatives of the Riemann theta func-
tion 6(0,4z|?) with Q as in (22). As before, the exponential
growth-factor has been factored out. In (a) the directional de-
rivative of order one with k = (1,0) is shown, and (b) illustrates
the quadratic growth of the directional derivative of order two,
with &V = k@ = (1,0).
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6.2. Second-order derivatives. With N = 2, (B) gives

™YY Y DD k@)g(z|0)

= e 30 (KO (v ) (K (0 (v 0)

e ([ X ([ ) (e [Y 7)o

= (em)? fin 3 (Y (o [v ) (K- (=¥ )

(31) w23 (n-[Y 7 y]) X (n-[Y )+ (- [Y ) oy 2

where Sg and v(n) are defined as in (). Using similar steps as before and using
Lemmas [0 and Bl with p = 2 results in the following theorems.

Theorem 6 (Pointwise approximation of the second directional derivative). The
directional derivative of second order along kY and k® of the Riemann theta
function is approximated by

DD k) 0(z|Q) =YY Y

x (27i)? Z (k:(l) - (n— [Y_ly])> (k@) - (n— [Y_lyD>

(32) we2mi(% ("”‘R— Y y)) X (n-[Y 'y )+ (n-[Y Y])) w2

with absolute error € on the product of (2mi)? with the sum. Here Sp =
{v(n) € Al |lv(n)|| < R}, A = {/7T(n+ (Y 'y]]) |n € Z9}. The shortest dis-
tance between any two points of A is denoted by p. Then the radius R is

determined as the greater of <\/g—|—4+ Vg% + 16—|—p> /2 and the real pos-

itive solution of ¢ = 2mg|lk™| kP (%)g (HT_1H2F (%, (R—p/2)?) +
20 [T [Y || (5 (R = p/2)?) + x [[Y T (5. (R - p/2)%)).
Theorem 7 (Uniform approximation of the second directional derivative). The

directional derivative of second order along kY and k® of the Riemann theta
function is approximated by

D(k(l), k(2)) 0(2|Q) = ewy-Y‘l.y

x (27i)? Z (k:(l) - (n— [Y_ly])> (k@) (- [Y_lyD>

(33) we2mi(3 ("R— Y y]) X (- [Y y))+ (n-[Y y))) w2

with absolute error € on the scalar product of (2mi)? with the sum, where the
approzimation is uniform in z, z = x + iy, for y € BY(0). Here v(n) =
VAT (n+[[Y ~'y]]), and

(34) UR:{n€Z9|7r(n—c)~Y'(n—c)<R2,|cj|<1/2,j:1,...,g}.
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Let A = {/7T(n+[[Y 'y]]) In € Z9}. The shortest distance between any two
points of A is denoted by p. Then the radius R is determined as the greater of

(\/g +4+4+ /g% +16 + p) /2 and the real positive solution of

2\? 2 g+2
= 2mgkO 1K) (2) 77 (1 (52 - /2?)

+2y/7||T Y| LT <% (R— p/2)2) +rr? [P T (4, (R~ p/2)2)) .

The same remarks as for the first-order directional derivative are valid here as
well. The last theorem has limited use due to its restriction on the size of ||yl
It was used in Figure BEb to illustrate the quadratic growth of the derivative of
the Riemann theta function parametrized by (22), after removal of the exponential
growth.

7. SIEGEL TRANSFORMATIONS

Consider the Riemann theta function parametrized by the Riemann matrix

-1/ 111.2 .61

(35) _ ' 07 96.616 .
2mi \ 96.616 83.943

This is the example from Appendix C of [§], adapted to the definition of the theta
function used here. It was used in [§] to illustrate the need for a fundamental region
of Riemann matrices. The problem arising is that the ellipsoid (ellipse, in this case)
determining the summation indices in the approximation of the oscillatory part of
the Riemann theta function is very eccentric. The eigenvalues of Y are 31.0587
and 0.000324, resulting in an eccentricity of the ellipse of 1 — 0.54 1079, Thus
very few of the summation indices closest to (0,0) play a part in the evaluation
of the Riemann theta function. This was the problem addressed in [8]. Since our
algorithm incorporates a way to determine which summation indices lie inside the
ellipsoid determined by Y, this is not troublesome here. What is troublesome is
that the ellipsoid contains many integer points: already for e = 0.001, the evaluation
of 6(0,0|€2) requires the inclusion of 109 terms. This is largely due to the fact that
the ellipsoid lies along a rational direction in the (n1,n2) plane, as illustrated in
Figure

In such cases, the transformation properties of the Riemann theta function can
be used to great advantage. Just as the elliptic functions and the Jacobian theta
functions, the Riemann theta function has a modular transformation property. The
modular transformation is a transformation on the Riemann matrix. The trans-
formed Riemann matrix defines a Riemann theta function, just as the original Rie-
mann matrix does. These two Riemann theta functions are related: up to an affine
transformation of the argument z and an overall scaling factor, they are identical.
For details, see [14].

Remarks. e Geometrically, the modular transformation on the Riemann ma-
trix is a transformation on the period lattice of the Riemann theta function.
Thus the modular transformation property relates two Riemann theta func-
tions with different period lattices [14].
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e For Riemann matrices originating from Riemann surfaces, the modular
transformation amounts to choosing a different canonical intersection basis
for the homology of the Riemann surface [7]. Then it is not a surprise that
the solutions of differential equations written in terms of Abelian functions
do not depend on this choice. One could think of this as a discrete symme-
try of the solutions of the differential equation. Thus for such applications
it is unimportant to transform the Riemann theta function, as long as one
consistently does all calculations with a preferred homology basis.

‘\
~
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. ]
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N
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(b)

FIGURE 6. The summation indices for the evaluation of the oscilla-
tory part of 8(0,0/€2) and #(0,0[2) with e = 0.001. In (a), with £,
there are 109 summation indices, all inside a very eccentric ellipse
lying along the line ny = —ny, and (b) corresponds to €2, which
was obtained from Q by way of a modular transformation (B0].
Now only one summation index lies inside the ellipse: (n1,mn2) =
(0,0).
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(2 4)

be a symplectic matrix with integer elements, I € SP(2g,Z), i.e.,

a b o, I, a®” "\ (0, I,
c d -1, 0, " d" )\ -I, 0, )’

where a, b, ¢, and d are g x g matrices with integer elements, I, and 04 are the
g %X g identity and nul matrix, respectively. SP(2g,Z) is called the modular group.
An element of the modular group transforms the Riemann matrix € according to

Let

(36) Q- Q=(aQ+b)(cQ+d) .
The modular group is generated by the three generators I'y, 'y and T's [14]:

0 .
(37)r1=< N T ) Q=aQa !, 0(Az|AQAT)=0(z|Q),
0, (a')
(38) F2=< (1)9 lb ), Q=Q+b, 0(z|Q+ b)=0(z + diag(b)/2|9),
g g

|
—

(39) Fg—((l’j 0) Q=-07', 6@z -0

— Jdet(—i) ™= 2 292 0),

where diag(b) denotes the diagonal part of the matrix b, which has even diagonal
elements, and b” = b. In the last equation, the branch of the square root is used
which is positive when its argument is positive.

Since any modular transformation is a composition of these three types, the
transformation formulas on the Riemann theta function on the right can be used to
calculate the effect of the resulting modular transformation on the Riemann theta
function.

From our point of view, the goal is to find a transformation on the Riemann
matrix (i.e., a composition of generating modular transformations) to minimize the
eccentricity of the ellipsoid determined by the transformed matrix. The algorithm
described in this section is due to Siegel [I8]. Siegel’s goal was to construct a funda-
mental region for Riemann matrices, analogous to the elliptic case. The algorithm
iteratively finds a new Riemann matrix with improved (i.e., smaller) eccentricity
for the ellipsoid it determines. However, the algorithm is not optimal. An optimal
algorithm does not appear to be known. The description below is an algorith-
mic description of Siegel’s [18], aimed at implementation. This implementation is
included in Maple 8.

Theorem 8 (Siegel reduction). Every Riemann matriz € can, by means of a
modular transformation (3), be reduced to a Riemann matriz Q=X+ z'f’, Y =
T'T, with X (Y) the real (imaginary) part of Q and T upper triangular, such
that

(1) |X]k| < 1/2) jvk: 1779;

(2) the length of the shortest lattice vector p of the lattice generated by the

columns of T is bound from below by /+/3/2, and
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(3) max{|N,| : |TN| < R,R > 0, fizxed, N € Z?} has an upper bound which
only depends on g and R. Thus this upper bound is independent of T .

The second condition eliminates ellipsoids with high eccentricity. The theorem in
effect guarantees an upper bound for the number of summation indices required for
the evaluation of the oscillatory part of a genus g Riemann theta function with a
prescribed error € (and thus R). This upper bound does not depend on the reduced

Riemann matrix Q.

Proof. e Proof of statement 1: Using (B8],
(40) Q — Q — [Re()].

e Proof of statement 2: We can assume that T is lattice reduced, using
the LLL algorithm [13]. Then p = T1; = V/ Y11, since T is upper triangu-
lar. Siegel [18] shows that the determinants of the imaginary parts of two

Riemann matrices connected by a modular transformation (38]) are related
by

() V)| = ey o

where Y, Y are the imaginary parts of 2 and ﬂ, respectively. Using the
modular transformation with

0 o” -1 o 1 o 0 o
a= ,b= ,C = ,d = ,
0 1, 0 0, 0 0, 0 1,
with O the (g — 1)-dimensional zero vector, (@Il becomes
_ |det(Y)]
Q>

|det(Y)]

If |91 < 1, this transformation is applied. This transformation pre-
ceded by the transformation giving (40) is repeated until |211] > 1. Then

1012 = X2, +YA112 > 1. Thus p = VY11 > \/\/1 - X2 > \/\/5/2, since

X2, < 1/4. It remains to be shown that this iteration terminates. This is
demonstrated by Siegel [18].
e Proof of statement 3: If T is lattice reduced using the LLL algorithm,
then (see [13])
* Tj;>0, 1<j <y,
# |Til < [Ty51/2, 1<j<k<g,
*« T2+ T, 2T, 1<j<g.
It follows from these last two properties that Tj; > @Tj,lﬁj,l, for j €

j—1
(1,¢], and thus Tj; > (‘/7§> p. Then max{|N;| : |[TN| < R,R >

0,fixed, N € Z9} < max{|N;| : |(TN);| < R,R > 0,fixed,j € [1,9], N €
79} < R/r. O

Note that the preceding proof indeed shows that the new ellipsoid defined by
ITNN|| = R has an eccentricity bound away from 1.
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This algorithm was used on the Riemann matrix given in (38), with great success:
after applying the algorithm, the evaluation of the oscillatory part of the Riemann
theta function parametrized by the transformed Riemann matrix at z = (0,0) with
absolute error € = 0.001 requires only one summation index: (n1,n2) = (0,0). The
modular transformation used is

0 0 8 7
0 0 7 6

r= 6 -7 0 0 |’
-7 8 0 0

resulting in
QO 7.94597  —3.94937
T\ —3.94937  14.4545 ’

giving an ellipsoid with eccentricity 0.927921, with a major-axes ratio ~ 3/8.

APPENDIX A: THE MAPLE IMPLEMENTATION

The maple code can be viewed by typing the following commands in Maple 8 or
later.

interface(verboseproc=2);
op(RiemannTheta) ;
op(‘RiemannTheta/doit ‘) ;
op(‘RiemannTheta/boundingellipsoid‘);
op(‘RiemannTheta/findvectors®);
op(‘RiemannTheta/make_proc®);
op(‘RiemannTheta/finitesum®) ;
It can be downloaded from http://www.math.fsu.edu/"hoeij/RiemannTheta/.
The procedure RiemannTheta uses a variety of arguments. The first two of these
are required. All others are optional and can be omitted.
(1) A g x g Riemann matrix .
(2) A g-dimensional vector z.
(3) A number e indicating the desired accuracy of the result.
(4) A (possibly empty) list of vectors. Each vector is used as in (@) for the
calculation of directional derivatives.
(5) Other optional arguments: The algorithm computes the exponential growth
factor a and the oscillatory part b separately. The user can specify if a and
b should both be given in the output, or if the output should consist of only
exp(a)b.
RiemannTheta distinguishes two cases:

(a) z evaluates to an element of CY.
(b) z does not evaluate to an element of CY9, because it contains one or more
variables that have no assigned values.

If no directional derivatives are given, then RiemannTheta computes either a list
of two complex numbers [a, b] or one complex number e®b such that 6(, z) ~ e%b.
Here b is bounded for z € CY and has error less rthan e. If directional derivatives
are given, then b grows polynomially. For case (b), it is not guaranteed that b’s
error is bounded by € unless an a priori bound for z is known.

If RiemannTheta is called, then the set S of points in the “ellipsoid” described
in Figure Blis calculated. See Figure Bl(a) for case (a), and Figure B(b) for case
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(b). Following the computation, RiemannTheta returns an expression that contains
‘RiemannTheta/finitesum‘ (args). Here ‘RiemannTheta/finitesum® is a pro-
cedure and args is a list of arguments. These arguments contain all information
necessary to compute the value of RiemannTheta with the specified accuracy. This
information includes z, © and S, but reorganized into a form more convenient
for summation (e.g., the real and imaginary parts of the input are separated, as
are the integer and noninteger parts before summation over the set S is begun).
However, the summation is not done unless z € C9. Only if z contains no unas-
signed variables can z be evaluated to an element of C9, and only in this case
will ‘RiemannTheta/finitesum‘(args) return a number. This number then be-
comes the output of RiemannTheta. If z does contain unassigned variables; then
the summation will be delayed, and ‘RiemannTheta/finitesum‘(args) will re-
main unevaluated. Thus, using variables in z instead of complex numbers causes
RiemannTheta to return an answer that contains an unevaluated procedure. This
is useful if one wants to calculate more than one value of RiemannTheta for the
same €. If only a single value of RiemannTheta is wanted, one gives RiemannTheta
a vector z € C9. If one wants to compute RiemannTheta for many 2’s (e.g., for
plotting purposes), then one includes variables in z. The procedure which is the
output of RiemannTheta is then used for evaluation. This way the set of points
in Figure B(b) is computed only once, which is more efficient than computing the
points in Figure Bla) for each value of z.
Below is a verbatim example of interactive use of Maple and RiemannTheta.

> r3 := sqrt(-3)/3:
> M := evalf( Matrix(2,2, [[1+2*r3,-1-r3], [-1-r3,1+2*r3]]) );

[ 1. + 1.154700539 I -1. - 0.5773502693 I]
M :=[ ]
[-1. - 0.5773502693 I 1. + 1.154700539 I ]

> eps := 0.001:

>z := [1-I, 1I+1]; # Here z contains no variables.
z :=[1-1I,1+1I]
> R := RiemannTheta(z, M, [], eps);
-8
R := -21.76547256 - 0.2323298326 10 I
> L := RiemannTheta(z, M, [], eps, output=list);
-10
L := [3.627598727, -0.5785248137 - 0.6175311504 10 I]
> a :=L[1]:
>b :=L[2]:
> R := exp(a)*b;
-8
R := -21.76547256 - 0.2323298326 10 I
>z = [X, I+1]; # Now z contains 1 variable.
z := [X, 1 + I]
> R := RiemannTheta(z, M, [], eps, output=list);
2
R := [3.627598726 Im(X) + 3.627598724 Im(X) + 3.627598726,
RiemannTheta/finitesum( ... ) ]

> eval(R, X=1-I);
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-10
[3.627598728, -0.57852736323 - 0.61753198638 10 1]
> eval(R, X=1-2%I);
-9
[10.88279618, 0.62464131574 - 0.56009279234 10 I]
> eval (R, X=1-3%I);
-10
[25.39319109, 0.44006321314 - 0.92901122197 10 I]

APPENDIX B: THE JAVA IMPLEMENTATION

The Java implementation is an adaptation of an earlier implementation in C
which has been in use since 1994. The Java version uses the definition () of the
Riemann theta function. The C version employed a different definition:

7] _ nBn+zn _ z | B
e(zm)_n%gw _9<2m"2m'>’
where the real part of B is negative definite.
The java implementation of the Riemann theta function is realized in the package
riemann.theta, which includes the public classes

LatticePointsInEllipsoid,
ModularGroup,

SiegelReduction,
ModularPropertySupport,
TransformationPropertySupport,
Theta

ThetaWithChar.

Unlike other languages, Java does not incorporate a complex type; thus the pack-
age requires an implementation of such, realized in mfc.number.Complex. The
implementation also requires the packages blas (basic linear algebra system), and
numericalMethods. This last package is used only in internal computations. Figure
[fillustrates these dependencies, showing only the classes within riemann.theta.

1 1
blas mfc
| - T~ |
[ T~ _
[ T
U 1
— 1 VYV — 1 VYV
) <--- " )
riemann | _____ = riemann.theta
T
1
1 + Theta
! + ThetaWithChar
X + TransformationProperty Support
| + ModularPropertySupport
V + SiegelReduction
= o o o 4 + ModularGroup
numericalMethods + LatticePointsInEllipsoid

F1GURE 7. Dependencies of the package riemann.theta.
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The class Theta implements the uniform approximation Theorems [B] Bl and [l
The default error used by the program is the FFE, with default error tolerance set
to 1077, Siegel’s reduction algorithm as described in Section [7is always used.

Example. Consider the slices of a genus 2 Riemann theta function shown in Figure
Ml The complete Java program for computing the data in one of these slices is

import riemann.theta.Theta;
import mfc.number.Complex;
import blas.ComplexVector;
import blas.ComplexMatrix;
public class ExampleSlice {
public static void main( String [1 argv ) {
// create the period matrix
ComplexMatrix B = new ComplexMatrix( 2 );
// set the period matrix
B.set( 0,0, 1.690983006, 0.9510565162 );
B.set( 0,1, 1.500000000, 0.3632712640 );
B.set( 1,0, 1.500000000, 0.3632712640 );
B.set( 1,1, 1.309016994, 0.9510565162 );
// use the different normalization
B.setTimes( new Complex( O, 2 * Math.PI ) );
// create a complex argument vector
ComplexVector V = new ComplexVector( 2 );
// create a theta function instance with period matrix
Theta theta = new Theta( B );
// create storage for the slice
Complex[][] slice = new Complex[101][101];
// loop over grid
for( int i=0; i<101; i++ )
for( int j=0; j<101; j++ ) {
// set grid vector
V.set( 1, 2 * i *Math.PI / 100, 2 * j * Math.PI / 100 );
// evaluate theta function at grid vector
slice[i][j] = theta.theta( V );
}
}
}

To compile this example, the user needs the Java archives riemann. jar, blas. jar,
mfc. jar and numericalMethods. jar in their classpath. These archives and their
source code and documentation are available from www-sfb288.math.tu-berlin.
de/" jem.

The package riemann.theta also includes a class ThetaWithChar which incor-
porates Riemann theta functions with characteristics.
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