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1 Introduction

The theory of circle packings and, more generally, of circle patterns enjoys in recent
years a fast development and a growing interest of specialists in complex analysis. The
origin of this interest was connected with the Thurston's idea about approximating the
Riemann mapping by circle packings (see [17, 19]). Since then the theory bifurcated to
several subareas. One of them concentrates around the uniformization theorem of Koebe-
Andreev-Thurston, and is dealing with circle packing realizations of cell complexes of
a prescribed combinatorics, rigidity properties, constructing hyperbolic 3-manifolds,
and so forth, (see [4, 8, 12, 20]). Another one is mainly dealing with approximation
problems, and in this context it is advantageous to stick from the beginning with fixed
regular combinatorics. The most popular are hexagonal packings, for which the C*®
convergence to the Riemann mapping was established by He and Schramm [9]. Similar
results are available also for circle patterns with the combinatorics of the square grid
introduced by Schramm [18]. It is also the context of regular patterns (more precisely, the
two just mentioned classes thereof ) where some progress was achieved in constructing
discrete analogs of analytic functions (Doyle’s spiralling hexagon packings [3] and their
generalizations including the discrete analog of a quotient of Airy functions [5], discrete
analogs of exp(z) and erf(z) for the square grid circle patterns [18], discrete versions

of z* and logz for the same class of circle patterns [2, 6]). And it is again the context
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of regular patterns where the theory comes into interplay with the theory of integrable
systems. Strictly speaking, only one instance of such an interplay is well established up
to now, namely Schramm's equation describing the square grid circle patterns in terms
of Mébius invariants turns out to coincide with the stationary Hirota's equation, known
to be integrable (see [6, 21]). It should be said that, generally, the subject of discrete
integrable systems on lattices different from Z" is underdeveloped at present. The list
of relevant publications is almost exhausted by [1, 11, 14, 15, 16].

The present paper contributes to several of the above-mentioned issues: we in-
troduce a new interesting class of circle patterns, and relate them to integrable systems.
Besides, for this class we construct, in parallel to [2, 6], the analogs of the analytic func-
tions z%, logz.

This class is constituted by hexagonal circle patterns, or, in other words, by
circle patterns with the combinatorics of the regular hexagonal lattice (the honeycomb
lattice). This means that each elementary hexagon of the honeycomb lattice corresponds
to a circle, and each common vertex of two hexagons corresponds to an intersection
point of the corresponding circles. In particular, each circle carries six intersection
points with six neighboring circles. Since at each vertex of the honeycomb lattice there
meet three elementary hexagons, there follows that at each intersection point there meet
three circles.

This class of hexagonal circle patterns is still too wide to be manageable, but it
includes several very interesting subclasses, leading to integrable systems. For example,
one can prescribe intersection angles of the circles. This situation will be considered in
a subsequent publication. In the present one, we consider the following requirement:
the six intersection points on each circle have the multi-ratio equal to —1, where the
multi-ratio is a natural generalization of the notion of a cross-ratio of four points on
a plane.

We show that, adding to the intersection points of the circles their centers, one
embeds hexagonal circle patterns with the multi-ratio property into an integrable sys-
tem on the regular triangular lattice. Each solution of this latter system describes a
peculiar geometrical construction, it consists of three triangulations of the plane, such
that the corresponding elementary triangles in all three tilings are similar. Moreover,
given one such tiling, one can reconstruct the other two almost uniquely (up to an affine
transformation). If one of the tilings comes from the hexagonal circle pattern, so do the
other two. These results are contained in Sections 2 and 4. In Section 3, we discuss a
general notion of integrable systems on graphs as flat connections with the values in
loop groups. It should be noticed that closely related integrable equations (albeit on
the standard grid Z?) were previously introduced by Nijhoff [13] in a totally different
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context (discrete Boussinesq equation), (see also similar results in [7]). However, these
results did not go beyond writing down the equations, geometrical structures behind
the equations were not discussed in these papers.

Having included hexagonal circle patterns with the multi-ratio property into the
framework of the theory of integrable systems, we get an opportunity of applying the
immense machinery of the latter to study the properties of the former. This is illustrated
in Sections 5 and 6, where we introduce and study some isomonodromic solutions of our
integrable system on the triangular lattice, as well as the corresponding circle patterns.
Finally, in Section 7, we define a subclass of these “isomonodromic circle patterns” which
are natural discrete versions of the analytic functions z*, log z. The results of Sections 5,
6, and 7 constitute an extension to the present, somewhat more intricate, situation of
the similar constructions for Schramm's circle patterns with the combinatorics of the

square grid [2].

2 Hexagonal circle patterns

First of all we define the regular triangular lattice TL (see Figure 2.1) as the cell complex

whose vertices are

V(TL) = {3 =k +lw+mw? : k,{, me Z}, where w = exp <23m>) (2.1)

Figure 2.1 The regular triangular

lattice with its hexagonal sublattices.
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whose edges are all nonordered pairs

E(TL) = {[31,52] : 31,32 € V(TL), |31 — 32 = 1}, (2.2)

and whose 2-cells are all regular triangles with the vertices in V(TL) and the edges in
E(TL). We use triples (k, £, m) € Z3 as coordinates of the vertices of the regular triangular
lattice, identifying two such triples if and only if they differ by the vector (n,n,n) with
n € Z. We call two points 31,32 neighbors in TL if and only if [31,32] € E(TL).

To the complex TL there correspond three regular hexagonal sublattices HL;,

where j =0, 1,2 (see Figure 2.1). Each HL; is the cell complex whose vertices are
V(HL;) = {3 =k+lw+mw? :k,{, meZ, k+{+m#j (mod3)}, (2.3)

whose edges are

E(HL5) = {[31,32] : 31,32 € V(HL; ), 31 — 320 =T}, (2.4)

and whose 2-cells are all regular hexagons with the vertices in V(HL;) and the edges in
E(3HL;). Again, we call two points 31, 32 neighbors in HL; if and only if [31,32] € E(FHL;).
Obviously, every point in V(HL;) has three neighbors in HL;, as well as three neighbors
in TL which do not belong to V(HL;). The centers of 2-cells of HL; are exactly the points
of V(TL) \ V(HKL;), that is, the points 3/ = k + fw + mw? with k + { + m =j (mod 3).

In the following definition, we consider only HL,, since, clearly, HL; and HL,;
are obtained from HL, via shifting all the corresponding objects by w, respectively,
by w?.

Definition 2.1. We say that a map w: V(HL,) — C defines a hexagonal circle pattern, if
the following condition is satisfied:
o Let

=3 +e" e V(HLy), k=12,...,6, where ¢ = exp (7:) (2.5)
be the vertices of any elementary hexagon in HL, with the center 3’ € V(TL) \ V(HLo).
Then the points w(31),w(32), ...,w(36) € C lie on a circle, and their circular order is just
the listed one. We denote the circle through the points w(31), w(32),...,w(36) by C(3'),

thus putting it into a correspondence with the center 3’ of the elementary hexagon above.

As a consequence of this condition, we see that if two elementary hexagons of HL, with
the centers 3/,3” € V(TL)\ V(HL,) have a common edge [31,32] € E(HLy), then the circles
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C(3’') and C(3”) intersect at the points w(37) and w(32). Similarly, if three elementary
hexagons of 3L, with centers 3/,3",3" € V(TL)\ V(HL,) meet at one point 30 € V(HLo),
then the circles C(3’), C(3”), and C(3"”) also have a common intersection point w(3o).
(Note that at every point 3o € V(HL,) there meet three distinct elementary hexagons of
HLo.)

Remark 2.2. Sometimes it is convenient to consider circle patterns defined not on the

whole of HL,, but rather on some connected subgraph of the regular hexagonal lattice.

We study in this paper a subclass of hexagonal circle patterns satisfying an

additional condition. We need the following generalization of the notion of cross-ratio.

Definition 2.3. Given a (2p)-tuple (w1, wz,...,w2,) € C?? of complex numbers, their

multi-ratio is the following number:

P

[ TOwas-1 —w2)

j=1

]:
M(W],Wz,...,sz) = > , (2.6)
[ TOw25 —was1)
=1
where it is agreed that w11 =w1.
In particular,
W1 — W32 ) (W3 — Wy
M(w1, w2, w3, wg) = ( ) ) (2.7)
(w2 —w3)(ws —wr)
is the usual cross-ratio, while in the present paper we are mainly dealing with
W1 —W2) (W3 —Wg ) (W5 — Wg
M(W],Wz,...,Wg)Z ( )( )( ) (2.8)
(w2 —w3)(ws —ws)(ws —wr)
The following two obvious properties of the multi-ratio are important for us:
(i) The multi-ratio M(wq, w3, ..., w3,) is invariant with respect to the action of

an arbitrary Moébius transformation w — (aw + b)/(cw + d) on all of its arguments.

(ii) The multi-ratio M(wy, w3, ..., Wy,) is a Mdbius transformation with respect
to each one of its arguments.
We need also the following, slightly less obvious, property:

(iii) If the points wy,wy,...,wz,_7 lie on a circle C C @, and the multi-ratio

M(wi,w3,...,Wy,p) is real, then also w,, € C.

Definition 2.4. Amapw: V(HLy) — C defines a hexagonal circle pattern with MR = —1,

if in addition to the condition of Definition 2.1 the following one is satisfied:
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e For any elementary hexagon in HL, with the vertices 31,32,...,36 € V(HLo)

(listed counterclockwise), the multi-ratio
M(W1)W2)"‘)W6):7]? (2‘9)

where wy = w(3k).

Geometrically the condition (2.9) means that, first, the lengths of the sides of the hexagon

with the vertices wiw; - - - wg satisfy the condition
w1 — w3l - w3 —wyl - lws —wg| = [wa —ws| - [wg —ws] - [wg — w1, (2.10)

and, second, that the sum of the angles of the hexagon at the vertices wy, ws, and ws
is equal to 27 (mod 27t), as well as the sum of the angles at the vertices w,, wy, and wg.
Notice that if a hexagon is inscribed in a circle and satisfies (2.9), then it is conformally
symmetric, that is, there exists a Mobius transformation mapping it onto a centrally
symmetric hexagon. Notice also that the regular hexagons satisfy this condition.

To demonstrate quickly the existence of hexagonal circle patterns with MR = —1,

we give their construction via solving a suitable Cauchy problem.

Lemma 2.5. Consider a row of elementary hexagons of HL, running from the north-
west to the south-east, with the centers at the points 3;, = k — kw. Let the map w be
defined at five vertices of each hexagon—at all except 3, + ¢. Suppose that the five points
w(3 + €’), where j = 2,3,...,6, lie on the circles C(3;). These data determine uniquely
amap w: V(HLy) — C yielding a hexagonal circle pattern with MR = —1 on the whole
lattice. O

Proof. Equation (2.9) determines the points w(3; + ¢), which, according to the prop-
erty (iii) of the multi-ratio, lie also on C(3;). Now for every hexagon of the parallel row
next to north-east, with the centers at the points 3;/ =3, +1+¢=(k+2) — (k—T)w, we

know the value of the map w at three vertices, namely at
et =l =5 tet, s =ste s =gttt (211

This uniquely defines the circle C(3;/) as the only circle through three points w(3 + €3),
w(zy + ¢*), and w(3; + €°). The intersection points of these circles of the second row
gives the values of the map w at the points 3; + &* and 3; + €°. Namely, w(3 + ¢?) is
the intersection point of C(3/) with C(3{_,), different from w(3; + ¢3), and w(3;’ + €°) is

the intersection point of C(3{/) with C(3{/,,), different from w(3;/ + ¢>). Therefore, we get
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W2

Figure 2.2 An elementary hexagon with its center point sent to oco.

the values of the map w at five vertices of each hexagon of the next parallel row—at all

except 3, + €. The induction allows to continue the construction ad infinitum. |

Now we show that, adding the centers of the circles of a hexagonal pattern with

MR = —1 to their intersection points, we come to a new interesting notion.

Theorem 2.6. Let the map w : V(HLy) — C define a hexagonal circle pattern with
MR = —1. Extend w to the points of V(TL) \ V(HL,) by the following rule. Fix some
point P, € C. Let 3’ be a center of an elementary hexagon of HL,. Set w(3’) to be the
reflection of the point P, in the circle C(3’). Then the condition (2.9) holds also for
wy = w(3k) in the case when the points 31,32, ...,3c are the vertices of any elementary
hexagon of the two complementary hexagonal sublattices HL; and HL,. O

Proof. Consider the situation corresponding to an elementary hexagon of the sublattice
FLq or HL, (see Figure 2.2). The point wy is the intersection point of the three circles
C(31), C(33), and C(35), the points wq, ws, and ws are obtained by reflection of P, in
the corresponding circles, and the points w;, w4, and wg are the pairwise intersection
points of these circles different from wy. To simplify the geometry behind this situation,
perform a Mobius transformation sending wy to infinity. Then the circles C(31), C(33),
and C(35) become straight lines, and the points wy, w3, ws are the reflections of P, in
these lines (see Figure 2.2; for definiteness we suppose here that the Mdbius image of

P lies in the interior of the triangle formed by these straight lines). By construction,
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one gets
wa —wi| = [wy —wsl,
wg —ws| = lwg —ws|, (2.12)

we —ws| = [weg — w1

the angles by the vertices wa, w4, wg are equal to 2(o1 + «2), 2(B1 + B2), 2(v1 + v2),
respectively, so that their sum is equal to

201+ o2+ B1+P2+v1 +v2) =2m; (2.13)

the angles by the vertices wy, w3, ws are equal to m— (1 +v2), t1— (B1 +a2), 17— (v1 +B2),

respectively, so that their sum is equal to

3n— (a1 + a2+ B+ B2+v1 +v2) =2m (2.14)

This proves that the hexagon under consideration satisfies (2.9). [ |

A particular case of the construction of Theorem 2.6 is when P, = oo, so that the
map w is extended by the centers of the corresponding circles. In any case, this theorem

suggests to consider the class of maps described in the following definition.

Definition 2.7. We say that the map w : V(TL) — C defines a triangular lattice with
MR = —1, if (2.9) holds for wy = w(3x), whenever the points 31,32,...,3¢ are the ver-
tices (listed counterclockwise) of any elementary hexagon of any of the sublattices
HL; (3=0,1,2).

In the next section we discuss an integrable system on the regular triangular lat-
tice, each solution of which delivers, in a single construction, three different triangular
lattices with MR = —1. However, these three lattices are not independent, given such
a lattice, the two associated ones can be constructed almost uniquely (up to an affine
transformation w — aw + b). It will turn out that if the original lattice comes from a

hexagonal circle pattern with MR = —1, then the two associated ones do likewise.

3 Discrete flat connections on graphs

We describe a general construction of “integrable systems” on graphs which does not
hang on the specific features of the regular triangular lattice. This notion includes the

following ingredients:
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An oriented graph G; the set of its vertices will be denoted V(9), the set of its
edges will be denoted E(9).

A loop group G[MA], whose elements are functions from C into some group G.

The complex argument A of these functions is known in the theory of
integrable systems as the spectral parameter.
A wave function ¥ : V(G) — G[A], defined on the vertices of §.

A collection of transition matrices L : E(G) — G[)A] defined on the edges of G.

It is supposed that for any oriented edge ¢ = (31,32) € E(G) the values of the wave

functions in its ends are connected via
Y(32,A) = L(e, )¥(31,). (3.1)

Therefore, the following discrete zero curvature condition is supposed to be satisfied.

Consider any closed contour consisting of a finite number of edges of G,

€1 = (51352)) €2 = (52353)) ey Ep = (3‘py31)~ (32)

Then

L(ep,A)---L(e2, N)L(e1,A) =1 (3.3)
In particular, for any edge ¢ = (31,32), if e=' = (32,31), then

L(e " \) = (L(e,N) . (3.4)

Actually, in applications, the matrices L(e,A) depend also on a point of some set
X (the phase space of an integrable system), so that some elements x(¢) € X are attached
to the edges ¢ of G. In this case the discrete zero curvature condition (3.3) becomes
equivalent to the collection of equations relating the fields x(e1), ..., x(e,) attached to
the edges of each closed contour. We say that this collection of equations admits a zero
curvature representation.

For an arbitrary graph, the analytical consequences of the zero curvature repre-
sentation for a given collection of equations are not clear. However, in case of regular
lattices, like TL, such representation may be used to determine conserved quantities for
suitably defined Cauchy problems, as well as to apply powerful analytical methods for

finding concrete solutions.

Remark 3.1. The above construction of integrable systems on graphs is not the only

possible one. For example, in the construction by Adler [1] the fields are defined on the
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vertices of a planar graph, and the equations relate the fields on stars consisting of the
edges incident to each single vertex, rather than the fields on closed contours. Examples
are given by discrete time systems of the relativistic Toda type. In the corresponding
zero curvature representation the wave functions ¥ naturally live on 2-cells rather than
on vertices. The transition matrices live on edges, the matrix L(e,A) corresponds to the

transition across ¢ and depends on the fields sitting on two ends of e.

4 An integrable system on the regular triangular lattice

We now introduce an orientation of the edges of the regular triangular lattice TL.
Namely, we declare as positively oriented all edges of the types (3,35 + 1), (3,3 + w),
and (3,3 + w?). Correspondingly, all edges of the types (3,3 — 1), (3,3 — w), and (3,5 —
w?) are negatively oriented. Thus all elementary triangles become oriented. There are
two types of elementary triangles: those “pointing upwards” (3,3 + w,3 — 1) are ori-
ented counterclockwise, while those “pointing downwards” (3,3 + w?,3 — 1) are oriented

clockwise.

4.1 Lax representation

The group G[A] we use in our construction is the twisted loop group over SL(3,C),
{L:C+— SL(3,C) | L(wA) = QL) Q™ '}, (4.1)

where Q = diag(1,w, w?). The elements of G[\] we attach to every positively oriented
edge of TL are of the form

1T M 0
LN =1+2)""[0 1 Ag|, foh=1. (4.2)
Ah 01

Hence, to each positively oriented edge we assign a triple of complex numbers (f, g, h) €
C? satisfying an additional condition fgh = 1. In other words, choosing (f, g), say, as
the basic variables, we can assume that the “phase space” X, mentioned in Section 3,
is C, x C,. The scalar factor (1 + A3)~'/3 is not very essential and assures merely that
detL(A) =1.

It is obvious that the zero curvature condition (3.3) is fulfilled for every closed

contour in TL if and only if it holds for all elementary triangles.
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Theorem 4.1. Let ¢y, ¢2, ¢3 be the consecutive positively oriented edges of an elementary

triangle of TL. Then the zero curvature condition
L(es,A)L(e2,A\)L(e7,A) =1 (4.3)

is equivalent to the following set of equations:

f1+f2+1f3 =0, g1 +92+93 =0, (4.4)
f191 =392 & f292 = f193 & f393 = f291, (4.5)
with the understanding that hy = (fxgx)~', where k =1,2,3. O

Proof. An easy calculation shows that the matrix equation L3L;L; = I consists of the

following nine scalar equations:

f1+f,+f3=0, g1 +92+93 =0, h; +hz +h; =0, (4.6)
fagohy =1, gshofr =1, h3fog1 =1, (4.7)

f3g2 + 1391 + 1291 =0, gshz + gshy +g2hy =0, 8)
hsfy + hsfy + hof; =0. .

It remains to isolate the independent ones among these nine equations. First of all,
equations (4.8) are equivalent to (4.7), provided (4.6) and fygxhi = 1 hold. For example,

f3(92 + g1) + f291 =0 & f393 = 291 & h3fag1 = 1. (4.9)

Next, the conditions fiygxhyx = 1 allow us to rewrite (4.7) as

fig1 =f392, fago =f1g93, f3g3 = fagr. (4.10)

Further, all in equations (4.10) are equivalent provided (4.4) holds. For example,

fig1 =392 = (f2 + f3)g1 = f3(91 + 93) = f291 = f30s. (4.11)
Finally, hy + h; + h3 = 0 follows from (4.4), (4.5). Indeed,
hy +ha = (f191) 7" + (f202) " = (f392) "' + (f292) "

= (f202) "(f2 +f3)f3| = —(f292) ' f1 5" (4.12)
=—(f193) "f1f3' = —(f3g3) ' = —hs.

The theorem is proved. For a better name we call the system of equations (4.4) and (4.5)
the fgh-system. |
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Equations (4.6) may be interpreted in the following way: there exist functions

u,v,w: V(TL) — C such that for any positively oriented edge ¢ = (31,32), there holds

fle) =u(s2) —u(r),  9(e) =v(32) =v(1),  h(e) =w(32) —w(s). (4.13)

The function u is determined by f uniquely, up to an additive constant, and similarly for
the functions v, w. Having introduced functions u, v, w sitting in the vertices of TL, we
may reformulate the remaining equations (4.5) as follows: let 31, 32, 33 be the consecutive

vertices of a positively oriented elementary triangle, then

= : (4.14)

The equations arising by cyclic permutations of indices (1,2,3) — (2,3,1) are equiva-
lent to this one due to (4.5). So, we have one equation pro-elementary triangle 313233. Its
geometrical meaning is the following: the triangle w(31)u(32)u(33) is similar to the tri-
angle v(32)v(33)v(31) (where the corresponding vertices are listed on the corresponding

places). Of course, these two triangles are also similar to the third one, w(33)w(31)w(32).

4.2 Cauchy problem

We discuss now the Cauchy data which allow one to determine a solution of the fgh-

system. The key observation is the following.

Lemma 4.2. Given the values of two fields, say u and v, at three points 30, 31 = 30 + 1,
and 32 = 30 + w, the equations of the fgh-system determine uniquely the values of u and
v at the point 33 =30 + 1+ w:

Vi —Vo

u; —up = (U] —u + (uz —u , 4.15
3 —Uo = (W O)V1—V2 (w2 0)vz—v1 (4.15)

u; —Up uz — U
V3i—vi =V —Vvo)——— &= vz —Vvy = (V2 —Vvo)—. (4.16)

Uy — U3 Up — U3
O

Proof. The formula (4.15) follows by eliminating v; from
Uo—Us _V1—Vo Uo—Us _V2—Vo (4.17)
w—u  vz—vi’  up—up  vz—Vv2’ '

Then these equations yield (4.16). [ |
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This immediately yields the following statement.

Proposition 4.3. (a) The values of the fields u and v at the vertices of the zigzag line

running from the north-west to the south-east,

{s=k+lw:k+(=0,1}, (4.18)

uniquely determine the functions u,v: V(TL) — C on the whole lattice.

(b) The values of the fields u and v on the two positive semi-axes,
H=k:k>0U{3 =Lw:L >0}, (4.19)

uniquely determine the functions u,v on the whole sector

{3_k+€w:k,€20}—{36V(‘J‘L):O§arg(5)§2;}. (4.20)
0

Proof. The proof follows by induction with the help of formulas (4.15) and (4.16). H

4.3 Sym formula and related results

There holds the following result having many analogs in the differential geometry de-
scribed by integrable systems (“Sym formula,” cf. [6]).

Proposition 4.4. Let W(3,A) be the solution of (3.1) with the initial condition ¥(30,A) =1
for some 30 € V(TL). Then the fields u,v,w may be found as

v 0 u 0

S Z o 0 v (4.21)

dA |, -
w 0 0

Proof. Note, first of all, that from W(30,0) = I and L(¢,0) = I, it follows that ¥(3,0) =1
for all 3 € V(TL). Consider an arbitrary positively oriented edge ¢ = (31,32). From (3.1),
it follows that

W(31) +L(e) (4.22)

dA dA dA

d¥(s2)  d¥(1) _ (dL(e)
dA dA

d‘i’(za])) _ d¥Gr)
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At A =0, we find

d¥(32) | d¥()
dA o dA o
0 f(e) O
dL(e)
= =1 0 0 ge)
dA |,
h(e) 0 0O (4.23)
0 u(32) —u(s) 0
= 0 0 v(32) —v(51)
w(32) —w(31) 0 0
This proves the proposition. |

Next terms of the power series expansion of the wave function ¥(3,A) around

A = 0 also deliver interesting and important results.

Proposition 4.5. Let ¥(3,A) be the solution of (3.1) with the initial condition ¥(30,A) =1
for some 30 € V(TL). Then

1 a2y 0 0 a
2.dA% |, _,
0 ¢ 0
where the function a : V(TL) — C satisfies the difference equation
a(32) — a(31) =v(31) (u(2) —u(z1)), (4.25)

and similar equations hold for the functions b,c : V(TL) — C (with the cyclic permuta-

tion (u,v,w) — (w,u,v)). O

Proof. Proceeding as in the proof of Proposition 4.4, we have

d’¥(52)  d*¥(s1)
A2 A2

d?L dL(e) d¥ a2y a2y
_< "Ly, 4220 6 d)\(gﬂ)_ Y)

(4.26)
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Taking into account that d?L(e)/dA%[x—o = 0, we find at A = 0

d*W(G2) | d*W(G)
dAz o dz o
_LALE)| ¥
dA fhoo dA oo (4.27)
f(e) O 0 u(z) O
=21 0 0 g(e) 0 0 ()
h(e) O 0 w(z) O 0
This implies the statement of the proposition. |

Notice that it is a priori not obvious that (4.25) admits a well-defined solution on
V(TL), or, in other words, that its right-hand side defines a closed form on TL. This fact
might be proved by a direct calculation, based upon the equations of the fgh-system,

but the above argument gives a more conceptual and a much shorter proof.

Corollary 4.6. Under the conditions of Propositions 4.4 and 4.5, the wave function ¥
satisfies

_law
2an

av\’ ‘
- <> =[v 0 of, (4.28)
A=0 dA Ja=o
0 0
where the function a’ : V(TL) — C satisfies the difference equation

a’'(32) —a’'(31) = u(2) (v(32) — v(31)), (4.29)

and similar equations hold for the functions b’,c¢’ : V(TL) — C (with the cyclic permu-

tation (u,v,w) — (w,u,v)). O

Further examples of such exact forms may be obtained from the values of higher deriva-
tives of the wave function W(3,A) at A = 0.

4.4 One-field equations

We discuss now the equations satisfied by the field u alone, as well as by the field v

alone. At this point we make contact with the geometric considerations of Section 2.

Theorem 4.7. (1) Bothmapsu,v: V(TL) — C define triangular lattices with MR = —1.In

other words, if 31,32, ..., 36 are the vertices (listed counterclockwise) of any elementary
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hexagon of any of the hexagonal sublattices HL; (j = 0,1,2), and if ux = u(3x) and
v = V(3x), then there hold both the equations

M(u1,u2,...,u5) 2—1, (4.30)
M(V],Vz,...,\%):*]. (4.31)
(2) Given a triangular lattice uw : V(TL) — C with MR = —1, there exists

a unique, up to an affine transformation v — av + b, function v : V(TL) — C such
that (4.14) are satisfied everywhere. This function also defines a triangular lattice with
MR = —1.

(3) Given a pair of complex-valued functions (u,v) defined on V(TL) and satis-
fying (4.14) everywhere, there exists a unique, up to an affine transformation, function
w : V(TL) — C such that the pairs (v,w) and (w,u) satisfy the same equation. The
function w also defines a triangular lattice with MR = —1. d

Proof. (1) To prove the first statement, we proceed as follows. Let 3’ € V(TL), and let
the vertices of an elementary hexagonal with center 3’ be enumerated as 3, = 3’ + ¢, k =
1,2,...,6. Then the following elementary triangles are positively oriented: (32k,32k—1,3")
and (32x,32x+1,3’) for k = 1,2,3 (with the agreement that 3; = 31). According to (4.14),

we have

! !
U2k—1 — U2k V' —V2r—1 U2k+1 — U2k V' —V2or+1
; = —, —= = = k=123 (4.32)
U — U1 Vo —V U — U2k+1 Vo —V

Dividing the first equation by the second one and taking the product over k = 1,2, 3,

we find

3

Upk—1 —U
H el e L (4.33)
o W2k+1 T U2k

which is nothing but (4.30). The proof of (4.31) is similar.

(2) As for the second statement, suppose we are given a function u on the whole
of V(TL). For an arbitrary elementary triangle, if the values of v at two vertices are
known, (4.5) allows us to calculate the value of v at the third vertex. Therefore, choosing
arbitrarily the values of v at two neighboring vertices, we can extend this function on
the whole of V(TL), provided this procedure is consistent. It is easy to understand that it
is enough to verify the consistency in running once around a vertex. But this is assured
exactly by (4.30).
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(3) To prove the third statement, notice that the proof of Theorem 4.1 shows that
the formula

1 1
MO =6 ) = gl T () w0 ) 459

that is valid for every edge ¢ = (31,32) of TL, correctly defines the third field h of the

fgh-system. All affine transformations of the field w thus obtained, and only they, lead
to pairs (v,w) and (w, u) satisfying (4.14). [ |

Remark 4.8. Notice that the results of the present section remain valid in the more gen-
eral context, when the fields f,g,h do not commute anymore, for example, when they
take values in H, the field of quaternions. The formulation and the proof of Theorem 4.1

hold in this case literally, while formula (4.30) reads then as

(LL] — uz)(uz — LL_?,)71 (U3 — U.4)(U4 — U.5)7] (U.5 — ug)(uG — I,L])i1 =—1, (4.35)

and similarly for v, w.

4.5 Circularity

Recall that hexagonal circle patterns with MR = —1 lead to a subclass of triangular
lattices with MR = —1, namely those where the points of one of the three hexagonal
sublattices lie on circles. We now prove a remarkable statement, assuring that this

subclass is stable with respect to the transformation u — v described in Theorem 4.7.

Theorem 4.9. Let u : V(HL;) — C define a hexagonal circle pattern with MR = —1.
Extend it with the centers of the circles to u : V(TL) — C, a triangular lattice with
MR = —1. Let v : V(TL) — C be the triangular lattice with MR = —1 related to u via
(4.14). Then the restriction of the map v to the sublattice H{L;,; also defines a hexagonal
circle pattern with MR = —1, while the points v corresponding to TL\ HL;; are the
centers of the corresponding circles. O

Proof. The proof starts as the proof of Theorem 4.7. Let 3’ be the center of an arbitrary
elementary hexagon of the sublattice HL; 1, that is, 3/ = k + (w + mw? with k + £ +
m = j + 1(mod 3). Denote by 3 = 3’ + ¢, k = 1,2,...,6, the vertices of the hexagon.
As before, considering the positively oriented triangles (32x,32x—1,3’) and (32x, 32k+1,3"),

where k = 1,2, 3, surrounding the point 3’, we come to the relations

/ /
U2k—1 — U2k V' —Vor—1 U2k+1 — U2k V' —V2ok+1
; = =, == = 1 x=1,2,3. (4.36)
U — U1 Vo —V U — U2k+1 Vok —V
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But, obviously, 32k—1 (k = 1,2,3) are the centers of the elementary hexagons of the
sublattice HL;. By the condition of the theorem, the points uz_2, uzk, and u’ lie on a

circle with center u,i_1. Therefore,

2 — a1 | = uzk—2 —uzk1l = [u' —uz1|, k=1,2,3. (4.37)

So, the absolute values of the left-hand sides of all the equations in (4.36) are equal to 1.

It follows that all six points v1,v2,...,Vve lie on a circle with center v’. ]

5 Isomonodromic solutions

Recall that we use triples (k,£, m) € Z> as coordinates of the vertices 3 = k + {w + mw?,
and that two such triples are identified if and only if they differ by the vector (n,n,n)
with n € Z. By the k-axis we denote the straight line R C C, respectively, by the {-axis
the straight line Rw, and by the m-axis the straight line Rw?.

It is sometimes convenient to use the symbols *, %, and - to denote the shifts of
various objects in the positive direction of the axes k, {, m, respectively, and the symbols
-, -, and - to denote the shifts in the negative directions. This will apply to vertices,
edges, and elementary triangles of TL, as well as to various objects assigned to them.

For example, if 3 € V(TL), then

3=3+1, 3=3-1, 3=3+w, J=5—w, 5=3+w?, ;l:g,fwz. (5.1)
Similarly, if e = (31,32) € E(TL), then
t=Gr+Ln+1), t=Grtwpntw), =G +wint+we?), et (5.2)

A fundamental role in the subsequent presentation is played by a nonautono-
mous constraint for the solutions of the fgh-system. This constraint consists of a pair
of equations which are formulated for every vertex 3 € V(TL) and include the values of
the fields on the edges incident to 3, that is, on the star of this vertex. It is convenient to

fix a numeration of these edges as follows:
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u u
2 f
. f3 fo N
u
f4 f5
u u

Figure 5.1 Notations for u and f.

The notations fo, ..., fs refer to the values of the field f on these edges,
fo=u—u, fa=u—u, fa =tu—u,
(5.4)
fi=u—u, fa=u—u, fs =u—u,
and similarly for the fields g, h (see Figure 5.1).
The constraint looks as follows:
B fogofs 129215 f49at
xu = m )
fogo +gofs + 1393 202 + 9215 + 1595 faga +gaf1 + 1101 (5.5)
f f f '
Bv =k goT39g3 0 9275905 m 941101

~ fogo+gofs+figs  f292+ ga2fs + 595 faga + gafi +f191°

These are supposed to be the equations for the vertex 3 = k + Lw + mw?, and we use
the notations u = u(3), v = v(3). Since the fields u, v are defined only up to an affine
transformation, one should replace the left-hand sides of (5.5) by au+ ¢, fv+1), respec-
tively, with arbitrary constants ¢, V. In the form we have chosen (with ¢ =1 =0), it is

imposed that the fields u, v are normalized to vanish at the origin.

Proposition 5.1. Equations (5.5) are well-defined equations for the point 3 € V(TL), that
is, they are invariant under the shift (k,{, m) — (k+n,£{+mn, m+n), provided that (4.14)
holds. O

Proof. The proof is technical and is given in Appendix B. [ |

We mention an important consequence of this proposition. Apparently, the con-

straint (5.5) relates the values of the fields u, v at seven points shown on Figure 5.1.

0T0Z ‘0z 1equiardas uo uliag N1 re Bio'sfeuinolpiojxo uiwi woly papeojumod


http://imrn.oxfordjournals.org/

130 Alexander I. Bobenko et al.

However, we are free to choose any representative (k,{, m) for 3. In particular, we can
let anyone of the coordinates k, {, m vanish. In the corresponding representation the
constraint relates the values of the fields u, v at five points, belonging to anyone of the
three possible four-leg crosses through ;3.

An essential algebraic property of the constraint (5.5) is given by the following
statement.

Proposition 5.2. If equation (4.14) holds, then the constraint (5.5) implies a similar

equation for the field w (vanishing at 3 = 0),

1 1 1

w=k +4 +m , 5.6

Y fogo +gofs + 393 292+ g2f5 + 595 faga + gafi + 101 (5.6)
wherey =1—a— p. O
Proof. The proof is again based on calculations and is relegated to Appendix B. [ |

Remark 5.3. We notice that restoring the fields hy = 1/(fxgx) allows us to rewrite (5.5),
(5.6) as

By =k gohogs 0 g2h29s m gahagi (5.7)
goho + hogs +gshs ~ g2hz + hags + gshs gaha +hagr +gihy’
_ hofohs hyfohs im hafshy
hofo + fohs +h3fs ~ hyf; +frhs + hsfs hafs + fahy +hyfy’

Yw (5.8)
which coincides with (5.5) via a cyclic permutation of the fields (f, g,h) — (g, h,f) per-
formed once or twice, respectively, and accompanied by changing « to 3, v, respectively.

Another similar remark: as it follows from the formulas (B.3), (B.4) used in the
proof of Proposition 5.1 (and their analogs for the fields g, h), the constraints (5.5), (5.6)

may be rewritten as equations for the single field u, respectively v, w:

fofg,(f] + fz) e fzf5(f3 + f4) tm fafq (f5 + fo)
(fo —f2)(f1 —1f3)  (f2 —f4)(f3 —15) (fa —fo)(fs — 1)’
By =k 9093(91 + 92) 0 9295(93 + 9a) m 9491(95 + go)
(g0 —92)(91 —93) (92 —94)(95 — 95) (92 —9o)(g5 — g1)’
hohsz(hy + hy) ) hohs(hs + hy) m hshy (hs + ho)
(ho —hz)(hi —h3)  (h2 —hg)(hs —hs) (ha —ho)(hs —hy)’

oau =k

(5.9)

Yw =

However, in this form, unlike the previous one, the terms attached to the variable k, say,
contain not only the fields on two edges ¢, ¢3 parallel to the k-axis. This form is therefore
less suited for the solution of the Cauchy problem for the constrained fgh-system, which

we discuss now.
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Theorem 5.4. For arbitrary «, € C the constraint (5.5) is compatible with (4.14). O

Proof. To prove this statement, one has to demonstrate the solvability of a reasonably
posed Cauchy problem for the fgh-system constrained by (5.5). In this context, it is
unnatural to assume that the fields u, v vanish at the origin, so that we replace (only in
this proof) the left-hand sides of (5.5) by au + ¢, fv + 1, with arbitrary ¢, € C. We
show that reasonable Cauchy data are given by the values of two fields u, v, say, at three
points 30, 31 = 30 + 1, and 32 = 30 + w, where 3o is arbitrary. (The labelling of the points
involved in the proof is illustrated in Figure 5.2.) According to Lemma 4.2, these data
yield via the equations of the fgh-system the values of u, v at 33 = 30 + 1 + w. Further,
these data together with the constraint (5.5) determine uniquely the values of u, v at
34 = 30 + w?. Indeed, assign u(34) = &, v(34) = 1, where &, | are two arbitrary complex
numbers. The constraint uniquely defines the values of u, v at the point 35 = 30 — w.
The requirement that these values agree with the ones obtained via Lemma 4.2 from the
points 30, 31, 34, gives us two equations for &, 1. It is shown by a direct computation that
these equations have a unique solution, which is expressed via rational functions of the
data at 3o, 31, 32. It is also shown that the same solution is obtained, if we work with
36 = 30 — | instead of 35. Having found the fields u, v at 34, we determine simultaneously
u, v at 35, 36. Now a similar procedure allows us to determine u, v at 37 = 30 + 2, and
38 = 30 + 2w, using the constraint at the points 3; and 3., respectively. Simultaneously,
the values of u, v are found at 30 = 30 + 2+ w and 310 = 30 + 1 + 2w. A continuation of

this procedure delivers the values of u, v on both the semiaxes
3=k:k>0U{z =Lw:L >0}, (56.10)

using the condition that the constraint (5.5) is fulfilled on these semiaxes. As we know
from Proposition 4.3, these data are enough to determine the solution of the fgh-system

on the whole sector
27
t=k+tw:kt>0}= 3€V(‘TL):O§arg(5)§? . (6.11)
It remains to prove that this solution fulfills also the constraint (5.5) on the whole sector.

This follows by induction from the following statement. [ |

Lemma 5.5. If the constraint (5.5) is satisfied at 3o, 31, 32, then it is satisfied also at 33.
O

The constraint at 33 includes the data at five points 31, 32, 33, 39, 310- As we have seen, the

data at 33, 39, 310 are certain (complicated) functions of the data at 3, 31, 32. Therefore,
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Figure 5.2 Labelling of the points.

to check the constraint at 33, one has to check that two (complicated) equations for the
values of u, v at 3o, 31, 32 are satisfied identically. This has been done with the help of
the Mathematica computer algebra system.

Now we show how the constraint (5.5) appears in the context of isomonodromic
solutions of integrable systems. In this context, the results look better with a differ-
ent gauge of the transition matrices for the fgh-system. Namely, we conjugate them
with the matrix diag(1,A,A?), and then multiply by (1 +A3)"/3 in order to get rid of the

normalization of the determinant. Writing then p for A3, we end up with the matrices

1 f
Lw=]0 1
0

0
gl, fgh=1. (56.12)
ph 1

The zero curvature condition turns into

Les, )L (e2, w)L(er, ) = (T+ Wl (5.13)

where ¢1, ¢2, ¢3 are the consecutive positively oriented edges of an elementary triangle
of TL. This implies some slight modifications also for the notion of the wave function.
Namely, formula (5.13) does not allow to define the function ¥ on V(TL) such that

W52, 1) = Le, 1)¥(1, 1) (5.14)

holds, whenever ¢ = (31,32). The way around this difficulty is the following. We define

the wave function ¥ on a covering of V(JL). Namely, over each point 3 = k + {w + mw?
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now sits a sequence

‘yk+n,€+n,m+n(u) = (1 + u)n‘yk,é,m(u)v nez. (515)
The values of these functions at neighboring vertices are related by natural formulas

Yir1,em(p) = L(eo, W)Wk em (1), eo=(3,3+1),
Wk,zﬂ,m(u) = L(ez, H)Wk,e,m(u), 2= (3,3 +w), (5-16)

Wiome1 (1) = Lea, W)W om(p), €1 = (3,3 + w?).

We call a solution (u,v) : V(TL) +— C? of (4.14) isomonodromic (cf. [10]), if there exists
the wave function ¥ : Z3 — GL(3,C)[y] satisfying (5.16) and some linear differential
equation in y,

d
T Y em (1) = Ak e m (W) Wk 0, m (1), (5.17)

dp
where Ay ¢ m (1) are 3 x 3 matrices, meromorphic in p, with the poles whose position and
order do not depend on k, {, m.

Obviously, due to (5.15), the matrix A has to fulfill the condition

n

I, nez 5.18
T (5.18)

Ak+n,2+n,m+n(u) = Ak‘e,m(u) +
Theorem 5.6. The solutions of (4.14) satisfying the constraint (5.5) are isomonodromic.
The corresponding matrix Ay ¢ m is given by the following formula:

Ck,@,m D(ﬁ)

428 5.19
Trn T (5.19)

Ax tom =
where Cy ¢ m and D(3) are p-independent matrices,

Ci,e,m = kPo(3) + €P2(3) + mPa(3), (5.20)
where Py 4 are rank 1 matrices

: fj9; —f50ifi13 055139543

Pi(3) = —g; it —g;T; ; ,
i(3) fi0; + 03503 + F430513 9j 9iTj+3 9jTj+39j+3

5.21
—f543 fi1395+3 ( )

j=0,2,4,
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and the matrix D is well defined on V(JL) and not only on its covering Z3,

2

J“h’%fi) cu pa— ad’
D(3) = 0 (o‘g B e |, (5.22)

(2B + o)

0 0 —_—

3

where the functions a,a’: V(JL) — C are solutions of (4.25), (4.29). O
Proof. The proof can be found in Appendix B. [ |

6 Isomonodromic solutions and circle patterns

We now consider isomonodromic solutions of the fgh-system satisfying the constraint
(5.5), which are special in two respects:

e First, the constants « and f in the constraint equations are not arbitrary, but
are equal, « = 3, so thaty =1 —2a«.

e Second, the initial conditions will be chosen in a special way.

We show that the resulting solutions lead to hexagonal circle patterns.

First of all, we discuss the Cauchy data which allow one to determine a solution
of the fgh-system augmented by the constraint (5.5). Of course, the fields u, v, w have to
vanish at the origin 3 = 0. Next, one sees easily that, given u and v at one of the points
neighboring to 0, the constraint allows to calculate, one after another, the values of u
and v at all the points of the corresponding axis. For instance, fixing some values of u(1)

and v(1), we can calculate all u(k) and v(k) from the relations

B Fg(K)f(k ~ 1)
(k) =k 00 T a0k — 1)+ F(k — ok — 1) 6.1)
- g(K)f(k—1)g(k—1) '
Bv() =k 05509 T o0 Tk = 1) + flk— Tg(k— 1)
where we have set
k) =u(k+1)—u(k),  g(k) =v(k+1)—v(Kk). (6.2)

Indeed, we start with u(0) = 0, v(0) = 0, f(0) = u(1), g(0) = v(1), and continue via the
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recurrent formulas, which are easily seen to be equivalent to (6.1), (6.2),

w(k) = u(k — 1)+ f(k — 1),

v(k) =v(k=1) +g(k—1),

f(K) = Elvl((:)) g(k—1), (6.3)
_ pv(k)
g(k)*k_ aul) BV

fk—1)  g(k—1)

So, given the values of the fields u and v (and hence of w) at the points 3 =1 and ; = w,
we get their values at all the points 3 = k and 3 = Lw of the positive k- and {-semiaxes. It
is easy to see that u(k)/u(1) and v(k)/v(1) do not depend on u(1) and v(1), respectively,
so that all points u(k) lie on a straight line, and so do all points v(k). Similar statements
hold also for all points u({w) and for all points v({w). And, of course, the third field w
behaves analogously.

So, we get the values of u and v at all the points on the border of the sector
S= {5 € V(TL): 0 < arg(3) < 2;} ={3=k+Llw:k (>0} (6.4)

Proposition 4.3 assures that these data determine the values of u and v at all the points
of S. By Theorem 5.4 (more precisely, by Lemma 5.5) the solution thus obtained satisfies
the constraint (5.5) on the whole sector S.

Now we are in a position to specify the above-mentioned isomonodromic

solutions.

Theorem 6.1. Let p = . Let u,v,w : S — C be the solutions of the fgh-system with the
constraint (5.5), with the initial conditions

u(l) =v(1) =1, u(w) = v(w) = exp(id), (6.5)

where 0 < 6 < 7. Then all three maps u,v,w define hexagonal circle patterns with

MR = —1 on the sector S. More precisely, if 3 =3’ +¢*, k =1,2,...,6, are the vertices
of an elementary hexagon in this sector, then

e u(31),u(32),...,u(3¢) lie on a circle with center u(;’) whenever 3’ € S\ V(HL1),

e v(31),v(32),-.-,v(36) lie on a circle with center v(3’) whenever 3’ € S\ V(HL,),

e w(31),W(32),...,w(3¢) lieon a circle with center w(3’) whenever;’ € S\V(HLy).

O
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Proof. The proof follows from the above inductive construction with the help of two
lemmas. The first one shows that if § = « then the constraint yields a very special
property of the sequences of the values of the fields u, v, w at the points of the k- and

{-axes.

Lemma 6.2. If § = «, then for k,{ > 1,
[uBk —1) —u(3k — 2)| = [u(3k — 2) —u(3k - 3)|,
[v(3k) —v(Bk —1)| = [v(3k — 1) —v(3k — 2)|,
w3k + 1) —w(3k)| = [w(3k) —w(Ek —1)],

‘u((SE —Nw) —u((3¢— 2)w)| = ‘u((3€ —2)w) —u((3¢— 3)w)|, (66)
V(Blw) —v((3t— Tw)| = [v((3t — T)w) —v((3L — 2)w)],
W((BL+ T)w) —w(3tw)| = [w(3tw) —w((3t — T)w)|.

|

The second lemma allows to extend inductively these special properties to the whole
sector (6.4).

Lemma 6.3. Consider two elementary triangles with the vertices 30, 31 = 30 + 1, 32 =
30 + w, and 33 =30 + 1 + w. Suppose that
(1) [uG1) —u(0)| = [u(s2) — ls0)
(i) £v(31)v(Eo)v(z2) =9 and Lu(31)u(30)w(32) = 2t — 28 for some 3.

)

Then
[u(33) —u(Go)| = u@1) —uGo)| = |u(2) —u(o)|, (6.7)
and hence
[v(33) —v(31)| = [v(Go) —v(31)|, V(33) —v(32)| = |[v(30) — v(32)],
(6.8)

(w(z3) —w(E)| = [w(s) —w(2)| = [w(3) —w(o)]-

The assertion of this lemma is illustrated in Figure 6.1.
First of all, we show how do Lemmas 6.2 and 6.3 work towards the proof of

Theorem 6.1. The initial conditions (6.5) imply
w(l) =1, w(w) = exp(—2i0) = exp (i(2rt — 260)). (6.9)

Therefore, the conditions of Lemma 6.3 are fulfilled at the point 30 = 0 with the fields

(w,u,v) instead of (u,v,w). From this lemma it follows that
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uz

us
V2 V3

27— 29 3
Uo Uuq Vo Vi Wo w1

Figure 6.1 Elementary triangles for u, v, and w are isosceles.

(ap) the points w(1), w(w), w(1 + w) are equidistant from w(0);

(bo) the points v(0), v(1), v(w) are equidistant from v(1 + w);

(co) the points u(1 + w), u(0) are equidistant from u(w);

(do) the points u(1 + w), u(0) are equidistant from u(1).
Since, by Lemma 6.2, we have u(0) — u(1)] = w(2) —u(1)], it follows from (do) that
lu(1+ w) —u(1)] = ju(2) —u(1)l. Finally, from Lemma 6.3, it follows that (see Figure 6.2)

Av2)v(T)v(1 + w) =7 —11,

Lu)u(Mu(l + w) =1 — §q = 2py = 27— 2( —P1). (6.10)
Therefore, the conditions of Lemma 6.3 are fulfilled at the point 30 = 1 with the fields
(u,v,w). We deduce that

(a;) the points u(2), u(1 + w), u(2 + w) are equidistant from u(1);
(by) the points w(1), w(2), w(1 + w) are equidistant from w(2 + w);
(c1) the points v(2 + w), v(1) are equidistant from v(1 + w), which adds the point
v(24+w) to the list of equidistant neighbors of v(14w) from the conclusion
(bo); and
(d;) the points v(2 + w), v(1) are equidistant from v(2).
By Lemma 6.2, we have [v(1) —v(2)| = [v(3) —v(2)|, and it follows from (d;) that [v(2 +
w) —v(2)| = v(3) —v(2)|. Finally, from Lemma 6.3, it follows that (see Figure 6.2)

AWEBW2w(2 + w) = — 13,
6.11
ABWV2(2 4+ w) =1 — b3 =2P3 =2 — 2(t—P3). ( )

Hence, the conditions of Lemma 6.3 are again fulfilled at the point 3o = 2 with the fields

(v,w,u).
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These arguments may be continued by induction along the k-axis, and, by sym-
metry, along the {-axis. This delivers all the necessary relations which involve the points
3=k+{w with k <1or{ < 1. We call them the relations of the level 1.

The arguments of the level 2 start with the pair of fields (v,w) at the point 3 =
1+ w. We have the level 1 relation

V2 + w) —v(1 4+ w)| = [v(1 +2w) —v(1 + w)]. (6.12)
For the angles, we have from the level 1 (see Figure 6.2)

AW2 + w)w(1 4+ w)w(1 +2w) =21t — (Y1 + P2 + g +Ps),
A2+ w)v(1 + w)v(1 4+ 2w) =21t — (b1 + P2 + dg + bs) (6.13)
=2m—2Q2n— P — P2 — s —Ps).

So, the conditions of Lemma 6.3 are again satisfied at the point 30 = 1+ w for the fields
(v,w,u). Continuing this sort of arguments, we prove all the necessary relations which
involve the points 3 = k + fw with k < 2 or { < 2, and which will be called the relations
of the level 2. The induction with respect to the level finishes the proof of Theorem 6.1.

|

It remains to prove Lemmas 6.2 and 6.3.
It might be instructive to give two proofs for Lemma 6.3, an analytic one and a
geometric one. The analytic proof is shorter, and the second one seems to provide more

insight into the geometry.

Analytic proof of Lemma 6.3. We rewrite the assumptions of the lemma as

w2 —uo = (W —u)e” ™Y = () —uo)e 7,
_ (6.14)
v2 —vo =c(v —vo)e“g, c>0.
Plugging this into the formula (4.15), we find
1—ce ™
uz —uo = (g —uo)ﬁ = |uz —uol = w1 —uol. (6.15)
—ce -

Geometric proof of Lemma 6.3. The equations of the fgh-system imply that the triangles

uouiusz and vivivp are similar, and the triangles upu,us and v,v3vo are similar. Therefore,

vi—vo| _ i—vs| o [vz—vo| _ [v2—vs

_ ’ — _ (6.16)
o] Jwwl Tuo | fue
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Figure 6.2 Similar isosceles triangles for u, v, and w.
From |[ug — uq| = [ug — uy|, it follows now that
v —V vy —V
[v1 = vo| _ [v2 = vol (6.17)

vi—vs|  |2—vs|
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uz us V2 V3

1])2 X2 X1 d)Z 11’2 q)

¢z (o) Py X X1 o}

Uop Uq Vo Vi

Figure 6.3

Denoting the angles as in Figure 6.3, we have

X1 +x2 =19, 1+ ¢2 = 2m— 29, (6.18)

hence

Y1+ =21 — (P11 +d2) — (x1 +Xx2) =9 =x1 +Xx2- (6.19)

In other words,

KV1V3VZ = KV]VoVZ. (6.20)

The relations (6.17), (6.20) yield that the triangles viv3v, and vivov, are similar. But
they have a common edge [v1, V3], therefore they are congruent (symmetric with respect
to this edge). This implies that the triangles vov,vs and vovivs are isosceles, so that

x1 =11, X2 =2, and

[vo—vi|=[vs—vi],  |vo—v2|=|vs—va|. (6.21)
Therefore,

s~ o] = 1 — o] = 2 — . (6.22)
This proves Lemma 6.3. [ |

As for Lemma 6.2, its statement is a small part of the following theorem and its

corollary.
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Theorem 6.4. If f = «, then the recurrent relations (6.3) with u(1) = v(1) = 1 can be
solved for u(k), v(k), f(k), g(k) (k > 0) in a closed form,

w(3k) = k42r7k20cn1 k), u@k+1)= 2}5:722:‘ M), w@k+2) =21 (k), (6.23)
f3k—1) = (3K) = (3 + 1) = 15T (K), (6.24)
v(3k—1):tlzﬂz(k), v(3k) = k+ M), v@k+1) =Tk, (6.25)
0(3Kk—2) = 93k — 1) = g(3K) = - Tha(K), (6.26)
where

(14 2002+ 200) - - (k + 20)
B [ EE (e .
g — (02 +0).(k+a) (6:27)

2(k) = (1-20)(2—2a) - (k— 2a)
O

Proof. Elementary calculations show that the expressions above satisfy the recurrent
relations (6.3) with f = «, as well as the initial conditions. The uniqueness of the solution
yields the statement. We remark that similar formulas can be found also in the general

case o # f3, however, the property formulated in Lemma 6.2 fails to hold in general. B

Corollary 6.5. If § = « and u(1) = v(1) = 1, then for the third field w(k), h(k) (k > 0)

we have

w3k —1) = %ﬂs(k),
W(3K) = - _kz(x M3 (k)
wEk+1) = % 5(K), (6.28)
h(3k — 1) = h(3k) = TT5(k),
h@Bk+1) = “117;2“ M3 (K),
where
O o ot s s M P (R B e 29

Proof. The formulas for h(k) = (f(k)g(k))~' follow from (6.24) and (6.26). The formulas
for w(k) =w(k — 1) + h(k — 1) with w(0) = 0 follow by induction. [ |
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Figure 7.1 A nonimmersed pattern with 0 # 27

7 Discrete hexagonal z* and logz

Although the construction of Section 6 always delivers hexagonal circle patterns with
MR = —1, these do not always behave regularly. As a rule, they are not embedded
(i.e., some elementary triangles overlap), and even not immersed (i.e., some neighbor-
ing triangles overlap), see for example, Figure 7.1. However, there exists a choice of the

initial values (i.e., of 6 in Theorem 6.1) which assures that this is not the case.

Definition 7.1. Let 0 < o = B < 1/2,s0that 0 <y =1—2x < 1. Set 0 = 2. Then the
hexagonal circle patterns of Theorem 6.1 are called
e u,v: the hexagonal z>* with an intersection point at the origin;

e w: the hexagonal z3Y with a circle at the origin.

In other words, for the hexagonal z*>* the opening angle of the image of the sector (6.4)

is equal to 27w, exactly as for the analytic function z — z3%.

Conjecture 7.2. For 0 < « < 1/2 the hexagonal circle patterns z>* with an intersection

point at the origin and z3Y with a circle at the origin are embedded. O

For the proof of a similar statement for z* circle patterns with the combinatorics of the

square grid (see [2]), where it is proved that they are immersed.

Remark 7.3. Actually, the u and v versions of the hexagonal z>* with an intersection

point at the origin are not essentially different. Indeed, it is not difficult to see that
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the half-sector of the u pattern, corresponding to 0 < arg(;) < m/3, being rotated
by n, coincides with the half-sector of the v pattern, corresponding to 7t/3 < arg(3) <
27t/3, and vice versa. For the w pattern, both sectors are identical (up to the rotation
by my). So, for every 0 < « < 1/2 we have two essentially different hexagonal
patterns z3<.

It is important to notice the peculiarity of the case when o« = n/N withn, N € N.
Then one can attach to the u,v-images of the sector S its N copies, rotated each time by
the angle 2 = 2nn/N. The resulting object will satisfy the conditions for the hexagonal
circle pattern everywhere except at the origin 3 = 0, which will be an intersection point
of M = nN circles. Similarly, if y/2 =n’/N’, and we attach to the w-image of the sector
S its N’ copies, rotated each time by the angle 27ty = 47tn’/N’, then the origin 3 = 0 will
be the center of a circle intersecting with M’ = n'N’ neighboring circles. See Figure 7.2
for the examples of the w-pattern with y = 1/5 and the u-pattern with o = 1/5. See also
Figure 7.3 for further examples of the w-patterns.

Now we turn our attention to the limiting cases &« = 1/2 and « = 0.

3/2

7.1 Case o« =1/2,v =0: hexagonal z°/“ and logz

It is easy to see that the quantities g(k), k > 1, and v(k), k > 2, become singular as
o — 1/2 (see (6.26) and (6.25)). As a compensation, the quantities h(k), k > 1, vanish
with &« — 1/2, so that w(k) — w(1) = 1 for all k > 2. Similar effects hold for the {-
axis, where v({w), £ > 2, become singular, and w({w) — 1 for all { > 1. (Recall that for
the w pattern we have w(w) = e?™ — 1.) These observations suggest the following

rescaling:

o
o A%

= = - = —2 O. .
u=u, v 0—20)" w=1+(1-2x)w (7.1)

In order to be able to go to the limit « — 1/2, we have to calculate the values of
our fields in several lattice points next to 3 = 0. Applying formulas (4.17), (4.15), we
find

LL(O) =0, ‘LL(1) = ]) LL((,U) _ 6271106) LL(] + w) =14+ eZnioc)
1 2mia 1 g2min (7.2)
V(O):O, V( ):1, \)((,U):e , V( +w):m, )

w0)=0, wl)=1  w(w)=e2 1726 w(l 4+ w) = ™ (1726
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8o aTat00
psatlatate

/////

NN

Figure 7.2 The hexagonal patterns z3/> with a circle at

the origin and with an intersection point at the origin.
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D
O-O-CE-O-0-O
-(_)5( -
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CHX

Figure 7.3 Some examples of w-pattern:y=1,2/3,1/2,2/5,1/3,2/7.
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For the rescaled variables 101, 3, w in the limit o« — 1/2, we find

wo)=0, uM=1, ww)=-1, wl+w)=0,

v0)=0, v(1)=0, v(w)=0 v(I+w)= % (7.3)
w0) =00, w(1)=0, ww)=2m, w(+w)=mi

These initial values have to be supplemented by the values at all further points of the

k- and {-axes. From the formulas of Theorem 6.4, it follows that

2kk!

u(3k) = @ @)
k
ﬁ(3k+1)_(2k2_k1!)“.(2k+1),
k
S3k+2) = (Zkz_k]')” 2k +2),
o o o zkkl
f3k —1) = f(3k) = f(3k + 1) :m (7.4)
vEk—1) = m S(2k—1),  vE3k) = m - (21),
3(3k+1)=2(§(<k_11);-(2k+1),
a3k~ 2) = 63k~ 1) = §(30) = ST

which have to be augmented by u(kw) = —u(k), v(kw) = —v(k). From Corollary 6.5, the

formulas for the edges of the w lattice follow

Rh(3k — 1) = h(3k) = h((3k — 1)w) = h(3kw) K>1,

:E’

o o 1 (75)
Rk +1) = h((Bk+ Dw) = ——, k>0

Definition 7.4. The hexagonal circle patterns corresponding to the solutions of the fgh-
system in the sector (6.4) defined by the boundary values (7.3), (7.4), and (7.5) are called

3/2

e 1, v: the hexagonal z3/2 with an intersection point at the origin;

e w: the symmetric hexagonal log z.

These patterns are illustrated in Figure 7.4. Alternatively, one could define the lattices
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Figure 7.4 The patterns z3/? with an intersection

point at the origin, and the symmetric hexagonal
log z; the second pattern coincides with the first one

upon rotation by 7t/2.
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u, \01, w as the solutions of the fgh-system with the initial values (7.3), satisfying the
constraint (5.5) with &« = f = 1/2. In this appoach the values (7.4), (7.5) would be
derived from the constraint. Notice also that the formulas (5.6), (5.8) in this case turn

into

1 1 1

1 :ko (o) o ° ° (o] +€O [e] (o) ° o o +mo o o ° o o
fogo +9of3 +1393 120, +92f5 + 1505 fags + 9411 + 19,
o o o o o o o o o (76)
hofoh h,foh hafsh
—k ofoft3 —|—f 21215 +m 41414

o O o

hofo +fohs + h3fs  hofy +frhs + hsfs hafs +fahy +hyfy

7.2 Case a =0,y = 1: hexagonal logz and z3

Considerations similar to those of Section 7.1 show that, as « — 0, the quantities h(k),
k > 1, and w(k), k > 2, become singular (see (6.28)). As a compensation, the quantities
f(k), k > 2, and g(k), k > 1, vanish with « — 0, so that u(k) — u(2) = 2 for all k > 3,
and v(k) — v(1) =1 for all k > 2. Similar effects hold for the {-axis. These observations
suggest the following rescaling:

u=2+20u, v=Il-4av, w= (7.7)

It turns out that, in this case, we need to calculate the values of these functions at a
larger number of lattice points in the vicinity of 3 = 0. To this end, we add to (7.2) the

following values, which are obtained by a direct calculation:

1 +62nioc
RO

u(2) =2, u2w) = 2™ u2 4+ w)

1+ eZnioc I—a 2mia
u(1+2w)f]+“(672m“_]), u(2—|—2w)f]_2(x(1—|—e )
-« _l=o onia — !
V(Z) - ] —Z(X) V(Zw) - ] —Z(X ) V(2+w) - ‘I +(X(e—2wioc_]) )
; . (7.8)
v(1 +2w) = e V(2 4 2w) = et
*1+oc(ezmcx_])’ ] 4 e2mix?
w(2) = P w(w) = ¢ , w2+ w) = (T 1)
w(l+4+2w) = l w2+ 2w) = —1_70(6*27“‘"
e —1)’ o« '

0T0Z ‘0z 1equiardas uo uliag N1 re Bio'sfeuinolpiojxo uiwi woly papeojumod


http://imrn.oxfordjournals.org/

Hexagonal Circle Patterns and Integrable Systems 149

From (7.2) and (7.8), we obtain in the limit « — 0 under the rescaling (7.7) the following

initial values:

w0) =00, u(l)=o0, ww)=o00, wQ2)=0  uQRw)=2mi,

[e]

u(l + w) = i, u(2 + w) =mi,
_|_

Wl +2w) =mi, u@+2w)=1+mi,
v0) =00, V(1)=0, v(w)=2m, VQ2)=1, VQw)=1+2m, (7.9)
vil+w)=00, VR24w)=0 Vv(1+42w)=2m, v2+2w)=mi,

w0)=0, w()=0, Www)=0, W2)=0, W2w)=0,
w(l +w) =0, v"v(z+w):%, %(1—}—2@)):7%, W(2 + 2w) = 0.
These initial values have to be supplemented by the values at all further points of the k-

and {-axes. From the formulas of Theorem 6.4 there follow the expressions for the edges

of the lattices ﬁ, v:

o o

f3k — 1) = f(3k) = 3k + 1) = f(3k — Nw) = f(3kw)

° 1
f(Bk+Dw) =, k=1,

. . . . (7.10)
g3k —2) = g(Bk — 1) = g(3k) = 9((3k — 2)w)
= 9((3k — Nw) = g(3kw) = o k=l
The formulas of Corollary 6.5 yield the results for the lattice vov,
wEk) =k3,  wEk+1) =k (k+1),
o (7.11)
wBk+2) =k(k+1)%, k>1,
so that
h(3k—1)=h(3k) =k%,  h@k+1)=k(k+1), k>1. (7.12)

Of course, one has also w(kw) = w(k).

Definition 7.5. The hexagonal circle patterns corresponding to the solutions of the fgh-
system in the sector (6.4) defined by the boundary values (7.9), (7.10), (7.11), and (7.12)
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Figure 7.5 The asymmetric patterns logz and the hexagonal pattern
z3 with a circle at the origin; the upper half of the first pattern coincides

with the lower half of the second one, and vice versa.

are called
e u,v: the asymmetric hexagonal log z;
e w: the hexagonal z* with a (degenerate) circle at the origin.
It is meant that the u-image of the half-sector 0 < arg(3) < 7/3 is not symmetric with
respect to the line J(u) = mi/2 (the image of arg(3) = 7/6), and the same for v. Instead,
this symmetry interchanges the u pattern and the v pattern, (see Figure 7.5).
Alternatively, one can define these lattices as the solutions of the fgh-system

with the initial values (7.9), satisfying the constraint (5.5), which in the present situation
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degenerates into

f000f3

fabt fabt
1 :ko o o —I_Eo zgg 5 o +m0 4gi 1 o
fodo +9ofs + 1395 120, + 9,5 + 1595 fags +94f1 + 19,

)

(7.13)

1=k gofigs _ IR 92f5095 _ +me 941[1091 —
fogo +9of3 + 1395 295+ 9,f5 + 595 fags + 94f1 + 19,
Just as in the nondegenerate case, these formulas allow one to calculate inductively the
values of 1, v on the k- and (-axes. The formulas (5.6), (5.8) hold literally withy = 1.

8 Conclusions

In this paper we introduced the notion of hexagonal circle patterns, and studied in some
detail a subclass consisting of circle patterns with the property that six intersection
points on each circle have the multi-ratio —1. We established the connection of this sub-
class with integrable systems on the regular triangular lattice, and used this connection
to describe some Backlund-like transformations of hexagonal circle patterns (transfor-
mation u — v — w, see Theorems 4.7, 4.9), and to find discrete analogs of the functions
z* log z. Of course, this is only the beginning of the story of hexagonal circle patterns. In
a subsequent publication we will demonstrate that there exists another subclass related
to integrable systems, namely the patterns with fixed intersection angles. The intersec-
tion of both subclasses constitute conformally symmetric patterns, including analogs
of Doyle’s spirals (cf. [5]).

A very interesting question is, what part of the theory of integrable circle pat-
terns can be applied to hexagonal circle packings. This also will be a subject of our

investigation.

A Square lattice version of the fgh-system

Dropping all the edges of E(TL) parallel to the m-axis, we end up with the cell com-
plex isomorphic to the regular square lattice: its vertices 3 = k + {w may be identified
with (k, ) € Z?, its edges are then identified with those pairs [(k1, {1), (k2,¢2)] for which
k1 —kz2|+ 81 — 2] =1, and its 2-cells (parallelograms) are identified with the elementary
squares of the square lattice. Hence, flat connections on TL form a subclass of flat con-
nections on the square lattice. A natural question is, whether this inclusion is strict, that
is, whether there exist flat connections on the square lattice which cannot be extended

to flat connections on TL. At least for the fgh-system, the answer is negative, denote by
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M C SL(3,C)[A] the set of matrices (4.2), then flat connections on the regular square grid
with values in M are essentially in a one-to-one correspondence with flat connections on
TL with values in M, that is, with solutions of the fgh-system. This is a consequence of
the following statement dealing with an elementary square of the regular square lattice:
a flat connection on such an elementary square with values in M can be extended by an

element of M sitting on its diagonal without violating the flatness property.

Lemma A.l1. Let
LiLy, = L3014, where [; e M (1..:],2,3‘4), (A.l)

and let the off-diagonal parts of Ly, L, be componentwise distinct from the off-diagonal
parts of L3, L4, respectively. Then there exists Lo € M such that

LoLiLy = LolsLy = L. (A.2)
O

Proof. The statement is illustrated in Figure A.1. We have to prove that (L;L;)~' =
(L3L4)~" € M. It is easy to see that it is necessary and sufficient to prove that the entries
13, 21, 32 of this matrix vanish, that is, there holds

fig1 + 1291 + 1292 =393 + 1493 + 1494 =0, (A.3)

as well as two similar equations resulting by two successive permutations (f,g,h) —
(g,h,f). We are given the relations fig;h; = 1 and

f1+12 =13+ 14, g1 +92 =93+ 94, hi +hy = h3 + hy, (A.4)
f192 = 1394, g1hy = gzhy, hif, = hsfs. (A.5)
L3
L4 I—]
Lo
L,

Figure A.1
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In order to prove (A.3), we start with the third equation in (A.4),

hs hy
h(l—=|=hy(——-1]. A.6
1 < h1) z(hz ) (4.6)
Using figihi =1 and (A.5), we find

hs  fig1  gags ha g1

L - Lo A7
hi f3g3 0293 hy g3 (8.7)
Plugging this into (A.6), we get
9293 — 0194 _ 91 — 93
= . A.8
f1919293 29293 (A.8)
Now, due to the second equation in (A.4), we find
9293 — 9194 = 92(93 — 91) + 91(92 — 94) = (91 + 92)(93 — 91). (A.9)
Substituting this into (A.8), we come to the equation
gi+g2 1
— — ] =0. A.10
(090 (52 ) (A.10)
Since, by condition, g7 # g3, we obtain (g7 + g2) + f1g1 = 0, which is (A.3). |

This result shows that the fgh-system could be alternatively studied in a more
common framework of integrable systems on a square lattice. However, such an ap-
proach would hide a rich and interesting geometric structure immanently connected
with the triangular lattice. It should be said at this point that the one-field equation
(4.30) was first found, under the name of the “Schwarzian lattice Boussinesq equation”
by Nijhoff in [13] using a (different) Lax representation on the square lattice. The same
holds for the one-field form of the constraint (5.9).

B Proofs of the statements of Section 5

Proof of Proposition 5.1. The arguments are similar for both equations (5.5). For in-

stance, for the first one we have to demonstrate that

fogofs f292fs f4g4f
fogo +9gofs + 393 fag2 +92fs +fsg5  fags +gafi + 101
fof fof faf B.1
_ o3f393+ zsfg . 41f1g1:O' (B.1)
fo +f3 + fo+fs+ 22 fa+f+

Jdo g2 94
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To eliminate the fields g from this equation, consider six elementary triangles surround-
ing the vertex 3. Equations (4.5) imply

g1 fo+ 1 92 h g3 _ fa+f3
a f ’ 4+ fy N f ’
gdo 1 g1 1 2 g2 3 (B.2)
95 _ _fs+fo 94 fs 95 f3+fa
do fs gs f4+fs’ g2 fa
Therefore,
g3 (fo-i-f])(fz-f—fg) (fo*fz)(f] *fg)
fo+f3+ 322 =fo+f3— = B.3
o+ T3+ 390 o+ 13 i+ 1, 46 (B.3)
(fs + fo)(f3 +fa)  (fa —fo)(f3 —fs)
=f fi3 — = . B.4
ot fa+ 15 fa+ fs (B4)

By the way, this again yields the property MR = —1 of the lattice u, which can be written

now as

(fo + f1)(f2 +f3)(fa + f5) = (f1 + 2)(f3 + f4)(f5 + fo). (B.5)

Using (B.3), an analogous expression along the {-axis, and an expression analogous to
(B.4) along the m-axis, we rewrite (B.1) as

fofs(f1 +12) f2fs(f3 +f4) fafq(f2 +13)
(fo—f2)(f1 —f3)  (f2—fa)(fs —fs) ~ (f2—fa)(f1 —f3)

=0. (B.6)
Clearing denominators, we put it in the equivalent form

fofa(f1 +f2)(f2 — fa)(f3 — f5) + f2f5(f3 + f4)(fo — f2)(f1 —f3)

(B.7)
+ faf1(f2 + 13)(fo — f2)(f3 — f5) = 0.
But the polynomial on the left-hand side of the last formula is equal to
f2f3((f1 + f2)(f3 + fa)(fs + fo) — (fo + 1) (f2 + f3)(f4 + f5)), (B.8)
and hence vanishes in virtue of (B.5). [ |

Proof of Proposition 5.2. Denote the right-hand sides of (5.5), (5.6) through U(3), V(3),
W(3), respectively. In order to prove (5.6), that is, yw = W(3), it is necessary and suffi-

cient to demonstrate that

Yho =W(5)=W(G),  vha =W(E)-WG),  yha = W(E) — W), (B.9)
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(or, actually, any two of these three equations). We perform the proof for the first one

only, since for the other two everything is similar. In dealing with our constraints we

are free to choose any representative (k, £, m) for 3. In order to keep things shorter, we

always assume in this proof that m = 0. Expanding the formula

we have to prove that

1 1
y=T—a—p =kt 1)1 fo

= —— —k
fogo + gofs + 1303 fogo + gofs +f303
1 1
hO ) ho

+ = — - )
292 + gofs +fs95 1292 + 9215 + 1595

Assuming that (5.5) hold, we have

at B = (U(F) - UQ) + é(vm —V().

Taking into account that 1?3 = fo, g3 = go, we find

o+ B _ (k_l_ ])N ~f09(3v+~90f3~ — K gof3 + f393
fogo + gofs +f303 fogo + gof3 +f393

£,92fs 92505 f292fs  g2fs59s
+ +
fo gdo fo gdo

e fo %
292 4+ ga2fs + fs5g5 292 +92fs5 + 1505

or, equivalently,

Y=loa B (ktl) 39 K fogo

0G0 + Gofs + f393  fodo + gofs +f303

f292f5 927505 f2g2fs | 92505
+ +
0| = fO _ g,(l - fo go
f292 4 92fs + fsgs 1292 + 9215 + f505

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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The first two terms on the right-hand side already have the required form, since 17353 =

fogo = 1/hyo. So, it remains to prove that

f292f5 927505 f2g92fs 92505
+ +
__fo 9 fo 9o
292 + gofs + fsg5 292 + 92f5 + 1595

1 1
— ho _ ho
292 + 0215 + f5g95 292 +92f5 + fsg5°

(B.15)

The most direct and unambiguous way to do this is to notice that everything here may be
expressed with the help of the fgh-equations in terms of a single field h. After straight-

forward calculations, we obtain

~ _fs ~_3 1 ho(ho—h

2920 + 505 2 =—~—+M, (B.16)
fo do hs hohshs
f 1 ho(ho—h

f202-> + 505 22 =——+M, (B.17)

f0 do h> ]f'vlz hohsg

(ho —hs) (ha — )

292 + G2fs + f505 = 2 B.18

202 T 0275 5905 Tohshs ( )
(ho —hy)(h1 — hs)

fa92 + g2fs + fsgs = = . B.19

292 + 9215 + f59s Tohuhe ( )

Taking into account that ﬁ4 — ﬁz = h; — hs, we see that (B.15) and Proposition 5.2 are

proved. |

Proof of Theorem 5.6. In order for the isomonodromy property to hold, the following
compatibility conditions of (5.16) with (5.17) are necessary and sufficient: (5.13) and

d
dTlL(eo’ 1) = Awr1,e,mL(eo, u) — L(eo, WA ¢, m,

d
dTLL(eZ’ 1) = A er1,mL(e2, u) — L(e2, ) Ak e, m, (B.20)

d
dTLL(M’ w) = A e,me1L(ea, n) — L(es, WAk ¢, m-

Substituting the statement (5.19) and calculating the residues at © = —1, p = 0
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and p = oo, we see that the above system is equivalent to the following nine matrix
equations:

Cxt1,e,mL(e0, —1) = L(e0,—1)Cx t;m,
Ci,e41,mL(e2,—1) = L(e2,—1)Ci t,;m, (B.21)

Cx.e,m+1L(ea, —1) = L(ea,—1)Cx 0;m,

D(3)£(e0,0) = L(e0,0)D(3),
D(5)L(e2,0) = L(e2,0)D(3), (B.22)

D(3)£(ea,0) = L(ea, 0)D(3),

(Cxs1,6m +D(3))Q — Q(Cre,m + D(G)) = Q,
(Cre41,m +D(3))Q — Q(Cre,m + D)) = Q, (B.23)

(Cr,e;m+1 +D(3))Q — Q(Cre,m +D(G)) = Q,

where
0 0 0
Q=10 0 0 (B.24)
1 0 0

We do not aim at solving these equations completely, but rather at finding a certain
solution leading to the constraint (5.5). The subsequent reasoning will be divided into

several steps.

Step B.1 (consistency of the statement for Cy ¢ ). First of all, we have to convince our-
selves that the statement (5.20), (5.21) does not violate the necessary condition (5.18),
that is,

Py +Ps+Pg =1L (B.25)

Notice that the entries 12 and 23 of this matrix equation are nothing but the content of
Proposition 5.1. Upon the cyclic permutation of the fields (f, g, h) — (g,h,f) this gives
also the entry 31. To check the entry 21, we proceed as in the proof of Proposition 5.1.
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We have to prove that

9o n g2 n g4
fogo + gofs +f393  fag2 + g2fs +fsgs  fags + gafr + f1gq
B 1 N 1 N 1
B f f f
fo +f3 + 393 595 191 (B.26)

fo+fs+— fa+fi+
92

_ f1 + 12 i f3 414 n fa+13 _0
(fo—f2)(f1 —f3)  (fa—fa)(fs —f5)  (f2—fa)(f1 —f3)

Clearing denominators, we put it in the equivalent form

(f] + fz)(fz — f4)(f3 — f5) + (fs + f4)(fo — fz)(f] — fg)

(B.27)
+ (fz + f3)(fo — fz)(fg — f5) =0.
But the polynomial on the left-hand side is equal to
(f] + fz)(fg + f4)(f5 + fo) — (fo + f4 )(fz + f3)(f4 + f5), (B.28)

and vanishes due to (B.5). Via the cyclic permutation of fields this proves also the entries
32 and 13 of the matrix identity (B.25). Finally, turning to the diagonal entries, we

consider, for the sake of definiteness, the entry 22. We have to prove that

f3g0 fs92 f194
fogo+ gofs + 1393 f292+92f5 + 595 faga + gafi +f10s
_ f3 fs n fq
fo+f3+ f393 fz+f5+f5ﬁ 4+ f1 + fion (B.29)
go 92 94
f3(f1 +f2) f5(f3 + f4) f1(f2 +f3)

ST ) ) )T () —fa)

or

f3(f1 + fz)(fz — f4)(f3 — f5) + f5(f3 + f4)(f0 — fz)(f] — f3)

(B.30)
+f1(f2 +f3)(fo — f2)(f5 — f5) — (fo — f2)(f1 — f3)(f2 — f4)(f3 — f5) = 0.
Again, the polynomial on the left-hand side is equal to
f3((f1 + fz)(fg, + f4)(f5 + fo) — (fo + f])(fz + f3)(f4 + f5)), (B.31)

and vanishes due to (B.5). The formula (B.25) is proved.
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Step B.2 (checking the equations for the matrix Cy ¢ m). Next, we have to show that the
statement (5.20), (5.21) verifies (B.21). Notice that the matrices

1T f 0
Le,—1)=]10 1 ¢ (B.32)
—h 0 1
are degenerate, and that
fg
E=|-g|, n'=(,-ff9g) (B.33)

are the right null-vector and the left null-vector of L(¢,—1), respectively. In terms of

these vectors, one can write the projectors Py, 4 as

1 .
Py = >£m}+3, j=0,2,4. (B.34)

(&,Mj+3
Therefore, we have

Po(3)L(e0,—1) = L(eo, —1)Po(3)
P2(5)L(e2,—1) = L(e2,—T1)P2(3)
P4(3)L(ea, —1) = L(ea, —1)Pa(3)

0
0, (B.35)
0

In order to demonstrate (B.21) it is sufficient to prove that

P2(5)L(e0,—1) = L(eo,~T)P2(3),  Pa(3)L(e0,—1) = L(eo,—1)Pa(3) = 0,
P4(3)L(e2,—1) = L(e2,—1)Pa(3),  Po(3)L(e2,—1) =L(e2,—1)Po(3) =0, (B.36)
Po(3)L(ea,—1) = L(ea,—1)Po(3),  P2(5)L(ea,—1) = L(ea,—1)P2(3) =0.

All these equations are verified in a similar manner, therefore we restrict ourselves to

the first one,

1~
~7£ ~t£ ,71 -
(E2,M5) 2Nk (e0, 1) (E2,M5)

L(eo,f1)£zn§, (B.37)
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or, in long form,

1
Fzﬁz + §2F5 + F5§5

232 1—ho/hs
—02 fo —1s

1 f5(35 — 9o)

(B.38)

t

(fz — fo)gz 1
do— 92 —fs5

1—ho/h; fsgs

1
~ f202 + g2fs5 + 595

To prove this we have, first, to check that these two rank one matrices are proportional,

and then to check that their entries 31, say, coincide. The second of these claims reads

1_ho 1_ho
_h hy , (B.39)
f292 + 9215 + f595 f292 + g2f5 + 595
and follows from (B.18), (B.19). The first claim above is equivalent to
f~2§2 (fz*fo)gz 1 7]’10/?15 1
=92 |~ g0—92 |, fo—fs ~| —fs | (B.40)
1 1 —ho/h2 f5(95 — go) 595
which, in turn, is equivalent to
= fo—f2 ~ go — 92
P - —h B.41
2 9290792, 92 zho—hz’ ( )
~ ho —h ~ fo — 1
hs = fs— > fs=g5—> > (B.42)
fo — fs go — 95

All these relations easily follow from the equations of the fgh-system. For instance, to
check the first equation in (B.41), one has to consider the two elementary positively
oriented triangles (3,3 + w,3+¢) and (3,3+ 1,3+ ¢). Denoting the edge ¢12 = (3 + w, 3+ ¢€),

we have

2412 = fo + f2(= —11), f1292 = f290 (= f191). (B.43)

Eliminating f, from these two equations, we end up with the desired one. This finishes
the proof of (B.21).
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Step B.3 (checking the equations for the matrix D(3)). Notice that the matrices

L(e,0) = (B.44)

©c o =
o = -
-« o

are upper triangular. We require that the matrices D(3) are also upper triangular,

dir diz dis
D=1 0 dan da|- (B.45)
0 0 dss

It is immediately seen that the diagonal entries are constants. By multiplying the wave
function Wy ¢ m () from the right by a constant (u-dependent) matrix one can arrange
that the matrices D(3) are traceless. Hence the diagonal part of D is parameterized by

two arbitrary numbers. It will be convenient to choose this parametrization as

(B.46)

(d11,d22,d33) = (—ZO(JFB x— P ZB+(X>.

373 7 3

Equating the entries 12 and 23 in (B.22), we find for an arbitrary positively oriented edge
e = (31,32) € E(TL),

di2(32) — di2(31) = (d22 — di)f = o(u(32) — u(z1)),

(B.47)
d23(32) — d23(31) = (d33 — d22)g = B(v(32) — v(31))-
Obviously, a solution (unique up to an additive constant) is given by
di2 = au, doz = pBv. (B.48)
Finally, equating in (B.22) the entries 13, we find
di3(32) — di3(31) = d23(31)f — d12(32)9 (B.49)
= Bv(s1) (u(32) —u(s1)) — oau(s2) (v(52) — v(51))- (B.50)

Comparing this with (4.25), (4.29), we see that (5.22) is proved.

Step B.4 (equations relating the matrices Cx ¢m and D(3)). It remains to consider equa-

tions (B.23). Denoting entries of the matrix C by ci;j, we see that these matrix equations
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are equivalent to the following scalar ones:

ci2+di2 =0, (B.51)
c23+d23 =0, (B.52)
ci3+diz =0, (B.53)
(c33)k+1,6m — (C11)ke,m +d3z3 —dir =1, (B.54)
(c33)k,e41,m — (C11)kem +d3z —din =1, (B.55)
(c33)k,6,m+1 — (C11)kem +d3z —din =1, (B.56)

(In the last three equations we took into account that dyq, d33 are constants.) It is easy
to see that (B.51), (B.52) are nothing but the constraint equations (5.5), respectively. We
show now that the remaining equations (B.53), (B.54), (B.55), (B.56) are not independent,
but rather follow from the equations of the fgh-system and the constraints (B.51), (B.52).
We start with the last three equations, and prove the claim for (B.54), since for the other
two everything is similar. As in the proof of Proposition 5.2, we write the formulas here
with m = 0. Writing (B.54) in long form, using the statements (5.20), (5.21), (5.22), we

see that it is equivalent to

I 1
h0 ho
T—a—B=(k+1)= S 1
( )fo§o+§of3+f3§3 fogo + gof3 + 1303
1 1
= hi 0 h; .
f292 + 9215 + 1505 f292 +92fs + 595

(B.57)

+4

But this follows immediately from (B.11), (B.39). Finally, we turn to (B.53). Actually,
since the entry 13 of the matrix D is defined only up to an additive constant, this equation

is equivalent to the system of the following three ones:

(C13)kr1.0m — (€13)k.em + d13 — d13 =0,
(c13)k,e41,m — (C13)k,0,m + diz—di3 =0, (B.58)

(c13)x,e,m+1 — (€11)x,e,m + d13 — d13 =0.

As usual, we restrict ourselves to the first one. Upon using (B.49) and the constraints
(B.51), (B.52), we see that it is equivalent to

(c13)k+1.6m — (€13)k,,m + go(C12)k+1,0,m — fo(c23)x,e,m = 0. (B.59)

Writing in long form, in the representation with m = 0, we see that the terms
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proportional to k + 1 and k vanish identically, while the vanishing of the terms pro-

portional to { is equivalent to

90 fo
1 1—= 1 1— =
SIS — : 2 . (B.60)
hohs 292 + 925 + fs5g95  h2hs  f292 + g2f5 + 1595
But this follows immediately from (B.39) and the formulas
~ 9o — s ~ 9o — 92
95 sho—hs) 92 zho—hz’ ( )
which are similar to (and follow from) (B.42), (B.41).
This finishes the proof of Theorem 5.6. |
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