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1 Definition of a Riemann Surface and Basic Examples

Let R be a two-real dimensional manifold and {Uy}nca an open cover of R, i. e.
UacaUqs = R. A local parameter (local coordinate, coordinate chart) is a pair (Uy, 2q4)
of U, with a homeomorphism z, : U, — V,, to an open subset V, C C. Two coordinate
charts (Uq, 2o) and (Ug, 25) are called compatible if the mapping

foa=28025": 2a(Ua NUs) = 23(Ua N Up),

which is called a transition function is holomorphic. The local parameter (Uy, zo) will
be often identified with the mapping z, if its domain is clear or irrelevant.

If all the local parameters {Uy, 24 }aca are compatible, they form a complez atlas A of
R. Two complex atlases A = {U,, 24} and A = {Ug, 73} are compatible if AU A is a
complex atlas. An equivalence class X of complex atlases is called a complex structure.
It can be identified with a maximal atlas A*, which consists of all coordinate charts,
compatible with an atlas A C X.

Definition 1.1 A Riemann surface is a connected one-complex-dimensional analytic
manifold, that is, a two-real dimensional connected manifold R with a complex structure
Y on .

When it is clear, which complex structure is considered we use the notation R for the
Riemann surface.

Remark If {U,z} is a coordinate on R then for every open set V' C U and every
function f : C — C, which is holomorphic and injective on z(V'), {V, foz} is also a local
parameter on R.

Remark The coordinate charts establish homeomorphisms of domains in R with do-
mains in C. This means, that locally the Riemann surface is just a domain in C. But
for any point P € R there are many possible choices of these homeomorphisms. There-
fore one can associate to R only the notions from the theory of analytic functions in C,
which are invariant with respect to biholomorphic maps, i. e. for definition of which one
should not specify a local parameter. For example one can talk about an angle between
two smooth curves v and 4 on R, intersecting at some point P € R. This angle equals
to the one between the curves z(vy) and z(¥), which lie in C and intersect at the point
z(P), where z is some local parameter at P. This definition is invariant with respect to
the choice of z.

Remark If (R,Y) is a Riemann surface, then the manifold R is orientable. The
transition function fg, written in terms of real coordinates (2 = = + iy)

(:L‘aa ya) - (:L‘ﬁv yﬁ)

preserves orientation

2

dZa dxg N dyg.

o A dye = %dza ANdzy = ©

dZﬁ AN dZﬁ = ‘Zza
B

dzB
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The simplest examples of Riemann surfaces are any domain (connected open subset)
U C C in a complex plane, the complex plane C itself and the extended complex plane
(or Riemann sphere) C = CP! = C U {oo}. The complex structures on U and C are
defined by single coordinate charts (U,id) and (C,id). The extended complex plane is
the simplest compact Riemann surface. To define the complex structure on it we use
two charts (Uy, z2), (Us, 22) with

U, =C, z1 = 2z,
Uy = (C\{0}) U {0}, zo =1/z.

The transition functions
fig=z10 251, fo1 =220 zfl : C\{0} — C\{0}

are holomorphic

f12(2) = fo1(2) = 1/z.

In large extend the beauty of the theory of Riemann surfaces is due to the fact that
Riemann surfaces can be described in many completely different ways. Interrelations
between these descriptions comprise an essential part of the theory. The basic examples
of Riemann surfaces we are going to discuss now are exactly these foundation stones the
whole theory is based on.

1.1 Non-singular Algebraic Curves

Definition 1.2 An algebraic curve C is a subset in C2
C = {(1,A) € C*| P(p, A) = 0}, (1)

where P is an irreducible polynominal in X\ and

N M o
Pl A) =D > pign'N.

i=0 j=0
The curve C' is called non-singular if
oP OP
gradePy,_, = (, ) # 0. (2)
e O O I (1, 3)=0

To introduce a complex structure on the non-singular curve (1, 2) one uses a complex
version of the implicit function theorem.

Theorem 1.1 Let P(u, ) be an analytic function of p and X in a neighbourhood of a
point (10, Mo) € C2 with P(po, Ao) = 0, and, in addition

oP

@(MOJ\O) # 0.
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Then in a neighbourhood of (o, Ao) the set
{(,2) € C* [ P(p, \) = 0}

1s described as

{(u(A),A) [ A e U},
where U C C is a neighbourhood of Ao € U and p(X\) is an analytic function. The

derivative of the function u(\) is equal
dp _ OP/OA
d  oP/ou’

The complex structure on C' is introduced as follows: the variable A is taken to be a local
parameter in the neighbourhoods of the points where OP/du # 0, and the variable y is
a local parameter near the points where 9P /9 # 0. The holomorphic compatibility of
the introduced local parameters results from Theorem 1.1.

The surface C can be made a compact Riemann surface C by joining point(s) oo, ... 0oN)

C=CU{ccM}U...u{x™}

at infinity A — oo, p — 00, and introducing proper local parameters at this(ese) point(s).
In oder to explain this compactification let us define Riemann surfaces with punctures.

Definition 1.3 Let R be a Riemann surface such that there exists an open subset U
vDu.. v =U,cCcR
such that R\Us is compact and Uég) are homeomorphic to punctured discs
20 UM 5 D\{0}={zeC|0< 2| <1},

where homomorphisms z, are holomorphically compatible with the complex structure of
R. Then R is called a compact Riemann surface with punctures.

Figure 1: A compact Riemann surface with punctures.

Let us extend the homeomorphisms z, to D

2 UM = UM U™ - D={z]|2] <1}, (3)
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defining punctures co(™ by the condition zn(oo(")) =0, n=1,...,N. A complex
atlas for a new Riemann surface

R=RU{cocM}IU...U{x™}
is defined as a union of a complex atlas A of R with the coordinate charts (3) compatible

with A due to Definition 1.3. We call R a compactification of R.

Hyperelleptic Curves.

Let us consider the important special case of hyperelleptic curves !

N
w=1[-%), N=3, )eC (4)
j=1

The curve is non-singular if all the points \; are different
ANj#E N, 4,5=1,...,N.

In this case the choice of local parameters can be additionally specified. Namely, in
the neighbourhood of the points (9, Ao) with Ao # A; Vj, the local parameter is the
homeomorphism

(ks A) = A (5)
In the neighbourhood of each point (0, ;) it is defined by the homeomorphism

(1, A) = VA =Xy (6)

Indeed, near (0, \;)

o= >\_)\z ()\i—)\j)—FO(l) s A—))\i,

and the local parameter /A — A; is equivalent to p.

The hyperelleptic curve (4) is a compact Riemann surface with a puncture (or punctures)
at A = oo. To show this one should consider the cases of even N = 2g + 2 and odd
N = 2g + 1 separately. The formulas

1
/"L 1:7

M= Nott A

describe a biholomorphic map (i, A) — (m,[) of a neighbourhood of infinity
U ={(t, \) €C||A| >ec>|N|, i=1,...,N}
onto the punctured neighbourhood
Vo={(m,)eC |0o<|l|<c !t}

"When N = 3 or 4 the curve (4) is called elliptic
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of the point (m,1) = (0,0) of the curve

2g+1

m? =1 ] (1-1N) (7)
=1

for N =2g + 1, or onto punctured neighbourhoods of the points (m,l) = (£1,0) of the

curve
2g+2

m? =[] @ —-1n) (8)

i=1
for N = 2g+2. Formulas (5), (6) show that at the point (0,0) of the curve (7) the local
parameter is v/I and at the points (£1,0) of the curve (8) the local parameters are [.

Finally, for odd N = 2g + 1 the curve (4) has one puncture co
P=(p,\) = 00 <= X — o0,

and the local parameter in its neighbourhood is given by the homeomorphism

2ot (1 A) = —=. (9)

VA

For even N = 2¢ + 2 there are two punctures co® distinguished by the condition

I

—_ +
P=(u,\) = o00™ <= IR

— +1, A — 00,

and the local parameters in the neighbourhood of both points are given by the homeo-
morphism
Zoot 1 (1, A) = AL (10)

Theorem 1.2 The local parameters (5, 6, 9, 10) describe a compact Riemann surface
C =CuU{x} if N is odd,
C =CU{cot} if N is even,
of the hyperelleptic curve (/).
Later on we consider basically compact Riemann surfaces and call C shortly the Riemann

surface of the curve C.

It turnes out that all compact Riemann surfaces can be described as compactifications
of algebraic curves.

1.2 Quotients under Group Actions

Definition 1.4 Let A be a domain® in C. A group G : A — A of holomorphic transfor-
mations acts discontinously on A if for any P € A there exists a neighbourhood V> P
such that

gV NV =0, Vg € G, g#1. (11)

2Similarly one can consider action of groups of holomorphic transformations on C.
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One can introduce the equivalence relation between the points of A :
P~ P &3gcq, P =gP,

and the quotient space A/G of the equivalence classes.
Theorem 1.3 A/G is a Riemann surface.

Proof. Let us denote by
T: A= A/G

the canonical projection, which associate to each point of A its equivalence class. We
define the factor topology on A/G: a subset U C A/G is called open if 7=1(U) C A is
open. Both A and A/G are connected. Every finite point P € A has a neighbourhood
V satisfying (11). Then U = n(V) is open and 7, : V' — U is a homeomorphism. Its
inversion z : U — V C A C C is a local parameter. One can cover A/G by domains
of this type. Let us consider two local parameters z : U — V and 2 : U — V. The
transition function f = Zo z: V — Vsatisfies

m(z) = m(f(2)).
For each point z € V there is a group element g € G such that
f(z) = g(2). (12)

Since f : V — V is a homeomorphism and G acts discontinuously, the group element
g € G in (12) is the same for all z € V. This proves that the transition functions are
holomorphic and R is a Riemann surface.

Tori

Let us consider the case A = C and the group G generated by two shifts
Z— z+w, z%erw',

where w, w’ € C are two non-parallel vectors, Im w'/w # 0. The group G is commutative
and consists of the elements

Inm(2) = 2+ nw + muw', n,m € 7. (13)
The factor C/G has a nice geometrical realization as the parallelogram
T={2€Clz=aw+bw, a,be[0,1)}.

There are no G-equivalent points in 7" and on the other hand every point in C is equiv-
alent to some point in 7. Since the edges of the parallelogram T are G-equivalent
z2~z4w, z~z+w', R is a compact Riemann surface, which is topologically a torus.
We discuss this case in more detail in Section 6.

In frames of the uniformization theory it is proven that all compact Riemann surfaces
can be described as factors A/G.
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0

Figure 2: A complex torus

1.3 Euclidean Polyhedral Surfaces as Riemann Surfaces

It is not difficult to build a Riemann surface glueing together pieces of the complex plane

C.

Consider a finite set of disjoint Euclidean triangles F; and identify their elements (vertices
and edges) is such a way that they comprise a compact oriented Euclidean polyhedral
surface. A polyheder in 3-dimensional Euclidean space is an example of such a surface.
A required identification of edges and vertices is shown in Fig. 3. It is characterized by
the following properties.

(1) If two triangles have common elements then these may be either a common vertex or
a common edge.

(ii) Every edge of the surface belongs exactly to two triangles.

(iii) Triangles with a common vertex P are successively glued along edges passing through
P (as in Fig. 3), i.e. the triangles with a common vertex P are arranged in a cyclic
sequence F1, Fs, ..., F, such that each pair F;, F; ;1 as well as F,, F1 has a common edge
containing P.

(iv) All triangles can be oriented so that their orientations correspond.

In order to define a complex structure on an Euclidean polyhedral surface let us distin-
guish three kinds of points:

1. inner points of triangles,
2. inner points of edges,

3. vertices.

Figure 3: Three kinds of points on an Euclidean polyhedral surface
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It is clear how to define local parameters for the points of the first and the second
kind. By an Euclidean isometry one can map the corresponding triangles (or pairs of
neighbouring triangles) into C. This provides us with local parameters at the points of
the first and the second kind. Next let P be a vertex and Fj, ..., F;, the sequence of
successive triangles with this vertex (see the point (iii) above). Denote by 6; the angle

of F; at P. Then define
2

! Z?:l 0i°
Consider a suitably small ball neighbourhood of P, which is the union U" = U; F", where
FI ={Q € F; | | @ — P |< r}. Each F] is a sector with angle 6; at P. We map it as
above into C with P mapped to the origin and then apply z + 27, which produces a
sector with the angle v6;. The mappings corresponding to different triangles F; can be
adjusted to provide a homeomorphism of U" onto a disc in C.

All transition functions of the constructed charts are holomorphic since they are com-
positions of maps of the form z — az + b and z — 27 (away from the origin).

Using the algebraic curve representation of compact Riemann surfaces it is not diffi-
cult to show that any compact Riemann surface can be recovered from some Euclidean
polyhedral surface [Bost].

1.4 Complex Structure Generated by Metric

There is a smooth version of the previous construction. Let (R, g) be a two-real dimen-
sional orientable differential manifold with a metric g. In local coordinate (z,y) : U C
R — R? one has

g = adz® + 2bdzdy + cdy?, a>0, ¢>0, ac—b*>>0. (14)

Definition 1.5 Two metrics g and g are called conformally equivalent if they differ by
a function on R
g~g<g=f3  f:R—=Ry (15)

The relation (15) defines the classes of conformally equivalent metrics.

Remark The angles between tangent vectors are the same for conformally equivalent
metrics.

We show that there is one to one correspendence between the conformal equivalence
classes of metrics on an orientable two-manifold R and the complex structures on R. In
terms of the complex variable® z = x + iy one rewrites the metric as

g = Adz? +2Bdzdz + Adz*, A€ C,BcR,B>|A| (16)

with
a=2B+ A+ A, b=i(A - A), c=2B—-A-A. (17)

3Note that the complex coordinate z is not compatible with the complex structure we will define on
R with the help of g.
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Definition 1.6 A coordinate w : U — C is called conformal if the metric in this coor-
dinate is of the form
g = e®dwdw, (18)

i.e. it is conformally equivalent to the standard metric of R? = C

dwdw = du?® + dv?, w=u+ iv.

Remark If F: U C R? - R? is an immersed surface in R? then the first fundamental
form < dF,dF > induces a metric on U. When the standard coordinate (z,y) of R? D U
is conformal, the parameter lines

F(x,Am), F(An,y), z,y € R, n,m € 7, A—0

comprise an infinitesimal square net on the surface. The problem of conformal coor-
dinates was studied already by Gauss, who proved their existence in the real-analytic
case.

We start with a simple
Theorem 1.4 FEvery compact Riemann surface admits a conformal Riemannian metric.

Proof. Each point P € R possesses a local parameter zp : Up — Dp C C, where Dp is
a small open disc. Since R is compact there exists a finite covering U ;Up, = R. For
each i choose a smooth function m; : Dp, — R with

m; >0 onDi, m; =0 on(C\Di.

mi(zp,)dzp, dZp, is a conformal metric on Up,. The sum of these metricsoveri =1,...,n
yields a conformal metric on R.

Let us show how one finds conformal coordinates. The metric (16) can be written as
follows (we suppose A # 0 )

g = s(dz + pdz)(dz + pdz), s> 0, (19)
where _
= ), =
S T P
Here |u] is a solution of the quadratic equation
Il + 1 2B
H T T T
ul - 1Al
which can be chosen |u| <1
1 2 2
ul = =7 (B = VB2 = |A]). (20)

4]
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Comparing (19) and (18) we get

dw = \(dz + pdz)
or

dw = \dz + adz).

In the first case the map w(z, Z) satisfies the equation
Wz = pw, (21)

and preserves the orientation w : U C C — V C C since || < 1 : for the map z — w
written in terms of the real coordinates

z =T+ 1y, w=u-+1v

one has
du A dv = |w,*(1 — |pu?)dz A dy.

In the second case w : U — V inverses the orientation.

Definition 1.7 Equation (21) is called the Beltrami equation and p(z,z) is called the
Beltrami coefficient.

Let us postpone for a moment the discussion of the proof of existence of solutions to
the Beltrami equation and let us assume that this equation can be solved in a small
neighbourhood of any point of R.

Theorem 1.5 Let R be a two-dimensional orientable manifold with a metric g and an
oriented atlas ((Ta,Ya) @ Us — R?)aea on R. Let (z,y) : U C R — R? be one of
these coordinate charts with a point P € U, z = x + 1y, p(z, 2) - the Beltrami coefficient
(20) and wg(z,Z) be a solution to the Beltrami equation (21) in a neighbourhood Vi C
V = 2(U) with P € Us = 2= %(Vj3). Then the coordinate wg is conformal and the atlas
(wg : Ug = C)pep defines a complex structure on R.

Proof. To prove the holomorphicity of the transition function let us consider two local
parameters w : U — C,w : U — C with a non-empty intersection U N U # . Both
coordinates are conformal )

g = e?dwdw = e®dwd,

which happens in one of the two cases
— =0 o — =0 (22)

only. The transition function w(w) is holomorphic and not antiholomorphic since the
map w — W preserves orientation.

Repearting the arguments of the proof of Theorem 1.5 one immeadeately observes that
conformaly equivalent metrics generate the same complex structure. Finally, we obtain
the following
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Theorem 1.6 Conformal equivalence classes of metrics on an orientable two-manifold
R are in one to one correspondence with the complex structures on R.

On Solution to the Beltrami Equation

For the real-analytic case p € C* the existence of the solution to the Beltrami equation
was known already to Gauss. It can be proven using the Cauchy-Kowalewski theorem.

Theorem 1.7 (Cauchy-Kowalewski)

Let
amui am0+...+mn
Daiy = Fi(wo, r,u, (.%no“—.axzmnu)’
n
i=1,....k, xe€R" ij <m, mog<m, m2>1,
=0
be a system of k partial differential equations for k functions uy(zx,xo),. .., ur(x, o).
The Cauchy problem
Dy
,Z :qbw(x), Zzl,,k, j:O,...,m—l,
83:6 .

where 0 = {(x,z0), ©o = 0, x € Qo, Qo is a domain in R"} with real-analytic data
(all F;, g5 are real-analytic functions of all their arguments), has a unique real-analytic
solution u(x,zo) in some domain Q@ C R"™! of variables (z, o) with Qo C Q.

In terms of real variables
z =+ 1y, w = U+ 1, w=p-+iq

the Beltrami equation reads as follows:

U 1 2q p?4+q>—1 U
- 2 2 1 2 2 2 . (23)
v)y  (1+p)+q —p —q q v),

If 41 is real-analytic and |u| < 1 all the coefficients in (23) are real-analytic, which implies
the existence of a real-analytic solution to the equation.

Solutions to the Beltrami equation exist in much more general case but the proof is much
more involved.

Recall that a function is of Holder class of order o (0 < o < 1) on W, f € C*(W) if
there exists a constant K such that

[f(p) = f(@)l < Klp—q|*,Vp,qg € W.
If all mixed n-th order derivatives of f exist and are C® then f € C" *(W).

Theorem 1.8 Let z: U — V C C be a coordinate chart at some point P € U and p €

C*(V) be the Beltrami coefficient. There is a solution w(z,Z) to the Beltrami equation
of the class w € C*TL (W) in some neighbourhood W of the point z(P) € W C V.



1 DEFINITION OF A RIEMANN SURFACE AND BASIC EXAMPLES 14

Sketch of the proof of Theorem 1.8.

The Beltrami equation can be rewritten as an integral equation using

Lemma 1.9 (0-Lemma)
Given g € C*(V), the formula

f(z) = - / 9E) 4e  ai

_% Vf—z

defines a CtL (V) solution to the equation
fz(2) = g(2).

In case g € C™ or g € C! this lemma is a standard result in complex analysis. For the
proof in the case formulated above see [Bers] and | ], v.4.

The O-Lemma implies that the solution of
B 1 p@we() -
w(z) = h(z) + = /V s dé A dE, (24)

where h is holomorph, satisfies the Beltrami equation. The proof of the existence of
the solution to the integral equation (24) is standard: it is solved by iterations. Let us
rewrite the equation to be solved as

w=Tw, (25)

where T'w is the right-hand side of (24). Let us suppose that there complete metric
space H such that

i) THCH

ii) T is a contraction in H, i. e. ||[Tw — Tw'|| < c[Jw — w'|| for any w,w’ € H with
some ¢ < 1.

Then there exists a unique solution w* € H of (25) and this solution can be obtained

from any starting point wg € H by iteration

w* = lim T"wy.
n—oo

For the choice of the function space H and details of the proof see [Bers| and | ],
v.4.

The theorem above holds true also after replacing @« — a4+ n,n € N.
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2 Holomorphic Mappings

Definition 2.1 A mapping
f:M— N

between Riemann surfaces is called holomorphic (or analytic) if for every local parameter
(U, z) on M and every local parameter (V,w) on N with U N f=Y(V) # (), the mapping

wo foz t:z(UNfHV)) = w(V)

is holomorphic.

A holomorphic mapping into C is called a holomorphic function, a holomorphic mapping
into C is called a meromorphic function.

The following lemma characterizes a local behaviour of holomorphic mappings.

Lemma 2.1 Let f: M — N be a holomorphic mapping. Then for any a € M there
exist local parameters (U,z),(V,w) such that a € U,f(a) € V and F = wo foz"!:
2(U) = w(V) equals

F(z)=2F keN (26)

Proof Let us normalize local parameters Z near a and w near f(a) to vanish at these
points: Z(a) = w(f(a)) = 0. Since F(Z) is holomorphic and F(0) = 0 it can be rep-
resenred as F(2) = z¥g(Z), where g(Z) is holomorphic and g(0) # 0. The map Z — z
with

z = zh(%), h*() = g(%)

is biholomorphic and in terms of the local parameter z the mapping wo f oz~ ! is given

by (26). O

Corollary 2.2 Let f : M — N be a non-constant holomorphic mapping, then f is open,
i.e. an image of any open set is open.

Corollary 2.3 Let f : M — N be a non-constant holomorphic mapping and M com-
pact. Then f is surjective f(M) = N and N is also compact.

Proof The previous corollary implies that f(M) is open. On the other hand, f(M)
is compact since it is a continuous image of a compact set. f(M) is open, closed and
non-empty, therefore f(M) = N and N compact. O

Theorem 2.4 (Liouville)
There are no non-constant holomorphic functions on compact Riemann surfaces.
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Proof An existence of a non-constant holomorphic mapping f : M — C contradicts to
the previous corollary since C is not compact. O

Non-constant holomorphic mappings of Riemann surfaces f : M — N are discrete: for
any point P € N the set Sp = f~1(P) is discrete, i.e. for any point a € M there
is a neighbourhood V' C M intersecting with Sp in at most one point, |V N Sp| < 1.
Non-discreteness of S for a holomorphic mapping would imply the existence of a limiting
point in Sp and finally f = const, f : M — P € N. Non-constant holomorphic mappings
of Riemann surfaces are also called holomorphic coverings.

Definition 2.2 Let f : M — N be a holomorphic covering. A point P € M is called a
branch point of f if it has no neighbourhood V> P such that f}v is injective. A covering
without branch points is called unramified (ramified or branched covering in the opposite
case).*

The number k£ € N in Lemma 2.1 can be described in topological terms. There exist
neighbourhoods U > a,V > f(a) such that for any Q € V\{f(a)} the set f~1(Q)NU
consists of k points. One says that f has the multiplicity k at a. Lemma 2.1 allows us to
characterize the branch points of a holomorphic covering f : M — N as the points with
the multiplicity £ > 1. Equivalently, P is a branch point of the covering f : M — N if

d(wo fozh)

0z lup)

where z and w are local parameters at P and f(P) respectively (due to the chain rule this
condition is independent of the choice of the local parameters). The number by(P) = k—1
is called the branch number of f at P € M. The next lemma also immediately follows
from Lemma 2.1.

Lemma 2.5 Let f: M — N be a holomorphic covering. Then the set of branch points
B={PeM|bs(P)>0}

is discrete. If M is compact, then B is finite.

Proof Let P € M. Then exists U > P, such that F(z) := (wo foz"1)(2) = 2* on U,
where k = by + 1. Since the map 2* is locally injective for all z # 0, the point P is the
only possible branch point in U.

Now, if you suppose B to be infinite, this contradicts the discreteness of B, because an
infinite subset in a compact set M has a limiting point P € M and therefore there would
be infinitely many points with by > 0 in any neighbourhood of P. O

“Note that there are various definitions of a covering of manifolds used in the literature (see for
example | , , ]). In particular often the term ”covering” is used for unramified coverings
of our definition. Ramified coverings are important in the theory of Riemann surfaces.
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i KE=1
b=1 |
M >T< \/b=2
f| | ZA
N 1 1

Figure 4: Covering

Theorem 2.6 Let f : M — N be a non-constant holomorphic mapping between two
compact Riemann surfaces. Then there exists m € N such that every Q € N is assumed
by [ precisely m times - counting multiplicities; that is for all Q € N

> (bp(P)+1) =m. (28)
Pef~HQ)

Proof The set of branch points B is finite, therefore its projection A = f(B) is also
finite. Any two points Q1,Q2 € N\A can be connected by a curve [ C N\A. Since
f~Y() N B = 0, the map f is a homeomorphism near each component of f~1(I), and
f71(I) consists of m non-intersecting curves Iy,...,l, (m is finite, otherwise the set
f71(Q1) has a limiting point and f is constant). This shows that the number of preimages
for any points in N\ A is the same.

Generally (see Fig. 4), for a point @ € N there are n preimages Py, ..., P, with f(P;) =
@ and the corresponding branch numbers b(F;). These points have non-intersecting
neighbourhoods Uy, ..., Uy, P; € U;, w(U;) = U Vi, U; N U; = 0 such that for any
Q € U\{Q} there are exactly b(P;) + 1 points of f~1(Q) lying in U;. Since Q € N\A
the previous consideration implies (28). O

Definition 2.3 The number m above is called the degree of f. The covering f : M — N
is called m-sheeted.

Applying Theorem 2.6 to holomorphic mappings f : R — C we get

Corollary 2.7 A non-constant meromorphic function on a compact Riemann surface
assumes every its value in C m times, where m is the number of its poles (counting
multiplicities).

Remark A single non-constant meromorphic function f : R — C completely determines
the complex structure of the Riemann surface. A local parameter vanishing at Py € R
is given by

(F(P) = f(Po))/H) for f(Py) # oo,
where k(FPy) = by(Fy) + 1. For f(P)) = oo one uses the local coordinate 1/z for a
neighbourhood of oo in C, and a local parameter is given by

(F(P)) YR for f(Py) = oc.
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Figure 5: Riemann surface of \/A

2.1 Algebraic curves as coverings

Let C be a non-singular algebraic curve (1) and C' its compatification. The mapping
(s A) = A (29)

defines a holomorphic covering C' — C. If N is the degree of the polynomial P(u, A) in
a N N-1

Pp, A) = p"pN(A) + 177 pn—1(A) + ..+ po(A),
where all p;(\) are polynomials, then A : C — C is an N-sheeted covering.

The points with 0P /du = 0 are the branch points of the covering A : C' — C. Indeed,
at these points 9P /O # 0, and p is a local parameter. The derivative of A with respect
to the local parameter vanishes

A aP/op
ou ~ OPJOx

which characterizes (27) the branch points of the covering (29). In the same way C
covers (u, A) — u the complex plane of . The branch points of this covering are the
points with 9P/OA = 0.

Hyperelliptic curves

Considering the hyperelliptic case let us remind a conventional description of the Rie-
mann surface of the function p = v/\ from the basic course of complex analysis. One
imagines oneself two copies of the complex plane C with a cut [0, oo] glued together cross-
wise along this cut (see Fig. 5). The image in Fig. 5 is in one to one correspondence
with the points of the curve

C={(wA) € C*| u* = A},
and the point A = 0 gives an idea of a branch point.

The compactification C' of the hyperelliptic curve

N
C={NeCp =[x -2)} (30)

=1
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Figure 7: Hyperelliptic surface C' as a two-sheeted cover. The parts of the curves on C
that lie on the second sheet are indicated by dotted lines.

is a two sheeted covering of the extended complex plane A : C — C. The branch points
of this covering are

(0,X), i=1,...,N and oo for N =2g+1,

(0,X), 1=1,...,N for N = 2g + 2,
with the branch numbers by, = 1 at these points. Only the branching at A = co possibly
needs some clarification. The local parameter at co € C is 1/\, whereas the local

parameter at the point co € C of the curve C with N = 2g + 1 is 1/v/X due to (9). In
these coordinates the covering mapping reads as (compare with (26))

- (55)

One can imagine oneself the Riemann surface C with N = 2g-+2 as two Riemann spheres
with the cuts

which shows that by(c0) = 1.

(A1, A2)s [A3, Adl, o oo [Aaga1, Azga)

glued together crosswise along the cuts. Fig. 6 presents a topological image of this
Riemann surface. Later on we will use the image shown in Fig. 7, where we see the
Riemann surface ”from above” or ”the first” sheet on the covering A : C — C and should
add the points at infinity to this image. In the case N = 2g + 1 one should move the
branch point Ag442 to infinity.

The hyperelliptic curves obey a holomorphic involution

h: (N? )‘) - (_Mv )‘)’ (31)



2 HOLOMORPHIC MAPPINGS 20

Figure 8: Two equivalent images of a hyperelliptic Riemann surface

which interchanges the sheets of the covering A : C — C and is called hyperelliptic. The
branch points of the covering are the fixed points of h.

Remark The cuts in Fig. 7 are conventional and belong to the image shown in Fig. 7
and not to the hyperelliptic Riemann surface itself, which is determined by its branch
points. In particular, the images shown in Fig.8 correspond to the same Riemann surface
and to the same covering (p, A) — A.

2.2 Quotients of Riemann Surfaces as Coverings

In Section 1.2 we defined the complex structure on the factor A/G, where A is a domain
in C, so that the canonical projection

T: A= A/G

is holomorphic. This construction can be also applied to Riemann surfaces.

Theorem 2.8 Let R be a (compact) Riemann surface and G a finite group of its holo-
morphic automorphisms® of order ordG. Then R/G is a Riemann surface with the
complex structure determined by the condition that the canonical projection

m:R—=>R/G

is holomorphic. This is an ordG-sheeted covering, ramified at fixed points of G.

Proof The consideration for the case when P € R is not a fixed point of G (there are
finitely many fixed points of ) is the same as for A/G above. The canonical projection
7 defines an ordG-sheeted covering unramified at these points. Let Py be a fixed point
and denote by

GPOZ{QEG‘QP():P()}

the stabilizer of Py. It is always possible to choose a neighborhood U of Py with no
other fixed point than Py in U, which is invariant with respect to all elements of Gp,
and such that UNgU = () for all g € G\ Gp,. Let us normalize the local parameter z
on U by z(Py) = 0. The local parameter w in w(U), which is ordG p,-sheetedly covered
by U is defined by the product of the values of the local parameter z at all equivalent
points lying in U. In terms of the local parameter z all the elements of the stabilizer
are represented by the functions § = z0go 27! : 2(U) — 2(U), which vanish at z = 0.

®We will see later that this group is always finite if the genus > 2.
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Since §(z) are also invertible they can be represented as §(z) = zhg(z) with hg(0) # 0.

Finally the w — z coordinate charts representation of 7

womoz g — 2GR H hg(2)
9eGp,

shows that the branch number of Py is ordGp,.

The compact Riemann surface C of the hyperelliptic curve

2N
=TI =20, A #N, AN A0

n=1

has the following group of holomorphic automorphisms

h (,U'a /\) - <_M7 )‘)
i1 (:Ua )‘) — (M? _)‘)
io =hir : (p,A) = (—p, —A).

(32)

The hyperelliptic involution h interchanges the sheets of the covering A : C— @, there-

fore the factor C' /h is the Riemann sphere. The covering
C—C/h=C

is ramified at all the points A = £\,,.

The involution 41 has four fixed points on C: two points with A = 0 and two points with

A = 0o. The covering
C — Cl = C/’Ll
is ramified at these points. The mapping (33) is given by
(/’Lv)‘) - (,U,A), A:)\Za

and C} is the Riemann surface of the curve

2N

p=1lm =N

n=1
The involution i3 has no fixed points. The covering
C — Cy=Cig
is unramified. The mapping (34) is given by
(11, \) — (M, M), M = p\, A= \2,

and ég is the Riemann surface of the curve

2N
M2 = A= 2).
n=1

(33)

(34)
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3 Topology of Riemann Surfaces

3.1 Spheres with Handles

We have seen in Section 1 that any Riemann surface is a two-real-dimensional orientable
smooth manifold. In this section we present basic facts about topology of these mani-
folds focusing on the compact case. We start with an intuitively natural fundamental
classification theorem and comment its proof later on.

Theorem 3.1 (and Definition) Any compact Riemann surface is homeomorphic to
a sphere with handles ©. The number g € N of handles is called the genus of R. Two
manifolds with different genera are not homeomorphic.

=3

Figure 9: Sphere with 2 handles
The genus of the compactification C of the hyperelliptic curve (30) with N =2g + 1 or
N = 2g + 2 is equal to g.
For many purposes it is convenient to use planar images of spheres with handles.

Proposition 3.2 Let 11, be an extended plane” with 2g holes bounded by the non-
intersecting curves

717717"'7797’}/!/]' (35)

and the curves v; ~ 7., 1 = 1,...,g are topologically identified in such a way that the
orientations of these curves with respect to Il, are opposite (see Fig. 10). Then Ilg is
homeomorphic to a sphere with g handles.

il ’yi
@ . O
ng § %

Figure 10: Planar image of a sphere with g handles

5By a sphere with handles we mean a topological manifold homeomorphic to a sphere with handles
in Euclidean 3-space.
"By an extended plane we mean R? U {o0}, which is homeomorphic to S2.
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To prove this proposition one should cut up all the handles of a sphere with g handles.

A normalized simply-connected image of a sphere with ¢ handles is described by the
following proposition.

Proposition 3.3 Let F,; be a 4g-gon with the edges

al,bl,afl,b'l,...,ag,bg,a;,b’g, (36)
listed in the order of traversing the boundary of Fy and the curves

a;~ayb;~b, i=1,...,9

are topologically identified in such a way that the orientations of the edges a; and a} as
well as b; and b} with respect to Fy are opposite (see Fig. 11). Then Fy is homeomorphic
to a sphere with g handles. The sphere without handles (g = 0) is homeomorphic to the
2-gon with the edges

a,ad, (37)

identified as above.

Figure 11: Simply-connected image of a sphere with g handles

Proof is given in Figs. 12, 13. One choice of closed curves aq,b1,...,ag4,by on a sphere
with handles is shown in Fig. 9. O
a/
: — 2 5 —
ol - == - &
b/
a

Figure 12: Gluing a torus

Let us consider a triangulation T of R, i.e. a set {T;} of topological triangles on R,
which cover R
UT; =R

and the intersection T; NI} for any T;, T is either empty or consists of one common edge
or of one common vertex (compare with Section 1.3). Obviously, compact Riemann
surfaces are triangularizable by finite triangulations®.

8Due to Rado’s theorem (see for example | ]) any Riemann surface is triangularizable.
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112

b b

112
112

&P i

Figure 13: Gluing a handle

Definition 3.1 Let T be a triangulation of a compact two-real dimensional manifold R
and F be the number of triangles, E - the number of edges, V - the number of vertices
of T. The number

x=F—-FE+V (38)

is called the Fuler characteristics of R.

Proposition 3.4 The Euler characteristic xX(R) of a compact Riemann surface’ R is
independent of the triangulation of R.

Proof. Introduce a conformal metric " dzdz on a Riemann surface (Theorem 1.4). The
Gauss—Bonnet theorem provides us with the following formula for the Euler characteristic

()= 5 [ K (39)

where
K= 2u,e ™

is the curvature of the metric. The right hand side in (39) is independent of the triangu-
lation, the left hand side is independent of the metric we introduced on R. This proves
that the Euler characteristics is a topological invariant of R.

Corollary 3.5 The Euler characteristics x(R) of a compact Riemann surface R of
genus g is equal
X(R) =2 -2, (40)

For the proof of this corollary it is convenient to consider the simply-connected model
F, of Proposition 3.3.

Sketch of the proof of Theorem 5.1. Let R be a compact Riemann surface and 7 a
triangulation of R oriented in accordance with the orientation of R. Each triangle T;
can be mapped onto an Euclidean triangle. Successively mapping neighboring triangles
we finally obtain a n+ 2-gon, where n is the number of triangles in 7. Since each side of
this polygon is identified with precisely one other side, the polygon has an even number

9The statement of the Proposition holds true also for general two-real dimensional manifolds. The
proof is combinatorial.
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of edges. Let us label the edges of this polygon, labelling one of the identified edges
by ¢ and the other by ¢. We call the word obtained by writing the letters in order
of traversing the boundary the symbol of the polygon. By cutting up the polygon and
pasting it after that in another way one can simplify the symbol. The simplification
to the normal form (35) (¢ > 0) or (36) (¢ = 0) can be described explicitly. All the
details of this process can be found for example in | , |. We see that R is
homeomorphic to F,; with some g. In its turn, due to Proposition 3.3 F} is obviously
homeomorphic to a sphere with g handles.

Directly from Definition 3.1 one gets that the Euler characteristics of two homeomorphic
manifolds coincide. This implies that F and F; are homeomorphic if and only if g = g,
which completes the proof.

Theorem 3.6 (Riemann-Hurwitz)
Let f : R — R be an N-sheeted covering of compact Riemann surfaces and R is of genus
g. Then the genus g of R is given by

(41)

where

b= by(P) (42)

is the total branching number.

Proof As it was shown in Lemma 2.5 the set B = {P € R | by(P) > 0} is finite. We
triangulate R so that every point of A = f(B) C R is a vertex of the triangulation.
Let us assume that the triangulation has F' faces, E edges and V vertices. Then the
induced triangulation lifted to R via the mapping f has NF faces, NE edges and NV —b
vertices, where b is given by (42). For the Euler characteristics of R and R this implies

which is equivalent to (41) because of (38). O

3.2 Fundamental group

Let P and @ be two points on R and ypg a curve, i.e. a continuous map v : [0,1] = R,
connecting them ypg(0) = P, vpg(1) = Q.

Definition 3.2 Two curves ’Y}lan’Y}%Q on R with the initial point P and the termi-
nal point Q are called homotopic if they can be continuously deformed one to another,
i.e. provided there is a continuous map ~y : [0,1] x [0,1] — R such that ~v(t,0) =
7113@(75), v(t,1) = ’yl%Q(t), v(0,\) = P, v(1,A) = Q. The set of homotopic curves forms
a homotopic class, which we denote by I'pg = [Ypq)-
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If the terminal point of +; coincides with the initial point of ~5 the curves can be
multiplied:

omotopic classes

[y -To = [y -7l
Any two closed curves through P can be multiplied. The set of homotopic classes of
these curves forms a group m1 (R, P) with the multiplication defined above. The curves,
which can be contracted to a point correspond to the identity element of the group.
It is easy to see that the groups 71 (R, P) and 71 (R, Q) based at different points are

isomorphic as groups. Considering this group one can omit the second argument in the
notation

(R, P) = m(R,Q) = m(R).
Definition 3.3 The group m1(R) is called the fundamental group of R.

Examples

1. Sphere with N holes

Figure 14: Fundamental group of a sphere with N holes

R =5\ {Up"s Dn}-

The fundamental group is generated by the homotopic classes of the closed curves
Y,--.,YN each going around one of the holes (Fig 14). The curve 41y2...7n can be
contracted to a point, which implies the relation

MTy...Ty=1 (43)

in 1 (S\ {UY_, D.}).

2. Compact Riemann surface of genus g.
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—1
bg al

Figure 15: Fundamental group of a compact surface of genus g

It is convenient to consider the 4g-gon model F, (Fig. 15). The curves ai,b1,...,aq,by
are closed on R. Their homotopic classes, which we denote by Ay, By,..., Ay, By gener-
ate m1(R).
The curve

arbra;toyt . agbgag_lbg_1

comprises the oriented boundary of Fj,. This implies the relation
A\BIAT'Br L AGByAT B =1 (44)

in the fundamental group. There are no other independent relations. Indeed, such a
relation would mean that some product p of the curves aq, ..., b, can be contracted to a
point. Since all the points of R are equivalent this point can be chosen inside Fj. This
proves that [p] is a multiple of (44).

3.3 First Homology Group of Riemann surfaces

Consider a Riemann surface R with an oriented triangulation 7. Formal sums of points
> n;P;, oriented edges ;,

Y= Z nivi € Cy
and oriented triangles D;,
D = Z n;D; € Cy

with integer coefficients n; € Z are called (simplicial) 0-chains, 1-chains and 2-chains
respectively. We will denote these sets by Cp,C1 and Cy. Define by —v; (resp. —D;)
the curve +; (resp. the triangle D;) with opposite orientation. It is clear that C; form
abelian groups under addition.

Denote by (P1, P») the oriented edge from P; to P» and by Dy = (Py, P», P3) the ori-
ented triangle bounded by the oriented edges (Py, P»), (P2, P3) and (Ps, P;). Define the
boundary operator § on the edge and triangle by

(P, Py) =P, — P, 0Dy = (P, P2) + (P2, P3) + (Ps, Pr).

The boundary operator can be extended to whole C; and C5 by linearity 6D = > k;dD;,
defining the group homomorphisms é : C7 — Cy,d : Cy — Ch.
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C1 contains two important subgroups - of cycles and of boundaries. A 1-chain + with
0y = 0 is called a cycle, a 1-chain v = dD is called a boundary. We denote these
subgroups by

Z={yeC| oy=0}, B = 6Cs.

Due to 62 = 0 every boundary is a cycle and we have B C Z C C}.

One can introduce an equivalence relation between elements of C7. Two 1-chains are
called homologous if their difference is a boundary:

M~y 1,12 eECi e —reB, ie.dDeCy: 6D =7 — 7.

Definition 3.4 The factorgroup
H\(R,Z)=Z/B
is called the first homology group of R.

All the groups we consider are abelian and the elements of Hi(R,Z) can be described
as equivalence classes'’

{1 — cycles}
{1 — dimensional boundaries}"

] €

Any closed oriented continuous curve 7 (i.e. periodic continuous map 7 : [0,1] — R)
can be deformed homotopically into a 1-cycle in the triangulation 7. To show this
one should consider the triangles of T close to 4 and construct the 1-cycle using the
edges of their boundaries. Details of this construction can be found in | |. Since
homotopical simplicial 1-cycles are obviously homologous, this insight allows us to define
the homology group as a homology group of cycles composed of arbitrary closed curves
rather than symplicial 1-cycles on R. We call such a curve 74 a simple cycle on R.

This definition of homologous continuous cycles later will be shown to be independent
of 7. Directly from the definition follows that freely homotopic closed curves are ho-
mologous. Note that the converse is however false in general as one can see from the
example in Fig. 16.

Figure 16: A cycle homologous to zero but not homotopic to a point.

0Considering n-chains on a triangulated manifold one can analogously define n-th homology group.
Homology groups can be also introduced over arbitrary fields if one considers formal linear combinations
with coefficients in these fields. For example so one can define H1(R,Z2), Hn(R,R) etc.
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The first homology group is the fundamental group "made commutative”!'. Indeed,
let v be a 1-cycle on R with a point Py € v and I'y,...,T', be generators of (R, Fp).
Denote by [v],[T'1],...,[['n] € Hi1(R,Z) the corresponding homology classes. The cycle
~ is homotopic to

y=T1 Tk i e {1,...,n}ji € Z,

1)

which implies for the homology classes

(V] = la ]+ dklTa ]

By linearity this representation can be extended to arbitrary combination of cycles in
Hi(R,Z). Asin Section 3.2 it is easy to see that [I';] are independent of P. Finally we see
that the homology group is the abelian group generated by the elements [[';], i = 1,...,n.
This shows in particular that the whole construction is independent of the triangulation
T we started with.

To introduce intersection numbers of elements of the first homology group it is convenient
to represent them by smooth cycles. Every element of H;(R,Z) can be represented by a
C°-cycle. Moreover given two elements of H1(R,Z) one can represent them by smooth
cycles intersecting transversally in finite number of points.

Let 1 and 2 be two curves intersecting transversally at the point P. One associates to
this point a number (y; 0y2)p = £1, where the sign is determined by the orientation of
the basis 7] (P),v4(P) as it is shown in Fig. 17.

72 gt
L ot L 72
(11o7)p =1 (11oye)p = -1

Figure 17: Intersection number at a point.

Definition 3.5 Let 71,72 be two smooth cycles intersecting transversally at the finite
set of their intersection points. The intersection number of y1 and -2 is defined by

Moy = Y. (mem)e (45)

P&lntersection set

Lemma 3.7 The intersection number of any boundary 8 with any cycle v vanishes, i.e.
Yo B =0.

" Precisely

H.(R,Z) =

where the denominator is the commutator subgroup, i.e. the subgroup of 7(R) generated by all elements
of the form ABA™'B™', A,B € n(R).
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Proof. Since (45) is bilinear it is enough to prove the statement for a boundary of a
domain § = dD and a simple cycle . In this case the statement follows from the simple
fact that the cycle v goes as many times inside D as outside (see Fig. 18).

Figure 18: vo dD = 0.

To define the intersection number on homologies represent v, € Hy(R,Z) by C*-cycles
V= an, v = ZWJ%
i J

where ;,7} are smooth curves intersecting transversally. Define yoy' =37, nym;v;07;.
Due to Lemma 3.7 the intersection number is well defined on homologies.

Theorem 3.8 The intersection number is a bilinear skew-symmetric map

o: Hi(R,Z) x H(R,Z) — Z.
Examples

1. Homology group of a sphere with N holes.

The homology group is generated by the loops 71,...,yn-1 (see Fig. 14). For the
homology class of the loop vy one has

N-1
YN = — Z Vi,
=1

. N .
since ) ;" ; v; is a boundary.

2. Homology group of a compact Riemann surface of genus g.

Since the homotopy group is generated by the cycles a1, b1, ..., a4, by shown in Fig. 15
it is also true for the homology group. The intersection numbers of these cycles are as
follows

aiobj:(iij, aioaj :biobj =0. (46)

The cycles a1, b1,...,a4,by build a basis of the homology group. They are distinguished
by their intersection numbers and as a consequence are linearly independent.
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Definition 3.6 A homology basis ai,b1,...,a4,by of a compact Riemann surface of
genus g with the intersection numbers (46) is called canonical basis of cycles.

Remark Canonical basis of cycles is by no means unique. Let (a,b) be a canonical
basis of cycles. We represent it by a 2g-dimensional vector

ai b1

a . _
(1) (") -

Qg by

Any other basis (a,b) of Hi(R,Z) is then given by the transformation

(Z):A(Z) A e SL(29,7). (47)

>o(a,l§), J:(_OI é)

we obtain that the basis (a,b) is canonical if and only if A is symplectic A € Sp(g,Z),
i.e.

Substituting (47) into

<
Il
7N
S

J=AJAT. (48)

Two examples of canonical basis of cycles are presented in Figs. 19, 20. The curves b;
in Fig. 19 connect identified points of the boundary curves and therefore are closed. In
Fig. 20 the parts of the cycles lying on the "lower” sheet of the covering are marked by
dotted lines.

Figure 19: Canonical basis of cycles on the planar model II; of a compact Riemann
surface.
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Figure 20: Canonical basis of cycles of a hyperelliptic Riemann surface.

4 Abelian differentials

Our main goal is to construct functions on compact Riemann surfaces with prescribed
analytical properties (for example, meromorphic functions with prescribed singularities).
This and next sections are devoted to this problem. We start with a description of
meromorphic differentials, which are much simpler to handle than the functions and
which are the basic tool to investigate and to construct functions.

4.1 Differential forms and integration formulas

We recall the theory of integration on 2-dimensional C'*°-manifolds using complex nota-
tions. Let R be such a manifold and

z:UCR—-VCC

be local parameters. The transition functions Z(z, z) defined for non-trivial intersections
unu

Zozl:2(UNU) = 2(UND) (49)
are C'°.
If to each local coordinate on R there are assigned complex valued functions'
f(2,2), p(2,2), a(2 %), s(z,2) such that
f = f(Z, 2)7
w = p(z,2)dz+q(z 2)dz, (50)
S = s(z,2)dz Ndz.

2

are invariant under coordinate changes (49) one says that the function (0-form) f, the
differential (1-form) w and the 2-form S are defined on R. The identification

dz = dz + idy, dz = dr —idy

12We will not treat the problems in the most general setup and assume that the functions are smooth.
It will be enough for applications in the Riemann surface theory.
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implies the standard description of w, S in real coordinates z,y. The exterior product
of two 1-forms w; and wy is the 2-form

w1 Awy = (p1g2 — p2q1)dz N dz.

If we let w19 = p(z, 2)dz, WOV = ¢(z, 2)dz, the forms w19 and w®Y) are independent

of the choice of the local holomorphic coordinate and therefore are differentials defined
globally on R. The 1-form w is called a form of type (1,0) (resp. a form of type (0,1)) iff
locally it may be written w = pdz (resp. w = ¢dz), i.e. its (0,1)-part (resp. (1,0)-part)
vanish. The space of differentials is obviously a direct sum of the subspaces of (1,0) and
(0,1) forms.

One can integrate:

1. O-forms over 0O-chains, which are finite sets {P,}, of points P, € R:

> f(Pa),

2. 1-forms over 1-chains (paths, i.e. smooth oriented curves, and their finite unions):
[+
gl

3. 2-forms over 2-chains (finite unions of domains):
/s
D

Here if v : [0,1] — U and D C U are contained in a single coordinate disc, the integrals
are defined by

Je =] (p@(w(t)),z(v(t)))dﬁf a0 @) )>dt’

5
/S = /s(z,é)dz/\di.
U

14

Due to invariance of (50) under coordinate changes the integrals are well-defined.

The differential operator d, which transforms k-forms into (k + 1)-forms is defined by
df = [fudz+ fzdz,

do = (g —ps)dz A dz, (51)
ds = 0.
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Definition 4.1 A differential df is called exact. A differential w with dw = 0 is called
closed.

One can also easily check using (51), that
=0

whenever d? is defined and

d(fw) =df Nw+ fdw (52)
for any function f and 1-form w. This implies in particular that any exact form is closed.

The most important property of d is contained in

Theorem 4.1 (Stokes)
Let D be a 2-chain with a piecewise smooth boundary 0D. Then the Stokes formula

/ ds = / w (53)
D oD

holds for any differential w.

Our principal interest will be in 1-forms. Let ypg be a curve connecting P and ). When
does the integral fva w depend on the points P, Q) and not on the integration path?

Corollary 4.2 A differential w is closed, dw = 0, if and only if for any two homological

paths v and v
IS

¥ o
holds.

Proof The difference of two homological curves v — 4 is a boundary for some D.

Applying (53) we have
/w—/w:/w:/dw:o.
Y ot oD D

The differential w is closed since D is arbitrary. O

Corollary 4.3 Letw be a closed differential, Iy be a simply connected model of Riemann
surface of genus g (see Section 3) and Py be some point in Fy. Then the function

P
f(P)= [ w, P e Fy,
/

where the integration path lies in F, is well-defined on Fy.
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One can easily check the identity

d( / W) = w(P). (54)

Py

Let v1,...,7v, be a homology basis of R and w a closed differential. Periods of w are

defined by
Ai = /w.

Vi
Any closed curve 7 on R is homological to Y n;v; with some n; € Z, which implies

/w = anAw
Y

i.e. A; generate the lattice of periods of w. In particular, if R is a Riemann surface of

genus g with the canonical homology basis a1, b1, ..., a4, by, we denote the corresponding
periods by
Ai = / w, Bz‘ = / w.
a; b;

Theorem 4.4 (Riemann’s bilinear identity)
Let R be a Riemann surface of genus g with a canonical basis a;,b;, © =1,...,9 and
Fy be its simply-connected model. Also let w and w' be two closed differentials on R and
A;,B;, A, B, i=1,...,g be their periods. Then

P
g9
/w Aol = / W (P) /w — S (4B, - A;B)), (55)
R 0F, Py =1

where Py is some point in Fy and the integration path [Py, P] lies in F,.

Proof The Riemann surface R cut along all the cycles a;,b;, ¢ = 1,...,g of the fun-
damental group is the simply connected domain F, with the boundary (see Figs. 11,
15)

g

OFy=> ai+a;' +bi+b;", (56)

i=1
The first identity in (55) follows directly from the Stokes theorem with D = F;, Corollary
4.3, (52) and (54).
The curves a; and a;l of the boundary of F, are identical on R but have opposite

orientation. For the points P; and P]( lying on a; and aj_l respectively and coinciding
on R we have (see Fig. 21)

f.w—fw:fw:—Bj. (57)
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In the same way for the points Q; € b; and Q;- € bj_1 coinciding on R one gets

W' (@) = w'(Q)),
Qj Q; Qj
Jw—[w=[w=A4,. (58)
Py Py Q;

Substituting, we obtain

[enfo -
Py

oF,

M=

(-8 [w+a; ) -

! aj bj

.
Il

I
.M‘“

(A;B) — A}B;).

<
Il
R

Finally, to prove Riemann’s bilinear identity for an arbitrary canonical basis of H; (R, C)
one can directly check that the right hand side of (55) is invariant with respect to the
transformation (47, 48).

Figure 21: To the proof of the Riemann bilinear relations.

4.2 Abelian differentials of the first, second and third kind

Let now R be a Riemann surface. The transition functions (49) are holomorphic and
one can define more special differentials on K.

Definition 4.2 A differential w on a Riemann surface R is called holomorphic (or an
Abelian differential of the first kind) if in any local chart it is represented as

w = h(z)dz
where h(z) is holomorphic. The differential & is called anti-holomorphic.

Holomorphic and anti-holomorphic differentials are closed.

Holomorphic differentials form a complex vector space, which is denoted by H(R,C).
What is its dimension?
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Lemma 4.5 Let w be a non-zero (w # 0) holomorphic differential on R. Then its
periods Aj, B; satisfy

g
Im) " A;B; <0.
j=1
Proof The periods of @ are /Ij, Bj. Apply Theorem 4.4 to w and @ and use

iw A @ = ilh|*dz A dz = 2|h|*dz A dy > 0.

O

Corollary 4.6 If all a-periods of the holomorphic differential w are zero

/w:O, i=1...,9,

a;
then w = 0.
Corollary 4.7 If all periods of a holomorphic differential w are real, then w = 0.
Corollary 4.8 dim H'(R,C) < g.
Proof If wq,...,wy41 are holomorphic, then there exists a linear combination of them

_‘Zi ! o;w; with all zero a-periods. Corollary 4.6 implies g;rl o;w; = 0, i.e. the differ-
=1 =1
entials are linearly dependent. O

Theorem 4.9 The dimension of the space of holomorphic differentials of a compact
Riemann surface is equal to its genus

dim HY(R,C) = g(R).

We give a proof of this theorem in Section 4.4. When the Riemann surface R is con-
cretely described, one can usually present the basis wy, ..., w, of holomorphic differentials
explicitly.

Theorem 4.10 The differentials

M1d\ )
wj = P i=1,...,9 (59)

form a basis of holomorphic differentials of the hyperelliptic Riemann surface

N

=TI =X N#N, (60)

=1

where N =29+ 2 or N =2g+ 1.
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Proof The differentials (57) are obviously linearly independent. Their holomorphicity
at all the points (u, \) with A # A\g, A\ # oo is evident. Local parameters at the branch
points A = )\ are z; = /A — A;. In terms of z; the differentials w; are holomorphic

VAN 2x "
Wi N N - N
\/Hi:l,i;ék(/\k = A)VA = A \/Hi:l,i;ﬁk()‘k = Ai)

dzk, A — )\k-

If N = 2g + 2 there are two infinity points oo™, and z,, = 1/\ is a local parameter at
these points. The differentials w; are holomorphic at these points

b

wj %:I:Wd)\::tzggjdzoo, A — oo,

If N = 2g + 1 there is one oo point and z, = 1/v/X. At the point co the differentials

are holomorphic
Pt

w; & )\g+1/2d)\—zoo dzso, A — 0.
One more example is the holomorphic differential

w=dz

on the torus C/G of Section 2. Here z is the coordinate of C.
Corollary 4.6 implies that the matrix of a-periods

Az’j = /wj
a;

of any basis w;, j = 1,...,9 of H'(R,C) is invertible. Therefore the basis can be
normalized as in the following

Definition 4.3 Let a;,b; j =1,...,9 be a canonical basis of Hi(R,Z). The dual basis

of holomorphic differentials wi, k= 1,...,g normalized by
/wk = 27T’i(5jk
aj

is called canonical.
We consider also differentials with singularities.

Definition 4.4 A differential Q) is called meromorphic or Abelian differential if in any
local chart z : U — C it is of the form

Q = g(2)dz,
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where g(z) is meromorphic. The integral

P
/ 0
Po
of a meromorphic differential is called the Abelian integral.

Let z be a local parameter at the point P, z(P) =0 and

0= Z gr2rdz, NeZ (61)
k=N (P)

be the representation of the differential  at P. The numbers N(P) and ¢g_; do not
depend on the choice of the local parameter and are characteristics of 2 only. N(P) is
called the order of the point P. If N(P) is negative —N(P) is called the order of the

pole of ) at P. g_1 is called the residue of ) at P. It also can be defined by

1
respQl=g_1 = 5 Q, (62)
g

where v is a small closed simple loop going around P in the positive direction.

Let S be the set of singularities of 2
S={PeR|N(P)<O0}.

S is discrete and if R is compact then S is also finite.

Lemma 4.11 Let Q be an Abelian differential on a compact Riemann surface R. Then
Z resp,§2 =0,
P;eS

where S is the singular set of €.

Proof Use the simply connected model Fy of R and the equivalent definition of resp, 2

via the integral
1 1
ZreSij:MZ/Q:M Q=0.
Fjes I oF

Here we used that € is holomorphic on R \ S and (56). O

Definition 4.5 A meromorphic differential with singularities is called an Abelian dif-
ferential of the second kind if the residues are equal to zero at all singular points. A

meromorphic differential with non-zero residues is called an Abelian differential of the
third kind.
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Lemma 4.11 motivates the following choice of basic meromorphic differentials. The

differential of the second kind Q%N) has only one singularity. It is at the point R € R

and is of the form

|
A _ <zN+1 + 0(1)) dz, (63)

where z is the local parameter at R with z(R) = 0. The Abelian differential of the third
kind Q2rq has two singularities at the points R and @ with

respQrg = —respflrg = 1,

1
Qro = < + 0(1)> dzp near R,
ZR
1
Qro = <_z + O(l)) dzg near @, (64)
Q

where zp and zg are local parameters at R and @ with zr(R) = 29(Q) = 0. For the
corresponding Abelian integrals this implies

P
w1
/mg_—Nw+om PR (65)
P
/QRQ = logzr + O(1) P— R,
P
/QRQ = —logzg+ O(1) P — Q. (66)

Remark The Abelian integrals of the first and second kind are single-valued on F.
The Abelian integral of the third kind Qpq is single-valued on Fy \ [R, Q)], where [R, Q]
is a cut from R to @ lying inside Fy.

Remark The Abelian differential of the second kind QEQN) depends on the choice of the
local parameter z.

One can add Abelian differentials of the first kind to QSRN), Q1rq preserving the form of
the singularities. By addition of a proper linear combination Y 7 ; a;w; the differential
can be normalized as follows:

[a =0 [ong=0 (67)
aj aj

for all a-cycles j =1,...,9.

Definition 4.6 The differentials QE?N), Qrg with the singularities (63), (64) and all

zero a-periods (67) are called the normalized Abelian differentials of the second and third
kind.
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Theorem 4.12 Given a compact Riemann surface R with a canonical basis of cycles
ai,by,...,aq4,by, points R, Q) € R, a local parameter z at R and N € N there exist unique

normalized Abelian differentials of the second ng) and of the third Qg kind.

The existence will be proven in Section 4.4. The proof of the uniqueness is simple. The
holomorphic difference of two normalized differentials with the same singularities has all
zero a-periods and vanishes identically due to Corollary 4.6.

Remark Due to Corollary 4.7 Abelian differentials of the second and third kind can
be normalized by a more symmetric then (67) condition. Namely all the periods can be
normalized to be pure imaginary

Re /Q:O, Vy € Hi(R,Z).
g

Corollary 4.13 The normalized Abelian differentials form a basis in the space of Abelian
differentials on R.

Again, as in the case of holomorphic differentials, we present the basis of Abelian differ-
entials of the second and third kind in the hyperelliptic case

M
=TT = M)
k=1

Denote the coordinates of the points R and @ by

R= (NR? )\R)a Q = (/LQ’ )‘Q)

We consider the case when both points R and @ are finite Ag # 00, Ag # oco. The case
AR = 00 or Ao = oo is reduced to the case we consider by a fractional linear transforma-
tion. If R is not a branch point, then to get a proper singularity we multiply d\/u by
1/(A — Ar)™ and cancel the singularity at the point 7R = (—pugr, Ar) by multiplication
by a linear function of p.

The following differentials are of the third kind with the singularities (64)

A pt+pr  ptpgdh .

Qrg = <)\_)\R_)\_/\2>2M if ur#0, pg#0,
0O - — — if 0 =0
RQ <,U()\_)\R) /\_/\Q> 5 i ur#0, pg=0,
. 1 1 i .

Qro = <)\—)\R_)\—)\Q>2 it pr=no =0

The differentials )
~ +u a\ .
Q(N) — H R f
R ()\_)\R)N—‘rl 2N 1 uR#Oa
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where u[év] is the Taylor series at R up to the term of order N

V] _ ol L oNul N
Hp = uRJra)\R()\ )\R)+...+N!8)\NR(/\ AR)

have the singularities at R of the form
(z7N "t o(z"Nh)dz (68)

with 2 = A — Ag. If R is a branch point ur = 0 the following differentials have the
singularities (68) with z = /A — Agr

(V) dA .
oy - 0 Ar—A) for N=2n-1,
R Q(A—AR)NIM Zl;[( R )
i#R
. dA
O — % for N=2n-2
R 20— )" or n

Taking proper linear combinations of these differentials with different N’s we obtain
the singularity (63). The normalization (67) is obtained by addition of holomorphic
differentials (57)

4.3 Periods of Abelian differentials. Jacobi variety

Definition 4.7 Let a;,b;, j =1,...,g be a canonical homology basis of R and wy, k =
1,...,9g the dual basis of H'(R,C). The matriz

By = / wj (69)
b;

is called the period matriz of R.

Theorem 4.14 The period matriz is symmetric and its real part is negative definite
Bi; = By, (70)
Re(Ba,a) <0, Va € RY\ {0}. (71)
Proof For the proof of (70) substitute two normalized holomorphic differentials w = w;

and w’ = w; into the Riemann bilinear identity (55). The vanishing of the left hand side
w; Aw; =0 implies (70). Lemma 4.5 with w = ) ajwy, yields

g 9 9
0> Imz A;B; =Im Z 2mia; Z Bjray | = 2nRe(Ba, ).
j=1 j=1 k=1

The period matrix depends on the homology basis. Let us use the column notations

<Z> - (é [B>> (Z) (é E) € Sp(g, Z). (72)
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Lemma 4.15 The period matrices B and B of the Riemann surface R corresponding
to the homology basis (a,b) and (a,b) respectively are related by

B = 2mi(DB + 2miC)(BB + 2miA) 1,

where A, B, C,D are the coefficients of the symplectic matrixz (72).

Proof Let w = (wi,...,wy) be the canonical basis of holomorphic differentials dual to
(a,b). Labeling columns of the matrices by differentials and rows by cycles we get

/w—2m’A+BB, /w—Zm‘C—i—DB.

a b

The canonical basis of H(R,C) dual to the basis (a,b) is given by the right multiplica-
tion
@ = 2miw(2miA + BB) L.

For the period matrics this implies

B = /w = (27iC + DB)27i(2miA + BB) !
b
O
Using the Riemann bilinear identity the periods of the normalized Abelian differentials

of the second and third kind can be expressed in terms of the normalized holomorphic
differentials.

Lemma 4.16 Let wj, Q%V), QRrg be the normalized Abelian differentials from Definition
4.6. Let also z be a local parameter at R with z(R) =0 and

wj=Y oap;z"dz  P~R (73)
k=0

the representation of the normalized holomorphic differentials at R. The periods of

Q%N), Qrg are equal to:

1
/Q%N) = NNl (74)
bj

R
/QRQ = /w]', (75)
b; Q

where the integration path [R, Q] in (75) does not cross the cycles a,b.
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Proof Substitute w = Q%N),w’ = wj into (55). The integral
P
N
/ w;(P) / 2"
oF,

can be calculated by residues. The integrand is a meromorphic function on Fy with only
one singularity, which is at the point R. Multiplying (65) and (73) we have
P
N 1
resg w;(P) /QSR ) = Ny ON-1-

On the right hand side of (55) only the term with A’ = 2mi does not vanish, which yields
(74). The same calculation with w = wj;, w’ = Qg proves (75)

p R Q R
/QRQ(P)/wj = 27 Q/wj —/wj = 27Ti/wj :27ri/QRQ.
Po 0 Py

dF, Q bj

At the end of this section we introduce two notions, which play a central role in the
studies of functions on compact Riemann surfaces. O

Let A be the lattice
A ={2miN + BM, N,M €79}

generated by the periods of R. It defines an equivalence relation in C9 : two points of
CY9 are equivalent if they differ by an element of A.

Definition 4.8 The complex torus
Jac(R) = CI/A
is called the Jacobi variety (or Jacobian) of R.

Definition 4.9 The map

P
AR Jac(R),  A(P) = / o, (76)
I0)
where w = (w1, ...,wy) is the canonical basis of holomorphic differentials and Py € R,

is called the Abel map.

4.4 Harmonic differentials and proof of existence theorems

As we mentioned in Section 1 angles between tangent vectors are well defined on Riemann
surfaces. In particular one can introduce rotation of tangent spaces on angle m/2. The
induced transformation of the differentials'® is called the conjugation operator

w=fdz+gdzZ— *xw=—ifdz+igdz.

BFor X +4Y = Z € TpR we defined *w(Z) = w(—iZ) or equivalently *w(X,Y) = w(Y, —X).



4 ABELIAN DIFFERENTIALS 45

Clearly *x = —1. In terms of the conjugation operator the differentials of type (1,0)
(resp. of type (0,1)) can be characterized by the property *w = —iw (resp. *w = iw).

Let R be a Riemann surface (not necessarily compact !). Consider the Hilbert space
Ly(R) of square integrable differentials with the scalar product

(wi,w2) = / w1 A *Ws. (77)
R
In local coordinate z : U C R — V C C one has
/ Wi A ¥y = 2/ (fif2 + q1G2)dx A dy.
U \%4
One can easily see that formula (77) defines a Hermitian scalar product, i.e.

(w2, w1) = (wi,ws),
(w,w) >0 and (w,w) =0< w=0.

Introduce the subspaces E and E* of exact and co-exact differentials

E = {df | feC5(R)},
E* = {«df | f € CF(R)},

where C§°(R) is the space of smooth functions on R with compact support and the bar
denotes the closure in Lz(R). Consider the orthogonal complements E+ and E*+ and

their intersection
H:= EtnE.

Let us note that £ and E* are orthogonal. It is enough to check this statement for exact
and co-exact C*°-differentials

(@r.5dg) = [ drndg = | gatap ~o.

Here we used the Stokes theorem for functions with compact support and d? = 0. We
obtain the orthogonal decomposition

Ly(Ry=FE®E*®H
shown in Fig. 22.

To get an idea of interpretation of these subspaces one should consider smooth differen-
tials. A Cl-differential « is said to be closed (resp. co-closed) iff da = 0 (vesp. d*a = 0).

Lemma 4.17 Let o € La(R) be of class C'. Then a € E+ (resp. a € E*) iff a is
co-closed (resp. closed).

Proof follows directly from the Stokes theorem: o € E** is equivalent

Oz(a,*df):/a/\df:/fda
R R
for arbitrary f € C§°(R). This implies do = 0. O



4 ABELIAN DIFFERENTIALS 46

E* (co-exact)

EJ_
(co-closed) E (exact)

E*t (closed)

H (harmonic)

Figure 22: Orthogonal decomposition of La(R).

Corollary 4.18 Let o € H be of class C'. Then locally o = fdz + gdz, where f is
holomorphic and g is antiholomorphic functions.

Definition 4.10 A differential h is called harmonic if it is locally
(z:U CR —V CC) of the form
h=dH

with H € C*°(V') a harmonic function, i.e. %H =0.
Harmonic and holomorphic differentials are closely related.

Lemma 4.19 A differential h is harmonic iff it is of the form
h = wy + o, w1, wg —holomorphic. (78)
A differential w is holomorphic iff it is of the form

w=h+ixh, h —harmonic. (79)

Proof Let h be harmonic and locally h = dH. Since H,; = 0 the differential H,dz is
holomorphic and the differential HzdZz is antiholomorphic. Conversely, h = fdz + gdz
with holomorphic f and antiholomorphic g can be rewritten as h = d(F' + G) with
holomorphic F' and antiholomorphic G defined by F, = f,Gz = g. The function F + G
is obviously harmonic. To prove the second part of the lemma note that for A given by
(78) the sum

h+1i*h=2w

is always holomorphic. Conversely, given holomorphic w,

w—w
2

h =
is a harmonic differential satisfying (79). O

To prove the next theorem we need an Lo-characterization of holomorphic functions.



4 ABELIAN DIFFERENTIALS 47

Lemma 4.20 (Weil’s lemma). Let f be a square integrable function on the unit disc
D. Then f is holomorphic iff

/ fnzdzNdz=0
D
for every n € C§°(D) (with compact support).

Proof See | , ] O

Theorem 4.21 The space H is the space of harmonic differentals.

Proof A harmonic differential h is closed, co-closed and of class C'!'. Lemma 4.17 implies
heH.

Conversely, suppose o € H. For any n € C§°(R) we have
(a,dn) = (a, xdn) = 0. (80)

Take local coordinate z : U — V. For a = fdz + g dz formulas (80) imply

/fnde/\dZ:/gnzdz/\dZ:O.
v 1%

for every n € C3°(V). Holomorphicity of f and g follows from Weil’s lemma. Lemma
4.19 completes the proof. O

Corollary 4.22 Fvery square integrable differential o on R can be uniquely represented
as an orthogonal sum of its exact df, co-exact *dg and harmonic h parts:

a = df + xdg + h. (81)

Now let us show how to construct 2¢ linearly independent harmonic differentials on a
compact Riemann surface R. Take a simple (without self-intersections) loop v on R.
Consider a small strip I' containing ~. It is an annulus and ~ splits it into two annuli
't and I'". Take a smaller strip I’y (with corresponding one-sided strips Foi) around 7y
in I (see Fig. 23). Construct a real-valued function F' on R satisfying

F]Fa - 17 ﬂR\F7 = 07 F e COO(R\’.Y)

Define a smooth differential

| aF on T\~
R W) on (R\T)U~.

Consider now a simply connected model F, of R and take one of the basic cycles
ai,bi,...,aq,by, say a1 as v. The differential a, we constructed has a non-vanishing
period along the cycle b;. Chosing properly the orientation we obtain

/ouy:l
b1
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whereas all other periods of ., vanish. The differential o, is closed and non-exact. It
can be decomposed into its exact df, and harmonic ., components

ay = dfy + hy.

Note that both parts are automatically smooth. The harmonic differential h, has the
same periods as the original differential a,.

Chosing different cylces from a1, b1, ..., a4, by as y one constructs 2¢g linearly independent
harmonic differentials. For the dimension we obtain

dim H > 2g. (82)

Consider again holomorphic and antiholomorphic differentials and denote their spaces
by H = H'(R,C) and H respectively. These spaces are obviously orthogonal H L H.

v

Figure 23: Consruction of a closed non-exact form.

Proposition 4.23 Let R be a compact Riemann surface of genus g. Then

dim H'(R,C) > g.

Proof The spaces H and H are orthogonal and have the same dimension. On the other
hand due to Lemma 4.19 B
HCHDH,

which implies dim H < 2 dim H. The inequality (82) completes the proof. ]

Theorem 4.9 follows from Proposition 4.23 and Corollary 4.8.

As a corollary of Theorem 4.9 we obtain dim H < 2g, and finally dim H = 2g. This
observation combined with the construction of harmonic differentials h. above implies
the following

Proposition 4.24 Given a compact Riemann surface with a canonical basis of cycles
ai,by,...,aq,by there exist unique 2g harmonic differentials h1, ..., hag with the periods

a; bj a; bj
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Let us now construct Abelian differentials of the second kind Q%N). Consider nested

neighborhoods R € Uy C U; C R of the point R and a smooth function p € C*(R)
satisfying

] 1 on Uy
R on R\ Uy.
Let z be be a local parameter in U; with z(R) = 0. Take a differential
— P\ _ Pz P Pz _
yi=d <_NZN> N <_NZN + ZN'H) dz = (NZN) dz
(NV)

with the same kind of singularity as the one of Q) . The (0, 1)-part of ¢ is smooth on
R and can be decomposed into its closed, co-closed and harmonic components'*

W —ixtp=df ++dg+h e E(R)® E*(R)® H(R).

Consider

o =1 —df.

Lemma 4.25 The differential a is harmonic on R \ R and the differential o — ﬁ—il 18
. z
harmonic on Up.

Proof Chose a closed U C Uy. For a we have

a:d( L)—df,

NN+
which implies o 1. E*(R \ U). On the other hand
a =11+ xdg + h,

which implies o 1. E(R\U). Combining these two observations we obtain a € H(R\U)
for arbitrary U > R. Concerning the representation of a in Uy let us observe that
P — Z;é% l,= 0. On Uy this implies:

dz

(0}

As above o — Zﬂ% must be orthogonal to both E(Uy) and E*(Uy) and therefore belongs
to H(Uo) ]

As a direct corollary of Lemmas 4.19, 4.25 we obtain the following
Proposition 4.26 The differential
1 .
0= 5(04 +i*a)

is holomorphic on R\ R and the differential ) — Zﬁ% 18 holomorphic on Uyp.

“We have incorporated R into the notations of the spaces E(R), E*(R) and H(R) since we will
consider spaces corresponding to various Riemann surfaces.
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The existence of the normalized differential of the second kind QS%N) claimed in Theorem
4.12 follows from Proposition 4.26.

To prove existence of differentials of the third kind one should start with the differential

zZ—Z
Ypp, =d <p10g 1) )
zZ — Z9

where z; = z(P)) and z2 = z(P») are local coordinates of two points P, P» € U.
Applying the same technique as above one obtains an Abelian differential of the third
kind Qp, p, with

resp, {p, p, = —resp,Qp p, = 1.

Finally, any Abelian differential of the third kind Qrg on a compact Riemann surface
can be obtained as a finite sum of these basic differentials Qp, p, .
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5 Meromorphic functions on compact Riemann surfaces

5.1 Divisors and the Abel theorem

Analyzing functions and differentials on Riemann surfaces one characterizes them in
terms of their zeros and poles. It is convenient to consider formal sums of points on R.
(Later these points will become zeros and poles of functions and differentials).

Definition 5.1 The formal linear combination
N
D=) nP;, n;€Z PeR (83)
j=1
is called a divisor on the Riemann surface R. The sum

N
deg D= an
j=1

is called the degree of D.

The set of all divisors with the obviously defined group operations
N
mP+neP = (ny+n2)P,  —D=> (—n;)P
j=1

forms an Abelian group Div(R). A divisor (83) with all n; > 0 is called positive (or
integral, or effective). This notion allows us to define a partial ordering in Div(R)

D<D <= D' -D>0.

Definition 5.2 Let f be a meromorphic function on R and Pi,..., Py be its zeros
with the multiplicities p1,...,pp > 0 and Q1, ..., QN be its poles with the multiplicities
qi,---,qn > 0. The divisor

D=piPi+...4puPv—qQ1— ... —qnQn = (f)

is called the divisor of f and is denoted by (f) . A divisor D is called principal if there
exists a function with (f) = D.

Obviously we have
(f9) = (f) +(g9),  (const #0) =0,

where f and g are two meromorphic functions on R.

Definition 5.3 Two divisors D and D' are called linearly equivalent if the divisor D— D’
is principal. The corresponding equivalence class is called the divisor class.
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We denote linearly equivalent divisors by D = D’. Divisors of Abelian differentials are
also well-defined. We have seen already, that the order of the point N (P) defined by (61)
is independent of the choice of a local parameter and is a characteristic of the Abelian
differential. The set of points P € R with N(P) # 0 is finite.

Definition 5.4 The divisor of an Abelian differential §2 is
Q) =Y N(P)P,
PeR

where N (P) is the order of the point P of ).

Since the quotient of two Abelian differentials
01/
is a meromorphic function any two divisors of Abelian differentials are linearly equivalent.

The corresponding class is called canonical. We will denote it by C.

Any principal divisor can be represented as the difference of two positive linearly equiv-
alent divisors
(f):DO_Dooa Dy = D,

where Dy is the zero divisor and D, is the pole divisor of f. Corollary 2.7 implies that
deg(f) =0,
i.e. all principal divisors have zero degree. Also all canonical divisors have equal degrees.
The Abel map is defined for divisors in a natural way
N
AD) = "n;

Jj=1

w. (84)

;Uf\:g

If the divisor D is of degree zero, then A(D) is independent of Py

D=P+...4+Py—Q1—...—Qn,
N P;
AD) =3 [w. (85)
1=1Q;

Theorem 5.1 (Abel)
The divisor D € Div (R) is principal if and only if:

1) deg D =0,
2) A(D) =0.
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Proof The necessity of the first condition is already proven. Let f be a meromorphic
function with the divisor

(f)=Pi+...+Py—Q1—...—Qn
(these points are not necessarily assumed to be different). Then
d
0= — dgog )

is an Abelian differential of the third kind. All periods of €2 are integer multiples of 27i:
/Q:QM'nk, /Qsz’mk; ng, My € 7.
ag by

Applying the Riemann bilinear identity (55) with w = wj,w’ = Q (compare with the
proof of formula (75)) one obtains

N Qk 1 P
Z/wj = ZresQ / W =5 Q(P)/wj
k=1p, Py OF g Py

= 27rimj—2nk/wj50
k=1

and finally
A(D) = 0. (86)

Conversely, if (86) is fulfilled, let us choose [P;, @;], which do not intersect the cycles, and
consider the normalized Abelian differentials of the third kind Qp,g,. The differential

N
0= Z Qp,q;
i=1
has all zero a-periods, and its b-periods belong to the Jacobian lattice (because of (75))
N N B
/Q:Z/QPZ.QZ. :Z/w:QMJ\H—BM, N,M € 79.
b i=1% =10,
Then all the periods of the differential
g
=) wiMj, M= (M,...,M,)
j=1
are multiples of 27i. Finally, the meromorphic function

F(P) = exp /(ZQPQZ Zw] >

has the divisor D. O
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Corollary 5.2 All linearly equivalent divisors are mapped by the Abel map to the same
point of the Jacobian.

Proof
A((f) + D) = A((f)) + A(D) = A(D).
O

Remark The Abel theorem can be formulated in terms of any basis @ = (@1, ...,@y)
of holomorphic differentials. In this case the second condition of the theorem reads

N b
Z/&) =0 (mod periods of ©).
=1Qi

5.2 The Riemann-Roch theorem

Let D, be a positive divisor on R. A natural problem is to describe the vector space
of meromorphic functions with poles at D, only. More generally, let D be a divisor on
R. Let us consider the vector space

L(D) = {f meromorphic functions on R | (f) > D or f = 0}.

Let us split
D =Dy — Dy

into negative and positive parts
Do=) niPi,  Doo=» miQ,
where both Dy and Dy, are positive. The space L(D) of dimension
I(D) =dim L(D)

is comprised by the meromorphic functions with zeros of order at least n; at P; and with
poles of order at most my at Q.

Similarly, let us denote by
H(D) = {Q Abelian differential on R | (2) > D or 2 = 0}
the corresponding vector space of differentials, and by
i(D) =dim H(D)

its dimension, which is called the index of speciality of D.

Remark The following properties are obvious:

1. Dy > Dy implies L(Dl) C L(DQ) and l(Dl) < l(Dg)
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2. The space L(0) consists of constants, [(0) =1
3. degD >0, D # 0 implies (D) = 0.

4. i(0) = g since H(0) is the space of holomorphic differentials.

Lemma 5.3 (D) and i(D) depend only on the divisor class of D, and
i(D) =U(D - ©), (57)

where C' 1s the canonical divisor class.

Proof The existence of h with (h) = D; — Dy is equivalent to D; = Dy. The map
L(D3y) — L(D;) defined by the multiplication

L(D2)> f — hf € L(Dy)

is an isomorphism, which proves [(D2) = I(D;).

Let Qo be a non-zero Abelian differential and C' = (£2y) be its divisor. The map H(D) —
L(D — C) defined by

H(D)BQ—)QQGL(D—C)
0

is an isomorphism of linear spaces, which proves i(D) = I(D — C). O

Theorem 5.4 (Riemann-Roch)
Let R be a compact Riemann surface of genus g and D a divisor on R. Then

I(-D)=deg D —g+1+1i(D). (88)
We prove the Riemann-Roch theorem in several steps.
Lemma 5.5 The Riemann-Roch theorem holds for positive divisors D.

Proof Due to the Remark, formula (88) holds for D = 0. Let D be positive and D # 0.
We give a proof for the case when all points of the divisor have multiplicity one

D=P +...+ P

Treatment of the general case requires no essential additional work, but complicates
notations. If f € L(—D) then its differential df lies in the space of differentials

df € H(—D™Y),

where
DHY =2D =2P, + ...+ 2P,.
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Moreover, df lies in the subspace Ho(—Dt1)) ¢ H(—DD)

Ho(—DFV) = {Q Abelian differentials on R | () > —D(D);
resp,Q=0Vj; [Q=0Vior Q=0}.

The normalized differentials of the second kind Q%), j = 1,...,k form a basis for
Hy(— D(+1))7
dim Ho(—DV) = k = degD.

Let us denote the linear operator f — df by
d: L(=D) — Hy(—DV),
Since only constant functions lie in the kernel of d
[(=D) =1+ dim Image d. (89)

The image of d can be described explicitly
i 1
df =" 1,98, (90)
j=1

where f; are constants such that all the b-periods of df vanish

/dsz, i=1,...,9. (91)
bj
The conditions (91) is a system of g linear equations for degD variables f;. This obser-
vation immediately implies

dim Image d > deg D — g.

Theorem 5.6 (Riemann’s inequality)
For any positive divisor D
I(—D) >deg D+1—g.

We interrupt the proof of Lemma 5.5 for two simple corollaries of Riemann’s inequality.

Corollary 5.7 For any positive divisor D with deg D = g+ 1 there exists a non-trivial
meromorphic function in L(—D).

Corollary 5.8 Any Riemann surface of genus 0 is conformally equivalent to the complex
sphere C.
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Proof Let us consider a divisor which consists of one point D = P. Riemann’s inequality
implies [(—P) > 2. There exists a non-trivial function f with 1 pole on R. It is a
holomorphic covering f : R — C. Since f has only one pole, every value is assumed
once (Corollary 2.7), therefore R and C are conformally equivalent. O

Due to (74) the system (90), (91) can be rewritten as
k
> fieoi(P) =0, i=1,...,g.
J=1

In the matrix form this reads as

(fi,-- o, Jo)H =0, (92)
where H is the matrix
o1 (P1) ... agg(Pr)
H=| 5
Oéo,l(Pk) . ao’g(Pk)

This is a linear map H : C9 — C%8P and due to (92)
dim Image d = dim ker H = degD — rankH. (93)

Near the points P; the normalized holomorphic differentials w; have the following asymp-
totics
wi = (ao,i(Pj) + o(1))dz;.

This shows that the linear spaces ker H and H (D) are isomorphic

g9
(Br,- -, Bg) Eker H <= Biw; € H(D).
=1

This observation implies
i(D) = dim H(D) = dim ker H = g — rankH,

which combined with (89, 93) completes the proof of Lemma 5.5. O

Corollary 5.9 The degree of the canonical class is

deg C' =29 — 2.

Proof The differential dz on the complex sphere has a double pole at z = oo

1 1

dz = ——dr, T=—.

T z
Since the degree is a characteristics of a divisor class, this proves the statement for g = 0.
If g > 0 then there exists a non-trivial holomorphic differential w. Its divisor (w) = C'is

positive. Lemma 5.5 yields

I(—C) =degC — g+ 1+1i(C).
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Remarks 5.2 and Lemma 5.3 imply
I(=C)=i(0)=g, i(C)=1(0)=1,

which completes the proof of the corollary. O

Corollary 5.10 On a compact Riemann surface there is no point where all holomorphic
differentials vanish simultaneously.

Proof Suppose there exists a point P € R where all holomorphic differentials vanish,
ie. i(P) = g. Applying the Riemann-Roch theorem for the divisor D = P one obtains
[(—P) = 2, i.e. there exists a non-constant meromorphic function f with the only pole.
Due to Corollary 2.7 f : R — C is bi-holomorphic, which implies g = 0. Due to Corollary
5.9 there are no holomorphic differentials on a Riemann surface of genus g = 0. O

Lemma 5.11 The Riemann-Roch theorem holds for the divisors D, if D or C — D are
linearly equivalent to a positive divisor.

Proof If D is linearly equivalent to a positive divisor the statement is trivial, since both
[(—=D) and i(D) depend on the divisor class only. Applying Lemma 5.5 to the positive
divisor C' — D one gets

I(D—-C)=deg (C—D)—g+1+i(C—D)
or using Lemma 5.3, Corollary 5.9 and formula (88) for D

i(D)=29g—2—deg D—g+1+1(—D).

Lemma 5.12
I(-D)>0 <= D=D; >0,
i(D)>0 < C—-D=D;>0.

Proof I(—D) > 0 implies the existence of f € L(—D). Since (f) > —D we get that the
divisor (f) 4+ D > 0 is positive. Similarly i(D) > 0 is equivalent to {(D — C) > 0. This
implies (f) +C — D > 0, where f € L(D — C). O

Finishing of the proof of Theorem 5.4. Due to Lemma 5.11 and Lemma 5.12 only one
case remains to consider. We should prove that i(D) = [(—D) = 0 implies deg D = g—1.
Represent D as a difference of two positive divisors

D = D1 — Dy, Dy #0.
Then Riemann’s inequality implies

I(=Dy1) >deg D1 —g+1=deg D+ deg Dy — g+ 1.
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Let us suppose that deg D > g. Then
[(—=D;) > deg Dy + 1

and there exists a function in L(—D;) with the zero divisor > Ds. This yields [(—D) > 0,
which contradicts our assumption. We have proven that deg D < g — 1.

In the same way using (D) = (D — C') = 0 one gets
deg (C—D)<g-1.
Combined with Corollary 5.9 this implies deg D > g — 1, and finally
deg D =g —1,

which completes the proof of the Riemann-Roch theorem.

5.3 Special divisors and Weierstrass points

Definition 5.5 A positive divisor D of degree deg D = g is called special if i(D) > 0,
i. e. there exists a holomorphic differential w with

(w) > D. (94)

The Riemann-Roch theorem implies that (94) is equivalent to the existence of a non-
constant function f with (f) > —D. Since the space of holomorphic differentials is
g-dimensional, (94) is a homogeneous linear system of g equations in g variables. This
shows that most of the positive divisors of degree g are non-special.

Proposition 5.13 Let the divisor
D=P +...+ Pg

be non-special. There exist neighborhoods Uy, ...,U, of the points of the divisor P; €
Uj, 7=1,...,9 such that any divisor

D' =P +...+ Py

with Pj’ cU;, j=1,...,g is non-special. Arbitrary close to any special divisor D there
exists a mon-special positive divisor of degree g.

This proposition will be proved later (see Lemma 5.14) for divisors which are multiples
of a point D = gP. The proof of the general case is analogous. Note that special divisors
may be "non-rigid”. In particular, if [(—D;) > 2 for some D > 0,deg D1 < g then the
divisor D = D + Ds is special with arbitrary Ds > 0,deg Dy = g — deg D;.

Definition 5.6 A point P € R is called the Weierstrass point if the divisor D = gP is
special.
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The Weierstrass points are special points of R. We prove that these points exist and
estimate their number.

Remark There are no Weierstrass points on Riemann surfaces of genus ¢ = 0 or g = 1.

Lemma 5.14 Let wy = hg(2)dz, k = 1,...,g be the local representation of a basis of
holomorphic differentials in a neighborhood of Py. The point Py is a Weierstrass point
if and only if

h1 e hg
h} e h!
Alhy,... hg] =det | ! (95)
1 —1
Mo py
vanishes at Py.
Proof A vanishes at P iff the matrix in (95) has a non-trivial kernel vector (ar, ..., ag)T.
In this case the differential ZZ:1 arphr has a zero of order g at Py, which implies
i(gPy) > 0. O

Since A is holomorphic in a neighborhood of Py the Weierstrass points are isolated.
Moreover their number is finite due to compactness of R.

Definition 5.7 Let Py be a Weierstrass point on R and z a local parameter at Py, with
2(Py) = 0. The order 7(Py) of the zero of A at Py

A =P0() (96)

is called the weight of the Weierstrass point Py.
It turns out that A is well defined on R globally.

Definition 5.8 If to every local coordinate z : U C R — V C C there assigned a
holomorphic function r(z) such that

r=r(z)dz?, q€EZ (97)

is invariant under holomorphic coordinate changes (49) one says that the holomorphic
q-differential r is defined on R.

In the same way as for the Abelian differentials one defines the divisor (r) of the ¢-
differentials.

Lemma 5.15 deg (1) = (29 — 2)q

Proof Let w be an Abelian differential. Then
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is a meromorphic function on R, which implies deg (f) = 0 and

deg (r) = deg (w?) = qdeg (w) = q(2g — 2).

O]

Theorem 5.16 Afhy,...,hy| defined by (95) is a (non-trivial) holomorphic q-differential

on R with
_9lg+1)
q 9 .

Proof We have to check that hy(z)dz = hy(2)dZ implies Adz? = Adz9. It is easy to
verify that

I

hy
dj d7
A = det %hl %hg
iy Py
dz\ 99—1)/2 d%le d%ilg
z : :
-1 = -1 =
L hy ... L by
dz\ 99~/ dz dz

On the other hand algebraic properties of determinant imply also
Alfhy, ..., fhg] = fIA[h1, ..., hy, (99)
where f is an arbitrary holomorphic function. Combined with (98) for f = % this yields
A <df>g(g+1)/2 A
dz
Since the differentials w; are linearly independent A # 0. O

Lemma 5.15 and Theorem 5.16 imply

Corollary 5.17 The number N of the Weierstrass points on a Riemann surface R of
genus g is less or equal then
Ny < g3 —g.

Moreover
d TP =g*—g (100)

holds, where the sum is taken over all the Weierstrass points of R.
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5.4 Jacobi inversion problem

Now we are in a position to prove more complicated properties of the Abel map. Let us
fix a point Py € R.

Proposition 5.18 The Abel map

A:R — Jac(R)
P

P — w (101)
Py

is an embedding, i.e. the mapping (101) is an injective immersion (the differential
vanishes nowhere on R).

Proof From corollary 5.10 of the Riemann-Roch theorem we know, that not all holo-
morphic differentials can vanish simultaniously at a point P. Therefore dA(P) = w(P) #
0, which shows that the Abel map is an immersion.

Now suppose there exist Pj, P, € R with A(P;) = A(FP2). According to the Abel theo-
rem the divisor P; — P is principal. A function with one pole does not exist for Riemann
surfaces of genus g > 0, thus the points must coincide P} = Ps. ]

Although the next theorem looks technical it is an important result often used in the
theory of Riemann surfaces and its applications.

Theorem 5.19 (Jacobi inversion)
Let Dy be the set of positive divisors of degree g. The Abel map on this set

A:Dy — Jac(R)

is surjective, i.e. for any & € Jac(R) there exist a degree g positive divisor Pi+. ..+ Py €
D, (P; are not necessarily different) satisfying

g P,
;/PO w=¢. (102)

Proof Start with a non-special divisor D = Ry + ...+ R4. In a neighborhood U
of Dp the differential of the Abel map does not vanish and all divisors are non-special
(Proposition 5.13). Choosing sufficiently large N € N one can achieve that A(Dg)+¢/N
lies in A(U) and therefore can be represented as

A(Dqg) = A(DRr) +&/N, Do=Qi+...+Qg€U.
The problem (102) is equivalent to
AP+ ...+ P;) = N(A(Dgq) — A(Dg)).
Applying the Riemann inequality to the divisor N(Dg — Dgr) + gPy we get

I(=N(Dqg — DRr) — gPo) > 1,
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i.e. there exists a function f with (f) > N(—Dg + Dgr) — gP. Applying the Abel
theorem one obtains for the rest g zeros P, ..., P, of this function

A(P1+...—|—Pg):NA(DQ—DR):f,

which coincides with (102). O
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6 Hyperelliptic Riemann surfaces

6.1 Classification of hyperelliptic Riemann surfaces

Let us investigate in more detail hyperelliptic Riemann surfaces, which are the simplest
Riemann surfaces existing for arbitrary genus. We give a new definition of these surfaces.
The equivalence of this definition with the one of Section 1.1 will be proven.

Definition 6.1 A compact Riemann surface R of genus g > 2 is called hyperellyptic
provided there exists a positive divisor D on R with

deg D =2, I(-D) > 2.

Equivalently, R is hyperellyptic if and only if there exists a non-constant meromorphic
function A on R with precisely 2 poles counting multiplicities. If R carries such a
function, it defines a two-sheeted covering of the complex sphere

A:R—C. (103)

All the ramification points of this covering have branch numbers 1. The Riemann-
Hutwitz formula (41) gives the number of these points

NB:29+2.

Let Py, be one the branch points of the covering (103). A(P)— A(Py) has a zero of order
2 at P and no other zeros. This implies A(Py) # A(Py,) for k # m. The function

1

WP = Ry~ aey)

(104)

has the only pole at the point P, and this pole is of order 2. This proves that all the
branch points of (103) are the Weierstrass points of R.

Lemma 6.1 The Weierstrass points of the hyperellyptic surface R are of the weight
g(g —1)/2 and coincide with the branch points of the covering (103).

Proof Let P be one of the branch points of the covering (103). The functions
1, W(P),W?(P),...,W9=1(P) have the pole divisors 0,2P;,4Py,...,2(g — 1)P;. re-
spectively. For the vector spaces L(—2nPy) we have

1,W(P),...,W"(P) € L(—2nPy),
which implies for their dimensions
I(—2nPg) >n+ 1.

For the dimensions of the corresponding spaces of holomorphic differentials this yields
due to the Riemann-Roch theorem

i(2nPy) > g — n. (105)
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One can choose a basis w, . ..,wy of holomorphic differentials w,, = hy(z)dz, z(Py) =0
such that
hn = 2" gn(2), gn(2) # 0
with
0<my <mg <...<my, My € 7.
and
my > 2(n —1) (106)

because of (105). This observation allows us to estimate the weight of the Weierstrass
point Pj. Using (99) we get

Alhi, ... hg] = Al2™ g1, ..., 2M9g] =

= (2™ g1)I AL, g2 L e 8] =
= (Mg)IAg[(zmBY L (M) =
= (2™Mg1)IAgq [z gy, L 2T g ]

where gi(z) defined by

!
—mr—1 ~ — k+1
ka mi 1gk: (ka-H mi gg+ )
1

are holomorphic near z = 0 and gi(z) # 0. Proceeding futher we get for the order of the
zero of A at P

ord > gmi+(g—1)(me—mi1—1)4+(g—2)(mg—mao—1)+...
+(mg —mg_1 —1)=>9_ (my —n+1).

Combined with (106) this yields

5 glg — 1)
(P = Y —1) = 2L,
n=1
But there are 2¢g + 2 branch points of the covering (103) and the sum of their weights is
< g(g—1)(g+1). Applying identity (100) we obtain

T(Py) = @

Moreover the points P, k=1,...,2g + 2 are the only Weierstrass points of R. 0

Lemma 6.2 Let R be a hyperellyptic Riemann surface in the sence of Definition 6.1.
Then the above mentioned (103) function A : R — C is unique up to fractional linear
transformations.
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Proof Let A: R — Cand A : R — C be two hyperelliptic covering as in Definition
6.1. We know that their branch points coincide and are the Weierstrass points of R.
Consider the functions A and A on R. Their polar divisors are Q1 + Q2 and Q1 + Q-
respectively. Let Pj be one of the Weierstrass points with A(P) # oo, A(Py) # oo
(one can always find such a point from 2g + 2 Weierstrass points). The existence of the

functions
1 1

A(P) = AMPy)" A(P) — A(Py)
shows that the divisors Q + Q2 and Qq + Q2 are equivalent
Q1+ Q2 ~ 2P, ~ Q1 + Qo

There exists a meromorphic function ¢ with the divisor (§) = Q1 + Q2 — Q1 — Qo,
establishing the isomorphism of L(—Q1 — Q2) and L(—Q1 — Q2)

EL(—Q1 — Q2) = L(—Q1 — Q2).
Since {1,A} and {1, A} form the basises of L(—Q; — Q2) and L(—Q; — Q3) respectively
we get
A = «fA+BEl
1 = ~EA+ 61,

and finally eliminating &
alN+

A=
YA +6

O

Remark It is not difficult to prove [ ] that the hyperelliptic surfaces give the
lower bound for the number of the Weierstrass points

29+2< Ny <g¢°—g.
Theorem 6.3 Definition 6.1 is equivalent to the definition of the compact Riemann
surface of hyperelliptic curve in Section 1.1.

Proof Let C be a compact Riemann surface of hyperelliptic curve as in Theorem 1.2.
For any A\g the pole divisor of the function

provides us the divisor D of Definition 6.1. On the other hand, let A : R — C be a
meromorphic function with 2 poles as in Definition 6.1. Let A\ = A(Pg),k=1,...,29—2
be the values of A at the Weierstrass points. We have seen above that all of them are
different A\ # A, for k % m. At this point it is easy to check that the complex structure
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of R coincides with the complex structure of the compactification C' of the hyperellyptic

curve
2g9+2
:u2 = H ()‘ - )‘k)a
k=1
described in Section 1.1 O

Theorem 6.3 and Lemma 6.2 imply the following

Corollary 6.4 Two hyperelliptic Riemann surfaces are conformally equivalent if and
only if their branch points differ by fractional linear transformation.

Proposition 6.5 Let R be a hyperelliptic Riemann surface and A : R — C the corre-
sponding two-sheeted covering. A positive divisor D of degree g is singular if and only
if it contains a paar of points

(10, Xo), (=10, Xo)

with the same A-coordinate or a double branch point

2(0, Ag).-

Proof i(D) > 0 implies that there exists a differential w with (w) > D. The differential
w is holomorphic and due to Theorem 4.10 can be represented as

P, 1(A
w= L1 gy
I
where Py_1()) is a polynominal of degree g — 1. The differential w has g — 1 pairs of
Zeros
(/Ln, An)v (7//1715 )‘n)a n = ]-7 e 79 - 1) ngl()\n) = 0
Since D is of degree g it must contain at least one of these pairs. O

6.2 Riemann surfaces of genus one and two

As it was proven in Corollary 5.8 there exists only one Riemann surface of genus zero,
it is the Riemann sphere C. In this section we classify Riemann surfaces of genus one
and two.

Let R be a Riemann surface of genus one and w a holomorphic differential on it. Take
a point Py € R. Due to Corollary 5.9 w does not vanish on R, therefore by w = dz it
defines a local parameter z : U — C, 2(Fp) = 0 in a neighbourhood of Py € U. The
Riemann-Roch theorem implies I[(—2F;) = 2, thus there exists a non-constant function
g with a double pole in Fy. Normalizing we have the following asymptotics of g at z = 0:

1
g(z) = o) +o(1),z — 0.



6 HYPERELLIPTIC RIEMANN SURFACES 68

This asymptotics can be further detalized using the fact that gw and g%w are Abelian
differentials on R. Indeed, these differentials are singular at Py only and therefore must
have vanishing residues at this point (Lemma 4.11)

resp, gw = resp, GPw = resp, FPw=0.
For the asymptotics of g this implies
1
g(z) = o) + az? + b2t + o(2%).
Define another function h := dg/w on R. It is holomorphic on R \ Py with a pole at P
2 3 3
h(z) = —— + 2az + 4bz" + o(z").
z

A direct computation shows that the function h? — 4¢g> + 20ag + 28b vanishes at Py. On
the other hand this function is holomorphic on R and therefore must vanish identically

h? = 4¢3 — 20ag — 28b. (107)

Lemma 6.6 The zeros of the cubic polynomial
Py(z) := 42> — 20azx — 28b
are all different.

Proof Suppose P3(x) has a double zero at o, i.e.

h? = 4(g — 0)*(g + 2x0)

lﬂg+2x@::< L >2.

g — o

or equivalently

Since g + 2x¢ is of degree 2 the meromorphic function h/(g — o) has only one pole on
R and must establish a holomorphic isomorphism R = C. This contradiction proves the
lemma. O

By an appropriate affine coordinate change u = ah, A = fg + v we can reduce (107) to
2 =AA—-1)(A—A)

with some A € C\ {0, 1} which can be explicitly computed in terms of a and b.

Proposition 6.7 Fvery compact Riemann surface of genus one is the compactification
C of an elliptic curve C

p? =\ —=1)(\ = A), AeC\{0,1}.
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Proof Consider the elliptic curve C' and its compactification C' = C'U{oo} (see Section
1.1). The holomorphic covering
A
R\ B ™Y
can be extended to Py by f(Py) = co. So defined holomorphic covering f : R — C is an
isomorphism of Riemann surfaces. Indeed f~!(cc) = Py and f is unramified at Py (the
local parameter A\/u on C' at 0o is equivalent to z). O

As we have shown in Section 6.1 the branch points are parameters in the module space
of hyperelliptic curves. The complex dimension of this space is 2g — 1. Indeed, there
are 2g + 2 branch points and three of them can be normalized to 0, 1, 00 by a fractional
linear transformation. We see that for g = 2 this dimension coincides with the complex
dimension 3g — 3 of the space of Riemann surfaces of genus g.

This simple observation gives a hint that there exist non-hyperellyptic Riemann surfaces
with g > 3 and that all Riemann surfaces of genus g = 2 are hyperelliptic.

Theorem 6.8 Any Riemann surface of genus g = 2 is hyperelliptic.

Proof Let w be a holomorphic differential on R and P; 4+ P» its zero divisor (of degree
2g — 2). Since i(P; + P3) > 0, the Riemann-Roch theorem implies

(P, — P) > 2.

There exists a non-constant function A\ with the pole divisor P; + P> and R is hyperel-
liptic. O

In Section 6.1 it was shown that the values A of the function A at the branch points
of A\ : R — C are all different. Normalizing three of them by affine transformations of
coordinates to 0,1 and oo we prove the following proposition.

Proposition 6.9 Fvery compact Riemann surface of genus two is the compactification
C of a hyperelliptic curve C

2 = A\ = 1)(A = A (A = Ag) (A — A3), A; € C\{0,1}, A; # Aj.

Riemann surfaces of genus one can be also classified using the Abel map. Let us fix a
point Py € R. In Section 5.4 it was shown that the Abel map is an embedding.

Proposition 6.10 A Riemann surface of genus one is conformally equivalent to its
Jacobi variety.

Proof The Jacobi variety of a Riemann surface of genus one is a one-dimensional
complex torus, which is itself a Riemann surface of genus one (see Section 1.2). The
Abel map (101) is obviously an unramified holomorphic covering (it is holomorphic with
non-vanishing derivative). The surjectivity of (101) follows from the Jacobi inversion
Theorem 5.19. The injectivity is a simple corollary of the Abel theorem proved in
Proposition 5.18. ]
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Theorem 6.11 FEvery Riemann surface of genus one is conformally equivalent to a one-
dimensional complex torus C/A;, where A; is the lattice

Ar={n+71m|nmeZ}, Im 7> 0.

Every torus C/A; is a Riemann surface of genus one. The tori corresponding to dif-

ferent T are conformally equivalent C/A; = C/Az iff T and T are related by a modular
transformation

c+dr a b

T = —, e SL(2,7). 108

T + bt < d ) (2,2) (108)

Proof The first statement follows from Proposition 6.10 if one uses another normaliza-

tion of the Abel map
1 P
P—z= -_—
27t Jp,

In this normalization the period lattice is generated by 1 and 7 = B/27i, where B is the
period of the Riemann surface. The conditions Im 7 > 0 and Re B < 0 are equivalent.
Chosing another canonical homology basis of R one obtains a period which differs by the
modular transformation (48) described in Lemma 4.15. In terms of 7 this is equivalent
to (108) since Sp(1,Z) = SL(2,Z).

On the other hand a bi-holomorphic map f : C/A; — C/A; can be lifted to the corre-
sponding (unramified) covering

F
zeC =5 C>sw

4 I
C/A. L C/A-

Any conformal automorphism F' : C — C is of the form (see for example | )
w=az+ 0, a,BeC, a#0.

For the corresponding lattices this implies A = aA,. Basises 1,7 and «, a7t of the
lattice As are related by a modular transformation

1 a b o a b
(#)=(E (%) (2a)esmen
which proves (108). O

We see that the theory of meromorphic functions on Riemann surfaces of genus one
is equivalent to the theory of elliptic functions, i.e. of doubly periodic meromorphic
functions.
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7 Theta functions

7.1 Definition and simplest properties

We start with a notion of an Abelian torus which is a natural generalization of the Jacobi
variety. Consider a g-dimensional complex torus C9/A where A is a lattice of full rank:

A=AN+BM, A,Begl(g,C), N,M e 77, (109)

and all 2¢g columns of A, B are R-linearly independent. Non-constant meromorphic
functions on CY9/A exist only (see, for example, | ]) if the complex torus is an
Abelian torus, i.e. after an appropriate linear choice of coordinates in C9/A it is as
described in the following

Definition 7.1 Let B be a symmetric g x g matriz with negative real part and A a
diagonal matrixz of the form

A =2mi diag(a1 =1,...,a9), ar €N, ay | ars1.

The complex torus C9/A with the lattice (109) is called an Abelian torus.

An Abelian torus with a; = ... = a4 = 1 is called principally polarized. Jacobi varieties
of Riemann surfaces are principally polarized Abelian tori. Meromorphic functions on
Abelian tori are constructed in terms of theta functions, which are defined by their
Fourier series.

Definition 7.2 Let B be a symmetric g X g matriz with negative real part. The theta
function is defined by the following series

0(z) = Z exp{%(Bm,m) + (z,m)}, z € C.

meZ9

Here
(Bm’ m) = Z _BUTI“LlTIfL]7 (Z, m) = Z Z5Mm;.
ij J

Since ReB < 0 the series converge absolutely and defines an entire function on C9.

Proposition 7.1 The theta function is even

and possesses the following periodicity property:

0(= + 21iN + BM) = exp{—%(BM, M) = (2, M)}0(z), N,Mezd  (110)

'5Note that B is not necessarily a period matrix of a Riemann surface.
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Proof is a direct computation

0(z + 2miN + BM) = (2 + BM) =
Y mezs xp{3(B(m + M), (m + M)) + (z,m + M) — (2, M) — 3(BM, M)} =
> mezs xp{—3(BM, M) — (z, M)}(z).

It is useful also to introduce the theta functions with characteristics [, 3]

0 [ g ] (2) = Z exp{1(B(m+oz),m—|—a)+(z~l—27m'6,m+a)} = (111)

2
meZ9

1
9(z+2m’6+Ba)exp{2(Boz,a) + (z+2mﬂ,a)}, zeC9 a,f eRI.

with the corresponding transformation laws

0 [ g ] (2 + 27iN 4+ BM) = (112)
exp {—L(BM, M) — (2, M) + 2mi((c, N) — (8, M))} 0 [ ‘; } (2)

Theta functions with half-integer characteristics ax, 8 € {0,1/2}, Vk are most useful. A
half-integer characteristic is called even (resp. odd) according to the parity of 4(a, 8) =
4> agfr. The corresponding theta functions with these characteristics are even (resp.
odd) with respect to z. There are 49 half-integer characteristics, 2971(29 — 1) of which
are odd and 2971(29 4 1) are even.

7.2 Theta functions of Riemann surfaces

From now on we consider the case of an Abelian torus being a Jacobi variety C/A =
Jac(R) and theta functions generated by Riemann surfaces. In this case combining
the theta function with the Abel map one obtains the following useful mapping on a
Riemann surface

P
O(P) = 0(An(P)=d).  An(P)= [ w (113)

Here we incorporated the based point Py € R in the notation of the Abel map, and the
parameter d € CY9 is arbitrary. The periodicity properties of the theta function (110)
imply the following

Proposition 7.2 ©(P) is an entire function on the universal covering R of R. Under
analytical continuation along a- and b-cycles on the Riemann surface it is transformed
as follows:

Ma, ©(P) = O(P),
My, O(P) = exp{—1Byy, — [5 wi + di} O(P). (114)
The zero divisor (©) of O(P) on R is well defined.



7 THETA FUNCTIONS 73

Theorem 7.3 The theta function ©(P) either vanishes identically on R or has exactly
g zeros (counting multiplicities):

deg(©) = g.

Proof Suppose © # 0. As in Section 4 consider the simply connected model F} of the
Riemann surface. The differential dlog © is well defined on Fj; and the number of zeros
of © is equal

deg(©) = QL /aF dlog O(P).

T

using the periodicity properties of © we get'® for the values of dlog © at the correspond-
ing points

dlog@(Q;) = dlog©(Qj),
dlog ©(P)) = dlog O(P;) — w;(Fj). (115)

For the number of zeros of the theta function this implies

1 g
deg(©) = sz/ wj =9
j=1"%

O]

The location of the zeros of © can be described by the following Jacobi inversion problem,
which is important for further study of theta functions in Section 7.3.

Proposition 7.4 Let © # 0. Then its g zeros Pi,..., P, satisfy'”

g P;
Z/ w=d-K, (116)
i=1 710

where K is the vector of Riemann constants
., B 1 F
Kk:ﬂ'Z—FT—T E / (.L)]/ W - (].17)

Proof Consider the integral
P

dlog ©(P) / W

P

1
Iy = —
27t Jar,

along the boundary of the simply connected model F; of R > . Note that the Riemann
bilinear identity can not be applied in this case since dlog© is not a differential on R.
The integral I, can be computed by residues

9 P
I, = E / Wk-
i=1 71

6For notations see Section 4.1 and in particular Theorem 4.4.
7The identities are, of course, in Jac(R), i.e. modulo periods.
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On the other hand, comparing again the integrand in the corresponding points P; = Pj’

and Q; = Q) (which coincide on R, see Fig. 21) one has

Q] Qj . P P;
Wg = WE — 27TZ(5jk, Wg = Wk + Bjk7
Py Py Py Py

which combined with (115) implies

1 P 1 P
— dlog @(P)/ Wi = / {dlog @(P)/ W —
21 aj“r(l;l Py 211 aj Py

P P
(dlog@(P)—wj(P))(/ wk+Bjk)}_21m/ wj(p>/ .

Py aj Py

Note that we compute I modulo periods which allowed us to cancel the additional term

1
B — Bip.— dl P
J szm-/aj og O(P)

in the last identity. The same computation for the b-periods is shorter

1 P

o - dlog @(P)/ Wi = Ojk / dlog O(P).

Py b;

For Ij, this implies

by,

1 < P
Iy = — (P dlog ©(P).
k m;/%wg( ) [ et [ aomep)

(118)

This expression can be simplified further. Let Ri, Ry, R3 be the vertices of F,; (on R
these three points correspond to the same point R) connected by the cycles a and by

as in Fig. 24.

Using the periodicity (114) one obtains

1 f2
/ dlog ©(P) =log ©(R3) — log O(R2) = —ink + d —/ W+
by Py

This integral should be combined with one of the integrals in the sum in (118)
1 P 1 P2
— wk(P)/ Wy = — d(/ Wk:) =
271 ak P 471 ak Py
1 Ry 2 Ry 2 Ry
— (/ wk) —(/ wk) =/ Wy — i,
Ami Po Po Py

where one uses that R; differs from Ry by the period ag. Finally comparing of the

derived expressions for I, completes the proof.

O]

One can easily check that K € Jac(R) is well defined by (117), i.e. is independent of the
integration path. On the other hand K depends on the choice of the canonical homology

basis and the base point Fy. To emphasize the last dependence we denote it by

Kp,.
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ag Rg
by,

Ry

Figure 24: To the proof of Proposition 7.4.

7.3 Theta divisor

Let us denote by Ji the set of equivalence classes (of linear equivalent divisors, see
Section 6.1) of divisors of degree k. The Abel theorem and the Jacobi inversion allow us
to identify J,; with the Jacobi variety

D e Jy «— A(D) € Jac(R).

The zero set of the theta function of a Riemann surface, which is called theta divisor can
also be characterized in terms of divisors on R.

Theorem 7.5 The theta divisor is isomorphic to the set Jy_1 of equivalence classes of
positive divisors of degree g — 1:
f(e)=0<3IDeJ,_1,D>0: e=A(D)+ K.

Proof Suppose 6(e) = 0. Then there exists s € N and positive divisors D1, Dy € Jg
such that

G(APO(D]-) - APO(DZ) - 6) 7é 0

and for all positive divisors D1, Dy € J;, of lower degree k = 0,...,s — 1 the theta
function

0(Ap,(D1) — Ap,(D2) —¢) =0

vanishes. The existence of such an s < g follows from the Jacobi inversion (see Section
5.4). Take now two points P; in D; and Py in Do

Dy =P+ D}, Dy=Py+ Dy, D|,Dy >0, D|,Dy e Jo_y

and consider the theta-function

F(P) =0 (/Pw +AD) ~ ADY) - <)

Py

on R. Due to our assumption f vanishes at the divisor Ds

(f) > D

and does not vanish identically. Proposition 7.4 implies for the zero divisor D3 := (f)

Ap,(D3) = e — Ap,(D}) + Ap,(D3) — Kp,. (119)
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Since D3 can be decomposed into the sum (deg D3 = g)
D3 =Dy + D', D' >0, degD' =g — s,

one obtains from (119)
€= ‘APQ( /1 + D,) + Kp,.
The divisor D} + D' is of degree g — 1.
Conversely, let D = Py + D', deg D' = g — 1, D’ > 0 be a non-special divisor of degree
g. Take
e = .APO(D) -+ KPO

and consider

O(P) = 0(Ap,(P) —¢).

If ©(P) does not vanish identically its zero divisor Dg := (0©) is of degree g. Proposition
7.4 implies
Ap,(De) =e— Kp, = Ap,(D).

Since the divisor D is non-special we get D = Dg and ©(Fp) = 0, i.e.
9(Ap,(D') + Kp,) = 0. (120)

On the other hand if ©(P) vanishes identically it vanishes also at Py and thus again
(120) holds. The claim is proven for the dense set and therefore for any positive divisor
of degree g — 1. O

Remark For any D € J,_; the expression Ap (D) + Kp, € Jac(R) is independent of
the choice of Py and therefore Py can be omitted in the formulation of Theorem 7.5.

Using the characterization of the theta divisor one can complete the description of Propo-
sition 7.4 of the divisor of the function ©

Theorem 7.6 Let O(P) = 0(Ap,(P) — d) be the theta function (113) on a Riemann
surface and the divisor D € J4, D > 0 a Jacobi inversion (102) of d — K

d= A(D) + K.

Then the following alternative holds:
(i) © =0 iff i(D) > 0, i.e. the divisor D is special,

(i) © # 0 iff i(D) = 0 i.e. the divisor D is non-special. In the last case D is precisely
the zero divisor of ©.

Proof Evenness of theta function and Theorem 7.5 imply that 6(d — A(P)) = 0 is
equivalent to existence (for any P) of a positive divisor Dp of degree g — 1 satisfying
A(D)+ K —A(P) = A(Dp)+ K. Due to the Abel theorem the last identity holds if and
only if the divisors D and Dp + P are linearly equivalent, i.e. there exists a function in
L(—D) vanishing at (arbitrary) point P. In terms of the dimension of L(—D) the last
property can be formulated as [(—D) > 1, which is equivalent to (D) > 0.
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Suppose now that D is non-special. Then as we have proven above © % 0 and Proposition
7.4 implies for the zero divisor of ©

Non-speciality of D implies D = (0). O

Although the vector of Riemann constants K appeared in Proposition 7.4 just as a
result of computation K plays an important role in the theory of theta functions. The
geometrical nature of K is partially clarified by the following

Proposition 7.7
2K = _'A(C)a

where C' 1s a canonical divisor.

The proof of this proposition is based on the following lemma

Lemma 7.8 Let D be a positive divisor of degree 2g — 2 such that for any Dy >
0, deg D1 = g — 1 there exists Do > 0, degDy = g — 1 such that D = Dy + Ds.
Then I(—D) > g, or equivalently i(D) > 0.

Proof Suppose [(—D) =s < g and f1,..., fs is a basis of L(—D). Choose P; € R such
that fs(Ps) # 0. The functions

¢k(P):fk‘(P)fs(Ps)_fs(P)fk(Ps)7 k=1,...,s -1,

form a basis of L(—D + Ps). Proceeding further this way we find s < g — 1 points
P, ...,Ps with I(=D + P, + ...+ P,;) = 0, which contradicts to the assumption of the
lemma. O

Proof of Proposition 7.7. Take an arbitrary Dy € Jy—1, D1 > 0. Due to Theorem 7.5
theta function vanishes at
e=A(D)) + K.

Theorem 7.5 applied to §(—e) = 0 implies the existence of a divisor Do € Jg—1, D2 >0
with

—e=A(Ds) + K.
For 2K this gives

with an arbitrary Dy € Jy—1, D1 > 0. Applying Lemma 7.8 to the divisor Dy + Do we
get i(D1 4+ D2) > 0, i.e. D1 + D2 = (w) for some holomorphic differential w.

Vanishing of theta functions at some points follows from their algebraic properties.
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Definition 7.3 Half-periods of the period lattice

. 1
A = 2mia + Bp, a=(a1,...,0q), 8= (P1,...,8q), o, Pk € {0, 5}
are called half periods or theta characteristics. A half period is called even (resp. odd)
according to the parity of 4(a, ) =4 o Pk
We denote the theta characteristics by A = [«, 5]. A simple calculation
0(A) = 0(—A + 4mia+ 2Bf) = 0(—A) exp(—4mi(a, B))

shows that theta function 0(z) vanishes in all odd theta characteristics.

Corollary 7.9 To any odd theta characteristic A there corresponds
A=A(Dp)+ K (121)
a positive divisor Da of degree g — 1 such that
2DA =C.

Proof The existence of Da follows from §(A) = 0. Since 2A belongs to the lattice of
Jac(R) doubling of (121) yields

A(2Dp) = —2K = A(C).

The claim of the next corollary follows from the Abel theorem. O

Corollary 7.10 For any odd theta characteristic A there exists a holomorphic differ-
ential wa with'®
(wa) = 2Da. (122)

In particular all zeros of wa are of even multiplicity.

The differential wa of Corollary 7.10 can be described explicitly in theta functions.

To any point z of the Abelian torus on can associate a number s(z) determined by the
condition that all partial derivatives of # up to order s(z) — 1 vanish at z and there exists
a non-vanishing at z partial derivative of order s(z). For most of the points s = 0. The
points of the theta divisor are precisely those with s > 0, in particular s(A) > 0 for any
odd theta characteristics A. An odd theta characteristics A is called non-singular iff
s(A) =1.

Proposition 7.11 Let A be a non-singular odd theta characteristics and Da the cor-

responding (121) positive divisor of degree g — 1. Then the holomorphic differential wa
of Corollary 7.10 is given by the expression

where w; are normalized holomorphic differentials.

¥Note, that identity (122) is an identity on divisors and not only on equivalence classes of divisors.
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Proof Let D = P, + ...+ P,_1 be a positive divisor of degree g — 1. Consider the
function f(Pi,...,Py—1) = 0(A(D) + K) of g — 1 variables. Since f vanishes identically
differentiating it with respect to P one obtains

Z gi(A(D) + K)w;(Py) =0

i

for all points Pj. The holomorphic differential

with e given by e = A(D) + K vanishes at all points P;. Note that we have proven
(h) > D only in the case when all the points of D have multiplicity one.

Let A be an odd non-singular theta characteristics. Define DA € J,—1 by (121). Let us
show that Da is uniquely determined by the identity (121), i.e. i(Da) = 1. Suppose
i(Da) > 1, i.e. there exists a non-constant function f € L(—Da). The divisor of
f— f(P) is Py + Dp, — Da with some Dp, € Jy_2, Dp, > 0, and Py is arbitrary.
Consider

As it was shown above ha vanishes in all points of the divisor Da and in the same way
of the divisor Py + Dp,. Thus we obtain ha(FPp) = 0 for arbitrary Py € R which implies
ha(Py) = 0 and contradicts to non-singularity of A. Assume'? that all points of Da
are different. As we have shown above (ha) > Da. On the other hand the differential
wa of Corollary 7.10 also vanishes at Da. Since the space of holomorphic differentials
vanishing at Da is one-dimensional (i(Da) = 1) the differentials wa and ha coincide up
to a constant. O

We finish this Section with the complete description of the theta divisor by Riemann.
The proof of this classical theorem can be found for example in | , -
It is based on considerations similar to the ones in the present Section.

Theorem 7.12 The following two characterizations of a point e € Jac(R) are equiva-
lent:

o Theta function and all its partial derivatives up to order s — 1 vanish in e and there
exists a non-vanishing in e partial derivative of order s.

e ¢=A(D)+ K where D is a positive divisor of degree g and i(D) = s.

Proof for the case of multiple points in D is more technically involved.
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8 Holomorphic line bundles

In this section we reformulate results of the previous sections in the language of holo-
morphic line bundles. This language is useful for generalizations to manifolds of higher
dimension, where one does not have so concrete tools as in the case of Riemann surfaces
and should rely on more abstract geometric constructions.

8.1 Holomorphic line bundles and divisors

Let (U, zo) be coordinate charts of an open cover U,e AU, = R of a Riemann surface.
The geometric idea behind the concept of the holomorphic line bundle is the following.
One takes the union U, X C over all & € A and ”glue” them together identifying (P, &,) €
Uq x C with (P,€&g) € Ug x C for P € U, NUg linearly holomorphically, i.e. {5 = g(P)&a
where g(P) is holomorphic.

Let us make this ”constructive” definition rigorous. Denote by
o*(U)coU) c M)

the sets of nowhere vanishing holomorphic, holomorphic and meromorphic functions on
U C R respectively. A holomorphic line bundle is given by its transition functions,
which are holomorphic non-vanishing functions g, € O*(U, N Up) satistying

9a8(P)gpy(P) = gay(P) VP cU,NUgNU,. (123)

Remark Identity (123) implies in particular

Jaa = 1, 9ap9dBa = 1.

Introduce on triples [P, Uy, &], P € Uy, a € A, € € C the following equivalence relation®:

[Panng]N[Q>U5777]<:>P:Q6UaﬁUﬁa n:gﬁag- (124)

Definition 8.1 The union of U, x C identified by the equivalence relation (124) is called
a holomorphic line bundle L = L(R). The mapping 7 : L — R defined by [P, Uy, &] — P
is called the canonical projection. The linear space Lp := 771 (P) =2 P x C is called a

fibre of L.

The line bundle with all g,g =1 is called trivial.

A set of meromorphic functions ¢, € M(U,), Yoo € A such that ¢o/dpg € O*(Uy N
Up) Yo, B is called a meromorphic section ¢ of a line bundle L(R) defined by the tran-
sition functions?!

GaB = ¢o¢/¢5-

20The condition (123) implies that the relation (124) is indeed an equivalence relation.
21The bundle condition (123) is automatically satisfied.
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Note that the divisor (¢) of the meromorphic section ¢ is well defined by

(@)| = (¢a)

Ua

Ua®
In the same way one defines a line bundle L(U) and its sections on an open subset

U C R. Bundles are locally trivializable, i.e. there always exist local sections: a local
holomorphic section over U, can be given simply by

Ua 3 P+ [P,Ua, 1]. (125)

One immediately recognizes that holomorphic (Abelian) differentials (see Definitions
4.2, 4.4) are holomorphic (meromorphic) sections of a holomorphic line bundle. This
line bundle given by the transition functions

_ dzg

= .

9ap(P)

is called canonical and denoted by K.

Note that obviosly a line bundle is completely determined by its meromorphic section. In
Sections 4,6 we deal with meromorphic sections directly and formulate results in terms
of sections without using the bundle language.

The following proposition can be used as an alternative (”descriptive”) definition of
holomorphic line bundles.

Proposition 8.1 A holomorphic line bundle m : L — R is holomorphic projection  of a
two-dimensional complex manifold L with a C-linear structure on each fibre 7= (P), such
that for any point P € R there exists an open U 5 P with a bi-holomorphic trivialization
¢v : L(U) = 7= 1(U) — U x C preserving the linear structure of fibres. Holomorphic
(meromorphic) sections of L are holomorphic (meromorphic) mappings s : R — L with
mTos=1id.

Proof Local coordinates on L can be introduced using local coordinates z, on R
Zo Uy x C = 24(Uy) x C C C? [P, Uy, €] = (2a(P), £).

The transition functions Zz o Z_! are obviously holomorphic. All other claims of the
proposition can also be easily checked O

Let L be a holomorphic line bundle (124) with trivializations (125) on U,. Local sections
Uy 3 P — [P,Uy, ho(P)],

where h,, € O*(U,) define another holomorphic line bundle L’ which is called (holomor-
phically) isomorphic to L. We see that fibres of isomorphic holomorphic line bundles can
be holomorphically identified hy : L(Uy) — L'(U,). This is equivalent to the following

homological definition®?.

22Refining the coverings of L and L’ if necessary one may assume that the line bundles are defined
through the same open covering.



8 HOLOMORPHIC LINE BUNDLES 82

Definition 8.2 Two holomorphic line bundles L and L' are isomorphic if their transi-
tion functions are related by

h
/ «
B hg

with some ho € O*(Uy).

We have seen that holomorphic line bundles can be described through their meromorphic
sections. Therefore it is not suprising that holomorphic line bundles and divisors are
intimately related. To each divisor one can naturally associate a class of isomorphic
holomorphic line bundles. Let D be a divisor on R. Consider a covering {U,} such
that each point of the divisor belongs to only one U,. Take ¢, € M(U,) such that the
divisor of ¢, is presicely the part of D lying in U,

(¢o¢) =D, :=D |Ua .

One can take for example ¢, = 2}¢, where z, is a local parameter vanishing at the point
P; € U, of the divisor D = > n;P;. The meromorphic section ¢ determines a line bundle
L associated with D. If ¢/, € M(U,) are different local sections with the same divisor
D = (¢'), then hy = ¢l /dpo € O*(U,) and ¢’ determines a line bundle L’ isomorphic
to L. We see that a divisor D determines not a particular line bundle but a class of
isomorphic line bundles together with corresponding meromorphic sections ¢ such that
(¢) = D. This relation is clearly an isomorphism. Let us denote by L[D] isomorphic
line bundles determined by D. The degree deg D is called the degree of the line bundle
L[D].

It is natural to get rid of sections in this relation and to describe line bundles in terms
of divisors.

Lemma 8.2 Divisors D and D' are linearly equivalent iff the holomorphic line bundles
L[D] and L[D'] are isomorphic.

Proof Chose a covering {U, } such that each point of D and D’ belongs to only one Ul
Take h € M(R) with (h) = D—D’. This function is holomorphic on each U,NUp, a # f.
If ¢ is a meromorphic section of L[D] then h¢ is a meromorphic section of L[D’], which
implies (126) for the transition functions. Conversely, let ¢ and ¢’ be meromorphic
sections of isomorphic line bundles L[D] and L[D'] respectively, (¢) = D,(¢') = D'.
Identity (126) implies that ¢oha /@), is a meromorphic finction on R. The divisor of this
function is D — D', which yields D = D’. O

Lemma 8.2 clarifies in particular why equivalent divisors are called linearly equivalent.

It turnes out that Lemma 8.2 provides us a complete classification of holomorphic line
bundles. Namely every holomorphic line bundle L comes as a bundle associated to the
divisor L = L[(¢)] of its meromorphic section ¢, provided the last one exists.

Lemma 8.3 Fvery holomorphic line bundle possesses a meromorphic section.
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I do not know an analytic proof of this lemma. Proofs based on homological methods
are rather involved | , , ]

The following fundamental classification theorem follows immediately from Lemmas
8.2,8.3.

Theorem 8.4 There is a one to one correspondence between classes of isomorphic holo-
morphic line bundles and classes of linearly equivalent divisors.

Thus, holomorphic line bundles are classified by elements of .J,, (see Section 7.3), where n
is the degree of the bundle n = deg L. Due to the Abel theorem and the Jacobi inversion
elements of J, can be identified with the points of the Jacobi variety. Namely, chose
some Dy € J, as a reference point. Then due to the Abel theorem the class of divisor
D € J, is given by the point

D
A(D — Dy) = / w € Jac(R).
Do
Conversely, due to the Jacobi inversion, given some Dy € J,, to any point d € Jac(R)
there corresponds D € J, satisfying A(D — Dy) = d.

(From now on we do not distinguish isomorphic line bundles and denote by L[D] iso-
morphic line bundles associated with the divisor class D.

8.2 Picard group. Holomorphic spin bundle.

The set of line bundles can be equiped with an Abelian group structure. If L and L’ are
bundles with transition functions gos and g,z respectively, then the line bundle?® L'L~1

is defined by the transition functions ggﬁg;ﬁl.

Definition 8.3 The Abelian group of line bundles on R is called the Picard group of R
and denoted by Pic(R)

Using the classification of Section 8.1 of holomorphic line bundles in terms of divisors
one immediately obtains the following result.

Theorem 8.5 The Picard group Pic(R) is isomorphic to the group of divisors Div(R)
modulo linear equivalence.

Proof Take meromorphic sections ¢ and ¢’ of L and L’ respectively. Then ¢'/¢ is
a meromorphic section of L'L~!. For the divisors of the sections one has (¢'/¢) =
(¢')—(¢). The claim of the theorem for bundles follows from passing to the corresponding
equivalence classes of the divisors. ]

Holomorphic g-differentials of Definition 5.8 are holomorphic sections of the bundle K49.

23This is a special case of the tensor product L' ® L* defined for vector bundles.
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Corollary 8.6 The holomorphic line bundles Ly, Lo, L3 satisfy
Ly = LyL!
if and only if
deg Ly = deg Lo —degL; and A(D3— Da+ D;) =0,
where D; are the divisors corresponding to L; = L[ Dj].

For the proof one uses the characterization of line bundles through their meromorphic
sections ¢1, ¢2, ¢3 and applies the Abel theorem to the meromorphic function ¢3¢, /ps.

Since the canonical bundle K is of even degree one can define a ”square root” of it.

Definition 8.4 A holomorphic line bundle S satisfying
SS =K

is called holomorphic spin bundle. Holomorphic (meromorphic) sections of S are called
holomorphic (meromorphic) spinors.

Spinors are differentials of order 1/2 and their local description s(z)vdz is not familiar
from the standard course of complex analysis.

Proposition 8.7 There exist exactly 49 non-isomorphic spin bundles on a Riemann
surface of genus g.

Proof Fix a reference point Py € R. As it was already mentioned at the end of Section
8.1 the classes of linear equivalend divisors are isomorphic to points of the Jacobi variety

D e J, < d=Ap(D) = A(D —nFy) € Jac(R).
For the divisor class Dg of a holomorphic spin bundle Corollary 8.6 implies
degDs=g—1 and 2Ap(Ds)=Ap,(C),

where C' is the canonical divisor. Proposition 7.7 provides us with general solution to
this problem
APO(DS) = _KPO + Aa

where Kp; is the vector of Riemann constants and A is one of 49 half-periods of Definition
7.3. Due to the Jacobi inversion the last equation is solvable (the divisor Dg € Jy_1 is not
necessarily positive) for any A. We denote by Da € J,—1 the divisor class corresponding
to the half-period A and by S the corresponding holomorphic spin bundle Sa := L[Da].
The line bundles with different half-periods can not be isomorphic since the images of
their divisors in the Jacobi variety are different. ]

Note that we obtained a geometrical interpretation for the vector of Riemann constants.



8 HOLOMORPHIC LINE BUNDLES 85

Corollary 8.8 Up to a sign the vector of Riemann constants is the Abel map of the
divisor of the holomorphic spin bundle with the zero theta characteristic

KPO == _'A(D[O,O} — (g — I)Pg)

This corollary clarifies the dependence of Kp, on the base point and on the choice of
canonical homology basis.

Remark In the same way one can show that for a given line bundle L which degree is
a multiple of n € N, deg L = nm there exist exactly n?9 different "n-th roots” of L, i.e.
line bindles L'/" satisfying (L'/")" = L.

Finally, let us give a geometric interpretation of the Riemann-Roch theorem. Denote by
hY(L) the dimension of the space of holomorphic sections of the line bundle L.

Theorem 8.9 (Riemann-Roch)
For any holomorphic line bundle m : L — R over a Riemann surface of genus g holds

RO(L) =degL — g+ 1+ RO(KL™Y). (127)

Proof This theorem is just a reformulation of Theorem 5.4. Indeed, let D = (¢) be the
divisor of a meromorphic section of the line bundle L = L[D] and let h be a holomorphic
section of L. The quotient h/¢ is a meromorphic function with the divisor (h/¢) > —D.
On the other hand, given f € M(R) with (f) > —D the product f¢ is a holomorphic
section of L. We see that the space of holomorphic sections of L can be identified with the
space of meromorphic functions L(—D) defined in Section 5.2. Similarly, holomorphic
sections of KL~! can be identified with Abelian differentials with divisors (Q) > D.
This is the space H(D) of Section 5.2 and its dimension is i(D). Now the claim follows
from (88). O

The Riemann-Roch theorem does not help to compute the number of holomorphic sec-
tions of a spin bundle. The identity (127) implies only trivial deg S = g—1. Computation
of hY(S) is a rather delicate problem. It turnes out that the dimension of the space of
holomorphic sections of Sa depends on the theta-characteristics A and is even for even
theta-characteristics and odd for odd theta-characteristics | |. Spin bundles with
non-singular theta-characteristics have no holomorphic sections if the characteristic is
even and have a unique holomorphic section if the characteristic is odd.

Results of Section 7.3 allow us to prove this easily for odd theta-characteristics.

Proposition 8.10 Spin bundles SA with odd theta-characteristics A possess global holo-
morphic sections.

Proof Take the differential wa of Corollary 7.10. The square root of it /wa is a
holomorphic section of Sa. O

If A is a non-singular theta-characteristic then the corresponding positive divisor Da of
degree g — 1 is unique (see the proof of Proposition 7.11). This implies the uniqueness
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of the differential with (w) = Da and h°(Sa) = 1. This holomorphic section is given by
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