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Chapter 1

Introduction

Stochastic differential equations (SDEs) are studied for various reasons. One of them
is the fact that one can express the solution of certain parabolic second order partial
differential equations (PDEs) by the solution of a corresponding SDE, more exactly
by its expected value. This leads to new methods of solving a PDE numerically by
using Monte Carlo simulation. However, this approach gets numerically problematic,
especially if the dimension of the space is rather high.

In [9] Terry Lyons and Nicolas Victoir describe a new method of solving PDEs
numerically by exploiting the equivalence of solving a PDE and a certain SDE. The
method is motivated by the use of cubature formulae in numerical integration in finite
dimensions. Iterated Stratonovich integrals of Brownian motion play the role of poly-
nomials in classical cubature formulae, i. e. the cubature formula is exact for iterated
Stratonovich integrals of a given order. Since the solution of the SDE can be approxi-
mated by finite sums of iterated Stratonovich integrals, one gets an approximation to
the expected value of the solution of the SDE.

By doing some kind of Laplace transformation we get an extension of that method
applicable for some higher order differential operators like the bi-Laplacian.

Special thanks go to Josef Teichmann, the supervisor of this work, who was excep-
tionally friendly, helpful and encouraging throughout the work. Of course, he also gave
useful advice and explanations.
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Chapter 2

Stochastic Analysis

2.1 Introduction

We repeat some of the basic definitions and concepts of stochastic analysis in this
section, rather in order to fix notations than to give a proper introduction into that
subject. The reader is referred to [12] for proofs of the concepts mentioned here.
With N we denote the set of the natural numbers {0,1,2,...}. Fix some d €
N\ {0}. Let (Q,F,P) be a probability space “rich enough”. A stochastic process
W : Rsp x Q — R, where R>g = [0,00], is called Wiener process if W is Gaussian,
i. e. any linear combination Y ;" , ¢;W(t;) with ¢; € R, ¢; € R>g, ¢ = 1,...,n, and
n € N is a Gaussian random variable, if W (0) = 0 almost surely and if E (W (t)) =0,
E(W(t)W(s)) = min(t,s) for all t,s € R>g, where E(-) denotes expectation with
respect to P. By the Kolmogorov-Centsov Theorem, see [1], there is a version of the
Wiener process having continuous paths, i. e. there is a stochastic process W with

P (W(t) = W(t)) =1 for all t € R>¢ such that ¢t — W(t)(w) is continuous for all
we Q. W(t)= (Wi(t),...,Wy(t)), t € R>p, is a d-dimensional Wiener process if the
coordinates Wi (t), ..., Wy(t), t € R>o, are independent Wiener processes.

A filtration is a family (]:t)teR>0 of o-algebras F; C F with Fs C F; for s < t.

(Q,f, P, (ft)teRz()) is called filtered probability space. (ft)teRzo

conditions if Fy contains all sets with P-measure 0 of F and if 73 = (1,5, F for all
t € R>o. A stochastic process (Xi);cg.  is adapted to (F¢) if the random variables
X, are Fi-measurable for all ¢ € R>q.

Let (Q, F,P, (ft)tGRzo) be a filtered probability space, such that F is the o-algebra

generated by (J;Z, Fi. A Wiener process (Bt),cg._, with values in R? is called Brownian

satisfies the wusual

tGRZO

motion if

1. (By) is adapted to (F;) and has continuous paths.

tERZO teRZO

2. The filtration (F) satisfies the usual conditions.

tGRzo

3. For s > t the increments B; — B; are independent of F;.

We may assume that (7;),cp_ is the natural filtration of the Brownian motion, i. e. that
for each t € Rsq F; is the o-algebra generated by (Bs:0 < s <t).

)
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Therefore, for fixed w € €, the map R>q — R? t - By(w) is a continuous map
with By(w) = 0. We denote the space of all such functions with CJ (R>o,R%), i. e.

o (RZO,Rd> - { fiRsg — Rd‘ F0)=0, f continuous} .

Brownian motion interpreted as a map from €2 to Cg (Rzo, Rd) thus induces a probabil-
ity measure on C§) (R207 Rd) endowed with its Borel o-algebra. Then the stochastic pro-
cess (evt)teR>0, defined on the probability space (08 (Rzo, Rd) , F, P) by ev(f) = f(t)
for f € C’g (RZO, Rd), where F is the Borel o-algebra of C{) (Rzm Rd) and P is the prob-
ability measure induced by Brownian motion, satisfies all the requirements of Brownian
motion.

(Cg (RZO,Rd) , F, P) is called Wiener space. By the Brownian motion B; we un-
derstand the evaluation functional ev;, Bj denotes the i-th coordinate of B;. Fur-
thermore we define BY = t for t € R>(. Analoguously we define the Wiener space
(C’g ([O, T], Rd) ,F, P) and Brownian motion thereon, where T > 0.

For N € N\ {0}, C;° (RY,RY) is the set of all functions f : RY — RY, such that
derivatives of any order exist and are bounded. By a vector field on RY we understand
such a function. More exactly, we identify f € C}° (RN RN ) with the vector field
Z;V:1 f3($)8%3, where % denotes the j-th partial derivative, i. e. %g = % for a
smooth function g : RY — R.

The stochastic process & ., 0 <t < T, defined on the probability space
(€3 ([0,T],RY) , F, P) with

{ dft,x = E;'i:() ‘/z(gt,a:) ° de (2.1)

§O,w = ’

is called solution to the SDE corresponding to the vector fields Vy, Vi, ..., Vy. Here o
indicates that the SDE is understood in the Stratonovich sense, see [12]. 2 € RY is the
initial condition of the SDE. Under the conditions on vector fields stated above, such a
solution indeed always exists and is uniquely determined (in L?). It can be constructed
using a Picard-Lindel6f kind of iteration that converges in L2. Therefore a mapping
from (Cg ([O,T],Rd) , F, P) to RY is defined by

r0(w) = Ere(w). (2.2)

Forw € Cg,bv ([0, T],R%) = {w € CF ([0, T],R?) | w has bounded variation}, (2.1) makes
sense as a pathwise differential equation, too, i. e.

d

QYo =Y Vilyra)dw] (2.3)
1=0

has a uniquely determined solution y; ., t € [0,7], with yo, = x. For such a w the
Picard-Lindeldf iteration mentioned above converges pointwise. Since
P (Cg’bv ([O,T],Rd)) = 0, we may choose a version of the stochastic process &; , sat-

isfying & »(w) = ., where vy, is the solution of the ODE (2.3) corresponding to
w € 08 bo ([0, T],Rd) for any such w. Whenever we consider the solution to a SDE, we
will assume that it indeed satisfies this property.
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&,z 1s strongly related to the solution of the parabolic PDE

a—g(t, x) = —Lu(t, )
{ WT.2) = f@) 24

where the differential operator L is defined as

d
1 2
L:V()+2;Vj (2.5)

and f is a smooth (i. e. infinitely often differentiable) or Lipschitz function. In (2.5) the
square of a vector field V is the operator V2f = V(V f). Indeed, (t,z) — E (f(ér—t))
defines the solution to the PDE (2.4).

2.2 Stochastic Taylor Approximation

For f € C®(RY), we have

f(€n) = F(2) + / Vif (us) 0 dBY, (2.6)
0

d
i=0
where, of course, & , denotes the solution of the Stratonovich SDE corresponding to

the vector fields Vg, V4, ..., V4 with initial value x.

Definition 2.2.1. For m € N define

Am:{(z’l,...,ik)e{O,...,d}’“keN,k+\{j|1§j§k,ij:0}|gm},

where | - | denotes the cardinality of a set.

The so defined sets A, are needed in order to formulate the following stochastic
Taylor approximation. First we introduce the following notation:

t tk to
// odB;';--.odB;':_//--./odBZ;--.odB;':.
0 0 0

0<t1<--<tp<t

Proposition 2.2.2. Let f € C®(RY) and m € N. Let &,z be the solution of the
Stratonovich SDE corresponding to the vector fields Vy, . . ., Vy with initial value x € RN .
Then

fe) = X Ve Vaf@ [[ edBlodBi+Raltas) (2D
(01505 ) EAm 0<ty <<ty <t
with a remainder process Ry, satisfying
mtltlysy

sup \/E(Rm(t7$7f)2) < Ct 2 Sup ”‘/’HV;kaOO
TzERM (315 eyi ) EAm+2\Am

with a constant C' depending on d and m.
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Proof. In a first step we show (by induction) that the remainder can be written as

Ru(te,f)= > Vigr Vi f(tga) 0dB2 -0 dB. (2.8)

(01505 ) €Am <t <o <ty <t
(20,31, ik ) EAm

For m = 0 we just have to look at (2.6). Now assume the formula is true for m € N,
i. e. we have

f(ét,a:) = Tm(t,.I, f) + Rm(t,l‘, f)v
where
(i1, ) EAm 0<ty < <t<t
and Ry, (t,z, f) as in (2.8). By replacing f with V;,--- Vi, f in (2.6) we get

d 1

Vig o+ Vi F(€0.0) = Vi -+ Vi f (1) + Z/vmo Vi F(€a) 0 dBE.

=07

Applying this identity to the induction hypothesis (2.8) yields

F(&n) = Tomlt,z, ) + > Vi Vi (@) // odBY --- 0 dBi*+

(i1,-1k ) EAm 0<to<--<tp<t
(10,81 5-- 50k ) EAm

d
CY S [ e Ve edseasy - casi

(i15sik) €EAm  1=00 cgcpi oty <t
(10,81 5-++50k ) EAm

For (i1,...,ix) € {0,...,d}" define ord(i1,...,ix) = k + |{j|1 <j < k,i; = 0}|. Then
(il, .. .,ik) € A,, while (io,il, e ,ik) € A, if and only if ord(il, . ,ik) < m and
ord(ig,1,...,ir) = ord(i1,...,ik) + 1 + 1;,—0 > m. There are three possibilities for
that situation to occur:

1. ord(iy,...,ig) =m and ig € {1,...,d}
2. ord(iy,...,ix) =m—1and ig =0
3. ord(iy,...,ix) = m and iy = 0.
In the first and in the second case (ig, ..., i) € Amy1, therefore
Vig -+ Vi f(2) // odB{ --- o dB}*
0<to<-<typ<t
occurs in Ty,41(t, x, f) whereas

// ViViy Vo f(€a) 0 dBi 0 dBY - 0 dBI"

0<s<to<--<tp<t
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occurs in Ry, 41(t,z, f) for any i € {0,...,d}.
In the third case, when (i1, ..., ix) € A \ Am—1 and iy = 0 the corresponding term
is

VoVi, -+ Vi, f(x) // dtg o dB]! - - o dB}*+

O<to<--<tp<t

d
+Z VZVOVU Vzkf(gs,a:) OdBidtOOde} OdBZ: =
=00 sty <ty <t
d '
_ // VoVi, - Vi f() +Z/%%%1---ka(fs,x) 0 dB|odB - 0dB;* =
0<to<-<tj<t =00

_ // VoVi, -+ Vi F(€0a)dto 0 dBP - o dBX,

0<to<-<tp<t

where we once more used (2.6) in the last line. Thus the terms corresponding to the
third case occur in Ry,4+1(t,z, f), too. Obviously, all the terms in T},4+1(¢, z, f) and
Ryt1(t, x, f) either occur in T, (¢, z, f) or correspond to a multi-index in one of the
three cases above. Furthermore, no multi-index occurs more than once. Therefore (2.8)
is proved.

We now express the Stratonovich integrals in (2.8) by It6 integrals using

t
/ Vo Vi f (i) 0 B =
0

t t
io , 1= Lig=0
= /Vio o+ Vi f(&to,2)d By + 20/‘/;3‘/21 Vi f (o, )dto.
0 0

No correction term occurs while converting a Stratonovich integral with absolutely
continuous integrand, so after the conversion we get a sum of terms of the form

%0 U Vikf(fto@)dBZg e dBZ: (2'9)
0<to<--<tp<t
and
1 . - - .
5 VigVig Vi (€ )dBLY -+ dBY Ldyd By - dBlr. (2.10)
O0<to<---<tp<t

The estimate in the Proposition follows from the following inequality
2
s // Vg Vi f (G @) dBig - By || S0tV - Vi IS,

<to<-<tp<t
(2.11)
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which we prove by induction. Let A be a bounded continuous function. For k = 0 we
have to distinguish between two cases. First, assume i = ig = 7, = 0. We have

2

t 2 t
E 0/ hgou)ds | | < B 0/ - Ih(alds | | <

¢ ¢ ? ¢
<E /12ds /h(gs,x)%zs = t/E(h(gs,mﬁ) ds < t?||h||,
\ 0 0 0
where we used Holder’s inequality. For ig # 0 we simply use the Itd Lemma to get
t 2 t
E /h(ﬁs,x)dB(s) = /E (h(§S7x)2) ds < tHhHgO
0 0

The induction step looks similar, therefore (2.11) is proved, if we choose h(&;,) =
Vie - Vi, f(£s.2). For terms of the form (2.10) the same inequality holds, if ord (i, . . . , ix)
is replaced with ord(ig, ..., i) + 1. Proposition 2.2.2 is now proved.

The definition of A,, is motivated by

. . d y . y . .
odBi! -+ o dBik =£ ) odBj!---odBj¥,  (2.12)
0<ty <---<tp<t 0<t1<---<tp<1
where “=%" stands for equality in law. Equation (2.12) holds because the left hand side

is the limit of a sum of products of the form +B (ts1)--- Bi*(ts¥), 0 < s}, < 1. In law,
the sum remains unchanged if each factor is replaced by :l:\/lfom(“""’““)Bi1 (sh)--- Bk (sF).

But those sums converge to the right hand side of (2.12).



Chapter 3

Cubature Formulae

As we have seen, approximating the solution of the PDE (2.4) means approximating
B(f(6) = [ £(60s)(@)P(d).
Q

Therefore we want to do some kind of numerical integration with respect to the Wiener
measure P on the infinite-dimensional space Q = C{(Rso,R%). There are various
methods of numerical integration available for integration on finite-dimensional spaces
and it seems obvious to try to find an analogous adaption for the infinite-dimensional
case. One class of those methods is numerical integration with cubature formulae.
In general, the results of numerical integration by cubature formulae, which are also
called quadrature formulae, especially in the one-dimensional case, tend to be fairly
precise compared to other methods of comparable complexity. However, there are
disadvantages, too: This method is not adaptive, i. e. if you want to reduce the error
you will have to redo all your calculations in order to get a cubature formula of a higher
degree, whereas in the case of many other methods you just have to do some additional
calculations together with your previous results.

3.1 Tchakaloff’s Theorem

Tchakaloff’s Theorem is an existence theorem for cubature formulae for various mea-
sures on R

First we need to define the support of a measure. A Borel measure is a measure
i defined on the Borel g-algebra of some Hausdorff space X, such that for all z € X
there is an open neighborhood U of x with pu(U) < co. A Borel measure p is called
Radon measure if for all Borel sets A

wu(A) = sup{u(K)|K C A, K compact}.

Definition 3.1.1. Let X be a Hausdorft space and let 1 be a Radon measure on the
Borel o-algebra B. Then the support of i is defined by

supp(p) = X'\ O,

where O is the biggest open set with p-measure 0.

11
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This definition actually makes sense, because given the assumptions of Defini-
tion 3.1.1 the union of any family of open sets with measure 0 is a set with measure 0,
see [5]. Note that any Borel measure on R? is a Radon measure, since R? is a polish
space.

We are now able to give a formal definition of the notion of a cubature formula.

Definition 3.1.2. Let R,,[X], ..., X4] be the space of all real polynomials in d varibles
of total degree up to m (m € N), furthermore let p be a positive Borel measure on
R? with support K. The points z1,...,z, € K and the positive scalars Ai,..., A\,
define a cubature formula of degree m with respect to p if and only if for all polynomials
P eR,[X1,..., Xy

n

/ Playu(dz) = 3" AeP(x:).
R

1=1

r1,...,T, are called nodes and \q,...,\, are called weights of the cubature formula.
n is called size of the cubature formula.

Tchakaloff [15] proved the existence of a cubature formula with degree n, where n is
the dimension of the space of polynomials R,,[X1,..., Xy], provided that the support
of the measure is compact.

Theorem 3.1.3 (Tchakaloff’s Theorem). A) Let p be a positive, finite Borel mea-
sure with compact support in R and let m € N\{0}. Define Npg = dimR,, [ X1, ..., Xq].
Then there exists a cubature formula of degree m with respect to pu with size Ny, 4.

B) Let p be a positive Borel measure on R? having convergent moments up to at least
degree m+1, m € N\ {0}. Then there exists a cubature formula for p of degree m once
again with size Ny, q.

Remark 3.1.4. The boundary in Theorem 3.1.3 can be refined by replacing IV, 4 with
Ny = dim{P\Supp(u)’P € Ry[Xy,... ,Xd]}. The boundary is sharp in the case
of a compactly supported measure, as shown in [15], but in special cases there are
far “smaller” cubature formulae, e. g. the Gaussian quadrature for d = 1 with size
< [%] + 1. The generalization B) is due to Curto and Fialkow [4]. They actually
proved the existence of a cubature formula for ;1 of degree m with size Ny, 4+ 1 in case

B), but the higher constant is not necessary: The “cubature measure” Zi]\g’dﬂ il
where ¢, denotes the Dirac measure centered at € R, N\, z;,i = 1,. .. yNma+1as
in Definition 3.1.2, is itself a compactly supported Borel measure. Therefore, we may
apply part A) of the Theorem and get a cubature formula for p of degree m with size
smaller than or equal to N, 4.

We will only prove Theorem 3.1.3 A) as it is done in [4]. The proof of the gener-
alized version B) can be done using essentially the same method with some additional
difficulties, see [4].

An element o € N, where N = {0,1,...}, is called multi-index. For a multi-index
a=(ai,...,0q) and some z = (z',...,2%) € R? we define 2 = (z!)®1 ... (24)® and
la| = a1 + -+ + ag, |af is called order of a. A multisequence is a sequence indexed by
multi-indices.
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Note that Tchakaloff’s Theorem is closely related to the so called Truncated Multi-
variable Moment Problem (TMMP). Given a multisequence 3 = ™) = (B, : |a| < m)
a representing measure for 3 is a positive Borel measure 1 on R? such that

Vie| <m: fy = /xa,u(d:c). (3.1)

Rd

Now the TMMP asks whether there are representing measures for special multise-
quences. For a given closed subset K C R%, the K-moment problem furthermore asks,
if there are representing measures supported in K. There are many open questions
related to the TMMP, especially the following one: Given a multisequence 3™ having
at least one representing measure supported in K, is there a finitely atomic repre-
senting measure supported in K, i. e. a representing measure p = » .. ; a;0,, where
reKi=1,...,n.

The connections between Theorem 3.1.3 and the TMMP are clear: Given a measure
i as in the theorem use (3.1) to define a multisequence 3. Of course, u is a representing
measure supported in K. Tchakaloff’s Theorem now guarantees the existence of a
finitely atomic representing measure supported in K such that the cardinality of its
support is less than or equal to N, 4.

In the following, let K = supp(u), where p is the measure in the theorem. Then K
is compact. Define § = 3™ by (3.1). Consider the set

Mg (B) = {V € M(Rd)‘y is a representing measure for 3, supp(v) C K} . (3.2)

where M(R?) is the vector space of all finite signed Borel measures on R

In order to prove Theorem 3.1.3 we have to show that My () contains at least one
finitely atomic measure v satisfying [supp(v)| < Ny, 4. In a first step we prove that any
extreme point of the convex set Mg () fullfills those requirements, in a second step we
show that Mg () indeed always has some extreme points.

If v € Mg(pB) then, of course, any polynomial with total degree less than or
equal to m is absolutely integrable with respect to v. Let R,,[X1,..., X4](v) denote
R, [X1,. .., X4 understood as a subset of L!(r) and define
N = dim Ry, [ X1, ..., X4](v).

Proposition 3.1.5. If My () has an extreme point v, then v is finitely atomic with
’Spr(V)’ < Nm,d;u < Nm,d;u < Nm,d'

Proof. Denote R,,[X1, ..., X4](v) by £. We claim that £ is dense in L!(v) if v is an
extreme point of My (3). Since v is a finite measure, we have L!(v)* = L>°(v), where
X* denotes the (algebraical and topological) dual space of a Banach space X. Thus we
have to show that for all f € L>®(v), f # 0, there is a P € L such that

[ t@P@wa) £o.
Rd

Assume the contrary and let f # 0 be an element of L*°(v) that annihilates £. By
replacing f with m f if necessary, we may assume that || f|lcc < 1/2. Therefore we
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can define new measures v; and v by v1 = (1 + f)v and vy = (1 — f)v, i. e. 11 is the
measure with density 1 + f(z) with respect to v. v;, i = 1,2, belongs to Mg (/) as for
P(x) = 2% with |a] < m we have

8, = / Pa)v(dz) = / P(2)v(dz) + / P(a)f(x)v(dz) / P(2)vi(da).

But now v = %1/1 + %1/2, which is a contradiction to the fact that v is an extreme point.
So L is a finite dimensional dense subset of L!(v), thus £ is equal to L!(v). It follows
that the dimensions of £, L' (v) and L*°(v) are all the same. Define r = N, 4., Suppose
that supp(v) contains at least r + 1 distinct points xy,...,zy41. Fori=1,...,7+1
let D; denote mutually disjoint balls centered at x;, respectively, with common positive
radii. Then clearly the indicator functions 1p, are linearly independent in L*°(v),
a contradiction to r = dim L*°(v). The other inequalities in the statement of the
proposition are obvious.

Before being able to show that the set Mg (/) always has an extreme point, we
collect some facts from functional analysis that can be found in [16].
Let (X, | - ||) be a normed vector space and let X* be its dual space. For FF C X
and € > 0 define
Upe={2" €e X*Vx € F: |z"(z)| < ¢}

and
U=A{Up.|F C X,|F| < 00, > 0}.

By calling a subset O C X™* open if and only if
Vet e OaU ed: 2"+ U C O,

a topology is defined on X* that is called weak*-topology. X* endowed with the weak*-
topology is a locally convex topological vector space and a Hausdorff space.

Let © be a set with the o-algebra B. The vector space of all finite signed measures
on (£, B) is denoted by M¢(€2). For some v € M (2), the non-negative real number
given by

il = sup S (B,
Z pez
where Z passes through all finite pairwise disjoint measurable partitions of €2, is called
the wvariational norm of v. (Mf(2),|| - ||) is a Banach space.

In the following, we need some of the most famous theorems of mathematics, which

we cite without giving proofs.

Theorem 3.1.6 (Riesz Representation Theorem). Let X be a compact topological
space, let C'(X) be the Banach space of all continuous functions from X to R endowed
with the supremum-norm. Furthermore, let M,.(X) be the Banach space of finite signed
reqular Borel measures on X with the variational norm as defined above. Then C(X)*
(with the norm topology) and M,(X) are isometrically isomorph via the isometry T :
M, (X) — C(X)* given by

(Tw)(f) = / f(@)w(dz).
X
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Theorem 3.1.7 (Alaoglu’s Theorem). Let X be a normed vector space and let
B(X*) be the unit ball of its dual space, i. e. B(X*) = {a* € X*|||z*|| < 1}. Then
B(X™) is weak*-compact.

Theorem 3.1.8 (Krein-Milman Theorem). Let X be a locally convex Hausdorff
space, A C X compact, convex and nonempty. Then

1. the set ex A of extreme points of A is nonempty,
2. A is equal to the closed convex hull of ex A.

Proof of Theorem 8.1.3. The support K of the measure y is a compact set in R%,
therefore Theorem 3.1.6 implies that C'(K)* is isometrically isomorph to M,(K) =
M(K), where M (K) once more denotes the space of all finite signed Borel measures.
Thus we may regard Mg (8) C M(K) as a subset of C(K)*. Moreover, since pu is
finite, we may assume that p(K) = 1. By definition of the variational norm, it follows
that [|p]| = 1 and so p € B(C(K)*). This is true for all other v € Mg(3), too (take
P(z)=1€Ry[X1,...,X4]). So we have Mg (5) C B(C(K)*).

According to Theorem 3.1.7 B(C(K)*) is weak*-compact. Note that B(C(K)*) is
weak*-metrizable, because C'(K) is separable, see [3], Theorem V.5.1.

Therefore, in order to prove weak*-closedness of Mg (), it suffices to show that
the limit v of any weak*-convergent series v, in Mg (3) lies in Mg(3). Of course,
the restriction of any polynomial to K is continuous. v, € Mg(f), i. e. V|a| < mu
f 2%y (dz) = Bu. Vn — v means that for any continuous function f on K

[ t@ntdr) — [ s

as n — oo. For f = z® follows

Ba = /xayn(dx) — /J:O‘V(daz).
K

K

Therefore v € Mk () and Mk (3) indeed is weak*-closed. Since C'(K)* with the weak*-
topology is a Hausdorff space, this means that Mg () is weak*-compact, too.

Because p € Mg (3), Theorem 3.1.8 guarantees the existence of an extreme point v.
According to Proposition 3.1.5 v = A6z, + - -+ A\pds, for some points x4, ..., 2, € K,
some real numbers Ai,..., A, and n < N,,.4. Since v is a measure, the scalars are
nonnegative and by reducing n if necessary, the \; even are positive. By linearity of
the integral, a cubature formula is given by v.

Remark 3.1.9. The proof of the generalized Tchakaloff theorem is more difficult. The
problem is that one cannot use the Riesz Representation Theorem so easily. One has
to work with continuous functions vanishing at infinity instead of merely continuous
functions.

3.2 A Tchakaloff Theorem on Wiener Space

If we want to extend the notion of a cubature formula on stochastic integrals in the
Stratonovich sense, we first have to identify special stochastic processes playing the
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role of polynomials. In the deterministic case cubature formulae can be used to ap-
proximate integrals of smooth function because smooth functions can be approximated
by polynomials using the Taylor expansion. In Section 2.2, we saw that the solutions
of SDE’s can be approximated using Stratonovich iterated integrals. Therefore the
definition below seems reasonable.

Definition 3.2.1. Let m, n € N\ {0}, wi,...,w, € C§,,([0,¢],R?) and Ay,..., Ay > 0.
Wiy ... ,wn and Ap, ..., A, define a cubature formula on Wiener space of degree m at
time T if and only if for all (i1,...,i;) € An

E // odBl o dBiE | =3\ // Aot (1) - -+ e (1),

0<ty <<t <T =L gt <<ty <T

Remark 3.2.2. As mentioned before, when studiyng a solution of a SDE, we always
choose a version that equals the solution of the corresponding deterministic differential
equation when evaluated at a path with bounded variation. The iterated Stratonovich
integrals can be interpreted as solutions of SDFE’s, therefore evaluating an iterated
Stratonovich integral at a path of bounded variation w actually makes sense and gives
the respective iterated Riemann-Stieltjes integral of w. Therefore the equation in Def-
inition 3.2.1 can be rewritten as

E // odB;' -+ 0dBj* | = Eg // odB;! ---0dB}* |,

0<ty<--<tp<T 0<ty<--<tp<T

where Eg denotes expectation with respect to the probability measure Q = Z?Zl AjOu; -

We now state the analogon of Theorem 3.1.3 for cubature formulae on Wiener space.

Theorem 3.2.3. For a natural number m > 0 there are n paths w1, ...,w, € C&bv([O, T],R9)
and n positive weights A1, . .., Ay defining a cubature formula on Wiener space of degree
m at time T for n < |Ay,]|.

We postpone the proof of Theorem 3.2.3 to the next chapter, see Lemma 4.7.1.
The following proposition ensures that it actually suffices to construct a cubature
formula on Wiener space at time T' = 1.

Proposition 3.2.4. Assume wi,...,w, € CJ, ([0, 1],RY) and Mi,... N\, > 0 define
a cubature formula on Wiener space of degreé m at time 1. Then a cubature for-
mula of degree m at time T is defined by the same weights A\1,...,\, and the paths
Wr .-, W € Cg’bv([O,T],Rd) withwjm(t) = \/wa-(t/T) forj=1,...,d,1=1,...,n
and 0 <t <T.

Proof. By assumption we have

E // odBj! ---0dB} | = Z)‘i // dwit (t1) - - - dw'™ (ty).

<ty <-<tp<l =1 gep <lctp<d
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For ¢t € [0,T], define y = t/T € [0, 1] then we formally have dw%i(t) = dw%i(yT) =

ﬁdwzj(y) for j = 1,...,d and dw3 ,(t) = dt = d(yT) = Tdy. Using properties of
Riemann-Stieltjes integrals we get

" T
Z)‘i // dw%i(tl)'”d“’%i(tk) = )‘i//'”/dw%,i(tl)'”dw%i(tk) =
‘ 0 0 0

=1 gty <<ty <T i=1
1 /T t2/T
A(i1,eend ; ;
:Z)\Z/ / / /—OTr (i1 ”)dw;l(m)---dwzk(yk):
=10 0 0
rd(i1,...,0% . .
RSPV B E A R )
=1 gcty <<ty <t
where we substitute y; = ¢;/7T for [ = 1,..., k. But by assumption, the last expression

is equal to

\/Tord(h,u-yik)E // Odei +--0 dBl%:
<t <---<tp<1

and by the scaling property (2.12), this is the same as

E // odB}' ---0dBj* |,

0<ty <<t <T

which concludes the proof.

3.3 Algorithmic Implementation

Assume that the paths wi,...,w, and the weights A1, ..., A, define a cubature formula
on Wiener space of degree m at time 1. Then by Proposition 3.2.4, using the notation
therein, the paths wr 1, ..., wr, together with the weights A1,..., A, define a cubature
formula at time 7. Following Remark 3.2.2, we can consider the probability measure

n
Qr = Z i ;
i—1

on Wiener space and get for all multi-indices (i1, ...,ix) € Anp:
E / / odBj! - 0dBj* | = Eqg, / / odB;! ---odB* |,
0<ty <<ty <T 0<ty <--<tp<T

where F, as usual, denotes expectation with respect to P and Eg, denotes expectation
with respect to Qrp.

As a first result, we derive an estimate for the remainder term in the stochastic
Taylor expansion (2.7) in the new probability Q7.
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Lemma 3.3.1. Let R,,,(T,x, f) be the process defined in Proposition 2.2.2. Then we

have
77L+1+1T>1
sup EQT (|Rm(ta Ly f)’) < Cdm%QIT 2 sup HVH T Vzkf”ooa (3'3)
xeRN (81, stk ) EAm 42\ Am

where Cp, 4.0, 5 a constant depending on Qq, n and m.

Proof. In the proof of Proposition 2.2.2, we showed that

Bulto, )= 3 J[ v Vit o a0 an:
(31,eeesik ) EAm
(1(1), ’Z:) Am0<to< <t <T

Using the triangle inequality we see that Eg,.(|Rmn(t, z, f)|) is bounded by

Z Aj Z // Vig -+ Wkf(gto,x(wT,j))dwég’j(tO) - dwéiﬁj(tk) )

J=1 (i) €At <oty <T

(10518 ) € Am

=Ajiig,....ip, (To,f)

Now we change variables just as in the proof of Proposition 3.2.4 and get

1 tx t1

Aj;io’m’ik _ \/Tord(io,..‘,’ik) // /h tO dwzo tO dw ;kil(tk_l)dw;-k(tk) 7
0 0

where h(ty) denotes Vi, --- Vi, f(&o,2(wry)). In the next step we use the following
inequality for Riemann-Stieltjes integrals:

t
/f(S)dg(S) < [ flloo,f0,1 191160, f0,115 (3-4)
0

where || f[/oo 0,4 18 the supremum-norm of the continuous function f on [0,#] and
9llbv,[0,4 is the variation norm of the bounded variation function g on [0,¢]. Apply-
ing (3.4) successively on the integrals we get

ord(20,...,ik) ;
Aj;io ----- i < VT * Hw;'kHbv,[O,l]'

tr t1

/~ .- / h(to)dwj-“ (to) ce dw;]ﬁl (tk—l) =

0 0 0,[0,1]

ord(ip,.. ord(ig,...,ix) ;
=VT HW [bv,j0,1] SuUp ] < VT ’ ||°J;'k”bv,[o,1]'
0<tp<1
lg—1

- sup ||w low,j0,4] / / (to)d 10 . “*(th—2) =
0<t;<1

00,[0,t]
tk—1

ord(ip,...,t i Tg—
= VT i 019 o / (- )™ (15 )

0 0,[0,1]
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Finally by induction we get

ord(2g,...,ik) ;
Ajiioyin < VT w3 [lpo,0,1) - -
i v, 0,011 Vio + Vi £ (€, (@1,5)) oo, j0,1)
ord(Zo,...,ik)
< VT e ZkHbv [0,1] meHbv 0,1 1Vig -+ Vig flloo-

Here

HVio ’ Zkf(fto w(wTu))Hoo [0,1] = Sup ’Vgo T ‘/;'kf(gto,JJ(wT,j))‘a
to€[0,1]

whereas |[Vi - - Vi, flloo means supepn [Vig - - Vi, f ()]
Now ord(ig, . . ., %) is either m+1 or m+2, therefore for T > 1 we have v/T

m rd(
T , whereas for 0 < T < 1 VT* (G0.-..i) <T"% 5. So we get the desired result by

defining

Ord 7407 7k) <

n
Cam,o = Z Aj Z Hw;‘OHbv,[O,l] T Hw;'kHbv,[o,u.

7j=1 (il,...,ik)eAm
(i07~"’ik)¢-Am

In order to get an approximation for the solution of a parabolic PDE, we have to
approximate E(f(£7,,)) for some smooth (i. e. C°°) or Lipschitz function f. Assume f
is smooth.

For some w € CJ,, ([0, 7], RY) the solution @7, (w) = &r,4(w) of the SDE (2.1) at w
is given by the solution of the ordinary differential equation

d

dyt,x = Z ‘/i(yt,:r>dwi(t) (35)
1=0

with initial condition yo, =z, x € RN,

Proposition 3.3.2. If the paths w1, ...,w, and the weights A1, ..., \, define a cubature
formula on Wiener space of degree m at time 1, then

sup |E(f(é7)) Z/\f@Tszz))S

CEGRN i=1

oy sup Vi -+ VieFlloor (3.6)
(ll» 2 )G.Am+2\.Am

where C' is a constant independent of T'.

Proof. With the probability Q7 defined as above, we get > . | A f(Pr(wri)) =
Eq,(f(ér2)). Using the notation f(ér,) = T (T, x, f) + Rn(T, x, f) as in the proof
of Proposition 2.2.2, we have

(B — Eqp)(Tn(T, @, ) =

= Y VeeVf@E-Ee) | [[ easitedsy | o
(' )EAm

0<ty <<ty <T
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Therefore

[(E — Egp)(f(ére)| < (B + Egp)(|Rn (T, 2, f)]) <
< VE(R(T,x, )?) + Egy (|Rm (T, z, f)])

and the desired result follows by using the boundaries in Proposition 2.2.2 and in
Lemma 3.3.1.

In order to approximate the expectation of f({r,) with respect to P by the expecta-
tion with respect to Qp, the upper boundary of the difference given in Proposition 3.3.2
should be small, which is usually not the case unless T"or sup;, i, )e A o\ Am WViy - Vi, flloo
is small. Therefore we will divide the intervall [0, 7] into many small subintervals. Then
we consecutively apply the approximation to these intervals in the following way: Let
0=ty <t; <---<tp =T and define s; =t; —t;_1 for [ = 1,...,k. Now consider the
random variable (Y;)o<;<x given by

P(}/}+1 - ¢Sl+1,$(w81+1,i)lyvl - [B) - AZ? (37)

for il =0,...,k—1and i =1,...,n. So we get Y11 by following (with probability
Ai) the solution of the ODE (3.5) driven by ws,, , ; starting at Y; until time s;4;. Of
course, (Y])o<i<r satisfies the Markov property, i. e. the distribution of Y;;1 given Y]
is independent of Yy, ..., Y;_1.

Theorem 3.3.3. With the random variable (Y;)o<i<k as defined above and with P, f(x) =
E(f(&.2)), we have

sup [E(f(Yx)[Yo = ) = E(f(§1.2))| <

zeRN
m+l+1

k
Z sup Vir - Vi Pri; flloo (3.8)
: ( )eAm+2\Am

for some constant C'.

Proof. Because of Py(Yy) = f(Yx) we get

e
—_

Prf(z) = E(f(Yi)[Yo=2) = Y E(Pr—;f(Y;) = Pr—t;,, f(Yj+1)[Yo = ).

<.
Il
o

Recall the weak Markov property of the solution of a SDE: For ¢,h > 0 we have

E(f(§t+h,x)’~7:t) - E(f(fh,y))’y=§t,z-

Thus we get

Py Pros, @) = B (B(fer0)| )=
= E(BE(f(&r—t;2)|Fr-1,,1)) = E (f(€r-1,2)) = Pr—, f(2).



3.3. ALGORITHMIC IMPLEMENTATION 21

Thus, for 0 < j < k—1 we get

sup |E (Pr—y, f(Y;)Pr—i;,, f(Yie)|Yo = 2)| =

zeRN
= Sufj)v }E (PSjHPT*thf(Yj) - PT*tj+1f(}/}+1)‘YU = x)’ <
zeR
S Sup. E (| B (Paypy Pr—t;, J () = Proy,  f(Yi0)[Y)) [ [Yo = 2) <
zeR
S SlIIRI?V ‘E (st+1PT—tj+1f(Yj) = Proy;  f(YG0)[Y; = x)‘ -
BAS
= Sl]g?v ’E (st+1 (PT*tj+1f)(Yj)|Yj = ‘T) - E (PT*thrlf(YjJrl)’Yj = SU)| =
Te
n
= SL]}{II)V E ((PT—tj+1 f) (£5j+1,:c)) - Z /\i(PT—tj+1 f)((I)Sj-H (w5j+17i)) <
re i=1
ML+l s
< CSj—&-l : sup HVZl e VikPT*tj+1fH007

(il,~--»ik)€~’4m+2\-’4m
where we used Proposition 3.3.2 with Pp_;,, f instead of f in the last line. The
theorem follows by summing up for j =0,...,k — 1.

Theorem 3.3.3 enables us to approximate E(f(&7,,)) by using the random variable
Yi. For t;) <t <t44,0<1I<k—1,let

Ws1,i1 @R Wsp, ik (t) = Wsq,i1 (51) +oeeet wslvil(sl) + Wsit1,0141 (t - tl)a

then wg, ;, ® - -Quws, i, € CJ,,([0,7T7, R9) is the path one gets by consecutively traversing
the paths wg, iy, ..., Ws iy where Ws, iy 1S understood to be “attached” to the endpoint
of ws, i, and so on. Then, given Yy = z, the random variable Y}, takes the value
Q7 o (wsy iy ® -+ ® ws, 4,) With probability A;, --- ;. by the semi-group property of
solutions of ODEs.

Therefore, E(f({7,)) can be approximated by

B(f(Yo)lYo = 2) = Egp (f(€r.0)),

n n
k
Qr = Z T E Aiy - .Aikéwsl,h@'“@wsk,ik'

=1 =1

where

An implementation of this method would look like this: We start at time 0 at the
starting value z with probability 1. In the first step compute the n solutions at time s;
of the ODEs (3.5) corresponding to the paths wg, 1,. .., ws, » with initial value z, e. g. by
some numerical algorithm. Denote these solutions by P, »(ws; 1), .., Ps,2(Wsin)-
Then for each 1 < j < n compute the solutions of the ODEs corresponding to
W 1, -+ Weym at time sy with initial value @y, ,(wg, j). Iterate n times, then com-
pute the weighted sum as indicated above.

If we we can compute the exact solutions of all these ODEs, Theorem 3.3.3 guar-

antees that the total error is less than D Zk s(-mH)

j=15; /? for some constant D and for
sj < 1. For m > 1 we have

(/2 < max sgm_l)m,

S
J j:17ak

k
=1

J
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so by increasing the number of steps we can make the error as small as desired. Of
course, if we numerically solve the ODE’s, the error made by the ODE solver might get
bigger if the number of steps is increased.



Chapter 4

Tensor Algebra

In the following, we adopt the Lie algebraic interpretation of iterated integrals, as
e. g. laid out in [10]. First we will need the notion of a tensor algebra.

4.1 Tensor Products

Before actually being able to define the tensor algebra that we are going to use, we will
repeat some basic facts about the tensor product of two finite-dimensional (real) vector
spaces V and W.

First, let S be a set. Consider the set of all maps F' : S — R such that F(s) =0
for all but finitely many s € S. Under pointwise addition and scalar multiplication,
this set is a real vector space, called the free vector space on S and denoted by R(S).
Obviously, S can be embedded into R(S) by identifying s € S with the indicator
function 14 : S — {0,1}. Then S is a basis of its free vector space.

Now, let R be the linear hull of all the elements of R(V x W) which have the form

for a € R, v,v" € V and w,w’ € W. We now define the tensor product of V and W to
be the quotient space R(V x W) /R and denote it by V @ W. v ® w with v € V and
w € W denotes the equivalence class of the element (v,w) € V x W and is called the
tensor product of v and w. From the definition of R follows bilinearity of the tensor
product ®. However, not all elements of V ® W are of the form v ® w, but all of them
can be written as a linear combination of elements of the form v ® w.

One of the most important properties of the tensor product is the so called charac-
teristic property.

Proposition 4.1.1 (Characteristic Property of Tensor Products). If A : V x
W — X is a bilinear map into any vector space X, there is a unique linear map

23
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A: VW — X, such that the following diagram commutes:

VxwA Iy
i

™

VeWw

where w(v,w) == v @ w.

Proof. First of all, A extends to a uniquely determined linear map A’ from R(V x W)
to X, like any other map from V' xW to X, since V x W is a basis of the free vector space.
The bilinearity of A implies that R lies in the kernel of the extended map. Therefore,
the extension of A to the free vector space descends to a linear map A: V@ W — X.
ForveV,weW:

A(v @ w) = A((v,w) + R) = A’ (v,w) = A(v,w).

So the diagram is commutative and A is uniquely determined for all v®@w. Since VW
is spanned by these elements, the proposition holds.

Note that for any three finite-dimensional real vector spaces V', W and X, there is
a uniquely determined isomorphism (V@ W)® X — V@ (W ® X), mapping (v®w) @z
to v ® (w® x), see e. g. [8] for details. Therefore, we may define the tensor product of
more than two vector spaces in the obvious way without bothering about brackets.

4.2 Iterated Integrals

Why might the notion of tensor products be useful in the context of iterated integrals?
Suppose x; = Zle xie; is a path in a real vector space V with basis (eq, ..., eq). Then
the second iterated integral is a matrix X?2(0,¢) defined in the following way (with
respect to the basis induced by (eq,...,eq)):

(X2(0, ) = / / da, dad, . (4.1)
O<ul <ug<t

Of course, this matrix could also be interpreted as the coordinate representation of
a tensor with respect to the basis (e; ® e;,7,7 = 1,...,d) of V@V, i e. X2(0,t) =
foj:l(XQ(O, t))e; ® ej. We will write

X?(0,t) = // ATy, ® dTy,, (4.2)

0<u <ug<t

if we want to emphasize the second interpretaion of the iterated integral. Analoguously,

we can think of the k-th iterated integral as an element of V¥¥ | where V®F is inductively
defined by

VO =R,
Yol — v, (4.3)
Veitl —y®igVy, j>1. (4.4)
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In this case we will write

X*0,t) = // dzy, ® - @ dzy,. (4.5)

O<uy < <up<t

4.3 Tensor Algebra

As indicated in Section 4.2 above, one might use the tensor algebra over V defined as
[e.e]

T = EB ek (4.6)
k=0

in order to study the iterated integrals of paths in V. However, this approach would not
be appropriate in our situation. We want to study paths w € C§([0,T], R%) with the
additional component w’(¢) = t. So our paths are in fact R @ R%valued. But the 0-th
projection does play a different role than the other ones. If we chose V = R4 ~ RpR?
and studied T" as defined in (4.6), that difference would be neglected.

Moreover, as we have seen in Section 2 before, w® somehow has another order
of magnitude than the other projections: The index 0 counts twice as much as the
other indices in the definition of A,,. Ideally, this property should be reflected by the
definition of the appropriate tensor algebra. As a consequence, now the order of the
indices matters: A sequence of indices containing 0 must be treated differently than a
sequence without 0.

Let Sj denote the group of permutations of {1,...,k}. Then for vector spaces
W1, ..., W define the symmetrized product

(Wi,....We) = PV, (4.7)
VeM

where M = {VBO’ ES:V=W,)® - ® Wg(k)}. The symmetrized product is the

direct sum of all tensor products of W1, ..., W}, in any order, but such that the same

term does not appear twice in the direct sum. As a shorthand notation we will use
(W1,W2)p’q:(Wl,...,Wl,Wg,...,WQ), (4.8)

p times q times

for natural numbers p and gq.
Define
Ur(R,RY) = P (R,RY). (4.9)
(4,5)eN
2i+j=k

Ui, now plays the role of V®* but respects the special role of w® as mentioned above.
We seperately define Up(R,R?) = R.

Definition 4.3.1. The tensor algebra is defined as

T(R,R%) = é Ur(R,RY).
k=0
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For a € T(R,R?) we will write a = (ag, a1, as,...), with a; € U;(R,R%) for i € N.
Alternatively we will also write a = ag + a1 + a2 + - - -, where the projection of a; to
U;(R,R%) equals 0 for all j but i.

Obviously, T(R, Rd) is a vector space with the operations

a+b = (a0+b0,a1+b1,...)
Aa = (Aag,Aay,...),

when a, b € T(R,R?%) and A € R. Moreover, T(R, R?) is an associative algebra with

(a®b); = Zaj ® bi—j.

=0

The 1-element of that algebra is the element (1,0,0,...). If a € Ux(R,R%), i. e. a = ay,
in the notation previously defined, and b € Uj(R, R?), then a®b € U (R, R?), because
(a®b); = Zé’:o a; @b;—j # 0 if and only if i = k4 and j = k. An algebra A is called
graded, if it allows a direct sum decomposition A = @, A, such that AyA; C Apyy.
Thus T'(R,R?) is a graded algebra.

For i € {0,...,d} let &; be the vector (49, .. .,5;1) € R @ R?, where (5f denotes the
Kronecker-Delta. Then €g,¢1,...,e4 form a basis of R @ R¢ and the following lemma
holds.

Lemma 4.3.2. The set {¢;,®---®¢;, | (i1,...,ik) € Ap\An_1} is a basis of U,(R,RY).

Proof. Denote the set defined in the lemma with £. Because of (4.9), we have
to show that any space (R,R%)" with 2i + j = n is spanned by some elements of &.
Since £ is invariant under permutation of the indices (i1,...,dx), it suffices to show
that R®---QRQR?®- - - @ R?, where one has i times the term R and j times the term
R?, is spanned by some elements of £. Obviously, if V and W are vector spaces with
basis (e1,...,ex) and (f1,..., fm) respectively, then (e; ® f; : 1 <i < k,1 <j<m)is
a basis of V ® W. Therefore R® --- @ RQR? ® - - - ® R? is spanned by the tensors

E0 Q- QegVe;; V- B ey, {il,...,ij}E{l,...,d}d. (4.10)
————
7 times
But the multi-index (0,...,0,41,...,4;) is in Ay \ An—1, because 2i + j = n. Since all
the elements of £ are linearly independent, that concludes the proof.

Many tensors even are invertible. Let a € T(R,RY) be a tensor with ag # 0.
Define a tensor ¢ implicitly by a = ag(1 4+ ¢). Then ¢ equals (0,¢q,c2,---). Now let
¢y = (0,¢i, ()i, (¢*)i, . ...). Since ¢o = 0, for all i ¢(;) has only finitely many components
different from 0. Thus we may define (without bothering about topology)

ot=L > (—1)keF, (4.11)

a
0 k>0

since the sum in (4.11) really is a finite one in each component. Then a ® a™! =
(14+c¢)® Zkzo(—l)kck = Zkzo(—l)k(l + ¢) ® ¢*. Since this sum actually is a finite
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sum in each degree, we may conclude a® a™' = (1+¢c)+ (—c— ) + (2 +c3) +--- =

1+ (c—c)+ (=2 +c%) +---=1. For ap > 0 we define the logarithm by
e
log(a) = log(ap) + 1) —. 4.12
) = logfa) + 321" (1.12)

Once more, there are only finite sums in each component in (4.12).

The exponential can be defined for all tensors a, but it involves an actually infinite
sum. Therefore, a topology is required, but that problem is not quite critical. We will
discuss that point later. The definition is

ak’
exp(a) = Z R (4.13)

k>0

The space @2, Uk (R,R%) is a subspace of T(R,R?) that is closed under multi-
plication. Moreover, if a € T(R,R?) and b € D1 Ur(R,R%), then a ® b and b ® a
are in the subspace as well. So it is an ideal and we can define the truncated tensor
algebra of degree n by

T (R,RY) = T(R,R%)/ é Ur(R,RY). (4.14)
k=n+1

T(™(R,RY) can be identified with the space @}_, Ur(R,R?), and so we define pro-
jections 7, : T(R,R?) — T (R,RY) by setting m,((ag,ay,...)) = (ag,...,a,). From
the definition of the operations follows that m, is an algebra homomorphism. Now the
space T (R, R?) is a finite-dimensional vector space. So we could choose any norm
topology on it. Then, if we chose any topology on the tensor algebra, such that the
projection 7, is continuous (and such that exp is defined), m, would commute with
the inverse, the logarithm and also with the exponential. So e. g. choose the initial
topology of the projections (, : n € N).
The product
la,b] =a®b—-b®a (4.15)

defines a Lie bracket both on T(R,R%) and on T (R, R%), and now m, also is a Lie
algebra homomorphism. The Lie algebra generated by W = R @ R? is denoted by U
and looks like

U=Wao W We W [WWe-.-,

where e. g. [W, [W, W]] is the subspace of W®3 spanned by all the elements [wy, [w2, w3]],
with w,ws, w3 € W. Note that & C T(R,R%) in the following way: (W) = {0},
71 (W) = R? and so on.

If A is a linear map from W into some Lie algebra B, then there is a unique extension
of A to a Lie algebra homomorphism A : i — B, namely by defining A([wy, [wa, w3]]) =
[Awy, [Awa, Aws]], for example. A Lie algebra with that property (like U/) is called free
over W = R @ R%

An element of Y™ = mn(U) is called a Lie polynomial of degree n, whereas an
infinite sequence of Lie brackets will be called Lie series. The Lie algebra U™ is
nilpotent of degree n, i. e. [u1, [ug, - -, [tn, Uny1]---] = 0 for any ui, ..., ups1 € U™,
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because any application of n Lie brackets results in a sum of terms involving n + 1
tensor products each. And since mp(u;) = 0, the tensor product of n + 1 elements of
U™ is 0 as an element of U™,

Theorem 4.3.3. Let G = exp (U(")) c T(R,RY), then G™ is a Lie group in
TM(R,RY) and U™ is its Lie algebra.

For details see [10].

4.4 Lie Basis

In this subsection we will learn more about the Lie algebras ¢ and U™ defined above.
First we will define the notion of a universal enveloping algebra. Note that any asso-
ciative algebra also has the structure of a Lie algebra, if one takes the commutator as
Lie bracket, i. e. [a,b] = ab — ba.

Definition 4.4.1. Let G be a Lie algebra. A universal enveloping algebra of G is an
associative algebra U (with unit) over the same field (e. g. R) together with a Lie
algebra homomorphism ¢ : G — U, such that if A is another associative algebra (over
the same field) and ¢ : G — A is another Lie algebra homomorphism, then there exists
a unique homomorphism of associative algebras ¥ : U — A such that the following

diagram commutes:
g 7,)L—I U

o |
A
Now observe that T'(R,R%) is a universal enveloping algebra of 2. To see this, let
A be some associative algebra (just like in Definition 4.4.1) and let ¢« be the inclusion

of U into T(R,R?). Now for any a € U define ¥)(a) = ¢(a). Since R G R? C U, 1 is
now defined for ¢;, 0 <i <d. Let

Y(en @ ®ei,) = ¢(eiy) - (i)

Because of Lemma 4.3.2 and of Definition 4.3.1, this extends to a uniquely defined
algebra homomorphism on 7'(R, R%).

Theorem 4.4.2 (Poincaré-Birkhoff-Witt). Let G be a Lie algebra with a basis B
equipped with a total order <. Then the set

U{l1---ln‘l17---,ln€[5,l1<-~4ln}
n>0

forms a basis of the universal enveloping algebra U(G).

See [14] for a proof.
Let By be a basis of the Lie algebra /. Assume that there is a total order < defined
on By and that any element of the basis is contained in some U (R, R?%). Such a basis
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exists, e. g. the Lyndon words basis has these properties, see [14]. From Theorem 4.4.2
follows that

U{l1®®ln‘l1”lnEBL{al1$#ln}
neN

forms a basis of the tensor algebra T'(R, R%).
We will use another basis of the tensor algebra.

Corollary 4.4.3. The set

U {0, ), € Busly < -+ < D

neN

where the symmetrized product of Lie polynomials is defined by (I1, ..., 1) = % > ves, lo(1)®

@ lg(n), 15 a basis of T(R,R%).

The basis of Corollary 4.4.3 yields a good formula for the exponential of Lie poly-
nomials.

Proposition 4.4.4. For Lie polynomials Iy, ... 1, and scalars B, ..., By, the exponen-
tial is given by

eXP(Eﬁilz):Z Z ﬂllzj‘ (TN ST AR A

. ‘ 11-
k=0i1+4-Fin=k i1 times in times

Proof. By (4.13) we have to show that

n k
1 oo Bin
H(Z@-@) = > ﬁlL ,ﬂ"'(l17...,l1,...,ln,...,ln)7
" \i=1

11 -
11++2n7k3 ! "

for all £ € N. We will do so by induction with respect to k. Using an appropriate
interpretation of the terms, the formula holds true for £ = 0 and for kK = 1. Now
suppose the formula is correct for £ > 1. Then

(k+1)
(k+1)! 1 (Z b ’) B

— et —k 11! in!
il g ,
R, el <2j+1 )
Z Z Moy ] E: m(o(1)) m(o(n)) Ot |
i e < in! \ (k+1)! =,

41

where m(1) = 1,...,m(i1) = 1,m(iy + 1) = 2,...,m(i1 +i2) = 2,... (provided that
i1,12 > 0 and appropriately changed otherwise). Now suppose for a fixed j we want to
reorder the sequence (l,...,1,), where l; appears i1 times, lo appears iy times and so
on, but I; appears i; + 1 times, such that the last element of the reordered sequence
is [;. For any permutation of the remaining k elements there are i; + 1 possibilities to
do so, because we may put any of the /;’s in the last position. Therefore, if we sum up
the terms for all the j’s, we get the equation and so the proposition holds.
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4.5 Chen Theorem

As we have already seen, the iterated integrals of paths of bounded variation can be
interpreted as elements of tensor products of the respective spaces. Remember that in
our situation this space is W = R ¢ R¢%.

Definition 4.5.1. Let w € CJ, ([0, 7],R?) be a path of bounded variation. The Chen
series or series of iterated integrals of w is defined by

X =Y [ we e ww),

k:OS<t1<-'~<tk<t
for s <t €1[0,7T]. Xs4(w) is an element of T'(R, RY).

As indicated above, since the collection of all the ¢;, ® - - - ® g;, makes up a basis of
the tensor algebra, the Chen series can also be written as

Xop(w) =) > // dw (t1) - - dw'™ (tn)ei, @ - ® €. (4.16)
k=0 (i1,.yin) EAR\AR—15<ty <<ty <t

Here, for each k, the respective term is an element of Ug(R,RY). The truncated series
Tn(Xs,t(w)) is denoted by Xs(,? (w). We see that Xs(z) (w) is given by (4.16), if we sum
up to n only.

Theorem 4.5.2 (Chen’s Theorem). For a process w of bounded variation, the series
of iterated integrals is multiplicative, i. e.

Xrs(w) ® Xot(w) = Xyt (w).

log(Xs,(w)) is a Lie series. On the other hand, if L € U™ is a Lie polynomial, then
there exists a path w of bounded variation, such that

To(log(Xo (@) = £.

Proof. First let w be a path of bounded variation. As usual, we denote by X;"t
the component of Xs; = X, (w) in U;(R,RY). As a preliminary result we show the
following equation:

dw' (t1)-- - dwt (t;) =

rty<---<t; <t

:i: // dw'+ (t41) - dw' (t) // dw' (tr) -+ dwli (t7).  (4.17)

I=0scty < <ti<t Pty <o <tj<s
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This is done by working with indicator functions. Per definition the left hand side of
(4.17) is

t to to

dwh (t2) / (1) | Teosg +/dwll(t1)1{t2<sl dw® (ts) - - dw'i (t;) =

r
s

/ /dwl1 ty) - dwh / /dw"z te) - dwb (t;) /dwll(tl) ..

T

By iterating this manipulation, one gets the right hand side of (4.17). We have to show
that

xb= % / / dwi () - dwin (ta)er, @ - ® e,

(#150in) EARN\AR—1 7

equals
k k s 1tz
o= Y ([ farm
=0 =0 (#15000s85 ) EANA 1 r r

(1541 50es0n) EAR 1 \Ag—1—1

tjt2
/ /dw+1 1) dw (tn) | e ® - @ e,

Now, by (4.17), we get

quf,t = Z Z / /dw“ ty) - dw' (t;)e, ® e | ®

(11,0in ) EARNAR—1 7=0 \ 7

t t]+2
o [ [t dot )z, 000,
S S

If we define
217 Sl // dw“ tl cdw ]( )511 ‘®€ija
r<t1<--<t;j<s

it remains to show that

> Sae

(4150500 ) EAR\AR—1 7=0

k
=> > Xol @ X (4.18)
lf

(115000585 ) EANAL 1
(Tj4+15ein) EAR 1\ A —1—1



32 CHAPTER 4. TENSOR ALGEBRA

But if (i1,...,0n) € Ag \ Ak—1 (1. e. n+ [{m : iy, = 0} = k), then for fixed j there is
exactly one [, namely [ = j+[{m : iy, = 0,1 < m < j}|, such that (i1,...,4;) € A\A_1
and (4j41,...,9n) € Ag—; \ Ag_i—1. Since the converse is true, too, exactly the same
summands occur in both sides of (4.18). So the first part of the theorem is proved.

Since the projections m, are algebra-homomorphisms, the truncated series X S;) (w) are
multiplicative, too. They satisfy the differential equation

d
dX)(w) =Y XV (w) ® ldwi(t) (4.19)
=0

with Xg? =1=(1,0,...,0). Note that (4.19) actually makes sense, because we are
now working within a finite dimensional real vector space. Since the starting point
1 is an element of the Lie group G, the solution does not leave the group, see

Remark 4.5.3. Therefore log (Xé?) € U™ for all n, and so X, (w) is a Lie series.

Let £ € U™ be a Lie polynomial and let ¢ = exp(£) € G™. The group G is
connected and thus path connected, i. e. for g € G(™ there is a path h € C*(R>o, G
with h(0) = 1 and h(1) = g. Let d) denote the right logarithmic derivative, see [7],

and define w(t) = d"h(t). Then X" (w) = Evol™) (w)(1) = exp(L), which finishes the
proof.

Remark 4.5.3. If w is a smooth, i. e. infinitely often differentiable, path, then the
differential equation (4.19) with initial condition X S(g) (w) =1 has a solution X éz) (w) €

G, vt > s, see [7]. Now any bounded variation path w can be approximated by
a sequence of smooth paths wg. For w the differential equation (4.19) has a solution

X (72)( ) in T0)(R, RY), which can be shown by a Picard-Lindelof argument, whereas for
the smooth paths wy, the solution of the corresponding differential equation X (n) ¢ (wg) is

in the Lie group. X;t) (wk) converges to X;t)( ) and so X;t)( ye GM), because G
is locally closed.

Ezxample 4.5.4. As an example we compute the projection on T®@) of the logarithm of
the series of iterated integrals of w. By (4.16) we have

a—X01 Zw 51,60—1—2/ dw] )5i®5j7---
,)= 10

Therefore, using the same notation as in (4.12), ¢; = a; for i > 0, ¢ = 0 and
d . .
=100, Wl (l)e ey, ...

ij=1

By partial integration we get

W (t)dw'(t). (4.20)

o\)_
E
%
+
O\H
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Now by (4.20)

log (Xo,1(w)) =
d d .
“ 0. v, w0+ Y /w(t)dwﬂ(t)—w@u)wﬂ(l) G®e; .
i—1 =119

Once more by (4.20) follows that

d
my (log (Xo,1)) = €0 + »_w'(1)e; + % > [ W (H)de () — I (t)dw' (1)) g1, 5]
i=1 1<i<j<d

4.6 Stratonovich Integrals

In fact, Chen’s Theorem does not only apply to functions of bounded variation, but
also to the Brownian motion, if the integral is understood to be of Stratonovich type,
see [10], of course resulting in random Lie series. The (random) series of iterated
Stratonovich integrals will be denoted by X, :(0B).

Remark 4.6.1. Let A\ € R be a scalar and define a map dy : T(R,R?) — T(R,R?) by
dx(a) = (ag, Aa1, \2as,...). Then we can rewrite (2.12) in the following way

d ji— (X01(0B)) = X, 4(0B).

Remark 4.6.2. Let I' be the algebra homomorphism from the tensor algebra to the
algebra of vector fields on R? (with composition as multiplication) that maps &; to V;.
Then we have

P (X (0B)) 1) =

=T // OdBZi“'OdBZ:Eh@”'@gik fz) =

(P15 ik ) EAMO <ty <<ty <t

— Z Vi, - Vi, fl2) // odBf}u-odBi:,
(’il,...,ik)eAm O<t1<"'<tk<t

and by the stochastic Taylor expansion we get

J(a) =T (X§2(0B)) f(2) + Runlt,, ). (4.21)

Lemma 4.6.3. The paths w1, ...,wy, and the weights \1,..., A\, define a cubature for-
mula on Wiener space of degree m if and only if

E(x{P(0B)) = > AT ().
j=1
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Proof. Assume that wy,...,w, and Aq,..., A, indeed define a cubature formula.
According to Definition 3.2.1 this means that

E // odBj! - -+ o dB}* Z)\ // Wit (t) -+ dw (),

<ty <o<tp<l =1 octy <<t

for all (i1,...,ix) € Ay. Therefore

E <Xéf71"b)(oB)> = Z E // odij‘-odB,f’; €, ® - Qe =

(31yeenri ) EAm <t <<ty

= Z )\j // dw;-l (tl) cee dw;-’“ (tk)&‘il K- Q& i, =

Jj=1 (i1,.. 7Zk)€Am0<t1< <tp<1
n
= E AjXo,1(wj)-
Jj=1

This formula proves the converse, too, since the coefficients of a vector with respect to
a given basis are uniquely determined.

According to Chen’s Theorem, log(XO(?f) (w;)) is a Lie polynomial for w; with bounded
variation. So the right hand side in Lemma 4.6.3 can be written as >, Ajmm (exp(L;)),
for some Lie polynomials Li,...,L,;. On the other hand, for any Lie polynomial
L € U™ there is a path of bounded variation w such that 7, (log(Xo1(w))) = L.
Therefore we can equivalently define the notion of a cubature formula in terms of Lie
polynomials.

Definition 4.6.4. The Lie polynomials £i,...,L, € U™ and the positive weights
A, ..y An (n,m € N) define a cubature formula on Wiener space of degree m if and

only if
E(x™0B)) =3 ), exp(L;)
01 (0 j exp(L;
j=1

where exp denotes the exponential function in 7™ (R, R?), of course.

In order to find a cubature formula as in Definition 4.6.4, it would be nice if we
knew the expectation of the series of iterated Stratonivich integrals in terms of elements
of the tensor algebra.

Proposition 4.6.5.
1 d
E (Xo,1(0oB)) = exp <€o + 5 2;82- ® 5i> )
1=

Proof. We proof the equation by using the connection between solutions of certain
differential equations and expectations of solutions of stochastic differential equations,
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see Section 2.1. So u(t,x) = E(f({r—tx)) is a solution of the PDE %(t, x) = —Lu(t, z)
with initial condition w(T,z) = f(x), where

1
L=Vo+5 (V- +Vy) (60+ Zsz@@sl).

Therefore using Taylor expansion of u(T —t,x) = E(f(&,2)) we get

"tk Lk
E(f(&2)) = Z f( ) +o(t™), (4.22)

k=0

for any m.
On the other hand, by Remark 4.6.2 and by the stochastic Taylor expansion, we
have

E(f(§.0)) =T (B (X537 (0B) ) ) (2) +o(t™)
and with Remark 4.6.1 we get
E(f(§)) = T (dysB (X577 (0B)) ) £(x) + olt™). (4:23)

Since

d & d k
t t
exp (t60 + 5 E Ei 6i> = E T (80 + E g & €¢>
’ i=1

k>0

k
and since (50 + Zle & ® €i> e T?™)(R,R?) for all 0 < k < m, we additionally have

m kD (5 y 1y 5.®5,>’“ d
Z Rt =I|n exp | te —I—EZe@E- (4.24)
k! = 2m p 0 9 % % . .

k=0 =1

Now (4.22) can be rewritten using (4.24)

m T (go + 250 e ®e; ’
E(f(&a) = Z ( X : >f(l‘)+0(tm)

=0

( (exp (teo + - Z £ ® ez> >> f(x) 4+ o(t™)
7 11 ]
T (772,” <d\/z exp (80 + B Z&' & 52))) f(x) +o(t™),
=1

where the last line is true because teg + % Zle £ ® g; € Up(R,R?) and thus its expo-
nential looks like (1,0,t(gg + 1/2Y ; ® &;),0,t*(e0 + 1/2Y &; ® ;)?,...). Comparing
with (4.23), we get

d\/z (E (X(()?{”)(OB)» = wzmd\/g (exp (Eo + % Zd:Ei (¢ &?Z)) .
i=1

Now take ¢t = 1 and let m — oo to get the desired result.
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4.7 A Proof of the Tchakaloff Theorem on Wiener Space

As promised in Chapter 3, we now give a proof of Theorem 3.2.3. By Definition 4.6.4
and the comments above it, we have to show the following lemma.

Lemma 4.7.1. Let m be a natural number. For some n < |A,,| there are n Lie
polynomials L1, ..., L, and positive weights A1, ..., A\, defining a cubature formula on
Wiener space.

Proof. As we have already observed in Section 4.6, the series of iterated Stratonovich
integrals is the exponential of a random Lie series £ and so XST) = Tm(exp(L)) =
exp(mm(L)). Let By be a basis of the Lie algebra U. For [ € Bé,m) = By nU™), the

coefficient of 7, (L) corresponding to [ is a real valued random variable denoted by X;.
Note that all the multivariable moments of

X = (XZ)ZEBZ(/{m>

exist, because E(Xp1(0B)) = E(exp(L)) exists and the coefficients of m1(E(exp(L)))
just are multivariable moments of X. X is understood to be a random variable with

. (m) .
values in RIBu |, By Theorem 3.1.3, part B), there is a natural number n and there

are positive numbers Ap, ..., A\, and vectors X; = (XLl)leB(m)’ o Xy = (Xml)leB(m),
U U
such that for any multi-index p = (pl)IEB(m) with [p| <m
(%
n ~
E(X?)=> MNXP.
j=1
With ﬁj = ZZEBZ(/{m) X]’JZ for j = 1, ..., N, we get
n
E(mpn(exp(£))) = Y Ajmm(exp(L;)).
j=1
So the £q,..., L, and Aq,..., )\, define a cubature formula on Wiener space with size

n of degree m. According to Theorem 3.1.3 B), n can be chosen to be smaller than or
equal to | Ay,| = dim T (R, R%), which concludes the proof.



Chapter 5

Formulae for Some Other PDE’s

Now we obtained an approximation method for the solution of the PDE (2.4) having a
stochastic representation (2.1). But, of course, there are differential operators lacking
such a representation, e. g. the bi-Laplacian operator

d 2
2 02
=1 g

In order to approximate the solution of the PDE (2.4) with L = A? we have to find
Lie polynomials L1, ..., L, and weights A1,..., A, such that

1 d 2 n
Tmexp | | g0+ 5 Zsj R €;j = Zl Ajexp(Ly).
=

j=1

The calculations in this section are motivated by [6], especially by the remarks in
Paragraph 4 therein.

5.1 Bochner’s Subordination
Before being able to present Bochner’s subordination, we have to give some definitions.

Let X be a Banach space.

Definition 5.1.1. A family (73),> of continuous (i. e. bounded) linear operators X —
X is called a strongly continuous semi-group of operators, if
To = Id, where Id is the identiy on X, (5.1)
Ts+t = TSTt for all S,t Z 0,

%in%Ttx:x for all z € X.

A strongly continuous semi-group (73),~ is called continuous in norm, if additionally
or instead of (5.3)

lim |73 — Id]| = 0, (5.4)
where || - || is the operator norm on the space L(X) of continuous linear operators on

X.

37
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For details see [16].

Definition 5.1.2. Let (7}),- be a strongly continuous semi-group on X. The operator

A defined on T
dom(A) = {x € X|lim 22 —% exists}
h—0 h
by
Ap — lig TR =%
h—0 h

is called infinitesimal generator of the semi-group (Tt)tzo-

Definition 5.1.3. A measure p on R is called infinitely divisible, if for all n € N\ {0}
there is a measure pu, on R, such that

JL= [y % -k [y (n factors),
where * denotes convolution.

Of course, the condition in Definition 5.1.3 means that i = (fi,)", where ji is the
characteristic function of w.

Definition 5.1.4. A family (ut):>0 of probability measures on R is called convolution
semi-group, if
Vs, t >0 sy = fLs * fi. (5.5)

There is a strong relation between infinitely divisible probability measures and
convolution semi-groups, that is formulated in the following Proposition 5.1.5.

Proposition 5.1.5. Let (ut)t>0 be a convolution semi-group. Then for all t > 0 the
corresponding measure iy is infinitely divisible. Conversely, let p be an infinitely divis-
ible probability measure and tg > 0. Then there is one and only one weakly continuous
convolution semi-group (pit)i>0 such that pg, = p.

A proof of Proposition 5.1.5 and other information on infinitely divisible measures
and convolution semi-groups can be found in [1].

Theorem 5.1.6. Let A € TU™ (R, R?) with mo(A) = 0 and let (11t);>0 be a convolution
semi-group defined on R such that

/eAth(dJ:) _ etl/;()\)
R
for some analytic function v defined on a neighborhood of 0. Define

Sy = | exp (zA) p(dx),
/

where exp denotes the exponential function in the truncated tensor algebra 7(m) (R, ]Rd).
Then

Sy = exp (t(A))
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Proof. 1 is analytic, 1. e. we have (X)) = > 77, w“;)!(o) A¥ and so for an element A

of the tensor algebra we define

© E)
vy =3 Oy

k!
k=0

provided the sum exists. If A € T (R, R%) with my(A) = 0, as in the Theorem, we
do not have to worry about convergence because of the nilpotency of those elements of
the truncated algebra.

By plugging the series representation of ¢ into the series representation of the
exponential function, we get

eV = 14 pr (A + -+ P (DA™ 4 g(t, DA™

where
&7 .
()7 = —— tWp(A) J
Y R e
A=0 R
is the j-th moment of y; for j = 1,...,m. Therefore we get
exp (H(A)) = 1+ Py () A+ -+« + pr(£) A™. (5.6)

On the other hand,

mok
Sy = [ exp (zA) py(dx) = x—A’C ¢(dz) =
/ P R/ ; R

R

m o m
s k!/mkut(dqj)Ak = L4 pi(B) A+ - + () A™.
=1""%

Comparing with (5.6) we get S; = exp (t10(A)).

Remark 5.1.7. Theorem 5.1.6 is closely related to Bochner’s Subordination, see [2], [11]
and [13]. In [13], R. S. Phillips proves a much more general version of the theorem:
Let T; be a strongly continuous semi-group of linear operators on a Banach space
X with infinitesimal generator A, denote w(t) = log ||7;|| and define wy = inf;~g #
Suppose p; is a semi-group of complex Lebesgue-Stieltjes measures defined on the Borel
o-algebra of [0, 00), such that

o0

/ @)1 (d) < oo,
0

for all ¢ > 0 and such that

o)

t! log/e’\x,ut(dx) =mA+ / (e(/\_wo)”” - 1) v(dx) + a,
0 0
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for some positive measure v and some constants m > 0 and a € R, defined for all
complex A with real part smaller than or equal to wg. Define

o0

Sir = /Tsa: ue(ds),
0

where x € X. Then (St)tzo defines a strongly continuous semi-group of linear operators
on X with infinitesimal generator B, whose domain contains the domain of A. For
x € dom(A) we have

Bx = mAz + / (e™“*Tyx — z) v(ds) + ax.
0

5.2 A First Example

We will use Theorem 5.1.6 to find a cubature formula for the bi-Laplacian operator (or
rather for %AZ). For s € Rx>g, let the Lie polynomials £1(s), ..., L,(s) together with
the positive weights Ai,..., A, define a cubature formula of degree m in the sense of
Definition 4.6.4, i. e.

d n
1
Tm (E(Xo,s(0B))) = 7m (eXP (8(50 +3 Z} & ® €i)>> = 21 AjTm (Xo,s(ws,5))
1= j=
(5.7)
where wg1,...,wsy € C’g?bv([o, s],R%) such that exp(L;(s)) = mm (Xos(ws;)), j =
1,...,n.

For t > 0, let F; be the distribution of a normal random variable X with mean 0
and variance t; we write X ~ N(0,t). Furthermore, let Fy = dy. Then (F})¢>¢ is a con-
volution semi-group, see [1], and 1)(\) = A?/2, where 1) is defined as in Theorem 5.1.6.
Therefore, with A = g9 + %Z?Zl gj ®ej, we get

2

d
t 1
/ﬂ'm (exp(sA)) Fy(dx) = 7, | exp 5 | €0 + 5 Zsj R¢;j : (5.8)
R J=1

Of course, F} is supported on the entire real line, not just on R>g, and (5.7) is only
valid for s > 0. However, the left hand side in (5.7) makes sense for negative s, too.

With Vp =0and V; = 8%1" the last expression in (5.8) gives a cubature formula for
approximating solutions of the PDE for L = %AQ, provided we can extend (5.7) to the
entire real line.

Following Funaki [6] we define

1B’ s<0

—8

_ J >
Bgz{BS? s20 . 1.4 (5.9)

where i is the imaginary unit v/—1. Once more, BY = s for s € R. Fix N = d and let
Vo=0,V, = %, j =1,...,d. The solution of the corresponding SDE for s € R is
J

given by B
gs,z = B; +x.
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Definition 5.2.1. D; is defined as the set of all functions f : R — R that can be
extended to holomorphic functions defined on C? mapping to C denoted by f, such
that

Ve e RY: f(z) = f(x)

0 0
@l exp-hlz2), | 37 6) exp-nlz), and {2 ) expl-nlsP)
Ly Yj
are bounded on C? for all h > 0 and j = 1,...,d, where z = (21,...,24) and z; =

T 1y, = 1,...,d.
For f € Dy, u(s,z) = E(f(&s,)) is a solution to

u _ 1 d
{ U= JAu(s,z), seR\{0}, zeR (5.10)

u(0,7) = f(r), z€R?

Remark 5.2.2. In general, the heat equation (5.10) does not allow an extension to the
past, i. e. to the negative half-line. Therefore it is necessary to choose the “initial
functions” f from a class like D; that guarantees the existence of a solution in both
time directions.

As a consequence, we may proceed just as in the proof of Proposition 4.6.5 and get
for s e R

where X s(0B) is the series of iterated Stratonovich integrals of B with

odBloaBl =) [ capl-woany

0>t1>-->tp>s 0<t1 <<t <—s

for s < 0. Note that Xo(0B) is a random Lie series in T(W & iW), not in T(W) as
before!

If wy,...,w, € Cg’bv([O, 1],R%) and A1,...,\, > 0 define a cubature formula on
Wiener space at time 1, we have constructed paths wi,...,wy s defining a cubature
formula at time s > 0. We extend this construction to R by defining

o () = \/Ewl](:n/|s|), z €0, ]s]
l,s( ) { i\/gwlj(*:n/|s|), z € [—|s|,0] ) (5.11)

forseR,j=1,...,dand [ =1,...,n. Obviously, &1 ,...,wn s now define a cubature
formula on Wiener space for s € R, i. e. for (j1,...,Jk) € Am

E // odBl - odB] | =3 A // dofl (1) -+ - i (1),

=1

>t1> >t >s 0>t1>>tp>s

for s < 0. Define Lie polynomials £;(s) € U™ (W @iW) for I =1,...,n and s < 0 by

exp (£4(s)) = X5 (@1,6)
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then (5.7) holds for s € R and we get
2

d
t 1
Tm €XP | 5 €0+§ZE? Z)\l/exp (Ly(s))Fi(ds), (5.12)
Jj=1 R
for ¢ > 0. From (5.11) we see that exp (Li(s)) = Xé,n;)(@hs) = d; (Xéf?)(wl)) is

a polynomial in /s of degree |A,,|, where \/—z = i\/x for x > 0, compare with
Remark 4.6.1 and the calculations in the proof of Proposition 3.2.4. Therefore, we may
apply a complex version of Tchakaloff’s Theorem and get

/ exp(L1(s)) Fi(ds) Z)\ exp(Li(t;)), (5.13)
R J=1
where A1,..., A\ > 0 and ¢1,...,t; € R define a (complex) cubature formula of degree

| A,,| for the distribution of v/X for X ~ AN (0,1).

Remark 5.2.3. More exactly, we do apply the real version of Tchakaloff’s Theorem
twice: First we use Tchakaloff’s Theorem for

/ exp(L;(s))Fi(ds),

R>g

then for
[ et i),
]—=00,0[
where the integrand is purely imaginary.

Combining (5.13) and (5.12) we get

2
n

d k
t 1 ~
Tm €XP 5 €0+§E € Q¢; :E E AlAjeXp(El(tj)). (5.14)
J=1

=1 j=1

Clearly, (5.14) defines a (complex) cubature formula on Wiener space for some fourth
order PDE.
Let z;; denote the solution of the ODE

d

dyt,x = Z ‘/i(yt,:p)d@[i (t)
=0

with initial value yo, = = at time t;, where V;(u) = u’, i. e. the i-th component of the
vector u, and V5 = 0. Note that z;; can be a complex number now. Then

d 2 n k
1 1 -
T | exp B <80+2261®6i> f(z) = ZZ)‘ZAjf(Zjﬂl)
i=1 =1 j=1
is an approximation to the solution of the PDE

ou

e A2

ot 8 (¢, @),

with u(0,z) = f(z) for f € Dy at time t = 1.
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