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Abstract. For the symbiotic branching model introduced in [EF04], it is shown that ageing and intermittency
exhibit different behaviour for negative, zero, and positive correlations. Our approach also provides an alternative,
elementary proof and refinements of classical results concerning second moments of the parabolic Anderson model
with Brownian potential. Some refinements to more general (also infinite range) kernels of recent ageing results of
[DDO7] for interacting diffusions are given.

Abstract. Dans le cadre du modele de branchement symbiotique introduit dans [EF04], nous montrons que le
vieillissement et 'intermittence présentent différents comportements suivant les cas ou la corrélation est négative,
positive ou nulle. Notre approche permet de prouver et daffiner de maniére élémentaire des résultats classiques
concernant les seconds moments du modele parabolique d’Anderson avec potentiel Brownien. Nous raffinons aussi
quelques résultats récents de vieillissement pour des diffusions interactives a noyaux généraux a portée infinie.
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1. Introduction

For the last three decades, equations of the type
du(t,i) = Z a(i, 7)(u(t,7) —u(t, i) dt + /K f(u(t,i)) dW(i) (1.1)
jezd

have been studied intensively. Here, i € Z% t > 0, k > 0, (a(i,7))i jeze are transition rates on Z¢, and
W = {W,(i)|t > 0,i € Z4} is a familiy of independent Brownian motions. The following special cases with
very different interpretations and different behaviour are quite common in the literature.

Ezample 1. The (Wright-Fisher) stepping stone model from mathematical genetics: f(x) = z(1 — z).
Ezample 2. The parabolic Anderson model (with Brownian potential) from mathematical physics: f(z) = 22.

Ezample 3. The super random walk from probability theory: f(z) = z.
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Ezample 4. The critical (spatial) Ornstein-Uhlenbeck process: f(x) = 1.

For the super random walk, & is the branching rate which in this case is time-space independent. In [DP98],
a two type model based on two super random walks with time-space dependent branching was introduced.
The branching rate for one species is proportional to the value of the other species. More precisely, the
authors considered

du(t,i) =S ai, j)(ult,5) — u(t, i) dt + /wult, D)o(t, 1) AW, (i),

jezt
dv(t,i) = Z a(i, j)(v(t, j) — v(t,4)) dt + /ku(t,i)v(t, i) AW (i),
jezd

where now Wt = {W2(i)|t > 0,i € Z?} and W2 = {W2(i)|t > 0,5 € Z?} are families of independent Brow-
nian motions. Solutions are called mutually catalytic branching processes. In the following years, properties
of this model were well studied (see for instance [CKO00], [CDGO04]).

In this paper, we are interested in a variant of mutually catalytic branching, namely the symbiotic
branching model introduced in [EF04] for continuous space. The same equations as for the mutually catalytic
branching model are considered but additionally the driving noises are correlated in the following way:

ot :i=jand n#m,
(Wr@E), W) = ¢t :i=7jand n=m, (1.2)
0 : otherwise,
where ¢ € [—1,1] is a correlation parameter. For o = 0 and as well for general p there are basically two
approaches to formalize the equations. In [DP98] under quite restrictive assumptions on the transition
kernel (a(i,j)); jeze, existence of solutions was obtained in the space of tempered sequences. Since their
assumptions in particular include symmetry and exponential decay of (a(i,j)); jeza, already existence of

solutions in cases we are interested in is not assured. This is why we stick to the setup of [CDGO04], which
as well is more popular for interacting diffusions. For the transition kernel (a(i, j)); jezs We assume

(H1) 0<af(i,j) < oo,
(Hy) > ali,j)=1, VieZ
jezd

(Hs) a(i,j) = a(0,i—j).
Two main examples of interest are the following:
Ezxample 5. The discrete Laplacian is given by

1 . .
. 55 lt—Jl=1,
a(zaj){2d | |

0 :otherwise.

Obviously, (Hy), (Hz), (Hs) are fulfilled. Further, the one-dimensional Riemann walk (see for instance
[Hug95]) has transition rates

.. . . c
a(i, j) = a(0,]i — j|) = m,

with ¢ normalising the total rate to 1. Here (Hy), (Hz), (H3) are also fulfilled, but, in contrast to the discrete
Laplacian, the assumptions of [DP98] are not satisfied.
To specify the state space we fix a positive, summable function o on Z? satisfying

> alia(i,j) < Ka(j), VjeZt,
=4
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for some finite constant K. In [CDGO04], a possible choice (see their Equation (4.13)) is given by

ai) = 30 3 2 n™ 0. 5)500)

i€Zd n=0

where 3 is positive and summable, p(™) denote the n-step transition probabilities, and K > 1. This is needed
to verify the generalized Mytnik self-duality which was introduced for the continuous space analogue model
in Proposition 5 of [EF04]. The duality for the discrete space is similar. The state space is now defined by
pairs of functions of the following Liggett-Spitzer space

E={f:2">Rso| Y _ f(j)a(i) < oo}. (1.3)
jezs
The choice of a does not influence the results. For the duality in E in the special case ¢ = 0 see Lemma 4.1
of [CDGO04].

Proposition 1.1. For ug,vg € E and ¢ € [—1,1] there is a (weak) solution of the symbiotic branching
model with almost surely continuous paths and state space E. For p € [—1,1) solutions are unique in law.

The proof of Proposition 1.1 is standard. Existence can be proven by finite dimensional approximations
as in [SS80]. For ¢ € (—1,1) uniqueness follows from the generalized Mytnik self-duality as in [EF04]. For
o0 = —1 uniqueness is true since moments increase slowly enough, and for ¢ = 1 uniqueness of solutions is
not known.

For this work we restrict ourselves to homogeneous initial conditions

ug = vg = 1.

This is not necessary but simplifies the notation significantly.

The interesting feature of the symbiotic branching model is that it connects Examples 1-3 above. Being
first established as a time-space inhomogeneous version of a pair of super random walks, the examples from
above appear as special cases: ¢ = 0 obviously corresponds to the mutually catalytic branching model. The
case o = —1 with the additional assumption ug + vy = 1 corresponds to the stepping stone model as can be
seen as follows: Since in the perfectly negatively correlated case W!(i) = —W?2(i), the sum u + v solves a
discrete heat equation and with the further assumption ug+ vy = 1 stays constant for all time. Hence, for all
t >0, u(t,") =1—wo(t,-) which shows that u is a solution of the stepping stone model with initial condition
ug and v is a solution with initial condition vg. Finally, suppose w is a solution of the parabolic Anderson
model, then, for p = 1, the pair (u,v) := (w,w) is a solution of the symbiotic branching model with initial
conditions ug = vy = wy.

The purpose of this and the accompanying paper [BDE09] is to understand the nature of the symbiotic
branching model better. How does the model depend on the correlation ¢? Are properties of the extremal
cases o € {—1,0,1} inherited by some regions of the parameters? Since the longtime behaviour of super
random walk, stepping stone model, mutually catalytic branching model, and parabolic Anderson model are
very different, one might guess that for varying o different regimes correspond to the different models.

The focus of [BDEQ9] lies on the longtime behaviour in law (unifying the classical results for the stepping
stone model, mutually catalytic branching model, and parabolic Anderson model) if (a(i,7)); jeze generates
a recurrent Markov process, on (un)boundedness of higher moments E[u(t, k)?] as t — oo, and the wave
speed for the continuous space analogue. It was shown that in the recurrent case for p < 1, E[u(t, k)P] is
bounded in ¢ if and only if

T
< .
P 7/2 + arctan (o/+/1 — 0?)

For the transient case the behaviour in o is open to a large extent.

(1.4)
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In contrast to [BDEQ9], the present paper focuses on second moments. Note that (1.4) implies that in
the recurrent case second moments are bounded if and only if ¢ < 0. This can also be seen and analysed in
more detail using a moment-duality which will be explained in Section 3.1. Using this duality, we show how
to reduce second moments of symbiotic branching processes to moment generating functions and Laplace
transforms of local times of discrete space Markov processes, i.e.

]E[e”L‘],

where Kk € R and L; = fot d0(X) ds denotes the local time in 0. For simple random walks the behaviour as
t — oo was partially analysed in [CM94] by analytic methods. Here, we present a simple new proof based
on a renewal-type equation and Tauberian theorems. The simplicity of the proof has the advantage that no
further assumptions on the Markov process (in particular no symmetry and no finite range assumptions)
are needed. For any x > 0 and x < 0 the technique yields precise growth rates including all constants.

As an application, intermittency and ageing for symbiotic branching processes are established.

The main results on intermittency and ageing are collected in Section 2. In Section 3 we first establish
representations for second moments of symbiotic branching processes (Section 3.1), then prove the results
for exponential moments of local times (Section 3.2), and, finally, proofs of the main results (Section 3.3)
are given.

2. Results
2.1. Intermittency

The first property we address is intermittency (see for instance [CM94] for a discussion of the ideas). The
p-th Lyapunov exponent is defined by

1
7 (k,0) = lim —logEfu(t, k)] (2.1)

if the limit exists (v, (#, ) analogously). Since in this work we only deal with second moments we further
define

U, . 1
v (K, 0) = tlggo ; log Elu(t, k)v(t, k)].

In Lemma 3.2 we will see that 75" (k, 0) = 7% (k, 0) = 75 (K, 0) and hence we abbreviate v2. One says the
system is intermittent (or weakly intermittent as recently in [FKO09]) if 2 > 0.

Intermittency for the parabolic Anderson model (¢ = 1) is a well-studied property (see [CM94] and

[GAHOT]). The existing proofs heavily depend on the linear structure of the system since they employ
explicit solutions given as Feynman-Kac type representations. Such explicit solutions are not known to exist
for the symbiotic branching model. Hence, one might ask whether or not the results obtained for ¢ = 1 can
be transferred to some larger regime of correlation values. Indeed, this can be done.
Let us first fix some notation. In the following, (X;) denotes a continuous time Markov process with transition
rates (a(i,)); jeze and p(i,j) = P[X; = j|Xo = 4]. Due to the moment-duality for symbiotic branching
processes (see Lemma 3.8) the notation of symmetrization is needed. For two independent Markov processes
(X}), (X?) with transition rates (a(i,j)); jeza, the symmetrization is defined by

X, =X} - X2 (2.2)
The transition rates of the symmetrization are given by

a(i, j) = a(i, j) + a(j,4),
its transition probabilities are denoted p:(4,7). Note that in the symmetric case pi(i,5) = p2:(7,5). The
Green function of (X;) is denoted G (i,5) = [, pe(i,7)dt and we abbreviate Go, = G (0,0). Further,

we set Heo(i,7) = foootpt(i,j)dt and abbreviate Hy, = H,(0,0). Analogously, we use Goo, Hy for the
symmetrization (X;).
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Theorem 2.1 (Weak Intermittency for Symbiotic Branching). Let (u,v) be a solution of the symbiotic
branching model with homogeneous initial conditions. Then (ug,vt) is intermittent if and only if

- 1
K =
o G

In particular, there is no intermittency for non-positive o.

The previous theorem suggests 0 dividing symbiotic branching into two regimes in which the ¢ > 0 regime
behaves like the parabolic Anderson model with respect to intermittency.
Although after understanding the two-types particle moment-dual (Lemma 3.1) one sees that the problem
can be treated as for p = 1, we present a new proof. In [GAHO7], results of [CM94] for higher moments
of the parabolic Anderson model were generalized to more general symmetric transitions than the discrete
Laplacian. Here, in particular, complete results for the asymptotic behaviour (exponential and subexponen-
tial) of second moments of the parabolic Anderson model with arbitrary transitions (a(i, j)); jeza are proven.

In the course of the proofs (see Proposition 3.9) we obtain the expression

w=5"(2), (2.3)
KO

for the second Lyapunov exponent, where p—' is the inverse of the Laplace transform of the return proba-

bilities considered as a function ¢ — p;(0,0). This expression, by Tauberian theorems, gives us the explicit

asymptotic behaviour for the Lyapunov exponents as function of x. In the following, ~ denotes strong

asymptotic equivalence, i.e. hy ~ hy means lim hy /hy = 1.

1

Proposition 2.2. Let (ut,v:) be a solution of the symbiotic branching model with homogeneous initial
conditions. Then for ko > 1/Gu, the map v : [l/géoo,oo) — Rso,k — 72(k,0), has the following
properties:
i) v2 is strictly convex,
it) v2(k) < ko for all k, and %:) — 1 for k — oo,
1) if pe(0,0) ~ ct™® as t — oo, with a < 1, we have, as k — 0,

(cI'(1 — a)ko)/ (=) 0<a<l,
Y2(k) ~ -1 1
exp(—(ckp) ™ +o(k™")) ra=1,

iv) if pr(0,0) ~ ct™%, as t — oo, with a > 1, we have, as K\, (G 5 >0
(50=1/Goc) G2 (a=1) ) /(@) .
( = cF(Zoza ) Hl<a<y,
\, _
Y2(kK) ~ G;c (ﬁg—1/G Jlog1/(kop—1/G))™! ta=2,
~2

Here, T denotes the Gamma function.

Our approach has the further advantage that the growth rates in the critical and subcritical regimes
follow directly:

Proposition 2.3. Let (ut,v:) be a solution of the symbiotic branching model with homogeneous initial
conditions. If p;(0,0) ~ ct™%, as t — oo, then the following hold:
e p>0anda>1
i) If ko < 1/Go, then
1

Elu(t,k)?] ~ ————————,  ast — oo.
ult 1)) o(1 — koG o)
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i) If ko= G‘L then, as t — oo,

1 Goo(a—1) a—1
2 T —a)T(@) t l<a<?2,
2
Elu(t, k)] ~ %Cjc” lotgt ta=2,
1 G .

E[u(t, k)] ~ { kelog(t) :a=1, ast— oo.
146G > 1,
e 0<0

— ta <1,
1 as t — oo.

o(l—orG) - ¢ > 1,

1
Elu(t, k)?] ~ ¢
u(t, k) {1 S
0
For p = 1 (parabolic Anderson model), the subexponential growth was partially analysed for finite range
transitions in [DDO7]. An example which is not included is for instance the Riemann walk defined in Example
5. Since in this case

p+(0,0) ~ Y8 ast — oo, (2.4)

it serves as a convenient example for the above results which exhibits a precise recurrence/transience tran-
sition at 8 = 1. Further, the simple random walk on Z% is contained with

P+(0,0) ~ ct_d/Q, as t — o0. 2.5
(

Combining the intermittency result with the extension of the results of [CK00] given in [BDE09], we
support the unstable behaviour of symbiotic branching for ¢ > 0. It is quite standard (see for instance
[GM90]) that spatial processes being intermittent have a very local property: For large times the mass of the
process is concentrated on few sites (“islands”). Since for symbiotic branching, on each finite box solutions
approach each constant configuration infinitely often (see [BDE09]), the islands do not stabilize. Since the
diffusion function has the form +/ku(t, k)v(t, k), we see that u will not produce high peaks if v is very
small and vice versa. Hence, we suspect that u,v are concentrated on the same islands. Understanding the
pathwise behaviour better is an ambitious task for the future.

2.2. Ageing

Recently in [DDO7], the concept of ageing was discussed for certain classes of interacting diffusions. They
say that ageing (for linear test-functions) appears if the limit

. lim corfu(t, k), u(t + s, k)]

depends on the choices of s and t. Ageing does not appear if this is not the case. The main results of [DD07]
were formulated in terms of more general test-functions, though, restricted to finite range transitions. Dif-
ferently, the present technique is restricted to linear test-functions but not to finite range transitions. Our
results suggest that neither finite range nor the linearity of test-functions are crucial. Symmetry of the tran-
sitions is assumed as in [DDO7].

In [DDO07] it is shown that no ageing appears in the parabolic Anderson model (in our model ¢ = 1)
in any dimension for the discrete Laplacian. Further, for the super random walk (in our model related to
o0 = 0) it was shown that ageing appears exactly in dimensions 1,2. This leads to the question if there are
different phases for the symbiotic branching model. We show that the model exhibits three different regimes:
an Anderson model like behaviour for ¢ > 0, a super random walk like behaviour for ¢ = 0, and a stepping
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stone model like behaviour for ¢ < 0. The new case ¢ < 0 and Proposition 2.5 suggest that there are three
regimes in which the most prominent examples fall.

Theorem 2.4 (Ageing for Symbiotic Branching). Let (us, v;) be a solution of the symbiotic branching model
with homogeneous initial conditions and a(i,j) = a(j,4). Then, if p:(0,0) ~ ct~=, as t — oo, the following
1S true.
i) If o > 0, then no ageing occurs for any a > 0.
it) If 0 =0, then
— no ageing occurs, for any o > 1,
— limy o0 log(s)/ log(t)=a COT[u(t, k), u(t + s, k)] = (1 —a)4, for a =1,

— limy o0 s=at cOr[u(t, k), u(t + s, k)] = w, for any o < 1.

(14a) "
iii) If 0 < 0, then
— no ageing occurs, for any o > 1,
— limy o0 log(s)/ log(t)=a COT[u(t, k), u(t + s, k)] = (1 —a)4, for a =1,

1 —o a—
fo (2r+a)~*(1—r)*"tdr

- hmt,s—wo,s:at COI‘[U(t, k)a U(t + s, k)] = 2=l (a)I'(1—c)

, for any a < 1.

We emphasise that our proof of Theorem 2.4 can be applied to more general interacting diffusions. In
particular, the examples from the introduction are included. For finite range transitions, i), ii), iii) of the
following proposition were proven in [DDO7].

Proposition 2.5. Consider solutions of (1.1) with homogeneous initial conditions. Then for

i) f(u) =u?, ageing appears as in Theorem 2.4 i),

i) 0 < aq < f(u) < g, ageing appears as in Theorem 2.4 ii),
1) f(u) =u, ageing appears as in Theorem 2./ i),

) f(u) =u(l —u), ageing appears as in Theorem 2./ iii).

In the cases in which ageing occurs, the upper and lower limits are bounded by the stated values up to
constants depending on f.

3. Proofs
3.1. Some Results on Symbiotic Branching

We start with a discussion on how second moments of symbiotic branching processes can be reduced to
exponential moments of local times. Let us first recall the two-types particle moment-dual introduced in
Section 3.1 of [EF04]. This will be used to calculate second moments explicitly. Since the dual Markov
process is described formally in [EF04] we only sketch the pathwise behaviour. To find a suitable description
of the mixed moment E[u(t, k)"v(t, k)™], n+m particles are located at position k € Z<. Each particle moves
independently as a continuous time Markov process on Z¢ with transition rates given by (a(i, J))ijeza. At
time 0, n particles have type 1, m particles have type 2. One particle of each pair changes its type when the
time the two particles have spent at same sites with same type exceeds an independent exponential time
with parameter . Let

L; = total collision time of all pairs of same type up to time ¢,
Lf = total collision time of all pairs of different type up to time ¢,
I}(a) = number of particles of type 1 at site a at time t,
I?(a) = number of particles of type 2 at site a at time t,
(ug, o) = H o (@) @y (a) (@,

aczd
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Note that since there are only n 4+ m many particles the infinite product is actually a finite product and
hence well-defined.

Lemma 3.1. Let (u¢,v¢) be a solution of the symbiotic branching model with initial conditions ug, vy € E
and o € [~1,1]. Then, for any k € Z%, t > 0,

Efu(t, k)"v(t, k)™] = E[(uo, vo)" e +eLD)],

where the dual process described above on the right hand side is started with n particles of type 1 and m
particles of type 2.

Though the proof for the moment-duality was given in [EF04] (see the proof of their Proposition 9) only
for the discrete Laplacian we skip a proof. For general transitions (a(7,7)); jeze the proof follows along the
same lines.

Note that for homogeneous initial conditions ug = vy = 1 the first factor in the expectation on the right-hand
side equals 1. Lemma 3.1 in the special case o = 1, ug = vo = 1 was already stated in [CM94], reproven in
[GdHO7], and used to analyse the Lyapunov exponents of the parabolic Anderson model.

For g # 1, the difficulty of the dual process is based on the two stochastic effects: On the one hand, one has
to deal with collision times of random walks which were analysed in [GAHO7]. Additionally, particles have
types either 1 or 2 which change dynamically.

Second moments are special since particles of different types do not change types anymore. Hence, when
starting with two particles of same type there is precisely one event of changing types. This is used to obtain
the following representation of second moments.

Lemma 3.2. Let (us,vt) be a solution of the symbiotic branching model with homogeneous initial conditions.
Then, for any k € Z¢, t > 0,

]E[u(t, k)’l}(t, k)} = E[ngLt]v

s =B ey (50

where Ly denotes the local time in O of the symmetrization (X;) defined in (2.2) started in 0.

Proof. The first expression for the mixed second moment follows directly from Lemma 3.1: There are two
particles which start with different types. Since pairs of particles of different types are never forced to change
their types, they stay of different type for all time. Hence, L = 0, Lf = L; for all t > 0 and the assertion
follows.

For the second expression note that there is only one possible change of types. Starting with two particles
of same type one of the types may and will eventually change; and the particles can not change their types
again. Using independence of the particles and the exponential clock, we can make this explicit. Let Y be
an exponential variable with parameter x, denote by X the law of the two independent Markov processes,
and L; their collision local time. Integrating out the exponential variable leads to

]E[u(t, k)?] _ EXXY[GH(Lt:JrQLf)]
_ EXXY[en(Lt:+gLf)1Y<Lt] T EXXY[en(Lt:+QLf)1Y>Lt]
Ly
_ EX [/ F;efnwe/ix+ng(Lt7w) dil,':| + ]EX [eHLt]EY[]-YZLtH
0
KE[L{] + E[ertterLt] c0=0,
B E[e"“th fOL‘ ke Her dx} + E[emLte=rle] g £0.

This proves the assertion. O
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Similarly to Lemma 3.2, we prove a result for the joint moments at different times in order to prepare for
the proof of the ageing result.

Lemma 3.3. Let (ut,v:) be a solution of the symbiotic branching model with homogeneous initial conditions
and symmetric transitions (a(i, j)); jeza. Then, for any k € Z4, t > 0,

t
Elu(t, k)u(t + s,k)] =1+ H/ porss(k, k)E[eF—] dr
0
and equally for v.

Proof. The proof is only given for u since due to symmetry the same proof works for v. We first employ
the standard pointwise representation of solutions (cf. Proposition 3.1 in [BDE09])

(tk—l—l—Z/ptszk wu(s,i)v(s, i) dWk(i (3.1)
i€z

yielding

Elu(t, k)u(t + s, k)]

_I—HE Z/pt,zk\//@urz rde Z/ Pers—1(J, k) ku(l, jv(l, ) dWl }

i€Z4 jezd

Further, since martingale increments are orthogonal this equals

1+E Z/ptrzk ku(r, i)v rde Z/pt+slj, W ru(l, v l]dVVl ]

zeZd JEZ

Now, using independence of W(i), W1(j) for i # j and Itd’s isometry, we continue the chain of equalities
as

1+> E U Do (i, K)pry s (i, k) u(r, i)o(r, 1) dr}

i€Z4
t
14 / S Dol K)pesr(is K)RE[u(r, i)o(r, 0] dr,
0 jeza

where we were allowed to change the order of integration since all terms are non-negative. Using Lemma
3.2, which in particular shows for homogeneous initial conditions that second moments do not depend on
the spatial variable, symmetry of the transitions, and the Chapman-Kolmogorov equality, we finish with

1 +/ Zpt T k Z)thrs ’I‘(Z k)K]E[ welr ]d

1€Z4
t

¢
=1+ n/ Patys—or(k, k)E[e"L ] dr =1 + n/ poris(k, k)E[e"el=] dr.
0 0
O

Since we are going to examine the second Lyapunov exponent 7, of solutions we give a simple argument
which ensures existence of the exponent.

Lemma 3.4. Let (ug,v;) be a solution of the symbiotic branching model with homogeneous initial conditions.
Then the limit defining the Lyapunov exponent o exists.
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Proof. Note that to ensure existence of the limits
1
lim ~ log E[u(t, k)?]
t—oo t
it suffices to show subadditivity of log E[u(t, k)?]. Using Lemma 3.2 this is reduced to showing subadditivity
of log E[e®¢Lt], where L; is the local time in 0 of (X;) started in 0. Thus, by conditioning on X, we get
log E°[e"eLt+:] = log E° [e”gLSEXS [e"elt]] < log E0[erel=EO[e"eLt]] = log EO[e"L+] + log E°[ereLlt].

Note that here we could assume that p is strictly positive as otherwise the Lyapunov exponent clearly is
ZEero. O

3.2. Ezponential Moments of Local Times

3.2.1. Preliminaries

In Lemma 3.2, we observed that in order to study second moments of symbiotic branching processes it
suffices to study exponential moments of local times of the symmetrization (X;). We now take up this
issue and discuss exponential moments of L; in greater generality than needed for the symbiotic branching
model. For the following, let (X;) be a time-homogeneous Markov process with countable state space S and
transition kernel (a(,7))i jes. In particular, the transition rates are not assumed to be symmetric.

We start with a renewal-type equation for exponential moments of local times.

Lemma 3.5. Let L; be the local time of (X;) in i € S for the process started in i. Then for k € R the
following equation holds:

t
E[e*f] =1+ n/ p,(i,0)E[e"E=r]dr, t>0. (3.2)
0

Proof. For fixed x > 0 we use the exponential series to get

E[erl] ]E|:enfot &'(Xs)ds} . [2%7 (/Ot 5i(Xs)d$>n]

oonn t t
=14+E =/ ... (X)L 0( X -
P8ISS [ [ 800, s d“]
0 t t t
=1+E Zn"/// 6¢(X51)...6¢(Xsn)dsn...d52d511.
n—=1 0 Js1 Sn—1

The last step is justified by the fact that the function that is integrated is symmetric in all arguments and,
thus, it suffices to integrate over a simplex. We can exchange sum and expectation and obtain that the last
expression equals

t ©© t t
1+n/ Zn”*l/ / PX,, =i,...,X,, =i]ds,...dsyds.
0 S1 Sn—1

n=1

Due to the Markov property, the last expression equals

t o0 t t
1+/</ psl(i,i)Zn"_lf / P Xy, s, =0, Xo, s, =] dsy, ... dsyds
0 n=1 S1 Sn—1

and can be rewritten as

t o0 t—s1 t—s1
1+n/ s, (1,7) (Zm—l/ / IP”[XS2:i,...,XS":z']dsn...d32> dsy.
0 n=1 0 Sn—1

Using the same line of arguments backwards for the term in parenthesis, the assertion follows. O
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Remark 3.6. A similar renewal-type equation as (3.2) can be shown with essentially the same proof for a
discrete-time Markov process. It reads

m
Ele™* ] =1+ K pn(i,i))Efe"Fmr], m>1,
n=0
where p,,(i,7) is the return probability after n steps and L,, is the number of visits after n steps.
Similar equations were obtained for symmetric Markov chains on Z¢ in [MR92] using a completely different
technique. Note that neither symmetry nor any structure of the set S is needed. The information on the
geometry of S is completely encoded in p,, (i, 1).

For the rest of this section, let (X;) be a Markov process, i € S, and abbreviate
f(t) =pe(iyi), g(t) =E[e™].

The return probabilities p:(i,i) are always assumed to be strongly asymptotically equivalent to ct~%, as
t — o0, for @ > 0 and ¢ > 0, as for instance for simple random walks on Z? and the Riemann walk on Z.
Further, note that f is monotone, decreasing, positive with f(0) = 1, and g is monotone, increasing, positive
with ¢g(0) = 1. The Laplace transform for a function h on R>¢ is denoted by h; and the convolution of two
functions f, g is denoted f * g. In this notation Equation (3.2) reads

g(t) =1+nr(f*g)t), t=0. (3.3)
Taking the Laplace transform of Equation (3.3) leads to

G0 = % +RFO)GN), A> 0. (3.4)

Obviously, since f is bounded by 1, f (\) is always finite for all A > 0. A priori this is not true for g but if
so, we obtain a useful representation from (3.4).

Lemma 3.7. If g(\) < oo, then

1
JgAN) = ——. (3.5)
AL =Kf(N)

In the following we proceed in two steps. First, we use (3.3) to understand in which cases g(t) grows
exponentially in ¢ and discuss properties of the exponential growth rate. The following correspondence
between exponential growth and finiteness of Laplace transforms holds (existence of the limit was proven in
Lemma 3.4):

1
tlim : logg(t) > ¢ if and only if g(c) = oc. (3.6)

This observation is particularly important for the second step in which we discuss the behaviour of g(t)
as t — o0. In the cases in which g(t) grows subexponentially (3.6) implies that g(\) < oo for all A > 0.
Hence, Lemma 3.7 can be used for all A > 0. The strategy in this case is the following: By assumption,
the asymptotic behaviour of f(t) as ¢ tends to infinity is known, namely ct~%. Using Tauberian theorems
(Abelian, to be precise) the asymptotic behaviour of f (A\) as A tends to zero can be deduced. By Lemma
3.7 this determines the asymptotic behaviour of g(\) as A tends to zero. Using Tauberian theorems, the
asymptotic behaviour of g(t) as ¢ tends to infinity is obtained.

To manage the transfer from the behaviour of f to f and back from § to g the following Tauberian
theorems are used. They are taken from [BGT89] (see Theorem 1.7.6, Theorem 1.7.1, Corollary 8.1.7, and
the considerations at the beginning of Section 8.1, §3).

Lemma 3.8. Let h be a monotone function on R with h(0) = 1, then the following hold:
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i) Ifa <1 and & € R, then h(t) ~ ct=*(logt)® as t — oo if and only if

h(A) ~ D (1 = a)A*(log(1/1))’,

as A — 0.
ii) If h(t) ~ ct=! ast — oo, then

h(\) ~ clog(1/A),

as A — 0.
iii) If « > 1 and h(t) ~ ¢t~ ast — oo, then I := fooo h(t) dt < oo and

Ao o1 1 <ca<2,
I—h(\) ~ cAlog () =2,
A S th(t)dt o> 2,

as A — 0.

3.2.2. Analysis for k > 0, Ezponential Growth
The main point of the analysis is the following representation of the exponential growth rate which follows
directly from Lemma 3.5.

Proposition 3.9. Let k > 0, then
. E 1 kL . f—1 1
r(k) = lim - logE[e""] = f ( ) (3.7)
Proof. First, (3.6) implies that
. N 1
inf{\|g(\) < oo} = lim —logg(t).
t—oo t
Moreover,
p 1 A 1
-1+ _ +
/ (/Q) mf{)\‘f()\) < fi}'
We are done if we can show
. ; 1
g < o} = {20 < =}

Tterating (3.3) yields for fixed n

9(t) = SR (T D) + D g ),

n
i=0
Using f(t) <1 and g(t) = E[e"F¢] < et yields
t
RO ) = k[ sl ) ds
0
t .n

no ot
/@"“'1/ 8—'6”‘(’5_5) ds < K—(Ht) / e"(t=%) ds — 0,
o N n! 0

IN
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as n — o0o. Hence, for fixed ¢t > 0
g(t) =Y K(f 1))
i=0

Taking Laplace transforms we note that () is finite if and only if the Laplace transform of the right-hand
side is finite. However, using Fubini’s theorem (note that only x > 0 needs to be considered) we obtain

—

> . e 1 = A .
(Z R 1)) (W) =D mfe10) = £ 3 _(5f )
i=0 i=0 i=0
which is finite if and only if £f(\) < 1. O

In particular, the previous result shows that understanding f —! suffices to understand the exponential
growth rates of E[e"L]. This is not difficult due to the following observation: f is a strictly decreasing, convex
function with f(O) = Go. Hence, f~1 is a strictly decreasing, convex function with limy_,g fﬁl()\) =
and f~1(\) = 0 if and only if A > Gu. This implies that fﬁl(%) = 0 precisely for A < i This and more
properties of the exponential growth rate are collected in the following corollary.

Corollary 3.10. Let k> 0 and r(k) = limy . %log]E[e”L‘]. Then with Kep = é the following hold:

i) r(k) >0 and r(k) > 0 if and only if kK > Ker,

it) the function kv r(K) is strictly convex for k > Ker,

1) r(k) < k for all K, and @ — 1, as kK — o0,
) if « <1, then ke =0 and, as k — 0,

TK)N{Kl—l“(CF(l—a))l—l“ 0<a<l,
exp(—(ck) ™t +o(k7Y) ra=1,

v) if a > 1, then ke > 0 and, as K\ ke,

1
(K — k)T (M)Ml l<a<?2,
2

cl(2—a)
r(k) ~ { ke Goo =2
( ) log (h__lxc) A (6% 5
2
(k — HC)% o> 2

Proof. Parts i) and ii) are proven as argued above the corollary.
Since f < 1, the first part of iii) follows from

l _ 7 o > —r(k)x ~ —r(k)x _ L
H—f(r(f{))—/o e f(x)dajg/o e dx = 7

r(k

Continuity of f and f(0) = 1 imply that for ¢ > 0 there is xg(¢) such that f(z) > 1 —¢ for < xo(¢). Hence,
1 7 > —r(Kk)z
—=flr(k) = e f(x)dz
K 0

. (1 B 6) /1‘0(6) e_r(ﬁ)g; dr — (1 _ G)L(l _ e—r(m)xo(e))_
0 7(K)
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Since r(k) — oo for K — oo we obtain

lim inf @ > 1.
k—o0 K

The second part of iii) now follows since as well @ <1 for all kK > 0.
Finally, for iv) and v) note that the asymptotics of f for A — 0 are known from Lemma 3.8. This translates

to f~1(\) and hence to r(k) = f~1(1). O

K
3.2.8. Analysis for k > 0, Subexponential Growth
So far, we have understood the behaviour of E[e™™] = g(t) as t — oo for k > . In this case g(t) grows
exponentially and the behaviour of the exponential rates in xk could be analysed. We now come to the case

K< GL First, if Go, = 00, there is nothing to be done since the only appearing case is k = 0 which yields
g(t) =1 for all t > 0. Hence, we can stick to G < 0.

Proposition 3.11. Let k > 0 and k < GL Then, as t — oo,

1

mLtN
Ele"™] T rGL

Proof. Since G4 < oo we can apply part iii) of Lemma 3.8. Hence, f()\) — G, as A — 0. As discussed
above, since ¢(t) does not grow exponentially, and we can use Lemma 3.7. This implies

1
GgA) ~ AT ————
g(N) A= rGo)
as A — 0. Going backwards with Lemma 3.8, part i), « = § = 0, the asymptotics of g follows. O
Proposition 3.12. Let k > 0 and k = . Then, as t — 00,

G

—1 —1 .
te 7,@(2“_ IO l<a<?2,

[e%

m t 1 . _
]E[e ] ~ logt ke Q= 2’
1 .
Py g Ta > 2.

Proof. Since G, < oo we can apply Lemma 3.8, part iii). Hence, f()\) ~ G, as X — 0. As discussed
above, since g(t) does not grow exponentially, and we can use Lemma 3.7. Since kG, = 1, the denominator
(1—kf(\)) appearing in Lemma 3.7 does not behave like a constant and we cannot apply part i) of Lemma
3.8 with @« = § = 0. Instead we use Lemma 3.8, part iii), to obtain

a—1 11—« .
( ) 1 1 1 @)\ ) l<a< 2,
JAN) = ———F—~—9 A Hlogl/N)t a=2
AR — Ak | ¢ ’
Goo = FV) )\_1—H1 o> 2,
as A — 0. This, by Lemma 3.8, part i), implies the assertion. O

3.2.4. Analysis for k <0
We now investigate Equation (3.2) for £ < 0.

Proposition 3.13. If k <0, then, as t — oo,

1

1 .
=8 “near(-—ar(@ 0 <a<l
L 1 1 . —
E[e®™t] ~ Tog “re a=1,
1 ta> 1.

—kGoo+1
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Proof. First note that for k < 0, g(t) = E[e"L¢] < 1 and, hence for all A > 0, §(\) < co which validates the
use of Lemma 3.7. This implies

1 1 1
J(N)= ——F+ ~ —)\_1A—,
=S T = oy

as A — 0. Using Lemma 3.8 in both directions returns the assertion. O
3.3. Proofs of the Main Results

Proofs of Theorem 2.1 and Proposition 2.2. These follow from Lemma 3.2 and Corollary 3.10. O
Proof of Proposition 2.3. This follows from Lemma 3.2 and Propositions 3.11 and 3.12. 4

Proof of Theorem 2.4. For this proof we always denote by ~ the strong asymptotics at infinity and we
abbreviate p; = p:(k, k). Lemma 3.3 implies

fOt p2r+5E[eQNL17T] dr

cor[u(t, k), u(t + s, k)] = : - .
\/fo pa,Eleenli—r] dr fo +s payEleerLita—r] dr

Step 1, o = 0: First, assume o > 1 which implies fooo pordr < co. Since

t t t+s o]
/ Dot sdr & / (2r+s) %dr ~ / r~%dr < / —odr 200,
0 0 s s

we obtain, independently of the choice of ¢ and s,

fo P2r+s dr s,t—00
—

\/fo P2r dr fo P2r dr

Here, we used f ~ g if 0 < liminf /g < limsup f/g < co. We now come to the case @ = 1, where we get

t ¢
_ c 2+s5+1
/0p27.+sdr~c/0(2r+s+l) 1d7‘=§10g <s—|—71)

coru(t, k), u(t + s, k)] 0.

Therefore, we have

log (*535)

corfult, k), ult + s, k)] ~ Viog(2t + 1) Tog(2(t +5) + 1)

For s = t* with a <1 this expression behaves asymptotically as

log (')
Tog (1) Toa (D)

On the other hand, for s = t* with @ > 1 the term in (3.8) behaves asymptotically as

=1-—a.

IOg( ) s,t:;oo
V9og(2(t + t*) + 1) log(2(¢ + t*) + 1)

0.
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Hence, for log(s)/log(t) = a, we obtain cor[u(t, k), u(t + s, k)] ~ (1 —a)4.
Now suppose a < 1. Then

(2t +s+1)> — (s 1)L«
11—« ’

t t
/ Dorqsdr ~ c/ 2r+s+1)"%r = <
0 0 2

Therefore, we have

(2t+s+1)!*—(s+ 1)
VCEF DI = 1) ((2(t+s) + 1)1 — 1)

coru(t, k), u(t + s, k)] ~

For s = at this behaves asymptotically as

@ta)—a = (1+a/2)"—(0/2)

\/217a 21 +a)- (1+ a)(lfa)/2

Step 2, 0 < 0: Let us first consider o > 1. Since ¢; < Ee2*l+—r < ¢, this case is exactly the same as o = 0,
a > 1. Now suppose o = 1. In this case we have by Proposition 3.13

t I c t—e 1 c t—1 1 1
/ Par4sBe®™ ™ rdr ~ / = / dr
0 —koc )i (2r+14s)log(t—r) —koc Jo  2(t—r)+ 1+ slog(r)

We use the scaling s = t* with a < 1. Let 0 < # < 1. The integral above can be split from e to ¢ and 6t to
t — 1. We treat the first integral and show that its order is less than (log(t))~!. First note that in the range
of integration

1 1 1
< <
2t—e)+1+s ~ 2(t—r)+1+s = 2(t—0t)+1+s’

Therefore,

o 1 1 1% 0
dr ~ — dr =~ .
e 2(t—7r)+ 1+ slog(r) t J. log(r) log(t)

On the other hand, the second integral can be treated as follows. In its range of integration we have

1 1 1
log(t) < log(r) < log(6t) * Therefore’

=1 1 1 1 =1 1 11 20t — 0t) + s
dr ~ dr = —log | ————"—— ).
ot 2(t—71)+ 1+ slog(r) log(t) Jor 20t—7r)+1+s log(t) 2 2+s

Thus,

2(1-0)t+
logl(t)%IOg( o+s s) log (&)

\/@ Llog((1 = 0)t) ok 3 1og((1 = 0)(t + 9)) Vo) log (1)

=1-—a.

cor[u(t, k), u(t + s, k)] ~

Analogously, for case a > 1. Therefore, we get cor[u(t, k), u(t +s, k)] ~ (1 —a)y, whenever log(s)/log(t) = a.
For o < 0 only a < 1 is left: Here, we have

Cc

t t
PortsEee Li=rdr ~ / (2r +1+8)"(t —r)* tdr
/0 I'(1—a) /o

—kocl ()

We set s = at. The integral can be rewritten as

1 1
/ (2rt + 1+ at)~(t — tr)* tdr ~ / (2r 4+ a) " (1 — r)*dr.
0 0
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The same way one can see that

' ORLt—r]dr ~ ¢ ! )1 — ) Ly
| plee i~ gy [ e ar

Thus,

Jo @r +a)=(1 =)o tdr

Jo )7 = r)e-tdr
CMer+ae(—netdr fl@r+a) (- r)etdr
- 2-2B(a,1 — a) B 27oT()l(1—a)

coru(t, k), u(t + s, k)] ~

when s = at — oo. Here, B denotes the Beta function.

Step 3, 0 > 0: The transient case (o > 1) with ko < GL has already appeared in the case o = 0 for

o> 1. Here E[e2®Lt] is bounded due to Proposition 3.11. Hence, no ageing occurs.
For ko > z—, and for a <1, we proved in Corollary 3.10 i) that E[e2®Lt] grows exponentially. This implies

that there is a A > 0 depending on the growth rate, i.e. on ¢ and &, (for example A = ;;Tl( ) does the
job) such that for all ¢ > 0 and 0 < r <t we have

]E[egHLt,.,.} S e*/\rE[egnLt}.

Therefore,

t t
1
/ PartsE[e? =] dr < pE[e?""] / ™" dr < £ p,E[ee™].
0 0

On the other hand, by the assumption p; ~ ct~%, the renewal-type equation of Lemma 3.5, and since
0>0,

t t
/ parElef" =] dr > ¢ / prE[e?" L] dr = = (E[e®lt] — 1) > ¢E[e].
0 0 oK

Putting these pieces together we obtain that

E[erL¢)] Eleerl:]
< Ps —— -
COr[u(ta k)7 U(t + s, k)] =~ C \/E[eQKLt]]E[eQRLtJrs] C Ps E[eQ”LH—S]

Note that, since o > 0, the term with the square root is bounded by 1. Since clearly p, tends to zero, the
whole expression must tend to zero independently of how t,s — oo.
The only case left is @ > 1 and ko = z—. First we consider 1 < a < 2.

‘ okLyi_ r A t,r —« _,ra—l r— 17, —« _,,,a—l r
/OpgrE[e Jd /O<+1> (t—r)td /O<+1/t> (1-r)°tdr.

This expression tends to infinity for ¢ — oo. The rate is

1/2 1/2
%/ (r+1/t)7 (1 —r)*! drm/ (r+1/t)"%dr ~ (1/t)' 7 = > 1,
0 0
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On the other hand,

t t 1
/ porsoElc?*hr] dr ;a/ (r+ )~ (t —r)* L dr :/ (r 4 s/t)(1— )2 dr.
0 0 0

This expression is bounded or tends to infinity (depening on how ¢, s — o0). It is bounded by

1/2 1/2
c/ (r—l—s/t)_o‘(l—r)o‘_ldr%/ (r+s/t)"%dr < c; +ca(s/t) 7
0 0
Putting these pieces together we obtain that

Jo P2ry sEle2 =] dr gt cas/t) =
\/f(f po,Eleerli—r] dr OtJrS porEleerlits—r] dr a tomt(t +s)ot

The calculation is completely analogous in the cases a > 2. O

Proof of Proposition 2.5. The pointwise representation of (3.1) is not restricted to the symbiotic branch-
ing model but also holds for the interacting diffusions of this proposition. Hence, the same derivation as for
the symbiotic branching model yields

corfu(t, k), u(t + s, k)] = t Jo por+s(k, k)IE[{(u(t —rk))|dr '
\/fo p2r (b, K)ELf (u(t — v, k)] dr [37° por (b, K)E[f (u(t + s — 7, k)] dr

Part i) is contained in Theorem 2.1 since the parabolic Anderson model appears as special case ¢ = 1. For
part ii) we can estimate the expectations from above and below to obtain the same result as in Theorem 2.4 ii)
except constants. The same is true for part iii) since the pointwise representation (3.1) implies E[u(t, k)] = 1.
Finally, we could interprete part iv) as a submodel of the symbiotic branching model. Instead, we give a
direct proof using the coalescing particles dual of [S88]. The dual process consists of two independent particles
started in &, performing transitions (a(i,)); jeze in continuous time. After spending an exponential time Y’
with parameter k, independent of the particles, at same sites, the particles coalesce. We denote by X the
law of the particles and suppose ug = w € (0,1). Then

]E[’U,(t, k)Q] _ EYXX [wnumber of non-coalesced particles]
_ IEYXX[wlyth] + EYXX[W21Y>Lt] _ w(l o EX [efnLt]) + szX [efﬁLt]’

where L; denotes the collision time of the particles. Using E[u(t, k)] = w this yields E[f(u(t, k))] = E[u(t, k)]—
Efu(t, k)?] = (w — w?)E[e~"Lt]; and we can proceed as for the symbiotic branching model with o < 0. O
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