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onsider the one-sided exit problem { also 
alled one-sided barrier problem{ for (�-fra
tionally) integrated random walks and L�evy pro
esses.Our main result is that there exists a positive, non-in
reasing fun
tion � 7! �(�) su
hthat the probability that any �-fra
tionally integrated 
entered L�evy pro
esses (or randomwalk) with some �nite exponential moment stays below a �xed level until time T behavesas T��(�)+o(1) for large T . We also investigate when the �xed level 
an be repla
ed by adi�erent barrier satisfying 
ertain growth 
onditions (moving boundary).This, in parti
ular, extends Sinai's result on the survival exponent �(1) = 1=4 for the inte-grated simple random walk to general random walks with some �nite exponential moment.R�esum�e: Nous 
onsid�erons le probl�eme unilateral de sortie { ou prob�leme unilateral debarri�re { pour des int�egrales (�-fra
tionelles) de mar
hes al�eatoires et des pro
essus deL�evy.Notre resultat prin
ipal est l'existen
e d'une fon
tion positive, non-
roissante � 7! �(�)telle que la probabilit�e qu'une int�egrale d'un pro
essus de L�evy �-fra
tionel quel
onque (oumar
he al�eatoire) ave
 
ertains moments exponentiels �nis reste en dessous d'un niveau �xejusqu'�a un temps T se 
omporte 
omme T��(�)+o(1) pour T grand. Nous analysons en1



plus la possibilit�e de rempla
er le niveau �xe d'une barri�ere di�erente qui satisfait 
ertains
onditions de 
roissan
e (marge mouvante).Cela, en parti
ulier, �etend le r�esultat de Sinai sur l' exponent de survie d'une mar
he al�eatoiresimple int�egr�e �a des mar
hes al�eatoires g�en�erales de moment exponentiel �ni.Keywords: integrated Brownian motion; integrated L�evy pro
ess; integrated random walk;lower tail probability; moving boundary; one-sided barrier problem; one-sided exit problem;persisten
e probabilities; survival exponent2000 Mathemati
s Subje
t Classi�
ation: 60G51; 60J65; 60G15; 60G181 Introdu
tion1.1 Statement of the problemThis arti
le deals with the so-
alled one-sided exit problem { also 
alled one-sided barrier prob-lem. For a real-valued sto
hasti
 pro
ess (At)t > 0, say with A0 = 0, one investigates whetherthere is a � > 0 su
h thatP supt2[0;T ℄At 6 1! = T��+o(1); as T !1. (1)If su
h an exponent � exists it is 
alled the survival exponent or persisten
e exponent. Thefun
tion F � 1 a
ts as a barrier, whi
h the pro
ess must not pass. We also dis
uss di�erentbarriers F below.Another formulation of (1) 
an be obtained if the pro
ess is self-similar, i.e. (A
t) and (
HAt)have the same �nite-dimensional distributions for some H > 0. Then the problem is equivalentto �nding the lower tail probability of the supremum of the pro
ess up to time one:P supt2[0;1℄At 6 "! = "�=H+o(1); as "! 0. (2)Apart from this, we also look at the dis
rete version of (1):P supn=1;:::;N An 6 1! = N��+o(1); as N !1, (3)where (An)n2N0 is a dis
rete time sto
hasti
 pro
ess.Obviously, problems (1), (2), and (3) are 
lassi
al questions; they are relevant in a number ofquite di�erent appli
ations. The most important of these is in statisti
al physi
s when studyingthe fra
tal nature of the solution of Burgers' equation, see e.g. [4, 31℄ 
on
erning results onthis relation. Apart from this, the exponent plays a role in 
onne
tion with pursuit problems(see [18℄ and referen
es therein), in the study of most visited sites of a pro
ess (see e.g. [1℄), inthe investigation of zeros of random polynomials (see [8℄ and referen
es therein and Se
tion 4below), and in 
onne
tion with so-
alled sti
ky parti
les (see [36℄). We refer to [18, 19℄ fora re
ent overview of the appli
ations. The question 
an also be en
ountered in the physi
sliterature, see [21℄ for a summary. The dis
rete version (3) is studied in 
onne
tion with randompolymers, see [6℄. 2



It is therefore surprising that very little seems to be known about this type of problems. Infa
t, for (1) the exponent is known in the following 
ases: Brownian motion (� = 1=2, triviallyobtained via the re
e
tion prin
iple), integrated Brownian motion (� = 1=4, [22, 11, 15, 32, 13℄,see also [12, 16℄), and fra
tional Brownian motion (� = 1 � H, [23, 24, 18, 26℄). For L�evypro
esses there is a general framework for obtaining the survival exponent and even more pre
iseinformation in many 
ases (see e.g. [2, 5, 3℄).It is even more surprising that for the dis
rete version (3) yet less seems to be known. The only
ase where the exponent is well understood are general random walks: the question of positivityfor random walks is well studied, see e.g. [7℄ (e.g. � = 1=2 if the in
rements are 
entered, see forexample [10℄).Further, the exponent is known for the integrated simple random walk (� = 1=4, [32℄). Boundsfor general integrated random walks are given in [6℄, polynomial bounds for integrated Gaussianrandom walks 
an be obtained from [18℄. In several further spe
ial 
ases, Vysotsky [37℄ obtained� = 1=4. It was 
onje
tured ([6, 36℄) that for any integrated random walk with �nite varian
ethe exponent is � = 1=4. This is not the 
ase for integrated heavy tailed random walks and L�evypro
esses, 
f. Simon [30℄. Even though we also study integrated L�evy pro
esses and randomwalks in this paper, the results and te
hniques are 
ompletely disjoint.The fo
us of the present arti
le is on integrated L�evy pro
esses and integrated random walks:i.e. A = I(X) with I some integration operator and X a L�evy martingale or 
entered randomwalk. The main motivation for this work was that the exponent was known for integratedBrownian motion, but not for general integrated random walks. We will show that indeed theexponent is � = 1=4 under mild assumptions. We stress that the pro
esses that we 
onsider arenon-Markovian.The outline of his paper is as follows. Our main results are 
olle
ted in Se
tion 1.2. An importantmethod in the proofs is the 
hange of the barrier F ; some tools in this 
onne
tion are presented inSe
tion 1.3 and may be of independent interest. The proof of the �rst main result, Theorem 1.1,is given in Se
tion 2.2. Se
tion 2.1 is 
on
erned with an auxiliary result for this proof and maybe of independent interest: it 
ontains an a priori estimate for I being the identity. In Se
tion 3,we prove and dis
uss the results 
on
erning the 
hange of the barrier. Using these arguments,the proof of the se
ond main result, Theorem 1.4, in Se
tion 3.2 is an easy 
onsequen
e. Finally,in Se
tion 4 we give an appli
ation of our results to the question of random polynomials havingno real zeros.1.2 Main resultsThe goal of this arti
le is to investigate the asymptoti
s ofP supt2J\[0;T ℄At 6 1! ; as T !1, (4)for J = N0 or J = [0;1). We show the following:� For a �xed integration operator I, the asymptoti
s of this probability for A = I(X) isuniversal over the 
lass of L�evy pro
esses and random walks X. The reason for this isthat all of these pro
esses 
an be 
oupled with a suitable Brownian motion. The resultingorder of (4) 
an then be inferred from Brownian motion or any other pro
ess in this 
lass,su
h as the simple random walk. 3



� The existen
e of the survial exponent 
an be established for the 
ase of fra
tionally in-tegrated pro
esses. This survival exponent is shown to be de
reasing with respe
t tohigher integration. As a byprodu
t we show that the survival exponent of fra
tionallyintegrated Brownian motion (also 
alled Riemann-Liouville pro
ess) is not the same as forthe 
orresponding fra
tional Brownian motion (FBM).� We show a 
ertain robustness 
on
erning the 
hange of the barrier F , whi
h is equivalentto adding a drift to the pro
ess. In fa
t, adding a drift to a Gaussian pro
ess that is in itsreprodu
ing kernel Hilbert spa
e, does not 
hange the survival exponent of that pro
ess.� We exploit the 
onne
tion of the one-sided exit problem to random polynomials establishedin [8℄ in order to improve the knowledge of the 
ru
ial 
onstant appearing there.Let us be more pre
ise. We let X denote the 
lass of all (non-deterministi
, right-
ontinuous)martingales (Xt)t > 0 with independent and stationary in
rements, X0 = 0, satisfyingE [e�jX1 j℄ <1; for some � > 0.If the martingale is only de�ned on N0 , we set Xt := Xbt
 for all t > 0 (whi
h does not havestationary in
rements, but this will not be used outside N0 ).Let us further spe
ify the type of fun
tionals I that we 
onsider. We let I be a fun
tional ofthe following 
onvolution type:I(X)t = Z t0 K(t� s)Xs ds; t > 0;where K : [0;1) ! [0;1) is a measurable fun
tion satisfyingK(s) 6 k[s��1 + s��1℄; s > 0 (5)for positive 
onstants k, �, and � with � > �. Additionally, we need to impose a regularityassumption on the tail behavior of K. Here, we assume thatK(s) > k� s��1 for large s: (6)Alternatively, our proof works if K is ultimately de
reasing. We remark that these te
hni
alassumptions 
an be further relaxed.The main example is the integration operator:I1(X)t := Z t0 Xs ds; t > 0;where K(s) � 1, but our de�nition also in
ludes fra
tional integration operatorsI�(X)t := Z t0 1�(�) (t� s)��1Xs ds; t > 0; (7)where � > 0 and � denotes Euler's Gamma fun
tion. In parti
ular, if � is an integer, I�(X)is the �-times integrated pro
ess. For 
ompleteness we set I0 to be the identity; and we re
allthat I� Æ I� = I�+� for �; � > 0.Here and below we use f - g (or g % f) if lim supf=g < 1 and f � g if f - g and g - f .Further, f . g (or g & f) means lim supf=g 6 1, and f � g means that f . g and g . f .Our �rst main theorem reads as follows. 4



Theorem 1.1. Let (Xt)t > 0 be any pro
ess from the 
lass X and W be a Brownian motion.Then, for either J = N0 or J = [0;1),P supt2J\[0;T ℄I(W )t 6 1! (log T )�2(1+�)- P supt2J\[0;T ℄I(X)t 6 1! - P supt2J\[0;T ℄I(W )t 6 1! (log T )2(1+�);where � is as in (5).This means the asymptoti
s of all pro
esses in the 
lass X are equivalent up to logarithmi
fa
tors. This is the mentioned universality result. In parti
ular, the survival exponent (if itexists) is universal over the 
lass X . The proof of Theorem 1.1 is given in Se
tion 2.2.A parti
ularly important 
ase is when I is the usual integration operator. Then the rate of thesurvival probability is known for X being Brownian motion or X being the simple random walk.This entails the following 
orollary for general random walks, generalizing Sinai [32℄.Corollary 1.2. Let X1;X2; : : : be a random walk started in 0 with E [e�jX1 j℄ <1 for some � > 0and E [X1 ℄ = 0. Set An = Pni=1Xi. Then, as N !1,N�1=4(logN)�4 - P supn=1;:::;N An 6 1! - N�1=4(logN)4:Similarly, we obtain the result for integrated L�evy pro
esses.Corollary 1.3. Let (Xt)t > 0 be a real-valued L�evy pro
ess with E [e�jX1 j℄ < 1 for some � > 0and E [X1 ℄ = 0. Set At := R t0 Xs ds. Then, as T !1,T�1=4(log T )�4 - P supt2[0;T ℄At 6 1! - T�1=4(log T )4:Theorem 1.1 implies that the survival exponent � is the same for any pro
ess from the 
lassX if it exists. Now we prove that the survival exponent does indeed exist for the parti
ularlyimportant 
ase of the �-fra
tional integration operator (7) and that it is de
reasing in �.Theorem 1.4. There is a non-in
reasing fun
tion � : [0;1) ! (0; 1=2℄, � : � 7! �(�), su
h thatfor any pro
ess X from the 
lass X and any � > 0P supt2[0;T ℄ I�(X)t 6 1! = T��(�)+o(1); as T !1.We re
all that �(0) = 1=2 and �(1) = 1=4. Further, �(�) > 0:125 for all � > 0.The proof of Theorem 1.4 is given in Se
tion 3.2. Theorem 1.4 does not yield new values for �,so it remains a 
hallenge to 
al
ulate �(�), e.g. for integers �.5



Let us relate the present results to those for fra
tional Brownian motion with Hurst parameterH 2 (1=2; 1). Theorem 1.4 is 
on
erned with the �-fra
tionally integrated Brownian motion(also 
alled Riemann-Liouville pro
ess) with � := H � 1=2 > 0 de�ned by:R�t := I�(W )t = 1�(�) Z t0 (t� s)��1Ws ds; t > 0; (8)where W is a Brownian motion. Let X� be a fra
tional Brownian motion with Hurst parameterH = � + 1=2. It is well-known that there is a 
lose relation between X� and R�.For �-fra
tionally integrated Brownian motion, the survial exponent is investigated in Theo-rem 1.4. Further, we re
all that the survival exponent for FBM with Hurst parameter H isknown to be �FBM = 1 �H, see [23℄. In view of Theorem 1.4 (the fun
tion � is de
reasing and�(1) = 1=4), it is 
lear that the survival exponents of the two pro
esses X� and B� 
annot
oin
ide at least for H > 3=4. This fa
t may 
ome as a surprise sin
e often properties of X� arethe same as those of R�.Corollary 1.5. For � 2 (1=4; 1=2), the survival exponent of �-fra
tionally integrated Brownianmotion R� = I�(W ) is not equal to the survival exponent of FBM with the 
orresponding Hurstparameter H := � + 1=2 2 (3=4; 1).1.3 The one-sided exit problem with moving boundary for Gaussian pro-
essesIn this se
tion, we study the in
uen
e of the barrier on the survival exponent for a Gaussianpro
ess. As a `barrier' we 
onsider a fun
tion F : [0;1) ! (�1;1℄ and ask whenP (8t 6 T : Xt 6 F (t)) ; as T !1; (9)has the same asymptoti
s as P (8t 6 T : Xt 6 1) ; as T !1:Of 
ourse, (9) is equivalent to adding a drift to the pro
ess:P� sup0 6 t 6 T(Xt � F (t) + 1) 6 1� ; as T !1:We show that one 
an safely add a drift of a 
ertain strength without 
hanging the survivalexponent. The te
hnique 
an be formulated rather generally in terms of the reprodu
ing kernelHilbert spa
e of the Gaussian pro
ess.Proposition 1.6. Let X be some 
entered Gaussian pro
ess attaining values in the Bana
hspa
e E with reprodu
ing kernel Hilbert spa
e H. Denote by k:k the norm in H. Then, for ea
hf 2 H and ea
h measurable S su
h that P (X 2 S) 2 (0; 1), we havee�p2kfk2 log(1=P(X2S))� kfk22 6 P (X + f 2 S)P (X 2 S) 6 ep2kfk2 log(1=P(X2S))� kfk22 :
6



This statement allows to estimate P (X + f 2 S) by the respe
tive probability without drift. Of
ourse, we are interested in the setS := ST := f(xt)0 6 t 6 T : supt2[0;T ℄ I(x)t 6 1g;where I is a fun
tional as spe
i�ed above. If the order of P (X 2 ST ), when T !1, is polynomialwith exponent � then, by Proposition 1.6, the same holds for P (X + f 2 ST ), for f 2 H. Let usillustrate the use of Proposition 1.6 in this 
ontext.Corollary 1.7. Let W be a Brownian motion, I be a fun
tional as spe
i�ed above, f 0 : [0;1) !R be a measurable fun
tion with R10 f 0(s)2 ds <1, and set f(t) := R t0 f 0(s) ds. Let � > 0. ThenP supt2[0;T ℄ I(W )t 6 1! = T��+o(1) if and only if P supt2[0;T ℄ I(W + f)t 6 1! = T��+o(1):Also, upper (lower) bounds imply upper (lower) bounds.Example 1.8. It is interesting to note that, for Brownian motion, one 
an add any measurablefun
tion f with jf(t)j - t
 , t!1, with 
 < 1=2, sin
e for some 
 > 0P supt2[0;T ℄(Wt + 
t
) 6 1! 6 P supt2[0;T ℄(Wt + f(t)) 6 1! 6 P supt2[0;T ℄(Wt � 
t
) 6 1!and Corollary 1.7 yields that for any 
 2 R and 0 6 
 < 12 (
 < 1 for 
 = 0):P supt2[0;T ℄(Wt + 
t
) 6 1! = T�1=2+o(1): (10)Similarly, for any 
 2 R and 0 6 
 < 12 (
 < 1 for 
 = 0):P supt2[0;T ℄(Z t0 Ws ds + 
t1+
) 6 1! = T�1=4+o(1): (11)We remark that (11) improves Sinai's result [32℄ who showed this statement for 
 = 0.Remark 1.9. Con
erning (10), we remark that [35℄ even shows that for any 0 6 
 < 12P supt2[0;T ℄(Wt + 
t
) 6 1! � T�1=2:However, the proof of this result is very parti
ular for Brownian motion. We will need the moregeneral result in Corollary 1.7, whi
h 
annot be obtained using the method from [35℄. Further,we note that similar ideas 
an be found in [28℄.The proof of Proposition 1.6 and further examples are given in Se
tion 3.1.7



2 Proof of the universality result2.1 A priori estimate via Skorokhod embeddingIn the proof of Theorem 1.1, we need an a priori estimate for the supremum of X when, simul-taneously, the level tends to zero and the 
onsidered time horizon tends to in�nity. Here weprovide a way of obtaining su
h an estimate. We do not require �nite exponential moments inthis 
ontext.Proposition 2.1. Let X be either a L�evy martingale or a random walk with 
entered in
rementswith V(X1) = �2 > 0. Let (bt)t > 0 be su
h that t�Æ - bt 6 o(t1=2), as t ! 1, for some Æ > 0.Suppose that E jX1 j2p <1 for some p > 2Æ + 1 and p > 2. Then we haveP sups2[0;t℄Xs 6 bt! &r 2b2t��2t as t!1.Remark 2.2. Note that the estimate is sharp in the sense that one gets � instead of & if X isa Brownian motion.Proof. First suppose that X = (Xt)t > 0 is a L�evy martingale. Fix p su
h that p > 2Æ + 1 andE jX1 j2p <1, where Æ is as in the statement of the proposition.Embedding. We apply a Monroe [27℄ embedding. On an appropriate �ltered probability spa
e(possibly one needs to enlarge the underlying probability spa
e), one 
an de�ne a (right-
ontinuous) family of �nite minimal stopping times (�(t))t > 0 and a Brownian motion (Wt)su
h that almost surely Xt = W�(t)for all times t > 0. By [27℄, the minimality of the stoping times �(t) is equivalent to the fa
t that(Ws^�(t))s > 0 is uniformly integrable for all t > 0. Consequently, E [�(t)℄ = E [W 2�(t) ℄ = E [X2t ℄ =�2t <1. Moreover, by the Burkholder-Davis-Gundy (BDG) inequality (see the version in [29℄,Proposition 2.1), one hasE [�(1)p ℄ 6 
1 E [jW�(1) j2p℄ = 
1 E [jX1 j2p℄ <1; (12)where 
1 = 
1(p) is a 
onstant that depends only on p.Sin
e (Xt) has stationary and independent in
rements, the embedding 
an be established su
hthat (�(t))t > 0 itself has stationary and independent in
rements, see [27℄. Hen
e, (�(t)� �2t) isa martingale and we 
on
lude with the BDG inequality thatE [j�(t) � �2tjp℄ 6 E [ sup0 6 s 6 dte j�(s)� �2sjp℄ 6 
2 E�[�(�) � �2�℄p=2dte �;where 
2 = 
2(p) is an appropriate 
onstant and [�℄ denotes the 
lassi
al bra
ket pro
ess. Next,we apply the triangle inequality (p=2 > 1) together with the stationarity of the in
rements of
8



(�(t) � �2t) to 
on
lude thatE�[�(�) � �2�℄p=2dte �2=p = E�� dteXn=1[�(�) � �2�℄n � [�(�) � �2�℄n�1�p=2�2=p6 dteXn=1 E��[�(�) � �2�℄n � [�(�) � �2�℄n�1�p=2�2=p6 dteE�[�(�) � �2�℄p=21 �2=p:Hen
e, E [j�(t) � �2tjp℄ 6 
2 dtep=2 E�[�(�) � �2�℄p=21 �:It remains to verify the �niteness of the latter expe
tation. First observe that by the BDGinequality E�[�(�) � �2�℄p=21 � 6 
3 E� sups2[0;1℄ j�(s) � �2sjp� 6 2p
3�E [�(1)p ℄ + �2p�;where 
3 = 
3(p) is an appropriate 
onstant. By (12), E [�(1)p ℄ is �nite, and there exists a
onstant 
4 depending on p and the 2p-th moment of X1 su
h that for all t > 0E [j�(t) � �2tjp℄ 6 
4 dtep=2: (13)Estimate of the probability. Fix " > 0 and observe thatP sups2[0;t℄Xs 6 bt! > P sups2[0;(1+")t�2℄Ws 6 bt!� P ��(t) > (1 + ")�2t� : (14)Note that the �rst term on the right hand side of the latter equation 
an be 
omputed expli
itly:P sups2[0;(1+")t�2 ℄Ws 6 bt! = r 2� Z btp(1+")t�20 e� y22 dy �r 2� btp(1 + ")t�2 :In the last step, we used that b2t =t ! 0. Conversely, the se
ond term in (14) 
an be 
ontrolledvia the Chebyshev inequality and (13):P ��(t)� �2t > "�2t� 6 E [j�(t) � �2tjp℄("�2t)p 6 
4 dtep=2("�2t)p � t�p=2:By the 
hoi
e of p, the se
ond term on the right hand side of (14) is of lower order than the �rstterm. We obtain the lower bound in the proposition by letting " tend to zero.If X is a 
entered random walk, the same argument goes through with the bra
ket denoting thesum of the squared in
rements. �The last result yields the following 
orollary for the integrated pro
ess I(X). It assures that thede
rease of the survival probability is always at most polynomial.9



Corollary 2.3. Let X be either a L�evy martingale or a random walk with 
entered in
rements,I as in the introdu
tion, and � as in (5). Assume that E jX1 j2p <1 for some p > 2� + 1 andp > 2.Then P supt2[0;T ℄ I(X)t 6 1! % T�(�+ 12 );Proof. Let � be as in (5) and note that there is a 
onstant 
 2 (0;1) with R t0 K(s) ds 6 
 t�for all t > 1. We 
on
lude that for T > 1supt2[0;T ℄ I(X)t 6 
 T� supt2[0;T ℄Xt;so that the assertion of the 
orollary readily follows from Proposition 2.1. �The estimate from the previous 
orollary is far from optimal in general. We shall use it as an apriori estimate.Finally, we re
all the following result for Brownian motion with drift. It 
an be obtained fromthe distribution of the �rst hitting time of Brownian motion with a line, whi
h is expli
itlyknown, see e.g. [34℄, p. 217.Lemma 2.4. Let � > 0 and W be a Brownian motion. ThenP��Wt 6 1 � tpT ;8t 6 T� % T�1=2:2.2 Proof of Theorem 1.1Here we give the proof of Theorem 1.1.Proof. For an arbitrary �xed pro
ess X from the 
lass X and a Wiener pro
ess W , we shallshow that P supt2J\[0;T ℄ I(X)t 6 1! > 
 (log T )�2(�+1) P supt2J\[0;T ℄I(W )t 6 1! ; (15)for T large enough and some 
onstant 
 > 0. The opposite bound follows by the same methodwhen ex
hanging the roles of W and X.Step 1: In the �rst step, we derive one of the key te
hniques used in the proof (an appropriate
oupling of X and �W with � > 0 and �2 = V(X1)) from the Koml�os-Major-Tusn�ady 
oupling.Sin
e X1 has some �nite exponential moments one 
an 
ouple the pro
ess X with �W , by theKMT theorem [14℄, for ea
h �xed T 2 N0 su
h that there exist positive 
onstants �1; �2 notdepending on T withE�exp(�1 supt2f0;:::;Tg jXt � �Wtj)� 6 exp(�2 log(T _ e)): (16)As we indi
ate next, we 
an take the supremum in the last equation equally well over the interval[0; T ℄ with T 2 (0;1), possibly with di�erent 
onstants �1; �2. Indeed, let �3 > 0. If X is a L�evymartingale then exp(�32 jXtj) is a non-negative submartingale, and we get with Doob's inequalitythat E�exp(�3 supt2[0;1℄ jXtj)� = Eh� supt2[0;1℄ e�32 jXtj�2i 6 4 E�e�3jX1j�:10



Consequently,Eh supt2f1;:::;Tg exp(�3 sups2[t�1;t℄ jXs �Xt�1j)i 6 T E�exp(�3 supt2[0;1℄ jXtj)� 6 4T E�e�3jX1j℄;and the right hand side is �nite as long as �3 is suÆ
iently small. One gets an analogous estimatewhen repla
ing the L�evy pro
ess by the Wiener pro
ess. Now, an appli
ation of the triangleinequality and H�older inequality, together with straightforward 
al
ulations yield the mentionedstronger version of (16).Let � be as in (5). We �x � > � + 1=2. By the exponential Chebyshev inequality, we get forT > e and arbitrary a > 0 P supt2[0;T ℄ jXt � �Wtj > a! 6 e��1a T �2 ;whi
h implies for aT := �2+��1 log T thatP supt2[0;T ℄ jXt � �Wtj > aT! 6 T��: (17)Step 2: In order to prove (15), we 
onsider a parti
ular s
enario for whi
h supt2[0;T ℄ I(X)t 6 1is satis�ed. We 
ouple X and �W on the time interval [0; T0℄ as des
ribed above. Moreover,we apply the same 
oupling for the two pro
esses (Xt �XT0)t2[T0;T ℄ and (�Wt � �WT0)t2[T0;T ℄.Certainly, both 
ouplings 
an be established on a 
ommon probability spa
e in su
h a way thatthe random variables involved in the �rst 
oupling are independent from the ones involved inthe se
ond 
oupling.We �x Æ1; Æ2 > 0 with Æ2 R Æ10 K(s) ds > 1 and 
onsider the barriers�gT (t) := 1 � tpT0 + aT and gT (t) := 1 � tpT0 ;where T0 = T0(T ) = d(2aT + Æ2� + 1)2e. Then �gT (T0) 6 � aT � Æ2�.As we will show next, for any suÆ
iently large T , the event fsupt2J\[0;T ℄ I(X)t 6 1g o

urs atleast if all of the following events o

ur:E1 = fX 6 �gT on [0; T0℄g; E2 = f supt2[0;T0℄Xt 6 
1 T��0 g;E3 = f supt2J\[0;T�T0℄I(W�+T0 �WT0) 6 1g; and E4 = f supt2[T0 ;T ℄ jXt �XT0 � �(Wt �WT0)j 6 aT g;where 
1 > 0 is a �nite 
onstant with R t0 K(s) ds 6 
�11 t� for all t > 1. Indeed, E1 and E2 implythat Z T0�Æ10 K(t� s)Xs ds 6 0 for t > T0 and X 6 � Æ2� on [T0 � Æ1; T0℄; (18)as long as T (or equivalently T0) is suÆ
iently large. The se
ond statement in (18) is immediately
lear from E1; to see that the �rst statement in (18) holds on E1 \ E2 note that there are11



0 < d1 < 1 su
h that Xt 6 
(�aT ) for all t 2 [d1T0; T0℄. Fix any d1 < d2 < 1. ThenZ T0�Æ10 K(t� s)Xs ds 6 Z d1T00 K(t� s) ds + Z d2T0d1T0 K(t� s)
(�aT ) ds + 06 
1T�0 Z d1T00 k(t� s)��1 ds+ 
(�aT )Z d2T0d1T0 k�(t� s)��1 ds;where we used (5) and (6). Now, due to the additional aT in the se
ond term, it 
an be seeneasily that the last expression is negative for suÆ
iently large T (and thus T0 and aT ). Thisshows (18).On the other hand, given that also E4 o

urs, one has for t 2 [T0; T ℄,Xt 6 XT0 + �(Wt �WT0) + aT 6 � Æ2� + �(Wt �WT0);so that Z tT0 K(t� s)Xs ds 6 � Z tT0 K(t� s)�Ws �WT0 � Æ2�ds:Assuming additionally E3, we 
on
lude with (18) that, for all t 2 J \ [T0; T ℄,I(X)t = Z T0�Æ10 K(t� s)Xs ds + Z T0T0�Æ1 K(t� s)Xs ds + Z tT0 K(t� s)Xs ds6 0 + Z T0T0�Æ1 K(t� s)(�Æ2�) ds + � Z tT0 K(t� s)�Ws �WT0 � Æ2�ds= ��Æ2 Z tT0�Æ1 K(t� s) ds + � Z t�T00 K(t� T0 � s)�Ws+T0 �WT0�ds6 � �Æ2 Z Æ10 K(s) ds + � � 16 � � + � 6 1;as long as T is suÆ
iently large. Note that I(X)t 6 1 also holds on J \ [0; T0℄ due to E2, seeCorollary 2.3.Step 3: It remains to estimate the probability of E1 \ � � � \E4. First we estimate P (E1 \E2).Note that, for any 
hoi
e of n and 0 6 t1 < : : : < tn, the random variables (Xti)ni=1 are asso
iated(
f. [9℄), as they are sums of independent random variables. Thus, the events 1lE1 and 1lE2 
anboth be written as limits of de
reasing fun
tions of asso
iated random variables and are thusalso asso
iated. Hen
e, we have P (E1 \E2) > P (E1) � P (E2). By Corollary 2.3, we haveP (E2) % T���1=20 . Moreover, the event E1 o

urs whenever the eventsE01 = f8t 2 [0; T0℄ : �Wt 6 gT (t)g and E001 = f supt2[0;T0℄ jXt � �Wtj 6 aT go

ur; and we thus have P (E1) > P �E01 \E001� > P �E01�� P �E001 
� :By Lemma 2.4 and by inequality (17), one has P (E01) % T�1=20 and P (E001 
) - T��0 , respe
tively,so that P (E1) % T�1=20 . Altogether we thus obtainP (E1 \E2) % T�(�+1)0 � (log T )�2(�+1): (19)12



Moreover, E3 \E4 is independent of E1 \E2 andP (E3 \E4) > P (E3) � P (E
4) % P supt2J\[0;T ℄ I(W )t 6 1! ;sin
e P (E
4) 6 T�� is of lower order than P (E3) % T�(�+1=2), see Corollary 2.3. Combiningthis with (19) �nishes the proof. �3 Drift and barriers3.1 The in
uen
e of a drift on Gaussian pro
essesIn this se
tion, we study the in
uen
e of a drift on the survival exponent. The �rst aim is toprove Proposition 1.6.Proof of Proposition 1.6. Using the notation from [20℄, the Cameron-Martin formula saysthat P (X + f 2 S) = E � 1lfX2Sgehz;Xi� kfk22 � : (20)where z in the L2-
ompletion of the dual of E is the fun
tional belonging to the admissable shiftf , see [20℄.Upper bound. Let p > 1 and 1=p + 1=q = 1. We use the H�older inequality in (20) to getP (X + f 2 S) 6 (E [ 1lpfX2Sg ℄)1=p(E [eqhz;Xi ℄)1=qe� kfk22 ;Re
all that hz;Xi is a 
entered Gaussian random variable with varian
e kfk2. Therefore, weget P (X + f 2 S) 6 P (X 2 S)1=p eq kfk22 � kfk22 : (21)Optimizing in p shows that the best 
hoi
e is1=p := 1�s kfk22 log(1=P (X 2 S)) < 1:Plugging this into (21) shows the upper bound in the proposition.Lower bound. Here we let p > 1 and use the reverse H�older inequality in (20) to getP (X + f 2 S) > (E [ 1l1=pfX2Sg ℄)p(E [e� 1p�1 hz;Xi℄)�(p�1)e� kfk22 ;As above, we 
an 
al
ulate the se
ond expe
tation, optimize in p to �nd that the best 
hoi
e isp := 1 +s kfk22 log(1=P (X 2 S)) > 1:Using this shows the lower bound. �As a further example for a Gaussian pro
ess, let us 
onsider the �-fra
tionally integrated Brow-nian motion de�ned in (8). Here, one 
an add drift fun
tions up to jf(t)j � t
 , 
 < H = �+1=2.13



Corollary 3.1. Let R� = I�(W ) be an �-fra
tionally integrated Brownian motion, and letf 0 : [0;1) ! R be a fun
tion with R10 f 0(s)2 ds <1. Let � > 0 and de�neg(t) := 1�(� + 1) Z t0 (t� s)�f 0(s) ds; t > 0:ThenP supt2[0;T ℄R�t 6 1! = T��+o(1) if and only if P supt2[0;T ℄(R�t + g(t)) 6 1! = T��+o(1):Also, upper (lower) bounds imply upper (lower) bounds.We demonstrate the method of 
hanging the barrier with the following important example.Example 3.2. Let us 
onsider the barrierF (t) := (1 0 6 t < 1;0 1 6 t 6 T;for the pro
ess R� = I�(W ) de�ned in (8).Corollary 3.3. Let R� be the �-fra
tionally integrated Brownian motion. Then, for a � > 0,P supt2[1;T ℄R�t 6 0! = T��+o(1)if and only if P supt2[0;T ℄R�t 6 1! = T��+o(1):Also, upper (lower) bounds imply upper (lower) bounds.This 
orollary will be an important part of the proof of Theorem 1.4.Proof. We 
an e.g. use the fun
tion f 0 := 1l[0;1℄�(� + 1)(� + 1), for whi
h R10 f 0(s)2 ds < 1.Then g(t) = �(�+ 1)(� + 1)I�+1(1l[0;1℄)t = t�+1 � (t� 1)�+1 > 1 for all t > 1 and all � > 0, i.e.F (t) > 1� g(t); for all t 2 [0; T ℄;and thusP (8t 2 [0; T ℄ : R�t + g(t) 6 1) 6 P (8t 2 [0; T ℄ : R�t 6 F (t)) = P supt2[1;T ℄R�t 6 0! :Corollary 3.1 therefore implies one bound in the assertion.The opposite estimate 
an be obtained via Slepian's lemma (
f. Theorem 3, Se
tion 14 in [20℄):Sin
e R� is a 
entered Gaussian pro
ess with positive 
ovarian
es, one obtains with the argumentin Se
tion 2.4 of [33℄ thatP supt2[0;T ℄R�t 6 1! > P supt2[0;1℄R�t 6 1! P supt2[1;T ℄R�t 6 1!> P supt2[0;1℄R�t 6 1! P supt2[1;T ℄R�t 6 0! : �14



3.2 Proof of Theorem 1.4Here we give the proof of Theorem 1.4. Due to Theorem 1.1 it is suÆ
ient to 
onsider thequestion of the survival exponent in the 
ase when X is a Brownian motion. Therefore, we
onsider R� = I�(X), where X is a Brownian motion.Proof of the existen
e: We use the approa
h from [18℄ involving the Lamperti transform. How-ever, we employ the new drift argument developed in Corollary 3.3 rather than 
al
ulationsinvolving the Slepian lemma from [18℄, whi
h do not seem to be easily transferable to thepresent situation. Note that the Lamperti transform of R�,Yt := e�t(�+1=2)R�et; t > 0;is a 
ontinuous, zero mean, stationary Gaussian pro
ess with positive 
orrelations E [YtY0℄ > 0.Therefore, Slepian's lemma and the standard subadditivity argument (see Proposition 3.1 in[18℄) show that the following limit exists and equals the supremum:limT!1 1T log P supt2[0;T ℄Yt 6 0! = supT>0 1T logP supt2[0;T ℄Yt 6 0! :We shall prove that this limit is a
tually a representation for �(�). To see this, observe thatP supt2[0;log T ℄Yt 6 0! = P supt2[0;log T ℄ e�t(�+1=2)R�et 6 0!= P supt2[0;log T ℄R�et 6 0! = P supt2[1;T ℄R�t 6 0! :Thus the existen
e follows from Corollary 3.3.Proof of the monotoni
ity: Let 
 > 0 and 0 < � < 1. We will show that �(
) > �(
 + �).If R
s 6 1l[0;1℄(s), for all s 2 [0; T ℄, thenR�+
t = I�(R
)t 6 ( 1�(�) R t0 �(t� s)��1 ds = t���(�) 6 1��(�) t 6 11�(�) R 10 �(t� s)��1 ds = t��(t�1)���(�) 6 1��(�) t > 1;sin
e � < 1. Therefore, using also the self-similarity (set � := (��(�))1=(�+
+1=2)),P �8s 6 T : R
s 6 1l[0;1℄(s)�6 P�8s 6 T : R�+
s 6 1��(�)� = P �8s 6 �T : R�+
s 6 1� = T��(�+
)+o(1):The left-hand side is treated with Corollary 3.1 (using f 0 = (
 + 1)�(
 + 1)1l[0;1℄) showing thatit behaves as T��(
)+o(1). This shows the monotoni
ity of the survival exponent.Finally, due to the monotoni
ity and the relation to random polynomials (
f. Se
tion 4 below),one gets �(�) > b=4 > 0:125, by Theorem 3.2 in [17℄.
15



4 Appli
ation to the question of random polynomials having noreal zerosLet us �nally give an appli
ation of our results to the study of zeros of random polynomials.The 
onne
tion to the one-sided exit problem was established in [8℄. It was shown in [8℄ thatfor �i i.i.d. Gaussian random variablesP 2nXi=0 �ixi 6 0 8x 2 R! = n�b+o(1); n!1;where b := �4 limT!1 1T log P supt2[0;T ℄Y1t 6 0!and Y1 is the stationary Gaussian pro
ess with 
orrelation fun
tion
orr1(�) := E [Y 10 Y1� ℄ = 2e��=21 + e�� :It was shown that 0:5 < b < 1:29 (see [8, 17℄). Here we show the following 
onne
tion to ourproblem and an improvement for the numeri
al value of b.Corollary 4.1. For the de
reasing fun
tion � de�ned in Theorem 1.4 we have�(�) > b=4; for all � > 0:In parti
ular, b 6 4 � �(1) = 1.This fa
t gives a further motivation to �nd values for �(�), � =2 f0; 1g.Proof. Note that it is suÆ
ient to show the 
orollary for integer �, sin
e � is de
reasing.Consider the Lamperti transforms of the pro
esses Rn := In(W ), where W is a Brownianmotion, normalized by the square root of its varian
e:Y nt := n!p2n + 1 e�(n+1=2)tRnet:This is a stationary Gaussian pro
ess. One 
an 
al
ulate its 
orrelation fun
tion (� > 0):
orrn(�) := E [Y n0 Y n� ℄ = n!2(2n + 1)e�(n+1=2)� E [Rn1Rne� ℄= (2n + 1)e�(n+1=2)� Z 10 (e� � u)n(1 � u)n du;where the last equal sign is obtained from the following sto
hasti
 integral representation of Rn,whi
h is immediate from (8):R�t = Z t0 1�(� + 1) (t� u)� dWu; t > 0:It is elementary to see that(2n + 1)e�(n+1=2)� Z 10 (e� � u)n(1 � u)n du 6 2e��=21 + e�� ; � > 0; n > 1;16



with equality at � = 0. Indeed, note thate�n� Z 10 (e� � u)n(1 � u)n du = Z 10 [p(1 � e��u)(1 � u)℄2n du 6 Z 10 �1 � e��u + 1� u2 �2n du:Integrating the latter expression gives12n + 1 2e�� + 1 �1 ��1 � e�� + 12 ��2n+1 6 12n + 1 2e�� + 1 :This implies that, for all n > 1,
orrn(0) = 
orr1(0); and 
orrn(�) 6 
orr1(�); � > 0:Therefore, by Slepian's lemma,b = �4 limT!1 1T log P supt2[0;T ℄Y1t 6 0!6 � 4 limT!1 1T log P supt2[0;T ℄Y nt 6 0!= �4 limT!1 1T log P supt2[0;T ℄Rnet 6 0!= �4 limT!1 1T log P supt2[1;eT ℄Rnt 6 0!= �4 limT!1 1log T logP supt2[1;T ℄Rnt 6 0!= 4 � �(n);where the last step follows from Corollary 3.1. �A
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