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Abstract. A class of nonlinear elliptic and parabolic optimal control problems with mixed
control-state constraints is considered. Extending a method known for the control of ordinary dif-
ferential equations to the case of PDEs, the Yosida-Hewitt theorem is applied to show that the
Lagrange multipliers are functions of certain LP-spaces. By bootstrapping arguments, under natural
assumptions, optimal controls are shown to be Lipschitz continuous in the elliptic case and Holder
continuous for parabolic problems.
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1. Introduction. The solutions of optimal control problems with mixed control-
state constraints exhibit better regularity properties than those with pure pointwise
state constraints. This fact is known for the control of ordinary differential equations
since long time. We refer, for instance, to early contributions to linear programming
problems related to control problems with constraints of bottleneck type in [22] or
[11] and to the more recent exposition by Dmitruk [8]. A first extension to an optimal
control problem for the heat equation was presented in [19].

More recently, associated results were shown for more general parabolic equations
in Bergounioux and Troltzsch [4], Arada and Raymond [3], and for elliptic problems
in Troltzsch [21], and Résch and Troltzsch [17]. In all of these papers on the control
of PDESs, it was shown that Lagrange multipliers exist in certain LP-spaces. Different
techniques were applied to prove these results. While [4], [17], and [21] used duality
theorems, in [3] it was shown that multipliers in (L°°)* are more regular by exploit-
ing the smoothing property of the state equation and using some compactification
approach for parabolic equations.

Here, assuming a natural regularity condition, we show the regularity of Lagrange
multipliers by the Yosida-Hewitt theorem [23], following an idea explained for ODEs
by Dmitruk [8]. This approach is close to the one suggested by Arada and Raymond
but still simplifies and unifies the proof, since compactification arguments are not
needed. We also deal with the elliptic case that needs slightly different techniques
than the parabolic problems discussed in [3].

Moreover, our paper differs from our former ones by deriving higher regularity of
multipliers and optimal controls up to Lipschitz continuity. We extend ideas presented
by Rosch and Wachsmuth [18] for a simplified class of elliptic problems. This is the
main contribution of this paper.
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2 A. ROSCH, F. TROLTZSCH

2. Elliptic optimal control problem and main assumptions. We consider
first the following elliptic optimal control problem:

min J(y,u) = / oz, y,u) dx—i—/w(x,y) ds (2.1)
Q r
subject to
Ay+d(z,y) = u inQ
dy (2.2)
m—f—b(m,y) = 0 onT
and to
gi(z,y(x),u(x)) <0 ae onQ,i=1,., k. (2.3)

The inequalities (2.3) are our mixed control-state constraints, which are the main
issue of this paper.
Our theory is based upon the following assumptions:
(A1) Q c RY, N € N, is a bounded domain with Lipschitz boundary in the sense
of Necas [13].
(A2) A is a uniformly elliptic differential operator of the form

N

M) == Y- o () 59(0) ) + cole)y(o)

i,j=1

with coefficients a;; € C%'(Q),4,j = 1,.., N, that satisfy the condition of
uniform ellipticity

N
D aij(@)6&; = mol¢]* Vo e Q, V6 e RY
ij=1

with some mg > 0. Moreover, ¢ belongs to L>°(2) and satisfies ¢g > 0 a.e.
on Q and ¢o(x) > 0 on a set of positive measure.

(A3) ¢ = ¢(z,y,u) : @ x R? - R and g; = gi(x,y,u) : @ x R? - R are given
functions enjoying the following properties:
For all fixed y, u, they are Lipschitz with respect to z € 2. They are partially
differentiable with respect to y and u for all fixed 2 € Q. The derivatives are
uniformly Lipschitz on bounded sets, i.e.:
For all M > 0 there exists L(M) > 0 such that

(@, 1, 1) — oy, ua)] + ]g§<yu> - ‘2—";<x,yz,u2>

0 0 2.4
+’ai(xay17u1)_azj(x7y2au2) ( )

S L(M)(lyr — yo| + [ur — uzl),

Oq; .
|9i($,y1,ul) - gi($>y2,uz)| + ’agyl(%yhul) - a—;(x,yg,ug)

+ ’£($7ylaul) - 87;(1772/2’“2)

< LIM)(|ly1 — y2! + |ur — usl)
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hold for a.e. z € Q, for all real y;, u; with max(|y;|, |u;|) < M, j =1,2, and
for : = 1,.., k. Moreover, we require

o dp

- - < .e. Q
|<p(x,0,0)|+‘8y(x,0,0)‘—&—’au(az,O,O)‘_C a.e. on €,
lgi(z,0,0)| + agi(;chO)—l— 8gi(x00) <C ae. onf)
gl Y ay s Yy au s Uy -~ .C. .

(A4) The functions ¥ = ¢¥(z,y) : T xR —- R, d = d(z,y) : & xR — R, and
b="b(z,y) : T x R — IR, are measurable with respect to x € T or x € Q
respectively, for all fixed y € R, and differentiable with respect to y for all x.
For y = 0, they are bounded with respect to z, i.e.

0
16 0) | ey + H(;5<-,o>

L>(Q) Le=(T")

ob
15 0l ry + Hay«,o)
od <c
L>(Q)

(‘,0)

d(+,0)|lL~ —
HIACO =+ 5
Moreover, they are uniformly Lipschitz on bounded sets, i.e., ¥, b, d, and
their derivatives 0y /dy, db/dy, dd/dy satisty (2.4) or (2.5) with respect to y

for almost all x € Q or x € T, respectively.
(A5) It holds that

%(%y) >0 VyeRR, ae on,
Yy
%(xay) >0 Yy € R, a.e. onT.

We should mention that the Lipschitz continuity with respect to = of ¢ and g;, i =
1,..,k, is only needed for the results of the Sections 5 and 6. To have Lagrange
multipliers in LP-spaces, measurability and boundedness with respect to z is sufficient.

3. L'-regularity of Lagrange multipliers. We consider the controls in the
space U = L>(Q) and the states y in Y = H'(Q) N C(Q). Then, thanks to the
assumptions (Al), (A2), (A4), for all w € U a unique state y, € Y exists that
solves (2.2) in the weak sense. We refer to Alibert and Raymond [2], who consider
the nonlinear system (2.2) including distributed and boundary control and certain
unbounded coefficients. Due to their more general setting, the assumptions slightly
differ from ours. We mention also Casas [5], who presented a similar technique for
the case of boundary control under assumptions that are analogous to ours. The
boundedness of the solution y was proven in [2], [5] by the Stampacchia truncation
method. For the equation (2.2) and our assumptions, this method can be found in
[21], Thm. 7.3.

The control-to-state mapping G : u +— y is continuously Fréchet differentiable
from U to Y, cf. again the technique of [2], [5] that can be directly transferred to our
problem.

We assume now once and for all that u € U is a locally optimal control with
associated state § = G(@). Local optimality means that there is an € > 0 such that

J(y,u) > J(y,u)

is satisfied for all (y,u) that satisfy (2.2)—(2.3) and [ju — 4| =) < €.
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We do not discuss the existence of global solutions of the optimal control problem.
If the constraints (2.3) include, in particular, o < u <  with «, 8 € L>*(Q), the
admissible set is non-empty, and suitable assumptions on the behavior of ¢ and g;
with respect to u are required, then the existence of a global solution can be shown.
This is, however, not the issue of this paper.

We begin our analysis with the existence of Lagrange multipliers in (L% (2))*,
the dual space to L>°(2). The elements of (L*°(£2))* can be represented by finitely
additive set functions on € that are also called finitely additive measures. We shall
use the latter terminology.

To derive necessary optimality conditions, we need a standard constraint qualifi-
cation and assume the following linearized Slater condition:

(A6) There exist & € L*(Q) and o > 0 such that

9i(, (@), (@) + 5 - (@, 5(@), u(@)i (@)

(2))i(z) < —o ae. in

(3.1)

+
=
<
—
8
:_/
I~

where § € Y is the solution of the linearized equation

A+ (g = @ 9

oy, o

oot gy @@ = 0 onT.

(3.2)

REMARK 3.1. It holds that § = G’ ().

Invoking this assumption, the following first-order necessary conditions of Karush-
Kuhn-Tucker type can be shown:

THEOREM 3.2. Suppose that @ is locally optimal for (2.1)—(2.3) with associated
state § = G(u). If the assumptions (A1)-(A6) are satisfied, then there exist non-
negative finitely additive measures wi € L®(Q)*, i = 1,..,k, and an adjoint state

peWLs(Q) forall1 < s < N 1, such that the conditions

[ (Gesos)oss [Eienanmes mesea o

/ gi(x,g,u)dp; =0 i=1,.,k, (3.4)
Q

and the adjoint equation

od © k ag
Ap+g @np = 5. HZ;(@ (, 7, 1)" 1)l
0 ob Y l; 9 (3.5)
p il m _ v — gi N
aI/A* + ay (.'177y)p - ay (l‘, y) + ;( 8y (.T, y,u) /J'l)h—‘

are satisfied.

The proof of the theorem can be performed analogous to Alibert and Raymond
[2] or Casas [5], where also the definition and the proof of existence and uniqueness of
a weak solution of (3.5) are presented. Notice that the multiplication operators y —
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%‘;" (x,79,u)y are continuous from C(Q) to L>°(2). Therefore, the adjoint mappings

i %—?(az,g, u)* p1; are continuous from L>(Q)* to C(Q)* so that their images are
regular Borel measures, and the restrictions of them to 2 and I' are well defined.

As linear continuous functionals on L (), the finitely additive measures p; must
vanish on sets of Lebesgue measure zero. Thanks to Theorem 1.24 by Yosida and
Hewitt [23], each p € L™ (Q)* can be uniquely written in the form

M= e+ fhp,

where p. is countably additive and p, is purely finitely additive. Moreover, if @ > 0,
then . and p, are non-negative, too ([23], Thm. 1.23).

Let us briefly comment on the associated definitions. Countable additivity is equiv-
alent to the following property: For every sequence {F, }22 ; of Lebesgue-measurable
sets with Q D E1 D Ey... D E, ... and N%_, E, = 0, it holds that

nh_}ngo we(Ey) = 0. (3.6)
Pure finite additivity is defined as follows ([23], Def. 1.13): A nonnegative finitely
additive measure p is said to be purely finitely additive, if every countably additive
measure A with 0 < A < p is identically zero. An arbitrary finitely additive measure is
purely finitely additive, if its nonnegative and its nonpositive part are purely finitely
additive.

Every nonnegative purely finitely additive measure p, can be characterized by
the following behaviour ([23], Thm. 1.22): If A is nonnegative and countably addi-
tive, then there exists a decreasing sequence Q D E; D Es... D E, ... of Lebesgue
measurable sets such that lim A(E,) = 0 and p,(E,) = up(Q) for all n. We refer

n—o0

also to Ioffe and Tikhomirov [10], Chpt. 8.3.3.
We shall apply this theorem with the Lebesgue measure A. This means, that
ME,) = meas(E,) — 0, n — oo, but

| = lwlieay . @)

n

Our next goal is to show that, under an additional constraint qualification, the singu-
lar (i.e. purely finitely additive) parts of all Lagrange multipliers vanish. In this case,
we will have at least u; € L(Q) for all i« € {1,..,k}. This property is a consequence of
the Radon-Nikodym theorem, since the measures vanish on sets of Lebesgue-measure
Zero.

The following assumption is needed for this purpose:
(A7) Define, for 6 > 0, the J-active sets

Mf = {z € Q: gilw, (), alx)) = ).
Assume that there exist ¢ > 0 and @ € L*(€2) such that there holds

99

P (z,7(z),a(x))a(z) > 1 a.e. on M? (3.8)

for all ¢ € {1, .., k}.
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We shall discuss the consequences of this assumption later. It is equivalent to a
”uniformly positive linear independency condition”, cf. Dmitruk [8]. For some types
of constraints, this assumption is automatically satisfied. In other cases, the optimal
solution must fulfill a separation condition.

THEOREM 3.3. Suppose that @ € U, § € Y and p; € L*®(Q)*, u; > 0, i €
{1,..,k}, satisfy the first-order necessary optimality conditions of Theorem 3.2 and
assume that (A7) is satisfied. Then the purely finitely additive parts of all u; are
vanishing so that all p;, i = 1,..,k, can be represented by densities in L*(£2).

Proof. The proof follows the one given by Dmitruk [8] for the case of ordinary
differential equations. We mention first that

Q\M?

holds true for all ¢ € {1,..,k}. Otherwise the complementarity condition (3.4) cannot
be satisfied, since g; < —6 on Q\ M.

Consider, for arbitrary j € {1,..,k}, the singular part p, ; of u;. Thanks to
Theorem 1.22 by Yosida and Hewitt, there exists a decreasing sequence {E,}>
with the properties mentioned above such that

/ dup’j:/ dpep;  Vn. (3.9)
E Q

n

Without limitation of generality, we can assume F,, C M f. We define now
hn = XEnaa

where 4 is taken from (3.8) and xpg, denotes the characteristic function of E,. In-
serting h,, in the gradient equation (3.3), we find

_/ (g‘j(q; J. i )—|—p>h dx_/zag’ . 0) o dpts =

3gz 0g; .
—} dpi > | P(x,5,a dp,
/W 9 (z,9,0) 0 XE, du _/m iy (z,9,) U XE, di;

39
2/ 9, —L(x,5,u) i xp, dip,; Z/ XE, ditp
M‘; M$S

J

:/ XE, Aiip,j = / XE, Attpj = |lttp.ill Lo ()
E, Q

The last inequality was obtained by (3.8). In view of (3.6), the left-hand side tends
to zero as n — oo. Therefore, ||pp, j||L (@) = 0. O

REMARK 3.4. Thanks to the reqularity p; € L*(Q), the adjoint equation admits
the simpler form

ad. . o O,
A'p+ — (=, = —(z,9) + ——(z, g, u) s 3.10
P+ 5, @0 =5 (.9) ; 5y (@0 Ok (3.10)
dp o, % _
g T gy(:v,y)p— ay (z,7).
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Moreover, the optimality condition (3.3) and the complementarity condition (3.4) read
now

Op, g, .
%(m,y,u) +p+ ; %(:ﬁ,y,u)uz =0 a.e inQ, (3.11)
/ gi(x, g, a)pi(x)de =0, Vie{l,... k}. (3.12)
Q

4. Some examples of constraints. Next, we discuss the regularity condition
(3.8) for some examples that might be of interest in the applications.
Example 1. (Control constraints) Consider the constraints

ua () <u(z) <up(x) ae on Q.
We define
91(5573/; U) =u-— ub(x)7
QQ(I,y; U) = ua(x) - u.

Assume up(x) —uq(z) > > 0 ae. on Q and take § = «/3. Then M;(6) N Mz (5) = 0.
Therefore, we can define

1 on M}
a(x) =< —1 on M
0 else.
Then
9]
%ﬁ 1 on Mf,
5'92~
2,0 = 1 on MJ.

In this case, the assumption (A7) is automatically satisfied. However, the existence of
regular Lagrange multipliers can here be obtained in an easier and even better way,
without assuming up(x) — ug(x) > a > 0, since

i) = (320 +p0))

pale) = (500 +5(2))

are Lagrange multipliers, see [20], Thm. 2.29, (2.58) or Sect. 6.1., (6.8).

Example 2. (Pure mized control-state constraints of bottleneck type)
Consider the constraint

Ya(2) < Au(z) +y(@) < yo(z)
with A # 0 and assume again yp(z) — yo(z) > @ > 0 a.e. on 2. We define
91(x,y,u) = Mty = yp(2), g2(2,y,u) = =Au =y + ya(2) and

% on My}
G(x)=4¢ —% on M
0

else .
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Again, condition (3.8) is automatically satisfied. Also here, the regularity of Lagrange
multipliers can be obtained without assuming vy, — y, > a by a transformation to a
control constrained problem, cf. [12].

Example 3. (Control constraints and unilateral mized constraint)
Let the following constraints be given,

ug(z) < u(x)

< up ()
Au(z) — y(z)

yb(),

INIA

with A > 0. We define
g1(x,y,u) = u — up(x)
g2(w,y,u) = ua(x) —u
g3(z,y,u) = Au—y — yp(z)

and assume, for some § > 0, the separation condition Mg N M{ = (). Moreover,
assume again uy(z) — uq(x) > @ > 0. Then, if § is sufficiently small, M{ N M = 0 is
automatically satisfied. We set

max(1/\,1) on M{U MJ
u(x) = —1 on MJ
0 else.

Then (3.8) is satisfied. However, we had to assume a separation condition that de-
pends on the unknown solution (@,g). If we have, for example, u,(x) = 0 and we
know from maximum principle arguments that v« > 0 = y, > 0 a.e. on €2, then
obviously y,(x) > 8 > 0 yields y(z) + yp(z) > B > 0. In this case, M§ N M = ()
is automatically satisfied; we have obtained a result of [17]. We should mention that
also Arada and Raymond [3] introduced a separation condition of this type.

Example 4. (Equi-directed mized constraints)

Consider the general constraints (2.3) and assume that condition (5.2) below is
satisfied. Here we can define

Vr e

u(x) = %

and (3.8) is automatically satisfied.
Example 5. (Bilateral control and mized control-state constraints)

For the following constraints, a separation condition is needed again:

Uy < u < up
Yo < u+y <

We define g1, g2, g3, and Mi‘s , 1 =1,2,3, analogously to Example 3. Additionally, we
introduce

ga(w,y,u) = Ya(x) —u—y



LAGRANGE MULTIPLIERS 9
and M{ = {z € Q: yq(z) — a(z) — g(z) > —}. We require, for some § > 0,
(MSUM) N (M UMS) =0 (4.1)

Then, by the same arguments as before, we see that (A7) is fulfilled. Again, we have
to assume (4.1), an additional separation condition.

5. Higher regularity of local solutions. In this section we show, how the
regularity p; € L'(Q) can be improved by bootstrapping arguments to finally obtain
Lipschitz regularity of @. To this aim, we have to impose stronger conditions on ¢
and on the g;:

(A8) The function ¢ possesses the second derivative 92¢/0u?(x,y,u) on Q x R?.
All functions ¢;, i = 1,...,k, are defined on D x IR?, where D C RY is an
open set containing 2. They satisfy (A3) on this extended set.

Moreover, there is a constant m > 0 such that the monotonicity properties

0%

w(m,y,u) >m VreQ V(yu) e R? (5.1)
aagul (z,y,u) >m Vz € D, V(y,u) € R (5.2)

are satisfied.

REMARK 5.1. The extension of the g; from Q to a larger open set D is needed
in the proof of the next theorem. We apply the Robinson implicit function theorem in
an open covering of @ x [~M, M]. In our evamples, the dependence of the g; on x
comes with that of the functions ug, up oT Ya, yYp defining the bounds. The extension
of these functions to a neighborhood around Q should not cause difficulties.

We will also consider bilateral constraints of the form

ai(z) < vi(z,y(x),u(z)) < Gi(x), i=1,.,1, (5.3)

where the ~;, i = 1,..,1, satisfy (A8) and «; < 3; are Lipschitz functions.

LEMMA 5.2. Suppose that gi,..,9x satisfy assumption (A8). Then there exist
functions ¢; : Q x IR* — IR with the following properties: All ¢i(x,y) are Lipschitz
with respect to x for ally € IR,

|9i(@,y1) — dilx, y2)| < L(M)[y1 — y2 (5.4)
is satisfied for all x € Q and all ly;| < M, and there holds

=0 < U:QSZ(«I,y)
>0 & u>¢i(z,y).

Proof. Consider, for fixed ¢, the equation

gi(z,y,u) =0. (5.6)

By (5.2) we have liI:|I:1 gi(z,y,u) = oo, and hence, for each (z,y) € D xR, equation

(5.6) has a unique solution u = ¢;(z,y). To show the Lipschitz property of ¢;, we
invoke the implicit function theorem of Robinson, [16], Thm. 2.1. It ensures that,
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for each pair (xg,y0) € D x IR and each € > 0, there is an (open) neighborhood
Nc(z9,y0) C D x R such that

|pi(z,y) — @i(§; )| < (A +e)lgi(x,y, ¢i(x,y) — g:(§:m, Pi(x,y))] (5.7)

holds for all (x,y) and (£,n) in Nz(zo,yo), where A = 1/m with m defined by (5.2).

The collection of all neighborhoods N, (xo,%0), (zo,y0) € D x [—M, M], defines
an open covering of the compact set  x [~ M, M]. Selecting a finite covering, an easy
application of the triangle inequality shows that (5.4) holds everywhere in Q x R with
a suitable constant L(M).

In view of the strong monotonicity of g with respect to u for all fixed (z,y), the
reader may now readily verify the relations (5.5). O

LEMMA 5.3. Assume that the optimality system (3.10)—(3.12) is fulfilled with
Lagrange multipliers u; € L*(Q). If (A8) is satisfied, then the Lagrange multipliers
w; satisfy almost everywhere on ) the equation

k

> % o). e ste) = e (0, (52 (o) i, (2 5() + 9(0)) )
=1 ’)
(5.8)

Proof. We extend an idea introduced in [18] and consider two cases for = € Q.

(reMt={recQ: Z gz”() a(x))ps(x) > 0}.

Assumption (A8) assures in particular dg;/0u > 0 so that, for each x € M™, at
least one multiplier u;(z) must be positive. In view of the complementary slackness
condition (3.12), almost everywhere in this set, at least one inequality constraint is
active. Therefore, in view of (5.5), we have

u(x) = miin ¢i(z,y(z)) ae. on MT. (5.9)

0 i
Moreover, from Z gi

x,y(x),u(x))u;(z) > 0 and the gradient equation (3.11) we
deduce
¢
ou

Inserting the expression (5.9) for @ in this inequality, it follows that

o (@, y(x), u(z)) + p(zr) <0 a.e. on M.

0 < — (52 . ), min 642, 70))) + 5(a)) . on M.

Therefore, again in view of (3.11), we obtain

Z 391 g(z), u(x))u(x) = max (O, —(g—i(m‘,y(m),m}n ¢i(z,7(x))) +p(x)>> )

i=1

since the left-hand side is positive.

9y
(i) ¢ € Q\M* = {w € Q: X, T, (), a(@)pi (@) = 0).
Here, the gradient equation (3.11) shows

- (G gt ate) +ata) ) <o (5.10)
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Moreover, we have
a(x) < min (e, 5(x).

From the monotonicity condition (5.1), it follows

Oy

02 (0, 5(a), @) < O (o, ), min g, ().

Together with (5.10), this implies

~ (5209000 min s o500 + ) ) <0

ou
hence
Z_Zi; 87% () pi(r) = 0 = max <O, — (%(x, g(x), Iniin oi(x,g(x))) —|—p(gj))>

holds also a.e. in 2\ M, too. O

THEOREM 5.4. Suppose that (7,u) € H'(Q) N C(Q) x L>®(Q) satisfy, together
with p € WH3(Q), 1 < s < %, and pi1, .., ux € LY(Q), the optimality conditions of
Theorem 3.2. If the assumptions (A3) and (A8) are satisfied, then all multipliers p;,
i =1,...,k, are bounded and measurable functions. If T is of class C™', then @ and

Z (x,9,u)p; are Lipschitz functions on ).
i=1

Proof. We show this result by a bootstrapping argument. At the beginning, we
know that @ € L>®(Q2) and 5 € C(Q).

Thanks to p € W1(Q), by Sobolev embedding theorems there is a o > 0 such
that p € L*1(Q) with s; = 1 + o (see also our arguments at the end of the proof).
From the gradient equation (3.11), we deduce

o)

<t

Oy

> S g W = 5 (2, 5.0) — p € L(Q). (5.11)

i=1

<

Because of (5.2) and by the nonnegativity of the multipliers p;, this implies p; €
L () for all ¢ € {1, .., k} and hence

3%

i=1

=)

Ji (x,7,0) p; € L1 ().
Y

(o))

Inserting this in (3.10), the right-hand side is seen to belong to L' (). Therefore,
p € W1 (Q) — L*2(Q), where s3 = s; + 0 and o > 0.

We explain below why the same o can be taken. By (5.11), we find

o))

Py

3 T, g upm € L(Q).

=1

2



12 A. ROSCH, F. TROLTZSCH
Repeating this bootstrapping method, we get numbers s; with s;41 > s; +0. We can

take the same o > 0 for all i for the following reason: If p € W1#(Q2), then p € L"(Q)
for all r given by

(5.12)

(=
®» | =

1
r N’

provided that 1 < &, ¢f. Adams [1]. Let us assume 1 < &', Then (5.12) implies

82 82
> —

"TTPTN—sTN

>1/N

by s > 1, and we are justified to take o = 1/N.

After finitely many steps, in any case we arrive at a situation, where N/s;41 < 1
while N/s; > 1 (notice that we have some freedom in the choice of o to avoid the
equality sign in both the equations).

In this case, it holds that p € Whi+1(Q) — C(Q). This implies

pi € L°(Q) Vie{l,. k)

Now we need the higher smoothness C1'! of I'. Exploiting again (3.10), we obtain
p € W25(Q) for all s < co. This regularity result follows from Grisvard [9]. Therefore,
p is continuously differentiable, Adams [1], and hence Lipschitz.

Now, we invoke formula (5.8). Since @ is bounded and measurable, 7 is also
Lipschitz. The same holds true for the function

min, ¢i(z,y(z)),
since all ¢; are Lipschitz. Thanks to this, the right-hand side of (5.8) is Lipschitz so
that the left-hand side must have this property, too.

From the gradient equation (5.11), we now obtain

g%(.’g,m € C™(Q). (5.13)

2
Next we make use of the assumption (A8), (5.1), i.e. 8—? > m > 0. Invoking the
implicit function theorem again, we arrive at the Lipschitié continuity of @. O
Bilateral nonlinear mixed constraints. Finally, we consider the constraints
(5.3), where we need an additional separation assumption to prove the Lipschitz
continuity of 4. We assume
(A9) The functions ~; satisfy Assumption (A8) on the g;. Moreover ¢ satisfies
(A8), too, and there is a 6 > 0 such that the sets

M7y o= {x: (e, u(x), y(x)) < aiz) + 0},
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THEOREM 5.5. Consider the optimal control problem (2.1)-(2.3) for constraints
of the form (5.3), i.e. for

. F)/’L_ﬁ’u 1€ {17“71}7
9= Q-] — Yi—l1s (&S {Z + 17 a2l}

Suppose that §j € HY(Q) N C(Q) and u € L>=(Q) satisfy together the first-order neces-
sary optimality conditions. Assume that (A9) is satisfied and that T is of class C!.
Then the functions

21

8 i _ 8 i _
> ai (@9, 0w, Y ai( )i,

i=1 i=l+1

and the optimal control u are Lipschitz.
Proof. Let us recall first that we have assumed 9v;/du > m for all ¢ € {1,...,1}.
Therefore, in view of the definition of the g;, it holds that

99i o it 1<i<t, %< _mifir1<i<al
ou ou

Now we proceed similarly to the proof of Theorem 5.4 and distinct between four cases
with respect to x € Q:

1
0
ot

Here and in the sequel we supress the arguments (z, g, @) in dg;/Ou for convenience.
The first two cases concern the upper bounds, hence they are of the type considered
in Theorem 5.4. Let us therefore concentrate on the remaining two cases.

21

0g; dg; 09;
Zagm:(),zaim Zagm—o

i=l+1 i=l+1

21

0 Y ()@ <o

1=l+1

At least one of the multipliers y;, ¢ € {{+1,...,2l}, must be positive, thus one of the
associated lower constraints is active. Hence, by the separation assumption (A9), no
one of the upper constraints can be almost active. This implies that all multipliers p;

with ¢ € {1,...,{} must vanish almost everywhere on this set, i.e.
!
9y
i = 0.
> (%) @)

Invoking the gradient equation (3.3), we find

hence
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Moreover, we have in this case that

u(w) = max ¢ (z,y(x))

i€{1,..
with Lipschitz functions ¢, which are associated to the lower bounds and defined by
gi(xayvu) :al(‘r) And u:(bza(x,y)
This follows by the arguments of Lemma 5.2. Consequently,

v (%210) () = max (0. 2 .. ma, 650500 +2(0))

1,.
i=l+1 Ze{

holds on this set.

(ii) i (agz ) )=0:

i=l+1

The gradient equation implies then

dp ZI dg;
and

u(z) > lerﬁax}qﬁ“(w ,y(2)).

In view of the monotonicity property (5.1), we obtain

O (o). s, 022 5(0) + o) < 52 (w90, 1)) + pla) < 0.

Obviously, it therefore holds that

—- 3 (%) (@) = e (0. S i), s, 650 +5(2))

i=l+1 ety
(5.14)
so that (5.14) is satisfied a.e. on €. Invoking the same bootstrapping arguments as
in the proof of Theorem 5.4, we deduce the desired Lipschitz properties. O

6. The parabolic case. It is fairly obvious that the method of the preceding
sections can be extended to problems with parabolic state equation. There are some
differences in the regularity results of the equation, but the main ideas are analogous.
Here, we briefly sketch the arguments to show Holder regularity of the optimal control.

In [3], the L'-regularity of Lagrange multipliers has already been investigated for
parabolic equations. Therefore, we prove Holder continuity on the assumption that
the Lagrange multipliers belong to L'. In [3], sufficient conditions can be found that
assure this property.

We consider the following parabolic counterpart to the elliptic optimal control
problem (2.1)—(2.3):

min J(y, u // (z,t,y,u da:dt—i—// P(x,t,y) dsdt (6.1)
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subject to
oy .
a—i—Ay—l—d(x,t?y) = u in@Q:=Qx(0,7T)
Y ity = 0 in =T x (0,7) (6.2)
al/A
y(0) = wo() nQ
and to
gi(x, t,y(z,t),u(x,t)) <0 ae inQ, i=1,. k. (6.3)

We rely on the following general assumptions:

(A10) The given data have to satisfy direct extensions of (A1)—(A5) to the parabolic
case that are obtained as follows: In (Al), we additionally assume that T' is
of class C1'1. (A2) remains unchanged except that cq is now a function of
L>(Q) not restricted in sign. In (A3)—(A5), the sets 2 and I' are replaced
by @ and X, respectively, and & := (x,t) replaces x in these assumptions.
Moreover, we assume that g is Holder continuous in Q.

In particular, d, b are monotone non-decreasing w.r. to y and d(-, -,0), b(-, -, 0) belong

to L*°(Q) and L*°(X), respectively.

Under these assumptions, for all v € L™(Q) with » > N/2 + 1, the parabolic
equation (6.2) has a unique solution y € W(0,T) N C(Q), cf. Casas [6] or Raymond
and Zidani [15]. The space W(0,T) is defined by

d
W(0,T) = {y € L0, H' () : © € L2(0,T5 H'(2)))}.

For the remainder of this section, let @ € L*(Q) be (locally) optimal for (6.1)—
(6.3). We assume that nonnegative Lagrange multipliers p; € L'(Q) and an adjoint
state p exist such that the following first-order necessary optimality conditions are
satisfied:

T P A P
8t+Ap+ ay(z7t7y)p - ay(xvtay)+; ay(x’t7y7u)ul an
ap o, . (6.4)
aVA* +87y(z7tay)p - aiy(xaty) in X
p(aT) = 0 inQ7
de b 09
%((E,t,y,u) +p + Z au (xvtvya U) Hi = 0 a.e. in Qv (65)

=1
// gi(z,t,5,0) pidedt =0 Vie{1,...,k}. (6.6)
Q

The adjoint state p is the weak solution of (6.4) and belongs to L™(0,T, W17 ()) for
all 7 > 1, r > 1 satisfying

N n 1 - N n 1

2 2 " 2r F
cf. [14], Thm. 4.3. Now we are going to show Holder continuity of @. To this end, we
assume in addition:
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(A11) The function ¢ possesses the second-order derivative 8%p/d0u?(x,t,y,u) on
Q x R?. All functions ¢;, i = 1,...,k, are defined on D x R?, where D C
RN is an open set containing Q. They satisfy (A3) on this extended set.
There is a constant m > 0 such that the monotonicity properties

0%

w(xatvyvu) >m V(xvt) € Qv V(y,u) € IR2 (67)
%Z (z,t,y,u) >m V(z,t) € D, Y(y,u) € R? (6.8)

are satisfied.
The assertions of the Lemmas 5.2 and 5.3 do not depend on the special structure
of the underlying PDE. Obviously, they can be directly transferred to the parabolic
case. Therefore, the following extension of equation (5.8) is satisfied a.e. in Q:

k
9gi _ _
Z P (.Z‘, tv y(xv t)a U(LI}, t))/’('z(x7 t) =
; u
i=1 P (69)
_ _(%¥ i in & m )
= max (07 (au (xv tv y(x, t)v z:rrll,ln,k: ¢2(x7 tv y(xv t))) + p(if, t) ) .
The functions ¢; are constructed again by the Robinson implicit function theorem
that assures, in particular, an estimate of the type (5.7). Now, the functions g; in this
estimate are only locally Holder continuous so that all ¢;(z,t,y) are locally Holder
continuous: There is a constant A € (0,1) and, for all M > 0, a constant H(M) > 0
depending on M such that

| (w1, t1,91) — B2, ta, y2)| < H(M)|(z1,t1,51) — (2, b2, y2)|* (6.10)

holds for all (z;,t;) € Q and for all y; € [~M, M].

THEOREM 6.1. Suppose that (y,u) € W(0,T) N C(Q) x L>(Q) satisfy, together
with p € LT(0, T, W™ (Q)) for all # > 1, > 1 and 1, .., € L*(Q), the optimality
conditions (6.4)—(6.6). If the assumptions (A10) and (A11) are satisfied, then all
multipliers p;, i = 1,...,k, belong to L>°(Q). Moreover, the optimal control © and

k
9gi . . ~
the expression 99 x,t, g, u)u; are Holder continuous on Q.
0
u
i=1

Proof. We proceed by bootstrapping arguments following the proof of Theorem
5.4. By our assumptions, we know 4 € L>=(Q) and y € C(Q).

Consider now the adjoint equation (6.4). Thanks to Theorem 4.2, (i), in [14],
right-hand sides of the adjoint equation in L*(Q) are transformed to solutions in
LY(Q) with a > s, if

1, N 1 N
(SN (G AN+

and hence right-hand sides from L*(Q) are transformed to L*(Q) for all « > 1 with

s(N/2+1)
N/24+1-s

provided that s < N/2 4+ 1. For s > N/2 + 1, the transformation is from L*(Q) to

C(Q). The gain of smoothness a — s is

52

CSS R Ios ©
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where € > 0 can be taken arbitrarily small. Therefore, by s > 1, at least the gain

52 1

_s> > =
CTPE N2+ T N2+

is obtained, and hence p € L*T9(Q).
We start a bootstrapping procedure at s := 1. From the gradient equation (6.5),
we deduce

o))

k
g" AV _ai A s+o
> o (b W = =2 (@, ,9,0) —p € L7(Q). (6.11)

i=1

§

Because of (6.8) and by the nonnegativity of the multipliers p;, this implies
€ L*t7(Q) Vie{l,.. k}.

Inserting this in (6.4), the right-hand sides of the adjoint equation are seen to belong
to L¥%9(Q). Therefore, we obtain by the same arguments as before

p e L*T*(Q).

By (6.11) and the boundedness of the functions dg;/du(z,t, g, w), we find

)

k
Z 691 Tt Y, U ,Uz € LS+2U(Q)

i=1

§

Repeating this bootstrapping method, after finitely many steps, we arrive at the
situation that N/2+1 < 1+ (j + 1)o while N/2+ 1 > 1+ jo. In this case, it holds
that p € C(Q) and (6.11) implies

pi € L°(Q) Yie{l,. k.

We know that p is bounded on Q and its terminal value is zero, hence Holder contin-
uous on (2. Therefore, Theorem 4 in Di Benedetto [7] yields Hélder continuity of p.
(For our case of variational boundary data, this theorem ensures Holder continuity of
the solution on Q x [0,7 — ¢] for all € > 0. Moreover, it states Hélder continuity on
Q, if the prescribed terminal data are Holder.)

Now, we invoke formula (6.9). Since § bounded and yq is Holder continuous, g
exhibits this property too. The same holds true for the function

min i, t,y(x,t
_min, 6i(a.t3(.0),
since, by (6.10), all ¢; are Holder continuous. Thanks to this, the right-hand side of
(6.9) is Holder continuous so that the left-hand side has this property, too.
From the gradient equation (6.11), we now obtain

07 (5. € Q) (6.12)

6<p>

with some x € (0,1). Next we make use of the assumption (All), (6.7), i.e.

m > 0. Invoking the implicit function theorem again, we deduce the Holder continuity
of w. O
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