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Abstract. An optimal control problem for an semilinear elliptic equation is investigated, where
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(bottleneck) type, where associated Lagrange multipliers can assumed to be bounded and measurable
functions. Based on this property, a second-order sufficient optimality condition is established that
considers strongly active constraints.

Keywords: Optimal control, elliptic differential equation, sufficient second-order
optimality condition, pointwise mixed control-state constraints
AMS subject classification: 49K20, 90C48

1. Introduction. In this paper we consider the optimal control problem to min-
imize

Fly,u) = / f (e y(@)) d + / oz, y(x), u()) ds(z) (1.1)

subject to the state equations

Ay+y=0 in
anAy = b(gj7y, u) on Fa (12)

the control constraints
0<u(x) forxzel, (1.3)
and to the mixed control-state constraints
c(x) <u(z) +y(x)y(x) forxz eTl. (1.4)

The main task of our paper is to establish second-order sufficient optimality con-
ditions that are close to the associated necessary ones. For control-constrained prob-
lems, this issue was discussed quite completely in literature for semilinear elliptic
and parabolic equations. We mention Bonnans [4], Casas, Troltzsch, and Unger [9],
Goldberg and Troltzsch [12], Heinkenschloss and Troltzsch [13].

The main difficulty in our problem is the presence of the pointwise control-state
constraint ¢(x) < u(z)+vy(z)y(x) in (1.4). If pointwise state contraints are given, then
the theory of sufficient second-order conditions is faced with specific difficulties that
are still far from being solved. In particular, these problems arise for pointwise state
constraints of the type c¢(x) < y(x). Here, the Lagrange multipliers associated with
the state constraints are Borel measures so that the associated adjoint state exhibits
low regularity, cf. Casas [5], [6] or Alibert and Raymond [1]. This fact causes specific
difficulties in the discussion for second-order sufficient optimality conditions. We refer
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to Casas, Troltzsch, and Unger [10] and Raymond and Troltzsch [15] or to Casas and
Mateos [7], who consider the case of finitely many state constraints.

In our problem (1.1)—(1.4), the situation is slightly simpler, since the constraint
(1.4) is a mized control-state constraint of bottleneck type. In the associated parabolic
case, the Lagrange multipliers are more regular. They can assumed to be bounded
and measurable functions, see Bergounioux and Troltzsch [3], Arada and Raymond [2].
The existence of bounded and measurable Lagrange multipliers for linear-quadratic
elliptic optimal control problems is proved in Troltzsch [21]. The semilinear elliptic
case is investigated in Résch and Tréltzsch [16].

Higher regularity of the multipliers is the main advantage enabling us to estab-
lish second-order conditions. The second-order conditions should require minimal
assumptions, i.e. they should be as close as possible to associated necessary condi-
tions. Usually, this task is accomplished by considering strongly active sets (see [11]
for control-constrained optimal control of ordinary differential equations). Here, we
apply this technique to our case of mixed constraints. The analysis shows that this
is not an easy task. It indicates that pointwise state constraints of more general type
will rise even more difficult techniques.

Our paper extends the results of [17], [18] where second-order conditions are
derived for a weakly singular integral state equation and for parabolic equations, re-
spectively. Let us shortly sketch the main difference between these papers and our
new discussion: In that papers, the proof of sufficiency is based on the nonnegativity
of some inverse operators related to the Fréchet derivative of the control-to-state map-
ping. It is this nonnegativity that cannot in general be expected for elliptic problems.
Therefore, here we abstain from such an assumption. We only require a solvability
property of an auxiliary elliptic problem. Based on similarly weak assumptions, also
the regularity of Lagrange multipliers has been shown in [16],[21].

Moreover, in our paper the definition of strongly active sets associated with the
mixed constraints is is more natural way than the one in [17],[18].

Let us remark that the inequality constraints in our problem differ from the
inequality constraints considered in [17],[18], where u < ¢+ ~yy is investigated instead
of (1.4). It would be easy to adapt our theory to the inequality constraints in [17],[18].
However, even for parabolic problems, the methods in [17],[18] cannot be applied to
the inequality constraints (1.3) and (1.4): Formula (3.6) of [18] states that f > 0
implies © > 0. This is no longer true. The last implication in the proof of that
formula is that f > 0 and v > 0 imply u = f + v > 0. Our inequality (1.4) leads
now to the expression u = f — v that may admit any sign.

The paper is organized as follows: In Section 2 we formulate first- and second-
order optimality conditions and state the main result. Section 3 contains auxiliary
results. The proof that our second-order conditions are sufficient for local optimality
is presented in Section 4.

In the paper, we use the following notations: By b'(x,y,u) and b"(x,y,u) we
denote the gradient and the Hessian matrix of b with respect to (y, u):

V(1) = ( by (2, y, u) ) Vs, ) = ( byy (1) Zyu(Ly,U) )

bu(xvyau) byy(zayvu) uu(z;yvu)

Here, the notations by(x,y,u) = Dyb(z,y,u) and by, (z,y,u) = Dyyb(x,y,u) etc.
are used for the partial derivatives. The norms [b’|, |b”| are defined by adding the
absolute values of all entries of b’ and b”, respectively. By 9,,, we denote the co-normal
derivative.



We adapt the following assumptions from [9]:

(A1)

(A2)

(A3)
(A4)

For each 2 € Q or T repectively, the functions f = f(x,y), g = g(z,y,u), and
b = b(z,y,u) are of class C? with respect to (y,u). For fixed (y,u) they are
Lebesgue measurable with respect to z € Q or x € I, respectively.
In this assumption, fixed parameters p > N —1 and s, r are used that depend
on the dimension N of the domain 2. Roughly speaking, we have y|r € L*(T)
and y € L"(Q) in the linearized system associated to (1.2). As usual, 7’
and s’ denote mutually conjugate numbers. For instance, s’ is defined by
1/ +1/s=1.
For all M > 0, there are constants Cj; > 0, functions 7,/1}\4 € L(T/Q)/(Q),
Pt e LE/AN(D), ¢h? e LE/AN(D), ¢'? € Lo(I), and a continuous,
monotone increasing function n € C(IR™ U {0}) with 7(0) = 0 such that

(i) ©o(.,0,0) € LP(T), for some p > N — 1,

by(z,y,u) <0 for a.e. z € I,V(y,u) € R?, (1.5)

|b/($7yau)| + |b”(x,y,u)| < CMa
0" (2, y1,u1) — 0" (2, y2,u2)| < Caun(lyr — y2| + [ur — ual)

for almost all x € " and all |y|, [ul, |yl Ju;| < M, i=1,2.
(ii) f(.,0) € LY(Q), f,(-,0) € L™ (), fyy(.,0) € LU/2(Q) and

| Fyy(@y1) = fyy(@,y2)] < 9 (@)n(lyr — y2)
for almost all z € Q and all |y;| < M, i=1,2.
(iii) g(.,0,0) € L'(T), g,(,0,0) € L* (T), gu € L*(T), gy, (..0,0)
€ LT, gyul(.,0,0) € L2/, guu(.,0,0) € L>(T), and

|9y (@, 11, 91) = gyy (@, u2,92)| <97 (@)n(|lyr = yol + Jur — us))

|9y (@, w1, 91) = Gy, w2, )| < G702 (@)n(lyr — yal + |y — ua))

|9y (@, w1, 91) = Gy (@, w2, )| < 72 (@)n(lyr — yol + |ur — ua))

for almost all x € @ and all |y;| < M, |u;| < M, i=1,2.
Other estimates of b, f, g and their first derivatives can be derived from (A1),
(A2) by the mean value theorem.

We assume that ¢,y € C(T'), and y(z) >0 Va €T.

The domain © ¢ R" is bounded and has a Lipschitz boundary I. The
Lebesgue surface measure induced on I' is denoted by ds(x). The elliptic
operator A is defined by

m

Ay(z) = = Y Di(aij(2)D;y(x)),

i,j=1
where a;; € L>(Q) satisfy, for some positive mg, the condition of uniform
ellipticity

m

Z agj(x)&&; > molé]?.

1,j=1

2. First- and second-order optimality conditions. The control is looked
for in the space U = L*°(T"), while the state is defined as weak solution of (1.2) in the
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state space Y = C(Q) N H*(Q) by
/ ( Z a;;DjyD;v + yv) dx = / b(.,y,u)v ds(x) Yo e HY(Q). (2.1)
Q N T
7,j=1

We endow Y with the norm |[y|ly = [|yllcq) + [[yllz1(@)- It can be shown that the
equation (1.2) admits for each u € L*°(I") a unique weak solution y = y(u) € Y,
see [8]. Moreover, Casas and Troltzsch [8] have proved that the solution mapping
G : uw y from L%(Q) into Y is of class C2.

In this paper, we discuss sufficient conditions for a local minimum. Therefore, we
investigate a candidate u for the local optimum and an e-neighbourhood of this point:

Be(u) ={ue L) : |lu—1a| () <c}
For any fixed € > 0 and arbitrary @ € U, it holds with some constant M = M ()
ly(u)|]ly <M  Vy€ B.(a).

The boundary values of y are of particular importance for us. Thus we define the
mapping S : L>(T') — C(I') with S = 7G that assigns to u the boundary values
of y. Here, 7 denote the trace operator. Clearly, the Fréchet differentiability of the
operator G transfers to S. The application of S’(@) to an element h € U is given by
the boundary values of the solution z of the elliptic problem

Az+2=0 in
Onn? — l;yz = byh on I, (2.2)

i.e. S'(w)h = z|p. Here we have used the abbreviations b, = by(z, §(x),%(x)) and
by, = by(x,g(x),a(x)). The operator S’(u#) extends to a linear continuous operator in
L(L*(T)). From now on, we consider S’(u) in this way. For the remainder term in

the first order Taylor expansion of y(@ + h), we obtain the property

ly(a+h) —y(a) — z(a, h)| L2 .
1Al z2(r)

0 as ||h||Loo(1") —0

using a known result of Maurer [14].
Next, we introduce the L?-adjoint operator S’(#)* € £(L*(T)). This operator is
given by S’(@)*n = ¢|r, where ¢ is the solution of the elliptic problem

A'o+p=0 in
On e —by ©=by p onT (2.3)

and A* is the formal adjoint operator to A. In all what follows, let (7, ) be a locally
optimal reference solution of (1.1)—(1.4). Let us set up the associated first-order
necessary optimality conditions in form of a Karush-Kuhn-Tucker type theorem. To
this aim, we introduce the Lagrange functional L : Y x L>=(I') x Y x L>=(I')? — R,

( Z ai;DjyD;p + yp) dx — / bp ds(x)

L(yvuap7ulvﬂ2) = F(y,’ll,) +/
r

Q=1

_ /F pau ds(x) — /F(u + vy — ¢)usg ds(z).
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Let us comment on this choice for L. The elliptic quation (1.2) is considered
in Y, while the inequality constraints (1.3) are posed in L°°(T"). Knowing the gen-
eral Karush-Kuhn-Tucker theory in Banach spaces, one expects associated Lagrange
multipliers p € Y* and u; € (L*°(T"))*, together with a related quite complicated
Lagrange functional. In contrast to this, special techniques for optimal control prob-
lems of bottleneck type have shown that, under natural assumptions, the Lagrange
multipliers can be expressed by regular functions, i.e. p € Y and p; € L>®(T"), we refer
to Troltzsch [21], Rosch and Troltzsch [16]. This well known advantage of bottleneck
type problems is our key idea to establish special second-order sufficient optimality
conditions, which can hardly be expected for p; € (L*°(T"))*. The existence of such
regular multipliers can be shown under a Slater type condition and the assumption
~(z) > 0. Here, the nonnegativity of v plays a crucial role.

Therefore, we are justified to assume that an adjoint state p € Y and Lagrange
multipliers fi; € L>°(T") exist such that (g, @, p, i1, fiz) satisfies the following first-order
necessary optimality system (FON),

Dy L(y, 1, p, fir, fiz) =0
Dy L(y, 4, p, fir, fiz) =0
and for almost all z € T

(FON){ fur(a) >
ia ) >

u(z)fm ()
(a(z) +~(2)y(e) — c(x))pz(x)

Note that the Lagrange multipliers may be not unique. The last two conditions of
(FON) are the well-known complementary slackness conditions. They imply fi1(x) >
0 = u(x) =0 and f2(x) > 0 = c(z) = u(z) + v(z)g(x). Let us express these
optimality conditions also in terms of the partial differential equation. As it is well
known, the first equation of (FON) is equivalent to the adjoint equation

0
0
0
0

A'p+p= fy(z,9) in Q
anA*ﬁ - by(xv gv ﬂ)p = gy(za gv 17’) - ’Y.BQ on I'. (24)
The second equation of (FON) is equivalent to
9u(@, 9, 8) + bu(2, 5, 0)p — fir — iz = 0. (2.5)

Next, we discuss a sufficient second-order optimality condition (SSC). For this
purpose, following Dontchev et al. [11], we define strongly active sets and the associ-
ated critical subspace. Assume that (g, @, p, i1, fiz) fulfils (FON).

DEFINITION 2.1. Let 61,82 > 0 be real numbers and fi1, iz € L>°(T") be Lagrange
multipliers introduced in (FON). The sets

A1(61) = {33 cel: ﬂl(l‘) > (51}, (26)
A2(52) = {I el \ A1(51) : ﬂQ(Z‘) Z 52} (27)
are called strongly active sets.

All further arguments hold true for an arbitrary choice of 4; and d,. Later, these
numbers will be chosen such that a second-order sufficient optimality condition is
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satisfied. To shorten the notation, we will drop the dependence of the active sets on
these parameters in the proofs, but we will use the detailed notation for the statements
of the main results.

DEFINITION 2.2. We say that (y,u) € C(Q) x L>=(T) belongs to the critical
subspace, if

u=0 on Ay (61), (2.8)
u+7ylr=0 on As(d2), (2.9)
and
Ay+y=0 in Q
Onay —by y="by u on I (2.10)

Notice that (2.10) implies y|r = S’(@)u. This assumption is stronger than really
needed. A smaller critical convex cone is discussed at the end of the paper.
Before we formulate the second-order sufficient optimality condition, we mention
for convenience the explicit expression of L’(’%y)(gj, U, P, fi1, fi2) [Py P )?:

Loy (0505 P, i, 1) [Py, B )? = /( 2 fyyhiy da + /F (gyyhs + 2gyuliyh + guuhi) ds(z)
+ / (byyh + 2byuhyh + buuhl)p ds(z). (2.11)
T

Here, h, € C(Q), h, € L>(T') denote arbitrary increments of y and u, respectively.
Now we state the second-order sufficient condition.
(SSC): There exist positive numbers §, d1, d2 such that the definiteness condition

Ll ) (@ 0P, i fi2) [Py ) = 8[|y (2.12)

holds true for all (h,, h,) belonging to the critical subspace defined upon 41, d2.
In our further analysis, the boundary value problem

Av+v=0 in
Onav + (—by + Xa,(52)bur)v = @ onT (2.13)

plays a basic role. We require the following regularity assumption:
(R) For ¢ =0, the problem (2.13) has only the trivial solution v = 0.
For instance, this assumption is fulfilled, if

—by + YX4s(5,)bu =0 ae. onT. (2.14)

Here x4, denotes the characteristic function of the set A2(d2). In particular, this
condition is fulfilled if b, > 0 holds. Now, we state the main result of the paper.

THEOREM 2.3. (Second-order sufficiency) Assume that (g, a, P, i1, fi2) fulfils the
first-order optimality system (FON) and the regularity condition (R) holds. If the
second-order condition (SSC) is satisfied, then there exist s > 0 and € > 0 such that
the quadratic growth condition

F(yvu) - F(ZL ﬂ) > 66”“ - aH%Z(F) (215)

holds for all admissible pairs (y,u) with ||u — @||pery < €. Therefore, @ is a locally
optimal control in the norm of L>°(T).
The proof is carried out in Section 4.
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3. Auxiliary results. LEMMA 3.1. Let 8 € L>=(T') be a fized function that is
almost everywhere nonnegative. Then for all ¢ € LP(T") with p > N — 1, the weak
solution v € H*(Q) of

Av+v = 0 in Q (3.1)
O v+080)v = ¢ onT '
belongs to C(Q) and satisfies the estimate
[vllc@) < eplldllor) (3.2)

with a positive constant c, that does not depend on ¢.

For this classical result, we refer to [6] and to the arguments in [1] concerning the
case of Lipschitz domains.

The trace of v € H'(2) belongs for N = 2 and any r < oo to L"(I') and for N > 2
to L%(F). Therefore, it belongs to L?T¢(I") with s = 2/(N — 2) > 0 (arbitrary
s > 0 for N = 2) so that the mapping ¢ + v is continuous from L?(T") to L**5(T)
and from LP(T') to L°(T'), in particular also to LPT$(T"). By classical interpolation,
cf. Triebel [20], 1.18.7, Thm. 1, the mapping ¢ — v satisfies

lvllpstsry < csllPllpsary Vs >2. (3.3)

provided that 3(-) > 0. We can dispense with this sign condition on §, if a regularity
condition is fulfilled. Therefore, we now consider equation (3.1) for arbitrary § €
L>°(T') and assume that the associated homogeneous equation (3.1) has only the
trivial solution. Then the mapping Ss : L?(I') — L?(T") that assigns to ¢ the trace of
the solution v of (3.1) is well defined and continuous.

To verify this, we consider also the shifted equation

Av+v = 0 in
Onav + ([|Bllpoery +B())v = ¢ onT.

Clearly, the associated mapping Sg : L2(T') — L*(T'), S5 : ¢ — v, is well defined and
compact. By the Fredholm theory, it has only countably many eigenvalues. A number
A € R is an eigenvalue of S, if in (3.4) the boundary condition

Onav + (18]l Lo (ry + B()) v = Ao (3.5)

is satisfied with some nontrivial v. Obviously, we have a one-to-one correspondence
between the eigenvalues of Sj and those of S3. The boundary condition (3.5) holds
for nontrivial v iff the condition 0, ,v + (||B] ey + B(-)) v = (A" = || Bl Lo (1)) v s
fulfilled so that 1/(A™" — [|3]| Lo (1)) is eigenvalue of Sg.

In view of this, the assumption on the homogeneous equation (3.1) implies that
(3.1) is uniquely solvable for all ¢ € L?(T") and that Sp is continuous in L?(T").

In the following, we will use the short notation |[v||z2(ry instead of |[v||[z2(ry.

LEMMA 3.2. Assume that the homogeneous equation (3.1) has only the trivial
solution and that ¢ € L°°(T') is given arbitrarily. Let v € H(Q) be the solution of
(3.1). Then there exists a constant cg not depending on ¢ such that the following
estimates hold true:

(3.4)

lvllzzry < eslldlloary,
lvllery < cpllglloery for allp > N —1, (3.6)
vl < sl
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Proof. (i) The first estimate is a simple consequence of the continuity of Sz in
L?(T). It is only stated for convenience.

(ii) The second inequality follows by bootstrapping: The solution v solves Av4v =
0 subject to the boundary condition

On,v=0¢—B(-)v.

By (3.3) and the first estimate, we find with some s > 0 and with some generic
constant ¢

c(I#llzy + 1Bl Loy lvl L2 ry)
clldllrary < clldllpa+s(ry-

vl L2y <
<

Repeating this estimate, we get from the one in L2%4(T")

||U||L2+2s(r) < C(||¢||L2+s(p) + ||ﬂ||Loo(1")||’U||L2+S(F))
< C||¢||L2+S(F) < C||¢||L2+25(F)-

After finitely many steps, the estimate ||v|| oy < ¢||@||Lr(r) can be derived for some
p > N — 1. Finally, again by (3.3), it follows

[vllcm < e (I9llze@y + 1Bl L@ lvlle@)) < clléllne ).

(iii) To show the last estimate, we proceed by duality. The operator Ss is self-
adjoint. Moreover, roughly speaking, we have by (ii) that its restriction Ss, to LP(T")
is continuous from LP(I') to C(I'). We can assume p > 2. The adjoint operator Sj

is continuous from C(I")* to L (T"), where p’ is conjugate to p. Therefore, it is in
particular continuous in L!(I"). Finally, it can be shown that Skp®=S5¢=>5p¢ for
all ¢ € L?(T"). This shows that Sg is continuous in L!(T") so that the third estimate
is true. These facts are explained more precise and slightly more detailed in [16]. O

We should remark that the third estimate is not surprising. For g > 0, it follows
from the results by Casas [5] and Alibert and Raymond [1]: They have shown in
this case that the boundary value problem (3.1) with given regular Borel measure ¢
admits a unique solution v € W7 (Q) for all ¢ < N/(N — 1). Clearly, this implies
the Ll-estimate. More or less, the result for arbitrary § is a natural extension. We
have presented these details for convenience of the reader.

As a corollary of the preceding Lemma, we obtain for 3 := —b, + vxa,by the
following result:

LEMMA 3.3. Suppose that the regularity condition (R) is satisfied. Then, for all
¢ € L*(T), the boundary value problem

Av+v=0 i Q
On v+ (—l;y + )(Azl;u’y)v =¢ T (3.7)

has a unique solution v € H()). Moreover, the estimate

vy < eill@llorry (3-8)

is fulfilled with some constant ci that does not depend on ¢.
To perform our analysis, we repeatedly need controls u defined as follows:

_ | o) on I'\ A,
u2) = { o(z) — v(x)(S"(@)u)(z) on As. (3.9)
8



The next lemma shows that this setting is correct:
LEMMA 3.4. Assume that the regularity condition (R) is fulfilled. Then, there is
exactly one functionu € L (T") that satisfies condition (3.9). Moreover, the estimates

lull Ly < ealldllrry, (3.10)
lullz>(ry < call @l L2y, (3.11)
ull oo (ry < coollll Lo (r) (3.12)

hold with certain constants c1, c2, Cso that do not depend on ¢.
Proof. Suppose that u € L*°(T") satisfies (3.9). Put v := G'(@)u. Then v satisfies
an elliptic problem with the boundary condition

= buo on '\ Ag,
8nAvbyv{ Bu(é—v) on A, (3.13)

that is
On v + (=byv + X 4,047)0 = by onT. (3.14)

This is exactly the boundary condition of (3.7). Consequently, the solution v is unique.
Therefore, if u satisfies (3.9), then v = G’(@)u is unique, hence u is unique, because
of

| ¢ onT\ Ay,
u-{ bl on Ay ? (3.15)

On the other hand, starting from ¢, the solution v of the elliptic equation with the
boundary condition (3.14) is well defined, and the function u given by (3.15) satisfies
(3.9), since, by definition of v, u = S’(@)v|r.

The estimate (3.10) is obtained by Lemma 3.3. Estimate (3.11) follows by stan-
dard arguments. The Stampacchia method [19] delivers estimate (3.12). O

To prove the main result, we later have to compare the reference pair (g, @) with
another admissible pair (y,u), where y = G(u). In this case, we estimate the difference

yle —gle = S(u) — S() = §'(w)(u — @) +r1(a, u — ), (3.16)

where 7 stands for the associated first-order remainder term of S. In the following, if
there is no risk of notational confusion, we denote for short the remainder r1 (@, w — @)
and the derivative S’(@) by r1 and S’, respectively.

Before continuing our analysis of second-order sufficiency, let us discuss the main
difficulties and our main ideas to resolve them. We start without the pointwise control-
state constraints. On A, we have @(z) = 0, hence u — @ > 0 on A;. The associated
term in the Lagrange functional can be estimated as

/ f1(u —a) ds(z) > / 01(u — ) ds(x) = 61l|u — @l|Lrca,)- (3.17)
Ay

A

In the proof of the sufficiency theorem, the L'-norms on the right-hand side will
compensate for the lack of coercivity, since (2.12) does not contribute to definiteness
on A1 U AQ.

However, we cannot expect such a property for the mixed control-state con-
straints. It can happen that [, fio(u+y—u—y) ds(z) = 0 although [|u—1u/[11(a,) >0
hold simultaneously.
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To overcome this difficulty, we represent v in the form v = u; + us. For the wuq-
part we can prove an estimate similar to (3.17). The ug-part stands for the additional
margin of freedom that is caused by differing values of u and @ outside of As. This
splitting is performed by

U = u, ug=u—u onl\ Ay,

ug = —y(S'ug +r1), w1 =u—us on As. (3.18)

The functions u; and us are well defined. To see this, we write us in the form

. (;5 OHF\AQ,
270 ¢ —~Sus  on A,

where ¢ = u— @ on '\ Az, ¢ = vr; on Ay. Then uy is well defined by Lemma 3.4.
Note that S'(@)us = S'(@)(x\4, (4 — @) + xa,u2). From (3.12) and (3.18) we get
easily

||U2||L°°(F) <es(flu— ﬁ||L°°(F) + ||7’1||L°°(F))~

The Fréchet differentiability of S in L°°(T") implies
[rallree(ry < llu— @l oo (r)

for a sufficiently small €.
Therefore, it holds by u1 = u — us

lur — @l poeay) < llu—@llLoo(ay) + [[uallLoe(ay)
< cqllu — | poo(ry- (3.19)

LEMMA 3.5. Assume that (g, 4, p, i1, fi2) fulfils the first-order optimality system
(FON) and the regularity condition (R) holds. Then there exists a positive constant
ca such that, for all € > 0 the estimates

- 1 _
/F(U — )iy ds(x) = ?HU — 204, (51)) (3.20)
_ - o _
/F(U7U+'Y(y7y))/,l/2 dS(l’) Z CA ?2”’11,1 7’“‘”%2(142(52)) (321)

are wvalid for all admissible pairs (u,y) satisfying ||u — || L) < €.

Proof. (i) Because of (FON), fi;(x) > 0 can only hold where @(x) = 0. If
a(x) > 0, then fi;(x) = 0. Moreover, u is admissible, hence v > 0 and we have almost
everywhere

(u—u)py > 0.

Therefore we get by (2.6)

/(u ) ds(z) > / (u — @) ds(@) > 61 llu— all 1 ay).
T Ay

By our assumption, we have ||u — | ) < €. In particular, this inequality includes
lu — @l Lo (a,) < €. Consequently,

lu—llp~an _ 1y
P 2 2=l ),

/(u — w1 ds(z) 2 dflu—allpran———— 2
T

10



and (3.20) is proven.

(ii) Next, we discuss the integral in (3.21). Because of (FON), f2(z) > 0 can
only hold where @(x) + vy(z)y(z) = c¢(z). In addition, (y,u) is admissible, hence in
particular ¢(x) < u(z) + y(z)y(z). Therefore, we obtain almost everywhere

(u—a+~y(y—9))ph2 >0

and

[+t — s dsta) = [ (=42 - p)ie dso)
T Az
> dollu =+ vy — 7L (a0 (3.22)

by definition (2.7). Let us discuss this integral more detailed. Expressing y — ¢ in
terms of the controls by (3.16),

Wty — ) = u— -+ (S (@) — @)+ ) (3.23)

is found. Since u = w1 + ug and ug +.5'us +vr1 = 0 on Ay hold by definition (3.18),
we find

w+y(Su+r1) =ur +us + S ur + 7S us + yr1 = ur +vS'us. (3.24)
Consequently, (3.22) and (3.23) yield

Jw= w49 = ) ds(e) 2 dalur — a4 98" @ (s~ )z
r

= daf|w +yS"w| L1 (,) (3.25)
with w := u; — @. Notice, that w = 0 on I' \ A3. Moreover we set v = G'w and

0 on T\ Ag,
T | wHv|r on As.

By this definition, we have
Jw +vS"wl L1 (ay) = |2l L1(a0)

and therefore

Jw= a9 - ) dste) 2 82l sy (3.26)
I
Then we find
Av+v =0 in )
On v — byv = byw on I (3.27)

On A we have
byw = by(z — yv|r) = buz — X a,buYV|r.
Because of z = w = 0 on I'\ A, this equation is also correct on I'\ A3 and consequently
it holds
Av+v=0 in
Onav + (=by + XA,bu7)v = by2 on I (3.28)
11



Applying Lemma 3.3, we obtain
[ollLiry < ellzllpiry = cllzlloiay)- (3.29)
Setting ¥ = [|7[[c(r), we get

lwllz1ay) = Iz = vl L1 (as)
< |l2llras) + Aol a,)
<lzllzrcay) +7ellzllLiay)

or

Izl L1 (a5) = [wllzt(az)- (3.30)

1+7c
Combining (3.26) and (3.30), we find

_ - 02 d2 _
_ — d P = — . (331
J =it a =i ds@) = Tl = Tl = il (330
Invoking again ||u — 1| po(r) < € and (3.31), we obtain
) — Ul
/AZ (u—+y(y — )iz ds(x) > 5 j%Hu1 —al| 1 ay) - W
52 )
R S
~ cag(1+7c) lrex = llzea.

implying inequality (3.21) with c4 = ﬁ a
If AJjUAs =T, then the critical subspace contains only the function (y,u) = (0,0).
Then the assumptions of Theorem 5.3 are trivially fulfilled. In this case, (3.20) and

(3.21) imply the so-called first-order sufficient optimality conditions.

4. Second-order sufficient optimality condition. Here, we outline the proof
of the sufficiency Theorem 5.3. This part is very similar to the discussion in [18].
Nevertheless, we confine ourselves to the main arguments but shorten the proof for
convenience of the reader.

We select from an arbitrary admissible control u in a sufficiently small L>°-
neighborhood of @ and have to show that F(y,u) > F(g,u). Let us introduce the
increments du := u — @ and dy := G’ (@)du. We split du = ug + u4, where

’LLOZO7 U+:(SU OnAl,
uo = ou, uy =0 on '\ (41 U 4y),
Up = 775/(6)’“07 Uy = ou — up on AQ.

Notice that ug + vS’(2)uo = 0 on Az. This setting is justified again by Lemma 3.4:
It holds

— ¢ on F\A27
Y=\ ¢ —~Suy on A,

where ¢ is defined by

_ 0 on A1UA2,
= 6u onT\ (AsUAy).
12



The part uy belongs to the critical subspace, while u is the part of Ju that accounts
for the effects of first-order sufficiency. Furthermore, we define yo := G'up and y4 =
G'u.. By the linearity of G’, we have dy = yo + y.

Below, we estimate the difference L(y,w, p, fi1, fi2) — L(§, @, p, fi1, fiz). Let us write
for short L(y, uw)— L(g, ), since (p, fi1, fi2) remains fixed in all the next considerations.
We also do not explicitely indicate the point (g, @, p, fi1, fiz) where all derivatives are
taken, i.e. we write L,u instead of D, L(g, @, p, i1, iz)u.

LEMMA 4.1. Under the assumptions of Theorem 5.3,

0 Cs .
Ly )~ L(5.8) > uolary — S luslZaqey +72 4 7 (4.1)
holds, where ro, To are second-order remainder terms with

||

T — — 0 iflu—1lpemr) — 0.
=l 2. =

Proof. Using a Taylor expansion, in view of (FON) we get

L(y,u) — L, @) = Lufu— ] + Lyly — 5] + 5 (Dl —

+2Lyy[u — 4,y — §] + Lyyly — 9)°) + 72
1

= §(Luu[u - 17‘]2 + 2Luy[u -,y — Z,_I] + Lyy[y - y]2> + 7. (42)

The following property of the remainder is known
[ra (4, h)|

5 — 0 as [|h]|geo) — 0.
Tl

For the proof we refer to [22]. According to the notation of Lemma 3.4, we get
y—17 = 0y+ri. Replacing y — g by dy in (4.2), another second order remainder term
is needed

1 _ _ _ _
ro = —(Luu[u — U]2 + 2Luy[u —u,y— y] + Lyy[y - y]2)

[\]

1
—i(Luu [5u]2 + 2Ly [0u, 0y] + Ly, [5y]2).

It is easy to show that
T2 _
7)_ |2 — 0 as[ju—1a g — 0.
[|u U”p(p)

With these notations, (4.2) admits the form
1

L(y,u) — L(g,u) = 5 (L [6u)® + 2L,y [0u, 0y + Lyy[éy]Q) + 1o + To. (4.3)

We continue by splitting the Lagrange functional in terms of ug and u,

Lo [5u]2 + 2Lyy[6u, 6y] + Lyy [59]2 = Luu [u0]2 + 2 Luyy[uo, Yo] + Ly [yO]Q
+Lyu [u+]2 + 2Luy[ut, y+] + Lyy [y+]2
+2L [0, Ut ] 4+ 2Ly [vo, Y]
+2Luyluy, yo] + 2Lyy[yo, y+]-
13



As ug belongs to the critical subspace, the second-order condition (SSC) yields

L"[uo,y0]” = Luu[o]® + 2Luy[uo, yo] + Lyy[yo]* = 5”“0”%2(1“)

The other terms are easily estimated by ||yo||L2 T < < |82 ||u0||L2 () ||y+||L2(F <

l1S’]1? ||u+||L2(F), and by means of Young’s inequality,

|Luu[us]? + 2Luy[uy, y4] + Lyyly4)°
+2Luu [an U—i—] + 2Luy [UOa y+]

)
+2Luylur, yo] + 2Lyylyo, y+ | < Slluol 22y + sllug |72y

In this setting, ¢, is a certain (large) constant. Combining the last two results, we

arrive at

(=%

L[] + 2Luy[0u, 0] + Lyy[69)” = S lluollZa(ry = esllut e ry-

Returning to (4.3), we end up with

) Cs 8
L(y,u) — L(y,u) = ZHUOH%Q(F) - 5||U+||2L2(r) + 712+,

which is exactly the assertion. 00
In the next lemma, the term [|u (|72 in (4.1) is estimated.
LEMMA 4.2. Under the assumptions of Theorem 5.3,

c ) _ _
(5+9) Bue ey < calla = @y + collllgey + erlu =l

holds with certain positive constants cs, cg, and cy.
Proof. First, we get on A;

lusllrzca) = 6ullL2ca,) = llu —allL2(a,).-
On the whole set I' we have

Uy +Uup = 0Uu = u — U.

(4.5)

We apply the operator I + S’ to this equation and consider the image only on the

set Ay. Using ug = —yS’ug on As, we find
uy +vSuy = u+yS'u — (u+~vS'%) on As.
Now, u is again replaced by u1 + ug, see (3.18), to obtain on A

uy +vSuy = uy + S uy +ug + S uz — (4 — S'u).

On A,, by definition, the equation ug + 7S'us = —ry is satisfied. Therefore, here we

are able to continue by

U4 + ’YS/UJr =u; —u-+ ("}/Sl(’a)(ul — ’l_l,)) — 71 on AQ.
14



Due to our definitions, uy = du = u — @ holds on A;. In addition, u4 vanishes on
I'\ (A1 U As). Therefore, we find

up — 4 —yS'(@)(uy —up +1u) —r; on A
Uy = u—1u on A;
0 OHF\(AlUAQ).

Again we have a construction that was investigated in Lemma 3.4. Applying (3.11),
we get the inequality
lutllz2ry < call@ll L2y,
where ¢ is defined by
—ry+ (ug —a) +vS'(a)(uy — @) on Ay

o=< u—1a on A;
0 OHF\(AlUAQ).

Therefore, we obtain
JutllL2@y < colllu —allp2ca,) + esllur = @2y + (171l 22(a2)),
where the positive constant cg is related to ||S”||. Using ||u1 —a||p2(r) = [Jur —1ll22(a,),

lutllzzy < collur — @l p2(a,) + callrillLz(a,) + collu — allL2(ay)
is found. Young’s inequality yields

||U+||%2(r) < 3cgflur — ﬁ”%zmz) + 302||7"1||%2(r) + 3ealu — ﬂ||%2(,41)-

T s
A multiplication by (% + §)

c ) - i
<§ + z) lusllzary < csllur = @lzacay + collrallzaey +erlu = alliaa,)

concludes the proof of the lemma. O
Now we are able to prove our main result Theorem 5.3.
Proof. (Theorem 5.3) Inserting (4.4) in (4.1),

) N
L(y,u) = L(g @) = Z(lwoll7aqry + w72 ) + 72+ 72
—crllu — ﬂ||%2(,41) — csllur — ﬁ||%2(,42) - C6||7’1||%2(r)
is obtained. Next, we return to the objective F,

L(y.u)~L(5.) = F(y, u)—F(§,a)— /

i u=a) dsta) [ (wma9 (- )ia dsl).

r
Using Lemma 3.5 we find

. _
Fy,u) = F(5,8) = 7(luoll Ty + llutllZaqry) + 72 + 7

o1 _ 02 _
(o = enllu = alEaga,) + (a = es)llur = allfacay

—col|r1l1 22y (4.6)
15



Next, |[6ul r2(r) = [Juo + “+||L2(F < 2||u0||L2(F + 2||u+|\%2(r) is applied to continue
by
0 2 -
F(yvu) - F(yau) > _||5u||L2(F) + 72+ 12

51 02 _
+(? —cr)lu—allZza,) + (CA? — ¢s)|lur — @ll72(a,)

—col|r1llZz(r)- (4.7)
Take now ¢ sufficiently small, such that

o 1)
L ;>0 and ca—= —c5 > 0.
5 5

Then we can omit the associated terms in (4.7),

.0 _
Fy,u) = F(5,8) > glldulliay + 72 + 72 = collr |- (4.8)

Due to the discussions during the proof, all terms of the right-hand side (except the
first one) are small with respect to |ju — 71||%2(F). Therefore

_ J _
Fy,u) = F(g, 1) > gelle = a7z (4.9)

holds if ||u — @|| () < € and ¢ is sufficiently small. The quadratic growth condition
is proven. We can choose 05 = 6/16. O

5. Generalizations. In this section, we discuss weaker assumption and possible
generalization. The second-order sufficient optimality condition can be weakened: Let
us define the weakly active control constraints:

Aveak . — L2 e T\ (A U Ay) : i (z) > 0}.

On AYe?* we have almost everywhere %(z) = 0. The control constraints imply u(x) —
a(r) > 0 a.e. on AP for all admissible controls u. Therefore, the critical subspace
can be reduced by the requirement

u(r) >0 Vo Aveer,
The situation is more complicated for the weakly active control-state constraints:
Ayeak .= L e T\ (A; U Ay U AYR) : fip(x) > 0}.

On AYe*  we have @(x) +~(x)y(x) = c(x). Moreover, it holds u(x) +v(z)y(z) > c(x)
for all adm1ss1ble controls u with corresponding state y. This implies u—a+~vy(y—7g) >
0 or

u—1u+vy(x)S (@)(u—1a)+r >0

on AY¢%* Now, the remainder part r; has to be considered in the cone associated with
the weakly active control-state constraints. Therefore, we abstain from an additional
requirement on AYe*,

16



COROLLARY 5.1. Suppose that the following weakened second-order sufficient
optimality condition is satisfied: The condition (SSC) is only required for elements
(y,u) belonging to the critical subspace (defined in Definition 2.2) fulfilling in addition

u>0 on AYeer,

This weaker assumption ensures the result of Theorem 5.3, too.

The presented techniques can be extended to derive sufficient second-order opti-
mality conditions for other types of optimal control problems. For instance, it applies
to distributed elliptic control problems with mixed control constraints considered in
Q). Moreover, it works for two-sided constraints on the control, where we minimize
(1.1) subject to (1.2),

ug <ulx) <upy forzxel, (5.1)
together mixed control-state constraints
c(x) <u(z) +y(x)y(x) forxz eTl. (5.2)

In this case, the Lagrange functional is

ij=1 r

= [t ) dste) + [ pa =) dst) [ (et vy - e dso)
r r r
In this definition, we tacitly assume that the Lagrange multiplier uo for the constraint
(5.2) is a bounded and measurable function. In contrast to the former sections, we
have not been able to show this. Then, the necessary first-order optimality conditions
are

Dy L(y, @, p, i1, fiz, [i3) =0
Dy L(y, @, p, fir, fiz, [i3) =0
and for almost all z € T’
1 () > 0
(FONBOX) {  fi3(x) > 0
fi2(x) > 0
(a(x) — ua)fin (2) =0
(u(z) — up)fas(x) =0
(a(z) +y(2)y(z) — c(x))pa(z) = 0.

DEFINITION 5.2. The strongly active sets for problem (1.1), (1.2), (5.1), (5.2)
are

A1(61) = {.’L‘Eriﬂl( 2(51}, (53)

A3(53) = {.’L‘ el: ﬂg( > (53}, (54)

A2(52) = {I el \ (A1(51) @] Ag(ég)) : [IQ(Z‘) Z 52} (55)
17
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A pair (y,u) € C(Q) x L=(T) belongs to the critical subspace, if

u=20 on A1(61) U As ((53), (56)
u+yylr =0 on Az(02), (5.7)
and
Ay+y=0 n
anAy - By Y= Bu u n T (58)

Again, (5.8) implies y|r = S’(@)u.
(SSCBOX): There exist positive numbers 4, d1, d2, d3 such that the definiteness
condition

L/(Iu,y) (ga u, p, fi1, ﬂ2)[hya hu]2 > 5”}1“”%2(11) (59)

holds true for all (h,, h,) belonging to the critical subspace defined upon d1, d2, ds.

THEOREM 5.3. (Second-order sufficiency for box constraints and mized con-
straints) Assume that (g, @, p, fi1, fi2, fi3) fulfils the first-order optimality system (FON-
BOX) and the regularity condition (R) is satisfied. If the second-order condition (SS-
CBOX) is satisfied, then there exist 65 > 0 and € > 0 such that the quadratic growth
condition

holds for all admissible pairs (y,u) with ||u — @||pery < €. Therefore, @ is a locally
optimal control in the norm of L>°(T).

This result can be shown along the lines of the Sections 3 and 4 with minor
modifications: For the upper control constraint, we find another estimate of the type
(3.20). In Section 4, A; has to be replaced by A; U A3 and 61 by min(dy, d3).
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