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ABSTRACT. The paper deals with optimal control problems for semilinear ellip-
tic and parabolic PDEs subject to pointwise state constraints. The main issue
is that the controls are taken from a restricted control space. In the parabolic
case, they are R™ -vector-valued functions of the time, while the are vectors of
R™ in elliptic problems. Under natural assumptions, first- and second-order
sufficient optimality conditions are derived. The main result is the extension
of second-order sufficient conditions to semilinear parabolic equations in do-
mains of arbitrary dimension. In the elliptic case, the problems can be handled
by known results of semi-infinite optimization. Here, different examples are
discussed that exhibit different forms of active sets and where second-order
sufficient conditions are satisfied at the optimal solution.

1. INTRODUCTION

This paper is a further contribution to second-order optimality conditions in the
optimal control of partial differential equations. A large number of papers has been
devoted to this issue so far and conditions of this type are used as an essential
assumption in publications on numerical methods.

Sufficient conditions were investigated first for problems with control constraints.
Their main focus was on second-order optimality conditions that are close to the
associated necessary ones, for instance, by Bonnans [5], Casas, Unger and Troltzsch
[12], Goldberg and Troltzsch [18]; see also the examples for the control of PDEs
in the recent monograph by Bonnans and Shapiro [6]. The situation changes, if
pointwise state constraints are given. Here, the theory is essentially more difficult
as the Lagrange multipliers associated with the state constraints are Borel measures.
Therefore, the associated theory is less complete than that for control constraints.
Although considerable progress has been made in this issue, cf. Casas, Troltzsch
and Unger [13], Raymond and Tréltzsch [29], Casas and Mateos [10], Casas, De los
Reyes and Troltzsch [9], there remain open questions, if pointwise state constraints
are formulated in the whole domain: In the elliptic case of boundary or distributed
control with pointwise state-constraints, the conditions are sufficiently general only
for spatial dimension 2 or 3, respectively, [13, 9]. For parabolic problems, only
distributed controls in one-dimensional domains can be handled in full generality,
[29].

The difficulties mentioned above are intrinsic for problems with pointwise state
constraints and it seems that they cannot be entirely avoided. However, a review
on the application of optimal control problems for partial differential equations
shows that the situation is often easier in practice: In many cases, the control
function depends only on finitely many parameters that may also depend on time
in parabolic problems.

For instance, in all applications the group of the fourth author has been engaged
so far, the controls are finite-dimensional in this sense. This finite-dimensionality
seems to be characteristic for real applications of control theory. This concerns
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the cooling of steel profiles by water discussed in [16], [31], [32], some problems of
flow control, cf. Henning and King [22], the sublimation process for the production
of SiC single crystals, cf. [26], and local hyperthermia in tumor therapy, [15]. In
all of these problems, the controls are represented by finitely many real values,
namely, the intensities of finitely many spray nozzles in cooling steel, amplitude
and frequency of controlled suction or blowing in flow control, frequency and power
of the electrical current in sublimation crystal growth, and the energy of finitely
many microwave antennas in local hyperthermia.

In some cases, these finitely many real values depend on time. Moreover, in all
the applications mentioned above, pointwise state constraints are very important.
Problems of this type are the main issue of our paper. We address the following
points:

First, we consider semilinear parabolic equations with distributed controls of the
type f(x,t) = Zle ei(x)u;(t), where the functions e; are bounded and the control
functions u; are taken from a set of admissible controls. Thanks to the boundedness
of the fixed functions e;, we are able to extend a result of [9] for one-dimensional
parabolic problems to domains §2 of arbitrary dimension. Although our regularity
results can be extended to controls f € L?(0,T; L>°(Q)), we need the restriction to
the finite-dimensional ansatz above to deal with second-order sufficient optimality
conditions, cf. Remark 2.

Moreover, we consider different problems with finite-dimensional controls v €
R™. If the control is a vector of R™, pointwise state constraints generate a semi-
infinite optimization problem. The associated constraint set is infinite by its na-
ture. The Lagrange multipliers for the state-constraints remain to be Borel mea-
sures. Therefore, this class of problems is sufficiently interesting for the numerical
analysis. This setting belongs to the class of semi-infinite optimization problems.
Here, we are able to invoke the known theory of first- and second-order optimality
conditions. In the case of partial differential equations, this theory needs special
adaptations that are briefly sketched. Moreover, we present different examples
of state-constrained control problems, where second-order sufficient conditions are
satisfied at the optimal solution. These problems can be used to test numerical
methods and show how diverse the active set may look like.

2. SEMILINEAR PARABOLIC PROBLEMS

2.1. Problem statement. We consider the following distributed optimal control
problem with time-dependent control functions,

urélzzld J(u) —/QL(x,t,y(x,t),u(t)) dxdtJr/Eﬁ(x,t,y(x,t)) dS(z)dt

+/ r(z,y(z,T))dx

Q
subject to
(P1) (2.1)
ye + Ay(e,t) +d(z, ty(z,t) = X e(@)u(t) in Q,
oy(z,t) = 0 on X,
y(x,0) —yo(z) = 0 in Q,
g(z,t,y(x,t)) <0 for all (z,t) € K C Q,
where u = (u1,...,Uy)" and Uy,q is defined by

Upg = {u € L=(0, T;R™) : ua(t) <u(t) <up(t) ae. tel0,T]}.
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In this setting,  is a subset of R™ (n > 1) with boundary T', we have set Q =
Qx(0,7), 2 =T x(0,T), A is a second-order elliptic differential operator, K is
a non-empty compact subset of Q, and T > 0 is a fixed real number. Moreover,
functions L : Q x RXxR™ 2R, d: QxR >R, Z: ExR->R, 7r: QxR — R,
g: K xR — R, an initial state yo € C(Q), fixed functions e; : Q = R, i =1,...,m,
and fixed bounds wug, up € L*(0,T;R™) are given such that u,(t) < up(t) holds
a.e. on (0,T) in the componentwise sense. The symbol 9, denotes the derivative
in the direction of the outward unit normal v at T'.

2.2. Main assumptions and well-posedness of the state equation. In the
parabolic case, we rely on the following assumptions:

(A.1) The set Q C R™ is an open and bounded Lipschitz domain in the sense of
Necas [28]. The differential operator A is defined by

Ay(z) = = Y O, (aij(2)0s,y())

i,j=1
with coefficients a;; € L>°(2) satisfying
n

AP <D a(2)&8 VEER", Vo eQ

1,j=1

for some A4 > 0.

(A.2) (Caratheodory type assumption) For each fixed pair (z,t) € @ = Q2 x (0,7)
or X =TI'x(0,T), respectively, the functions d = d(z,t,y) and £ = ¢(x,t,y) are twice
partially differentiable with respect to y. For all fixed y € R, they are Lebesgue
measurable with respect to (z,t) € @, or x € ¥ respectively.

Analogously, for each fixed pair (z,t) € Q, L = L(z,t,y,u) is twice partially
differentiable with respect to (y,u) € R™*1. For all fixed (y,u) € R™, L is
Lebesgue measurable with respect to (z,t) € Q.

The function g = g(x,t,y) is supposed to be twice continuously differentiable

2
with respect to y on K X R, i.e. g, @7 and % are continuous on K x R.

dy y?
(A.3) (Monotonicity) For almost all (z,t) € Q or (z,t) € X, respectively, and all
y € R it holds that

ad
8y(w,t,y) >0

(A.4) (Boundedness and Lipschitz properties) The functions e;, i = 1,...,m, be-

long to L>(€2). There is a constant Cy and, for all M > 0, a constant Cr,(M) such
that the estimates

od 0%d
‘d(]],t70)| + |@($,t,0)| + |87y2(x’t70>| < Co

0%d 0%d
|8TJQ($,1573/1) - 67(@2(%@ y2)| < Co(M)|yr — o

hold for almost all (z,t) € @ and all |y;| < M, i = 1,2. The functions ¢, and g

are assumed to satisfy these boundedness and Lipschitz properties on ¥ and @,
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respectively. The function r is assumed to obey these assumptions with x €
substituted for (z,t) € Q. Analogously,

|L(x,,0,0)] + |L'(2,t,0,0)| + [L" (x,1,0,0)| < Cy
|L/,(I7tayl7u1) - L//(:E7tay27u2)| g CL(M) (‘yl - y2| + |U1 - U2|)

hold for almost all (z,t) € Q and all |y;| < M, |u;| < M, i =1,2. Here, L’ and L"”
denote the gradient and the Hessian matrix of L with respect to (y,u) € R™+1,

2.3. Well-posedness of the state equation.

2.3.1. State equation and existence of optimal controls. In this subsection, we show
that the control-to-state mapping G : u — vy is well defined for all admissible
controls u. Moreover, we show certain continuity properties of G. Later, we will
also discuss the differentiability of G. In all what follows, we denote the state
function y associated with u by vy, i.e. v, = G(u).

Theorem 1. Suppose that the assumptions (A.1) — (A.4) are satisfied. Then,
for every u € L9(0,T;R™) with ¢ > n/2 + 1, the state equation (2.1) has a unique
solution y,, € C(Q)NW (0, T). If uy — u weakly in L%(0, T; R™) with ¢ = max{q, 2},
then y,,, — y, strongly in C(Q).

Proof. The functions e; are bounded, hence the right-hand side

v(z,t) = Zei(fl?) u;(t)
i=1
of equation (2.1) belongs to L9(Q) with ¢ > % + 1. Therefore, existence, uniqueness
and continuity of the solution y € W(0,T) of (2.1) follow from Casas [8]. It remains
to show that ux — u weakly in L9(0,T,R™) implies y,, — ¥. strongly in C(Q).
To this aim, we first re-write the parabolic equation as

— 4+ Ay = wvg:= ZT:I ei(z) ug,i(t) —d(z, t,y,) in Q,
dt (2 2)
Oy = 0 on 3, '
ye(z,0) = yo(x) in

where we introduced yj, := y,, . The sequence of right-hand sides (vy) is bounded
in L9(Q). Therefore, the boundedness of the sequence y;, in C(Q) is a standard
conclusion, [8], so that (d(z,t,yx)) is bounded in L*°(Q). In view of this, the
sequence (vy) is bounded in L2(0,T; LP(Q)), where p is taken sufficiently large to
meet the assumptions of Theorem 3. Therefore, (v;) contains a sub-sequence (v, )
with vy, — v weakly in L2(0,T; LP(Q)), | — oo,

W.lLo.g we can assume yy = 0, since the solution g of 9, + Ag =0, 0,5 = 0 and
9(2z,0) = yo(x) can be subtracted from the sequence yi. This fixed function does
not influence the convergence properties.

Thanks to Theorem 3, the mapping vy +— yi defined by (2.2) is linear and
continuous from L2(0,T; LP(£2)) to the Holder space C*(Q) for some a > 0. By
the compactness of the injection C%(Q) — C(Q), (yx,) converges uniformly to some
y € C(Q). This, implies (d(x,t,yx,)) — (d(x,t,y)) in L>=(Q) — L*(0,T; LP(2)) so
that the right-hand side converges weakly to v = Y./, ¢; u; — d(-,y). Therefore, y
is associated with this function v and solves the semilinear equation with control
u. By uniqueness, it must hold y = vy, hence the same result is obtained for any

subsequence of (vg), and a standard argument yields y;, — y in C(Q) as k — co. O

It is obvious that only those parts of the assumption (A.4) are needed in the
theorem that are related to d and d,.
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Theorem 2. Assume that the assumptions (A.1) — (A.4) are fulfilled, the function
L = L(x,t,y,u) is convex with respect to u € R™ and the set of feasible controls is
nonempty. Then the control problem (P1) has at least one solution.

This theorem is a standard consequence of Theorem 1 and the lower semiconti-
nuity of J that needs the convexity of L with respect to u.

2.3.2. Hélder regularity for linear parabolic equations. The results of this subsection
are needed for the extension of second-order sufficient conditions to the case of n-
dimensional domains, if the controls depend only on time. To derive second-order
sufficient conditions, linearized equations are considered for L2-controls, and the
regularity of associated states is derived in Theorem 3, which has already been used
in the proof of Theorem 1. The theorem is proved by recent results on maximal
parabolic regularity. Throughout this section, €2 is allowed to be a Lipschitz domain
in the sense of Grisvard [21]. This is more general than domains with Lipschitz
boundary in the sense of Necas [28].
We consider the linear parabolic problem

d
i+Az—|—coz = v in Q,

dt
B,z 0 in % (2:3)
z(z,0) = 0 in

where ¢g € L*°(Q) is given fixed. Later, ¢ stands for the partial derivative dd/dy
taken at the optimal state. To deal with equation (2.3), we provide some basic facts
on maximal parabolic regularity.

We denote by A € L>(;R"*™) the matrix function A(z) = (a;;(x)), with a;j,
i, € {1,...,n} defined in (A.1). Associated with our differential operator A, the
linear and continuous operator —V - AV : HY(Q) — H*(Q) is defined by

<=V -AVv,w >::/AVU-dex Yo,we HY(Q). (2.4)
Q

The restriction of this operator to the spaces LP(Q) with p > 2 is denoted by A,.
Its domain is given by

D(Ap) ={y € H'(Q) : Ay € L(Q)}

equipped with the associated graph norm. It is known that A, incorporates a
(homogeneous) Neumann boundary condition, see [17] Ch. I1.2 or [14] Ch. 1.2.

Let us next recall the concept of maximal regularity: Let X be a Banach space
and A denote a closed operator with dense domain D C X equipped with the
graph norm. Moreover, let S = (Tp,7) C R be a bounded interval. Suppose
r € (1,00). Then A is said to satisfy maximal parabolic L"(S; X)-regularity iff
for any f € L™(S; X) there is a unique function w € Wbr(S; X) N L"(S; D) that
satisfies

0

8—1: Y Aw=f, w(Ty)=0. (2.5)
By W1r(S; X), we denote the set of those elements from L"(S; X) whose distribu-
tional derivative also belongs to L"(S; X). If X, Y are Banach spaces which form
an interpolation couple, then we denote by [X, Y]y the corresponding complex in-
terpolation space and by (X,Y)g,, the real interpolation space, see [30]. Below we

well employ the following fact: There is a continuous injection
£: W (S;X)NL"(S;D) — C(S; (X, D)y_1,,), (2.6)

see [4] Ch. III Thm. 4.10.2, cf. also [30] Ch. 1.8. Moreover, for any n € (0,1 —

1) there is a continuous embedding (X, D), _ 1, = [X,D], and, consequently, a
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continuous embedding
C(Sv (Xa’D)l—i,r) - C(Sv [X7,D}7l) (27)
Next, we need the following

Lemma 1. Assume 7 € (0,1 — %) Then there is an index k > 0 such that
WLr(S; X) N L™ (S;D) continuously embeds into C*(S;[X, D).

Proof. First of all, the estimate

t t

Juo(t) = w(to)llx =1 | w/(s)dslx < (

r—1

o lcas) ([ as) T <

t() tO

< Jwllwircsix) [t = tol 7
gives us a (continuous) embedding from W (S; X) into C°(S; X), where 6§ = %
Let  be a number from (7,1— %) Then, putting A = T we obtain by the reiteration
theorem for complex interpolation, see [30] Ch. 1.9.3,
w(t) — w(s)llx,p), <. lw(t) — w(s)llx,x,00,0x -
It — |50 = [t — 5|02 =

w(t) —w(s)||y
<c H (t)_ s|6((1_)|>!)x [w(t) — w(s)”[AX»D]w =

< o ()=

XY (ol *
It — s|5 HwHC(S;[X,D]n) > 62Hw||W1»T(S;X)ﬂLT(S;D)-
O

Corollary 1. Assume that A satisfies maximal parabolic L™ (S; X)-regularity and

let 7€ (0,1 — %) be given. Then the mapping that assigns to every f € L"(S; X)

the solution of (2.5) is continuous from L"(S; X) into C*(S;[X,D];) for a certain
k> 0.

Proof. The mapping

% + A Wh(S; X)NL"(S;D) N {w|w(Ty) =0} — L"(S; X)

is continuous and bijective. Hence, the inverse is also continuous by the open
mapping theorem. Combining this with the preceding lemma gives the assertion.
O

Now we are able to show our main result on parabolic regularity: Hdélder regu-
larity can be obtained for functions which exhibit only to L2-regularity in time, if
their spatial regularity is LP and p is sufficiently large.

Theorem 3. If f belongs to L"(S; LP(QQ)) with r > 1 and sufficiently large p, then
the solution w of

%f +Aw=f, w0)=0 (2.8)

is from a space C*(S;CP(S2)). Moreover, the mapping f — w is continuous from
L7 (S; LP(2)) to C*(S;CP(Q)).

Proof. We apply the general results on maximal parabolic regularity to our operator
A,. Tt is known that A, enjoys maximal parabolic L"(S; LP(Q2))-regularity for
every p € (1,00) and r > 1. We refer to [19], Thm. 7.4. Moreover, the following
interpolation result is known: If 6 € (0,1) and

8= fa— (1—6)% >0, (2.9)



CONTROL WITH FINITE-DIMENSIONAL CONTROL SPACE 7

then
[LP(9), C* ()]s — C*(Q). (2.10)

The result is shown in [19], see the proof of Thm. 7.1. In general, the domain of A4,
is difficult to determine. However, the following embedding result is helpful: For
p > 5, there exists a > 0 such that the continuous embedding

dom(A4,) — C*(Q) (2.11)

holds true. This result is proved in [20]. Keeping @ > 0 fixed we can increase p
so that also (2.9) is satisfied. Clearly, (2.10) and (2.11) remain true. Taking now
into account Corollary 1 for X = LP(2), then the assertion follows from (2.10) and
(2.11). O

Corollary 2. Ifr > 1 and p is sufficiently large, then for all v € L™(S; LP(Q)), the

weak solution of (2.3) belongs to C*(Q) with some o > 0. The mapping v — z is

continuous from L™(0,T; LP(Q)) to C*(Q).

Proof. The operator % + A, is a topological isomorphism between L™(S; D(A4,))N
WLEr(S; LP(Q)) N {z : 2(Tp) = 0} and L"(S; LP(2)), and is therefore a Fredholm
operator of index zero. Obviously, the multiplication operator induced by c¢q is
bounded on L?(S; LP(Q)); hence, the domain of % + A, + co equals the domain of
% + A, — which, due to Theorem 3, compactly embeds into L"(S; LP(§2)). Thus, the
multiplication operator induced by cg is relatively compact with respect to % +A,.
By a well known perturbation theorem, % + A, +c¢o then also must be a Fredholm
operator and is also of index zero (see Kato [23], Ch. IV.5.3). Let us show that it
is injective: Let z be a solution of % + A,z 4+ coz = 0 or, equivalently, % +A,z =
—cpz. As a solution of this parabolic equation with right hand side —cyz, z has
then the representation z(t) = —f; e(s=D4¢y(s,-)2(s) ds. But the semigroup
» is contractive on LP () (see [19] Thm. 4.11) and ¢q is essentially bounded;

—tA
e
thus Gronwall’s lemma yields z = 0. Therefore, % + A, + o is injective. Because

it is Fredholm and, additionally, of index zero, it is also surjective. Consequently,
the inverse operator maps L"(S; LP(2)) continuously into the domain of % + A,

and this is continuously embedded into a space C*(Q). (]

Notice that in particular L?(0,T; L°°(Q)) is mapped continuously into a space
C*(Q). This is what we need for the discussion of second-order sufficient conditions.
The theorem refers to the PDE (2.3) with homogeneous initial condition. It is

obvious that the result extends to inhomogeneous Holder continuous initial data.

Remark 1. The Hélder reqularity might also be deduced from Ladyzhenskaya et
al. [25] under the assumption that T is a Lipschitz boundary in the sense of Necas
[28], ¢f. also [8]. Under this assumption, the continuity of the state function for our
restricted class of controls was also shown in [29]. The use of mazimal parabolic
regularity permits to extend these results to Lipschitz domains in the sense of Gris-
vard [21]. Moreover, this approach is not restricted to Neumann conditions. It also
allows for mized boundary conditions and, of course, for Dirichlet conditions. Last,
but not least, our approach essentially shortens and unifies the associated proofs.

2.4. Necessary optimality conditions. The control-to-state mapping Gu) =
Yu, G : L*=(0,T;R™) — C(Q) N W(0,T), and the reduced objective functional
J are of class C? from L>(0,T;R™) to their image spaces, provided that the

assumptions (A.1)-(A.4) are satisfied. This follows by the arguments of [8].
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We define, for v € L>(0,T;R™), the function z, as the unique solution to

%-FAZU-F@(%E%)Z@ = Z?ll ei(x)vi(t) in Q7

dt oy
Oyzy = 0 iny, (2.12)
y(z,0) = 0 in Q.

Then G'(u), G : L*(0,T;R™) — C(Q) N W(0,T) is given by G’(u)v = z,. More-
over, for vy, vo € L*°(0,T;R™), we introduce z,, = G'(u)v;, i = 1,2, and obtain
G (u)v1v2 = 2y 0,, Where z,,,, is the solution to

dzy, v od 02 .
dl 2+ Azyy v, + ay (Tt Yu) 2o10; + Ay a2 (@, Yu)20, 20, = 0 inQ,
auzvﬂjz = 0 in 27
Zoywe (2,0) = 0 in L
(2.13)

The adjoint state ¢g, € W(0,T) associated with v and J is introduced as the
unique solution to

dp " od _ OL .
_E—’_A 90+87y(x7t7yu)90 R (@, t, Yus u) in Q,
oo = Loty in % (2.14)
P = ay y Uy Yu s :
ar
:L-’T = —(Z, Yu :C7T n Q,
o(z,T) ay( Yu(z,T))

where A* is the formally adjoint operator to A. Standard computations show

u)v _/ {/ ( (2, Yus u )-i—gDOuei(x)) dx} v, (t) dt, (2.15)

0*L 0*L
J"(w)vivy = / {8 5 (T, Yus W) 20, 20, + D90 —— (2, t, Yu, ) - (2,02 + 2p,01)
+0%L 0%d

+'U1 W(xvtvyuau)'l& - WOuayQ(ﬂi,twu)ZmZuQ} dxdt,
82
. 9y 2(3: by Yo ) 2y 2w, AS dt
82

Iy @,y (2, T)) 20, (2, T) 2, (2, T) dr,

(2.16)
As in (2.16), we will use a dot to denote the inner product of R™. Notice that the
zy, and ¢g,, depend on (z,t), while the v; depend on t only.

We require the following linearized Slater condition: There exists a function
ug € L°(0, T;R™) with u,(t) < up(t) < up(t) for a.e. t € (0,T) such that

0

a—ggj(x,ty(w,t))zuo,ﬂ(x,t) <0 Y(z,t) € K. (2.17)
Inserting ¢ = 0, this imposes a condition on the initial state yy. Therefore, to satisfy
(2.17), we have to assume that

g(z,0,90(7)) <0 Vz € Q with (z,0) € K. (2.18)
Defining the Hamiltonian H by

g(z,t, @(.T, t)) +

m

H(z,t,y,u,0) = L(z,t,y,u) + ¢ [Zei(l') u; —d(z,t,y)|,
i=1
the first-order necessary conditions admit the following form:
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Theorem 4. Let @ be a local solution of (P1). Suppose that the assumptions (A.1)
— (A.4) hold and assume the Slater condition (2.17) with some ug € L*(0,T;R™),
Ua(t) < ug(t) < up(t) for a.e. t € (0,T). Then there exists a measure i € M(K)
and a function g € L*(0,T; W7 (Q)) for all s, o € [1,2) with (2/s)+(n/o) > n+1
such that

dp . od,_ 9L dg
*E +A »+ ay(xvt7y)§0 - ay (w,t,y,u) + ay(x’tay)ﬂlQa
_ ot dg _ _
az/(P(xat) = a—y(w,tyu(w,t)) + @(m>tay(l’7t))ﬂ\z7
_ ar, dg _ _
@(xaT) - aiy(xay(x7T)) + aiy(vaay(xaT))p“\Qx{T}

(2.19)
for a.a. x € Q, t € (0,T), where fi,, fi5, and Rlgy oy denote the restrictions of [
to Q, X, and Q x {T'}, respectively,

/ (z(z,t) — gz, t,7(z,t))dp(z, t) <0 Vze C(K) with z(z,t) <0 V(z,t) € K,
K

(2.20)
and, for almost all t € (0,T),

| Gt ), 1), ) o 0= 0(6) 2 0 Y € a8 (221)

This theorem follows from Casas [8] using the admissible set

m

Uyg = {v|jv= Zez()ul(), Uq,i(t) < ui(t) < up,i(t) ae. on (0,7)}
i=1

and writing the associated variational inequality in terms of u. The inequality
(2.20) implies the well-known complementary slackness condition

/ o, t, 5 ) dfi(w, 1) = 0. (2.22)
K

Notice that 9H/du is a m—vector function. Since we need the integrated form of
H and its derivatives at the optimal point, we introduce the vector function

0H
1) = [ 2t g0, a0), 60, 1) da (2.23)
Q ou
and the (m, m)-matrix valued function
0’H

Huu(t) = 0 W(

x,t, gz, t), u(t), p(x, t)) de (2.24)

with entries
Hy,y, () = (Hyu)i; (1), i,5€{1,...,m}.
The (reduced) Lagrange function is defined in a standard way by

Llu,p) = /QL(aat,yu(x,t)m(t))dxdt—i—/Zf(mj,yu(%t))det

—|—/Qr(x7yu(x,T))dx+/Kg(x,t,yu(m,t))du(x,t).

For later use, we establish the second-order derivative of £ with increments v; €
L>(0,T;R™), i = 1,2. The expressions below contain functions z,, (z,t) and v;(t),
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but we suppress their arguments for short.

9L >L
90 Wl (u /,L)’Ul’l)g (9 a7 (.T t, Yu, U )zmzvz

0L 0L
8y8u(x ty Yus ) - (20, V2 + 20,01) +'UI W(xvtayuau)UQ

0%d (@t Yu) 20, 2 dxdt—l—/azr(x (2, T)) 20, (2, T) 2y (2, T) d:
@ua 2 yu K25 ek %) Q ayz 7yu ) U1 b v2 b)

T 92 329
Jr/ Tyt Yu) 2oy 2 dt+/ Tyt Yo ) 2oy 2oy Ai(, T
[ SE@ it [ Tt s die.),

(2.25)
where ¢, is the solution of (2.19) with u taken for @, y, for g, and p for f,
respectively.

2.5. Second-order sufficient optimality conditions. The regularity results of
the preceding section at hand, we are able to discuss second-order sufficient condi-
tions for arbitrary dimensions of €2. To establish them and to show their sufficiency,
we follow the recent paper [9] by Casas et al. . The presentation here is similar to
the one in [9], but there occur some differences due to the appearance of vector-
valued control functions. We do not assume that the reader is familiar with the
results of [9]. Therefore, we sketch the main steps of the analysis. For an easier
comparison with the arguments presented in [9], we adopt also part of the notation
used there.
First, we define the cone of critical directions associated with @ by

o = {h € L*(0,T;R™) : h satisfies (2.26), (2.27) and (2.28) below},
Z 0 lf ”L_l,l(t) = ’U,aﬂ'(t),

Vie{1,...,m}, hit)=4 <0 if ai(t) = upilt), (2.26)

ot gl 0)an(,0) S0 I glat gl t) = (2.27)
dg _ _
/K a—y(z,t,y(x,t))zh(z,t) di(x,t) = 0. (2.28)

The vector function H,, was defined in (2.23).
Moreover, we define, for fixed 7 > 0 and all i € {1,...,m}, the sets of ”suffi-
ciently active control constraints”

Ef ={te[0,T] : [H,:(t) >} (2.29)

In the next theorem, we write diag(x g7 (¢)) for the matrix diag(x gy (t), - -, X ez, (t))-
The second-order sufficient optimality conditions for @ are stated in the following
result:

Theorem 5. Let u be a feasible control of problem (P1) that satisfies, together with
the associated state § and (¢, i) € L*(0,T; W7 (Q)) x M(K) for all s, o € [1,2)
with (2/s) + (n/o) > n+ 1, the first-order conditions (2.19)-(2.21). Assume in
addition that there exist constants w > 0,ag > 0, and 7 > 0 such that for all
o > Qo

dT(Huu(t)+adiag(XE;(t)))d > wld? ae t€[0,T], Vd € R™, (2.30)

9?L

3 (@,p)h* > 0 VheCy\ {0} (2.31)
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Then there exist € > 0 and & > 0 such that, for every admissible control u of
problem (P1), the following inequality holds

.0 _ . _
J(u) + 5”“ - “||2L2(0,T;]R<m) <Ju) if flu— u||L°°(0,T;Rm) <e. (2.32)

Proof. The proof is by contradiction. It follows the one presented in Casas et al.
[9] for an elliptic control problem. Nevertheless, we sketch the main steps, since
there are some essential changes due to the different nature of our problem.

Suppose that @ does not satisfy the quadratic growth condition (2.32). Then
there exists a sequence {uy}72, C L*°(0,T;R™) of feasible controls for (P1) such
that up — @ in L*°(0,T;R™) and

1 _
J(u) + EHUk - uHiz(O’T;Rm) > J(ug) Vk. (2.33)

Define py, = |lux — || 20, 7;rm) and
1 _
hy = —|lug — @l L20,7mm)-
Pk

Since ||hx||r2(0,r;rm) = 1, a weakly converging subsequence can be extracted.
W.lo.g. we can assume that hy — h weakly in L?(0,T;R™), k — oco. Now,
the proof is split into several steps.

Step 1: It is shown that
—u(a, g)h =0. (2.34)

The arguments are the same as in [9]. Moreover, they are analogous to the
classical proof for finite-dimensional problems. Therefore, we omit them.

Step 2:  h € Cyz. We have to confirm (2.26)—(2.28). It is easy to verify that h
satisfies the sign conditions of (2.26). To see that h;(t) vanishes, where H,, ;(t) # 0,
we notice that (2.21) implies after a standard discussion that, for all i € {1,...,m}

[H,, ;(t)h;(t)| = H, ;(t)hi(t) >0 for a.a. t € [0,T]. (2.35)
Therefore,

'y ! oc,
/O ;|Hu,z(t) hz(t)‘dt :A Hu(t)h(t) dt = %(u’ N)h—o

must hold in view of (2.34). This implies h;(t) = 0 if H,, ;(t) # 0, hence (2.26) is
verified.
The proof of (2.27) is fairly standard and follows from
on = G'(@)h = lim Leele —Y 5 o),
k—oo Pk
and from g(z,t, Yatp.n, (2, 1)) = g(z,t, ye(z, t)) < 0 for every (z,t) € K, since uy,
is feasible. Notice that g(x,t,y(x,t)) = 0 holds for all (z,t) considered in (2.27).

It remains to show (2.28). We get from the complementary slackness condition
(2.22) that

dg, _ _ . 1 / N1 g
(- z d = hm _ S Ya ) — y d =
gy 0adn = lim o | g yarpn) — (. 9)] dp
1
= lim 7/ 9('7yuk)dﬂ <0, (236)
koo pi Ji
since it > 0 and g(z,t, Yy, (x,t)) <0 on K. On the other hand, (2.33) yields

J(@h = tim LEEPE) ZT@) o T) =@ pki =0. (2.37)

k—oo Pk k—o0 Pk ~ k—oo
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Now, (2.34), (2.36), (2.37) and the simple identity
oL dg _ _
et = T@h+ [ et i)z 0,t) o)

imply that
[t )nnt) diGet) =0,

hence (2.28) holds and we have shown h € Cy.
Step 3: h = 0. In view of (2.31), it suffices to show

L

J'(w)h =

902 (a,m)h <0. (2.38)

For this purpose, we perform a second-order Taylor expansion of the Lagrangian,
_ o oL, p2 0L

L(ug, ) = L(u, 1) + pk%(u,u)hk + 2’“ D0 (wy, i)h3, (2.39)

where wy, is an intermediate point between u and wg. Re-writing this equation, we
get

oL PROPL,
Pk%(uaﬂ)hk‘F 2 u 7 (U 1)hi;
0’L %L 9
zﬁ(ukaﬂ)_ﬁ(ﬂ7ﬂ)+? ou 2( /j) o Q(wka ) hk (240)

Moreover, we mention that (2.33) can be written in terms of £ as

L(ug, i) — L0, i) < ’;f (2.41)

Taking into account the expression (2.25) of the second derivative of the Lagrangian,
the assumptions (A.1)-(A.4), Theorem 1, (2.12) and the fact that u; — @ in
L>(0,T;R™) and ||hg||z2(0,7;rm) = 1, we get that

oL . 9L 9 o?’L . 9L
|Gt - St wm| ] < |55 - S
w(u,u) o a2 (wkaﬂ)

B Ha?c L

B(L2(0,TR™))
— 0 when k — oo, (2.42)
B(L*(0,T;R™))
where B(L?(0,7;R™)) is the space of quadratic forms in L?(0,T;R™).
From (2.35) and the definition of hj; we know that H, ;(¢) hi(t) > 0 for a.a.
t€]0,7] and all i € {1,...,m}, therefore

oL, T %
g = [ B0 b= [ )

> /E i) dt. (2.43)

For any € > 0, there exists k. such that

v

kil Lo (0, 7imm) = |8 — Ukl Lo (0,mimm) < € VK > ke,

therefore -
hi (t
p’“%”() < pulhis(t)] Vk > ke, ae. te0,T].

From this inequality and (2.43) it follows that

oL, _ - PIT 9
— hy > hi(t)|dt > == hy . (t)dt. 2.44
e @ = per 3 [ heslar= P [ a0 (2.49)

1Pkl 2 0 1)
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Collecting (2.40)-(2.42) and (2.44) and dividing by p?/2 we obtain for any k > k.

0L 2 0L _ 0L
Z a+ S mid < 3+ S - Zwn)

B(L2(0,T;R™))
(2.45)
Let us consider the left-hand side of this inequality. First of all we notice that from
(2.25) and
62

Ho() = | 5

(x,t,g(z,t),u(t)) dz (2.46)

it follows that

e v ]

Gawan = [ {hk(t)THuu(t)hk(t)+2 | Bttty do - utt)| a
0
+/QLyy(x,t)z,%k(x,t) dxdt—l—é@ﬂx,t)zi&x,t) dsdt

_ 0 _ _
+ [ o), @ 1) do o+ / (et )2, (o, 1) d(a ),

where H,, (t) was defined in (2.24) and Ly, Ly, £y, and 7, are defined by

= 0%’L _ _ - (92L
%0 827’

Eyy(x’t) = ayg (I7t’g(xat))7 fyy( ) 8 2('7: y(x T))

The first integral of gjﬁ (@, fi)h needs special care. We notice that

2{2 /E R (tydt = /0 hk(t)T(%T diag(x; (1)) ) hu(t)dt. (2.47)
=1 i

Thanks to assumption (2.30), it holds that

2
T (Huu(t) + ?T diag(x sr (t)))d >wld? Y0 <e< e, (2.48)

if ¢ is taken sufficiently small. Therefore, the matrix function H,,, (t)—i—% diag(x g7 (1))
is uniformly positive definite, and hence we infer that

T
lim inf /O R (t) (HW (t) + %T diag(x E;)(t))) hy(t) dt

k—oo

> /O KT (1) (Huu(t)+%TdiagXE;(t)))h(t) dt. (2.49)

Finally, taking into account that, by Corollary 2 with ¢y = g—Z(~7gj), Zh, — Zh
strongly in C(Q), we deduce from (2.45)-(2.49) and (2.42)

T 27 _
/ W (1) (Bl (0) + 27 dingcy (1)) ) () di + / 2 Loy (@, )20 (2 ) - h(t) dardt
0 € Q
—|—/QLyy(x,t)zh(w,t) da:dt—i—/zfyy(x,t)zh(x,t) dsdt

2
+ / Fyy(@)2} (@, T) da + *g T (. t, 5, 1)) 23 (2, 1) dji(r, 1) < 0.
Q K JY

This expression can be written as

27_ i 2 82£ _ 2
- ; P <
) / @)+ G e <0,

which along with (2.31) and the fact that h € Cy implies that h = 0.
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Step 4: hx — 0 strongly in L?(0,T;R™). We have already proved that hy — 0
weakly in L?(0, T; R™), therefore zj,, — 0 strongly in C(Q) by Corollary 2. In view
of (2.45) and || ||z2(0,7;rm) = 1 we get

T
0 < w = wlimsup/ |he(t)|? dt
0

k—o0

T
2
< limsup / BT (8) (B (8) + = diag(xer (1) ) (1) e
k—oo 0 €
< limsup 2+H62£(a i) aQE(w i)
> 7 7. 0 (U - 5 o5 Wk,
k—s 00 k 6’LL2 8u2 B(L2(0,T;R™))

—/Q [2 Loy (2, t)2n(z,t) - h(t) — Lyy(a:,t)zz(x,t)} dxdt
—/Zgyy(m,t)z%(x,t) dsdt—/ﬂfyy(x)z,%(x,T) dx

329 - 2 .
~ /. @(I,t,y(x,t))zh(x,t) di(z,t) = 0.

Thus we have got a contradiction so that our hypotheses (2.33) cannot be true. O

Remark 2. A study of the proof reveals, why the special form of time-dependent
controls is important: The sequence (hy) converges in L?(0,T;R™). This space
is associated with the domain (0,T), where the controls can vary (notice that the
functions e; € L°(S2) are fized). Controls of L*(0,T;R™) are mapped continuously
to continuous state functions. This fact is essential for the theory to work. For more
general control functions f € L*(0,T; L>(Q)), the associated domain of variability
is Q% (0,T). Here, the space L*(2x (0,T)) would underly the proof. However, state
functions associated with controls of L*(2 x (0,T)) are not in general continuous
so that the proof does not go through.

Let us briefly comment on the consequences of the assumption (2.30) for the
matrix function H,,,. To this aim, we consider a certain index set I C {1,...,m}
and assume that

E=()E (2.50)
iel
is non-empty. To avoid a re-numbering, let us assume that I = {1,...,k}. We

write H,,, + adiag(xg(t)) as a block matrix in the form
: | A() +ald B(t)
Hult) +adiagle@) = | 500, "' o)
Then (2.30) is satisfied on the set E, if C(t) is uniformly positive definite there:
There must exist 5 > 0 such that
£10(E = BIEf® vE e R™H,

but no condition on A(t) is needed. This is seen as follows: We split d € R™ in
d; € R*, containing the first k¥ components and do € R™ % with the remaining

m — k components. Then
d’ (Huu(t) +a diag(XE(t))) d dl A(t)dy + a|dy|? + 2d] B(t)ds + dj C(t)ds

aldy|? = caldy|? — epldi|? — e|da|? + Bda|?

AV

Y

o o, B 2 2
h = >
Sl + L1y > wld)

by the Young inequality, if « is sufficiently large, € > 0 is taken sufficiently small,
and w = min{«, 8}/2.
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In the particular case k = m, i.e. on E =(,~, E7, we do not need any condition
on H,,, while H,,, must be uniformly positive definite on [0,7]\ J;~, E], where
no strong activity helps.

Certainly, there are many possible index sets I, and the discussion of all different
cases is mainly a matter of combinatorics. We do not dwell upon this point. Instead,
let us discuss the case m = 2, where Hy,, + avdiag(x g7, x5 ) is given as follows:

—In E] N EJ, we have

. Hi(t) +« His(t

This matrix is uniformly positive definite on E7 N EJ for all sufficiently large a.
Therefore, the matrix H,, satisfies (2.30) on this subset without any further as-
sumption on positive definiteness of H,,,.

—In ET \ (E] N EY), it holds

. H11<t)+0z le(t)
o tadiagenxe) = | po) Halt)

so that we need Hao(t) > 3 > 0 to make the matrix positive definite on ET \ (E7 N
E7) for sufficiently large . An analogous condition must be imposed on Hi1(t) on
B3\ (B] N E3).

—1In [0,T]\ (ET U EJ), the matrix H,,(¢) must be uniformly positive definite to
satisfy (2.30), since diag(x g7, x;) vanishes here.

Finally, we mention the case of a diagonal matrix H,, (t) = diag(H.,, (t)). Here,
(2.30) is satisfied, if and only if
Vie{l,....m}: Hy, (t)>w Vte[0,T]\E].

This happens in the standard setting where u appears only in a Tikhonov regular-
ization term, i.e.

L= L(z,t,y) + Mul?

3. SEMILINEAR ELLIPTIC CASE

3.1. Problem statement. In this section, the following elliptic problem with
pointwise state constraints is considered:

win ) = [ L)) do+ [ o) dsta)

uEUqq
subject to
P2 3.1
(2) —Ay(z) +y(z) +d(z,y(z),u) =0 in Q (3
Ovy(x) +b(z,y(x)) =0 on T,

g(z,y(x)) <0 for all z € €,

where Uyg := {u € R™ : uy < u < upp. In this setting, & C R™ (n > 2)
is a bounded domain with Lipschitz boundary I'. Moreover, sufficiently smooth
functions L,d: QxR xR™ — R, g: QxR — R, and b,/ : T xR — R are given; u,
and up with u, < up are vectors of R™. We adopt the notation from the preceding
sections.

Similar to [10], [12], the following assumptions are imposed on L, ¢, d, b:
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(A.5) (Caratheodory type assumption) For each fixed z € Q or T' respectively,
the functions L = L(x,y,u), £ = {(z,y), d = d(x,y,u), b = b(z,y), are of class C?
with respect to (y,u). For all fixed (y, u) or fixed y, respectively, they are Lebesgue
measurable with respect to the variable z € 2, or « € I" respectively. The function
g = g(x,y) is supposed to be twice continuously differentiable with respect to y on
Q xR.

(A.6) (Monotonicity) For almost all x € Q, or « € T', respectively, and any fixed

u € U,q when applies, it holds

od b
< >0, — > 0.

(A.7) (Boundedness and Lipschitz properties) There is a constant Cy and, for all

M > 0, an C(M) such that the estimates
|d(1’a070)‘ + |d/(ﬂf,0,0)| + |d//(l',0,0)| < CO
|d" (x,y1,u1) —d"(x,y2,u2)] < CrL(M)(|lyr — ya| + |u1 — u2l)

hold for almost all x € Q, all u, u; € Uyq, and all |y;| < M, i=1,2.
The functions L, ¢, b, and g are assumed to satisfy (A.7) as well.

3.2. First-order necessary conditions. In this section, we consider optimality
conditions for problem (P2). Since the controls are in R™ and infinitely many
pointwise state constraints are given, this problem belongs to the class of semi-
infinite mathematical programming problems.

Therefore, the first- and second-order optimality conditions might be deduced
from the theory of semi-infinite programming. Nevertheless, the transfer of these
results to the control of PDEs needs the handling of the associated partial dif-
ferential equations and to discuss the differentiability properties of the underlying
control-to-state mappings so that these facts are worth mentioning.

First, we derive some basic results for the control-to-state mapping that are
standard for problems with control functions appearing linearly on the right hand
side of the PDE. Since our setting includes controls appearing nonlinearly, we have
to slightly update the arguments, and we state them for convenience of the reader.

Theorem 6. Let Q C R™ be a bounded and Lipschitz domain. Suppose that the
conditions (A.5) and (A.6) are satisfied. Then, for all u € Uyq, the partial differ-
ential equation

—Ay(z) +y(z) +d(z,y(z),u) =0 in Q

0uy(@) + bz, y(@) =0 on T, (32
has a unique solution y, € H*(2) N C(Q) and the estimate
Yull g0y + Yullc@ < em (3.3)

holds with a constant cj; that does not depend on wu, if u belongs to U,q.

Proof. The result follows by setting

d(:L‘7 y) = d($7 y7 u)7
and applying regularity results for semilinear elliptic equations obtained in [3] or
[7]. Notice that d is a monotone function with respect to y. O

Remark 3. Due to (3.3), the control-to-state mapping G : R™ — H1(Q) N C(Q)
that assigns to each u € Uqq the solution y, of equation (3.2), satisfies the bound-
edness condition ||G(u)| g1 (o)nc@) < em for all w € Uag.
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Remark 4. Due to our assumptions, the weak solution of (3.2) lies in the space
Yop={y € H'(Q): ~Ay+y € LU(Q), Oy e L'(D)}

for all p, ¢ > 1. Y, is known to be continuously embedded in H'(Q) N C(Q) for

each ¢ >n/2 and each p >n — 1, see [3] or [13].

Remark 5. The operator G : Uy,q — H(2) N C(Q) obeys the Lipschitz property
1y = y2ll g1 ) + 11 — v2llo@) < Co(M)]ur — usl (34)

for all y; such that y; = G(u;), with u; € R™ and |u;| < M fori=1,2.

Remark 6. Under Assumption (A.T), the control-to-state mapping G : R™ —

HY(Q) N C(Q) is twice continuously Fréchet-differentiable. For arbitrary elements

@ and u of Uyg, and for § = G(u), the function y = G'(@)v is the unique solution
of the problem

d d
—Azy + 2, + i(x’ Y, ﬂ)zv = 787(‘%7 Y, I_L)U in (2
dy ou
b (3.5)
Oy 2y + 8—y(m,gj)zv =0 on I
Moreover, y satisfies the inequality
2ol 1) + [120llo@) < coolv] (3.6)

for some constant c,, independent of u.
The function z,,, defined by zy, ., = G”(u)[v1,v2], is the unique solution of

od .
_szl'UQ + Zvyvg + %(x’yuvu)zi)1vz = _(yulauir) d”('x’yimu) (yuzau;)—r in {2
al/zvlvz + Fy(xv yU)ZUI'UQ = _87y2(xﬂyu)yu1yu2 on I'.

The proofs of these results are fairly standard. For control functions appearing
linearly in the right hand side of (3.2), it is given in [11]. It can also be found in
[33]. The adaptation to the vector case needed here is more or less straightforward.
We omit the associated arguments.

We first note that the set feasible set of this problem is closed and bounded in
R™ due to the continuity of g. Therefore, the reduced functional f defined above is
continuous and compactness guarantees existence of an optimal control @ provided
that the feasible set is non-empty.

Notice that this existence result is not in general true for control functions ap-
pearing nonlinearly. In the sequel, @ stands for an optimal control with state
§ = G(u). Later, in the context of second-order conditions, it is again a candidate
for local optimality. Henceforth we assume the following linearized Slater condition:

(A.8) (Regularity Condition) There exists ug € U,q such that
g(@, 5(z)) + gy (@, §()) 24y —a(z) <0 for all z € Q, (3.8)

where § satisfies (3.2).

It is well known, see [24], that this condition guarantees the existence of a nonneg-
ative Lagrange multiplier p in the space M(Q2) = C(Q)* of regular Borel measures
on Q, and an associated adjoint state ¢ € Who(Q) for all 1 < o < n/(n — 1),

defined by the adjoint equation

ad oL P .
AP+ Pt o (G WP = (5, W) + i (F) I Q
oy y dy (3.9)
b Y 9 :

; e 09
ausp—’_ay(vy)@ _ay(uy)+uray(7y) on F>
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where fig and fir denote the restrictions of i € M(Q) to  and T, respectively.
Following [7] or [13], we know that equation (3.9) admits a unique solution ¢ €
Who(Q), for all o < n/(n — 1). Moreover the variational inequality

H (u—1)>0, Yu€Uy, (3.10)
holds, where the vector H,, € R™ is defined by H, = (Hy ;)i=1,...m, with
OL _ _ od

Hu,i =

= | G @:0@). 1) = $(a) g (), 0) do

and the complementarity condition

/ o, 5())di(z) = 0 (3.11)

Q
is satisfied.
For the ease of later computations, we introduce a different form of the Lagrange
function L : Yy, x R™ x WL (Q) x M(Q) — R,

Ly, 00 1) =J (g, u) — /Q (~Ay +y + d(z, 9, 0)p da

- / By + bz, 1)) dS + (190 1)) (3.12)

which accounts also for the state-equation. Clearly, it holds that £ = L, if y satisfies
the state equation. Moreover, it is known that it holds for the partial derivatives
of £ with respect to y and u

Ly(g.u,0,p)y=0  Vye H'(Q) (3.13)
Lo by, p)(u—1) =H, (u—1) >0 VYu € Uypg. (3.14)
Therefore, the Lagrange function is an appropriate tool to express optimality con-
ditions in a convenient way, in particular it is useful to verify second-order sufficient
conditions by checking L” (4, @, @, i)[(zn, h)]? > 0 for all 2, satisfying the linearized
equation (3.5). This second derivative of L with respect to (y,u) is expressed by
L//(ga U,p, /J/)[(/yb ul)a (y27 u2)] =

d’L N d’L N L N L
—s Y2 U - u U —5uU2 dT
Y1y2 8u8yy2 1 dydu 2Y1 1 o 2

o 0y°
. aygylyQ o 3y2 Y1Yy2 8uayy2 1
0%d 10%d 0%b
+ + — d —/— ds
dydu U2Yy1 T U1 6ugu2)<ﬁ €z Faygywz(ﬁ
82
+</~L, g(wﬂ)y1y2> ; (3.15)
dy Q

where the derivatives of L and d are taken at z, 3, and u, respectively.

3.3. Second-Order Sufficient Optimality Conditions. In this section, we dis-
cuss second-order sufficient conditions for problem (P2). Since our controls belong
to R™, the low regularity of the adjoint state does not cause troubles in the esti-
mations of £”. Therefore, second-order sufficient conditions can be obtained for
arbitrary dimension of the domain.

The proof of these conditions can either be performed analogous to Section 2.4.
or derived by transferring the known second-order conditions from the theory of
semi-infinite programming problems to our control problem.

Therefore, we state the second-order sufficient optimality conditions without
proof. Let d = (H,) denote the first-order derivative of the Lagrangian function
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with respect to u introduced in (3.10). For convenience, we introduce the following
sets: Ay :={i:d; >0}, A_:={i:d; <0}, and A:= Ay UA_. Let 7 := min{|d;| :
i€ A} > 0. We also define the critical cone associated with @

Ca={heR™:h; =0 Vie A and satisfies (3.16)-(3.18)}

2 0 Zf U; = Uq,i
hi = { <O if w=wpy, (3.16)
Z—g@,mx))zh(m <0, if gz, g(x)) = 0 (3.17)
%9 (0, ) en(a)n = 0, (3.18)

where z;, stands for G'(@)h.

Remark 7. It is not difficult to see that this definition of the critical cone Cy is
equivalent with the one used for semi-infinite programing in Bonnans and Shapiro
[6]. We only include the restrictions on the control in the restriction function of
the semi-infinite problem.

Theorem 7. Let @ be a feasible control for problem (P2) with associated state §
satisfying the first-order necessary conditions formulated in Section 3.2. Assume
that

+0°L
Then there exist € > 0 and § > 0 such that for every feasible control of (P2)

5
J(@) + Flu—al” < J(u)
holds for all feasible controls with |u — @] < €.

Remark 8. As mentioned above, this theorem might be proven as for our parabolic
problem. The proof is even simpler, since our controls belong to the space R™, where
the unit sphere is compact. Moreover, it follows from regularity results Casas [7]
or Alibert and Raymond [3] that the control-to-state mapping u — y is of class
C? from R™ to HY(Q) N C(Q). However, the second-order conditions follow also
from the theory of semi-infinite programming, cf. Bonnans and Shapiro [6], if the
associated results are re-written in terms of partial differential equations.

In the same way, parabolic problems for the type

min J(y,u) = /Q Lot y(a, 1)) dadt + /E Wt y(z, 1), u) dS(x)dt

u€Uagq
subject to

ye — Ay(z,t) +d(z,t,y(z,t)) =0 in Q, (3.20)
dy(z,t) + b(x,t,y(z,t),u) =0 on X,
y(x,0) —yo(z) =0 on Q,

g(z,t,y(z,t)) <0 for all (z,t) € Q

can be dealt with, where U,4 is defined as before. Notice that here the control
appears in the boundary condition, where second-order sufficient conditions have
not yet been proven for control functions under the presence of pointwise state
constraints. Here, the control-to-state mapping is from R™ to C(Q), cf. Casas
[8]. Again, the second-order conditions can also be derived from the conditions for

semi-infinite programming in [6].
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3.4. Examples. Let us finally illustrate the situation by some examples, which
exhibit different types of active sets and some kinds of nonlinearities.

Example 1. Here

(E1)

and Q; = (0,1] x

)2

we study the optimal control problem

. 1 9 1 2
min J(y, u) = lly = yallzz () + 5lu — udl

subject to

—Ay(z) +y(@) + ty(2)? =i weilz) in Q

1
7
Ouy(z) =0 on T,

y(z) = b(x) forallz € Q=[0,1] x [0,1],

[N

, d 1, =€,
and e; =
, ! 0 otherwise,

1 <
T =
(O’ %L QQ = (O 1]

’2

X (%51); Q3 =

i=1,2,3,4,

(%,1) X [%,1), and Q4 =

(3,1) x (0, 2). We shall see that the optimal state is §j = 2, hence the active set for
this problem is Q3 U Qy.

The first-order conditions for this problem are as follows: For the optimal solu-
tion (y,u) in H2(Q) xR* of the optimal control problem (E1), there exist a Lagrange

multiplier i € M(Q

) and an adjoint state € W7 (Q) such that

“AGH G+ IR = we in Q

0,5y =0 on T,
—“Ap+e+ e =y-ya—p in Q
dp =0 on T,

.
(ﬂ—ud)—i—[/gbeldx,...,/@e4dx] =0,
Q Q

[ o= bau=o.

Q

y(x) = b(x) VreQ

and > 0.

The following quantities satisfy the optimality system:

y(z) =2,

22
U= — 1317171]T5 ()5(‘%1,1‘2): 1

=

(3.21)

together with the Lagrange multiplier [i = 0,,(5), where 65, (z) denotes the Dirac
measure with respect to the variable x;, concentrated at x; = z.
In fact, it is easy to see that § and u fulfill the state equation in (3.21). Since @

does not depend on x2, we find that Ap = 02 ¢ = 6, (1) — ¥(x1), where

Therefore,

~Ag+ @+

)

T <
Oa T >

blay) = { >

SIS
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and a simple computation shows that this is equal to § — yq — [, with

yd:{@%;)m?) < 4, 55 1 1]T

2-1(1+2) >3, ud:u+[%’%’w’1(5

To check the second order conditions notice that @ < %, hence we have
12
L/,(g,ﬂ,@,ﬂ)[(th)F = ||Zh||2L?(Q) + |h|2 - ./Q 7@'2}21 dz
1
>4 [ o o> AP
7Ja

for all h € R*.

Example 2. This example includes a semilinear elliptic equation with controls ap-
pearing nonlinearly. The active set has measure zero. The problem is the following

. 1 1
min J(y.w) = 5 |y — yal 20 + 5l — vl

u€R2
subject to
(B2) ~Ay(e) +y(@) + Ly@)3 = Lo (@) +usea(@)? in @ 32
Oyy(r) =0 on T,
y(z) = b(x) forallz € Q=[0,1] x [0,1],
where

1 1
b(z) = 53— (@ +x2), @m0 21,
i(&?l + x3), 1+ 22 <1,

0 otherwise.

owmta =1, 1wt w <1,
e = i €y =
0 otherwise,

The optimality system is as in the previous example, with the gradient equation

i—u 2 fQ(ﬂlel(ﬂﬂ) + Ugea(x))pey dx
(@ —uq) + 5| [o(urer(x) + ugez(x))pes da ]
- 2 | Joue(r)*p dx
= (@ —uq) + = fz nea(2)%5 da ] =0. (3.23)

To satisfy the optimality system, we define the quantities

@) 1 99T 5(e) —(212 - 221 +2), w1 +a2>1,

xTr) = —, u = —_ xT) =

=g ] R (2224 1), o1+ 1o < 1,
note that @ satisfies 0, = 0. Moreover, we define the Lagrange multiplier i by the
positive measure

,L_J, = 2(1 — £L’1)5I2(1 — 1’1) -+ 2%2(511(1 — .’Eg).

where 6,,(1 —x1) and 6, (1 —x3) are the Dirac measures with respect to xo and xq
concentrated at xo =1 — x1 and x1 = 1 — xo, respectively. These quantities satisfy
the state equation in (3.22) and the identity (3.23). The active set is the diagonal
of the unit square: xo =1 — x1. Let us discuss the adjoint equation. It holds
_25 T1 + 22 = 1a
0, 1+ 22 < 1,

925
(91‘12

(,’L‘l, 3?2) = 21’2(5:1;1(1 — $2) + {
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and

82
8.’1)22

0, x1+z221,
-2, mp1+x2<1.

(Ihl’g) = 2(1 — xl)érz(l — 1’1) + {
Inserting the defined functions in the adjoint equation, we get

3
~AG+ G+ 720 =
— %($12 — 21’1 —+ 2), xr1 + o 2 ].,

2(1 — 21)04, (1 — z1) + 22204, (1 — 22) +
( 1) 00, ( x1) 204, ( T2) { _%(@24_1)7 T+ o < 1.

The right-hand side of the last equation must be equal to §—yq — i, hence we define

{ %(1‘12—23314-2)—% 1+ 22 2> 1,
Yd =

Bw2+1) -1 T+ 19 < 1.
From (8.23), we find uq = u — 1—10 6—1, 2—; T . Finally, we confirm the second-order
sufficient conditions. Since 0 > ¢ > —2, we have for all h € R*\{0} that

&l WP = 0P+ [ 0= 250 dat S [ (hnea@) + haealw)) g da

>+ [ A de= [ (e @)+ (hea(w))?) da

In the last estimate, we have used e;(x) <1/4 fori=1,2.

Example 3. This is a slight modification of an example in [27], where the optimal
state is active in one single point.

1 9 1 2
gelgl J(y,u) = §||y —Yallz2() + 5\“ —Uq

subject to

—Ay(@) +y(@) +y(@) =T uweile) in Q
uy( ) =0 on F’

(E3) (3.24)

y(x) =2 —|z|>  for all z € Q = By(0),

In this case, we define 1, Qo, Q3 as the subsets of Q determined by (r,0) €
[0,1] x [0,7/2], (r,0) € (0,1] x (7/2,37/2), (r,0) € (0,1] x [37/2,27), respectively.
Furthermore we set

el(z){ (1) m Qq, eg(x){ (2) in Qa, eg(x){ (1)0 in Qz,

elsewhere, elsewhere, elsewhere.
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The associated optimality system is

“Aj+75+7° —Z?zluiei(x) m
r

Oylz) =0 on T,
~Ap+P+35%¢ =y—ya—p in Q
o@(x) =0 on T,

(@ —uq) + {/Q peq(x) dw,/ﬂ@eg(m) dz, /Q pes(x) dm} ' =0

[@-2+LPan=0, s@)z2-1P veed
Q

> 0.

It is not difficult to check that y = 2 and the optimal controlw = [10 5 1] satisfy
the state equation. The active set consists of the single point x = (0,0). The
Lagrange multiplier . = ¢ satisfies the complementarity condition, where &g is
the Dirac measure concentrated at the origin. Let us define as adjoint state ¢ =

1 1
— log |z| — —|x|?, then we have that 0, = 0 at the boundary,
2m 4

R S | 1 1
Aga+g0+3y2§07T50+13<27T10g|:c|47r|x|2),

and it is easy to confirm that the right-hand side of the last identity is equal to
Y —ya — i, if we define

.
1 1 1 317 37 1

:2—7—1 —_— 2—71 = S Y A .
vd T 3(47r|x| o °g|x>’ H [32’ 8’16]

Therefore, the adjoint equation and the optimality system are satisfied. The second
order sufficient conditions are fulfilled, too. We have

& (g g W = 0+ [ R0 126) do P
Q
for all h € R?, since ¢ < 0.

Example 4. In this example we consider a problem with some coefficients of the
equation as controls.

. 1 2 1 2
min J(y, u) = 5”9 = Yall 2 + 5lu — udl

u€R 2
subject to
—Ay(z) + (w1 + 7)y(z) +ugy(z)® = f(z) n Q
dyy(lx) =0 on T, (3.25)

1
i’ for all z € Q =10,1] x [0,1],
2

0 < u=[uy,ug]"

We impose nonnegativity of the components of u to have a monotone operator in
the state equation. The function f is given by

f(x) = 3n? cos(mxy) + %cos(m:l)S.
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The optimality system is
Ay + (a1 + 7))+ u2y® = f(x) in Q

Oy(zr) =0 on T,

~A@+ (1 + 1)@+ 3u2py? =y —ya+p in Q
dp(x) =0 on T

(@ Jo Y dx ! - 2
U —ug) — I 37 da (u—a) >0 Vo< uelR?

[ @) =bendn =0, g@) <) Ve

Q
with 1 > 0.
We define
2
_ _ 7T2 _ ﬁ - 17 1 < %7
y(I‘) = COS(TFJ?l), U = 2 ) (p(SC) = 2 8
3 0, Ty > %,

and the Lagrange multiplier

= 50, (1/2)

Since §(x) = b(z) at x1 = 1/2, the state is active in the set: {(3,22) : 0 < 23 < 1}.
Inserting @ n the adjoint equation, we obtain

Y—ya+i=—Ap+@(u +r° + 32y

1 —1+2(7* +7°) (aﬁ_l) 7 < %
= 20, (1/2)+ 278 g
0 x> %
Therefore, adjoint equation is satisfied with the choice
1
1- (x% - ) (7% + cos(mz1)?), @1 < 3,
yq = cos(mxy) + 4
0 x> %

The variational inequality holds true with
2, 12 201 T
ug= |7+ —, -+ ——| .
¢ 73" 2770
To verify the second-order sufficient conditions, we note that —% < @ <0, and
compute L. This leads to the expression

Zh ! Zh
L%@m@mwmmﬁzf | B2 b | drso
2| hy ha
for all h = [hy, ho] T € R2\{0}, with
1—4yp —¢ —35°p
H= -5 1 0
-37°¢ 0 1

Positive definiteness of the matriz H holds for all x € [0,1], because it is a sym-
metric diagonal dominant matriz with positive diagonal.
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