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1 Introduction

In this paper, we consider the problem to reconstruct an unobservable part of
the state of a nonlinear parabolic control system together with the associated
unknown control from certain measurements. The reconstruction process is
dynamical with respect to the time, i.e., it exploits information on the state
that have been obtained up to the current instant of time.

We present our method for the following phase field model that has been
introduced in [2, 3, 5, 7, §],

0 0 .

§1/J+l§<pwa+u in Qx (0,9, (1.1)

0

59 = Bptlp)+y in Qx(0,9], (1.2)
with boundary conditions

0 0

% = %gﬁ =0 on 00X (0,’[9], (13)

and initial conditions

Y(0) =10, ©(0)=¢o in Q. (1.4)
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Here, Q C R™ is a bounded domain, the state functions are ¢ (phase function)
and ¢ (temperature), and the control function is uw. All these functions
depend on n € Q and t € [0,9]. By A, the Laplace operator with respect
to the spatial coordinate 7 is denoted. More details are given in the next
section.

Compared with [2, 3, 5, 7, 8], this model is slightly simplified. The original
version contains some additional constants that have been normalized here
to one for convenience.

To explain our problem, let us assume that the phase function ¢ can be
measured during the time interval [0,9], while the temperature ¢ and the
chosen control function u are unknown. However, we have the additional
information that u is taken from a set U,q of admissible controls.

Our aim is to reconstruct ¥ and u from measurements of ¢. The associ-
ated algorithm should work dynamically, i.e., the reconstruction at the time
t should exploit the information gained in [0, ] and this information must be
processed sufficiently fast — real time in some sense.

Moreover, the algorithm has to be stable with respect to the inevitable
measurement errors of . This means that the computed approximations
tend to v and wu, respectively, if the measurement error tends to zero.

In this way, the problem under discussion is related to inverse problems for
controlled dynamical distributed parameter systems and, in a more general
context, to the theory of ill-posed problems [19, 4].

Let us denote by (-,-)g and | - |g the scalar product and the norm of
H = L?(f), respectively. In all what follows, we consider ¢, ¥, u etc. as
abstract functions on [0, 9] with values in H.

The main scope of the paper can be described as follows: An unobserved
control 4 = u, acts upon the system (1.1)—(1.4) that is denoted by S.

We assume that the set of admissible controls is of the form:

Ui ={u € Lo(T;H): u(t) €U foraa. teT},

where T' = [0,9] and U C H is a given convex, bounded, and closed set. At
discrete instants of time 7;, i = 0,...,m, the phase function ¢ is measured.
The results of the measurements are functions &; € H. We assume that they
satisfy the inequalities

lo(ri) = &ila < h. (1.5)

Here, h € (0,1) stands for a level of informational noise. It is necessary
to construct an algorithm that allows to calculate approximations to the
unknown coordinate ¥ as well as to the unknown input u = u..

Since exact reconstruction is impossible (in particular, due to inaccurate
measurements of (7;)), the algorithm should determine approximations v"
and u” such that the following norms tend to zero as h | 0:

W —Ylom = sup () — ()| u;
0<t<9
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0

Our method to solve this problem can be briefly sketched as follows: We
introduce an auxiliary control system 32, the so-called model:

0
i = Awn -+ g(wn) +pin ©x (0,0,
(’)wg (’)w3
i) 22— A 1.6
ow
a—tg = Awz + g(w3) + w2
with boundary conditions
0 0

0
Ul = P, W2 = 5 Ws = 0 on 09 x (0,9

and initial conditions
’LUQ(O) = 1/}0, w1 (0) = w3(0) = $0 in Q

Here, the functions p and u play the role of auxiliary controls, and the vector
w(t) = {wy (), w2(t), ws(t)} € Hx H x H is said to be the model state at the
time ¢t. In (1.6), the first equation is an auxiliary one, while the remaining
equations are a copy of (1.1), (1.2).

Roughly speaking, following [10], the auxiliary controls are defined
by certain feedback formulas depending on the current value w(t) and
the current measurement &(¢), p(t) = V(t,wi(t),€(t)) and u(t) =
U(t, wa(t), ws(t),&(t), p(t)). The functions V and U are called control strate-
gies for the model ¥ and will be defined later.

These formulas for p and u are inserted into the model described above.
The functions v = we and u computed by this scheme, are considered as
approximations to the unknown temperature 1) and the unknown control ..

To make this idea work, we have to perform a discretization in time.
We introduce an equidistant partition of [0,9] by § = 9/m and 7; = i,
i =0,...,m. The reconstruction algorithm is decomposed into m—1 identical
steps. For i € [0 : m — 1], the i-th step of the algorithm proceeds as follows:

Initiating from w(r;) compute
pi = V(Tiawl(Ti)agi)v (17)

ui:Z/l(TZ-,wg('rz-),wg('ri),fi,pi). (18)
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Then define for all t € (74, Tix1]
p(t) =pi,  ult) = s (1.9)

Insert these auziliary control functions p(-) and u(-) into the model system
(1.6) and determine its solution w on (T, Tit1].

The value w(7;11) is taken as initial value for the next step. As the
reader will have noticed, the functions obtained in this way depend on the
discretization parameter §. Moreover, § depends on the accuracy h of the
measurements, hence § = d(h). Therefore, all computed functions finally
depend on h. This is indicated by a superscript h as in p”, u”, w", v".

In this way, piecewise constant auxiliary control functions p” and u” as
well as the model trajectory w" = {w!, wh wh} are determined. The func-
tions v" = wé‘ and u” are considered as approximations to the functions ¢
and u, to be reconstructed.

The approach presented here follows conceptually the theory of stable
dynamical inversion developed in [9, 11, 13-18]. This theory is based on
combining methods of the theory of ill-posed problems [19, 4] with results of
the theory of positional control [10].

In the present paper, the approach outlined above is applied to a new
class of distributed systems, namely, the phase field model. Note also that
we discuss the problem of reconstruction of an unknown control by measuring
only a part of the state of the system, namely ¢. When doing so, we also
will reconstruct the unknown system’s state, ¥. In previous investigations
on reconstruction problems for nonlinear distributed parameter systems, our
approach required measurements of the entire state of a system.

The structure of the paper is as follows. Section 2 deals with the state
equations. Section 3 is of auxiliary character. It suggests a procedure to
reconstruct an unmeasured coordinate of the system. The main section,
Section 4, presents the main algorithm for solving the problem together with
a rigorous mathematical foundation. Moreover, estimates of the convergence
rate of the algorithm are derived.

2 The phase field equations

Let us briefly survey results concerning the phase field equations (1.1)—(1.4)
that we will need for proving the convergence of our reconstruction algorithm.
We discuss the model,

0 0 .
aﬂerla@:Aeru in Qx (0,9,

F)
—o=Ap+g(p)+9 in Qx(0,9]

7"
% :%50:0 on 8Q><(0,19]’

¥(0) =vo, »(0)=¢o in Q.
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The function —g is the derivative of a so-called double well potential G.
1
Often, G is taken as G(z) = g(z2 — 1)%. We assume that g admits the form

g(2) = az + bz% — 23 with bounded coefficient functions a, b, ¢, where c is
strictly positive.

As mentioned above, the state functions of this system are the order
parameter ¢ (also called the phase function) and the temperature ¢. In
contrast to the classical Stefan problem that models a sharp solid-liquid in-
terface, phase field models are applicable for a mushy region. The phases
are identified by . Under appropriate normalization, {n € Q : p(n) = 1} is
the liquid region while {n € Q : p(n) = —1} is the solid one. The interface
is formed by the points 1 € €2, where the order parameter takes values in
(=1,1).

Throughout this paper, we impose the following assumptions:

(A1) The domain Q C R, n = 2,3, is a bounded C?-domain.
(A2) The coefficients a and b are elements of the space Lo (2 x [0, 9]).

(A3) The initial data satisfy ¥, @9 € W2 (£2), together with the compatibil-
ity conditions

0 0
%lﬁo =5,

Moreover, we use the following notation: The space-time domain is denoted
by @ = Q x (0,9). For p € [1,00) we define

ou O*u  du
W2t = U, —, ————,— € P .
(@) {u “ G Omem; Bt (Q)}

The space W' (Q) endowed with the norm

0o=0 on ON.

1/p
n

P+Z

ij=1

P ou

ot

0%u
On;On;

’ ) dndt

" ou
e VAR
Q =
is known to be a Banach space.
Let an initial state zo = {tg, o} and a control w € Lo(T'; H) be fixed.
A solution of the system S, z(+; 0, o, u) = {1(+; 0, zg, u), ©(+; 0, zo, u)} is said
to be a unique function

x = 2(+0,20,u) € (W5 (Q))?

satisfying relations (1.1)—(1.4). In virtue of a known embedding theorem
[6, 12], we can assume without loss of generality that the space W22 ’1(Q) is
embedded into C(T'; X ), where X = H x H. Therefore, for each t € T, the
element x(t) = {1(t), p(t)} € X is defined correctly. By the symbol X1 we
denote the set of all solutions of S:

Xr ={z(0,20,u) : u € Uga},
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and the symbols ¥ and ®7 stand for projections of the set X onto the
spaces VV22 1(@) of coordinates v and ¢, respectively.

Lemma 1 [8, 7] If the assumptions (A1)—(A3) are satisfied then for any
u € Ly(T; H) there exists a unique solution z = {1, p} € (W3 (Q))? of the
system S. Moreover, the estimate

sup [ {02t + V0t 0) P+ [Teltn) + ()} +
rer Q

9
[ [ {wttn + @utem)? + G + Boten)? dnde <
0Q

d* - C:LL(SDOa wO)
is fulfilled uniformly in x = {3, p} € X, where C and p are defined below.

The constant C' depends on |a|;,__(q), [b|L. (@), ¥, [, and

(o, 1%0) = lwolwsz () + [Yolwz (@) +d(U),
d(U) = sup{|u|g : u e U}.

The symbol V¢ stands for the gradient of function ¢ with respect to 77, and
symbol |V¢| denotes the Euclidean norm of vector V.

To reconstruct 3, we have introduced in (1.6) the following nonlinear
parabolic equation for w = w; € W3 (Q) (see the first equation of (1.6))

0
a—lé’ = Aw+p+gw) in Qx (0,9 (2.10)
with boundary condition
0
a_: =0 on 99 x (0,9]

and initial condition

w(0) = po € W ().

This is an auxiliary system (a model according to terminology of [11, 14]);
the role of the unknown control is played by the function p.
Take any d > 0 with

d > sup{|(t; 0, zo, u)| i : u € Uaq}.
teT
Notice that d depends on the set U. Define
Us={u€H :|ulg <d},

U?={u€ Ly(T;H) : u(t) € Uy for a.a. t € T}
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and put
p1(po) = lpolwz () + d.

Existence and uniqueness of a solution of equation (2.10) have been discussed
in [8], where the following Lemma was proved.

Lemma 2 For any p € U?, there exists a unique solution w of equation
(2.10), i.e., a function w = w(-; 0,0, p) € WQQ’I(Q). In addition, the estimate

sup [ {(wtn)? + ot dn-+ (211)
Q

9
[ [ {wnten? + @ute.)?} dndt < = Cupr(o0)
0Q

is fulfilled uniformly with respect to p € U?, where the constant Cy depends
on the same quantities as the constant C in Lemma 1.

3 Reconstruction of ¢ in the L?-norm

In this section, we start by reconstructing only the coordinate 1) in the mean
square metric. The algorithm presented here is of auxiliary character. It will
be used in the next section to solve the whole problem under consideration.

Let us first explain the algorithm in more detail. We use the partition
O = {70,-..,7m} of T introduced in the last section, where 7,11 = 7; + 0,
Ti = Tih, 0 = 6(h), m = m(h). Moreover, we define the following quantities
and functions:

1
B = ||a+ ngHLoo(Q),
Q(a, T,u,8) = exp(—2BT1)(s,u) g + o |ul|%,

Q : Ri x Hx H— R. Here, a > 0 is a regularization parameter. It will
depend on h, hence we fix a function a(h) : (0,1) — Ry that is said to be a
reqularizator.

The algorithm of reconstruction is decomposed into m — 1 identical steps.
In the i-th step, performed on the time interval T; = [, 7;41), the following
operations are carried out. First, we determine the value

S; = wh(’fz‘) - fz',

) (3.1)
p? = ph(éiv wh (Tz)) = argmilly,cy, Q(aa Tiy, U, Si)-

Then, for all ¢t € T}, the control of the form

ph(tn) =pim), neQ iel0:m(h) 1], (3.2)



8 V. Maksimov, F. Troltzsch

is fed onto the input of the model (2.10). In this context, the control strategy
U mentioned above is given by

U(T,w,§) = argmin, ., Qa, 7,u,w — &).

As a result, under the action of this control p”, the model passes from the
state w” () to the state w”(7;41) = w" (1;01; 75, w" (1), p"). At the next step
(i + 1), analogous actions are repeated. The procedure stops at the moment
t=1.

It follows from the theorem presented below that for an appropriate re-
lation between the parameters h, a(h), and §(h), the control p* computed
according to the algorithm above is a “good” mean square approximation to
the coordinate .

This algorithm of reconstructing ¢ is based on the following considera-
tions that are visible from the proof of Lemma 3. A smoothing mapping
en(t) = en(t,wh, @) is introduced. It is a special Lyapunov mapping. Then
the law U of forming a control of the model (2.10) is constructed. This law,
defined by (1.7), (3.1), and (3.2) ensures weak growth of £,(t) in time, see
(3.13). In virtue of the structure of €;(t), this growth allows to guarantee
that p” is close to v in the L2-norm. Moreover, we obtain an upper estimate
for [p" — |, (7;m), see (3.2). This is essential for the proof of the main result
in the next section.

Let Z(p, h) be the set of all measurements that are compatible with ¢ €
@7, ie., Z(p,h) is the set of all piecewise constant functions " : T — H
such that ¢"(t) = & for t € Ty, i € [0 : m(h)— 1], satisfying (1.5). The symbol
W stands for the set of all solutions of equation (2.10), i.e.,

WY = {w"(-50,00,p") : p" € U}
Theorem 1 Let h, §(h), and a(h) satisfy the condition
a(h) =0, &§h)—0, (h+8h)a"*(h)—0 ash]|O.
Then it holds
1]313 |ph - 1/)|L2(T;H) = 0.
Theorem 1 is a direct consequence of Lemma 3 proved below.

Lemma 3 Forallh € (0,1), " € Z(p, h), x = {¢, p} € X1, the inequalities

" = Y7, oy < Kv(h), (3.3)
t

o(t) — wh (B + / / V(o(rn) —wh(rn)Pdpdr < (3.4)
0 Q

< Ko(h+9d(h) +a(h)), teTl,



Dynamical Reconstruction for a Phase Field Model 9
are valid, where the constants K and Ko may depend on Xt but are inde-
pendent of h, ", and x and

v(h) = (h+8(h) + a(h)"? + (R + 6(h))a* ().

Proof. (i) Estimation of a Lyapunov mapping. Let us fix h € (0,1), ¢ €

E(p,h), x € X7, w" € W Introduce the Lyapunov mapping (w”, ) + ey,
from W} x ®7 to C[0,9] defined by

t

1
2n(t) = 5 exp(~2BOlu () + [ exp(-2B0)| Vi (1)l dr +
0

a(h) [ ()l ~ ()} dr

where
pl(t) = wh(t) — o(t), teT,

and p" is defined by (3.1) and (3.2). The function u" is the solution of the
nonlinear equation

aﬂh(tﬂ?) h
a0 —Ap(t,n) = (3.5)
D"t mu"(t,n) +p"(t,n) —¥(t,n) in Qx(0,9],
ouh
h _ _
@ (0) =0, . =0 on 990 x (0,9,

where
D"(t,) = a+ (w" + @) b— (") + w'e + ©%).

Multiplying both sides of (3.5) by exp(—2Bt)u"(t,n), we obtain after inte-
gration over Q) and adding of|p" ()% — [4(t)|%} at both sides

exp(~2B0) (). 1 (1)1 + exp(~2B0) [ (Vi ()P + (3.0)
Q
AWl (% — 0} = exp(~2B0 {(D" 1. 3" (0. () +

(" (1) = w(1), uh(t))H} +aM{p" )G — WO} foraa tel.

Note that the relations
|exp(—2Bt) — exp(—BT;)| < ko(t — 71), (3.7)

" (8) = silm = [w" (t) = @(t) = w" (i) + &l <
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[w" () — w"(7:) | + |o(t) = o(7i)|u + lo(7i) — &l

are true uniformly with respect to all © and ¢t € T;. In virtue of the Lemmas 1,
2 and inequalities (1.5), (3.7), the following estimates

|exp(=2BH(" (1) — (), 1" (0)n | < (3.8)

exp(—2BT;)

(" (t) — (1), si)H’ tkopi(t,h) foraa. teT;
hold, where

t

pilt.h) = h+/{1+ ()1t + o (7)1} dr.

Ti
In addition, for any vy, v2 € R the inequality

vraimax {a(t,n) + b(t,n)(v1 + v2) — (v% + vive + v%)} <B
(t,m)eTxQ

is true. Therefore,
(D" (t,)u"(t), u" ()| < Bl ()|}, teT. (3.9)

Note that for all t1, to € T, t1 < to we have

/ exp(—2B7) (" (), il (7)) i dr =

t1

[esp(-2BOl ][+ 310)

N~

to
+ B/exp(—QBT)\,uh(T)ﬁI dr.
t1

Next, we integrate equality (3.6) and use the estimates (3.8)—(3.10). We
obtain for all t € T;

t
1
3 exp(-2BOl (0 + [ [[exp(-2Bn|Vu (ol dndr + (311
Ti Q

B | exp(=2B7)|u" (7)|} dr + a(h) /{Iph(f)lir — [(r)[f }dr <

Ti

B | exp(=2B7)|u" (1)|% dr + a(h) /{Iph(T)liﬁlw(T)I%}dTJr

Ti

t
Ti

t
Ti
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t

1
exp(~2B7) [ (= 0(r), i) dr -+ kit ) + 5 expl(~2B )| ()

where k1 = kod. Taking into account (3.1), we derive
exp(—2B7)(p}', si) + a(h)|p}|F <
exp(—2Br) (1), 5:) + a(h)b(t)%, tET,
since p! is the argmin of ). This yields

exp(—=2B7)(p} — (1), s:) + a(W){p}* — [v(®)[F} <0, ted. (312)

We integrate (3.12) from 7; to t. Then it follows from (3.11), (3.12) that

t

sexp(-2BOl O + [ (exo(-287) [ 1Vt (rn)l? dn)ar +
Ti Q

a(h) [l () = W)} dr < it ) + 5 expl—2B) | ()l

Ti

Atter adding. [ {exp(-2B) Vi (rn)? + a9 () ~ [0(7) i} dr
0
both sides we get by definition of €j,
Eh(t) Sé‘h(Ti)Jrklpi(t; h), telT;.

For instance, taking t = 7,41, we can estimate e (7;+1) by an expression with
en(7;). Repeating the same for e, (7;) etc., we finally arrive at

en(t) < en(0) + ka(h + 5/{1 Wl (Dl +ler()lr}dr) < (3.13)
0

Eh(0)+k3(h+5)7 teT,

with certain constants k;. However, ,(0) = 0. The Lemmas 1, 2, the
boundedness of the set U, and inequality (3.13) yield (3.4).

(ii) Estimation of [p" — |p,(r;m). Let us verify (3.3). Multiplying both

sides of (3.5) by ¥(t), we obtain after integration over Q

(ut (), () n +/Vuh(t,77) -Va(t,n) dn = (D" (¢, )" (), ¥ (1) u + (3.14)
Q
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@"(t) — (), v(t)y for aa. teT.

In virtue of (3.13), we have

P13y <L,y + ks(h+6)a (3.15)

Then, integrating (3.14), after rather simple transformations, we derive the

estimate
9

9
| [oh - sov@m | <k [t@ars @0

0

9
V)P dn [ (9P dn) di)
(O/ (! M n 779/ n 77) ) +

L
600D+ [ 00O at] < hs(n+ 5+ )17,

which is uniform with respect to h € (0,1), " € Z(p, h), 2(-) = {¢, ¢} € X7.
In virtue of (3.15), (3.16), we obtain

9
B / (0" (1), (1)) dt + (3.17)
0

ks(h+8)a™ < 2ks(h+ 6+ a)/? + ks(h + 8)a™t < Kv(h).

The lemma is proven. O
In this way, we have designed an algorithm for reconstructing the un-
known coordinate ¢ together with the estimate (3.3) of its convergence rate.

4 Reconstruction of the pair {¢,u.}

Let us proceed to solving the problem of reconstruction of ¢ and u,. Namely,
we design an algorithm of reconstruction of a pair {1, u,} based on the ideas
of feedback stabilization of some special Lyapunov functional. In addition, we
obtain estimates of the algorithm’s convergence rate. Following the scheme
described in Section 2, we should choose a model and a law of forming a
model control (see (1.7), (1.8)). As a model, we take the system of equations
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(1.6), i.e., the system

owh(t,n '

% = Awi(t,n) + g(wi(t,n) +p"(tn) in Qx (0,9,

owh(t,n)  Owh(t,n) . 4 , »
5 Tl g = Awi(tm) +ut(tn), (4.1)

owh(t,n

% = Aw}(t,n) + g(w§ (t,n)) + w5 (t,m)

with boundary conditions

o , 9 , 0

U = 5,02 = —nwg =0 on 990 x(0,9] (4.2)
and initial conditions
w5 (0) = o, wi(0) =w5(0) =y in Q. (4.3)

Here, p" and u” are controls to be reconstructed.

Since the solution w" of this system depends on w”(0) = {w}(0), w%(0),
wi(0)}, wh(0) € WZ/(Q), j € [1: 3], and on the controls {u”, p"} € Usa x U,
we indicate this dependence by the notation

w = w(';07wh(0)auhaph) = {w?(.;o’wh(o)’uh’ph)7
wg(';oawh(o)’uhvph)vwg(';vah(o)’uhvph)} € (W22’1(Q))3

It follows from Lemmas 1, 2 that this solution exists and is unique. Recall
the definition of U¢ in the previous section. By the symbol W" we denote
the set of all solutions of system (4.1)—(4.3), i.e.,

wh = {wh(-;(),wg,u,p) cu € Uyg, pe U

The algorithm of reconstruction of the pair {,u,} is similar to the one
described in the previous section. We assume that [ > B. First, we fix two
functions «(h) : (0,1) — R* and B(h) : (0,1) — RT (regularizators) as well
as the family of partitions ©p, h € (0, 1), used in Section 3, of the interval T.
We assume that these two functions and the family O}, satisfy the conditions:

a(h) =0, Bh)—0, &0h)—0, (h+80h)+a(h)/*37(h)— 0, (4.4)

(h+8(h)a~ (h)F2(h) =0 as h— 0.

Then we organize the process of synchronous feedback control of model (4.1)—
(4.3) and the real system S in such a way that the function u” approximates
the unknown input u, in Lo(7T; H) and the function w} approximates the
component ¢ in C(T; H) for sufficiently small h. The algorithm is decom-
posed into m — 1, m = m(h), identical steps. At the ith step carried out
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on the time interval T; = [;, Ti+1), the following operations are performed.
First, the values p? and u? are calculated by the formulas

p? = ph(&, w?(n)) = argmin{Q(«, 7i,u, $;) : u € Uy}, (4.5)

uft = ul (€, wh (1), wh (1), pr) = ui; + ul. (4.6)
Here @ and s; were defined in Section 3,
u’fl = argmin{L(B,u, z}") : u € U}, (4.7
us ;= —c(wh (1) — &), (4.8)
L(ﬁa u, Z) = (Z7U)H + ﬁ'uﬁ'{a
2= wh(ry) — ph + 1wk (1) — &), e > 0.2512.

Then we define for t € T;

pht) =pl, Ut (t) =l (4.9)

Hereinafter, for ¢ € T;, the controls (4.9) are taken as input of the model
(4.1)—(4.3). As a result, under the action of such controls, the model passes
from the state w”(7;) to the state w" (7i11) = wh (741571, w" (7:), ul, ). At
the next step ¢ + 1, analogous operations are repeated. The procedure stops
at t =1.

Thus (see (4.5)—(4.9)), the control strategies U and V used in (1.7), (1.8)
are of the following form:

V(Tia w?(’rz)aéz) = arg min{Q(oz,'ri,u, 51') tu e Ud}a

U(ri,wy (i), wg (13), &, pf) = argmin{L(B,u, 2}') 1 w € U} — eu(wg (1) — &).

The algorithm of reconstruction of the pair {u,u.} is based on the ideas
presented in the previous section. The control strategy for the model (4.1)—
(4.3) that is given by (4.5), (4.6) provides weak growth of the Lyapunov
mapping L(t, z,w",u"), see the last estimate in the proof of Lemma 5.

Theorem 2 Let the relations (4.4) be satisfied. Then the following conver-
gence properties hold:

ul' = u, in Lo(T; H),

wh = in C(T;H)N Lo(T; HY(Q)) as h — 0,

where
ul(t)=ul, for teT;, i€0:m(h)—1]. (4.10)

The proof of the theorem is subdivided into several steps. At the beginning,
we establish some auxiliary statements.
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Lemma 4 The estimate

3
sup [ S~ {(wh )2 + [Vl ()b + (4.11)
Q J=1

vo3
" / / > Ay, (t.m)? + (Awp (t,0))*} dndt < d. = Cap(po, o)
0o =1
holds uniformly with respect to all w" = {wh wh wh} € W, where p is
defined in section 2.

Here the constant Cs depends on the same values as the constant C' in
Lemma 1. The proof of this Lemma is presented in the Appendix.
Introduce the Lyapunov mapping

t
L(t,a, w" u") = At 2, w") + B(h) / (M) = lun(r)5} dr for teT,
0

where
At 2, w™) = [g"(8)]F 4+ 0.250°(1 — A) M ()3 +

t
+)\//|V7rh(7',77)|2d77d7,

0O
A=1-0.25¢ 1% €(0,1), g¢"@t)=x"@t)+ "),
(1) = wy () —(t), V"(t) = wi(t) — ().
Lemma 5 Forallh € (0,1), " € Z(p,h), x = {9, p} € X7, the inequalities

|U]f|2L2(T;H) < |u*|2Lg(T;H) + K*Vl/Q(h)ﬁil(h)v

A°(t, z,w") < K*{vY/?(h) + B(h)}, VteT,
are valid.
Here the constants K, and K* depend on X7 but not on h, £, z, u.
Proof. The proof of the Lemma is along the lines of the proof of Lemma 3.

Let us fix h € (0,1), £" € Z(p, h), x € X1, wh € W". Then the functions 7"
and v" are the solutions of the system

o™ (t,n) N )
ot ot

= A" (t,n) + u"(t,n) — u.(t,n)
i Qx (0,9, (4.12)

ol (t,n)

o = ApvP(t,m) + R (t,nv"(t,n) + 7" (t,n)
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with initial and boundary conditions
(0)=v"0)=0 in Q,

orh ol
%_%_O on 990 x (0,9],

where
R'(t, ) = a+ b(wh + @) — (wh)? + whe + ¢?).

To prove the Lemma, we mainly have to estimate the Lyapunov mapping.
Multiplying scalarly the first equation of (4.12) by ¢"(t), and the second one
by v"(t), we obtain

(g"(t), g () + /{Ivﬂh(t, > +1val(t,n) - Vot (t,n)}dn = (4.13)
Q

= (9" (), u"(t) = ue())m,

(W™ (), v () + / [V ()P dn < (a(2), " () + BV ()7, teT.
Q
Note that the inequality

[ e T ey dn =~ [(0- N e+ @
Q Q

+0.250%(1 — \) 7L Vol (t,n) 2} dn
holds. From (4.13) and (4.14) we derive

(6" (0.t O + 0252 N MO+ (115)
2 [ 1Vt )P < (6" (0,00~ u(O)u +
Q

+0.252(1 = \) 7 (" (), v (#) g + 0.25BI(1 — N7l ()%

In virtue of the rule (4.8) of forming u}ii, the following inequality is valid for
a.a. tel;:

(9" (1), us ) = —cx(g" (1), wi (1) = &) < —ex(g" (), V" ()i + Lt i) =

= (" (), V" () m — el ()} + Lt ),

where

L(tim) = e (ot [l ()l + oo (r)lu} dr).

Ti
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By definition of the number c,, we find
e = 0.250%(1 — \) L.
Therefore, since [ > B, we obtain
(9" (1), ub ) +0.2502(1 = )" H(x" (1), v" ()i + BIW" ()51} < Lts 7).
In this case, we have for a.a. t € T;
(g" (1), gt (8))ar + 0.250%(1 = N) ' (" (), v (1)) + (4.16)

+ A/ [V (t,m)|? dn < (g"(t),ul; — w (b)) + Lt 7).
Q

It is easily seen that

t
9" (t) = 20|u < /{IWQT(T)IH +llws (7)a + Upr(T)la}dr + (4.17)
+ 10l = o) + () — &l

In virtue of (1.5), the uniform boundedness of {u};}, and the Lemmas 3, 4,
we deduce from (4.17) that

Ti41 9

m—1
3 / M(tm) dt < ks (h+ ) + / 16" (7) — ()|t dr < kaV2(h), (4.18)
i:O Ti 0
m—1 Tt
> /L(t;n)dtgkg(h—ké), (4.19)
1=0 T
where

M(t;m) = |g"(t) = 2 [ {lud sla + Jus(8) )
Then, by (4.16) we obtain for all ¢ € T;

(gh(t),gf(t))H+0-25l2(1—A)fl(vh(t)vVf(t))H+)\/|V7Th(t,77)|2d77+ (4.20)
Q

+ B ut (O — lu(OF} < (= ul s — ua(®)m +

+M(t;7i) + Lits 73) + BR){|uf (D)5 — lus()]F}-

Taking into account the formulas (4.7), (4.9) for the control u}(t), we con-
clude from (4.20) that
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(gh(t),gf(t))H+0.25l2(1—/\)’1(Vh(t),Vf(t))H+A/|V7rh(t,77)|2d77+ (4.21)
Q

+ B[l (0)1F — lu()f} < M(t7) + Lts7),  te T

Using (4.21), (4.18), (4.19) we have found our main estimate,

m—1
Lt z,w" u") < > {M(ri41;7m) + L(riz1; )} < ka2 (h).
i=0
The assertion of the lemma follows from the last inequality. O
Introduce the functional

Az, w") = A%(t, z,w).

(z,w") = max A°(t, z,w")

Lemma 6 Assume that u. is a real admissible control with associated state
x = {1, 0}. Let u = u}l”‘ + ug’“ be the result of our algorithm, based on
measurements "k € Z(p, hy). Assume further that hy — 0,

Az, w) — 0, (4.22)
ul — u®  weakly in Ly(T; H) as k — oo. (4.23)
Then
u’ = u,.

Proof. Assuming the contrary, we conclude that there exist a control ui”“‘,
a measurement £"* € Z(gp, hy), and a sequence of numbers {hy}, by — 0 as
k — oo, such that (4.22), (4.23) hold, but

ud % Us.
Note that v is a solution of the parabolic equation

61/}2 (ta 77)
ot
o

%:0 on GQX(O,’HL

Pa(0) =4 in Q

with the right hand side

=A¢2(t777)+f1(ta77) in QX(OvﬁL

fltm) = 1220,
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Consequently, we can indicate a number t, € (0, 9] such that
wa(ts) — ¥ (t)|m >0, (4.24)
where wy = wa(+; 1o, u") is a solution of the parabolic equation

an(ta 77)
ot

8w2 o

%70 on 89)((0,’0},

w2(0)2¢0 in Q.

= Awy(t,n) — ZW +u%(t,n) in Qx(0,9],

Estimate the value |ws(t.) — ¥(t.)|%. We have

wa(t) = (t) 7 < 2wa(te) — wy (t4) 3 + 2wy () — 9 (t) [

Here w};k = wg’“ (+;100,u"™) is a solution of the equation
awgk (tv 77) h awgk (tv 77) h :
Q02 W) Al (tym) — 122 0 e ) i @ x (0,0,
ot ot
dwh*

5= =0 on 92 (0,9,

wi*(0) =1y in Q.

In this case the function wy(t) = wa(t) — wh* (t) satisfies the equation

Qwr(t,n) _ duwy*(t,m)  dp(t,n) 0 hi
S = Aw(tn) + (TP - SR el (t) — (2 m)
in Qx (0,9,
8wk

WZO on 89)((0,’0},

W (0) = ¢0 in Q.

Multiplying scalarly both sides of this equation by wg(t) we obtain after
integration:

ty ts

0

(=)

Analogously, we have

|
<
—
o~
*
N~—
|
S
N>
Ed
—
o~
*
N
mt\?
IN
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ty ty

! oult) =l (00,00 O diot [ (w0 =000 (1)~ . () .

In this case we have
lwa(t) = Y(E)[FH < Ak + Aok + Ak, (4.25)

where

e /(%(t) — i (1), w(t) — wf (1)) ] +
0

21 [0l 0,80~ e ]

Taking into account the form of the Lyapunov function from the second
inequality of Lemma 5 we obtain the inequality

wg* (1) — (O < Ki{w2(h) + B(h)}, Ve
Due to (4.4) we deduce:
wi* — ¢ in C(T;H) as k— oo.
Therefore, in virtue of the formula (4.8),

sup [uls (t)|g — 0 in C(T;H) as k— oo, (4.26)
teT

ugk(t):ug;;., t € [Thyir Thyit1), i€ [0:m(hg) — 1].

Here, ug’; is defined by formula (4.8). Using condition (4.23) and the conver-
gence (4.26), we obtain

u — u® weakly in  Lyo(T; H) as k — oc.

Therefore,
klim ALg =0. (4.27)
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It follows from (4.22) that

sup [wh* (t) —p(t)|g — 0 as k — oo.
teT

In this case
klim Az =0, klim Ao = 0. (4.28)

Combining (4.25), (4.27), and (4.28), we obtain
|wa(t) = Y (t) [ = 0. (4.29)
However, relation (4.29) contradicts inequality (4.24). O

Proof of Theorem 2. Due to Lemma 5, wh — 1 in C(T;H) N
Lo(T; HY(2)) as h — 0. We have only to prove the convergence ul! — wu.
in Lo(T; H). This is performed following a standard scheme (see, for exam-
ple, the proof of lemma 2.2, [14]). Assuming the contrary, we conclude that
there exist sequences (u!*)2, (£7#)22, € E(p, hy) (hx — 0 as k — oo) and
associated model trajectories w”* such that

inf [l — ] Ly (riery > 0. (4.30)

Due to weak compactness of the set U,q C Lo(T'; H), we can assume without
loss of generality that

u}f’“ —u weaklyin Lo(T;H) as k— o0, UE Uy. (4.31)
In virtue of Lemma 5, the convergence (4.22) holds. In addition,
@W?“LQ(T;H) < s Lo (1) (4.32)
Taking into account (4.31) and Lemma 6, we conclude that
U = Usx.

Thus,
ul — u, weakly in Lo(T;H) as k — oo. (4.33)

Hence, by lower semicontinuity, we derive

kh_m |u}llk|L2(T;H) > |u*|L2(T;H)- (434)
It follows from (4.32), (4.34) that

Jim fuy* | iy = [t Lacrim) - (4.35)

By (4.33), (4.35), and theorem 5.12, [6], we obtain
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u}f"—>u* in Ly(T;H) as k — oo. (4.36)

However, (4.36) contradicts (4.30). O
Under some additional conditions on the function w., convergence rates
can be derived. Denote

WY(T;H) = {x € Lo(T; H) : ¢ € Lo(T; H)}.
Theorem 3 (Convergence rate) Assume
u, € WHA(T, H) N Lo(T; H(Q)). (4.37)
Then the following estimates are valid:
e = Lariany < Kolv2(0)67 () + v/ () + BY2(R)}), (4:38)
ws = YlLaeran ) + [wh = leem < (4.39)
Ki{B(h) + v/ (h)}!/2.

Proof. We multiply the first equality of (4.12) by u.(t). After integration

we have
9

‘ /(uh(t) — (1), ua (1)) 11 dt‘ < (4.40)
0
i 1/2 9
< ([ ([ v wnPan [ (9ot a)a) "+ g 0. m )] +
0 Q Q
9
+] @ O dt] < KO+ 5720,
0
In addition, the estimate
) < ey + Kor 2057 1), (4.41)

which is uniform with respect to h € (0,1), £&" € Z(p, h), z = {¥, p} € X7,
follows from Lemma 5. Thus, from (4.40), (4.41) we deduce that

4
e = < 2Ny~ 2 [ O, Ot +
0

+ K2 (h)57 (h) < Ko{v 2 (R)B71(R) + v/ (h) + B2 ()}

Relation (4.38) is proved. Estimate (4.39) follows from Lemma 5. O
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Let us summarize the steps to be performed for solving the problem. Select
functions o and B, 0 as well as a family of partitions with properties (4.4).
Fiz the value h of informational noise to obtain a(h) and B(h), §(h), together
with the tuning parameter c., a partition © = Oy, = {7, }I, of the interval T'.
Choose the initial state wy of the model (4.1). Then perform the following
steps for i =0 until m — 1.

1. Calculate
s; = wh(1;) — &.
2. Solve the minimization problem (4.5) and find the unique solution

ph = argmin{exp(—2B7;)(s;, u)g + alul? 1 u € Uy}

3. Determine

2 = wh (ri) = pif + Wwh () = &)

4. Solve the minimization problem (4.7) to find the element u? (see (4.6)-

(4-8))

ul = uy +ully,
U?@ = argmin{(zf,u)H + Blul? cu e U,
upy = —cu(wy (1) — &)

5. Define
ph(t) =pl, W) =ul, teT

6. Solve the system (4.1)-(4.3) to obtain w".

At the end of this algorithm we have computed the functions u? and w} that
approximate u, and 1.

5 Appendix

Proof of Lemma 4. By Lemma 2, the estimate (2.11) for the first com-
ponent w? is valid. Multiplying the second equation of system (4.1) by
2M(t) = wh(t) + lwh(t), and the third one by wf(t), we obtain

(= (1), Zh(t))HﬂL/{leQ(t77)|2+1Vw3(t777)'Vw§(t, m}dn = (2" (1), u"(t))n,
Q

(wgy (1), wg (8))r + / [Vws (t,n)|* dn = (g(w§ (1)) +wy (8), w (), teT.
Q

This implies the estimate

(=1 (1), 2" (1)) i + 0.250% (wiy (1), wi (1)) i < (2" (1), u" ()1 + pu,
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where
p1 = 0.2512(wh(t), wh (t)) g + 0.25BI|wh(t)|%.

Then we have for t € T;
(Zh(t)vug,i)H = —c,(Z"(t), wh () — &) < p2 + L1 (t; 7)),

where
p2 = —c. (2" (t), wh (t) — o(t))u,

Laftims) = ol (@l (h+ [ {ulem)ln + Lo ()} dr).

Ti

Therefore we obtain for t € T;
(21 (1), 2" (1) 1 + 0.250% (why (1), wh (1) i < (2"(1),ul™V) + La(t; m),

where

Lo(t;mi) = co(l2" (0)]*+1+h+(t—7) /{Iw'ng(T)I?ﬁI%(T)I%} dr+[wi (£)|%)-

Ti

By (4.7) and boundedness of the set U, we derive from the last two inequal-
ities for t € T

¢
|zh(t)|%1 + 0.25l2|w§(t)|%1 <ec(l+ / |zh(7')|?q dr + (5.1)
0

5 / (el (1) + lor ()3} dr).
0

Multiplying the third equation of system (4.1) by wh,(¢), we have after inte-
gration

t

[+ 5 [19ubnPar< [ () + wh ). 0 ()a dr
0 Q 0

By the inequality
lg(wi (t,m)| < Blwg(t,n)l, (t,n) € T x Q,

we obtain with ab < a? 4 b%/4

t t t
[ 1 sy dr < B [ whlalwl (Ol dr + [ b o)l ()] dr <
0 0 0
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¢
< / {0,510l (1) + (1 + Bl ()3 + [ (7)[3 } dr.
0
Consequently, it holds

t

t t
/ ol (r)[3 dr < 2(1 + B?) / ol (1) 2 dr + 2 / k(O dr. (5.2)
0 0 0

Note that
wh(t) = 2"(t) — lwh(t), teT.

This relation, (5.1), and (5.2) imply

¢ t
|zh(t)|§{+0.25l2|wg(t)|%, SCQ+03/|Z}L(T)|%{ dT+C4/|’wg(T)|%{ dr +
0 0

t
+c5 / |2M(7) — Lk (1)|% dr.
0
From the last inequality, in virtue of the Gronwall inequality, we get
iug{lwg(t)lH +[wh (8) )} < e plpo, o). (5.3)
€

In this way, we have obtained the estimate for the first item (4.11). The
second item can be estimated along the lines of [8], Theorem 3.1. O
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