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Abstract. Second-order sufficient optimality conditions are established for the optimal control of
semilinear elliptic and parabolic equations with pointwise constraints on the control and the state. In
contrast to former publications on this subject, the cone of critical directions is the smallest possible
in the sense that the second-order sufficient conditions are the closest to the associated necessary
ones. The theory is developed for elliptic distributed controls in domains up to dimension three.
Moreover, problems of elliptic boundary control and parabolic distributed control are discussed in
spatial domains of dimension two and one, respectively.
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1. Introduction. In this paper, we essentially improve the theory of second-
order sufficient optimality conditions for state-constrained optimal control problems
of elliptic and parabolic type. We derive second-order sufficient conditions that are
as close as possible to the associated necessary ones. In this way, we are able to
complete the theory of second-order sufficient conditions for this class of problems, if
the dimension of the spatial domain is sufficiently small.

For the theory of nonconvex differentiable mathematical programming in finite-
dimensional spaces, second-order sufficient optimality conditions are indispensible
both in the numerical analysis and for reliable numerical methods. If second-order
information is not available, then local minima will not in general be stable and nu-
merical methods will most likely not converge. For instance, the convergence analysis
of SQP methods relies heavily on second-order conditions.

In the numerical analysis of nonlinear optimal control problems, second-order
sufficient optimality conditions are even more important. If they are not satisfied,
then the (strong) convergence of optimal controls or states and/or error estimates for
numerical discretizations of the problems can hardly be shown. Also other types of
perturbations are difficult to handle without second-order conditions.

As it is well known from the calculus of variations and the control theory for
nonlinear ordinary differential equations, the theory of second-order conditions is more
delicate and rich in function spaces. We mention, for instance, the work by Maurer [20]
or Maurer and Zowe [21]. In particular, the well-known two-norm discrepancy occurs
that essentially complicates the analysis, cf. the expositions in Toffe [16] or Malanowski
[18]. For the important but more difficult case of pointwise state constraints in the
control of ordinary differential equations, we refer to Malanowski [19] and to the
references therein.
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At present, the control of distributed parameter systems with pointwise state
constraints is a very active field of research. Although the majority of papers is still
devoted to convex problems with linear equations, the important case of nonlinear
state equations is attracting more interest. Here, second-order conditions are needed.
However, when pointwise state constraints are imposed, the situation is more compli-
cated, since the Lagrange multipliers associated with them are measures. In contrast
to the theory for ordinary differential equations, this causes severe restrictions on the
dimension of the spatial domains of the equations and reduces the regularity of the
adjoint state.

To our best knowledge, there exist only two contributions to the theory of second-
order sufficient conditions for distributed problems with pointwise state constraints.
The elliptic case was discussed in [12], while parabolic problems were investigated in
[22]. The method of these papers was inspired by the splitting technique used in [11].
Applied to pointwise state constraints, the cones of critical directions established by
this technique are too large so that the second-order sufficient conditions are based
on slightly too strong assumptions. Moreover, the method was fairly complicated.

For other contributions to second-order optimality conditions for distributed pa-
rameter systems we mention, for instance, the work by Bonnans [3] and the exposition
in the monography by Bonnans and Shapiro [4] on elliptic problems with control con-
straints. We also refer to [9], where second-order necessary optimality conditions were
first treated for elliptic problems and to Casas and Mateos [7], who considered elliptic
problems with control constraints and state constraints of integral type. Moreover,
we refer to the references therein.

In our new paper, the sufficiency of second-order conditions is proven by a method
that is close to the theory of nonlinear optimization in finite-dimensional spaces. We
establish a cone of critical directions that is sharp, i.e. it is the one, closest to the
cone for establishing second-order necessary conditions.

We present a detailed proof for the case of distributed elliptic problems in domains
of spatial dimension n < 3. Moreover, we briefly sketch the extension of this result
to elliptic boundary control problems for n < 2 and to the parabolic distributed case
forn=1.

2. Problem statement. Let 2 be an open and bounded domain in R", n < 3,
with a Lipschitz boundary I". In this domain we consider the following state equation

Ay + f(z,y) =u inQ,
{ y=0 onl, (2.1)

where f : @ x R — R is a Carathéodory function and A denotes a second-order
elliptic operator of the form

and the coefficients a;; € L>(Q) satisfy

n

AllEl? < aij(2)&g VEER™, forae x€Q,

ij=1

for some Ag > 0. In (2.1), the function u denotes the control and ¥, is the solution
associated to the control u. We will state later the conditions leading to the existence
and uniqueness of a solution of (2.1) in C(Q) N H! ().
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In this paper, we study the following optimal control problem

minJ(u)z/QL(x,yu(x),u(m))dx

(P) subject to (yu,u) € (C(Q) N H(Q)) x L2(1),
a(z) <wu(z) < B(x) forae xzeQ,
oz yu(x) <0 Vz € K,
where a(r) < B(x) for almost all x € Q, o, 8 € L>®(Q), and K C Q is a compact set.

Let us state the assumptions on the functions L, f and g.
(A1) fis of class C? with respect to the second variable,

f(-,0) € L*(Q), %‘;(x,y) >0 forae z€Q

and for all M > 0 there exists a constant C' p; > 0 such that

o]+

ay(a:,y)‘ + ayQ(ﬂ;,y)‘ < Oy forae. z € Qand |y < M.

0% f 0% f
a—y2(x,y2) — 8—y2(1’,y1)| < Ctumly2 — 1| for |yi|,|y2] < M and for a.e. z € Q.

(A2) L: Ox(RxR) — R is a Carathéodory function of class C? with respect to the
second and third variables, L(-,0,0) € L'(£2), and for all M > 0 there is a constant
Cr.m > 0 and a function 1y € L?(£2) such that

S wM(m)v ||D(2y7u)L(x7yvu)” é CL,J\/[a

au 7y7 8y ’y7

D%y uy L, y2, ug) = D,y L, y1,un) | < Crov(Jy2 — vil + [uz — ua ),

2

for a.e. @ € @ and |y|, |y, [ul, |ui| < M, i = 1,2, where D{,

derivative of L with respect to (y,u).

u)L denotes the second

(A3) The function g : K x R — R is continuous, of class C? with respect to the
second variable and d,g, and 85 g are also continuous functions in K x R. Moreover
we will assume that g(z,0) < 0 is satisfied for every x € K NT.

The following result on the existence of a solution holds true for (2.1) as well as
for problem (P):

THEOREM 2.1. Suppose that (A1) holds. Then, for every u € L*(S)), the state
equation (2.1) has a unique solution y, € C(Q) N H(Q). Furthermore, if ur, — u
weakly in L2(Y), then y,, — . strongly in C(Q) N HL(Q).

The existence of a unique solution of (2.1) in H'(Q) N L>=(Q) is classical. It is
a consequence of the monotonicity of f with respect to the second component. The
continuity of y, is also a well known result; see for instance [15]. The continuity
property is a consequence of the compactness of the inclusion L?(Q) C W~1P(Q) for
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any p < 6 and the fact that data u € WP (Q), with 6/5 < p < 6, provide solutions
in C(Q) N H}(Q), the mapping u — vy, being continuous between these spaces.

THEOREM 2.2. Let the function L be convex with respect to the third component
and the set of feasible controls be nonempty. Then, under assumptions (A1)-(A3),
the control problem (P) has at least one solution.

The proof of this theorem can be obtained by standard arguments. We refer, for
instance, to [25], Thm. 5.8.

REMARK 2.3. We should remark that the differentiability of the functions f, L
and g is not necessary to prove the previous theorems. In fact, the only properties we
need are the continuity of g and f with respect to the second variable, the continuity
of L with respect to the second and third variables, the monotonicity of f with respect
to y, the convexity of L with respect to u and, for every M > 0, the existence of two
functions ¢y € L?(2) and ¢p a € LH(Q) such that

lf(z,v)] < opm(z) and |L(z,y,u)| < or () for a.e. x € Q and |y|, |u] < M.

These properties are an immediate consequence of the assumptions (A1)-(A3).

We finish this section by recalling some results about the differentiability of the
non linear mappings involved in the control problem. For the detailed proofs, the
reader is referred to Casas and Mateos [7].

THEOREM 2.4. If (A1) holds, then the mapping G : L*(Q) — C(Q) N H (Q),
defined by G(u) = y, is of class C%. Moreover, for all v,u € L*(2), z, = G'(u)v is
defined as the solution of

of
Azy + = (2, yu) 20 = v in Q
8y( b (2.2)

2z, =0 onT.

Finally, for every vi,va € L?(Q), 2p,0, = G” (u)v1vy is the solution of

of *f .
AZ1)11}2 + (&5 Yu) 2vyvs T 55 (T, Yu )20, 2vy, = 0in Q
ay( Yu) 8y2( Yu) (2.3)

Zyyw, =0 0n I,

where z,, = G'(u)v;, i = 1,2.

REMARK 2.5. This theorem shows why we assume n < 3: To prove Theorem
4.1 on second-order sufficient conditions, we need that the operator G is differentiable
from L2() to C(Q). This result holds only true for n < 3.

The proof can be obtained by the implicit function theorem; see, for instance, [7,
Theorem 2.5] for the proof in the case of a Neumann problem, which can be translated
straightforward to the Dirichlet case.

THEOREM 2.6. Suppose that (A1) and (A2) hold. Then J : L*°(Q) — R is a
functional of class C?. Moreover, for every u,v,vy,ve € L%(2)

I (uv = /Q (gi(%yu,u) + soou> vdx (2.4)

and
0%’L 0%L
J//(U)U1U2 = / |:ay2(xayu,u)zv1zv2 + M(Iayuau)(zvva + ZU2U1)
¢ (2.5)

2L 2
Jrﬁ(%yuau)vﬂm - SDOuayg(xayu)Zmzw} dx,
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where y, = G(u) and @o, € WP(Q) is the unique solution of the problem

af oL .
Ao+ ——(2,yu) = — (T, Yu,u) in Q
@ ay( Yu)p 5‘y( Yur 1) (26)

=0 onTl,

A* being the adjoint operator of A and z,, = G'(u)v;, i = 1,2.

Let us remark that the linear and quadratic functionals J'(u) and J”(u) can be
extended from L*°(£2) to L?*(2) by the formulas (2.4) and (2.5). To check this point
it is enough to use the assumptions (A1) and (A2). This extension will be used in
the rest of the paper.

The previous theorem and the next one follow easily from Theorem 2.4 and the
chain rule.

THEOREM 2.7. Suppose that (A1) and (A8) hold. Then the mapping F :
L?(Q) — C(K), defined by F(u) = g(-,yu(+)), is of class C%. Moreover, for every
u,v,v1,v9 € L?(Q)

/ _ dg
P = 5 (o)) (2.7)
and
2
F(w)vyv7 = gfyz«,yu(.))zvx.)m.) + gg«,yu(.»w» (2.8)

where z,, = G'(w)v;, i = 1,2, and zy,4, = G" (u)v102.
REMARK 2.8. A functional L that is very frequently appearing in the applications
is given by

N
L(x,y,u) = Lo(il',y) + Eu2'

In this case, the functional J is twice differentiable not only in L>°(Q), but also in
L2(Q). Indeed, J : L*(2) — R is of class C? and the derivatives are given by the
exTPressions

J (u)v = /ﬂ (Nu(z) + ©ou) v dx (2.9)
and

" B 0%Lg 0% f
w)v vy = A a—yQ(96,;1/u)zl,lzv2 + Nvjvg — gpoua—yz(oc,yu)zvlzy2 dx. (2.10)

REMARK 2.9. The adjoint state o, allows us to get a simple expression of J'(u)
but it is not the complete adjoint state of the control problem because the adjoint
state equation (2.6) does not include the Lagrange multiplier associated to the state
constraint; see equation (3.2) below for the full definition.

3. First order optimality conditions. We define the Hamiltonian associated
with the problem (P), H* : Q x R® — R, by

H)‘(w,y,u,go) =X\ L(z,y,u) +90[u_ f(x,y)]
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We denote by M (K) the Banach space of all real and regular Borel measures in
K, which is identified with the dual space of C'(K).

In the rest of the paper, a local minimum of (P) is assumed to be a local solution
in the sense of the topology of L™ (). More precisely, we will say that @ is a local
minimum or a local solution of (P) in the sense of LI(Q2), 1 < ¢ < oo, if it is an
admissible control of (P) and there exists e > 0 such that the minimum of J in the
admissible set of (P) intersected with the ball B, (%) C L4(f2) is achieved at .

The following result concerning the Pontryagin’s principle for problem (P) is well
known; look into [8] and [17] as well as in the references therein for the proof.

THEOREM 3.1. Let u be a local solution of (P) and suppose that the assumptions
(A1)-(A3) hold. Then there exist a real number A > 0, a measure i € M(K) and a
function @ € Wy *(Q), for all1 < s <n/(n—1), such that

A+lal >0 (3.1)
_of, _ _ <~ 0L, _ __ dqg, _, .
Ao+ =—(x,9(x))p = X —(z,7,u) + = (z,y(x))a in Q,
@ 8y( y(x))e ay( y,u) 8y( y(x))p (3.2)
p=0o0onT,

/K(z(x) —g(z,y(x))dia(x) <0 Vze C(K) such that z(x) <0Vr e K, (3.3)

B (@), 0(e). () = | min  HA@g(). 0 6() forae z €0, (34)

e, () = max{a(x),a(z) —ez} and Be,(z) =min{B(x),u(z) + ez},

assumed that 4 is a minimum of (P) in the ball B. (@) C L>(Q). Moreover, if the
following linearized Slater condition holds

Jug € L®(Q), with a(x) < wup(x) < B(x) for a.e. x € Q, such that

9@ﬂ@+%@ﬂ@%wW<OWWK7

(3.5)

where 7 is the state associated to 4 and 2.,z = G'(u)(ug — ), then the choice A\ =1
can be made.

;From now on, we take A = 1 and denote the Hamilton function for short by
H:=H"

REMARK 3.2. Together with the inequality g(z,gy(x)) < 0, relation (3.3) is equiv-
alent to the well-known complementarity conditions

g(z,y(x)) <0Vzx e K, [p>01in M(K), and/K g(z,y(x)) da(z) = 0.

It is also well known that (3.3) implies that [i is a positive measure concentrated on
the set of points

Ko ={z € K:g(z,y(x)) = 0};
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see, for instance, the references given before the statement of the previous theorem.
From this property and Assumption (A3), we deduce that p(K NT) = 0.
REMARK 3.3. By using elementary calculus, we obtain from (3.4) that

o (wota) @), @)k~ 0() 20 VE € fa(e),5@) (3
and
9@ 1), 0(@) 2 0 i T (2, 5(a),0(), 6() =0, (37)
for a.e. x € Q. On the other hand, notice that
2 2
) = ) (39

The inequality (3.6) implies that

O (o, @), 5(2),80) 2 0 if (a) = afa),
o (w9, ale), () SO ala) = Bla), (39
O 0, 9(0), 5(), @) = 0 i () < (a) < Bla).

Reciprocally we also deduce from (3.6)

a(w) = ale) i G 3@),a(a), 6(2) > 0

a(e) = Be) o G5, 0l pl2) <

(3.10)

The properties given by (3.8) and (3.9) are satisfied almost everywhere in .
REMARK 3.4. If we consider @ in Theorem 3.1 to be a local minimum of (P) in
the sense of L1(2), 1 < g < +o00, then (3.4) can be written in the form, see [8],

H\(z,5(w), 4(2), p(@)) = _ min

H’_\(x, g(z),t,@(x)) for a.e. x €.

Let us formulate the Lagrangian version of the optimality conditions (3.2)-(3.4).
The Lagrange function £ : L>(Q) x M(K) — R associated to the problem (P) is
defined by

Clu, ) = T(u)+ /K 92, yu () dp(x) = /

Q

L(z,yy(z),u(x)) dm—i—/

9(, yu (@) dp(z).
K

Using (2.4) we find that

a(u,,u)v:/Q(%(m,yu(az),u(m))—i—gpu(az)) U(x)dxz/QHu(x)v(x) dr, (3.11)

Hy (@) = S (0 yale) (), 9(0) (3.12)
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and @, € W, *(Q), for all 1 < s < n/(n — 1), is the solution of the Dirichlet problem

af L dg .
Ao+ —(x,y0)p = — (T, yu,u) + —(z, yu(x in Q
@ 8y( Yu)p 8y( Yu, u) 8y( Yu(z))p (3.13)

=0 onI.

Notice that the subscript u in y, and H, has a different meaning. While y,, is used
to indicate that y is the state associated with u, H, denotes the partial derivative of
H with respect to u. This short notation for partial derivatives is frequently used in
the following and will not cause confusion. Later, we also write Hy,, Hy,, or Hy, for
O?H/0u?, 0*H /d0ydu etc.

If we insert (g(x),a(z), ¢(x)) in the expression (3.12), then we denote H,(z) by
H,(x).

Now the inequality (3.6) along with (3.11) leads to

(@, 1) (u—a) >0 if a(z) < u(x) < B(x) for ae. z €9, (3.14)

for any local solution u, where ¢ is the associated state and ¢ is the adjoint state
given by (3.2), provided that (3.5) holds.

Before finishing this section we provide the expression of the second derivative of
the Lagrangian with respect to the control, which will be used in the next section.
From (2.8) we get

0*L

— (u, p)vive = J" (u)v1vg

ou?

0%g dg
+ /K |:ay2($; yu(x))zvl (-T)sz (LU) + ?y(xﬂl/u(m))zmvz (‘T):| d/j,(.%‘)

By (2.5), this is equivalent to

w (u, M)Uva = a9 (:C, Yus U)Zq,l Zyy + m (I, Yus U)(Zvl Vg + szvl)

0L / 0L 0%L
Q 0y?

2L 2
+g?(x7yuau)vlv2 - ‘Pu(;y'];(xayu)zvlzm} dx

0%g
+/K a2 (& Yu(@)) 20, ()20, (2) dp(z), (3:15)

where ¢, is the solution of (3.13).

4. Second-order optimality conditions. Let @ be a feasible control of prob-
lem (P) and g be the associated state. We assume that there exist g € M(K) and
@€ Wy*(Q),1<s<n/(n—1), such that (3.2)-(3.4) are satisfied. As in the previous
section, we use the notation

- o0H,6 . _
A(a) o= DL (o (o), (), ().
u
The partial derivative of H with respect to y at (x,y(z),u(x), p(z) is denoted analo-
gously by Hy(x).
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Associated with u, we define the cone of critical directions by

Ca={h¢e Lz(Q) : h satisfies (4.1), (4.2) and (4.3)},

>0 if u(x) = a(x),
W) ={ <0if () = Bo), (4.1)
=0if H,(x) # 0,
(w3l 2n(a) <0 it gl 5(2) =0, (42)
| @) anle) datz) = . (4.9

If we think in terms of the finite dimensional-case, the inequality (4.2) says that
the derivative of the state constraint in the direction A is non positive if the constraint
is active and (4.3) states that this derivative is zero whenever the corresponding
Lagrange multiplier is strictly positive. The relations (4.2)-(4.3) provide a convenient
extension of the usual conditions in the finite-dimensional case.

We should mention that (4.3) is new in the context of infinite-dimensional opti-
mization problems. In earlier papers on this subject, other extensions to the infinite-
dimensional case were suggested. For instance, Maurer and Zowe [21] used first-order
sufficient conditions to consider strict positivity of Lagrange multipliers. Inspired by
their approach, in [12] an application to state-constrained elliptic boundary control
was suggested. In terms of our problem, the equation (4.3) was relaxed by

Jg
[ Sy iea@ ez < [ )

for some € > 0, cf. [12], (5.15). Here, Q7 C Q is the set of points, where |H,(z)| > 7
holds true. We will prove that this relaxation is not necessary, which leads to a smaller
cone of critical directions that seems to be optimal.

The sufficient second-order optimality conditions are given by the expressions
(4.4) and (4.5) in the next theorem.

THEOREM 4.1. Let @ a feasible control of problem (P), y the associated state and
(@, 1) € Wy (Q) x M(K), for all1 < s < n/(n—1), satisfying (3.2)-(3.4). Assume
further that there exist two constants w > 0 and 7 > 0 such that

oL, . -

w(x,y(x),u(x)) >w if |Huy(z)| <7, forae xz€q, (4.4)
2,

gu2 (@, @)h* >0 Vh e Cy\ {0}. (4.5)

Then there exist € > 0 and d > 0 such that for every admissible control u of problem
(P) the following inequality holds

., 90 _ . _
J(a) + §||u - u||%2(9) <Jw) if |lu—a|pe@ <e. (4.6)

REMARK 4.2. Thanks to (3.8), we can compare the second-order necessary con-
dition (3.7) with the sufficient one given by (4.4). We do not only require the strict
positivity on the second derivative of the Hamiltonian with respect to the control at
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the points where the first derivative vanishes, as in the finite dimensional case. We
also impose the second derivative to be strictly positive whenever the first derivative
is “small”. This is the usual case when we pass from finite to infinite dimension. For
an instructive example the reader is referred to [14].

Inequality (4.4) is satisfied if the second derivative of L with respect to u is strictly
positive for any (y,u, ) € R® and almost all x € Q. This assumption implies that
L is strictly convex with respect to u. We recall that the convexity of L with respect
to u was necessary to prove the existence of an optimal control. Under this strict
convezity assumption, the sufficient second-order optimality conditions are reduced to
(4.5). This is the case when L(z,y,u) = Lo(x,y) + Nu?/2 if N > 0.

The condition (4.5) seems to be natural. In fact, under some reqularity assump-
tion, we can expect the inequality

o
ou?

to be a necessary condition for local optimality. At least this is the case when the state
constraints are of integral type, see [7], or when K is a finite set of points, see [6].

(@, m)h? >0 Vh e Cy

Proof of Theorem 4.1. We argue by contradiction. Suppose that @ does not satisfy
the quadratic growth condition (4.6). Then there exists a sequence {uy}32, C L*(Q)
of feasible controls of (P) such that uy — @ in L*°(£2) and

1
Let us take

_ 1 B
Pk = Huk — UHL2(Q) and hk = E (uk — u)

Since ||hx][z2() = 1, we can extract a subsequence, denoted in the same way, such
that hj, — h weakly in L?(Q2). Now we split the proof in several steps.

Step 1: 2E(@, )h = 0. In the following, we write yj = ¥, .. Since uy is feasible, it

Ou

holds that g(z,yx(z)) <0 for every x € K. By using (3.3) and (4.7) we obtain

_ 1 i o 1 _ _
J(@) + 2wk = all ey = £081) + e = @l ey > T(ur) = Lluk, 7). (4.8)

(From the mean value theorem we know that

oL
Lur, p) = L4, 1) + pr - (vk, B,
with vy a point between @ and wug. This identity and (4.8) imply
oL _ 1 _ 1 _
%(Ukaﬂ)hk < @”uk —l|720) = %Huk — a2

Since hj, — h weakly in L?(Q), v — @ in L®(), y,, — ¥ in C(Q) N H(Q) and
Qo — @ in Wy*() € L2(Q) for s close to n/(n — 1), we deduce from the above
inequality and the expression of the derivative of the Lagrangian given by (3.11) that

% (@, f)h = lim %(uk, fi)hy < 0. (4.9)
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On the other hand, since a(x) < u(z) < (z) holds for almost all z € 2, we deduce
from the variational inequality (3.14)

which implies

This inequality, along with (4.9), leads to

gﬁ (@, fi)h = 0. (4.10)

Step 2: h € Cyz. We have to confirm (4.1)—(4.3). The set of functions of L?(£2) that
are nonnegative if 4(x) = a(x) and nonpositive if @(z) = B(x), almost everywhere, is
convex and closed. Therefore, it is weakly closed. Moreover uy — @ obviously belongs
to this set, thus every hj also does. Consequently, h belongs to the same set. Then
(3.10), together with (3.12), implies

[ un) de = [, Gnt)ds - L (k= 0,
Q Q

hence h(z) = 0 if H,(x) # 0, which concludes the proof of (4.1).
Let us prove (4.2). From Theorem 2.4 we have

o = G'(a)h = lim W in C() N Hy (),

which implies for every x € K such that g(z,y(z)) =0

9g i 9 Yaspen, (1) — 9(@,5(2))]
By(z (@) zn(z) = lim a o <0. (4.11)

The last inequality follows from the fact that wuy is feasible, u + pxhyr = ug, and
consequently g(z, Yatprhy () = 9(2, Yu, (x)) < 0 for every z € K.
Finally, we prove (4.3). Taking z = g(-, ¥, (+)) in (3.3), we get

| @) dnte) = Jim - [ gt e, ) ~ oo 91)] dile) =

k—o0 Pf

i - [ gt ) = oo 3()] die) <0 (4.12)

On the other hand, from (4.7) we find
Pk

J(ah = tim LOEPR) = I@) o Tu) =@ e g
k—oo Pk k—oo Pk k—oo k

Then (4.10), (4.12), (4.13) and the fact that

gs(ﬂ ﬁ)h J/ h_|_/ (9 aj y( ))Zh( )dﬂ( )a
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imply that
J(h= [ —=(z,9(z))zn(x) di(z) = 0.

Thus (4.3) holds and we know h € Cj.
Step 3: h = 0. Taking into account (4.5), it is enough to prove that

82
Sz (@ Wh <0. (4.14)

For this purpose, we evaluate the Lagrangian. By a second-order Taylor expansion,
we derive

L L
Llur i) = L@ 1) + pr 5 (@ s + PE = (e B, (4.15)

2 52

_ &5 L, 5

Pr g (W hi + 5 T2 (a, )by

2 192 2

_ o pe [0°L,_ _ 0°L B
= L(ug, i) — L(u, ) + 5]6 w(uvﬂ) - W(wk’ﬂ) hi. (4.16)
Now (4.8) can be written
2

On the other hand, taking into account the expression (3.15) of the second derivative
of the Lagrangian, the assumptions (A1)-(A3) and theorems 2.1 and 2.4, and the
fact that u, — @ in L>°(Q) and ||hi|[z2(q) = 1, we obtain

0%L o %L 9L o 9L
H:aug(uvu) - W(fwkv ):| h2 < Hi(u /1,) ou 2('wk, )HB(L2(Q))Hth%2(Q)
oL, . 9L
=l5= Ou2 (4, ) — ou —— (we, 1) || Bz2()) — 0 when k — oo, (4.18)

where B(L%(€)) is the space of quadratic forms in L?(€2).
Let us define

={z€Q:|Hy(2)| > 7}

JFrom (3.10) and the definition of h, we know that H,(x)hs(z) > 0 in €, therefore

OL (. iy = / Ho(@)hn(x) de > / B (2) [ ()| dee > T/ I (2)] da. (4.19)
au Qr Qr
For any € > 0 we can take k. such that

llorhill o) = 1@ — k| L) <& Vk >k, forae xz€Q,
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therefore

272
%k(x) < plhi(x)| Vk > ke, forae. x € Q.

(From this inequality and (4.19) it follows that

2
o 2L (i, i)y > ka/ ()] do > ”’i/ h2(z) d. (4.20)
8“/ QT € T

Collecting (4.16)-(4.18) and (4.20) and dividing by p?/2 we obtain for any k > k.

27 0L 2 o’L, . 0L _
=)o hi(x) dzx + W(Uvﬂ)h% < ¢ gz @a) = 55 (e Bllsazey.  (4:21)

Next, we study the left hand side of this inequality. First of all let us notice that from
(3.15) we obtain for any v € L?(f2)

i @100 = [ [Hoa@)02(@) + 2 (02 (0)0(0) + y (0)32(0)] d
0%g

+ P
K 0y?

(,5(x)) 7y (z) dfi(x),

where

Fan(e) = 5 0 0), 10), 2(2)

and ﬁuy and Flyy are defined analogously. We also remind that

- 0’L

() = 525 (@, 5(2), 1(z). (422)
Then we have
27 9 2L, o,
c o hk ($> dx + au2 (U’7 M)hk
:/ <27 —|—Huu(x)> K2 (z) dz+/ o (2)h2(2) dz
T 9 Q\Q7

+ [ 2wy ()n, (0)h(o) + By (0)2, (0] do

Q
829 _ P _
+ . 87y2($’ y(x))zp,, (z) dp(z). (4.23)

~ From assumptions (A1)-(A3) we deduce the existence of C' > 0 such that
|Hyu(x)] < C for a.e. x € . Therefore we can take ¢ > 0 small enough so that
the following inequality holds

2 — 2
?T+Huu(:v)2£—0>0 for a.e. z € Q7.

Thus

liminf/T (27 + Huu(x)> hi(x)dx > / (27 + Huu(x)) h%(z) dz. (4.24)

k—oo g 3
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Moreover from (4.4) we have that H,,(z) > w > 01in Q\ Q7, therefore we also get

lim inf/ Hyo(2)hi () dx > / Hyo(2)h?(z) da. (4.25)
Q\Qr o\Qr

k—o0

Finally, taking into account that zj, — 2, strongly in C(Q) N H(£2), we deduce
from (4.21)-(4.24) and (4.18)

/ST <2€T+Huu( )) h?(z) dm+/sz\527 Ho(z)h?(z) dz

+/Q[2f?uy(x)h(x)2h($)+nyy($) jn(2)ldx + Oy =L (@, 5(2)) 3 (x) dfi(x) < 0. (4.26)

This expression can be written as follows

27’ 2 82 _ 2
— — <
g QTh (z)dx + D2 (a, p)h” <0,

which along with (4.5) and the fact that h € Cy implies that h = 0.

Step 4: hi — 0 strongly in L*(2). We have already proved that hy — 0 weakly in
L?(2), therefore zj,, — 0 strongly in C(Q) N H}(Q). By using (4.21) and (4.23) and
the fact that ||hgl|z2(q) = 1 we conclude

2T 2T
0 < min{w, — —C} min{w, — —C’}hmsup/ hi(z) dx

k—oo

< lilrcllsip {/T <25T + Huu(:c)) hi(x)dx + /Q\W Hyo(2)h3 () dm}

. 2 0L, 0L
< limsup T ||@(U’ ) — Tz (wk, 1) || B(L2 ()

(2, ()2, (2) () + Hyy ()22, ()] dx} ~0

Thus we have got the contradiction. O

There is a very interesting particular case of (P) where Theorem 4.1 has a stronger
formulation.

THEOREM 4.3. Assume that L(x,y,u) = Lo(x,y) + Nu?/2, with N > 0. If u is
a feasible control of problem (P), i is the associated state, (@, 1) € W '*(Q) x M (K),
foralll < s <n/(n—1), and (§,a, P, ) satisfies (3.2)-(3.4) and (4.5), then there
exist € > 0 and § > 0 such that for every admissible control uw of problem (P) the
following inequality holds

L0 _ . _
J(@) + S llu=alliai) < J(u) i lu—]r2) <e (4.27)
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We have already mentioned in Remark 4.2 that the first-order optimality condi-
tions along with (4.5) are sufficient for optimality when L(x,y,u) = Lo(z,y) + Nu?/2,
with N > 0. But the above theorem includes another very important information.
Relation (4.27) says that @ is a strict local minimum of (P) in L?(£2). The fact that
the control appears linearly in the state equation and quadratically in the cost func-
tional allows us to get sufficient optimality conditions for a local minimum not only in
L>(£2) but also in L?(Q2). This fact is very important in the analysis of stability and
convergence of numerical algorithms to solve (P). The proof of Theorem 4.3 follows
the same arguments and steps than those given in the proof of Theorem 4.1. The
essential fact is that the functional J is of class C? in L?(Q); see Remark 2.8.

5. Bilateral state constraints. In this section we will consider the extension
of the control problem to the case of bilateral state constraints. More precisely we
formulate the control problem as follows

min J(u) = / L(z,yy(z), u(x)) dz
Q
subject to (yu,u) € (C(Q) N HY(NQ)) x L>®(Q),
(P)

a(z) <u(z) < p(z) forae. x €,

9a() < g(, yu(x)) < go(2) Yz € K,
where g4, gp : K — R are continuous functions and g,(z) < gs(z) for every x € K. We
assume the same hypotheses as in the previous sections. All the previous theorems
remain valid with some obvious modifications that we are going to mention. The
Slater assumption required in Theorem 3.5 is now formulated as follows

Jug € L*(2), with a(z) < ug(x) < B(x) for a.e. z € Q,such that

0a(z) < gl 5(®)) + g—ju,y(x))%_a(m) <az) Vrek. (5.1)

Under this assumption, Theorem 3.1 remains valid except for (3.3) which is writ-
ten now in the following way

/K(z(m) —g(z,g(x))dp(zr) <0Vz € C(K) with g,(x) < z(z) < gp(z) Vo € K. (5.2)

From (5.2) we deduce that [i is concentrated at the set of points Ky where the
state constraint is active

Ko=K_ UK, ={z € K:g(z,j(x)) = ga(x)} U{z € K : g(z,5(x)) = go()}.

Now the Lagrange multiplier i is not necessarily a positive measure. However, its
Jordan decomposition into nonnegative measures i, ji~ is as follows

o ot

jg=pit —p~, with supp(it) C K, and supp(n~) C K_.

The cone of critical directions Cy is formed by the functions h € L?(2) satisfying
(4.1) and
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g—j@,w))zm <0 if gle,§(2)) = pa). (5.3)

g—g@c,y(x»zh(m >0 if g(e,§(2)) = ga(), (5.4)
dg, _ _

/K () (o)] i) = 0 (5.5)

where |fi| = T + z~. Then Theorem 4.1 is still true and the only changes of the
proof appear in the steps 1 and 2. In particular, (4.8) can be rewritten with the help
of (3.3) in the following way

o1 _ _ _ 1 _
L(u, 1) + EHUk - UH%Z(Q) - /KQ(LZ/(SC)) di(z) = J(u) + %Huk - UH2L2(Q)

> T(ug) > Llup, i) — /K o, 5(x)) di(z) > L(ux, i)

and the proof can continue as in Theorem 4.1.
On the other hand, relation (4.11) in step 2 must be replaced by

99, [ <0 VzeK,,
@(x7y(x))z;L(x) = { S0 Vec K. (5.6)

Relations (4.12) and (4.13) remain valid. Finally, using (4.10) and (5.6) we deduce
the identity (5.5) as follows

g, _ 99, _ _ g
/K \gy(w,y(x))%(fﬂ)ld\ul(fﬂ) = */Ka*y(%y(ff))zh(ff) dp(z) = J'(u)h = 0.

6. Elliptic boundary control.

6.1. Problem statement. The method of the preceding sections can be ex-
tended to other types of equations in a straightforward way. Here, we discuss the case
of boundary control, while the next section is devoted to a one-dimensional distributed
parabolic control problem. Instead of the equation (2.1), we consider now

{ Ay + f(r,y) =0 inQ,

dy+yy=u onl, (6.1)

where 0, denotes the conormal-derivative associated with A and v € L*°(T") is non-
negative with v # 0. In contrast to Section 1, we assume here that n = 2. We need
this stronger assumption, since now the control-to-state mapping G must be twice
continuously differentiable from L2?(T') to C(2), cf. Remark 2.5. The differential
operator A is defined as in Section 1.

We consider the optimal boundary control problem

min J () :/QL(x,yu(x))dx+/Fz(x,yu(x),u(x))ds(x)

(PB) subject to (y.,u) € (C(Q) N HY(Q)) x L>(T), (6.2)
a(z) <wu(z) < PB(xz) forae zel,
g(z,yy(z)) <0 Vz e K.
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Here, o, 8 are now functions from L>°(T") with a(z) < () for a.a. x € T, ds denotes
the surface measure on T, y, is the solution of (6.1) associated with u € L*(T), and
K C Q is again a compact set.

The following assumptions are imposed on the data: We assume (A1)—(A3) on
fy L, and g (where, of course, the dependence of L on w in (A2) is redundant).
Moreover, we require:

(A4) The function £ : I' x (R x R) — R satisfies Assumption (A2) with ¢ substituted
for L and I' substituted for 2.

REMARK 6.1. We confine ourselves to a linear boundary condition. An extension
to a nonlinear condition of the type O,y + b(x,y) = w is possible under associated
assumptions on b. On the other hand, the assumption v Z 0, that allows to deduce
the existence of a unique solution of (6.1), can be replaced by

%(w,t) >0 forallz e E andt € R,
where E is a measurable subset of Q with a strictly positive measure.

The proof of the next theorems is completely analogous to that of Theorem 2.2
and Theorem 2.4; see Alibert and Raymond [1].

THEOREM 6.2. Suppose that (A1) holds. Then, for every u € L*(T), the state
equation (6.1) has a unique solution y, € C(Q) N HY(Q). Furthermore, if ur, — u
weakly in L*(T), then y,, — yu strongly in C(Q) N HY(Q).

Notice that controls of L?(T") are transformed continuously to states in the Holder
space C%*(Q) with some 0 < x < 0, cf. Stampacchia [23], Thm. 14.2. The second
part of the statement is an immediate conclusion.

THEOREM 6.3. Assume that (A1)-(A4) are fulfilled, the function £ is convex
with respect to the third component and the set of feasible controls is nonempty. Then
the control problem (PB) has at least one solution.

The proof can be performed by standard methods.

6.2. Necessary optimality conditions. We first state results on the first- and
second-order derivatives of the control-to-state mapping G(u) = y,, and of the reduced
objective functional J. The results are analogous to the theorems 2.6-2.7 so that we
only collect them without proof, since the associated modifications are obvious. Under
the assumptions (A1)-(A4), all mappings listed below are of class C? from L>(T) to
their respective image spaces. The associated derivatives can be obtained as follows:

We define, for v € L*(T'), the function z, as the unique solution to

of .
Azy + = (2,Yy)2, =0 in Q
c’)y( ) (6.3)

Oyzy +7v2y =v on T

Then G’ is given by G'(u)v = z,. Moreover, for v1, vo € L*(T'), we introduce z,, =
G'(u)v;, t = 1,2, and obtain G (u)v1ve = 24,4, Where z,,,, is the solution to

of *f .
AZU]'UQ + (& Yu) 2oy T 55 (T, Yu) 2oy 2oy = 0 in Q2
6y( Yu) ay2( Yu) (6.4)

aVZ’Ule + Y Rvyvg = OonT.

The adjoint state (g, € H{(£2) associated with u and J is introduced as the unique
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solution to

. 0 oL .
ao+ e = L) mo
dy dy (6.5)
O, + = %( ) T '
v P ’YSDfay T, Yy, u) on .
It holds that
, ov
J' (u)v = (T, Yus u) + pou | vds, (6.6)
T au
0L 2 f
1! _ -~ _ - J
J (U)U1U2 - /S; |:8y2 (x’ Yusy U)Z'Ul Zvgy Pou ayz (ZIJ, yu)zvl Z112:| dx

—|—/ a—%(x U)Zy, 2 +L2€(x ) (2, V2 + 2u,01)

r ayQ 7y’lL7 V1 ~V2 6y8u 7y’u, V1 2 V2 1 (67)
o2(

+au2(:c,yu7u)vlv2] ds.

Under (A1) and (A3), the mapping F : L*(T') — C(K), defined by F(u) =
9(-,yu(+)), is of class C2. For every u,v,vi,ve € L*(T), its first- and second-order
derivatives are given again by (2.7) and (2.8), respectively.

Now we introduce the Hamiltonian H by

H(z,y,u,0) = l(z,y,u) + ¢ u—yy|

The first-order necessary conditions admit the following form:

THEOREM 6.4. Let @ be a local solution of (PB). Suppose that the assumptions
(A1)-(A4) hold and assume the linearized Slater condition (3.5) with some uy €
L>(T), a(z) <wuo(x) < B(x) for a.e. © €. Then there exists a measure i € M(K)
and a function ¢ € WH*(Q) for all 1 < s <n/(n — 1) such that

o O DL Dy

A*p+ 9y (z,9(x))p = 9y (z,9,u) + ay(wyy(fc))mn in Q,
N _ 0 _ i

Op+vp= a—g(%y(x))mr on T,

/K(z(x) —g(z,y(x))di(x) <0 Vze C(K) such that z(x) <0Vzr e K, (6.9)

H(z,y(z), u(z), p(x)) = o, H(z,y(z),t,p(x)) for a.e. xel, (6.10)
where o, and B, are defined similarly as in Theorem 3.1 and i), and fi|. denote
the restrictions of u to 0 and I, respectively,

At the optimal point, the derivatives of H fulfil the relations (3.6) — (3.10) with
obvious modification: We have to substitute x € I" for x € ). Moreover, we have to
replace (3.8) by

o O*H
W(xay,u) = W(xvyauaw)- (611)
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The Lagrangian function £ : L>(T") x M(K) — R associated to the problem (PB)
is defined by

L) = /£2L<x,yu<x>>dx+ / 0 yu(@), ulz)) ds + /K o2, () dpu(z).

Using (6.6) we deduce that

%(u,p)v = /FHu(x)v(m) ds, (6.12)
where
() = 2 2y () u(a) oul@) (613)

and ¢,, is obtained from the adjoint equation (6.8), where y,, is substituted for g, u for
u, and p for fi, respectively. We finally indicate the expression for the second-order
derivative of L,

02L 92L 0% f
w(uvﬂ‘)vﬂﬁ _/Q |:ay2($7yu)zv1zv2 _Qouaiyz(mayu)zvlzvz dx

=+ —= X U )2y, % + xr )2y, U —+ 2y, U
r y2 y Yus V1 FU2 yOu y Yus v, V2 v V1

0%t

+au2(:v,yu,u)vlv2} ds

+ /K g—yﬁ(x, Yu ()20, (2) 20, () dpa(), (6.14)

where ¢, is defined as after (6.13).

6.3. Second-order sufficient optimality conditions. Let u be a feasible con-
trol of problem (PB) and § be the associated state. We assume that there exist
i€ M(K)and g € Wy*(), 1 < s < n/(n — 1), such that the first-order necessary
conditions (6.8)-(6.10) are satisfied. Associated with @, we introduce the function

A(2) = S (@, (@), 6(2), 2(2)

and define the cone of critical directions by
Cy = {h € L*(T) : h satisfies (4.1)- (4.3) with 2 € T'}. (6.15)

Notice that this cone is only formally the same as in (4.1)— (4.3), since = varies here
through I". The second-order sufficient condition admits now the following form:
THEOREM 6.5. Assume that n = 2 and let u be a feasible control of problem
(PB), ¥ the associated state and (¢, i) € WH*(Q) x M(K), for all1 < s <n/(n—1),
satisfying (6.8)-(6.10). Let there exist two constants w > 0 and 7 > 0 such that

g ) 20 f BT forac zel, (610

0L, .,
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where Cy is defined in (6.15) and 0*L/Ou? is taken from (6.14) with v := @ and
ni=[.

Then there exist € > 0 and 6 > 0 such that, for every admissible control u of
problem (PB), the following inequality holds:

., 90 _ , _
J(U)+§HU—UHQL2(F) S J(U) Zf ||u—u||Loc(p) < €. (618)

Proof. The proof is almost identical with the one of Theorem 4.1. Therefore, we
only mention, where essential changes occur.

Throughout the proof, we have to perform the obvious modification that L?(T),
L>°(T) and H'(2) must be substituted for L?(Q2), L>°(Q), and H}(Q), respectively.
Moreover, in some integrals, 2 must obviously be replaced by I'. Then the steps 1
and 2 can be adopted without further changes.

Step 3: The arguments up to (4.18) do not need changes. Next, we modify Q7 by

I ={zel : |H(z)| > 7).

Hereafter, Q and Q7 are replaced by I" and T'", respectively. In (4.22), ¢ must be
substituted for L, and in equation (4.23) we add the integral over 9?L/0u? to arrive
at

2T 9 2L, .,
- - hi(x) ds + w(%ﬂ)hk
2T _ _ 9
_ / <E + Huu(x)> 12 (x) ds + /F\FT Ao ()12 (2) ds
+ [ 2y @) ) + iy )37, ()] ds
0%q, 5 . 2L )
+ i afyz(%y(m))zhk(fﬂ) di(z) + Qafyz(%y(w))zhk(%) dzx. (6.19)

Analogously, this term must be added to the left-hand side of (4.26).. B
Step 4: First, we conclude from hy — 0 in L?(T") that z,, — 0 strongly in C(Q).
Proceeding as in the former Step 4, we finally conclude with

. 2 o02L 0L B
0 < lllr:lsup T + HW(U’ i) — W(wk,u)HB(L?(r))
g, _ ~ 2L,
- 87@/2(%3/(%))2;2%(%)@(56)— Qaiyg(:v,y(x))zﬁk(x)dx

_/ [2H (@) 20, (@) e (z) + Hyy(2)27, ()] dx} =0.
Q

7. The parabolic case.

7.1. Problem statement. Finally we prove that our method can also be ex-
tended to one-dimensional parabolic problems with distributed control. This ex-
tension is addressed here. To define the parabolic problem, we consider the one-
dimensional domain = (a,b) and the time interval [0,T] for given T' > 0. We fix
an initial value yo € Cla,b] and introduce the set Q@ = (a,b) x (0,T). Moreover, we
introduce the space W(0,T) = {y € L?(0,T; H'(Q)) : % e L2(0,T; HY(Q))}.
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REMARK 7.1. Again, the restriction on the dimension of Q comes from the
requirement that the control-to-state mapping is of class C? from L*(Q) to C(Q).
This holds only true for n = 1. We should mention here that boundary controls
cannot be handled by our approach. Neumann boundary data from L*(0,T) are not
in general transformed into continuous states.

The parabolic equation is defined by

%+Ay+f(x,t,y) in (a,b) x (0,7,
- ry(a7 t) =0 in (0’ T)7 (71)
Ozy(b,t) = 0 in (0,7),
y(,0) = yo in (a,b),

where J, denotes the partial derivative with respect to x. The associated optimal
control problem is

min J(u / / (x,t, yu(z, t), u(z, t))dxdt+/ r(z,y(z,T))dx

/ Lo (t, yy(a,t) dt—|—/ Cp(t, Yy (b, ) dt
subject to. () € (C(Q) NW(0,T)) x L=(Q),
a(z,t) <u(z,t) < B(z,t) for ae. (x,t) €Q,
9(x,t,yu(z,1)) <0 V(z,t) € K.

Here, a, 3 are functions from L>°(Q) with a(z,t) < B(x,t) for a.a. (z,t) € Q, yu is
the solution of (7.1) associated with u € L?(Q), and K C @ is a compact set.

The following assumptions are required:
(A5) The function f : @ x R — R satisfies the modification of Assumption (A1)
that is obtained by substituting @ for 2, and (x,t) for x, respectively.

(A6) The function L : Q x (R x R) — R satisfies the modified assumption (A2)
obtained by substituting @ for €2, and (z,t) for x, respectively.

(A7) The function g : K x R — R is continuous, is of class C? with respect to the
second variable and dyg, and 85 g are also continuous functions in K x R. Moreover,
the strict inequality

holds for every z € K N Q.
(A8) The functions ¢ : [0,7] x R — R, k € {a, b}, are Carathéodory functions of

class C? with respect to the second variable with £ (-,0) € L*(0,T). For all M > 0,
there exist a constant Cps > 0 and a function s € L?(0,T) such that

(‘%k 62€k
S — <
Set| <vwe). |GEan| <o

2¢
‘8 r Ol < Cumly2 — 1l

Tyg(tayQ) a 9,2 (t yl)
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holds for k € {a,b}, for a.e. t € [0,T] and |y|, |y;| < M,i=1,2.

Analogously, r : [a,b] x R — R is a Carathéodory function of class C? with
respect to the second variable with 7(-,0) € L!(a,b). It satisfies the assumptions on
), above with £ replaced by r, (a,b) substituted for (0,7) and z substituted for ¢.

For the parabolic equation, the following result on existence and regularity holds
true:

THEOREM 7.2. Suppose that (AB) is satisfied. Then, for every u € L?(Q), the
state equation (7.1) has a unique solution y,, € C(Q) "W (0,T). If up — u weakly in
L3(Q), then y,, — vy strongly in C(Q).

The proof of the theorem is postponed to Section 7.4.

THEOREM 7.3. Assume that (A5)-(A8) are fulfilled, the function L is convex
with respect to the third component and the set of feasible controls is nonempty. Then
the control problem (PP) has at least one solution.

This theorem is a standard consequence of Theorem 7.2.

7.2. Necessary optimality conditions. Also here, the control-to-state map-
ping G(u) = yu, G : L2(Q) — C(Q) N W(0,T), and the reduced objective functional
J are of class C? from L>°(Q) to their image spaces, provided that the assumptions
(A5)-(A8) are satisfied. Since this is known, see [5], we state the associated deriva-
tives for convenience below.

We define, for v € L?(Q), the function z, as the unique solution to

dz, of o
dt + sz + @(%tlﬁ;)% = v 1 Qa
—0gzy(a,t) = 0 in (0,7), (7.4)
O0r2p(b,t) = 0 in (0,7),
y(z,0) = 0 in (a,b).

Then G'(u), G : L*(Q) — C(Q) N W(0,T) is given by G’(u)v = z,. Moreover, for
v1, v2 € L?(Q), we introduce z,, = G'(u)v;, i = 1,2, and obtain G”(u)viva = 2y, p,,
where z,,,, is the solution to

2
d’zgi;vg + AZ'Ul'U2 + %(x’ t7 yu)Z'U1'U2 + %(z7t7 yu)zﬂleQ 0 in Q7
—O0pZpyuy(a,t) = 0 in (0,7),
OpZuyuy(0,t) = 0 1in (0,7),
Zoywe (,0) = 0 in (a,b).

(7.5)
The adjoint state g, € W(0,T) associated with « and J is introduced as the unique
solution to

Ao, goo O o .
7% +A S0+ ay(z7t7yu)¢ - ay (‘T7t7yuvu) m Qa
—Ozp(a,t) = %(t,yu(a,t)) in (0,7),
y
o, (7.6)
0ipbt) = FLUaub.0) in (0T,
or .
cp(ac,T) = iy(xayu(xaT)) m (aab)'
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We have that

J'(u)v = / (M/(amt,yu,u) + <p0u) v dxdt, (7.7)
Q 5‘u
0%L 0%L
J"(u)vivg = / [8 5 (5 Yo, 1) 20y 20, + g0 — (&, t, Yo, w) (20, V2 + 24,01)
82L 0?
a 2 (l‘ t y Yu, U )’U]_’UQ L)OOua ]2(‘(1' t yu)zvlzvz] dfdt
82
+ 352 2t yula, )2y, (a,t) 20, (a, t) dt
0

2
+/0 aa 2 (t, Yu(b,1) 20, (b, )20, (b, t) dt

82
+ Oy 2(33 Yu(2,T)) 20, (2, T) 20y (2, T') dx.
(7.8)
We require the following linearized Slater condition: There exists ug € L (Q)
with a(z,t) < up(x,t) < B(z,t) for a.e. (z,t) € Q such that

@(x,t,gj(m,t))zw,ﬁ(m,t) <0 VY(z,t) € K. (7.9)

ot 0) + 57

Notice that we have assumed (7.3), since this is needed to satisfy (7.9). The Hamil-
tonian H is defined by

H(x,t,y,u,ap) - L(x,t,y,u) + ¥ [U - f(xvtay)]a

and the first-order necessary conditions admit the following form (see Casas [5]).
THEOREM 7.4. Let @ be a local solution of (PP). Suppose that the assump-
tions (A5)—(A8) hold and assume the Slater condition (7.9) with some ug € L>(Q),
a(z,t) <wuglz,t) < B(x,t) for a.e. (x,t) € Q. Then there exists a measure i € M(K)
and a function @ € L7 (0, T; WY (Q)), for all 7, o € [1,2) with % + % > % such that

Zf + A o+ %(x L,y g = %(l’,tﬂ’ u) + %(%tvﬂ)ﬂ\m
“Ouplart) = GEu(0,0) + GHE T A
0.5(0,1) = T(.50.0) + Z 05O 0
P T) = G T) + G T T o,

(7.10)
and fi,, ., denote

for a.a. = € (a,b), t € (0,T), where B> N\{@x(o T)} (4150, TfT} l
respectively,

the restrictions of p to @, {a} x (0,T), {b} x (0,T), and Q x
/ (z(z,t)—g(z, t,5(z, t))dp(z,t) <0Vz e C(K) with z(x,t) < 0V(x,t) € K, (7.11)
K
and, for almost all (z,t) € Q,

H(x,t,y(x,t),u(x,t), p(x,t)) = el (;ntl)ng " t)]H(m,t,g(m,t)a@(x,t)), (7.12)
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where o, and B, are defined along these lines of Theorem 3.1.
The Lagrange function is defined in a standard way by

T
Llu,pu) = /QL(x,t,yu(x,t),u(x,t))dmdt+/0 Lo (t,yy(a,t)) dt
T
+ [yt [ o) du.o.

For convenience, we only establish the second-order derivative of L:

0*L
w(ua p)v1vz =

0L 0L O%L
ay 5 (Tt Yu, W) 20, 20, + Dy (2, Yo, 1) (20, V2 + 20,01) + 5 25 (T, 1, Yu, w102

2

o 0y?

82

—%a—gu,t,yu)zm o ottt [ S ) (0, D)y o)

024, 024,
# [ |G ol s o) + G020 00200

0%g _
+ « Oy 2(33 tyu(T, 1)) 20, (T) 20, (7) dfi(2, 1),

(7.13)
where ¢, is the solution of (7.10), where u is taken for @, y, instead of g, and u for
.

7.3. Second-order sufficient optimality conditions. The prerequisites of
the preceding section at hand, the extension of the second-order sufficient optimality

conditions to the parabolic case is straightforward. We define the cone of critical
directions associated with @ by

Cy = {h € L*(Q) : h satisfies (7.14), (7.15) and (7.16) below?},

>0 if u(x,t) = a(x, t),
h(z,t) =< <O0if a(z,t) = B(x,t), (7.14)
=0if H,(z,t) #0,
g—z(x,t,gj(x,t))zh(x,t) <0 if g(a,t,gy(z,t) =0, (7.15)
/ @(x,t,g(x,t))zh(x,t) dp(z,t) = 0. (7.16)
K 0y

The sufficient second-order optimality conditions for % are stated in the following
result:

THEOREM 7.5. Let @ be a feasible control of problem (PP) that satisfies, together
with the associated state ij and (@, i) € L7(0,T; W1(Q))x M(K) for all T, o € [1,2)
with L +X > 3 the first-order conditions (7.10)-(7.12). Assume in addition that there
exist two constants w > 0 and 7 > 0 such that

0?L
ou? (

2L .,

z,t,y(z,t), u(z,t) > w if |Huy(z,t)| <7, forae (v,t)€Q, (7.17)
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Then there exist € > 0 and § > 0 such that, for every admissible control u of problem
(PP), the following inequality holds

) _ ) _
J(a) + §||u — u||2L2(Q) <Ju) if lu—dllpe(g) <e. (7.19)

The proof is analogous to the one of Theorem 4.1. We have to perform obvious mod-
ifications that are along the ones explained in the proof of Theorem 6.5. Therefore,
we skip these details.

7.4. Proof of Theorem 7.2. To prepare the proof of Theorem 7.2, we first
state some results on maximal parabolic regularity of the elliptic differential operator
A. In the one-dimensional case we study here, A admits the form

0 0
A= %[au(')%].

Let us consider A on its natural domain

~Ow

D :=D(A) = {w € H*(Q) : a—x(a) = g—:(b) = 0} (7.20)

that is dense in L?(€2). It is known that, for all 7 € (0,1),

H*(Q)N {w : %(G) = %(b) :O}’ itr>

H*(Q), if 7 <

D(AT) =

[N [SV RN [V

)

cf. [24]. In particular, we have Q(A%) = H'(Q). To shorten the notation, we write
below S := (0,T) with closure S. Moreover, for a Banach space X C L*({) and
1 < p < o0, we introduce the space

WhP(S X) = {y € LP(S,X) : % € LP(S,X)}.

It is known that, for all 1 < p < oo, A exhibits maximal parabolic LP(S, LP(2))-
regularity. This means that, for all f € LP(S,L”(Q2)), there is a unique solution
y € WhP(S, LP(Q)) N LP(S, D(A)) of

% +Ay=finS, y(0)=0, (7.21)
where the differential equation is to be understood in the distributional sense, cf.
[13]. Here, the definition of D(A) must be adapted by replacing W?2P(Q) for H?(Q)
in (7.20). In all what follows, we apply this result with p = 2 for X = H := L?(Q).
Therefore, for all f € L?(S, H) = L?(Q), there is a unique solution y € W2(S, H) N
L?(S, D) of (7.21). The mapping f + y is surjective, hence continuous.

Our proof relies on the following result:

LEMMA 7.6. For all0 < 7 <n <1 and k = L=, there holds the continuous

2n
injection WH2(S, H) N L?(S, D) — C*(S, H™(Q)).
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Proof. We show first that W'?(S,H) — Cz(S,H). To this aim, let y €
WL2(S,H) and t,s € S be given. Then

t

) =)l = || [vordo]], < [ W o)luan

t t
1 1
2 2 1
< ([ 1@ o) ([ o) < llwrocsm e = o’

verifies the injection claimed above. Next, we prove the statement of the Lemma. We
denote by [+, ‘]9 the complex interpolation functor, see Triebel [24]. It follows from [2],
Chpt. III, Thm. 4.10.2 and [24], Chpt. 1.8 that the continuous injection

Wh2(S,H) N L*(S, D) — C(S,[H, D]y 2) = C(S,H" (%)) (7.22)

takes place. The interpolation identity [H, D], /o = H*(Q) is well known and can be
found, for instance, in [24].

We fix now 7 and n by 0 < 7 <1 < 1/2 and put A = 7/n. Then we obtain with
a generic constant ¢ that

ly(®) = y()llzpy, Ny () = y(8)llier, 1,0,
It —s|2(-% T |t — 5|21

ly(t) — y(s)|3
< LN 1) — ),

< ('W‘W'H)A o) = y(5) sy, (729

i sl

(7.23)

where we have applied the complex re-iteration theorem, [24], Chpt. 1.9.3. In the
last estimate, the first factor is bounded, since W2(S, H) «— Cz(S, H). In view of
the injection (7.22) and [H, D], = H*"(2) with 0 < 2n < 1, the second factor can be
estimated by

IN

A
ly(®) = 9oy, < ly®) =5 Panay < (2elllos.nm)

IN

A
(C||y||c(5,H1(Q))) SCHyH?/\Vlv?(S,H)ﬁL?(S,D)'

In the last estimate, we have used the embedding (7.22). Moreover, we took advantage
of the equivalence of the norms of [H, D], and H?"(f2). Therefore, the second factor
in (7.24) is bounded too. The statement of the Lemma follows now from (7.24) after
inserting 7 := 27, 5 := 21, [H, D], = H*>"(Q) and x = 2(1 — \) in (7.23). O

Proof of Theorem 7.2: The existence result of Theorem 7.2 is well known, we refer to
Casas [5]. Therefore, we only show that weakly converging sequences of controls are
transformed to strongly converging sequences of states.

Let a sequence (uy) be given that converges weakly in L?(Q) to u. Consider the



SUFFICIENT SECOND-ORDER OPTIMALITY CONDITIONS 27

equation for y and uy

0 .

%‘FAyk-i—f(%yk):Uka in Q
g B .
%(a,t) =0, inS
Oy _ .
%(b, t) = 0 m S

yk(0) =yo,  in Q.

Standard arguments show y, — y in W(0,7) N C(Q), where y = y,,. The functions
yx, are uniformly bounded in C(Q), hence the sequence (d(-, yx)) is bounded in L?(Q)
and we can select a weakly converging subsequence indexed by k;. We write fr =
ug — d(+, yx) and split yr = v + wy, where wy, solves

8wk

R 4 Aw, =
5 AWk Tx
with homogeneous inital and boundary conditions, while v solves
v
— 4+ Av =0
ot + Av

with inhomogeneous initial condition v(0) = yo and homogeneous boundary condi-
tions. Thanks to Lemma 7.6, the sequence (wy,) converges weakly in C*®(S, H™()),
where k > 0 and 7 > 1/2 can be chosen. Therefore, the functions wy, belong to a

space C?(Q)) with some positive o so that, by compact embedding into C(Q), the se-

quence converges strongly in C'(Q). Consequently, yi, = v+ wy, converges strongly in

C(Q) towards y. Moreover, it follows by standard arguments that y = y,. Since this
holds for all subsequences with the same limit y, the whole sequence (yi) converges
uniformly to y,. O

Acknowledgement. The authors are grateful to J. Rehberg (Weierstrass Insti-
tute Berlin (WIAS)) for pointing out the proof of Lemma 7.6.
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