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Introduction

In this paper, we survey second-order optimality conditions for the following
slightly simplified class of optimal control problems:

Minimize %/Q(y(:c,t) - yQ(x,t))2 dxdt + %/Q(y(x,T) —yp(z))? dx )

v

+ 5 / u2(m,t) dxdt
JQ

subject to the parabolic state equation

%(m,t) — Ay(z,t) + R(z, t,y(z,t)) = u(z,t) in Q
y(z,t) =0 on X (1.2)
y(z,0) = yo(z) in 2

and to the pointwise control constraints
a <u(z,t) <b for almost all (z,t) € Q. (1.3)

Here, 2 C RN, N € N, is a bounded Lipschitz domain with boundary I'; T" > 0 is
a fixed terminal time and we set Q = 2 x (0,T), and ¥ =I" x (0,7).

In the optimal control problem, constants v > 0, v > 0, —oco < a < b < 400
and desired state functions yg € LP(Q) with p > N/2+ 1, yp € L>(£2), are given.

The function y, the state of the control system, is defined as weak solution of
(1.2), while the control function u is assumed to be bounded and measurable. The
nonlinearity R : Q@ x R — R ("reaction term”) is assumed to be a Carathéodory
function of class C? with respect to the second variable and satisfies the following
assumptions

R('7 50) € LP(Q)7 p> N/2 + la and
3CR € R such that a—y(x,t, y) > Cgr for a.a. (z,t) € Q and Vy € R, (1.4)
VM > 0 3CHs > 0 such that

1.
’ = (z,t,y)| < Cyy for a.a. (z,t) €Q, Y|y < M and j = 1,2, (1.5)
Vp>03>0 such that

(1.6)

0°R
’ <p Y(z,t) €Q and ly2 —y1| < e.

9’R
W(x?tayQ) 8 a9 (ZE t yl)

These assumptions include in particular functions R : R — R of class C? that
are monotone non-decreasing, a standard case in the optimal control of semilinear
parabolic equations. Moreover, polynomials of odd order,

R(y):akyk+~~+a1y+ao

with k = 2n—1,n € N, and aj, > 0 are allowed. Then R’ is an even order polynomial
and hence bounded from below. Highly nonlinear functions, as R(y) = exp(y), can
be also considered. Further, yo is a given initial state belonging to L°°(£2).
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We discuss second-order conditions that are sufficient for local optimality of
stationary solutions of the problem. Stationary solutions are pairs (7, @) that satisfy
the first-order necessary optimality conditions of the control problem (1.1)-(1.3).
For non-vanishing Tikhonov regularization parameter v > 0, associated results are
known since years, we refer to our recent survey paper [12] and the references
therein.

Our main interest, however, is the case v = 0, where the objective functional
in (1.1) does not contain the last integral that is often called a Tikhonov regu-
larization term; see Corollaries 3 and 4. We became interested in this degenerate
case by numerical observations: The numerical solution method of optimal control
problems for the more general FitzHugh-Nagumo system, a well known system of
mathematical physics that includes a second linear partial differential equation,
turned out to be surprisingly stable for very small regularization parameters v > 0.
Eventually, this observation brought us to the ques tion, whether we can prove
stability of locally optimal solutions as v \ 0.

To answer this question, we developed second-order sufficient optimality con-
ditions for local solutions that are strong in the sense of calculus of variations and
also work for the degenerate case v = 0. Our first associated result is presented
in [10]. It is valid for the FitzHugh-Nagumo system and can even be applied to
sparse optimal controls, where the objective functional includes in addition the
L*(Q)-norm of the control function.

To our best knowledge, the first result on strong local minima in PDE control
was recently obtained in [1] for the case of semilinear elliptic equations. Moreover,
an unknown referee called our attention to the preprint [2] on a parabolic control
problem.

Although our results are similar to the ones of [1], [2], they are more general
than those of [1], [2]. In particular, we admit the case of a vanishing Tikhonov
regularization parameter v, while v > 0 is required in [1], [2].

In our paper, we introduce a new extended cone of critical directions E7 prior
to Theorem 9. This cone can be used to deal with the issue of stability for vanishing
Tikhonov regularization parameter v, cf. more detailed remarks in the introduction
to Section 3.

On the one hand, the results of [10] are more general than the results we will
present in this paper, because they include a nondifferentiable sparsity term. On
the other hand, the reaction term R was assumed to be a special third-order poly-
nomial and the domain {2 was assumed to have a dimension not larger than three.
Moreover, due to the more complicated form of the FitzZHugh-Nagumo system, the
analysis in [10] is very technical.

Therefore, we present our theory of second-order conditions here for a simpler
equation but with more general nonlinearity R and for all dimensions N € N.

2 Well posedness of state equation and control problem

We begin our analysis by recalling known results on the solvability of the state
equation (1.2). We discuss existence and uniqueness of the state y for given u
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and prove differentiability properties of the control-to-state mapping G : u — y.
Adopting a standard notation we set

W(0,T) = {y € L*(0,T; Hy(£2)) : % € LQ(O,T;H_l(Q))}.
For the convenience of the reader we recall that a function y € W(0,7) N L™ (Q)
is said to be a weak solution of (1.2), if

/ —y@+Vy~Vv+R(-,-,y)v d:cdt:/uvdxdtJr/yov(-,O)dx
Q ot 0 Q

holds for all v € H*(0,T; H}(£2)) such that v(-,T) = 0.

The following theorem can be shown in the same way as [4, Theorem 1].

Theorem 1 Under our assumptions, for allu € LP(Q) withp > N/2+1, the equation
(1.2) has a unique weak solution y, € W(0,T) N L>(Q). There exists a constant C
independent of u such that

lyull o (@) + lyullw 0,7y < Clullr(@)y + llvoll Lo (@) + IR 0)|lLr(q))-

and we have yu, € C(2 x (0,T)). If yo is in addition continuous in {2, then y. belongs
to C(£2 x [0,T)).

The main idea of the proof is the use of the substitution y(z,t) = eMuv(z,t)
with sufficiently large parameter A, cf. [4]. In this way, an equation with monotone
nonlinearity is obtained where the known results on existence, uniqueness, and
regularity [16, Theorem 5.5] or in [5] can be applied.

Following [11], cf. also [9], we introduce the control-to-state mapping G : LP(Q)
— W(0,T) N L>™(Q), p > N/2 + 1, defined by G(u) = yu. Then the following
differentiability properties can be proved, see [4] or the more general version [9,
Theorem 2.2].

Theorem 2 (Differentiability of the control-to-state mapping) The mapping
G is of class C%. The derivative n, ‘= G’ (u)v is equal to the function n that solves the
linearized equation

on _

OR )
ot A77+87y($7t7yu)77—v an

n=0 onX (2.1)
n(z,0) =0 in 0.

The second derivative Wy, v, := G (u)[v1,v2] in the directions v1, va € LP(Q) is given
by the solution w of the equation

) R 9’R :
—w—Aw—l——(m,t7yu)w: _72(%7572/11)7%1771)2 in Q
ot dy dy 99
w=20 on X (2.2)
w(z,0) =0 in (2,

where v, = G’ (wW)v;, i = 1,2.
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Remark 1 The operator G is not differentiable from L?(Q) to W (0,T). However,
G’(u) and G” (u) can be extended to continuous linear and bilinear mappings from
L*(Q) to W(0,T), for any u € LP(Q) with p > N/2 + 1.

Since y,, is uniquely determined by u, we can formulate the optimal control
problem (1.2)-(1.3) in the following control reduced form:

Min  Jy(u),
(PV) { U € Upq

where the (control reduced) objective functional is defined by

2oy =5 [ ) —ugles ) dede 5 [ e T) e o
(2.3)

v u? x,t) dxdt,
+ 2/@ (z,t) dzdt

and the set of admissible controls U, g is
Usg = {ue L7(Q) : a < u(z,t) <b for a.a. (z,t) € Q}.

Thanks to Theorems 1 and 2, it is easy to prove that for all v > 0 the control
problem (P,) has at least one solution @; see [9, Theorem 3.1]. In view of the
differentiability properties of G, also J,, is of class C%. In a standard way, the
derivatives can be expressed by using an adjoint equation. For given u € LP(Q),
the equation

_Opu ¢u+%(x7t7yu)wu=yu—yQ in Q

ot (2.4)

wu =0 on X
ou(z, T) = y(yu(T) —yr) in 2

is called the adjoint equation. Its solution ¢, is the adjoint state associated with u.

Theorem 3 The functional J, : LP(Q) — R, p > N/2 + 1, is of class C2. Its first
order derivative is given by

T (w)o = /Q (pu + vu)odadt Vu,v € LP(Q), (2.5)

where @y s the solution in W(0,T) N L>¥(Q) of the adjoint equation (2.4). For direc-
tions v1,v2 € LP(Q), the second order deriwative of J, is

" 9’R
Ju (u)[ULUQ] = [1 - W("rvtv yu)SDu]nvlﬂvz dxdt
Q Y
—Q—’y/ Moy (T) 1w, (T') d:r—l—y/ v1vy dxdt. (2.6)
) Q

The proof of the existence and uniqueness of the solution ¢, € W(0,T)NL>*(Q) of
the adjoint system and the formula (2.5) can be found in [9, §3.2]. The expression
of the second derivative follows from the chain rule, (2.2), and (2.4).
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3 First-Order Necessary Optimality Conditions

Since the control problem (P,) is not convex, we consider local minima. In this
section we set up the associated first-order necessary optimality conditions and
draw some conclusions from the optimality system.

We say that @, is a local minimum of problem (P,) in the sense of LP(Q),
1 < p < 400, if there exists € > 0 such that

Ju(ay) < Jy(u)  VYu € Upq N Be (). (3.1)

Here, Be(uy) denotes the LP(Q)-ball centered at @, with radius e.

The boundedness of U,q in L>(Q) implies that @, is a local minimum in
the L?(Q) sense if and only if it is a local minimum in the LP(Q) sense for any
1 < p < +0co0. On the other hand, if 4, is a local minimum in the L°*°(Q) sense,
then it is a local minimum in the LP(Q) sense for any 1 < p < +4oo. Hereafter,
local minima will be always understood as local minima in the L?(Q) sense.

Remark 2 Minima of the type (3.1) are, viewed in the sense of calculus of variations,
weak local minima. This means that J, (4,) < Ju(u) is satisfied for all admissible u
out of a neighborhood of the control @, .

Notice that the control w is the image of y, of the differential operator y —
dy/0t — Ay + R(-,-,y). Therefore u plays the role of the derivative ¢ of the un-
known function z — y(z) in the classical calculus of variations. In this sense, the
neighborhood Be (4, ) is a neighborhood that accounts also for the derivatives of
Y.

Later, we will also investigate conditions for local minima that are strong in
the sense of calculus of variations. This means that

Ju(uy) < Ju(u) Vu € Upa such that [lyu —ya, l|lL=(q@) <e,

no matter how far u is from u,.

For the definition and discussion of weak and strong local minima in the clas-
sical calculus of variations, we refer to [15, Chpt. 2] and [18, Sect. 37.4¢].

The following first order necessary optimality conditions have to be satisfied by
any local minimum of (P, ).

Theorem 4 Let uy be a local minimum of (Py), let yu be the associated state, and let

Py = pa, € W(0,T) N L>®(Q) be the associated adjoint state defined as the unique
solution of (2.4) for w := 4. Then Uy, obeys the variational inequality

/ (Go + Vi) (u — @) dedt > 0 Yu € Una. (3.2)
Q

The well-known projection formula below follows by a standard discussion of the
variational inequality (3.2).
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Corollary 1 Let 4y, @u be as in Theorem 4 and assume that v > 0. Then

_ . 1_
U’V(x7t) = PrOJ[a,b] (_;@V(xﬂf)) )

where Proj, 41 : R — [a,b] is defined by Proji, ;) (2) = max{a, min{b, z}}.

From the projection formula above, the regularity @, € L?(0,T;H'(£)) is
obtained.

Corollary 2 Let uy and @u be as in Theorem 4 and assume that v = 0. Then the
following implications hold,

aV(tvm) =a = @V(tv ZL‘) 2 07 _
ﬂl’(t7 .Z‘) =b = @V(tax) S Oa and {:;
a<uy(t,z) <b = @u(t,x) =0,

From the above relations we deduce that the optimal control u, is bang-bang if
the set of points of @ where ¢, vanishes has a zero Lebesgue measure.

For these well known results, we refer the reader to [8, Corollary 3.2] and [6,
Theorem 3.1] that deal with the cases v > 0 and v = 0, respectively, in a similar
situation. Moreover, these implications are extensively explained in [16, p.70] for
the elliptic case.

4 Second Order Optimality Conditions

Next, we develop the second order analysis for (P,) and begin with second order
necessary conditions. Let a control @, € U,q fulfill the optimality conditions of
Theorem 4. This means that u, obeys, along with the adjoint state ¢,, the vari-
ational inequality (3.2). Associated with @,, we introduce the standard cone of
critical directions

Ca, = {v € L*(Q) : v obeys the sign conditions (4.1) below and J}, (@ )v = 0},

>0 if ay(z,t) = qa,
M%ﬂ{goﬁaﬂmﬂ:h (4.1)

The next theorem is well known; the reader is referred to [3] or [11] for a general
result.

Theorem 5 (Second order necessary condition) The set Cy, is a conver and
closed cone in L*(Q). If uy is locally optimal for (P,), then

J) (@ )v® >0 Yo € Ca,.
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Now we turn over to second order sufficient conditions. Depending on different
situations, besides Cy, we will introduce two more cones of critical directions,
namely the cones C7 and E7.

The cone Cy, considered for the necessary second order conditions, will also
appear in the formulation of second order sufficient conditions for v > 0 in Thm.
6. This is a result on weak local optimality. However, as a corollary, we obtain the
surprising result that, in this case, u, yields even a strong local minimum.

The two other cones are introduced for the case v = 0. The second order
conditions based on EJ guarantee that y affords a minimum to the objective
functional that is strong in the sense of calculus of variations, cf. Theorem 9 and
relation (4.35). This property of strong local optimality cannot be deduced, if we
substitute C7 for E7.

In Section 5, we shall apply these different second order conditions to proving
results on stability of optimal solution with respect to certain perturbations of the
data in the optimal control problem.

4.1 The case v > 0

The following properties of Cy, will be needed.

Lemma 1
(i) If v € L*(Q) satisfies (4.1), then (@y + vy )v > 0 holds a.e. in Q.
(i) If v € Cq,,, then

(pv +rvi)v=0 a.e in Q. (4.2)

(i4i) A function v € L? (Q) belongs to Cq, iff the following properties hold true a.e.,

=0 if |@gv (2, t) + v (z,t)| > 0,
v(z,t) ¢ >0if up(z,t) =a (4.3)
<0 if ay(z,t) = b.

Proof Statement (i) is a simple consequence of Corollary 1. Indeed, if (@, +
viiy)(z,t) > 0, then we have @, (z,t) > —L&y(z,t). In view of the projection for-
mula for @,, this inequality is possible only if @, (z,¢) = a. Then (4.1) implies that
v(z,t) > 0. Analogously, we proceed when (@, + vy )(z,t) < 0.

Now (ii) follows immediately: If v € C4g,, then v obeys in particular the sign
conditions (4.1). By (i), (@v + vy )v is almost everywhere nonnegative. Moreover,
J},(@y)v = 0 is included in the definition of Cg,, hence

0= J, (i) = / (Gv + vii v dadt, (4.4)
Q

Since the integrand is nonnegative, this can only hold, if (4.2) is true.
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To show (iii), we consider first an element v € L?(Q) satisfying (4.3). Then v
obeys (4.1) and it remains to prove that J;,(i,)v = 0. This, however, is obvious by
the representation (4.4) for J}, (i, )v: Whenever (¢, + v, )(z,t) # 0, then v(z,t)
vanishes by (4.3). Conversely, if v € Cg,, then the sign conditions are fulfilled
again by definition. The implication (¢, + vuy)(z,t) # 0 = v(z,t) = 0 follows
immediately from (4.2). O

Our next auxiliary result is important. The equivalence that is stated in the fol-
lowing lemma is not in general true for infinite-dimensional optimization problems.
However, it holds true if the Tikhonov regularization term %HUH%Z(Q) is included
in the cost functional with v > 0; see [12] for the proof.

Lemma 2 The following statements are equivalent

(i) J(a)v? >0 Yo € Cq, \ {0}.
(i) There exists o > 0 such that

T ()0 > o|v]|F2q) Vv € Ca,. (4.5)

In the case of unconstrained optimization, the coercivity condition (4.5) can be
required in the whole space and is sufficient for a local minimum. For a comparison
with this case, we refer to [19, Sect. 2.2].

Finally, we recall the following result.

Theorem 6 (v > 0; Second order sufficient condition, [11]) Assume v > 0 and
let Uy € Upq, along with the adjoint state ¢v, satisfy the variational inequality (3.2).
Assume also that J}/ (i, )v? > 0 Vv € Cg, \ {0}. Then § >0 and & > 0 exist such that

_ é _ _
Ju (i) + 5 llu — Uy || 72(q) < Ju(u) Yu € Upa N Be(tiy), (4.6)
where Be () is the L*(Q)-ball centered at i, with radius €.
Compared with the classical calculus of variations, this result means that u affords
to J, a weak local minimum. However, we are able to prove the surprising fact

that the local optimality ensured by Theorem 6 is even strong.

Theorem 7 (v > 0; Strong local optimality) Let @, satisfy all assumptions of
Theorem 6. Then &' > 0 and &’ > 0 exist such that

_ § _ _
Ju () + §Hu - UVH%Q(Q) < Ju(u) Yu € Uag : lyu — ullLe (@) < g (4.7)

Proof Assume the contrary, i.e. that (4.7) does not hold for any ¢’ and ¢’. Then,
for any integer k£ > 1, we can find a control uy € Uaq With [[yu, — Yv|lLe () < 1/k
such that

_ 1 _
T () < () + o ug — 32 ). (4.8)
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We can select a subsequence, denoted in the same way, such that {uj}y>1 is
weakly™ convergent to some @ € L°(Q). From the parabolic equation, we have

Oryr, — Ayp = —R(z,t,yp) + ug.

The right-hand side converges weakly in L?(Q) to —R(z,t,3.) + @. Therefore, by
the weak continuity of the solution mapping for linear parabolic equations, the
sequence {yy} converges weakly in W(0,T) to a solution ¢ that satisfies

Oty — Ay = —R(z,t,§v) + 4.

From y, — ¢in W(0,T) and y, — %» in L*°(Q), we find § = g, and hence @ = u. In
this way, uy A Gy in L™ (Q) is obtained. In particular, we also have that ug — 4,
in L2(Q).

By our notation and the convergence yp — 7 in L°°(Q), we have Jo(uy) —
Jo(tv); hence we deduce from (4.8)

14 2 vV, _ 2 _ ]. _ 2
§||Uk|\L2(Q) < §||Uu\|L2(Q) + Jo(uv) — Jo(ug) + ﬂ”uk — uw||12(Q)-
Passing to the limit £ — oo, we arrive at
| Z. 2 . . 14 2 . v 2 _ v,_ 2
Slluvliz g = hkfgloféf 5 lurlzz@) = hgi)solip slulzz @) = 5lluvlizz(@)-

This implies that HukH%Z(Q) — HaVH%?(Q) holds in addition to the weak conver-
gence. Therefore, the convergence of {uy} to @, is strong in L?(Q). Consequently,
given ¢ > 0 such that (4.6) holds, we have that |luy — @v|2(g) < € for all k
sufficiently large. Then (4.8) contradicts (4.6). O

In the framework of optimal control of partial differential equations, the first
result about strong local optimality was proved in [1] for the elliptic case.

4.2 The case v =0

Our main results on second order conditions for v > 0 (except Theorem 7) were
known since for some years, cf. [11]. In the degenerate case v = 0, we found our
results just recently in [10] for the FitzHugh-Nagumo system. Here, we adapt the
ideas of [10] to our semilinear parabolic state equation with slightly more general
nonlinearity R.

To simplify the notation, we will write (P) instead of (Pg), J instead of Jo,
and u, ¥y, @, etc., instead of wuo, Yo, Po.

For general infinite-dimensional optimization problems, the strict positivity of
the second derivative of the objective functional on the critical cone is not sufficient
for local optimality. An associated example is known from [14]. (The situation is
different for our objective functional J,, if v > 0. Then the second derivative
generates a Legendre form (cf. [15, Chpt. 6.2.1]) and we were able to argue as in
the preceding section).
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Therefore, we have to consider the well-known extended cone C7, cf. [13] for
the elliptic case or [16, (5.42)] for a parabolic state equation. For given (small)
threshold 7 > 0, we define CZ as the set of elements v € L? (Q) satisfying

=0if |p(z,1)| > 7,
v(z,t) ¢ >0if u(z,t) = a, (4.9)
<0if u(z,t) =0.

Proposition 1 The extended cone CF covers Cg, i.e. Cq C Cg holds for all 7 > 0.
For every v € L?(Q) satisfying the sign conditions (4.1), the inequality

J@w 2 vl (4.10)
is fulfilled, where Qv denotes the set of points (z,t) € Q such that the first condition
of (4.9) is not satisfied by v(z,t).

Proof The inclusion Cy C C7 is obvious. Let us prove the second claim.

If ¢(z,t) > 7, then Corollary 2 implies that @(z,t) = a and therefore v(z,t) > 0,
hence ¢(z,t) v(z,t) > 7|v(z,t)|. Analogously, we show @(x,t)v(z,t) > T|v(z,t)|, if
—@(z,t) < 7. Therefore,

J'(w)v = /Q\Qv o(z,t) v(z,t) dedt + /Qv oz, t) v(w,t) dzdt

2/ oz, t) v(z,t) dedt > 7'/ |v(z, t)| dzdt = 7wl L1 Q)

v v

The nonnegative of the first integral in the inequalities above follows from Lemma
1,(i). O

Now one might be tempted to formulate the second order sufficient conditions
as
3r>0 and 3o >0 such that J"(@)v® > o||v[F2(q) Vv € CF. (4.11)

Unfortunately, this condition cannot be expected for v = 0, since the Tikhonov
regularization term is missing. This term is needed to fulfill the condition above.
Actually, the inequality (4.11) holds in a few very exceptional cases; see [6] and

[10].

The following second order sufficient condition is adequate:

Theorem 8 Let u € U,q, along with the adjoint state ¢ = pg, satisfy the variational
inequality (3.2). Assume that

Ir>0and30>0:J" (@’ >0 (”WUHQL?(Q) + ’y||77U(T)H2L2(Q)) Yo € Cf, (4.12)
where Ny = G’ (@) v. Then, there exists € > 0 such that
L, _
J(@) + 1% (Ima—allfa @) + 1lm-a(M)Fz(e)) < J(w) Vo € Usa N Be(@), (4.13)

where Be (@) is the ball of L*(Q) centered at @ with radius €.
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The inequality (4.12) of the second order condition in Theorem 4.13 can be moti-
vated by the form of the second order derivative J” (%)[v,v] in Theorem 3: If v = 0,
then the L?(Q)-norm of v? is missing, while the associated L2-norms of 7, and
nv(T) are still present.

Before proving this theorem, we derive some auxiliary results.

Lemma 3 Assume that p > N/2+1. Then constants Cq p,, C1, C2, C3, and Coo ewist
such that, for all u € Uaq, the following estimates are satisfied:

lyullw 0,1y + lyullLoe @) + lleullw o7y + lleullno (@) < Cayp (4.14)
lyu = Gllwo,7) + lou — Gllw o, 1) < Collu — 1l 12(@) (4.15)
lou = @llLec (@) < Cocllyu — Yllze @) < Cpllu —ullrr (@) (4.16)
o172y + Ylne (DI720) < Callvllze@y vl gy Y e LP(Q).  (4.17)

Proof The first estimate follows from Theorem 1 and the estimates for the solution
of (2.4). To prove the second and third estimates, we we substitute (yu, —9)(z,t) =
eMtw(z,t) with some p > —cpg, see (1.4), and subtract the parabolic equations
satisfied by y, and y. We obtain

B0+ (@ S 1, 4u) = ¢ (=) n Q
w=0 on X (4.18)
w(z,0) =0 in £,

where gu(z,t) = y(z,t) + 0(z,t)(yu(z,t) — y(z,t)) and 0 < O(z,t) < 1. In view of
(1.4), ef”t%(x,t, Ju) + p is a.e. nonnegative. Now a standard estimate for linear
parabolic equations leads to an estimate of the type (4.15) for ||w|. Transforming
back by yu — 7 = /! w delivers the W (0, T)-estimate for y, — 7 in (4.15).

To confirm the associated estimate for ., — @, we consider the difference of the
adjoint equations for ¢, and @,

Oy — @ _ 0 _ _
% — Alpu — @) + g(w,t,y)(wu - @)
_ 87R N @ e . (4.19)

(pu—=9¢) =0 on 2, (pu—@)(T)=~(yu—y)(T) in 2.

Notice that %—I;(:c,t, y) might be negative, hence we consider the transformed dif-
ference e " (py — @).

From the estimate (4.14) we know that all states y, are uniformly bounded.
Moreover, we already have shown the W (0, T)-estimate for y, — 7 in (4.15). In this
way, we are able to bound the right hand sides of (4.19) against ||u — l|12(g) and
to verify the W (0, T)-estimate for ¢, — @ in (4.15).

For the L*-estimate (4.16), we recall that the L®-norm of the solution of a
linear parabolic equation with bounded coefficients can be estimated against the
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LP-norm of the right-hand side and to the L°°-norm of the initial data, provided
that p > N/241, see [16, Thm. 5.5]. (This result has to be applied to the equations
for e M (y,, — 7) and e (¢, — @), respectively.)

In the terminal condition for ¢, —@ of (4.19), we use that ||yu(T)—§(T) | Lo (2)<
lyu — §ll Lo (@) The L> estimation of ¢y, — @ in (4.16) is now straightforward.

Finally, we verify (4.17). To this aim, we set analogously w(z,t) = e *'ny(z, ).
Then, w satisfies (4.18) with e"#‘v in the right hand side and 7 substituted for .
Next, we fix u large enough such that e_“t%—g(:ﬂ,t, )+ p >0 in Q. Multiplying
the equation by w and integrating in Q we infer

%Hw(T)H%Z(Q) + IVwliiz () + IlwlZzg) < /Qe_“tvw dzdt < [|v]|L1(@)llwllLe(q)-
From here we get
lwllZz gy + YMw(T) 70
< max{1, v} (|wlZ2(q) + [w(D)lli2(2)) < Cllvllzig)llvllr @)
Transforming back by 7, (z,t) = e*w(z,t), we obtain (4.17). O
Lemma 4 There exist a constant Cy such that

1w — nollwo,7) < Chllyu — Fllzoe @) Inollzz(@y Yo € L*(Q), Yu € Uaq,  (4.20)

where Ny, = G'(w)v and ny = G'(@)v. Moreover, a constant Co exists such that

lyu =¥ = nu—allwo,r) < Co llyu — UllLeo (@) llyu — YllL2(@) Vv € Uaa.  (4.21)

Proof Proceeding as in the last proof, we substitute 7y, — 7o = e*w(z,t) with
u > —cp. Now, we subtract the equation satisfied by 7, from that for 7y,., perform
the substitution and apply the mean value theorem to get

9] _utOR _ - _ .
Oitv —Aw+ (e #t?y(m’f:yu) +p)w = —e " TR (a1, §u) (yu — 7)o 0 Q
w=0 on ¥
w(z,0) =0 in 2,
(4.22)

where gu(z,t) = y(z,t) + Iz, t)(yu(z,t) — y(z,1)), 0 < I(z,t) < 1. Following the
lines of the last proof, we obtain (4.20).

To show (4.21), we proceed similarly. We substitute gy, — § — 7uy—z = €*'@ and
perform the Taylor expansion
. OR, 18R, _ _

Rz, tyu) = Rl 6,9) + 5 @6 9) (gu = 9) + 5 5.5 (06,5 + 0y = 9) (u — 7)?
with 0 < 0(z,t) < 1. From the PDEs for yu, y, and ny—z, we deduce analogously
to (4.22)

. 2
%—f —Aw+ e’“tg—f(x, t Y)W+ pb = —e’“t%y}f (2,t,5+0(yu = 7)) (yu —§)* in Q
subject to the same homogeneous boundary and initial conditions as for w above.
Then the estimate (4.21) for @ = yy — 4 — Nu—g follows as the one for w. O
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For convenience of the reader we recall that, by the definition in Lemma 4, we
have nu,v = G’ (u)v while n, = G’ (#)v belongs to the fixed reference control .

Lemma 5 There erists a constant Mg p, such that, for all u € Uaq and for all vi,ve €
L3(Q), the following estimate holds

1" () (v1,v2)| < M (1101|220 110211 L2 (@) + YImoy (T L2 (2102 (T) | £2(02)) -
(4.23)

Proof This estimate follows easily from the expression (2.6) of J” and (4.14). DO

We also need the following preparatory result:

Lemma 6 For every p > 0 there ezists € > 0 such that
17" (u) = J" (@)]w? < p (HWUH%?(Q) +'Y||77U(T)”%2(Q)) (4.24)
holds for all v € L*(Q) and for all u € Uag such that ||yu — YllLe (@) < e

Proof From (2.6), it follows

() — " (@)]? = /Q (2,0 — ) dadt
8R N_ 2 8R 2
+/Q {Fy(ﬂc,t, 9)eny — afy(%t,yu)@unu,u} dxdt
+’Y/ (7712L7v(T) — 7]12)(T)) de =: 11 + Is + I5.
(9]

Now we discuss the estimation of I1, I, and I3. First, (4.20) yields that

7u,0 = mll2@) < lIMuw —mollwo,r) < Collyw = Gllee@)llmwllizz@y  (4:25)
17,0 (T) = 10 (T 2 (2) < Clinuw — mollw o,1)

< CChllyu — Yl @) llmwll L2 (@) (4.26)
From here, we also get
muwllzz() < (1 + Cyllyu — Fll Lo () ImwllLz(@) (4.27)
Mo (T 2(2) < 1w (T) = o (T) 22 (2) + o (Tl 222
< CCyllyu = Gl Lo (@) llmwllz2(@) + 1m0 (Tl 22 (02)- (4.28)

By (4.25) and (4.27), we estimate I,

1] < w0 + 1ollL2(@) 1nu,0 — ollL2(@)

< (24 Collyu — Fll L= (@)) Collyu — 8l Lo (@) Ino 1 72(q)-
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I3 is handled by (4.26) and (4.28) as follows
3] < Al1u,0 (T) + 1o (D) 22 (2) 70,0 (T) = 10 (T) | 2 (2)
<AMC*Cllyu — = @) Ineliz (o)
+ COyllyu — Gl o () 2lmwll L2 (@) 1m0 (T L2 ()]
<Allyu = FllLe (@) {0205(1 + llyu — @HLOC(Q))||%H2L2(Q) + ||77v(T)||%2(Q)} .

Finally, we deal with I by
OR _ OR _ 2
|I2] < ||8*y($7t,y) - 87;(13’ t,yu) Lo (@) 1Pl Lo (@) 1w 22 ()
OR _
+Hafy($yt,yu)|lmc(@)|\<ﬁ — eullL=(@)llmlliz(g)

OR
+H87y($7tvyu)”LO@(Q)HSDuHLOC(Q)HmQ) - Ui,vHLl(Qy

The first term is handled with the assumption (1.6) and (4.14). Thanks to (4.16),
the second term can be estimated by C’||yu—7| Lo (@) l|Inw ”%Z(Q) with some constant

C’. The third term is handled as I;. The statement of the lemma is a straightfor-
ward consequence of the obtained estimates. 0O

Proof of Theorem 8. In view of Lemma 6, an g9 > 0 exists such that, for all
u € Upq With ||y — gHLoo(Q) < €9,

17" @) = 7" @)% < T {Iml3a) +2lIn(T)3eey} Ve 1(@). (4:29)

Invoking Lemma 3, we find that

y c 7 c —1/N _1/N
Iy =9llL=(@) < &Hu =l g) < é(b —a)' N — uHL/Q(Q).
Now we select €1 such that

O<e < & N
L= Cn(b—a)l=1/N
Then ||yu_gHLoo(Q) <eggif Hu—’EHLZ(Q) < e1. Hence, (4.29) is true in Uyq N Be, (1),

1" ()= @)0? < § {ImollF2 ) + e (D32 | V0 € L2(Q)u € UnaNBe, (a):

(4.30)
Now we show (4.13) with ¢ = min{e1,e2}, where ¢35 is defined below. Select u €
Uaa N Be(u) and denote by Q. the set of points (z,t) € @ such that (4.9) is
not satisfied by (v — @)(z,t). Moreover, set v = (u — @)xq,, where xg, is the
characteristic function of @y, and w = (u — @) — v. By definition, w(x,t) satisfies
(4.9) for every (z,t) € Q, and hence w € Cj.
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From (4.10) and (4.30), we infer

J(w) = J@) > (@) —5) + 50" (@4 O — ) (u — )

Lo
> 1llvllLQ. + 57" (@) (u - @)’

1@+ 0 — ) — I (@) )

1 1
> 7lvllLrgy + §J”(ﬂ)w2 + §JN(17)U2 + J" (1) (v, w)

o
“16 {Hnu—ﬁHQLQ(Q) + ’YH’?u—ﬂ(T)H%Z(Q)} ~ (4.31)

Invoking (4.17), we get

ImollZ2 () + YlIne (D 72(0) < CLb =)' ]

<Ci(b— a)l_l/N*?é/NHUHLl(Q)-

_1/N
U= UHL/Q(Q)HUHLl(Q)

From here it follows

1
Ci(b—a)l=1/Net/N

lollza ) > {Inol22) + Mo (7)) }

Inserting this inequality in (4.31) and using (4.12) and (4.23), we continue by

_ T 2 2
- > v v
T = 10) 2 {Imollz2q) + Ime(Dl32a) |

o Mgy
t3 {||77w|\2L2(Q) + ’YHUw(T)HQL?(Q)} - ; {|\77v||2L2(Q) + Vl\nv(T)H%'Z(m}

—Map {Inoll 22y Inwll L2y + Yme (T) || 20y 1m0 (T) | 20

g
=2 Inu—alFa@) + Almu—a(DllEae }

and, with Young’s inequality,

2
T Mgy Mgy
> (C (b a1 NN - 5 - ; ){”771)“%2((2) +7||771)(T)H%2(.Q)}
1 —a) €o
g o
+ 7 {Imalizacg) + Hm(DliFa ) | = 75 {ImualF@) +Ymu-a(T) 00 } -
(4.32)

Now we fix £2 > 0 satisfying

T  May Mg, .7
C1(bfa)1_1/N€é/N 2 o — 4
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Inserting this inequality in (4.32) we obtain

— g
J(u) = J(u) > 1 {HUUH%P(Q) + Al (D7 2() + IInwllzz ) +'7H771U(T)H2L2(Q)}

g
= 2 {Inu-allZag) + Mm—a(T)E2c0) }

Vv

g
> 2 {Imosullizcg) +inerw(@lliaco }

(o2
= 15 {lma-alZz @) +Ymu-a(DllEao) |

g
T lmu—alFag) + Vlma—a(T)Zec) b

(notice that v+ w = u — ). Hence, (4.13) holds with ¢ = min{eq,e2}. O

Corollary 3 (v = 0; Sufficient condition for a weak local solution) Under the
assumptions of Theorem 8, there exist € > 0 and 6 > 0 such that

_ 1 _ _ _
J(u) + 5 {Ilyu —9lZ2(q) + Vllyu(T) — y(T)H%?(.O)} < J(u) Yu € Upa N Be(a).
(4.33)

Proof We define w = yy, — § — u—g. Then the estimate (4.21) yields that
lwllw o,y < Collyu — YllLe(@)llvu — ¥llL2(Q) Vu € Uaa-

Let now ¢ be as in Theorem 8 and take €9 < € such that Cpeg < % Then, for
lyu — UllL=(q@) < €0 we have

I — Fllz2(0) < Iollzz) + Imu—sllzz@) < 3 llvn — Bz + sl 2@y,
hence, moving the term % ||yu — yllz2(@) to the other side,
lyu = Gllr2(qy < 2lMu-allz2(Q) Yu € Uaa * llyu — ¥llLo (@) < €o-
Moreover, we have

yu(T) = G(T)lL2(2) < WD) 222y + Inu—a(T)l z2(2)
< Collwllw o,y + IMu—a(T) 22

Cy _
< 5 llya = 9llzz @) + Imu-a(Tllz2 @) < Collnu—allL2(@) + Inu-a(T)lL2(0)-
Therefore, we get from the last two estimates

lyu = 720y + Yyu(T) = G(T)F2(2) < Cs {Hnu—ﬂu%i’(Q) +7\|77u—a(T)||%2(Q)}

Yu € U,q such that ||yu—7j||Loo(Q) < go. Finally, we take 0 < § < % and 0 < e <egg

3
so that [|yu — FllL~(q) < €o for every u € Uaq N Be(u). Then, (4.33) follows from
(4.13). O



18 Eduardo Casas, Fredi Troltzsch

The growth condition (4.33) is valid in a ball around u, hence we obtained a
result on local optimality in weak sense. We were not able to prove that, under
these assumptions based on the cone C7, the solution is locally optimal in strong
sense. To deal with this problem, we introduce another extended cone by

Ej = {v € L*(Q) satisfying (4.1) and

J' @ < lnoll2@) + Yo (Dl zey) }-

From Lemma 1,(i) we infer that Cyz C EZ for every 7 > 0. Thus the cone E7 is a
small extension of Ciz. We are able to prove the following result on second order
sufficiency that is based on E7:

Theorem 9 Let u € U,gq, along with the adjoint state @, satisfy the variational in-
equality (3.2). Assume also that T > 0 and o > 0 exist such that

J"(@)w? > o (an“%z(Q) + VH%(T)H%?(Q)) Vv € Ey. (4.34)

Then, there exists € > 0 such that

_ é _
J(aw)+3 {Hnufﬂ”%Z(Q) + VH%%(T)H%%Q)} < J(u) Yu € Uaa : lyu—1llL- (@) < e
(4.35)

Proof Proceeding completely analogous to [10], we obtain a constant M > 0 such
that

Imu—allz2(@) + Ylmu—a(D)lILz(2) < M llyu — §llLe (@) Yu € Uaa- (4.36)
Define
41Cy . lify=0o0ory>1
= - " th = . - ’
T Mo+ 2M,,) Cy {71f0<'y< 1.

where M, j, was introduced in Lemma 5. From Lemma 6, we deduce the existence
of 2 > 0 such that Vu € Uyq with |lyu — yllr~ (@) < €2

1" ) = 7" @))o?| < G {InolFaq) +Hlme(DlFagey } Yo € L2(@).  (437)

With these prerequisites, we are able to verify (4.35) with e = min{e1,e2}. To this
aim, we select u € Uyq such that [lyu — ¥l (g) < € and distinguish between two
cases.

CASE I: v —u ¢ EY. This is the case, where J'(#)(u — @) is sufficiently big to
ensure local optimality without the coercivity assumption (4.34).



Second Order Optimality Conditions 19

Here we estimate as follows:

Jw) = J(@) > J' @) ) + 3" @+ 0 — 1)) (u — a)?

> 7 {|Inu—allr2@) + YInu—a(T) L2 }
Ma,b

{||77u7a|\%2(Q) + ’7||77u*ﬁ(T)H%2(Q)}

Y

T 2
Ve {lInu-all2(@) + YMu—a(T)L2(0) }

M
22 nu—alZai) + Yinu—a(T) 322 }
TCy Mg,
> (F ){H??u allZ2Q) + VlImu— u(T)HL?(Q)}
g
4

{Hnu UHL2(Q)+7H77U u(T)||L2(Q)}

Y

Notice that (4.36) yields (Me) ™" (Inu—allr2(q) + Ynu—a(D)ll2(0)) < 1.

CASE II: w—1u € Ef. Here, the term J'(u)(u—) is so small that the coercivity
condition (4.34) has to be invoked.

This time, we use (3.2), (4.34) and (4.37) to get

J(u) — J(a) = J'(a@)(u—a) + %J"(ﬂ—ﬁ—&(u —a))(u—1u)?

=/ @(u—u) drvdt + %J”(a+9(u—a))(u—a)2
Q

> %J//(ﬂ)(u - a)g + %[J”(ﬂ + 9(u o ’L_L)) _ J//(ﬂ)](u _ ﬂ)2
> % {”'@u—ﬂ”%ﬂ(@) +’Y||nu_ﬁ(T)||%2(Q)}

g
1 {Hnufﬁ||%2(Q) + ’VHT]U,I—L(T)H%}(Q)}

g
=7 {||7Iu—ﬁ||2L2(Q) +V||77u—a(T)||2L2(n)}~ O

Corollary 4 (v = 0; Sufficient condition for a strong local minimum) If @
satisfies the assumptions of Theorem 9, then there exist 6 > 0 and € > 0 such that

J(u) + 5 {Hyu Fll72 () + lyu(T) - Z7(T)||%2(n)} < J(u) (4.38)
holds for all u € Uaq with ||yu — FllL~(q) < -

The proof of this corollary is completely analogous to that of Corollary 3. We
take €9 and Cs as in the proof of Corollary 3, and § and ¢ as in the statement of
Theorem 9. Then the inequality (4.38) follows by substituting e for min{eg,e} and
d for §/Cs.
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5 Applications to the Stability Analysis with Respect to Perturbations

In this section we explain how our second order sufficient conditions for strong local
solutions can be applied to proving stability estimates for the local solution with
respect to certain perturbations in the data of our optimal control problem. Here,
we concentrate on the case v = 0, where the second-order sufficient optimality
conditions known from earlier papers cannot be applied.

First, we consider perturbations of the desired state yg and second the behavior
of the local solution for the Tikhonov regularization parameter v tending to zero.
The second problem is also an issue of stability analysis, because a small Tikhonov
parameter can be viewed as a perturbation of the reference parameter v = 0.

5.1 Perturbation of yg and yr

Assume that, for all € > 0 a perturbed desired state yf;) € L?(Q), p> N/2+1, and
a perturbed desired final state y7 € L°(§2) are given such that

lvo —vollL2@) + Vv — yrllrze) < Ce Ve>0 (5.1)
holds with some constant C > 0.

Associated with these perturbed target functions, we define the family of per-
turbed objective functionals

7= g [ s e+ 5 [ ) - v (52)

and consider the family of perturbed optimal control problems

Min  J*(u).
154
(P ) {u € Uyq
Notice that the perturbed functionals do not include a Tikhonov regularization
term, i.e. we have v = 0.

It follows by the same arguments as for the unperturbed problem that for each
€ > 0 at least one optimal control @ exists. We denote by 3° the associated optimal
state and investigate the behavior §° for € \ 0.

First, we quote a result on convergence from [9] that does not yet contain infor-
mation on the rate of convergence. Notice that the set U,q is bounded. Therefore,
a subsequence of @° can be selected that converges weakly in L?(Q). By selecting
a subsequence if necessary, we can assume weak convergence of {a®}..

Theorem 10 (v = 0; Convergence for ¢ \, 0) If {u®}c is any sequence of optimal
controls of the problems (P?) that converges weakly in L*(Q) to some 1, then @ is
optimal for (P) and
li 7 — 7l pee =0. 5.3
El\f‘%Hy Ul Lo (@) (5.3)

Conversely, let u be a strict locally optimal control of (P). Then there ezists a sequence
{u°}e of locally optimal controls of (P®) converging weakly to u. For this sequence,
(5.3) holds as well. Furthermore, a radius p > 0 exists such that every u® affords a
global minimum to J° with respect to all elements u € Uyq such that ||yu — oo < p-
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We refer to the proof in [10]. This theorem ensures the convergence of 4 to g
as € \, 0. The associated rate of convergence is the subject of the next result.

Theorem 11 (v = 0; Lipschitz stability for ¢ N\, 0) Assume that u is a locally
optimal control of (P) that satisfies the second order sufficient optimality condition
(4.34). Let {ue} be a sequence of locally optimal controls of (P®) that converges weakly
to u in LP(Q) as ¢ \y 0 and has the properties stated in Theorem 10; denote the
associated states by y and yYe, respectively. Then a number C' > 0 exists such that

19 = 9llL2(@) +(T) = 9(T)l|p2(2) < Ce. (5.4)

Proof In view of the assumed properties of the sequence {u°} we have ||y —
Ullpee(@) — 0 as € \y 0. Consequently, for all sufficiently small ¢ > 0, y- is so
close to g that the quadratic growth condition (4.38) is satisfied by Corollary 4.
Invoking this growth condition, we proceed as follows:

I () > J%(ue) = J(ue) + I (ue) — J(ue)
> 7@) + 3 (15~ B30 +1F=(T) — 5T ey ) + () — I (@)

By shifting the the first and the last two terms to the left-hand side, this inequality
becomes

T @)= (@)~ ()~ @) = 2 (15 = D320 +15:(T) 5T ey - (5.5)

The left side is an integral of various differences of squares. Expanding the squares,
it can be considerably simplified. For instance, the tracking terms on @Q are handled
as follows:

%/Q ((?3 - 96)2 — (7 - yQ)2> dedt — %/Q ((175 _ ya)Q — (e — yQ)z) dudt

1 o . -
= 5/ 2(9 — 9)(yqg — yq) dxdt < Celly — el 2 (@)
Q

in view of (5.1). In the same way, the integrals on (2 are simplified to finally obtain
JE () — J (1) — (J(te) — J(ue)) < Ce (17— Vellpz(q) + YNIHT) = G (T) | L2(2)) -
Now we invoke (5.5) to conclude
Ce (17— vellpz(q) + Yu(T) = 4 (1)l 2 (52))
0 (- _ _
> £ (I = 5320 +215=(T) = (T 20))
o _ _ 2
> ¢ (19e = vllL2(q) + = (T) = 5(T) | L2(2)) -

The desired result follows immediately. O
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Remark 3 Assume that the locally optimal control u considered in Theorem 10 is
bang-bang. Then the second order sufficient optimality condition (4.34) — as one
of the assumptions of Theorem 11 — can be replaced by the condition (4.12) and
the result of the theorem remains true.

Indeed, if @ is bang-bang and 4. — @ in L?(Q), then @ — @ strongly in every
space LP(Q) for p < +oo; see [7, Theorem 4.4]. Therefore, ue belongs to any LP-
neighborhood By (@) provided that e is sufficiently small. Then the assumptions
of Corollary 3 are satisfied so that the quadratic growth condition (4.33) applies
(substitute By(u) for Be(u) there). In view of that, the estimate (5.5) in the proof
above holds for sufficiently small & > 0.

5.2 Tikhonov parameter tending to zero

As a further application of second order optimality conditions for strong local
minima, we investigate the behavior of a sequence of optimal controls {u, },~0 of
(P.) and the corresponding states {g, }»>0 as v \ 0.

Again, by the boundedness of U,q, any sequence of solutions of (P,) contains
subsequences converging weakly in L?(Q).

Theorem 12 Let {uy,}u>0 be a sequence of global solutions of (P.) such that u, — @
in L*(Q) for v \, 0. Then @ is a global solution of (P) and ||ty — allr2(qy — 0.
Moreover,

[l 2y = min {(lullL2(q) : w is a global solution of (P)} . (5.6)

Proof The boundedness of {u,},>0 in L°°(Q) and the weak convergence 4, — u
for v \( 0 in L*(Q) imply that @, — @ for v \, 0 in LP(Q) for any 1 < p < oo.
Moreover, we have 4 € Uaq. Let g, = G(u,) and § = G(a).

Now we pass to the limit in the state equation (1.2) that is satisfied by gu.
In view of (4.14) and (4.16), it is easy to confirm that y, — g in W (0,T). The
embedding W(0,T) — LQ(Q) is known to be continuous; also the linear mapping
W(0,T) 3w +— w(T) € L*(£2) is continuous. The cost functional is convex with
respect to (y,u). Since @, is a solution of (P, ), it follows

u) < liminf J(@,) < liminf J,(2,) < lim Jy(u) = ad-
J(u) < im in J () < imn in Ju(a )_VI{(%J (u) = J(u) Yu € Uaq

Therefore, @ is a solution of (P).

Next, we verify the strong convergence of {u,},>0 to @. Since 4w, and @ are
solutions of (P,) and (P), respectively, we obtain

_ v, _ _ _ V- _ v
J(av) + §||uv||2L2(Q) = Jy(uw) < Ju(a) = J(u) + 5”“”%2(@) < J(uw) + 5“””%2(@-
Consequently, HEVH%Z(Q) < ||ﬂ||%2(Q) holds for every v > 0. From here, we infer

u < liminf ||z <l u < |lu
llullr2(q) < im in lavllr2(q) < IT\SSPHUVHLZ(Q) <l
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and hence ||ty | r2¢@y — lallp2(qy- This fact implies, along with the weak conver-
gence @i, — 1, the strong convergence 4, \, @ in L?(Q). Finally, arguing as above,
we obtain for any (global) solution u of (P) the inequality [|uv |2y < llullz2(@)
Vv > 0. The minimum norm property (5.6) follows from

|l r2(q) = 31{‘1%)\|ﬂu\|L2(Q) < lullz2(@)- ]

Now, we formulate a converse result, namely that strict local solutions to (P)
can be approximated by local solutions of (P, ). This result is analogous to the
second part of Theorem 10.

Theorem 13 Let u be a strict local solution of (P). Then there exist constants p > 0,
v >0, and a sequence {ty }o<p<p of local solutions of (Py) such that ty — @ in L3(Q)
and every iy affords a global minimum to Jy in K, = Uaq N By(@).

Again, this is a fairly standard result. We refer the reader to [10].

We do not know the rate of convergence of global (local) solutions @, of (P,)
to global (local) solutions u of (P). Notice that the Tikhonov parameter v vanishes
in the limit, hence it should be difficult to find such a rate.

Instead, we are able to estimate the rate of convergence for the associated state
functions, if certain second order sufficient optimality conditions are satisfied at u.

The associated theorem below is applicable, if the coercivity condition is ful-
filled in the form (4.12) (based on C7) or in the form (4.34) (based on E7). Notice
that yu, # yo» implies v # v. Therefore, the strong quadratic growth condition
(4.38) ensures in particular that u is a strict local solution.

Theorem 14 (Holder rate of convergence as v N\, 0) Let 4 and {uv}ocr<p
be a sequence of local solutions as in Theorem 18. Assume that one of the coercivity
conditions (4.12) or (4.34) is satisfied. Then, the equation

. 1 _ _ _ _
th% 7 {150 = FllL2(@) + NG (T) = G(T)| 22y} = 0 (5.7)
is fulfilled, where g, = G(u,) and § = G(u).

Proof We use the condition (4.33) or (4.38) and the fact that J, (av) < Ju(u). Then
we get

7@ + 5 {lww ~ 9320) + 1o (1) = 5O } + Sl
< J(@) + gllavl iz ) = Jula) < Ju(@) = J@) + Zlallzz )
From here, we deduce that ||uv||12(Q) < [|4ll12(g) and furthermore
2l = B30+l (T) — FD) a0
2

v _ —_ _ _ _
< 2 (JallZsq) — i) < vllilnz@lla - lizea)-
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Now we obtain the estimate

1/2
1 _ _ 2 o
N {llye = Gl 2 (@) + Yy (T) = G(T)ll 22} < (gHUHLQ(Q)Hu - uVHLQ(Q)) ;
where the right hand side converges to zero. 0O

It might be surprising that both of the coercivity conditions (4.12) or (4.34)
can be used this time. The reason is that, since @ and u, are requested to be as
in Theorem 13, here the strong convergence 4, — @ is assumed while Theorem 11
was based only on weak convergence of {u,}.

In [17] the reader can find a deeper analysis of the stability when the Tikhonov
parameter v goes to zero in the case of a control problem of a linear elliptic partial
differential equations. The extension of their results to the case of nonlinear partial
differential equations is an open issue.
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