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ABSTRACT. Optimal control problems for semilinear elliptic equations
with control constraints and pointwise state constraints are studied.
Several theoretical results are derived, which are necessary to carry out
a numerical analysis for this class of control problems. In particular, suf-
ficient second-order optimality conditions, some new regularity results
on optimal controls and a sufficient condition for the uniqueness of the
Lagrange multiplier associated with the state constraints are presented.

1. INTRODUCTION

In this paper, we consider different issues of state-constrained optimal
control problems for semilinear elliptic equations, which seem to be im-
portant for a related numerical analysis. In the last years, state-constrained
optimal control problems have attracted increasing attention. There are sev-
eral reasons for this remarkable activity in the research on state-constrained
problems.

First of all, state constraints are very important in various applications of
the optimal control of PDEs. Moreover, in contrast to control-constrained
problems, many interesting questions are still open or not yet satisfactorily
solved with state constraints. This concerns in particular second-order opti-
mality conditions, the error analysis for finite element approximations of the
problems, numerical algorithms, and the associated convergence analysis.

Let us motivate our results presented here in the context of recent develop-
ments in the numerical approximation of state-constrained optimal control
problems by finite elements, where only a few results are known.

In [3] and [5], error estimates for approximated locally optimal controls
were shown for problems with semilinear elliptic equation and finitely many
state constraints. Recently, in [19], higher order error estimates were estab-
lished for a similar setting with control vectors instead of control functions.

A study of these three papers reveals that second-order sufficient con-
ditions at (locally) optimal controls are indispensable to obtain results on
convergence or approximation of optimal controls. This is due to the non-
convex character of the problems with nonlinear equations. It is meanwhile
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2 E. CASAS AND F. TROLTZSCH

known that second-order sufficient optimality conditions are fairly delicate
under the presence of state constraints. In [8], second-order sufficient condi-
tions were established, which are, in some sense, closest to associated neces-
sary ones and admit a form similar to the theory of nonlinear programming
in finite-dimensional spaces. Here, we briefly discuss this result and show
its equivalence to an earlier form stated in [10] that was quite difficult to
explain.

Error estimates for the approximated optimal controls of problems with
pointwise state-constraints were derived by Deckelnick and Hinze [11], [12]
and Meyer [18], who all consider linear-quadratic problems. It is known from
the control-constrained case that optimal estimates need a precise informa-
tion on the regularity of the optimal control. Therefore, the smoothness of
optimal controls is a key question. We show for a problem with pointwise
state constraints in the whole domain that the optimal control is Lipschitz,
if the state constraints are only active at finitely many points.

We also present a counterexample that this result is not true for infinitely
many active points. On the other hand, we prove the somehow surprising
result that optimal controls belong to H'() no matter how large the ac-
tive set is. Moreover, we discuss the uniqueness of the Lagrange multiplier
associated with the state-constraints.

2. THE CONTROL PROBLEM

Let ©Q be an open, connected and bounded domain in R™, n = 2,3, with
a Lipschitz boundary I'. In this domain we consider the following state
equation

Ay+ag(z,y) = u i,
{ y = 0 onT, (21)

where ag : 2 X R — R is a Carathéodory function and A denotes a second-
order elliptic operator of the form

Ay(x) = - Z aa:j (az](‘r)amy(x))

ij=1
and the coefficients a;; € L*°(2) satisfy

n

MlENR <D ai(@)&g VEER?, Ve Q
i,j=1

for some Ay > 0. In (2.1), the function u denotes the control and we will
denote by y, the solution associated to u. We will state later the conditions
leading to the existence and uniqueness of a solution of (2.1) in C'(Q)NH!(£2).
ESAIM: Cocyv, , ,



ANALYSIS OF POINTWISE STATE-CONSTRAINED CONTROL PROBLEMS 3

The optimal control problem is formulated as follows

(wint(0) = [ Lwla da:+/

(P){ subject to (yu,u) € (C(Q) N HL(N)) x L>=(Q),
a(r) <wu(x) < p(x) forae. z€ Q,
a(x) < g(z,yu(z)) < b(x) Vo e K,

where K is as compact subset of €.
We impose the following assumptions on the data of the control problem.

(A1) In the whole paper a real number N > 0 and functions «, 5 are given
in L*(Q), with o < § a.e. in Q. We introduce the sets

Upp={uec L>®Q): a(zr) <u(zr) < pB(z) ae inQ}
Upg ={u €eUpp - a(z) < gz, yu(x)) < b(x) Vo € K}

(A2) The mapping ag : Q@ x R — R is a Carathéodory function of class C?
with respect to the second variable and there exists a real number p > n/2
such that

Bag
dy
For all M > 0, there exists a constant Cp »s > 0 such that
dag Pay
Oy Oy?

ao(-,0) € LP(Q), (x,y) >0 for ae. z €

(x,y)' + (a:,y)‘ < Cy,um for a.e. x € Q and for all |y| < M,

82a0 82(10

’Tyg(mayQ) - Tyg(%yl)\ < Co,mly2 — y1| for a.e. © € Q, V|y1, [y2| < M.

(A3) L : Q xR — R is a Carathéodory function of class C? with respect
to the second variable, L(-,0) € L'(f2), and for all M > 0 there exist a
constant C'r a7 > 0 and a function ¥ € L'(2) such that

’8L

2
ay(x,w] < dula), |2E

ayg(%ﬁU)' S CL,M7

0L 0L

aTJg(%yz) - TyzL(xv?Jl) < Crm(ly2 —v1l),

for a.e. x € Qand |y|, |lyi| < M,i=1,2.

(A4) The function g : K x R — R is continuous, together with its deriva-
tives (87g/0y’) € C(K x R) for j = 1,2. We also assume that a,b: K —
[—00, +00] are measurable functions, with a(z) < b(x) for every « € K, such
that their domains

Dom(a) ={zr € K : —o0 < a(z)} and Dom(b) = {z € K : b(x) < oo}
ESAIM: Cocv, , ,



4 E. CASAS AND F. TROLTZSCH

are closed sets and a and b are continuous on their respective domains.
Finally, we assume that either K N T =0 or a(z) < g(z,0) < b(z) holds for
every x € K NT'. We will denote

VY ={2z€ C(K) :a(z) < z(z) < blx) Vr € K}.

Let us remark that a (b) can be identically equal to —oco (+00), which
means that we only have upper (lower) bounds on the state. Thus the
above framework define a quite general formulation for the pointwise state
constraints.

Example: With fized functions yg, e € L*(Q), a power X > 2, and real
constants o < B, a < b, the following particular problem satisfies all of our
assumptions:

1 N
min J(u) == - / (yu(z) — ya(z))? dz + / u(x)? do
2 Ja 2 Ja
subject to
Ay+lyry = u inQ,
y = 0 onT,
a<ulx)<pB forae xz€Q, a<y,(r)<b VxeK.

Another interesting example for the semilinear term of the state equation
can be ag(z,y) = 61(z) + O2(x) exp (y), with 0, € LP(Q2), 6 € L>=(2) and
92(1’) Z 0.

Let us state first the existence and uniqueness of the solution correspond-
ing to the state equation (2.1).

THEOREM 2.1. Under assumption (A2), the equation (2.1) has a unique
solution y, € HE(Q) N C(Q) for every u € L*(Q). If the coefficients of A,
{az’j}gj:p are Lipschitz functions in Q, then y, € H?(Q) if Q is convex and
yu € W2P(Q) if T is of class CY and u € LP(Q).

It is well known that, for every u € LP(2), equation (2.1) has a unique
solution y,, € H}(2) N C(Q). A proof of this result can be obtained by the
usual cut off process applied to ag, then applying the Schauder fix point
theorem combined with the monotonicity of ag with respect to the second
variable and the L estimates for the state; cf. Stampacchia [21]. The
continuity of g, is proved in [13]. The W2P(Q) and H?(2) estimates can be
found in Grisvard [14]. For details, the reader is referred to [1] or [2].

Now the existence of an optimal control can be proved by using standard
arguments.

THEOREM 2.2. If the set of controls U,q is not empty, then the control prob-
lem (P) has at least one solution.

In the rest of the paper, @ denotes a local minimum of (P) in the sense of
the L (2)-topology and ¢ will be its associated state. The pair (g, ) is our
local reference solution. At this local solution, we will assume the linearized
Slater condition:

ESAIM: Cocyv, , ,



ANALYSIS OF POINTWISE STATE-CONSTRAINED CONTROL PROBLEMS 5

(A5) There exists ug € Uy g such that

0
a(e) < g(e,9(@) + 5 (@ 5@)20(@) < ba) Ve €K, (22)
where 29 € H}(Q2) N C() is the unique solution of
8a0 .
Az+ —(z,9)z = up—1a in
dy (2, 9) 0 (2.3)
z =0 on I

Taking into account that a and b are continuous on their domains Dom(a)
and Dom(b) respectively and these sets are compact subsets of K (see As-
sumption (A4)), we deduce that (2.2) is equivalent to the existence of real
71,79 € R such that

99

a(z) <1 < g(x,y(x)) + a—y(w,yj(:p))zo(x) <1y <blz) Vee K. (24)

3. FIRST AND SECOND ORDER OPTIMALITY CONDITIONS

Before deriving the first order optimality conditions satisfied by the local
minimum u, we recall some results about the differentiability of the map-
pings involved in the control problem. For the proofs, the reader is referred
to Casas and Mateos [6], where a Neumann boundary condition was con-
sidered instead of a Dirichlet condition, which we consider in this paper.
However, the method of proof is very similar and the changes are obvious.
THEOREM 3.1. If (A2) and (A3) hold, then the mapping G : L?*(2) —
C(Q) N HY(Q), defined by G(u) = y, is of class C*.  Moreover, for all
u,v € L2(Q), z, = G'(u)v is defined as the solution of

8@0

Azy + — (2, yy)ze = v in Q
8y( ) (3.1)

zz = 0 onT.

Finally, for every vi,va € L%(Q), 2p,0, = G"(u)v1v2 is the solution of

2

0 a
+ — (2, Yu) 20,20, = 0 in )
8y2 ( y ) 1 2 (3.2)

Zywy = 0 onl,

8a0
szlvg + 671/ (x7 yu)zvlvg

where z,, = G'(u)v;, i = 1,2.
REMARK 3.2. The assumption n < 3 is required to make the second order
optimality conditions work, because the differentiability of G' from L?(Q)

to C(Q) is needed for the associated proof. This result holds true only for
n < 3.

THEOREM 3.3. Suppose that (A2) and (A3) hold. Then J : L?(2) — R is
a functional of class C%. Moreover, for every u,v,vi,vs € L*()

J (u)v = /Q (pou + Nu) vdz (3.3)

ESAIM: Cocyv, , ,



6 E. CASAS AND F. TROLTZSCH

and
0?L 0?
J”(U)'U1U2 = /Q |:8y2($7yu)zmzv2 + Nvjvg — @Ouﬁag(l‘a Yu) Zuy Z02:| dz,
(3.4)
where y, = G(u) and po,, € Wol’S(Q), for all s < n/(n —1), is the unique
solution of the problem

8&0 oL .
Ao+ —(z,yu = —(x,94) nQ
@ ay( Yu)p 8y( Yu) (3.5)
p = 0 on T,

A* being the adjoint operator of A and z,, = G'(u)v;, i = 1,2.

The previous theorem and the next one follow easily from Theorem 3.1
and the chain rule.

THEOREM 3.4. If (A2) and (A3) hold, then the mapping F : L?>(Q) —
C(K), defined by F(u) = g(-,y.(-)), is of class C%. Moreover, for every
u,v,v1,v2 € L2(Q)

Fu)o = gg«,yu(-»z@(.) (3.6)
and
2
F(u)ors = gy2<-,yu<->>zm<->zv2<-> " §§<.,yu<.>>zm<.> (3.7)

where z,, = G'(u)v;, i = 1,2, and zy,p, = G” (u)v1v2.

Before stating the first order necessary optimality conditions, let us fix
some notation. We denote by M (K') the Banach space of all real and regular
Borel measures in K, which is identified with the dual space of C'(K). The
following result is well known , it follows from the Pontryagin principle that
was derived in [7].

THEOREM 3.5. Let @ be a local solution of (P) and suppose that the assump-
tions (A1)-(A5) hold. Then there exist a measure i € M(K) and a function

Qe W&’S(Q), foralll <s<n/(n—1), such that
% oL dg

Kot GreiNe = Gt g mo
¢ =0 on T,
/K (2(z) — g(z, §(x))dp(z) <O Vz € Y (3.9)
/(<p+Nu)(u—u) dr >0 Yu € Uyp. (3.10)
Q

REMARK 3.6. Inequality (3.9) is equivalent with the well-known comple-
mentary slackness conditions. Along with the constraint a(x) < g(x, y(z)) <
b(x), it implies that the support of fi is in the set

Koy=K,UK,
with
K,={r e K :g(z,y(x)) =a(r)} and Kp = {zx € K : g(x,y(z)) = b(z)}.

ESAIM: Cocyv, , ,



ANALYSIS OF POINTWISE STATE-CONSTRAINED CONTROL PROBLEMS 7

The Lebesgue decomposition of i = p4 — p— into the positive and negative
part of the measure p shows that supp u+ C Kp and supp u— C K,. Because
of this property and the assumption (A45), we have that supp zNT = (). No-
tice that the continuity of @ and b on their respective domains (Assumption
(A4)) implies that K, and K} are closed subsets.

REMARK 3.7. From (3.10) it follows for almost all € Q that

() = Proju) (e (~ 1 9()) = maxcfa(e), min{p(2), B)}). (3.11)

Let us formulate also the Lagrangian version of the optimality conditions
(3.8)-(3.10). The Lagrange function £ : L*(Q) x M(K) — R associated
with problem (P) is defined by

Cu, ) = T(u) + / oz yu(2)) dps(z).

K
Using (3.3) and (3.6) we find that
et = [ (o) + Nulw) vlz) de. (3.12)

where ¢, € Wol’s(Q), forall 1 <s < n/(n—1), is the solution of the Dirichlet
problem

dagy oL dg .
A* + (T, Yu = (&%) + 5 (2, Yu(T in
o+ Gy = F@) + 5 @) 1y
p = 0 on I'.
Now the inequality (3.10) along with (3.12) leads to
oL
%(ﬂ, p)(u—1u) >0 Yu € Uypg. (3.14)

Before we set up the sufficient second order optimality conditions, we eval-
uate the expression of the second derivative of the Lagrangian with respect
to the control. From (3.7) we get

2
gug(u,u)mw = J"(u)vive
2
" /K |:gyg(x’ yU(w))Zvl (x)zvg ($) t gg(%’, yu(-fU))vaz (~T):| d;u(ﬂf>

By (3.2) and (3.4), this is equivalent to

0L 0L %a

W(l% p)v1v = /Q |:6y2($a Yu)Zv; 2uy + Nv1vg — ‘Puﬁgo(l‘a yu)zv1zv2:| dx
&g

K 0y

where ¢, is the solution of (3.13).

+ (@, yu(2)) 20, (2) 20 (2) dpa(), (3.15)

Associated with @, we define the cone of critical directions by

Cy = {v € L*(Q) : v satisfies (3.16), (3.17) and (3.18) below},

ESAIM: Cocyv, , ,



8 E. CASAS AND F. TROLTZSCH

>0 if a(z) = a(x),
v(z) =4 <0if a(z) = B(x), (3.16)
=0 if ¢(z) + Nu(x) # 0,
99, >0 ifz € K,
a0 ={ 20 Hr ek (317)
0
2 (. §(2))z (@) dfi(x) = 0, (3.18)
K 9Y
where 2z, € H}(Q) N C(Q) satisfies
8a0 _ . .
Az, + Ty(x,y)zv = v inQ
z, = 0 onlI.

The relation (3.17) expresses the natural sign conditions, which must be
fulfilled for feasible directions at active points x € K, or Kj, respectively. On
the other hand, (3.18) states that the derivative z, must be zero whenever
the corresponding Lagrange multiplier is non-vanishing. This restriction
is needed for second-order sufficient conditions. Compared with the finite
dimensional case, this is exactly what we can expect. Therefore the relations
(3.17)-(3.18) provide a convenient extension of the usual conditions of the
finite-dimensional case.

We should mention that (3.18) is new in the context of infinite-dimensional
optimization problems. In earlier papers on this subject, other extensions to
the infinite-dimensional case were suggested. For instance, Maurer and Zowe
[17] used first-order sufficient conditions to account for the strict positivity
of Lagrange multipliers. Inspired by their approach, in [10] an application
to state-constrained elliptic boundary control was suggested by the authors.
In terms of our problem, equation (3.18) was relaxed by

Jg

|5y @ 9@z (@) diz) > —5/ |v(z)] dz

{z:|o(x)+Nu(z)| <7}

for some € > 0 and 7 > 0, cf. [10, (5.15)]. In the next theorem, which was
proven in [8, Theorem 4.3], we will see that this relaxation is not necessary.
We obtain a smaller cone of critical directions that seems to be optimal.
However, the reader is referred to Theorem 3.9 below, where we consider
the possibility of relaxing the conditions defining the cone Cj.

THEOREM 3.8. Assume that (A1)-(A4) hold. Let u be a feasible control of
problem (P), y the associated state and (@, i) € Wol’s(ﬂ) x M(K), for all
1 <s<n/(n—1), satisfying (3.8)-(3.10). Assume further that

0’L

W@’ wv? >0 Yo e Cy\ {0} (3.19)

Then there exist € > 0 and § > 0 such that the following inequality holds:

J : _
J(a) + §Hu - ﬂH%Q(Q) <J(w) if |lu—aul|pq) <e andu € Upa. (3.20)

ESAIM: Cocyv, , ,



ANALYSIS OF POINTWISE STATE-CONSTRAINED CONTROL PROBLEMS 9

The condition (3.19) seems to be natural. In fact, under some regularity
assumption, we can expect the inequality
0*L
u
to be necessary for local optimality. At least, this is the case when the state
constraints are of integral type, see [6], or when K is a finite set of points,
see [4]. In the general case of (P), to our best knowledge, the necessary
second order optimality conditions are still open.

(w, p)v?> >0 Vv € Cy

We finish this section by establishing an equivalent condition to (3.19)
that is more convenient for the numerical analysis of problem (P). Let us
introduce a cone C7 of critical directions that is bigger than Cy. Given
7> 0, we define

T — {v € L*(Q) | v satisfies (3.21)—(3.23) below?},

>0 if a(z) = a(x),
v(z) =< <0if a(z) = B(x), (3.21)
=0if |¢(z) + Nu(x)| > T,
89 _ . > *TH’UHLQ(Q) ifx e Ka
Fy(xay(x»%(m) = { < +T||UHL2(Q) if v € K,
L
ay( y9(@))20(2) din(z) = —7vllL2(0) (3.23)
THEOREM 3.9. Under the assumptions (A1)-(A4), relation (3.19) holds if
and only if there exist T > 0 and p > 0 such that
0L
ou?

(3.22)

S @ p)? > pllolag Yo e Cg. (3.24)

PROOF. Since Cy C C7, it is clear that (3.24) implies (3.19). Let us prove
by contradiction that (3.24) follows from (3.19). Assume that (3.19) holds
but not (3.24). Then, for all positive integers k and all p = 7 = 1/k, there
exists an element vy € C;/k such that (3.24) is not satisfied, i.e.

oL, 1
(@ 1o} < okl (3.25)

Redefining vy by vi/[|vkl[12(0) and selecting a subsequence, if necessary,
denoted in the same way, we can assume that

. oc, 1
vkllz2) =1, vx — v weakly in L*(Q) and %(u f)vi < o (3.26)
and from (3.21)-(3.23)
>0 if a(z) = a(x),
vp(z) =< <0if a(z ) B(x), (3.27)
=0if |p(z) + Nu(z)| > 1/k,
Jg > —1/k 1f z € K,
dg
09 (0, ) () () > 1/ (3.29)
K 9Y

ESAIM: Cocyv, , ,



10 E. CASAS AND F. TROLTZSCH

Since z,, — 2, strongly in H}(2) N C(Q), we can pass to the limit in
(3.26)-(3.29) and get that v € Cz and

%(a,g)# < 0. (3.30)

This is only possible if v = 0; see (3.19). Let us note that the only delicate
point to prove that v € Cy is to establish (3.18). Indeed, (3.16) and (3.17)
follow easily from (3.27) and (3.28). Passing to the limit in (3.29) we get
9 (0, 5(2)) 20 () () 0.
K Oy
This inequality, along with (3.17) and the structure of fi, implies (3.18).

Therefore, we have that vy — 0 weakly in L%(Q) and z,, — 0 strongly in
H} () N C(Q). Hence, using the expression (3.15) of the second derivative
of the Lagrangian we get

o .. .0L
N = hgngHka%Q(m < hkrgggf %(u,u)vzg 0,

which is a contradiction. O

4. REGULARITY OF THE OPTIMAL CONTROL

In this section, the existence of the second derivatives of the functions
involved in the control problem is not needed (cf. the assumptions (42)-
(A4)). Let us start with the following well known regularity result for the
optimal control:

THEOREM 4.1. If (y,4) € (HL() N C(Q)) x L>=(Q) is a feasible pair for
problem (P) and (y,u, p) with ¢ € XW&’S(Q) satisfies the optimality system
(3.8)-(3.10), then uw € WH3(Q) for all s <n/(n—1) and u € C(Q\ Kp).

Since a,3,p € W5(Q) for every 1 < s < n/(n — 1), the regularity
u € WH3(Q) follows immediately from (3.11). The continuity 4 € C(Q\ Ko)
is deduced in the same way. This regularity result on the control @ can be
improved if there is a finite number of points, where the state constraints
are active. More precisely, let us assume that Ko = {a;j}g»”zl C Q. Then
Remark 3.6 implies that

& - 0 if g(xj,y(x;)) = b(z;),
=D Adsy, with & = { 20 ifgng,ggwjgg = a((xj)), b

where 5mj denotes the Dirac measure centered at ;. If we denote by ¢,
1 < j <m, and @q the solutions of

=1

8a0
A*pi + —(z,y(x))p; = 0 1in §,
%t %, (z, 5 (2))P; z; (42)
pj = 0 onl,
and 5 S
_ ago _ _
A*go + —(x, = —(x, in Q,
20ty (z,9(x))Po 8y( ) (4.3)
po = 0 on T,

ESAIM: Cocyv, , ,



ANALYSIS OF POINTWISE STATE-CONSTRAINED CONTROL PROBLEMS 11

then the adjoint state associated to @ is given by
$ =20+ ) Ain (5,5(x;)) 85 (4.4)

Now we have the following regularity result.
THEOREM 4.2. Assume p > n in Assumption (A2) and pr € LP(Q) in
(A3). Suppose also that a;;,c, € C¥Y(Q), 1 < i,j < n and that T is
of class CYY. Let (7,1, @) € HL(Q) N C(Q) x L®(Q) x Wy(Q), for all
1 <s<n/(n—1), satisfy the optimality system (3.8)-(3.10). If the active
set consists of finitely many points, i.e. Ko = {z;}72; C Q, then u belongs
to COL(Q) and § to W2P(Q).

Since p > n, it holds that W?2P(Q) C C*(Q) and therefore gy € C1(9Q).

On the other hand, @;(z) — 400 when x — z;, hence ¢ has singularities at
the points x; where A\; # 0. Consequently ¢ cannot be Lipschitz.

Surprisingly, this does not lower the regularity of u: Notice that (3.11)
implies that @ is identically equal to a or 3 in a neighborhood of z;, de-
pending on the sign of A;. This implies the desired result; see Casas [4] for
the details.

Now the question arises if this Lipschitz property remains also valid for
an infinite number of points where the pointwise state constraints are active.
Unfortunately, the answer is negative. In fact, the optimal control can even
fail to be continuous if K is an infinite and numerable set. Let us present
an associated

Counterexample. We set

Q= {zeR2: |z < v2}, glz) = { L if [|zf] < 1

L= (llz? = 1)* if 1 < Jl] < V2,
kYoo 0o k 1 oo = = 1
K = {2"}72, U{z™>}, where 2" = (%,0) and 2 = (0,0), o= Zﬁéxk
k=1

Now we define ¢ € WOI’S(Q) for all 1 < s <mn/(n—1) as the solution of the
equation

“AG = §+a inQ,
{ ¢ = y+p (45)

p = 0 on I

The function @ can be decomposed in the following form

Pla) = B(w) + 3 Tple(a) + ola — 7)),
k=1

where ¢(z) = —(1/27)log ||z|| is the fundamental solution of —A and the
functions 1,1, € C%(Q) satisfy

{—Aw(m) = g(x) inQ, {—Awk(a:) =0 in Q,
P(x) = 0 Yp(z) = —¢(x—2) onT.

ESAIM: Cocyv, , ,
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12 E. CASAS AND F. TROLTZSCH

Finally we set

1
‘ +Zk27/)k Z;?

u(x) = Proji_ns4an(—¢(2))

(4.6)

and ag(x) = u(z) + Ay(z). Then u is the unique global solution of the
control problem

win J(w) = 5 [ ((0) + (@) da
Q) subject to (yu,u) € (C(Q) N HY(Q)) x L>(1),
—M <wu(z) <+M forae ze€Q,

—1 < yu(z) <+1 Vr €K,

\

where vy, is the solution of

{ —Ay +ao(z)

u in €,

0 onl. (4.7)

)

As a first step to prove that @ is a solution of problem, we verify that M
is a real number: Since {¢(z — z*)}°, is bounded in C?(T'), the sequence
{¢r}32, is bounded in C?(Q). Therefore, the convergence of the first series
of (4.6) is obvious. The convergence of the second one is also clear,

i% ;it log k < oo0.
k=1

k=1

Problem (Q) is strictly convex and @ is a feasible control with associated
state y satisfying the state constraints. Therefore, there exists a unique solu-
tion characterized by the optimality system. In other words, the first order
optimality conditions are necessary and sufficient for a global minimum. Let
us check that (7,4, @, i) € HL(Q) NC(Q) x L®() x Wy*(Q) x M(K) sat-
isfies the optimality system (3.8)-(3.10). First, in view of the definition of
ag, it is clear that g is the state associated to #. On the other hand, ¢ is the
solution of (4.5), which is the same as (3.8) for our example. Relation (3.10)
follows directly from the definition of @ given in (4.6). Finally, because of
the definition of i and K, (3.9) can be written in the form

— 1 — 1
E =k g 2 Vz € C(K) such that — 1 < z(z) < +1Vz € K,
k=1 k=1

which obviously is satisfied.

Now we prove that  is not continuous at = 0. Notice that @(z*) = 400
for every k € N, because ¢(0) = +oco. Therefore, (4.6) implies that a(z*) =
—M for every k. Since z* — 0, the continuity of @ at = 0 requires that
ESAIM: Cocyv, , ,
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u(x) — —M as x — 0. However, we have for ¢/ = (27 4 z/+1)/2 that

S | =1
Jlim o(¢) = Jim (W) + 2 () + D mel )
k=1 k=1
B oo 1 oo
= GO+ Y )+ Y et (48)
k=1 k=1
as we will verify below. Moreover, by the definition of M,
(0.9} oo 1
PO)+ ) 50r(0) + ) 150(")
k=1 k=1
. 1 1
< |90) + 2 25¥n(0)| + > ﬁqb(xk) =M-1< M,
k=1 k=1

therefore (4.8) implies lim;_,oc #(&7) > —M and hence lim;_oo %(&7) > —M
by the definition (4.6) of @, in contrary to u(x) - —M as x — 0.
Let us finally justify (4.8). To this end, we only have to show that

=1 =1 | |
D k() + Y 5o —at) = Y Suk(0)+ ) ol
k=1 k=1 k=1 k=1

as j — oo. This holds true, if the associated function series are uniformly
convergent. For the first series, this is easy to see since the functions vy
are uniformly bounded on 2, hence a multiple of ppay 1%2 is a dominating
series. Uniform convergence follows by the Weierstrass theorem. The second
series is more delicate. To find a dominating series, we estimate the items

as follows: We consider
1 [1 + 1 ] l
7 j+1 k|l

969 — h)] =~ log |5
T
The right-hand side can admit its maximum only at j =k or j = k — 1 as
one can easily confirm. Therefore, this maximum is certainly smaller than

the sum of both values,
. 1 11 1 1 1 1 1 1
I— gk < — 1 — | == Flogl= | —+ | — =
[9(&7 =28 = = {Og [k+k+1] k'+og2[l~c—1+k] k:‘}
1
< —log[2k(k + 1)].
T

2

1

1
log — —
or { 8 ok(k+ 1)
On the other hand,

1 21 log[2k(k 4+ 1)]
Z e log[2k(k +1)] = kzl 1373 Ny

is obviously convergent, since log[2k(k +1)]/vEk — 0 as k — oo. o

+ log

Nevertheless, we are able to improve the regularity result of Theorem 4.1.

THEOREM 4.3. Suppose that @ is a strict local minimum of (P) in the sense
of the L?(QQ) topology. We also assume that Assumptions (A1)-(A5) hold,
o, B € L®°(QNHY(Q), a;; € C(Q) (1 <i,j <n)andippy € LP(Q), p > n/2,
in (A3). Then u € HY(Q).

ESAIM: Cocyv, , ,
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Let us remark that any global solution of (P) is a local solution of (P) in
the sense of L?(£2), but we can expect to have more local or global solutions
in the sense of L?(2). Theorem 3.8 implies that @ is at least a strict lo-
cal minimum in the sense of L?(), if the sufficient second-order optimality
conditions are satisfied at w. This guarantees that @ is the unique global
solution in an L?(£2)—neighborhood. However, the quadratic growth con-
dition alone does not imply that @ is an isolated minimum. The control @
might be an accumulation point of different local minima.

Proof of Theorem 4.3. Fix g5 > 0 such that u is a strict global minimum
of (P) in the closed ball B.,(u) C L*(Q2). This implies that @ is the unique
global solution of the problem

min J(u) B
subject to (yu,u) € (C(2) N HY(Q)) x L®(Q),

BN o) <u@) < @) forae zeQ |u—iliq < e
a(z) < g(z,yu(z)) < b(z) Voe K,
where y, is the solution of (2.1).

Now we select a sequence {x}}7°, being dense in Dom(a) UDom(b) and
consider the family of control problems

min J(u) B
subject to (yu,u) € (C(Q) N HY(Q)) x LX(1),

P\ a(z) <ulz) < Ba) forae zeQ |u—l@ < e

a(zj) < g(xj, yulz;)) < bzj), 1<j <k

Obviously, @ is a feasible control for every problem (Pg). Therefore, the
existence of a global minimum uy of (Py) follows easily by standard argu-
ments.

The proof of the theorem is split into three steps: First, we show that
the sequence {uy}2 | converges to @ strongly in L*(Q2). In a second step,
we will check that the linearized Slater condition corresponding to problem
(Py) holds for all sufficiently large k. Finally, we confirm the boundedness
of {u}3e, in HY(Q).

Step 1 - convergence of {ur};2 . By taking a subsequence, if necessary,
we can suppose that uy — @ weakly in L?(€2). This implies that yj, = ., —
§ = ya strongly in Hj(Q) N C(Q). Because of the density of {zx}?2, in
Dom(a) UDom(b) and the fact that

a(e;) < glas, (23) = Jm glay, puleg)) < blay) ¥ =1,

it holds that a(x) < g(x,y(x)) < b(x) for every € K. The control con-
straints define a closed and convex subset of L?(€2), hence  satisfies all the
control constraints. Therefore u is a feasible control for problem (F). Since
@ is the solution of (Py), ug is a solution of (Py), and u is feasible for every
problem (Py), we have J(uy) < J(u) and further

J(u) < J(u) < likminf J(ug) < limsup J(ug) < J(u).
—00 k—s
ESAIM: Cocyv, , , >
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Since @ is the unique solution of (Py), this implies & = @ and J(ug) — J(u),
hence the strong convergence uy, — @ in L%(§) follows from this convergence
along with the uniform convergence yi — ¥.

Step 2 - the linearized Slater condition for (Py) holds at uj. Assumption
(A5) and (2.4) ensure the existence of a number p > 0 such that for every

x € K the following inequalities hold
0
a(z)+p<tmi+p<glz,ylz)+ 875(‘%’ g(x))z20(x) < 72— p < b(x) —p. (4.9)

Given 0 < € < 1, we multiply the previous inequality by € and the inequality
a(z) < g(z,y(z)) < b(x) by 1 —e. Next, we add both inequalities to get

a(z) +ep < g(z,y(z)) + agz(x,y(gc))zo(:c) <b(x)—ep VzeK. (4.10)

We fix

0<e<mindl,— %
uo — @l r2(q)

and define up . = e(ug — u) + u. It is obvious that ug . satisfies the control
constraints of problem (Py) for any k. Consider now the solutions zj of the
boundary value problem

0
Az + %(x,yk)z = upe—up inQ
Y

z = 0 on I'.

In view of uy — @ in L*(Q) and y — 7 in C(£2), we obtain the convergence
2k — €20 in HE(Q) N C(Q). Finally, from (4.10) we deduce the existence of
ko > 0 such that

0
a(eg) <ty < gl y(e)) + 5 g, ye(eg))en(as) < beg) —<f - (411)
for 1 < j <k and every k > k.

Step 3 - {uy}32, is bounded in H'(S2). The strong convergence uj, — 4 in
L?(Q) implies that |Jux — | 12(q) < €q for k large enough. Therefore, u; does
not touch the boundary of the ball {u||lu — 1[/z2(q) < ez}. Consequently,
the additional constraint [|uy, — [ 12(q) < €z is not active, and hence uy, is a
local minimum of the problem

min J(u)
subject to (yu,u) € (C(Q) N HY(Q)) x L2(%),

(Qx) a(r) <wu(x) < p(x) for ae. z€Q,
a(zy) < g(xj, yu(z;)) < blzj) 1<j <k

Now we can apply Theorem 3.5 and deduce

i 1

ESAIM: Cocyv, , ,



16 E. CASAS AND F. TROLTZSCH
with
k 9g
Yk =0+ ) Ak,ja*y(fcj, Yi(@5)) Pk, j- (4.13)
j=1
Above, {\g; };?:1 are the Lagrange multipliers, more precisely

k . . ‘

~ <0 if gaj, ye(@y)) = alzy).

Finally, o0 and {cpk.’j};?:l are given by

6a0 oL
A" — = — in
Y0 = 0 on Fa
Ao+ 2 0 o = 6 inQ
Pk,j 8y y Yk Pk,j x; ) (4.16)
orj = 0 onT.
Let us prove the following boundedness property:
k
3C >0 such that ||pellarcry =D |Ansl < C VE. (4.17)

j=1
Indeed, from (4.11) we get

15)
Aoy > 0= g(xj, ye(zy)) = b(x;) = %(xjayk(xj))zk(xj) < - g

0
Ak < 0= gz, yn(z))) = a(z;) = a*g(xpyk(wj))zk(ffj) > +€g-

Next, in view of (3.14) and ug = e(up — @) + @ we obtain

oc )
0 < 2 (un, i) (uo,e —u) = I (ur) (uo.e —ug) + ) Ak,j(%@ﬁ Yi(zj))2k(z5)
j=1

k
e R DI
j:
This implies that

k
2 2
> el < %J’(uk)(uoﬁ — uy) — aff(a)(uo — ) when k — oo,

j=1
hence (4.17) holds. Now (4.13), (4.15) and (4.16) lead to
8@0 oL 89 .
A* —_— = — —= Q
okt By (z, yk(2)) Pk By (z,yx) + 3y (z, y(@)) p in €2, (4.18)
wr = 0OonT.
Let us set

Ca,p = llalleo(@) + 1Bllze@) +1
ESAIM: Cocyv, , ,
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and
. 1
v (x) = ProJ[*Caﬁ,+Cayg} <—N<Pk(fl7)> )
From the last relation and (4.12) it follows that

ug () = Projia(2), a(a)) (Vk ()
Notice that the trace of uy on I' is not necessarily zero, if 0 ¢ U, g. Therefore
it is a delicate question to multiply the equation (4.18) by uy and to integrate

by parts. However, vy vanishes on I' and hence the previous operation can
be done without difficulty and we will do it later.

The goal is to prove that {vg}?2, is bounded in H'(£2), which yields the
boundedness of {uy}7°, in the same space. The last claim is an immediate
consequence of

Vur(@)] < [Ven(@)| + [Va(@)] + [VEE)| ae. 0.
If {ux}32, is bounded in H'(Q), then @ € H'(£2) obviously.

Let us prove the boundedness of {v;}?, in H}(2). The solution of
a Dirichlet problem associated with an elliptic operator with coefficients
aij € C(Q) and Lipschitz boundary I' belongs to T/VO1 (), if the right hand
side is in W17 (Q) for any n < r < n + &, where &, > 0 depends on n and
n € {2,3}; cf. Jerison and Kenig [15] and Mateos [16]. If p > n/2, then
LP(Q) C W=LH2(Q) and consequently ¢ € Wol’r(Q) holds for all 7 in the
range indicated above with r < 2p.

In view of this, we have @ € Wy * () N WL (Q\ Sy), where Sy, is the
set of points x; such that A ;(99/0y)(x;, yx(x;)) # 0. Notice that by (4.13)
only these ¢ ; appear in the representation of ¢,. Taking into account that
v, is constant in a neighborhood of every point z; € S, we deduce that
vp € Wy (Q) € C(Q). Therefore, we are justified to multiply equation
(4.18) by —vy and to integrate by parts. We get

n

Oa
—/Q > i (2)0e, vk0s, or + 7(9; (@, yk)vkpr | dx
S (4.19)
k
oL dg
=— | —(x,yp)vpdx — Mej o (@, Yk () vk ().
Gy @ Z ka5, (@ U (@3) o))
From the definition of v, we obtain for a.a. z € Q)
1 1
——Voyi(zx) if —Chpg < ——ur(x) < +C,
Vou(z) = N Ver(@) 21 C)) e (4.20)

0 otherwise.

Invoking this property in (4.19) along with the boundedness of {yx}72, in

C (), the estimate [|vg|| () < Ca,p, and the assumptions (A3) and (A4),
we get

k
AN /Q Vorl? dz < [arll sz lonl 2y + C S sl okl ey < €.
j=1
ESAIM: Cocv, , ,



18 E. CASAS AND F. TROLTZSCH

Clearly, this implies that {v;}?°, is bounded in H'(2) as required. 0

5. ON THE UNIQUENESS OF THE LAGRANGE MULTIPLIER 7]

In this section, we provide a sufficient condition for the uniqueness of the
Lagrange multiplier associated with the state constraints. We also analyze
some situations, where these conditions are satisfied. It is known that a
non-uniqueness of Lagrange multipliers may lower the efficiency of numer-
ical methods, e.g. primal-dual active set methods. Moreover, some other
theoretical properties of optimization problems depend on the uniqueness of
multipliers. Therefore, this is desirable property.

THEOREM 5.1. Assume (A1)-(A5) and the existence of some € > 0 such
that

T : L*(Q.) — C(Ko), with Tv = gg(az,y(m))zv, has a dense range,
Y
(5.1)
where
Q. ={reQ:a(r)+e<u(r) <pB(x)—e},
2, € HY(Q) N C(Q) satisfies
Az, + %(ZL',:U)ZU = v inQ
Ay (5.2)
zg = 0 onlT,

and v is extended by zero to the whole domain Q). Then there exists a unique
Lagrange multiplier u € M(K) such that (3.8)-(3.10) hold.

PROOF. Let us assume to the contrary that p;, ¢ = 1,2, are two Lagrange
multipliers associated to the state constraints corresponding to the optimal
control @. Then (3.14) holds for 1 = fi;, i = 1,2. Taking v € L*°(Q.) \ {0}
arbitrarily, we have for a.e. x € Q)

a(z) < up(x) = u(z) + pv(z) < B(z) Vip| < o,
vl Lo (00
where v is extended by zero to the whole domain 2. Inserting v = u, in
(3.14), with positive and negative p and remembering that supp i; C Ko
(Remark 3.6), we deduce

J' (a)v + /K gz(m,y(x))zv(x) dpii(z) = Zﬁ(u, pi)v=0, i=1,2,
which leads to
(i1, Tv) = =J'(w)v = {fig, Tv) Vv € L¥(Qe).

Since L>(€.) is dense in L?(€).) and T(L?(€)) is dense in C(K() we obtain
from the above identity that fiy = fie. O

REMARK 5.2. For a finite set K = {z;}7_;, assumption (5.1) is equiva-
lent to the independence of the gradients {G';(@)}jer, in L%(9).), where the
functions G; : L?*(Q:) — R are defined by G;(u) = g(zj,yu(z;)) and I
is the set of indexes j corresponding to active constraints. It is a regular-

ity assumption on the control problem at w. This type of assumption was
ESAIM: Cocyv, , ,
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introduced by the authors in [9] to analyze control constrained problems
with finitely many state constraints. The first author proved in [4] that,
under very general hypotheses, this assumption is equivalent to the Slater
condition in the case of a finite number of pointwise state constraints.

We show finally that (5.1) holds under some more explicit assumptions
on % and on the set of points K, where the state constraint is active.

THEOREM 5.3. Assume that (A1)-(A5) hold and that the coefficients a;;
belong to C*1(Q) (1 <i,7 <n). We also suppose the following properties:

(1) The Lebesgue measure of Kq is zero.
(2) There exists € > 0 such that, for every open connected component A
of Q\ Ky, the set AN Qe has a nonempty interior.

(3) (09/0y)(x,y(x)) # 0 for every x € Ko.
Then the regularity assumption (5.1) is satisfied.

REMARK 5.4. If a, 3 € C(Q), then 4 € C(\ Kp); cf. Theorem 4.1. Hence
property 2 of the theorem is fulfilled, if @ is not identically equal to « or
in any open connected component A C Q\ K. Indeed, since u € C(A) and
u # aand u # [ in A, there exists g € A such that a(zg) < a(zo) < B(z0).
Consequently, the continuity of @ implies the existence of € > 0 such that
AN Q. contains a ball B,(zo).

Let us also mention that property 3 of the theorem is trivially satisfied if
the state constraint is a(x) < y(x) < b(x) for every z € K.

Proof of Theorem 5.3. Fix € > 0 as in property (2). We will argue by

contradiction. If R(T) # C(Ky), then there exists p € C(Ky) = M(Kyp),

u # 0, such that
0= {(u,Tv) = gg(:c,y(x))zv(a:) du(z) Yo e L*(Q.). (5.3)
Ko 9Y

We take the function ¢ € Wol’S(Q) for all 1 < s < n/(n — 1) satisfying

N Oag, _ B dg . _ .
v = 0 on I

From (5.3) and (5.4), it follows for every v € L?(€2,)

) ) oy,
/QE ¢’Ud37—/ﬂ"¢’0d33—/9 [sz—i- Jy (,9(x))zy| Y dx

0
= | S @)z du = . Tv) = 0,
Ko 9Y

which implies that ) = 0 in €).. Consider now an open connected component
A of Q\ Ky. It holds 1) = 0 in the interior of A N Q. and

dag
ay
therefore v = 0 in A; see Saut and Scheurer [20]. Thus we have that
¥ =01in Q\ Ko, but K{ has zero Lebesgue measure, hence ¢ = 0 in Q and

consequently p = 0 in contrary to our previous assumption. 0
ESAIM: Cocv, , ,
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20 E. CASAS AND F. TROLTZSCH

We conclude our paper by proving that the regularity condition (5.1) is
stronger that the linearized Slater assumption (A5).

THEOREM 5.5. Under the assumptions (A1)-(A4) the regularity condition
(5.1) implies the linearized Slater condition (A5).
PRrROOF. We define the set

B ={z € C(Ko) : a(z) - g(x,y(x)) < 2(z) < b(x) — g(z,5(x)) Vo € Ko}.

From our assumptions it follows that B is a non empty open set of C(Kj),
hence condition (5.1) implies the existence of v € L?(§).) such that Tv € B.
By density of L°(€.) in L?(.) we can assume that v € L>(Q.). Outside
Q., we extend v by zero. The inclusion Tv € B can be expressed by

a(z) < g(z,y(x)) + 5~ (2, y(x))z0(z) < bz) Vo € Ko, (5.5)

where 2z, € H}(Q2) N C(9Q) is the solution of (5.2). From here, we deduce the
existence of p; > 0 such that

a(z) +p1 < g(z,y(x)) + éTy(:L‘,gj(a:))zv(:U) <b(z)—p1 Vre Ky (5.6)
Given p € (0,1) arbitrarily, multiplying the inequalities
a(z) < g(z,y(x)) < b(z) Voe K (5.7)

by 1 — p, (5.6) by p, and adding the resulting inequalities we get for every
x € Ko and all p € (0,1]

0
ale) +pp1 < 9le, 5(@)) + py (@ 5(@)(e) <HE) —ppr. (58)
Define now, for any § > 0,

Kos = {z € K : dist(z, Ky) < 0}.
Taking ¢ small enough, we get from (5.8) for all z € Ky 5 and every p € (0,1]
_ dg _ 1
(@) + 0% < @ 5@) + 5 . 7@)5(@) < ba) ~ G (59
On the other hand, since the state constraint is not active in the compact
set K\ Ko, we deduce the existence of 0 < pa < 1 such that

P1

a(z) + p2 < g(z,y(x)) < b(x) — p2 Vo € K\ Kog. (5.10)
If we select a p € (0,1) that satisfies
- P2
a v Y K7
we obtain from (5.10)
_ 0 _
ale) + 5 < gl () + g (@ g(@)a() <ba) - (G11)

Finally, taking 0 < p < ¢/||v||p(q.), recalling the definition of (. and that
v vanishes in Q \ Q., we deduce that uy = 4 + pv € Uyg. Moreover, (5.9)
and (5.11) imply that (2.2) holds, which concludes the proof. 0O
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